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Motivation
Motivation

We are interested in approximate, via expansions of a truncated
base of wavelets, complicated objects semianalitically. From
such approximation, we want to predict and understand changes
in the geometry or dynamical properties (among others) of such
objects.

As a testing ground of our developed techniques, we will be
focused on skew products of the form

5. <9n> _ {enﬂ =R, (0n) =0n+w (mod1),

L, Tpr1 = Fg,5(9n>33n)7

herez e R¥, 0 € S =R/Z, w e R\ Q.
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The [GOPY]-Keller model: a testing ground

In the System (1), we take Fi, (0, z) = f,(x)g-(0) (multiplicative
forcing) with
Q@ f,:[0,00) — [0,00) € C*, bounded, strictly increasing,
strictly concave and verifying f(0) = 0.
@ g.: S' — [0, 00) bounded and continuous.
Fixing ideas, we will use w = ‘[ L and the following
one-parameter family of skew products (with z = 0 invariant)

Opt1 =0, +w (mod1)

Soe(o) <if‘> = £(0) (2)
" Tny1 =20 tanh(mn)(’z‘\ﬂ cos(2mb,,)|),

where ) (0 —1.5)2 whenl5<0<2,
e(o) =
0 when1 <o < 1.5.

The toy model is similar to the [GOPY] model.
@ [GOPY] Grebogi, Celso et al., Strange attractors that are not chaotic, Phys. D 13 1984 1-2 261-268.
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The [GOPY]-Keller model: a testing ground

In this testing ground we want to approximate the attractor, ¢, of
the above system (if it exists).

Pinching condition = SNA’s creation

When g. = 0 at some point it is called the pinched case,
whereas if g is strictly positive it is called the non-pinched case.

In the pinched case, any §, . -invariant set has to be 0 on a point
and, hence, on a dense set (in fact on a residual set). This is
because the circle x = 0 is invariant and the #-projection of
every invariant object must be invariant under R,,.

Our main goal: work with

Compute ¢ in terms of wavelet coefficients to recover the
appearance of the residual set from such coefficients.
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The [GOPY]-Keller model: a testing ground

In the next slide will appear a theorem due to Keller [Kel] that
makes the above informal ideas rigorous. Before stating it we
need to introduce the constant o:

Since the line z = 0 is invariant, by
Birkhoff Ergodic Theorem, the vertical
Lyapunov exponent on the circle

x = 0 is the logarithm of

o= f'(0)exp ( /S log gg(G)dG) < 0.

A particular instance of
the Keller-GOPY attractor

The parameterization (o) controls the Lyapunov Exponent and
the pinched point at the same time.
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Motivation

Keller's Theorem (shortened)

There exists an upper semicontinuous map ¢: S' — [0, co)
whose graph is invariant under the Model (2). Moreover,

Q if o > 1 and g-.(6p) = 0 for some 6y then the set
{6: p(0) > 0} has full Lebesgue measure and the set
{0: ©(0) = 0} is residual,

@ if 0 > 1 and g. > 0 then ¢ is positive and continuous; if g. is
C! then so is ¢,

@ if o # 1 then |z, — ¢(6,,)| — 0 exponentially fast for almost
every 0 and every x > 0.

@ [Kel] Keller, Gerhard, A note on strange nonchaotic attractors, Fund. Math. 151
1996 2 139-148.
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Motivation
On the use of wavelets

Notice that the invariant objects that we want to compute are
expressed as graphs of functions (from S! to R).

The standard approach to compute with such objects is to use
finite Fourier approximations to get expansions as:

N
© ~ag+ Z (an cos(n@) + by, sin(nd)) .
n=1

Since the topology and geometry of these objects is extremely
complicate, the regularity and periodicity of the Fourier basis
make this approach too costly.
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Motivation
On the use of wavelets

In this case, it seems more natural to use wavelets (an
orthonormal basis of .#2(R)) that adapt much better to
oscillatory, irregular and highly discontinuous objects.

N 27-1

prag+ Y D d R (0),

j=0 n=0
where 9 PR is a given wavelet.

Summarizing: given a generic skew product we want to

we need

Massive approximations of ¢
we need

Massive calculation of d_; ,, and wf?i 9)
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Wavelets in Theory

Outline

e A Primer on Wavelets and Regularity
@ The construction of the wavelets

@ Regularity with wavelet coefficients
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Wavelets in Theory

A primer on wavelets

Let us start by the definition of Multi-resolution Analysis (MRA)

Definition

A sequence of closed subspaces of Z2(R), {V;}jez, is a
Multi-resolution Analysis if it satisfies:

Q@ (0lc---cvicVyCcV_iC- - CZ*R).
Q {0} =Nz Vs

© clos (UjeZ Vj) = Z?(R).

© There exists a function ¢(z) whose integer translates, ¢p(x — n),
form an orthonormal basis of V. Such function is called the
scaling function.

© For each j € Z it follows that f(z) € V; if and only if
f(z —2n) € V; for each n € Z.

O For each j € Z it follows that f(z) € V; if and only if
f(z/2) € Viq1.
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Wavelets in Theory
A primer on wavelets

Consider the bi-indexed family of maps obtained by dilations
and translations of ¢(z):

1 x—2n
binte) = 56 (5.

It is shown that

Q {®jn}nez is an orthonormal basis of V; for each j € Z, and
@ ¢(x) characterizes the whole MRA (see [Mal]).

Q [Mal] Mallat, Stéphane, A wavelet tour of signal processing, Academic Press Inc.,
San Diego, CA, 1998, xxiv+577.

D. Romero Numerical Computation of Invariant Objects with Wavelets 05/11/15



Wavelets in Theory
A primer on wavelets

If we fix an MRA, we know that V; C V;_;. Then, we define the
subspace V; as the orthogonal complement of V; on V;_;. That is

Vi-1=W; &V

We are Looking for an orthonormal basis of W;: the wavelets. This
basis is given, from a function called the mother wavelet ¢)(x), by

1 — 27
baule) = 750 (55

The integer translates, 1»(x — n), of ¥(x) form an orthonormal basis of
Wo. Also, 1(x) verifies a relation with ¢(z). Moreover, from [Mal]:

Mallat and Meyer Theorem

@ For every j € Z the family {¢; » }nez is an orthonormal basis of
each W;,

@ The wavelets {1}, }(jn)ezxz are an orthonormal basis of Z2%(R)
for all j,n € Z.
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Wavelets in Theory

Summarizing

Ez(R) = clos <U Vj) 1 Wi = Vj-1\V; (gz(R) = clos (@ Wj)
JEZ JEZ
V; = span{dj (@) }nez W; = m{w]’,n(z)}nez

Wo = span{y(z — n)},ez

Vo =span{¢(z — n)}nez
$(w) = JmeT R (W + m)é(w)

—~ < h(27Pw)
@) =[] 22
o V2
26(3) = X hlnlét — ) R(w) = 3 hlnle™ ™ [ 2ug) = X sbmlo -
TL€Z ng”L
[gin]

gln] :== (=)' ""A[1 = n]
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Wavelets in Theory

Examples of mother wavelets

05k
06

07 . . -15
-10 5 0 5 10

Shannon wavelet (no compact support) Daubechies wavelet (compact support)
sin(2m(z —1/2))  sin(r(z — 1/2)) No closed formula
L e e 7 R pr )

0.48296291314 ... ifn =0,

V2 fn—0 0.83651630373... ifn=1,

2 neny2 ' hln] ={  0.22414386804... ifn =2,

hin] =0 V2=—=— ifnodd, —0.12940952255 ... ifn =3,
0 otherwise. 0 otherwise.
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Wavelets in Theory
Examples of mother wavelets

1] ]
Y(z) = 1[07%)(3«") - 1[%,1)(1)
0 | - .
1 ifz€la,b),
here 1 =
where 1iq;) (@) {0 otherwise.
-1 1
0 0.5 1 1 oy =
hin] = {ﬁ ifn 9,1,
Haar wavelet (compact support) 0 otherwise.

It is the unique Daubechies wavelet with an explicit formula.
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Wavelets in Theory
Fixing and translating the wavelet

We will be focused on the Daubechies wavelets family. Each
Daubechies wavelet minimize its support, [1 — p, p|, constrained
to the maximal number of vanishing moments, p:

P
/ () de =0 for 0 < k < p.
1-p

Since our framework is St = R/Z, we transform a R-function
into a S!-function by setting in as follows:

z€R : frac(x) 0 X

PER /2 0+L —23n
Zlbj’ 0+L =27/ Zw .

LEZ LEZL

in are 1-periodic functions belonging to Z1(Sh.
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Wavelets in Theory
Fixing and translating the wavelet

It is known that an orthonormal basis of #?(S') is given by
{1,755 with j > 0and n=0,1,..., ;29 — 1} provided that v (z)
is an orthonormat wavelet from a R-MRA (see [HeWe]).

Hence, once ¢ is given, we are (almost) ready to compute
N 27-1

‘PNGO""ZZd—% PER )

j=0 n=0

Thus, we need to perform a feasible strategy to evaluate ¢)"™®
(and ¢F"%) at 6 € S

Q [HeWe] Hernandez, Eugenio and Weiss, Guido, A first course on wavelets, CRC
Press, Boca Raton, FL, 1996, xx+489.
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Wavelets in Theory

Computing regularities with wavelet coefficients

Theorem

Let s € R\ {0} and let ¢ be a mother Daubechies wavelet with
more than max(s,5/2 — s) vanishing moments. Then f € %5
if and only if there exists C' > 0 such that for all j < 0

5—1—% if s >0,
s—% if s <0,

sup|(f, i) < C27  with 7=
neL

In the case of Haar, [Trio2], there is an analogous result.

Q [Coh] Cohen, Albert, Numerical analysis of wavelet methods, North-Holland, 2003,
XViii+336.

Q [Trio1] Triebel, Hans, Theory of function spaces. lll, Birkhauser Verlag, Basel, 2006,
Xii+426.

& [Trioz2] Triebel, Hans, Bases in function spaces, sampling, discrepancy, numerical
integration, European Mathematical Society, Zdrich, 2010, x+296.
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Wavelets in Theory

Computing regularities with wavelet coefficients

Corollary (Keller’s Theorem)

The upper semicontinuous function A: S! — R* whose graph
is in ¢, is in %’gom(Sl) with s € (0,1] when ¢ > 0.

Lemma

The upper semicontinuous function A\: S! — R* whose graph
is in ¢, is in A, . (S') when & = 0.

The above result justifies the use of Besov spaces instead of the
Holder ones because of the regularity zero.
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Wavelets in Theory

Computing regularities with wavelet coefficients

We will use a tailored version of these results using the

wavelet coefficients d_;[n]'s.

I H R ; I
I

T TN i / \’\

)] r’ \ { \’ \ < skl \ [ /\

I \ / ‘ \ I i i h
Ha U \ 1 \
W 0 i il A
os 1| L I [ osl! 'y A
Il W il [» I 0 Ol

if
|

oz

A pinched ¢ of the System (2). A quasi-pinched ¢ of the System (2).

To this end, we need to calculate the wavelet coefficients.
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Wavelets in Practice
Outline

e Numerical Computation of Invariant Objects with Wavelets
@ Using the Fast Wavelet Transform
@ Solving the Invariance Equation by means of Haar

@ Solving the Invariance Equation by means of Daubechies
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Wavelets in Practice
Computing coefficients using Fast Wavelet Transform

We know that given a function f € .Z?(R) and a MRA, then:

=22 Ftimin(@) =D D djlnltan

JEZ nEL JEZ neZ

where d;[n] := (f, ;) denote the wavelet coefficients. But, we
Look for truncated wavelet approximations of f of the type:

J 211 J 27-1
fNZZ<fa ]n/l/)jn_zzd—] )
7=0 n=0 7=0 n=0

We use the Fast Wavelet Transform (FWT) to manage this
problem.
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Wavelets in Practice
Computing coefficients using Fast Wavelet Transform

To do so, we truncate Py_, (f) to its finite dimensional version V_; to

271 271
QethZUMb er¢ JrL—ZaJ QSJrLWhere
n=0

a;[n] == (f, $jn) denote the scal/ng coefficients. Therefore, using
V_3=V_j1 ®W_j41:

271
f~ DY a e g
n=0
2]71_1 2]71_1
= > (fid—srradb—srint D, (F¥—ssin)¥ossin
n=0 n=0
2711 2711
= > a_gpllé_spant+ D, dogrinlY_spim
n=0 n=0

.. apply iteratively this decomposition . . .

27 -1

a0¢00+z > djnlv—jn(@).

7=0 n=0
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Wavelets in Practice

Computing coefficients using Fast Wavelet Transform

Thus, a formula to compute the coefficients a;41[n] and d;1[n]
from the coefficients a;[n] is needed. It is given by (see [Mal])
Mallat Theorem

Let {V;} ez be an MRA. Then, the following recursive formulas
hold.

@ At the decomposition:

aj+1lp Z hin—2plaj[n] and dj;1[p] = Z g[n —2pla;[n]
neN neN

@ At the reconstruction:

th 2nja;y1[n +ng 2n]d;j11[n].

neN neN
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Wavelets in Practice
Using the F\WT to compute wavelet coefficients

To compute an estimate of the Holder exponent of the attractor,
fixing J = 30 for the FWT, we will perform the following steps:

Step o Obtain a signal with

. ) (0i, ;) T (03, A(8:))
|

v~ v

Attractor works Keller's Theorem

Step 1 Calculate a_ s[n], where 0 < n < 27 — 1, by means of

|

+
Proof of Keller's Theorem & Dominated Convergence Theorem

Step 2 Compute, using the FWT, the coefficients

diln] = (A, i)

where 0 < j < J and, foreach j, 0 <n < 2 — 1.
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Wavelets in Practice
Using the F\WT to compute wavelet coefficients

Step 3 For 0 < j < J, calculate

sj = logy ( sup |d][n}|> .
0<n<2i—1

Step 4 Make a linear regression to estimate the slope 7 of
the graph of the pairs (j,s;) with j =0,—-1,-2,...,—J.
Afterwards, use the regularity theorem to get s provided
that the wavelet used had more than max(s, 3 — s)
vanishing moments.

This algorithm gives an effective way of computing wavelet
coefficients and regularities in a generic way.
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Wavelets in Practice

Using the F\WT to compute wavelet coefficients

© Step 3 and 4 justify why we need a hulking computation of
wavelets coefficients. Indeed,

J samples < 277! coefficients.

© The points 6; that give the attractor are, a priori, not equally
spaced. This is solved by conjugating the attractor with a
diffeomorphism of class C? to a version of the attractor with
points equally spaced and, also, sorting the signal to get the
values A(6;) in the right ordering. The conjugacy is not a
problem since one can prove that the regularity of both
attractors is the same using a result from [Trio3].

& [Trio3] Triebel, Hans, Theory of function spaces. I, Birkhduser Verlag, Basel, 1992,
viii+370.
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Wavelets in Practice
Using the F\WT to compute wavelet coefficients

With these tricks, we get the following regularity graph for the
one-parameter family of skew products, with ¢ # 0, given by
the System (2):

The results are obtained by
using a sample of 23° points,
a transient Ny = 10° and the
Daubechies Wavelet with 16
vanishing moments. \We can
N J — detect in a correct way the
regularity leap in “O(N)".

Regularity along (o).

The extremely complicate geometry of ¢ provokes a lack of
precision in the computed regularities with o Z 1.5.
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Wavelets in Practice
Computing coefficients using the Invariance Equation

The functional version of the aforesaid systems can be studied
using the iteration of theTransfer Operator:

Let & be the space of all

38 functions (not necessarily

g(+) @ .

| continuous) from S! to R.
; T Define T(¢)(0) as:

 tw =@ ¢~ fo(p(R510))) - 9: (RS (0)).

PN

0 r;1(0)

¥

1

The graph of a function ¢: S — R is invariant for the
System (2) if and only if ¢ is a fixed point of T. That is:

Fo(p(R51(9))) - 9 (RS (0)) = T(0)(0) = ¢(0).

Which is the Invariance Equation: f,(o(0)) - g=(0) = ©(R.,(6)).
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Wavelets in Practice
Computing coefficients using the Invariance Equation

To solve the above functional equation we write the attractor as

271

¢00 + Z Z d_J PER _ dO + Z d£¢PER

7=0 n=0

where the coefficients dy and d; are the unknowns. Setting
¢ =1(j,n) =27 + n, we have collected them in a vector D"**:

DPER .= (gf)op,do[O], .. .,d,J[Q‘] - 1]) = (dg,dl, R ,dg).

As usual we plug this expression into the Invariance Equation:

N-1 N-1
dO + Z dﬂ!}?ER(Rw(e)) = fa (do + Z d€¢§ER(9)> : gs(a)'

/=1 /=1
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Wavelets in Practice
Computing coefficients using the Invariance Equation

To compute it, we discretize the variable § into N dyadic points
;= % €St fori=0,1,...,N — 1 and we impose that the
Invariance Equation is verified on such 6;:

N-1 N-1
do + Z depy ™" (Ru(0:)) — (do + Z depy ™" (6 )) 9e(0:) = 0.

(=1 (=1

F, .(DPER);

Thus, we get a non-linear system of N equations with N
unknowns. To work and compute with F, .(D"®"), we need to
define the following N x N matrices:

e ¥ whose columns are 1, "%(6;), \

@ VUp whose columns are ;"% (R, (6;)).
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Wavelets in Practice

The matrix ¥ (and V)

A generic matrix ¥ (and Wg) has this shape:

S Al VIR WIE VIR WEE B
A A At VIR IR WEER WEE B
T A A L
A Vg VIR WIE VIR WEE 5
1 BER rE PENWEE IR WBR e

,PER  ,PER  PER PER  ,PER
1 0 0 A Y200 ey

PER PR
vEET wBER

Y11 Y20 1 ¥3,4 v3,

PER PR
eEET wBER

jpon pen
¥3,4 ¥3,5

¥2,0 ¥3,4 3.5

¥2,0 ¥3,4 ¥3,5 7

Y20 b2.1 Yaa Yas

rows are given 0; + w (mod 1).

D. Romer




Wavelets in Practice
Computing coefficients using the Invariance Equation

Each component of the vector of F, .(D""%) is

i—th component of ¥ zDFPER B

N-1 N-1
do+ Y A" (Ru(0:)) — [ (do +> dwz?“wi)) g:(0;).
/=1

(=1

Fo,a (DPER)i

Defining B as the i-th component of the N-dimensional vector
o, ie[pl; = fo ((¥D""R],) - g-(0;), we rewrite F, .(D""%) as:

Algebraic expression of F, .(D"*F)

FU,E(DPER) — \IIRDPER _ p
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Wavelets in Practice

Solving F,, .(D*™) =0

We will use the Newtons Method to find Di’)ER such that
FC,,g(Df)ER) = 0. That is, given a seed DS)ER and a tolerance tol:

find DEF™ with [DEF™ — DEPF| < tol,

solving JF . (DPPR)(X) = —F, . (DEPR),

Newtons Method := {
) )

for the unknown X = fof}) — Dﬁ)ER.

ag;’s. To do so, recall
7

To compute the Jacobian matrix, we need
that F, . (D"*%); is equal, for each 6;, to

N-1 N-1
do+ Y depf PN (Ru(6:)) - fo <do + dw;?“(m) - 9:(6:).

=1 =1
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Wavelets in Practice

Deriving the Jacobian matrix JF, .

N—-1 N-—1
do+ > depy " (Ru(0:)) — fo <d0 +> deibf“‘@i)) - ge (03).

=1 =1

Then, each entry of the Jacobian matrix, (JF, )i ¢ = (ag;f )ie, is

N-1
1- 1} (do + Zdwimwi)) - 9:(0;) if¢=0,
JFi 0= =t N—-1

PR (Rw(0:)) — f5 (d0+ Zdwm )) 9e(6:) - Wy PR(0;) if€# 1.

In the same way as before, define the following N x N matrix:

@ A, . whose entries are the vector 81;;’5 = fL.([¥D""%],)ge(6;).

Compact version of JF, . = ¥ and ¥ computed once

In view of that, we can rephrase JF, . as U — A, V. That is, at each
Newton iterate we have to solve
—Fo (D)) = JFo(DRy")(X) = (VR — A5 W)X =b.
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Wavelets in Practice

The seed and the linear system from Newtons method

Using the Trapezoidal rule

_ PER —~ PER
do= [ v o NZ (0

one has

DEER = T ((00), o(0h), ., o(On-1)) -

We have to solve (many times) the system (Vp— Ay V)X =b.
The linear system (/N x N) is big and difficult to solve naively:

Eigenvalues for a non-pinched case. Eigenvalues for a quasi-pinched case.
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Wavelets in Practice
When the matrix W generates VU

An example of Haar matrix ¥ (which is orthogonal) is:

1 1 V2 0 2 0 0 0
1 1 V2 0 2 0 0 0
1 1 —V2 0 0 2 0 0
1 |1 1 V2 0 0o -2 0 0
V= —
V|1 -1 0 V2 0 0 2 0
1 -1 0 V2 0 0 -2 0
1 -1 0 2 0 0 0 2
1 -1 0 2 0 0 0o -2

It is defined by taking t = i — ns, where s = 2777, and

1 9-j/2
mQ 7‘ for 0 <t < s/2,
bjn(i/N) = —75277/% fors/2<t<s,

0 ift > 0.

Set r = [wN | and let P = (p; ;) be the permutation matrix such
that p; ; = 1 if and only if j =i+ r (mod N). Then,
= VW) =P and Uz¥}, = Id.
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Wavelets in Practice
Using Haar to solve the Invariance Equation

We have to solve (many times) the system (Up — A, . ¥)X = b.
Recall that a right precondition strategy is to solve firstly APy =b
and, after, calculate P~ '2 = y to get the solution .

In the case of Haar, X = U Ly, the initial system becomes
(Vg — Ay W)U Ly =(Id—A, . P")y = b. And the matrix is:

1 0 0 0 0  frge O 0
0 1 0 0 0 0 frge O
0 0 1 0 0 0 0 flg.
fhge 0 0 1 0 0 0 0
0  frge O 0 1 0 0 0
0 0 flg- O 0 1 0 0
0 0 0 flge O 0 1 0
0 0 0 0 flge O 0 1

By performing Gauss Method formally on the system we obtain an
explicit recurrence that solves the system in O(N) time.
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Wavelets in Practice
A bootstrap on efficiency

The previous change of variables suggest that we should do this
change permanently and always work with the rotated wavelet

coefficients defined as

Simplifying consequences

@ Since DP®® = U .c, then UDPER = WU Le = P c. geconstruction
Q [URD"PR], — f ([¥D"*R],) - g(#;) = 0, is equivalent to
c— f ([PTCL.) - g(0;) = 0. (evaluation of the Invariance Equation)
© Since DP;ER = \I/T( (90), @(91), 600 ,(p(eN_l)T and
UrU" = (W) = (P")T = P then define
CO) = P( (00) (91), v ,(p(@N_l)T. (rotated seed)
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Wavelets in Practice
Using Haar to compute wavelet coefficients

Despite of the huge linear system to solve, as in FWT case, we
can detect the pinched point in “O(NV) time”. Indeed, the system
is huge, because we are solving a N x N system of equations.
But, for N = 226 each Newton iterate takes less than 10 secs.

/ —
7

S, oF

Regularity along (o). Zoom around 1.5 the pinched point.

Because Haar it is not a basis of %5, ., (for s > (), we need other
Daubechies wavelets.
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Wavelets in Practice
Using Daubechies to solve the Invariance Equation

We have to solve (Up — A, .¥)X = b, where b = —F, .(DFE®).

n)
Applying X = ¥}y does not work because ¥ # PWU. However, recall
that left precondition strategy is to solve P Ax = Pb. We will use
UL =P because V), (Vp — A, V) ~1d -V} A, ..

To do so, since N x N is huge, we will compute massively ¥rER(6;).

. g
Massively because for each 0; = <, 7 =0,...,J and n (also for
RW(QZ)) ‘
N o—j/2 (0; +1) —2n
Vi (0i) =277 ZQZ’( 27 :
LEZ

To calculate it, set u to be a 2p — 1 dimensional vector whose entries
are u;(0) = (—1)1~feor@Npfi 4+ 1 — floor(20)] for i = 0,..., 2p — 2.
Also, define two matrices My and M, in terms of h[n].
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Wavelets in Practice
Daubechies - Lagarias on the circle

We have adapted the R-Daubechies - Lagarias algorithm to S* to
evaluate Daubechies wavelets with p > 1 vanishing moments.

Wavelet point - long row calculator (p vanishing moments)

Because of the compact support of % it follows that,

@ taking Ay C [ceil(1 — p — 6),floor(p — 1 — 0)],

1
PER T
PYPER( E hmu9+L) || M; 2p—11 .

LEAe i€dyad(frac(20+.),k)

For ¢5»(6) define t = floor(2776), a = frac(2776) and & = ceil(a). To
save computationaL efforts:

@ Ry C [max (0,277u+t+a&—p),min(277 — 1,277+t +p—1)],
@ Ag = [ceil(3=2 — ), floor (2= — 6)] .

& [Daub] Daubechies, Ingrid, Ten lectures on wavelets Society for Industrial and Applied Mathematics
(SIAM),Philadelphia, 1992, xx+357.
[Vid] Vidakovic, Brani,Statistical modeling by wavelets John Wiley & Sons, Inc., New York,1999, xiv+382.
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Wavelets in Practice

Daubechies - Lagarias on the circle (on practice)

As a toy example, consider the following matrix ¥ where each
row is a {z € St, where i =0,...,15 (J =4 = N = 2% = 16).

,PER BER BR ,PER
1 %0 %0 Y ¥3,5
,PER PER HPER
1 o0 v10 3.5
1 ¢PER  PER PER
bo,0 1,0 3,5
JPER  PER )PER
1 Yoo 1,0 ¥3,5
1 yPER PER
0,0 1,0
JPER PER ,PER. ER
1 Yoo Y10 ¥2,0 7
) PER JPER | PER ,PER PER
1 %o,0 Y11 Y20 V3,4 3.7
,PER  PER  PER  PER ,PER LPER
1 o0 1.0 11 Y20 Y34 b3,7
PER ,PER  PER  PER ,PER.
1 o0 Y10 LR Y20 V3,4
)PER JPER | PER PER  PER  PER PER
1 %o0 ¥1,1 ¥2,0 V3,0 V3,1 V3,2 V3,4
,PER PER  PER  PER ,PER J)PER | PER  PER
1 o0 1.0 11 Y20 ¥3.0 32 Y33 3,4
,PER  PER PER PER ) PER PER ,PER ,PER
1 %o Y10 Y11 ¥2,0 Y30 3,2 V3.3 V3.4
| PER  ,PER GPER PER PER
¥0,0 1,0 2,0 3,0 3,4
,PER PER  PER  PER ,PER ,PER
1 o0 fron Y Y30 ¥3.0 3,4
,PER PER ,PER ) PER JPER PER
1 o0 Y10 Y20 ¥3,0 V3,4 V3,5
) PER PER yPER ,PER
1 o0 2,0 V3,0 v3,5
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Wavelets in Practice

Daubechies - Lagarias on the circle (on practice)

But, W verifies relations and properties (and ¥ also).

The matrix is not necessarily sparse for j < jo The matrix is sparse for j > jo

YEER | yDER 0 0 0 0 0 0 phER

'PEER 0 0 0 0 0 0 0

YEER | yPER  ,DER 0 0 0 0 0 0

vEER 0 wEER 0 0 0 0 o 0

$EER ° GPER  yPER 0 ° ° ° 0

pEBR 0 o ufER 0 0 0 0 0

yEER 0 0 whER 0 0 0 0

PR 0 0 0 0 0 0 0

yEBR 0 0 o wBER yPER 0 0 0

YEER 0 0 0 0 B 0 0 0

vEgR 0 0 0 o wEER PR 0 0

y5BR 0 0 0 0 0 yEER 0 0

0 0 0 0 0 pEER 0

013 | 1 [UFET  wigh 1»)2‘)'3“ w;‘i:“ wEER 0 0 0 0 0 o ufER 0
61s | 1 [WUFET  wIGT voor  vEET [eB5T 0 0 0 0 0 0o yEER yfER
05 | 1 WhoT Yot vEeh wBEY wEER 0 0 0 0 0 0 o uEER
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Wavelets in Practice

Daubechies - Lagarias on the circle (on practice)

As a consequence, ¥ has a stairway structure (and ¥y also).

What we store for j < jo What we calculate and store for j > jo

What we calculoic for j < jo |

With these relations we can
calculate and store W and ¥
in a fast and feasible way.
For example 224 x 224
spents about ¢h.
Because of ¥ — A, .V they

are only computed once.

orE

vEst

JPER PER  PER  PER
Y20 %Y Va2 Y33

PER ,PER PER PER PER PER  PER
1 9, V1,1 ¥2,0 21 V2.2 V2,3

T A A e+ A ARG
1 ¥y 5 Va2

LB PER GEER GEER GPER B pE
T A A e + AT A A
T R S Al AR

|
|
|
|
I
|
I
\
FER 4PER  ,PER PER PER ,PER wE’ER}
|
|
|
|
|
1 ’1’5,%“ ;P‘ER P‘ER ,PER W;‘?R W;%R ngéR }
R A A Al
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Wavelets in Practice

Using Daubechies to compute wavelet coefficients

£=0
[N
Via
Pttt i
N PER . Problem Find an initial seed:
Find Df) using *ﬂ trapezoidal rule, |
Newton's Method. \_ _ - continuation._ _,
We have to
- N Krylov methods: find X such
Solve many times that minimizes the residuals,
(P — As,e¥)X =0, Ty = b — Axzp, onthe kth
o PER A:=Up — A 0w | Krylov subspace, Ky, (A, b) =
where b = —FU,E(D ) R o, <b Ab. A% Akb>
T Sparse, huge ’ ’ T )
! T
l l P=vg
v TAppLy TFQMR to
The matrix Ay ¢ and the We get DPER Yr(YR—A0,c¥).
vector b need ¥ i and . n)
Y, Observe
P = \I/:,; must be
understood as shifted
version of FWT.
D. Romero
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Wavelets in Practice
Using Daubechies to compute wavelet coefficients

With these tools we get the following regularity graph of the
Keller-GOPY attractor. The results are obtained by using a
sample of 224 points in S! and the Daubechies Wavelet with 10
vanishing moments.

The detection of the regularity leap for How we compute the regularity of a
another parameterization. particular instance of .

As before, we can detect the pinched point in “in O(N) time”
and with Lless iterates than Haar.
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Wavelets in Practice
Conclusions

Our aim was the study of the use of wavelets in the numerical

computation of invariant objects framework. That is, give a
N-1

generic way to get ¢ ~ dg + Z dppy™"(0). For us, p is a SNA.
=0

Theoretical point of view

© Due to the geometry and topology of ¢, we have
introduced and justified the use of %5,  in the SNA’s
framework.

@ Under “Keller’s assumptions”, we have classified p € %5,
and related the wavelet coefficients of ¢, D'®R, with such
classification. Moreover, such relationship it can be used, for
example, when facing the fractalization route.

© Due to the volume of calculations involved, we have
introduced and justified the use of Newtons Method, Krylov
methods and the FWT to calculate DF®® in our framework.
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Wavelets in Practice

Conclusions

Theoretical point of view

© Focusing on the use of Newtons Method, we have related
the use of the Trapezoidal rule with the initial seed Dg)"**.

© Moreover, in the Haar’s case we have related A, with the
convergence of Newtons Method and, also, find an explicit
solution of the linear system, via a permutation matrix P
(and a precondition strategy).

@ Focusing on the use of the FWT, we have shown a generic
conjugacy between two skew products. Also, we have
justified that the regularity of both attractors is the same.

© Focusing on the initial seed of the FWT, we have proved
that we can take the orbit of a point as a_ j[n].
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Wavelets in Practice

Conclusions

Algorithmic point of view

@ To work and compute, we have expressed the Invariance Equation
as “matrixxvector”. Using the same idea (and the same goals),
we have compacted the Jacobian matrix JF, . = ¥ — A, . V.

@ To work and compute with ¥ and ¥, we have rephrased the
Daubechies - Lagarias algorithm from R to S'. Using it and the
inherited properties of the Daubechies wavelets, we have derived
properties of ¥ and V.

© Moreover, we have found good precondition strategies to solve
the system in a feasible way. As a consequence, we can go fast
and deep. In particular, when 1 (z) is the Haar wavelet, we have
performed a strategy to get the explicit solution.

© Focusing in the FWT performance, we have sorted a big signal of
the attractor ¢ faster than “fast sorting algorithms” using
Birkhoff's Ergodic Theorem.
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Wavelets in Practice

Conclusions

From the Theoretical and Algorithmic conclusions:

Computational point of view

Q@ We have rephrased the Daubechies - Lagarias algorithm on
a PC. Also, we have generated an independent software to
work and compute with ¥ and ¥ on a (really big!) mesh
of points of St. The core of such software, besides the
calculations involved, is the definition of a particular data
structure for ¥ and ¥g.

@ Using the above point, we have performed a modular
software to obtain D"** in “O(NNV) time” for a generic skew
products on the cylinder (with an irrational rotation in the
base). Its output, besides D¥?, is an estimate of the
regularity of (.
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