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Abstract

Let r =3,4,... ,00,w. The C"-Carathéodory’s Conjecture states
that every C" convex embedding of a 2-sphere into R? must have
at least two umbilics. The C"-Loewner’s conjecture (stronger than
the one of Carathéodory) states that there are no umbilics of index
bigger than one. We show that these two conjectures are equiva-
lent to others about planar vector fields. For instance, if r # w,
C"-Carathéodory’s Conjecture is equivalent to the following one:

Let p > 0and 8 : U C R?2 — R, be of class C", where U
is a neighborhood of the compact disc D(0,p) C R2 of radius
p centered at 0. If 3 restricted to a neighborhood of the circle
dD(0,p) has the form B(z,y) = (az? + by?)/(z? + y?), where
a < b < 0, then the vector field (defined in U) that takes (z,y) to
(Baa(z,y) — Byy(z,9), 282y (z,y)) has at least two singularities in
D(0, p).
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