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NAKAYAMA FUNCTORS
ON PROPER ABELIAN SUBCATEGORIES

DAvID NKANSAH

Abstract: We construct Nakayama functors on proper abelian subcategories of triangulated cat-
egories with a Serre functor using approximation theory. This, in turn, allows for the construction
of Auslander—Reiten translates. As a result, we prove that suitable proper abelian subcategories are
dualising k-varieties and have enough projectives if and only if they have enough injectives. As an
application, we provide a new proof of the existence of Auslander—Reiten sequences in the category
of finite-dimensional modules over a finite-dimensional algebra.

2020 Mathematics Subject Classification: 18E10, 18G80, 18G25.

Key words: approximation, Auslander—Reiten translation, cover, envelope, Nakayama functor,
Serre functor, triangulated category.

(©2026 by the author(s) under Creative Commons Attribution 4.0 License (CC BY-NC-ND 4.0).

Universitat Autonoma de Barcelona



	1. Introduction
	1.1. Main results
	1.2. Some useful results
	1.3. Global setup

	2. Lemmas
	2.1. Lemmas on additive categories
	2.2. A lemma on k-linear abelian subcategories
	2.3. A lemma on abelian length categories
	2.4. A lemma on proper abelian subcategories

	3. Nakayama functors on proper abelian subcategories
	3.1. Construction and fundamental properties
	3.2. Proper abelian length subcategories

	4. Auslander–Reiten translates on proper abelian subcategories
	4.1. Construction and fundamental properties
	4.2. The existence of Auslander–Reiten sequences in proper abelian subcategories

	5. Application to the module category of a finite-dimensional algebra
	5.1. Recovering the standard Nakayama functors on the module category
	5.2. Recovering the existence of Auslander–Reiten sequences in module categories

	Acknowledgements
	References



