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ON JANNSEN’S CONJECTURE FOR HECKE
CHARACTERS OF IMAGINARY QUADRATIC FIELDS

Abstract

FRANCESC BARS™

We present a collection of results on a conjecture of Jannsen
about the p-adic realizations associated to Hecke characters over
an imaginary quadratic field K of class number 1.

The conjecture is easy to check for Galois groups purely of local
type (Section 1). In Section 2 we define the p-adic realizations
associated to Hecke characters over K. We prove the conjecture
under a geometric regularity condition for the imaginary quadratic
field K at p, which is related to the property that a global Galois
group is purely of local type. Without this regularity assumption
at p, we present a review of the known situations in the critical
case (Section 3) and in the non-critical case (Section 4) for these
realizations. We relate the conjecture to the non-vanishing of some
concrete non-critical values of the associated p-adic L-function of
the Hecke character.

Finally, in Section 5 we prove that the conjecture follows from a
general conjecture on Iwasawa theory for almost all Tate twists.

1. The Jannsen conjecture on local type Galois groups

Jannsen’s conjecture [9] predicts the vanishing of a second Galois co-
homology group for the p-adic realization of almost all Tate twists of a
pure Chow motive. It also specifies the Tate twists where this cohomol-
ogy group could not vanish. Without this specification the conjecture is
a generalization of the classical weak Leopoldt conjecture.

We refer to Jannsen’s original paper [9] and Perrin-Riou’s paper [14,
Appendix B]| for the relations with other conjectures and for general

results.

Let F be a number field with algebraic closure F'. Let X be a smooth,
projective variety of pure dimension d over F. Let p be a prime number,
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and S a finite set of places of F', containing all places above co and p,
and all primes where X has bad reduction. Let Gg be the Galois group
over F of the maximal S-ramified (unramified outside S) extension of F,
that we call Flg.

Conjecture 1.1 (Jannsen). If X = X xp F, then

a) i+1l<n, or

2 i (X =01
H*(Gs, H,t (X, Qp(n))) = 0 if {b) i+1>2n.

This conjecture can be verified also from the étale cohomology with Z,
or Qp/Z, coefficients.

Lemma 1.2 ([9, Lemma 1]). The following statements are equivalent:
1. H*(Gs, H,(X,Qu(n))) = 0.
2. H*(Ggs,H!\(X,Z,(n))) is finite.
3. H*(Gs, H! (X, Qp/Zy(n))) is finite.
4. (If p #2 or F is totally imaginary) H*(Gs, H',(X,Qp/Zy(n))) =
0 where H!,(X,Q,/Zy(n)) is the p-divisible part of the group
He (X, Qp/Zp(n)).

There is an analogous conjecture if one replaces Gg by Gal(Fp /Fp),
the absolute Galois group of the local field F},, where F, is the completion
at p of F.

Conjecture 1.3 (Jannsen). H?(Gal(F,/Fy), H: (X, Qi(n))) =0 if i +
l<nori+1>2n.

Lemma 1.2 is also valid in this situation, i.e. replacing Gg by
Gal(Fy /Fy).

Denote by Gg(p) the Galois group Gal(Fs(p)/F'), where Fs(p) means
the maximal p-extension of F' inside Fg. Let .S, be the set of primes of F’
above p.

Let us denote by G, the Galois group of the maximal p-extension of the
local field F,, (with v € S) over F,; we write also G, = Gal(F,(p)/F,).
We have the natural surjective map

Z"U,S': G, — G,

where G, denotes the p-part of the decomposition group at F,, of Gg.
Let ¢, : G, — Gs(p) be the natural inclusion.

Definition 1.4. The Galois group Gs(p) is purely of local type iff the
map @, 0 %y,s is an isomorphism.
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It is easy to see that this definition is equivalent to the one given
in [18] (]2, B.2.6]).

Lemma 1.5. Let M(j) be a p-primary dwisible G, = Gal(F,(p)/F,)-mod-
ule of cofinite type. If u, ¢ F, then H*(G,, M (j)) = 0, where u, denotes
a primitive p-root of unity. If p, € F,, then H*(G,, M (j)) = M(j—1)g, .
Finally, let M(j) be any p-primary divisible Gal(F,/F,)-module of
cofinite type. Then H?(Gal(F,/F,), M (j)) = M(j — D) gai(, /Fy)-

Proof: If u, ¢ F, then G, is free, hence H?(G,, M (j)) = 0. Otherwise it
is a Poincaré group of dimension two with dualizing module Q,/Z,(1).
Using local Tate duality we get H2(G,, M (j)) = M(j — 1)g,

The last statement follows from local Tate duality. O

Lemma 1.6. Let S’ be a subset of S which contains S,, the places of F
above p. Suppose that the Galois group Gal(Fs:(p)/F) is purely of local
type for a place w € S” of F. Furthermore let M be a p-primary divisible
Gal(Fs (p)/F')-module of cofinite type such that M(j —1)quF, /r,) =0
for allve S\ (S"\{w}). Then

H*(Gg, M (j) = 0.
Proof: Let us consider part of Soulé’s exact sequence recalled in [9, §3,
(13)]:
H*(Gsr, M(j)) = H*(Gs, M(5)) = Gvesr\s'M(§ = Daucr, /r,) — O
where the last term of this sequence is zero by hypothesis. Observe that
H*(Gsr, M(5)) = H*(Gs:(p), M(5))

by a result of Neumann [13, Theorem 1]. Since Gg/(p) is purely of local
type,

H?(Gs(p), M(j)) = H?*(Gw, M (5))-
If y, ¢ F,, then H*(G,, M(j)) = 0. Otherwise H?(G,, M(j)) = M(j —
1)Gal(Fy (p)/F,)- But, in our case, the action of Gal(F,,/F,) factors
through the pro-p-quotient G,,, and so M(j — 1)gai(F, (p)/F.) = 0 by
hypothesis. O

Remark 1.7. If X has good reduction at p and p { p, the vanishing
of the Galois group H?(F,, H.,(X,Q,(5))) with i # 2(j — 1) follows
from Lemma 1.5 and weights arguments (see [9, Lemma 3]). As usual
HY(F,,—) means H!(Gal(F,/F,),—). This result can also be proved
when X has potentially good reduction at p [9, Lemma 12].
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When p | p, Soulé proves the vanishing of this group for j > ¢ + 1
or j < 119, Corollary 65, Lemma 11]. Moreover if p is unramified
in F/Q and X has good reduction at p then H?(F,, H.,(X,Q,(4))) =0
ifi #2(j—1) [9, Corollary 6]. In this situation if i—2j # 2 and i—25 # 0
we obtain:

dimg, H' (Fy, Hi, (X, Qp(5))) = —x(H (X, Qp(5)))

= [F} + Q] dimg, (Hg, (X, Q1))

where x is the Euler characteristic in local Galois cohomology. The last
equality follows from [12, 7.3.8].

2. The geometric regularity condition

We keep once and for all the notations of Section 1. Let p be a prime
of F such that p | p and the inertia group at p acts trivially on M, or
on X.

Let E be a fixed elliptic curve defined over an imaginary quadratic
field K, and with CM by Og, the ring of integers of K. This hypothesis
implies that ¢l(K) = 1. Associated to this elliptic curve there is a Hecke
character ¢ of the imaginary quadratic field K with conductor f, an ideal
of Ok which coincides with the conductor of the elliptic curve E.

Consider the category of Chow motives Mg(K) over K with mor-
phisms induced by graded correspondences in Chow theory tensored
with Q. Then, the motive of the elliptic curve E has a canonical de-
composition h(E)g = h°(E)g ® h!(E)g ® h*(E)g. The motive h'(E)qg
has a multiplication by K [5]. For w a strictly positive integer, let us
consider the motive ®¢h' (E)q, which has multiplication by T, := @§ K.
Observe that T, has a decomposition [[, Ty as a product of fields Tp,
where 6 runs through the Aut(C)-orbits of Y% = Hom(T),,C), where
YT = Hom(K,C). This decomposition defines some idempotents ey and
gives also a decomposition of the motive and its realizations. Let us fix
once and for all an immersion A\: K — C as in [5, p. 135].

The L-function associated to the motive eg(®@“h!(E)q) corresponds
to the L-function associated to the CM-character ¢y = eg(@%¢): A}, —
K* [5, §1.3.1] (for equivalent definitions of Hecke characters over an
imaginary quadratic field, see [7, §2.2]). With respect to the fixed embed-
ding A, this CM-character corresponds to ¢®%”, where a,b > 0 are inte-
gers such that w = a+b. The pair (a, b) is the infinite type of 1g. We note
that there are different 6 with the same infinite type. Every 6 gives two
elements of T*, one given by the infinite type ¢ € § NHomg (T, C) and
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the other one coming from the other embedding. When 6 corresponds
to = (A1, .., \w) € Homg (T, C) with type (a,b), we denote by @ the
one that corresponds to the element J = (A1, ..., \,) € Homg (T, C),
where \; are Q-immersions of K into C and the bar denotes complex
conjugation. Observe that 6 has type (b, a).

Let us denote by ®“h!'(E) the integer Chow motive (similar to
®@%h!(E)g but without tensoring by Q the correspondences). The Chow
motive

My := ep(@“h' (E)),
is a Chow motive with coefficients in Ox[1/DK] where D is the dis-
criminant of K.
The p-adic realization of the motive My(n):

Moq, (n) == Hey (Mo xx K, Qp(n)) = eg(®@"(T,E ® Qp))(n — w),
is unramified outside any set S which contains the finite primes of K
which divide pfy, where fg is the conductor of 9. We have also a natural

lattice associated to it, corresponds for p f D to HY(Mpx kK, Zy(n)) =
eo(@T,E)(n —w) and we denote it by

MQZP(TL) = HZE(MQ XK ?, Zp(n))

Since eg(®“h!(E)) C h*(EY) Jannsen’s conjecture for h*(EY) im-
plies the following conjecture for Hecke characters.

Conjecture 2.1. Let p be a prime such that E has good reduction at
the primes over p in K. Let S be a set of primes of K which contains
the primes of K over p and the primes of f. Then,

H?*(Gal(Ks/K), Mag,(n)) =0,
form>w+1orw+1>2n.

Consider F C K(E[p]) with K C F. We suppose also p > 3. Denote
by F = K(E[p]). We know that F X i F has good reduction everywhere.

We introduce the notion of regularity for p at F, which turns out to
be closely related to the condition that a global Galois group is purely
of local type.

Let us assume in this section once for all that p splits in K with
p = pp* where p, p* are different primes of K.

Definition 2.2. Suppose that p > 3, (p) = pp* in K, p # p* and
E has good reduction at p and p*. Let S, be the set of primes of F
that divide p. The prime p is called regular for £ and F if Fg (p) is a
Z,-extension of F'. We say that p is regular for E and F if p and p* are
regular for F and F'.
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Remark 2.3. The above regularity condition admits an analogue of Kum-
mer’s criterion as in the classical notion of regularity at p [2, B.1.2, 1.7,
2.16-17]. One of the equivalent notions of regularity is related to a criti-
cal value of the L-function associated to some concrete Hecke characters
of the form ©%° [17] ([2, B.1.7]).

Proposition 2.4 (Wingberg [17]). Let F be a number field between K
and F. The prime p is reqular for E and F if and only if Gal(Eg (p)/F)
is purely of local type with respect to p*, where S, denotes the places of F
above p.

Remark 2.5. Thus, for this notion of regular primes the Grunwald-Wang
theorem holds: the maximal p-extension of F,,. coincides with the com-
pletion at p* of the maximal p-extension of F'g (use [2, Corollary B.2.6]
with Proposition 2.4).

Let us write a consequence of Proposition 2.4 (the case w = 1 is a
result of Wingberg [17]).

Corollary 2.6. Let p be a regular prime for E and F = K(E|[p]). Let
F be an extension of K inside F. Denote by S* a finite set of primes
of F containing the primes above p and those where E X F has bad
reduction. Then,

1 (Gal(Eg. | E), " (Mg, Qp/Z,y(j +w))) = 0
for any integer w = a + b with w +2(j — 1) # 0.
Proof: By Kummer theory, we have that
HY(B, Qp/2,(1)) = Blp™] = Elp™] © El(p*)]

where E[a>] = lim E[a"] is the inductive limit of the a"-torsion points of

the elliptic curve E. Thus M (w+ j) := HY(My @k K, Qp/Zy(w + j)) =
eo (@Y E[p™])(j). Since K C F C F, we need only to prove
H*(Gal(Fs-/E), M(w + j)) = 0,
because F C F is unramified outside S* [6, I1.1.8]. Since F/F is prime
to p it is enough to show
H?*(Gal(Fs-/F), M(w + j)) = 0.

Now, M (w+ j) is a Gal(Fs, (p)/F)-module because the Galois action
on M(w + j) factors through Gal(F(E[p*])/F) and E xk F has good
reduction [6, 1.9, (i), (ii)].
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Using Lemma 1.6 it is enough to prove the vanishing of some coin-
variant modules in local Galois groups.

Since E xx F has good reduction everywhere, in particular in the
places of S*\ S, the same is true for E¥ = E xg E Xk -+ Xg E over
the field F. Then, by the proved Weil conjectures on H*(E", Q,(n)),
the Frobenius at v over F does not act as identity in any subspace of

the above cohomology group for w — 2n # 0. By local Tate duality
M(w+3j = 1)gu, 7, is dual to Mg/ %)
for w—2(w+j—1) #0.

By hypothesis p* is regular in F, hence (Theorem 2.4)
Gal(Fs, (p)/F) = Gal(Fy(p)/ Fp)-

and this module vanishes

Thus, it remains only to show that
M(’LU —|—j - I)Gal(]-"p(p)/]-'p) = M(w +j - 1)Gal(-7:_p/]:p) = 0.

The Gal(F,/Fy)-action on M(w + j — 1) factors though the pro-p-quo-
tient by the regularity and the condition p, C F,. By [7, proof of
Lemma 3.2.5] these coinvariants are always zero unless a— (j—1+w) = 0
and b— (j — 1 +w) = 0. If both are zero, we have 0 = a — (j — 1 + w) +
b—(j—14w)=w-—2j+2—2w=—(w+ 2j — 2) which is impossible
by our hypothesis. O

Remark 2.7. The above result, and Corollaries 2.8 and 2.10 below, are
true assuming only that S* is a finite set of places which contains the
primes above p and the primes of F such that the inertia acts non-

trivially in My xx F (use standard arguments like in the proof of [11,
2.2.16]).

Corollary 2.8 (Jannsen’s conjecture under regularity). Let p be a requ-
lar prime for E and F = K (E[p]). Let F be an extension of K inside F.
Let S* be a finite set of primes containing the primes of F' that are over p
and the primes where the elliptic curve E X F has bad reduction. Let
My be eg(2Vh'(E)). Then

H*(Gal(Eg. /F), Myg, (n)) = 0
ifw+2n—w-—1)#0.

Proof: Is a direct consequence of the above Corollary 2.6 and Lemma 1.2.
O
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Corollary 2.9. Let p be a regular prime for E and F = K(E|[p]). Let

F be an extension of K inside F. Let S* be a finite set of primes

of F containing the primes above p and the primes where the elliptic

curve B X F has bad reduction. Fixz an integer w > 1. Then
H*(Gal(Eg. /E), (®"h' (E)(1))er(j) = 0

for any integer j such that w+ 2(j — 1) # 0, where (YA (E)(1))et(4))
denotes the étale cohomology group (RVHL(E % K,Q,(1)))(4) which
is the p-adic realization of the motive (R¥h'(E))(w + j).

Proof: The integer idempotents ey give us a decomposition of the above
motive

(@R (E)(1))(5) = [[ ea(@“h* (B)(1) (),
0
thus a decomposition of the p-adic realization

H*(Gal(Eg. /E), (@"h' (E)(1))er (7))
= ©gH*(Gal(Eg. /E), eg(®"h* (E)(1))er (1))
which is zero by Corollary 2.8. O

Corollary 2.10. Let p be a regular prime for E and F and let be w —
2n # 0 and 2n—w—2 # 0. Let S be a finite set of primes of K containing
the primes over p and those where E has bad reduction. Then

dimg, H'(Gal(Kgs/K), Mgg, (n))
+dimg, H' (Gal(Ks/K), Mo (w+1—n)) = [K : Q]dimg, Mag, = 4.
Moreover,
dimg, H'(Gal(Ks/K), Mgg, (w+1+1)) =2
= dimg, H'(Gal(Ks/K), Mgy (1))
for =l <min(a,b) ifa#b (and =1 < a ifa=10).

Proof: By the conditions on the weights and the regularity assumption
we obtain H%(Gg, Mpg,(m)) =0 and H*(Gg, Mag,(m)) = 0, with m =
nand m = w+ 1 —n (and the same statements for @ instead of ).
Thus, the first equality holds by [9, Corollary 1, proof of Lemma 2].
Observe that Myg, = eg(®“T,E(—1)) ® Q, has Qp-rank equal to 2
(see for example [1, §2]); therefore the second equality follows. The
last statement follows from the Beilinson conjecture for these characters
(proved by Deninger [5]) and [9, Lemma 2] at the twist w+1+1. O
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Observe My(n) is a submotive of A" (E™)(n), therefore using Soulé’s
result (see Remark 1.7) we obtain, without the regularity assumption:

Corollary 2.11. Let p be a prime of K such thatp | p. Suppose w—2n #
—2 if p is unramified, otherwise n > w+1 orn < 1. Then,

H?(Ky, Myg, (n))) = 0.
Moreover if also w — 2n # 0, then

dimg, H'(Kp, Mpg,(n)) = [Ky : Q] dimg, Mpg, (n).

3. The conjecture in the critical situation

We follow the notations of Section 2, but now p does not necessarily
split in K. The critical situation corresponds to realizations of the motive

Mpy(n)
where 6 has infinity type (a,b) and n satisfies:
min(a, b) < n < max(a,b).

Let us impose that the weight is < —3; this means a + b — 2n < —3.

Tsujiin [16, §9, §10] proves the Jannsen conjecture in this case, p inert
and 6 of infinite type (k—7,0) with dg=(A,...,A\),n =kand 0<—j < k.
One obtains also the case p inert and 6 is of infinite type (0,5 — k),
n =j and 0 < —k < j by complex conjugation. The p-adic realization
corresponds to:

N )
Mi—j0)0, (k) 2 V,(E)** @ V,(B)

where ® is ®0,@0, K> O, = Zp ®z O and the bar means complex
conjugation. Observe then that any My(n) in the critical situation has
a p-adic realization (we write the situation b = min(a, b)) isomorphic to
—® —
V()P e E)

Thus, if we write ¥k = n — b and j = n — a we need to study
Jannsen’s conjecture only for the p-adic realizations M,_;oy(k) (the
situation ¢ = min(a,b) corresponds by complex conjugation to study
the motives Mg ;1) (7))

We have the following isomorphism,

(MQQP (n))*(l) = M@Qp(_n + w4+ 1).

After all the above considerations we have in the critical situation:
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Theorem 3.1 (Tsuji, [16, Theorem 9.1 and Proposition 10.2]). Let p be
a prime > b which is inert in K and such that E has good reduction at
the prime above p in K. Consider Mg(n) with min(a,b) < n < max(a,b)
(a #b) satisfying a +b — 2n < =3, then

1. HQ(GS,Mng(n)) = 0, and
2. HQ(GS,MgQP(l —n+w)) =0, where Gg = Gal(Kg/K) with S a
finite set of primes of K containing the primes dividing pf.

Theorem 3.2 (Tsuji, [16, Lemma 10.1]). Let min(a,b) < n < max(a,b)
(a#b) and a +b—2n < —3. Suppose p is inert in K and let p be the
prime of K above p.

1. Let q be any non-zero prime ideal of O different to p. Then,
H'(Kq, Mg, (n)) =0 and Hi(Kq,Mng(l —n+w)) =0 for all i.

2. Hi(KmMer(n)) =0 and Hi(Kp,Mng(l —n4+w)) =0 fori=0
and 2.

Remark 3.3. The main points needed to obtain Theorem 3.1 are [16,
Theorem 6.1] and the main Iwasawa conjecture proved by Rubin. Both
results are also known in the split situation by Han [8, §5.1] and Ru-
bin [15] respectively. Suppose now that p splits in K, p = pp*. In order
to obtain Theorem 3.1 for the split case one could try to write in detail
the second part of Tsuji’s paper [16, II] replacing p by p = pp*. Let
us indicate some steps: rewrite [8, Theorem 4, §5.1] with the unit ey g
in the notation of [16, §5] to obtain [16, Theorem 6.1] (one will need a
result similar to [1, Lemma 3.3]), replace O by O, = Ox ® Z,, in §8 and
89 of [16] and check that the arguments follow (remember that in our
case L = K and A, = Ag = O,).

4. The conjecture in the non-critical situation

Let us recall that we have fixed an imaginary quadratic field K with
cl(K) =1 and E has good reduction at the places above p in K.

From the specialization of the elliptic polylogarithm [11], one can
prove the equality between the image by the Soulé regulator map 7, of a
module Ry = apOk in K-theory for the motive eg(@¥Vh!(E))(w+1+1)
(see [3, 3.3] for the precise definition of ag) and the image of the elliptic
units module by a Soulé map e, (see [3, 4.6] for the definition of e,,) with
w—2(w+1+4+1) < =3 with —] < min(a,b) (we refer to [3, Corollary 5.9]
for this equality). This result is obtained, under some restrictions, from
the main conjecture of Iwasawa theory for imaginary quadratic fields.
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Let us fix in this section the following assumptions: let p > 5 be a
prime with p > Ng/of and 6 with infinite type (a,b) such that a #
b(mod|O3|). Suppose also that O3 — (Ox/fe)* is injective and the
A = Gal(K (E[p])/ K)-representation of Homo, (Myz, (w + 1), Op) satis-
fies the Rubin’s theorem on the Iwasawa main conjecture [15], where O,
denotes Ok ®z Zp.

Proposition 4.1. Suppose that H?*(Gal(Ks/K), Mgg,(w +1+1)) =0
with S finite set of primes of K which contains the ones dividing pf.
Then rp(Re ®z Qp) has Qp-rank equal to 2, in particular e, is injective.

Proof: The same arguments of the proof of [11, Proposition 5.2.5] can
be used with the diagram [3, Lemma 4.11] to obtain the result. O

As observed by Tsuji [16, (11.12)], Jannsen’s conjecture can be ob-
tained from the non-vanishing of the map e, into local cohomology of
the elliptic units module if [16, Question 11.15] has a positive answer.
In [3] we prove that [16, Question 11.15] has a positive answer in the
split case, and in this case one can show the same result of Tsuji by using
the arguments of Remark 3.3. But since we do not want to write all the
technical details, we make the following

Assumption. (I) The result [16, (11.12)] is true also when p splits
in K.

In his thesis [7], Geisser studies this Soulé map e, locally, i.e., with
values in the local cohomology. In this study appear the values at
non-critical values of the p-adic L-functions associated to ¥q, for i =
1,2 (up to twist by cyclotomic character). The g, comes from the
Hecke character 1y associated to 6 as follows: 1y ® Z, = Yo, © Va,
(see for an extended explanation [7] or [1, §3]). Let us denote by
L: Hl(Gal(F/K), Mazp(w—l—l-l- 1)) — Hl(Gal(E/Kp), Mgzp (w+l+ 1))
the restriction map.

Proposition 4.2 ([1, 3.4]). Let p be a prime that splits in K.

Suppose furthermore w = a+b > 1, a+1 > 0, b+1 > 0 and
p > 3w+ 20 +w+ 1. Then the length of the coimage of v o r,(Rg) in
HY(Ky, Mgz, (w+1+ 1)) is equal to the p-adic valuation of

G(zﬁglﬁl,ufarl — 1,u;b971 — 1)G(z/192ml,ufb971 — 1,1127‘1971 - 1),

where k denotes the cyclotomic character of G = Gal(K (E[p>=])/K) and
G denotes the p-adic L-functions.
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Corollary 4.3. Let us assume (I) and the hypothesis of Proposition 4.2.
If the non-critical values obtained in the p-adic L-functions
Gpo, kL ur® = 1,uz% ™ — 1) and G(a,kl,uy ™t —1,uy "t —1)
do not vanish, then Jannsen’s conjecture is true for Mz(—1), i.e.

H2 (GSa MEQP (_l)) = Oa
and the conclusions with n = w—+1+1 of Corollary 2.10 are also satisfied.

Proof: By the local Jannsen conjecture we obtain from Corollary 2.11
that

rankz, H'(Kp, Moz, (w +1+1)) = 2.
By the non-vanishing hypotheses and Proposition 4.2, we see that the
module ¢(r,(Ry)) has finite index in H'(K,, Mgz, (w+1+1)); therefore
dimg, ¢(rp(Re®Qp)) = dimg, (Re®Q)). Hence dimg, (r,(Re®Q,)) = 2
and the Soulé map 7, does not vanish in Rg. This is equivalent by [16,
(11.12)] to Jannsen’s conjecture for H?(G', Mg, (=1)) (using the Tate-
Poitou long exact sequence). O

Remark 4.4. Moreover by [16, p. 171, (11.12)] (assuming (I)), the
Jannsen conjecture for MEQP (—1) implies the non-vanishing of the prod-

uct of the non-critical values of the p-adic L-functions which appear in
Corollary 4.3.

5. The weak Jannsen conjecture

We want to consider now the following weak form of Jannsen’s con-
jecture, which claims for our concrete realizations that: the Galois co-
homology groups H?(Gg, Myg,(n)) vanish for almost all Tate twist n.
This weak Jannsen conjecture is equivalent to the weak Leopoldt con-
jecture [14].

Proposition 5.1. Let us suppose that the cyclotomic p-invariant of
every abelian extension of K is zero. Let S be a set of primes of K
containing the primes of K dividing pf. Then for almost all n we have

H?(Gs, Mg, (n) = 0.

Proof: Since we have a Hecke character the Galois group Gal(K'/K)
fixing the p-torsion of Maq,(n)/Mpz,(n) is an abelian extension of K.
By [14, B.2, Corollary (i)] (here we use the hypothesis that p vanishes
for the cyclotomic extension of the abelian field K’ over K) we obtain
that

exH?(Gal(Ks /K (pp)), Moz, (n))
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is a Z,[[Gal(K (up=)/K)]]X-torsion module, where ey are the idempo-
tents associated to characters x of Gal(K (ppe)/Coo), with Co the cy-
clotomic extension of K. This fact is equivalent to

H*(Gal(Ks /K (1)), Mgq, /Mgy,) = 0,
where * means Hom( ,Q,) or Hom( ,Z,) respectively [14, Proposi-
tion 1.3.2]. Now use [9, Lemma 8] to obtain the result. O

Remark 5.2. The work of Kato for CM modular forms [10, §15] gives
a proof of the weak Jannsen conjecture Proposition 5.1 without any as-
sumption on the y invariant. Moreover in [4] we obtain a different proof
of Proposition 5.1 without the p vanishing assumption using Iwasawa
modules in two variables, imposing that p4+11t|b—a| = a—b if p is inert
in K,orp—1¢t|b—a|=a—0if p splits.
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