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THE BP*-MODULE STRUCTURE OF BP“(ES) FOR p = 3.

Nopuaki Yagita

§0. Introduction.

Let BP*(-) be the Brown-Peterson cohomology theory with the coefficient

BP* =~ Z ] at an odd prime p. In this paper we shall study BP*(G)

(p)[vl,...
for simple simply connected Lie groups G. When G is torsion free, there

is a BP*-algebra isomorphisﬁ BP*(G) ~ BP* ®H*(G). Hence we shall only

consider the cases when G has p-torsion, i.e., the exceptional Lie groups

p=3 FA’ E6’ E7, E8 and
p=5 ES'
When p=3 G=F,, Eg and p=5 G=Eg, the BP*-algebra structures of BP*(G)

are given in [5]. In this paper we shall determine the BP*-module struc-
tures of BP*(G) for the rest, i.e., p=3 E7, E8 (Theorem 1.1, Therem 1.2).
Because the BP*-module structure of BP*(EB) is so complicated we give a
graph which will, hopefully, make it clearer (, see Graph 1.3).

To compute BP*(G), we use H*(G),H*(G;Z3)[l], BP*(G;Z3)[4], K*(G),K*(G;Z3)
{2],[4]. The main machine of the computation is the Atiyah-Hirzebruch
type spectral sequence. Its non zero differentials are dzp_l=v18>Ql,
d2p2_l=v2®Q2 and d4p_3=v12®(some operation). In this paper only the
proof of Theorem 1.2 (BP*(E8)) is given. Theorem 1.1 is proved by similar
but easier arguments. Most parts of the computations are routine. So only

the tables of results are given.




§1. The results.

In this section we give the main results.
Theorem 1.1. There is a BP*-module isomorphism for p=3
* o * -
BP (E7) BP (FA) ® A(xlg,x27,x35)
3
= * = *
[BP {1,y3,y26}$BP*{y19,y23}/(3y19 V1Yy4) ®BP /(3,v1)[)<8]/(x8 )]

® A0y 1 5% 50%) g5 %y, %q5) -

Theorem 1.2. There is a BP*-module isomorphism for p=3
* o
BP (Es) (T/Rl & F/Rz) ® A(x27,x35,x39,x47)

where
(1) T=BP*/(3) @ [(2,1x51/ (xg>) @ Z,(x,.1/ (x,.7) ® A(u,.) {1}, x.2x. 2})
3lxgl/(xg 3%l ey 27 27%8 %20
® 23{(X8’x82’u27’u27x8) ® (W, 3.wg5) 1]

(2) R1 = Ideal(le8—v2x20,vlw43—v2w55, V1%90s vzabc where

a,b,ce{xs,xzo,u27}).
) F = By 0wy 50Y59oWs5 04309935505V 23¥555Y 23 357435V 37 23
222762 Y85°781° V15238342747 Y975935Y3¥152Y412¥775Y 100 -
(4) R, = Ideal("123’23‘3"15’ V1Y5973Ws55 VY593, g5 VW, 4-Vowss,

V123955735745 V1Y3Y 937 Wyg V1Yg5m38g1 5V Y3973,V vg,35g,)
The above theorem appears to be too complicated to be understood. Hence
the following graph may be useful.
In the graph, one line means le=B
I A
B
A double line means multiplication by Vo A dotted line means multiplica-

tion by 3. An X-mark means zero is the result of multiplication.
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Remark 1.4. 1If zvjxj=0 in BP*(E8) then there exists yeH*(E8;Zp) such
that Qj(y)=i(xj) where i : BP -KZp is the natural map. This is expressed
by the graph;

X %, 1(x1) -1(x2)

implies

2 Ql Q2

Results generalizing this fact are discussed in [6].

§2. Preliminary results.

In this section, we recall known results which are needed to compute
BP*(E8). First recall the mod p=3 ordinary cohomology group [1]

2.1 Ap=H(E8;23)323["8”‘20”(."g”‘go)®"("3”‘7”‘15”‘19”‘27”‘35”‘39"‘47)
where Qux;=xg, QuX19=Xpgs Q¥3™%gs QuX15%pg> Q¥3™%p0-
For ease of notation, let B'=A(x27,x35,x39,x47).

Secondly, consider the cohomology group H*(EB). Note that Eg has no

higher 3-torsion ([3]). Consider the Bockstein exact sequence

HeBp @y T3 MO,
H*(EB;Z3).
By the fact that iG=Qo, we have
(2.2) A = H*(ES) ® 2(3) )
- 3 3
= [(Z3[x8]/(x8 ) ® Z3[x20]/(x20 ) ® l\({xgxlg-x7x20}) - {1} -

2 2 2 2 ,
(x8 %50 )(xsxlg—x7x20}) &3A(x8 X9,%50 X19)] ®A(x3,xls)®B

Using the Atiyah-Hirzebruch spectral sequence
P = H*(E._: * *(E_:
E,=H (E8,Z3) ® BP* =—> BP (E8,Z3),

in [4], BP*(E8;Z3) is computed



2
.7 y=(BpP* *
(2.3)  BP*(Eg324)= (BP*/(3){1,uy,u,, 1 @ BPX/(3) @ 2y {ugs,wy 55%p0,%50} @ 251,
2 2
x8,x8}/Ideal(vlw43—v2w55, ViXg=VoXsq, ViXpgs v2x8x20)]>
)
24 A(x7,x19) ® B'.
Let K*(-) be the K-theory. By Hodgkin [2][4], K*(ES) is torsion free
and
(2.4) K*(Eg) = A(x,B,Y,6) ® B',
N . . 2 2 '
K*(Eg) ® 25 = K*(Eg;24) =KD)*@ A{x,xg 1, {xlsxzo}) @ A(x,,%,9) ®B".
On the other hand

2 2 '
K*(Es) ®Q —K®H*(E8) ®Q 2K*®A({x8x7},{x20x19]) ®A(x3,x15) ®B'.

§3. The differential de—l'

In this section we begin the computation of BP*(ES). In this section
we compute the Ezp—term of the Atiyah-Hirzebruch spectral sequence.

Consider the Atiyah-Hirzebruch spectral sequences

Ey

H*(Es) ® BPx ————> BP*(Es)

l i(E) li

"E2 = H*(Eg;Z,) ® BP* === BP*(Eg;Zy)
Notice that for dimensional reasons, the first non zero differential dr
is d2p—l’ Recall that

Image dr ¢ Torsion Er .
Let drx=v1ﬁ3y#0, for x,yeA. Then vlyeTor Er and so yeTor(A). Since all

elements in Tor(A) are 3-torsion (no higher torsion), i(E) (y)#0. This

implies;

Lemma 3.1. 1In the above spectral sequence E2p—l’ dzp_lx=y#0 if and

only if dy ) (1(E) (0))=1(E) (y)#0 in pEzp_l.

In the mod p spectral sequence pEZp—l




d2p—1 =y ® Ql.
The homology group of the differential Ql is computed by using (2.1) and

the fact Ql is a derivation. The following table describes the Ql homology.

Table 1.

(a) Z3—module in A

1 X x2 X x2 XX xzx X o X 2x2

8 8 20| 720/787207872078720°8720
1 -] 1|1 I 1 oI |ox | o |x
XgX,g=¥ 7%y 0 I|lxo I o I I i -
g -1 xlo X | x| x |1 |x |1
xlS - X X X 0 X X I 1
XX g - X X X X X X X 0
x3(x8x19—x7x20) X X 1 X X X I - -
XlS(x8x19-x7x20) X X X X I X 0 1 -
x3x15(x8x19—x7x20) X X X X X X 0 0 -

*g¥)157%3%29 L I I R R B ¢

(xgx157%Xq%,50) (xgXyg=x%50) | 1 | 1 | - 1 |- I

(b) torsion free nodule in A

L 2 2 2 2

*g%7 | *20%19 | *8*7%20%19
1 0 0 0 0
X3 X 0 X 0
X5 X X 0 0
Xy o X X X 0

The entries in this table have the following meaning,

- ; there is no element cor-responding to this entry

10



(x8x202x3(x8x19—x7x20) is express as x3(x8x19—x7x20)x8x202+
xg¥p0 (Rg¥157%3%50) (Xg¥197%7%20)
0 ; in ker Q1 and not in image Ql’ X 3 Ql—image is non zero ,
1 ; in image Ql’ I1 ; in double Ql—image from two entries.
From the above Table 1, the Ezp—term is expressed as

(3.2) E, = BP* ® z{0 in (b)}
P

2 2
® BP*{x4%, %, g=X; s (xgX; g=%;%,0) %50 X, gXgx7 %3 (XgXy g=%y%p0) Xg)
3x.,X 3x2’x X, X 3Ix 2x XoXqc)

X1527%9% 15,278 %7%3%15°77207197 3715
® BP*/(3) ® 23{0 in (a)}

] BP*{3x3,3
® BP*/(3,V1) [ Z3{I and II in (a)}

§4. The differential d& .
p-3

The next non zero differential is d&p—B'

Assume that dAp—3(y)=v12 ® x ® b # 0 where y,xeA, beB. Then x is 3-
torsion in A and le#O in EZp' Hence x must be a sum of the generators of
type O in Table 1 (a). It is easily checked that such generators except
for {xgxlg—x7x20} and x82x202x15x7 are non zero elements in

H(A ,Q,) = A(x 2x WX zx ) & A(x,,x,,) ©B'
p’ 1 8 73720 715 7’719

Moreover dap_3 is always zero in pEQP_?’. So the generators are not in
the image of d4p—3 in E4p-3' Therefore only the generators {xsxlg—x7x20}
and xgngxls must be checked.

First consider the case x={x8x19—x7x20}. Since 6(x7x19)=x, x is an
infinite cycle in E, and let u,y,=% in BP*(ES). Then from (2.3) i(viu27)=0
in BP*(ES;Z3) This implies viu27=pa'for some a in BP*(ES).

Assume that there does not exist y such that

4.1) 4 2o x .

4p-37"V1




Then dim(Filt(a)) < 27 and pza=pv12U27=P5(X )=0. Since BP*(Eg)® Q = BP*®

7%19
H*(E8)®(Q, torsion free elements in E4P—3 do not express a. From Table 1

and dimensional reasons, only vls® X3X82 in E can be a in BP*(ES). But ’

4p-3
from (2;4), vls® x3x82 represents a torsion free element and this is a
contradiction. Therefore there exists y such as (4.1).
The fact that dimension |y|=18 and y is BP*-free or BP*/3-free in E4p_3,
implies y=l{3x3x15}, A#0 mod p, i.e., we can take
2 .
t = -
(4.2) dhp_3(k {3x3x15}) =v, {x8x19 x7x20}.
. 22 ,
Next consider the case x—{x8 x20x15x7}. First assume that
_ . r
(4.3) dr.y =V, z2®x
where Z=Ko9Xq5X49%X, 5. It is easily checked that elements of dim(Filt) >
dim(Filt(x ®z)) and of Z3-modules in E, are free BP,/3-modules or free
BP*/(3,V1)—modules in pEm. See the right down side of Table 1 (a) and
Lemma 4.7 in [8]. These elements are not in the image dr" r'> 2p-1 in
pEm. This fact implies that all elements of dim(Filt) > dim(Filt(z®x)) are
infinite cycles.
Denote by Z¥59Y93 the element in BP*(ES) which corresponds to
2 2 2.2
i i = =0 i * .
{zx20x19x8 x7}. Since 1(vlzy59y23) V12X Xy g X ¥y 0 in BP (E8,Z3), we
can write
v,z = p°a szl
1%Y59Y23 = P 3 i
Then dim(Filt(a)) < 59+|z|, dima=55+|z|+23 and a must be a Z3-module in E,.
These facts imply(, see Table 1,) that a corresponds {zx§x23x19x7}=zx, ie.,
s
(4.4) V12¥5g¥yq = P 2X.
Now consider tha assumption (4.3). By it,
r -
vyozx = Ab
. . s r+l
where AeBP* and dim(Filt(b)) > |zx|. From (4.4), p°b = vy zy59y23¢0. But

except for Y5gYq32 all elements in BP*(EB) of dim(Filt) > |zx1 are either

torsion free elements which are of form such that 4m-3 or 4m (, check Table

12



3 (a) and note that the dimension of each ring generator is 4m or 4m-1,)
2
. . % - =
or torsion elements in BP (E8), e.g., X20x15(x8x19 x7x20) 6(w55x7x19).
This is a contradiction. Hence there is no y such as (4.3).

It does not occur that

s
dr,z = vy

! i i = =
where z eA(x27,x35,x39,x47), because if it occurs, then |dr,z| 4m+1,|x|

x®z'#4£0

L . [ .
4m-2 and so |z |—4m 1 which shows z'=one of Xy79%X35:X395%,7s and this
contradicts the dimensions |z|=148 and |x|=78. Hence we have dr,z=0.

If there is y such that
s
(4.6) dr,y =vx S,

then dr,(y®z)=vlsx®z and this contradicts the non existence of (4.4).

Therefore there is no y such as (4.6).

§5. The differential d2(p2—1)+l'

. . . P
First notice that in E2(p2~1)+l

d2p2_1x = VZQZ(X) mod(vl).

We compute H(kerQl,Qz). See the following Table 2.
From Table 2, the EZPZ—term is expressed as

(5.1) E2p2 ~ [BP* z{0, 30, 90, a in (b)}

2
878 7 173
. 2
® BP*/(3){0 in (a), Vv X4Xg }

2 2
® BP*« (3x,.x, X +v.x Xg Xq, 3x15x8 x7+v1b)

5] BP*/(3,V1){I in (a)}
® BP*/(p,vl,vz){w in (a)}] ® B.

Now we compare E P2 and pEw. See Lemma 4.7 and Lemma 4.8 in [4].

2
. p _ 2 2 2 2
(5.2) E_ = E2p2 = [BP*/(3){le3x8 2X3Xg X X005 K] cXo }
2 2 2
® BP*/(3,v,) “3"3"20”‘15"20("8 2Xg) s (XgXyp=XgXy 5} (%5 %p0%g) s
2
XgsXgrX)0,XgXyq )



2 ) 2 2 .
) BP*I(3’V1’V2){XZO’XSXZO’XBXZO’XBXZO}] ® A(x7,x19) ® B'.

Let x be the generators in Table 2. From (5.2) and Table 2, we can
easily check that if x is BP*/(3)-free(, BP*/(3,v1)-free, BP*/(3,vl,v2)-
free,) in E2p2, then i(E)(x) is also BP*/(3)-free(, BP*/(3,v. )-free, BP*/
(3,v1,v2)-free respectively) except for X=X, g=X X505 x§x28x15x7 .
Moreover the exceptional x are BP*/(3,vl)—free in PEsz' Hence there is
no y such that
dry = AX where Ae¢BP*, r 2 2p2+1.

This implies that

(5.3) E, 2 = E

2p w °
Table 2.
(a) Z3—module in E2(p2—l)+1'
1 X x2 X x2 XX xzx Ix x2 xzx2
8 | *s | *20| *20l¥8% 208208 2¢ 8720
1 - I I I W I W W W
XgX197%7%90 0 1 W 1 W W | W W -
) - - ox | - - - X - 1
X5 - - - - 0 - - I I
*3%15 i I B i e
%3 (xg¥) g=%7%50) SR T I S R EE N IR S S R
%15 (Xg¥yg7%7%50) -l - 1-1-Jr |- ]oj1]-
X3%) 5 (Xg¥197%7%20) ad I e B S A N
¥8¥157*3%20 X | X |- 1 |- |1
(xgxy5=q%,0) (g g=Xy%p0) | X | X | - I -1




(b) torsion free module

in EZ(p2—1)+l .

1 2 2 2 2
*g¥y 20%19| *8%7%20%19

1 0 0 0 0

x3 30 X a0 6

x15 30 bx 0 0

g%y o 90 30 30 0

The entries in this table haQe the following meaning
- ;3 empty, O ; O in Table 1, in ker Q2 and not in image QZ’
30, 90 ; this entry corresponds to the element multiplied by 3 or 9,
X 3 Qz—image is non zero ( 0X ; moreover O in Table 1. (a) ),
I ; I or I1 in Table 1 and not in image Q2, W ; in image Q2 ,

b .

2
a; x H x15x8x7-x3(x8x19-x7x20)x8.

2
3%20%197%1 5 (XgX1 97 %7%90) % 90>

§6. The BP*-module structure of BP*(EB).

In this section, we determine the BP*-module structure of BP*(ES). The

results are expressed in Table 3. Our notation follows that of Table 2.
First consider the torsion free elements in BP*(E8).

(1) From the definition

V1Y3¥a3 = 3¥ps Vi¥yg = Wy, -
2 2.2 . L 2. .
(2) That 1_(vl y23)—v1 Xg x7—0 in BP*(E8,23) implies vy ¥,5=Pa. Since
x82x7 is BP*-free in E_. dim(Filt(a)) < 23. From K(1)*-theory (2.4),

v 2 _ s 2 _ s
1723 TP Vi¥3¥g TP V5 -

Since v, x.x 2 is a Z,-module in E  we have

17378 3
3 v1x3x82 =b for dimension(Filt(b)) > 15.
These facts imply that s=1, i.e.,
v 2 =3
1923 7 “¥15 -




(3) From (4.4) and arguments similar to (2), we can take

V1¥s9 = V55 >
Va¥sg = 3W,g -
(4) From (3) we have

V1923959 = 33¥s5 0 Va¥a3¥sg T 3Ypq¥yg -
(5) In BP*(ES) mod (v 2V, ...), we have '

35 = 3{x.x

3 8 %50 l5x7} {3x }{x

8 20 X15%7) = YqWseYyge

Hence in BP*(E ) mod(v1 ,vz,...), we have

3V1¥gs T V1Y3Y93Ysg = 3Y3Yp3Wss = 9sg;
Similarly we can chose
)
3V1Yg6 = 9Sg3s V) YoaWss = vy,
Table 3.
(a) Z3—module in E_.
. 2 2 2y 2|22
*s | *s | *20 | *20|%8%*20]| *8*20*8*20%8%20
1
*g¥197%7%20 uz7
2
*3 V15 Xg¥43
X‘ 1Y X xzw
15 55 8%5(*8"s5
*3%15 $74
X (Xs 197%7%20) U43723
15 XgX197%7%0) M55 U2 1 ERERY
X%y 5 (xgX g% ;%y) . Sg1 | 593
*g%157%3%20 V43 XgW43
X
- 8
(xgxy 57 3%y) (xgx; g=%5%,0) 43427 V4l

16



(b) torsion free module in E_.

1 xzx x2 X x2x x2 X
8%7 20%19 [*8%7%20%19
! L] Y2 Y59 | V23759
*3 Y3 |Y9%23°"22| Y62 Vg5
*15 Y15 |Y385 Y34 | Y74 Y97
*3¥15 Y3¥15 Y41 Y77 Y100

Here we note that the rest of elements in (a) in Table 3, are elements

which contain Xgs X or u as factors. The fact that 6x7=x8, 6x19=x20,

20 27

§ implies that the rest are Z,-modules also in BP*(ES), i.e.,

*7%197Y27 3
all torsion elements in BP*(E8) are Z3—modules (not higher 3-torsion).

. 0 4 % . . . .
(5) That 1(v1v23w55) 0 in BP (E8 23) implies that there is a such that

VVyaWss = 3a .
From (5? 3vl(a-s74)=0. Hence a=s,, is a torsion element and a ZB-module
so 3(a—s74)=0 and this implies
3874732 = v Yy3¥ss -
Similarly we have

3s 3s

93 °

Next consider Z3—modules in BP*(EB).

V1985~ “Sg1> V1Y97~

Lemma 6.6. If szP*(Es) is a torsion element and i(z)=0 in BP*(E8;23)

then z=0 also in BP*(E8).
Proof. Let i(z)=0. Then z=pa in BP*(ES). Hence pza=0 and z=pa=0.

From this lemma we have

2 _ . 2 A s %
vy u27-0 » since v, (x8x19—x7x20)—0 in BP (E8) ,

V1¥g= VoXggr  Vi¥070 »

vzabc=0 where a,b,ce{xs,xzo,u27}.




Moreover we have VoWge=V W,q -
By Table 2 and Table 3, we can check that there is no relation other

than these.
References

1. S.Araki ; Differential Hopf algebras and the cohomology mod 3 of
compact exceptional groups E7 and E8’ Ann. Math. 73 (1961) 404-436.

2. L.Hodgkin ; On the K-theory of Lie groups, Topology, 7 (1967) 1-36.

3. R.Kane ; BP-torsion in finite H-spaces, Trans. A.M.S. 264 (1981)
473-497.

4, N.Yagita ; On mod odd prime Brown-Peterson cohomology groups of
exceptional Lie groups, J. Math., Soc. Japan 34 (1982) 293-305.

5. ; Brown-Peterson cohomology groups of exceptional Lie
groups, J. Pure and Applied Algebra 17 (1980) 223-236.

6. ‘ 3 On relations between Brown-Peterson cohomology and the

ordinary mod p cohomology theory, preprint.

Rebut el 9 de funy del 1983

Department of Mathematics
Musashi Institute of Technology
Tamazutsumi, Setagaya

Tokyo

JAPAN



