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POLYNOMIAL RINGS OVER NON-COMMUTATIVE RINGS*

Poobhalan Pillay

Let R be an associative, not necessarily commutative ring with
identity. It is shown that the polynomial ring R[xa], where the
xa's constitute an arbitrary set of central indeterminates, has
a semisimple (resp. right Artinian, Quasi-Frobenjus) classical

right quotient ring if and only if, R has the same property.

In [t10], Lance Small showed that if an associative ring R with
identity element is a right order in a semisimple ring ch(R),
then so is the polynomial ring R[x1,x2,...xn] where the x's are
central indeterminates. In [11] he showed that a similar conclu-
sion holds if R is a Noetherian order in a right Artinian ring.
Shock [ 9] extended tﬁese results to the case where the indeter-
minates form a countably infinite set. In continuing these in-
vestigations we prove in this paper that if I is any index set,
a ring R is a right order in a P-ring if and only if S = R[xa]mI

is a right order in a P-ring where P is any one of P1: semisimple,

P,: right Artinian, P

2 Quasi-Frobenius.

3:

For the case P = P a connection between the associated matrix of

1)
rings of ch(s) and ch(R) is established. (Theorem 2.5).

Sufficiency for the cases P = P2 and P = P3 exploit the fact that
any polynomial ring over R has among its ring of quotients, a group
ring RG where G is a free abelian group, the rank of which can be

chosen to be the cardinality of I. In establishing necessity for
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CSIR (South Africa). AMS Subject Classification (1970), 16A08




P3, it is first observed that if Qmax(s) is self-injective, so is

Qmax(R)'

The set of all polynomials which are not zero-divisors has not

yet been successfully described in tefms of the coefficient ring
R, even when R is commutative or I finite. However, in each of
the cases P1,P2,P3 we exhibit a well described right Ore semigroup

M(P) of S such that

0, (S) = (Fg™[feS, geM(P)}

§1. Preliminaries: Throughout this paper, a ring R is associa-

tive with identity element. Objects of mod-R will be denoted by
MR’ and will be unitary. If S is a subset of R, the right and
Teft annihilators of S in R will be denoted by rR(S) and lR(S)
respectively. An element a of R is regular if and only if

'rR(a) ='£R(a) = 0. The set of ali reqular elements of R/A, where
A is a two sided ideal of R, will be denoted by CR(A). In parti-

cular, CR(O) is the set of all regular elements of R.

Defn. 1.1: Let {&Jael be any set indexed by a set I of arbit-
rary cardinality, and let < be a (fixed) well ordering on I. Let

G be the (multiplicatively written) free abelian group on {xa},and
RG = {f: G + R|f has finite support},

the associated group ring. Let

1 "
M= {x 'x ¢ ... x € G|n, > 0 for each i}
a ak 1 —

Then M is a submonoid of G and the subring RM = {feRG|f(g) = 0

for every g¢M} is called the polynomial ring in'{xa}OLEI over R.

Henceforth, we shall denote RM by S or R[xa].
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If¢: R+ RG and ¢: G ~ RG are defined by

¢(a)(g) =a if g = 1, and 0 otherwise
¥(g)(g') =1 if g'= g, and 0 otherwise

then ¢ (resp.y ) is a ring (resp. monoid) monomorphism. For
aeR and geG, we write ag to mean ¢(a)y(g) € RG. Then each

f e R[xa] has a decomposition

where fi e R, m. e M for each i, and f = 0 if and only if fi =0
for every i. The set of coefficients of f will be denoted by

n
.

Our definition of a polynomial ring is easily seen to be consis-
tent with the "usual" definition for a polynomial ring. In fact

for any n > 2
R[x1,x2,...,xn] = R[x1,x2,...,xn_ﬂ[xﬂ

canonically as rings.

If f e R[x, ], the leading coefficient L(f) € R of f is defined

as follows. If f = 0, let L(f) = 0. Suppose f # 0. If |I1|] =1,
L(f) is defined as usual. In general, 3 a finite subset
{a1’(?""’“n} of I such that a1<a; .n<%‘and fe R[xa1,xu2,...,xa ].

n

i R 2X vaesX = REX . X 5eeesX X we may
Stnee [x“1 *2 “n] 81> %2 a1} !

regard f as a polynomial in X, and proceed by induction to obtain 0 # L(f) ¢ R.
n ,

The following Temma follows from the definitions.
Lemma 1.2: For any f, g in R[xa],
L(F)L(g) # 0= L(fg) = L(f)L(g) = L(fg) # 0
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Hence if fg = 0, then L(f)L(g) = 0.

Next we examine some connections between the lattice of right
ideals of a polynomial ring and that of its coefficient ring.
Let S = RIx 1. By Lr(R) (resp. Lr(S) we shall mean the’lattice
of right ideals of R (resp.S). If K ¢ Lr(R)’ let

Kix,1 = {fes[f.ek for all i}

Then K[xa] KS is the right ideal in S generated by K.

Defn. 1.3: Define w: Lr(R) > Lr(S) and

Q: Lr(S) > Lr(R)

by w(K)
2(J)

K[x 1 and
o

JnR

The next lemma requires a routine verification.

"Lemma 1.4: (i) For all K ¢ LF(R), (ew)(K) = K, so % is surjective.

(ii) w is 1-1, preserves inclusions, arbitrary and direct sums,
arbitrary intersections and finite products.
(iii) If A is a subset of R and

At = {feS[f, e A for every i}

then w(rR(A)) = rs(A') S0 takes right annihilators into
right annihilators. Moreover, if A is an ideal,
w(2p(A)) = ls(w(A))

(iv) @ preserves inclusions and arbitrary intersections.

A ring is right Goldie finite dimensional (abbreviated right f.d.)
if any direct sum of right ideals of R has at most finitely many
non-zero summands. A right Goldie ring is a right f.d. ring which

satisfies the maximum condition on annihilator right ideals.
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Lemma 1.5: If R is right f.d., so is S = R[xa]ael. If § is -

right Goldie, so is R.

Proof: The first part is due to Shock (Theorem 2.6 of [9]) where
the statement is proved for countable I. The same proof adapts

readily to the general case.

Let S be right Goldie. If {KB}BeB is an independent family of
right ideals in R with

K =8 K
geB B

then by 1.4 (ii)

w(K) = 8 w(K )
BeB B

= 0 (hence K, = 0) for all but finitely many B, proving

s0 w(K 8

B)
R is right f.d.
Let K, €K, ...cK

n S --- (*)

be any ascending sequence of right annihilators in R. By 1.4,
oK) g wlKy) e oo cul(K )< ... (**)
is an ascending chain annihilator right ideals of S so that (**),

hence (*), becomes eventually constant.

The prime radical rad R is the meet of all the prime ideals of R.
R is semiprime if and only if rad R = 0. The right singular
ideal of R is the ideal

Z.(R) = {aeerR(a) is an essential right ideal of R

Lemma 1.6: Let S = R[xa]. Then

(i) rad S
(ii) Zr(S)

u)(Y‘ad R)
w(z_(R))
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Proof: (i) is due to Amitsur [1] and (ii) to Shock [9].
Lemma 1.7: Let A be an ideal of R. Then

Rix ] = S = R T a.
o atx ey /alx)

Proof: Let §: R » R/ be the natural ring epimorphism and
A
define

£: S > R/A[Xa] by

n n
r(f) = -x1"(fi)mi whenever f = .Z1fimi e S.
i= i=

Then % is a ring epimorphism with kernel Alx,] = @ (A).

§2. ORDERS IN SEMISIMPLE RINGS: The maximal ring of right

quotients of R is denoted by Q (R). Asano [2] has shown that

max
if N is a multiplicatively closed subset of CR(O) and R satisfies
the right Ore condition with respect to N i.e. (for all aéR, neN,
B'aieR, n1EN such that an, = na1) then there is a ring RN contain-
ing R, unique up to an isomorphism that extends the identity map

of R satisfying
(i) if neN, n is a unit in RN

(ii) if xeRy, acR, neN such that x = an” ',

Such an N is called a right Ore semigroup and RN is called a

partial ring of quotients of R with respect to N. RN is a ring

of quotients of R in the sense of Utumi [13] wo we may suppose
RNEQmax(R)' If N = CR(O) we say R has a classical right quotient
ring and write Ry = ch(R) in this case. If ch(R) exists, we say

that R is a right order in ch(R)’
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It is well known that the following are equivalent {see for

example 3 ):

(a) QCL(R) exists and is semisimple

(b) R is semiprime right Goldie

{(¢c) R is semiprime, right finite dimensional and Zr(R) = 0.

Then Qcm(R) = Qmax(R)'
The next theorem is a direct consequence of 1.5 and 1.6 and the

“equivalence (a) « (c) above.

Theorem 2.1: Let S = R[xa]. Then R is a right order in a semi-

simple ring if and only if S is such an order.

The Artin-Wedderburn Theorems now guarantee that under the hypo-
theses of 2.1, Qck(R) and ch(s) are finite direct sums of matrix
rings over division rings. We proceed to investigate the connec-

tions between these matrix rings.

Lemma 2.2: Let D be a division ring. Then

Quay(DIx 1) = Q , (DIx 1) is a division ring.

Proof: By Lemma 1.2, S = D[xa] is a domain, and is right Ore with

respect to CS(O), by 2.1. The assertion now follows.

Lemma 2.3: (i) If R and T are rings with R = T, then
R[xu] = T[xu].
(ii) If {Ri} 1 < i <n, is a family of rings

(a)

i

i e3

n
1Ri)[xa] = 1'21(R1.[xm]) and
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(iii) If Rn is the nxn matrix ring over R,

(a) RyIx 1= (R[xa])n

ma x n n

(b)) Qua (R = (0 (R))

Proof: The isomorphisms in (i), (ii) and (iii) are all natural.
(ii)(b) and (iii)}(b) are due to Utumi (Theorems 2.1 and 2.3 of
(131). ’

Lemma 2.4: Let N be a right Ore semigroup of R. Then N is a

right Ore semigroup of S and

SN = RN[xa]

Proof: Since Cp(0) = Cs(0), N is a multiplicatively closed

subset of S. Each neN is a unit in RNSRN[Xa].

If f € RN[xu], then there exists feS and neN such that f = fn'1.

To see this let f = %imi where %i € RN for each i.

n i

i=1

-1

For 1 <i<n,3 fi € R, n; e N such that Ei = fini

By the common multiple property (see for example, Lemma 1.4 of

1n € R for every i. So fn = fe$S and

[101), 3 neN such that n;
; = fn-1 where feS and neN. It readily follows that N is a

right Ore semigroup of S and Sy = RN[Xa]'

Theorem 2.5: Let R be a semiprime right Goldie ring. If
(R) 6 ot

] R) = @& 0D
ct i=1 "
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where D(i) is a division ring for all i, then

k
(s) = & (Q

i=1

(i)
Q, g (0] 1)),

i

Proof: Let T(1) - ch(D(i)[xa]) = Qmax(D(i) [x,1), 1 < i <k.

By 2.2, T(]) is a division ring, for each i.

Let N = CR(O). Then

k.
Ry = Q0 (R) = 8 Dﬁ‘) exists so by 2.4
i=1 "y

K (4)
Sy = RN[Xu] = (0 Dn )[Xa]‘

N i=1 "
By 2.3, 5. = 6 CRRITED
Yy oce9s N . a” ‘n,°
i=1 i
Again by 2.3
(s = 8 (o (00 (x1)) 6 1(1)
Qmax N o ma x o n. s_q N,
i=1 i i=1 i
Since SN is a ring of quotients of S,

Qe (S) = Qe (S) = Gy (S

as asserted.

Next we determine whether

Qe (S) = (g™ [fes, geC (0))

can be desc}ibed completely in terms of R. Evidently this can

be done if all the regular elements of S = R[xu] can be found,
given R, and we have not been able to do so in general. However,
ch(s) can still be obtained by localizing at a known set of

regular elements.
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Let M= {geS|L(g) ¢ cp(0)3.

By 1.2, M is a multiplicatively closed subset of CS(O).

Lemma 2.6: If R is a semiprime right Goldie ring and g € CS(O),
then 3 g'eS such that gg'eM.

Proof: For any right ideal B' of S, let
B ={L(f)|feB"}

Then B is a right ideal of R. If B' is an essential right ideal
of S, then B is an essential right ideal of R. To see this, let

0 #A € Lr(R). Then 0 # w(A) ¢ Lr(S) so w(A)NB* £ 0. If

0 # f € w(A)NB' we have 0 # L(f) € ANnB.

Now let B' = gS where geCS(O). Since S is right f.d., gS is an

essential right ideal of S so that
B = {L(gg')lg'es?

is an essential right ideal of R. Since R is semiprime right
Goldie, B contains a regular element. Hence 3 g'eS such that

gg' e M.

Theorem 2.7: Let R be a semiprime right Goldie ring. Then

0., (s) = (fg | fes, geM = s

Proof: Let q ¢ ch(s)' Then 3 9q € CS(O), f,eS such that

99y = f,eS. By 2.6, 3 g'e S such that g gje M, Let g = 949',
1

f = fig). Then q = 1’g-1 where feS, geM.
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§3. ORDERS IN ARTINIAN RINGS: In this section, we prove the

analog of Theorem 2.1 for orfers in Artinian rings (Theorem 3.6).
Again we show that Q@ (S) can be obtained by localizing at a well

cg
described set of regular elements of S.

The rather cumbersome definition of a polynomial ring in §1 will
be put to use in the next lemma, where it is observed that a poly-

nomial ring has, among its rings of quotients, a group ring.

Lemma 3.1: If G and M are as in Defn. 1.1, then M is a right Ore
semigroup of S = R[xa]. Moreover, SM = RG, where SM is the par-

tial ring of quotients of S with respect to M.

Proof: For any feM, L(f) = 1eCp(0) so feC(0) and McCo(0).
Clearly M is multiplicatively closed. Each meM is a unit in G,

hence in RG. Next we show that

feRG= 3 feS, meM such that f = fm™!.

For each ael, define a: G = Z (the integers) by

- n .

a(g) = negqg = x" x 1, ey X K. Let ¥ ¢ RG be any element.
a 0,1 ak

Then 3 figR,‘giSG, T < 1i<n such that

- n
P

For each ee] 1let

n
a

max{|a(gi)| 1 <i<nlk
Then n, > 0 for every a and n, = 0 for all but finitely many & .

Let

ael ¢
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Then meM and g;me M for every i, 1 < 1 < n. Hence
. n
fm = ¢ f.g.m = feS$S
- idi
i=1
and % = fm-1, as required. It now follows that M is a right Ore
semigroup of S and RG = SM.
The next Lemma is due to Small (Lemma 1.7 of [9]).

Lemma 3.2: If N is a right Ore semigroup of a ring T and TN is
a right order in a right Artinian ring, then T is a right order

in a right Artinian ring. In fact Qe (T) =, (T

cL N)'

A Quasi-Forbenius (QF) ring is a right Artinian right self-

injective ring. For other characterizations of QF-rings, see [41.

Defn. 3.3: For the sake of brevity, say a ring T has P2 (resp.
has P3) if T is a right order 1in a right Artinian ring (resp. QF-

ring).

Lemma 3.4: Let G be a group which has a collection of subgroups
{GBIB is an ordinal} such that for all B8

(a) G, is a normal subgroup of G

B g +1
(b) GB+1/ is either finite or cyclic, of which at most finitely
Gg
many are finite, and
(¢) G, =G for some ordinal n.

Then RG has Py (resp. P3) if R has P, (resp. P3).

Proof: For P2 see Hughes [7] and for P3, see Horn [6].

Theorem 3.5: If R has P2 (resp. P3), then S = R[&l] has P2

(resp. P3).
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Proof: ©Evidently, any free abelian group satisfies the conditions
of Lemma 3.4. Hence if G is as in definition 1.1,then by 3.1, 3.2
and 3.4,

R.has P2

(resp. P3) = RG has P, (resp. P3)
= SM has P2 (resp. P3)
= S has P, (resp. P3)

An ideal K of a ring T is said to be locally nilpotent if for

every finite subset F of K, there is an integer k = k(F) such
that every product involving k e]éments from F, vanishes. The

Levitzki radical of T, L(T), is the sum of all the locally nil-

potent ideals of T, and is itself a locally ni]pétent ideal.
‘For the moment, let S be any ring, and let rad S = N(S). Small
{111 has shown that S has P2 if, and only if,

(i) L(S) is nilpotent

{(ii)} For each integer k > 0, Sy = S/ is a right Goldie ring,where
J

K
S RS(L(S)k)nL(S) and L(s)? = 5.

(iii) a is regular in S whenever a+N(S) is regular in S/N(S)’

Theorem 3.6: A ring R is a right order in the right Artinian ring

if, and only if, S = R[ﬂﬂ " is a right order in a right Artinian

el
ring, for any index set I.
Proof: Sufficienty has been shown in 3.5. Suppose then that S
has P,. We show that R satisfies conditions (i), (ii) and (iii)
above.
(i) L{R) is nilpotent: We first observe that
w(L(R)) = L(R)[x,]
is a locally nilpotent ideal of S. For let

F= et (@ e(nh caqL(r))

For each i, 1 < i <n, let
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(i)

(iid)

42

Then F' = {f(i)} js a finite subset of L(R), which is

J 1,3
locally nilpotent. Hence there is an integer k such that
any product of k elements from F' vanishes. So any product
of k elements from F vanishes, proving that w(L(R)) < L(S).
Let n be the index of nilpotency of L(S). Then by 1.4,

0 = (w(L(RIN™ = o((L(R)") so (L(R))" =0

JO = 2S(L(S)0)nL(S) =0 so S0 = S is a right Goldie ring.

Since S satisfies the maximum condition on annihilator

right ideals, we have by a result of Herstein and Small [5)

that L(S) contails all nil ideals. In particular L(S) 2 N(S).

Since L(S) is nilpotent L(S) = N(S). Since S is right
Goldie, so is R by 1.5. By the same reasoning, L{R) = N(R).
Let T, =2 (N(R)*)AN(R), Kk > 0.
Since w (N(R)) = w(rad R) = rad $ = N(S), by 1.6, we obtain
by repeated use of 1.4 that
wfI ) = J, for every k> 0

Let R, = R/, . Then by 1.7,

Rk[xa] 2
Hence by 1.6, Rk is right Goldie for each k > 0-

Let a+N(R) be regular in R/N(R)' Then a+N(R) is regular

R [x ]. The map

g R
$:57 Wyry X



™S

n
defined by ¢( L fimi) =

(f;+N(R))m,
i=1 i

1

. . . S R
induces an isomorphism between '/N(S) and /N(R)[xa]

in which a+N{R) corresponds to a+N(S). Hence a+N(S)
is regular in S/N(S)' Since S satisfies condition (iii),

a is regular in S. In particular asCR(O).

This proves the theorem.

Theorem 3.7: Let R be a right order in a right Artinian ring, and
let S = R[x 1. If
a

M o=y {h+N(S)[L(h) e Cp(0)}
heS

then M is a right Ore semigroup of S and ch(S) = SM

Proof: It is well knan that if a ring T is a right order in a
right Artinian (indeed semiprimary) ring, then T/N(T) is semi-

prime Goldie and aeCy(0) if and only if a+N(T) is regular in

T (See for example, Prop. 3.1, p. 286 of [12]).
/n(T)

(i) M<c CS(O): Let feM. Then 3 hECS(O) such that f+N(S) =

h+N{(S). Since S is a right order in a right Artinian ring,

FeCg(0).

Clearly, M 1is multiplicatively closed.

(ii) feCS(O) = f'€S such that ff'eM: Let m: S + R/N(R)[xa]

be as in Lemma 1.7 and let ;(g) = g for each geS.

Let feC (0). Then f+N(S) is regular in S/N(S)' In the induced
isomorphism S/N(S)= R/N(R)[xa] the image f of f+n(S) is regular
. R R . . .

in /n(R)[Xu]’ By 2.6 and the fact that /N(R) is a semiprime
right Goldie ring, 3 f'eS such that L(ff') is regular in R/N(R)
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n
Let FF' = Ff' = ¢ (ai+N(R))m1
i=1

where a + N(R) = L(fF').

n
Let h = 1.z=:1a1.m1. eS.

Since a, #0, L(h) = a . But a ¢ CR(O) since an+N(R) is

regular in R/ . By defn. of M, h+N(S) <« M. But h = Ff' so
N(R) =

ff' ¢ h + N(R)[ﬁJ = h + N(S), proving ff'e M for some
flesS.

We proceed as in 2.7 to complete the proof.

Corollary 3.8: If R is a right order in a right Artinian ring
and feCS(O), then 3 f'eS such that some coefficient of ff' is

regular in R.

Remark: Theorem 3.5 cannot be extended to orders in Ncetherian
rings, even when R is commutative. The following example was

kindly provided by Prof. Vasconcelos:

Let k be a field and let k([x,y,z]] be the power series ring in

the indeterminates X,y,and z. Let R = k[[x,y,z]]/ >
(x%,xy,xz)
Then R is a commutative Noetherian ring so that its classical

quotient ring is Noetherian (Theorem 1.9 of [2]). Let
Q = Q. (RIT ,Ty,....1). If f goes to T in the natural map

k[[x,y,z]]l > k[[x,y,z]]/(

X ,xy,xz),
the ideal in Q generated by
{x,yT1 = XT,,yT, - ZTqsennnn.

is not finitely generated, so Q is not Noetherian.

44



§4. ORDERS IN QUASI-FROBENIUS RINGS: Let MR be an object of

mod-R. If Np is a submodule of Mps We write Np q MR (resp.NR 4 Mp)
whenever My is an essential (resp. rational) extension of Np-

Thus Np q MR o whenever 0 # meM, 3 reR such that 0 # mreN and
NR 4 MR < whenever 0 # m1eM, mZeM, 3 reR such that

0 f myr, mzreN.

The injective hull of MR is designated by E(MR). If R is a
subring of a ring T, then T is a ring of right quotients of R

(R)

provided RR 4 TR' The maximal ring of right quotients Qmax

of R is the biendomorphism ring of E(RR).

A characterization of Q (R) we shall often use is

max
Qpax (R) = (xeE(RR| 'R € RY
where x 'R is the right ideal
{reR| xreRy.
Qmax(R) is a ring of right quotients of R containing every ring
T of right quotients of R satisfying
Re T e E(RY).

For details, refer to either [3] or [8].

In this section we show that a ring R is a right order in a
QF-ring if and only if S = R[xcl]meI is such an order, for any
index set I. (Theorem 4.5). To this end, we observe that if

(R[xa]) is right self-injective, so is (R) (Theorem 4.3).

Qmax max

Any object of mod-S is an object of mod-R via the inclusion map

R + S.
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Lemma 4.1:

KR 4 RR a(w(K))RG SR ﬁ(w(K))S 4 Ss.

Proof: Suppose KR 4 RR. If 0 # feS,‘geS, then 3 0 # fiER
n
for some coefficient fi of f. Let g = ¢ gjm.. There is an
J=1
reR such that 0 # fir and gjr € K for every j. Hence 0 £ fr
and gr ¢ w(K), proving (w(K))R q SR. Since RcS, it follows
that (w(K))S 4 SS. The implication (w(K))S QSg =Kp @ Rp is

trivial.

Lemma 4.2: Let A be an object of mod-S. If AS is injective,

then so is AR.

Proof: Let Ag be injective and let K be any right ideal of R.

*
Let ¢ eHomR(KR,AR). Define ¢ :w(K) * AS by
x D n
¢ (T f.m.) = E1¢(f1-)m1..
i=1 i=

O T SN A N
nen v 1 nUIIIS\‘”\I\)S,Hs}.

T
Since As is injective, (by Baer's criterion for injective modules)
3  an achA such that ¢*(f) = af for every few(K). Hence for keKk,

(k) = ¢*(k) = ak, proving that Ag is injective.

Theorem 4.3: If Q (S) is right self-injective, so is Q (R).

ma x maXx

Proof: Let Q' = @ (S). Now Q' is right self-injective if, and

max
only if, Qg is injective (Prop. 4.3.3 of [8]). By Lemma 4.2, Qp
s injective. Since RpcS=Qp, we may assume that RﬁEF(RR)Ené'

The assertion will follow if we can show that Q (R) = E(RR).

maXx

We first claim that:

] : . .
;f ay5855...,3, 1N E(RR) and MysMy,...m in M satisfy
j§1a1mi = 0, then a; = 0 for every i." (*)
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n

Let £ a;m; = 0. Note that E(RR) is a subset of Q', which is
i=A1

an object of mod-S, so that a;m, is defined for each i,1 < i < n.
Suppose that some a; # 0. Since E(RR) is an essential extension
of RR’ 3 reR such that fi = aireR for each i, not all fi = 0.

n n
But then f = & fimi = (z aim.)r = 0eS so that fi = 0 for every
Ci= i=1

i, a contradiction.

S
Let aeE(Rp) < Q.. (S) Then

n - -
f = I fimi e wa 1R) = fi £ a 1R for every i
i=1 ’
- afi € R for every i
n
o af = ¢ (af.)m;, ¢ S
izt 7

& af € a 1S.

n
Further if af = ¢ (afi)mi e S we conclude from (*) and the fact
i=1
that afi € E(RR) for each i, that afi € R for each i. Hence
-1 _ -1 . -1
a 'S = w(a 'R). Since a e QmaX(S), a 'S CSS. By Lemma 4.1,

-1

a 'R 4Rp proving a e Q (RY. Hence QmaX(R) = E(RR) and Q (R)

max max

is right self-injective.

Lemma 4.4: If a ring T of right quotients of R is right self-

injective, that T = @ (R) so that Q (R) is itself right self-
max

ma x
injective.
Proof: Let'E(RR) be the injective hull of RR' We may assume
ReTclU = Qmax(R) = E(RR).

Since TT is injective, there exists a submodule KT of UT such

that
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Since R < T, K is an R-submodule of E(RR) and KNR < KNT = 0.

But Rp 4 E(RR). Hence K = 0 and T = U = Qmax(R)'

Theorem 4.5: A ring R is a right order in QF-ring & S = R[xa]

is such an order,

Proof: Sufficienty has been proved in 3.5. Let S be a right order
in a QF-ring. Then ch(S) is a right self-injective right Artinian
ring. Since ch(s) is a ring of right quotients of S, it follows

from 4.4 that ch(S) = ¢ (S) is right self-injective. By

ma x
Theorem 4.3 and its proof we may assume that

R Quax(R) = E(RR) & Q. (S) = Q_,(S).

max max

By 3.6, Q_,(R) exists and is right Artinian. We need only show

c

that QCk(R) = Q (R)

max to complete the proof. Let then ace Qmax(R)“

Since a ¢ ch(s)’ 3 g ¢ CS(O) such that ag = feS. By Corollary

3.8, 3 g'eS such that some coefficient d of ag’ is in CR(O).

But g e a~'s so that 49" € a~ls - w(a”"R). Hence d e a'1RnCR(0)
) . -1 . e

and ad = reR. Since d € QCZ(R) exists, a = rd € ch(R),

proving that ch(R) = Q (R} is a QF-ring.

max
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