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A NONLINEAR EIGENVALUE PROBLEM WITH
INDEFINITE WEIGHTS RELATED TO THE SOBOLEV
TRACE EMBEDDING

JULIAN FERNANDEZ BONDER AND JULIO D. ROSSI

Abstract

In this paper we study the Sobolev trace embedding WP (Q) —
LY, (89), where V is an indefinite weight. This embedding leads
to a nonlinear eigenvalue problem where the eigenvalue appears at
the (nonlinear) boundary condition. We prove that there exists
a sequence of variational eigenvalues Ay " 4+oo0 and then show
that the first eigenvalue is isolated, simple and monotone with
respect to the weight. Then we prove a nonexistence result related
to the first eigenvalue and we end this article with the study of
the second eigenvalue proving that it coincides with the second
variational eigenvalue.

1. Introduction

Let © be a bounded smooth domain in RY and V: 02 — R an in-
definite weight. In this paper we consider the Sobolev trace embed-
ding WP (Q) — L¥ (99), where

LY (09) = {u: 00— R; / |u|? V(z)do < Jroo} .
o0

We only require mild integrability hypotheses on the weight V' (z). More
precisely, we assume

(1.1) Vt£00n0Q and Ve L*(09),

where s > (N —1)/(p—1)ifl<p<Nands>1if p> N.
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Under these hypotheses on the weight V', this embedding is compact
and therefore there exists a constant S, = S,(2,V) such that the fol-
lowing inequality holds,

S;/PHUHLQ(QQ) < lullwrr), where ||“H1£z‘v/(ag) = /39 |ul? V(x)do.
Here and in what follows, we use the following norm in W17 (Q):
||u||‘€V11p(Q) = /Q |VulP + |ulP d.

By the compactness of the embedding, we can prove (see Theorem 1.1)
that there exists functions, usually called extremals, where the con-
stant S, is attained. In fact, the extremals are weak solutions of

Apu = |u|P~2u, in Q,
(1.2)
|Vu‘p72% = AV (z)[u[P~2u, on 0.
v

Here Apu = div(|Vu[P~2Vu) is the p-Laplacian and % is the outer unit
normal derivative.

Problems of the form (1.2) appears in several branches of pure and ap-
plied mathematics, such as the theory of quasiregular and quasiconformal
mappings in Riemannian manifolds with boundary (see [12], [18], etc.),
non-Newtonian fluids, reaction diffusion problems, flow through porus
media, nonlinear elasticity, glaciology, etc. (see [4], [5], [6], [10], etc.).

Observe that in (1.2), we are dealing with a nonlinear eigenvalue prob-
lem. In the case p = 2, this eigenvalue problem becomes linear and it is
known as the Steklov problem, [7]. Our main concern here is the study
of eigenvalues for problem (1.2).

First we extend the results in [13] and [15] to our more general setting
and study the dependence of the first eigenvalue with respect to the
weight. Some of these results are adaptations of the proofs in [13] so we
only sketch them in order to make the paper self contained. The main
difference in proving these results comes in the proof of the isolation and
simplicity of the first eigenvalue were the arguments of [15] cannot be
applied. This difficulty is overcome by the use of a “Piccone’s identity”
in the same spirit of [1], [8].

Once we have proved that the first eigenvalue is isolated it make sense
to define the second eigenvalue. Then we characterize this second eigen-
value and prove that coincides with the second wariational eigenvalue
found before. This last result is new even in the case V =1 and is the
main result in this paper.
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The study of the eigenvalue problem —A,u = A|u|P~2u complemented
with Dirichlet boundary conditions have received considerable attention
in recent years. See for example [1], [2], [3], [8], [9], [14]. However,
problem (1.2) is less covered in the literature. With V' = 1, problem (1.2)
has been studied in [13] and in [15]. In those papers it is proved that
there exists an unbounded sequence of eigenvalues and that the first
eigenvalue is isolated and simple.

Next, we state the precise results of the paper. We prove,

Theorem 1.1. Let V(z) satisfy (1.1), then there exists a sequence of
eigenvalues A\, of (1.2) such that Ay — 400 as k — +oo.

The proof of this theorem relies on the Ljusternik-Schnirelman critical
point theory on C' manifolds using the genus, v. We find the following
variational characterization of a sequence of eigenvalues

P
1 i ”u”L@(aQ)

— = sup min ——%—~
Ak CeCy, uel ||u||€VLP(Q)

)

where Cy, = {C C WP(Q2); C is compact, symmetric and v(C) > k}.
Regarding the first eigenvalue Aq, following ideas from [8] and [15],
we prove

Theorem 1.2. The first eigenvalue of (1.2) is simple and isolated. Mo-
reover, any associated eigenfunction does not change sign in 2.

The eigenfunctions associated to A1 are in fact the extremals for the
embedding WP () — L¥,(9€). Hence our result says that the extremal
is unique up to a multiplicative constant.

We observe that any eigenfunction associated to an eigenvalue A # A\;
changes sign in 9. Also the number of nodal domains is finite. See
Section 3.

Moreover, we prove that the first eigenvalue is monotone with respect
to the weight.

Theorem 1.3. Let Vi, Vo be two weight functions satisfying hypothe-
ses (1.1). If Vi < Vi then A1 (V1) > A (Vo).

Related to A\; we have a nonexistence result. In fact, if we consider
the equation

Apu = ulP~2u — f(z), in Q,
(1.3) Ou

|Vu|p*2$ =MV (z)|uP2u+ g(z), on 49,
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where \; is the principal eigenvalue and f, g > 0 are bounded and locally
smooth, we have

Theorem 1.4. The problem (1.3) has a solution if and only if f =0
on  and g =0 on 09). In this case, u = kuy where uy is an eigenfunc-
tion associated to \.

Since A; is isolated in the spectrum and there exists eigenvalues dif-
ferent from A, it make sense to define the second eigenvalue of (1.2)
as

A2 :=inf{\ € R: \ is an eigenvalue and A > A;}.

We denote by K, the best constant in the Sobolev trace embed-
ding W1P(Q) — L(99Q) and set p* = p(N — 1)/(N — p) the critical
Sobolev exponent. Observe that K, = S, if V = 1.

Concerning the second eigenvalue, we have the following result

Theorem 1.5. The eigenvalue Ay found in Theorem 1.1 coincides with
A2. In particular, A2 is an eigenvalue for (1.2). Moreover, it holds the
following variational characterization of Ay = Ag,

5\2 = )\2 = IIEIE4 {/ |Vu\p+ |u|p d.’lﬁ},
u Q

where A = {u € WHP(Q); lullzr (a0) = 1 and |0QF| > ¢}, if s > 1 or
1<p< N and A= {u€ WHP(Q); |lullr 90) = 1 and [yo. V(2)do >
c},if s =1 withp > N. Here 9Q+ = 0Qn{u > 0}, 00~ = 9QN{u < 0}
and ¢ = (Kz;l)\1||VHL5(aQ))_7 or ¢ = Koo /A1 respectively.

We want to remark that this last result was not known to hold in the
case V =1 and is the main result in this paper.

The rest of the paper is organized as follows. In Section 2, we deal with
the existence of a sequence of eigenvalues and prove Theorem 1.1. Next,
in Section 3, we study the first eigenvalue and prove Theorems 1.2, 1.3
and the nonexistence result, Theorem 1.4. Finally, in Section 4 we prove
Theorem 1.5.

2. Existence of {\,}

The proof is a rather straightforward adaptation of Theorem 1.3
in [13] where problem (1.2) with V =1 is considered, so we only make
a sketch in order to make the paper self contained.

We introduce a topological tool, the genus. Given a Banach space X,
we consider the class

Y={ACX:Aisclosed, A=—-A}.
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Over this class we define the genus, v: ¥ — NU {0}, as
v(A) = min{k € N : there exists ¢ € C(4,R* —{0}), p(z) = —p(—x)}.

For the properties of the genus and some applications we refer to [16].
Let us consider M = {u € WHP(Q) : ||u||€v1,p(m = p} and
1

o) = 5/89 P V() dor

We are looking for critical points of ¢ restricted to the manifold M using
a minimax technique. First we observe that ¢ satisfies the Palais-Smale
condition on M. Recall that ¢ satisfies the Palais-Smale condition on M,
means that if (u;) C M is a Palais-Smale sequence (i.e. ¢(u;) — C and
ll¢'(u;)|| — 0) then there exists a convergent subsequence (uj, ). Our
functional ¢ verifies the Palais-Smale condition on M for Palais-Smale
sequences above a positive value. We state this as a lemma for future
reference.

Lemma 2.1. Let > 0 and (uj) C M be a Palais-Smale sequence on M

above level 3. Then there exists a subsequence that converges strongly in
Wir(Q).

Proof: See [13]. O
Now we seek for critical values of .

Theorem 2.1. Let C, = {C C M : C is compact, symmetric and
v(C) <k} and let

2.1 = sup min p(u).

(21) = sup min ()

Then B > 0, there exists ux, € M such that p(ug) = B and uy is a
weak solution of (1.2) with \xy = 1/8k. Moreover limy, B = 0 and hence
limg A = +o0.

Proof: First, let us see that 8 > 0. It is immediate that v(M) = +oo,
hence f is well defined in the sense that for every k, Cy # 0. As we can
choose a set C' € Cj with the property [, |u[? V(z)do # 0 if u € C,
we conclude that (B, = supcee, mingec ¢(u) > 0. Now, for a fixed k
let us prove the existence of the solution u;. By a standard deformation
argument we can assume that there exists a sequence (u;) € M such
that ¢(u;) — Bk and ¢'(u;) — 0, see [13] for the details. Now, from
Lemma 2.1 we can extract a converging subsequence u; — uy, that gives
us the desired solution that must verify, by the continuity of ¢, p(ux) =

B-
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Let us see that limy 8; = 0. Let E; be a sequence of subspaces of
WLP(Q), such that E; C E;y1, UE; = W1P(Q) and dim(E;) = i. Let
E¢ a topological complementary of E;. Let

By = sup min p(u).

CeCy, uweCNEL_, ( )
B is well defined and 3, > B; > 0. Let us prove that limy 3, = O.
Assume, by contradiction, that there exists a constant £ > 0 such that
Br > k > 0 for all k. Then for every k there exists C}, such that

B> min  p(u) > k.

ueckﬁE£71

Hence there exists u, € Cp N Ef_; with Bk > p(ug) > k. As M is
bounded, we can assume, taking a subsequence if necessary, that up — u
weakly in W1P(Q) and uy — wu strongly in LP(99). Hence p(u) >
k > 0 but this is a contradiction with the fact that « = 0 because
up € Ef_. O

3. Simplicity, isolation and monotonicity of A

In this section we prove Theorems 1.2, 1.3 and 1.4. First we deal with
Theorem 1.2 and we divide the proof in a series of lemmas in order to
clarify the exposition. Then we deal with Theorem 1.3 and we end this
section with the proof of the nonexistence result, Theorem 1.4.

Observe that solutions of (1.2), by a well known fact, belong to
CL¥(Q) (see [18], [11], etc.) but, as far as we know, with V under the
hypotheses (1.1) this regularity is not known to hold up to the boundary.

First we prove that eigenfunctions associated to A; must have definite
sign.

Lemma 3.1. FEigenfunctions associated to A1 are either positive or neg-

ative in Q. Moreover if u € CY*(Q) then u has definite sign in Q.

Proof: Let u be an eigenfunction associated to A;. Since [Julw1.r) =
[|ulllwrr o) and [lul|Lr 90y = [[|lulllLr (90), from the variational charac-
terization of Ay given by (2.1), it follows that || is also an eigenfunction
associated to A;. By the strong maximum principle, see [19], or using
Harnack inequality, see [17], it follows that |u| > 0 in €, therefore either
u>0oru<0inQandsou>0oru<0in Q.

If u € CY(Q), assume that there exists zg € 9Q such that |u(xg)| =
0. By Hopf’s Lemma, [19], we have that %(mo) < 0, but the boundary
condition impose %(xo) =0, a contradiction. So |u| > 0 in Q and the
result follows. O



NONLINEAR EIGENVALUE PROBLEM 227

For the proof of the simplicity of A\; we use the following “Piccone’s
identity” proved in [1].

Lemma 3.2 ([1, Theorem 1.1]). Let v > 0, u > 0 be two continuous

functions in Q differentiable a.e. Denote
uP~1
pp—1

4
L(u,v) = [Vul? + (p — 1)Z-p|w|p — e |Vo]P 2V 0V,

vP

p
R(u,v) = |[VulP — |[Vo[P~2V (u_l) V.

Then (i) L(u,v) = R(u,v), (4) L(u,v) > 0 a.e. and (3ii) L(u,v) =0
a.e. in Q if and only if u = kv for some k € R.

Now, we define a nodal domain N of a function u as the closure of a
connected component of Q\ {u = 0}.

In the next result we give an estimate on the measure of "N 9N for
an eigenfunction u. Recall that p* = p(N — 1)/(N — p) is the critical
Sobolev exponent.

Proposition 3.1. Any eigenfunction u associated to a positive eigen-
value 0 < X\ # A1 changes sign on the boundary. Moreover, if N is a
nodal domain of u then

(3.2) N M09 > (K" A|V]

where’y:ss(;v—_]\l,)if1<p§Ncmd7:2s'ifp>N,s>1. Ifp> N

and s =1 we get

Le9)

K
(3.3) /Nmm Vi)l do > 5.

In particular, if 90QT = {z € 0Q : u(z) > 0} and N~ = {x € 9N :
u(x) < 0} then

(3.4) 0t > ey, |0027] > ey,

or

(3.5) / |V (2)|do > ey, / |V (z)|do > ey,
o0+ o0~

where ¢y = (K;xl)\HVHLS((’)Q))_’Y or ey = K= respectively.

Here K, is the best constant in the Sobolev trace embedding WP (Q) —
L1(0R) and |A| denotes the (N — 1)-dimensional measure of a sub-
set A C 0.
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Proof: Assume by contradiction that v > 0 (if v < 0 the argument
is analogous). Arguing as in Lemma 3.1, it follows that w > 0 in Q.
Let ¢ > 0 be an eigenfunction associated to A; and € > 0. We apply
Piccone’s identity to the pair ¢, u+ . We have

Og/L(go,u—i—a)d:v:/R(%u—i—g)dx
Q Q

(3.6)
D
gA/ PV (x da—/ de—/ vup2vuv<“0) da.
Hoa? (@) 0’ Q| | (ute)pt

As W € WLP(Q), it is admissible in the weak formulation of u.
Then from (3.6) it follows that

A V) d
< — A .
o< [ (gt ¢ v

Letting ¢ — 0 we get

0< /69()\1 - NP V(z)do

which is impossible, as A > A\ and [, 0" V(z) do = |l¢|[51., Q)/)\l > 0.
Therefore, u changes sign.

For the second part, in the case 1 < p < N, we consider w(z) = u(x)
if z € A and 0 otherwise, then w € W1P(Q) and if we use w in the weak
formulation of u, we get

/N |VulP + |ulP do = X [ulP V(z)do < AV ||zs oo ull? .., (NNOQ)

NNOQ

< AVzs

by Hélder inequality, where p* = 2 (N D s the critical exponent in the

Sobolev trace imbedding Theorem. Now by the Sobolev trace embed-
ding Theorem, there exists a constant K« = K« (N, p, Q) such that

K- ||u||’£p* (NNOQ) K- Hw”ip*(ag)
g/ |Vw|p+|w|pdx:/ YVl + [ul? da.
Q N

Hence,
— 1)

5(8Q) ‘Nﬁ 6Q|

and the proposmon follows. The cases where p > N and s > 1 can be
handled in a similar fashion.
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For the case p > N, s = 1, we proceed as before to obtain

[y < Ml oy [ [Viz)]do
WLp(N) LenoQ) f o

Therefore (3.3) follows. The proof is complete. d
As an easy consequence of Proposition 3.1 we get the following

Corollary 3.1. Let (A u) be an eigenpair of (1.2) with A > A\;. Then
the number of nodal domains of u is finite.

Next, we make use of Piccone’s identity to prove the simplicity of A;.
Proposition 3.2. \; is simple.

Proof: We argue similarly as in Proposition 3.1. Let u, v be two eigen-
functions associated to A;. We can assume that u and v are both positive
in 2. We apply Piccone’s identity to the pair u, v 4+ ¢ and obtain

OS/L(u,v+{—:)dm:/R(u,v+€)da:
Q Q

P
:)\1/ upV(x)da—/updaj—/ |Vu|P~2VoV <u7_1> dz.
99 Q Q (v+e)p

Since the function # € WLr(Q), it is admissible in the weak
formulation of v. It follows, arguing as in Proposition 3.1, that
vPL

OS/QL(u,ere)dzgx\l/BQup(lW)V(z)da

Letting ¢ — 0, we obtain

/ L(u,v)dz =0,
Q

but then, L(u,v) = 0 and by Theorem 3.2, there exists k € R such that
u = kv. O

To end the proof of Theorem 1.2, we need a lemma from [13].

Lemma 3.3 ([13, Lemma 2.1]). Let ¢ € WP(Q)’, where WHP(Q) de-
notes the dual space of WHP(Q). Then there exists a unique weak so-
lution uw € WHP(Q) of —Apu + |u[P~2u = ¢. Moreover, the opera-
tor Ap: ¢ — u is continuous.

Now we can prove,

Proposition 3.3. \; is isolated, that is, there exists 6 > 0 such that
there is no other eigenvalue of (1.2) in the interval (A, A1 +9).
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Proof: The result is a consequence of estimate (3.4) or (3.5). Suppose
that the statement of the proposition is false. Then there exists a se-
quence of eigenvalues A, \, A\1. Let u, be an eigenfunction associated
to A, and we can assume that [, |u,|? V() do = 1. Now, by (1.2), it is
easy to see that u, is bounded in WP (), so there exists a subsequence
(that we still denote u,,) and a function u € W1P(Q) such that u, — u
in LP(0Q) and weakly in W1P(Q). Moreover, if we define ¢,,, ¢ as

(Pn,v) = A, \un\pﬁunv V(z)do, (¢,v)= )\1/ |u|P~2uv V() do
a0 a0

for every v € WP(Q), we get that, by Hoélder inequality, ¢,,¢ €
WhP(Q) and ¢, — ¢ in WHP(Q)'. By the continuity of the operator A4,
given by Lemma 3.3, we get that the sequence u,, converges strongly in
WLP(Q), therefore, passing to the limit in the weak formulation of wu,,
we deduce that v is an eigenfunction of (1.2) associated to A\;. We
can assume, by Lemma 3.1, that u > 0 (the case u < 0 is analogous).
Then, from the fact that w, — w in LP(99Q), it follows that w, — u
in measure, so |02, | — 0, but this contradicts either estimate (3.4) or
estimate (3.5). O

Next we prove Theorem 1.3, that shows the monotonicity of the first
eigenvalue with respect to the weight.

Proof of Theorem 1.3: Let u; be an eigenfunction associated to the first
eigenvalue of the weight V;. Then

L faQ |u1[PV1(z) do < faQ |u1[PVa(x) do
A1 (V1) ||U1||€V1,p(g) o ||U1H€VLP(Q)
< ap  Jmlado 1
wewrr@nfop  lullyyisio A(V2)
and the proof is finished. O

We end this section with the proof of Theorem 1.4, a nonexistence
result for problem (1.3).
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Proof of Theorem 1.4: The ‘if’ part is immediate. Let v be a solution
of (1.3), therefore

/ |VulP"2VuVe + [ulP*up dz — )\1/ |ulP~2u¢ V() do
Q o9

Q o0
If we choose ¢ = u~, we have

/ [Vu~ [P +|u™|P da:—/\l/ |[u™ [PV (z)do = —/ fu~ dx—/ gu~ do.
Q o9 Q o9

This implies that either v~ =0 or
/ [Vu™|P 4 |u™ [P dx < )\1/ lu™ [PV (x)do.
Q o0

In the latter case, we have that u~ is a multiple of the principal eigen-
function, so v~ > 0 in Q and so u = —u~ and the proof is complete.

Suppose now that 4~ = 0 then © = u™ and then by the maximum
principle (see [17], [19]), v > 0 in Q. Applying now Piccone’s identity
to the pair ui, u + € we get

og/ \vu1|p+|u1|de—A1/ [PV () do
Q o0

_/fuiﬁ’dx_/ o
o (utep? 6(29(u+€)p,1

which is a contradiction unless f = 0 in 2, g = 0 on 0f. O

4. Variational characterization of the second eigenvalue

This section is concerned with the study of the second eigenvalue. Let
us recall that, as A; is isolated, it make sense to define

Ao :=1Inf{\ € R : X is an eigenvalue of (1.2) and A > A\ }.

It can also be checked, arguing exactly as in the first part of the proof
of Proposition 3.3 that A, is an eigenvalue of (1.2), i.e. the infimum is
achieved.

The goal of this section is to show that this eigenvalue Ay coincides
with the second variational eigenvalue A, found in Theorem 1.1. For this
purpose, first we give a variational characterization of \o.
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Proof of Theorem 1.5: We deal with the case s > 1 or 1 <p < N. The
arguments for the case s = 1 with p > NN are analogous and we leave the
details to the reader. Let us call

p = inf {/Q [VulP + |ulP de ||u\|jz€(am =1 and |9QF| > c>\2} .

It is easy to check that p < \o, because if we take uy an eigenfunction
of (1.2) associated with Ay such that [, [u[? V(z)do = 1, by Proposi-
tion 3.1, we have that us is admissible in the variational characterization
of p and the claim follows. Hence, the proof will follows if we show that
> Xo. It is easy to check that

1
— =sup {/ ul? V(z) do : [ullfyipgy = 1, 100%| > c,\z} .
H oQ

Now, arguing as in Proposition 3.3, we see that the supremum is realized
by a function w € WHP(Q), that is, [|w|w1ir@) = 1, [0Q%] > ¢y, and
pt = w7, (00)- AS wT and w™ are not identically zero, if we consider
the set Y

C =span{w’, w}N{ue W"(Q) : |lullwir@q) = 1},

then v(C) = 2. Hence, we obtain

1
4. — > inf p
(47) it [ PV,

but, as wt and w~ have disjoint support, it follows that the infimum
in (4.7) can be computed by minimizing the two variable function

G(a,b) := |a\p/ |lwt|PV(x)do + |b|p/ |lw™ PV (x)do
a0 o0

with the restriction

H(a,b) = [l w00y + BP0 lwrnqey — 1 = 0.
Straightforward computations show that
1 S Joo [0 PV () do

4.8 —
(48) A T ot e

On the other hand, it can be checked that v = w + tw™ is admissible
in the variational characterization of p for t > —1, then
~ Jo IV A+ twt) P 4w + twt P dx
B Joq w4 twt [PV (z) do

Q) :
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attains a minimum at ¢ = 0. Therefore

|Vw|P2VwVwt + |w[P~2ww™ dz
0= Q'(0) = p :
faﬂ |w|P V (x) do

_ ||w||€[/1.p(g)
(foq [wlP V (2) do)

from where it follows that

2/ lw[P~2wwt V(z) do,
o0

/ |Vw|P2VwVwt + [w|P2wwt de = ,u/ |wP2ww™ V(z) do.
Q o9

Therefore,

||w+||W1vP(Q)P
(4.9) W= .
fasz lwt PV (z)do

This last equation (4.9) together with (4.8) imply the desired result. O
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