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RIESZ TRANSFORMS ON GENERALIZED
HEISENBERG GROUPS AND RIESZ TRANSFORMS
ASSOCIATED TO THE CCR HEAT FLOW

FRANCGOISE LUST-PIQUARD

Abstract
Let 1 < ¢ < oo. We prove that the Riesz transforms
R, = XkL7% on a generalized Heisenberg group G satisfy
1
K 1
(3 IBe(DI?)? < C(g, ) | fll pa(e) where K, J are
k=1 La(G) (

respectively the dimensions of the first and second layer of the
Lie algebra of G. We prove similar inequalities on Schatten
spaces S9(H), with dimension free constants, for Riesz transforms
associated to commuting inner *-derivations Dy and a suitable
substitute of the square function. An example is given by the
derivations associated to n commuting pairs of operators (Pj, Q;)
on a Hilbert space H satisfying the canonical commutation rela-
tions [Pijj] = ZIH

General introduction

This paper is divided in two parts: we solve similar problems in two
different settings, using similar methods inspired by the first part of [P1],
which contains a proof of the following classical inequalities [S]: for
1< g<ooand fe€DR),

=

Dy | fllpageey < ||| 22 1BE(DP < Cq 1 fllpaqny
k=1 Le(mn)

where
0 . _1 "L 92
Rk(f)za—sz 2(f), LZ_Z@T
k=1

and the constants do not depend on n.
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The first part deals with Riesz transforms acting on LY(G), where G
is a generalized Heisenberg group, and owes a lot to [CMZ].

The second part deals with Riesz transforms acting on the Schatten
space Sy(H), associated to commuting *-inner derivations on the alge-
bra K(H) of compact operators on a Hilbert space H; an example is
given by the inner derivations defined by (P;, Qj)?:l, where P;, (); sat-
isfy the canonical commutation relation [Q;, P;] = iy and the other
commutators are zero.

We already used Pisier’s method in other settings, see e.g. [LP2],
[LP3]. However the difficulties arise at different steps in different appli-
cations.

Since the two settings we consider are very different, we present more
precise introductions in each part.

Acknowledgement. We thank V. Georgescu for fruitful discussions on
the setting of the second part. We also thank the referee for detecting a
gap in the proof of Theorem 1.b in an earlier version of the paper.

1. Riesz transforms on generalized Heisenberg groups
1.1. Introduction.

For any stratified Lie group G, we denote by Xi,..., Xk a basis of
the top layer of the Lie algebra G of G, by

K
L= —ZXJ?
j=1

the subelliptic Kohn Laplacian on G, by
Re=X,L"2, 1<k<K,

the Riesz transforms. The boundedness of each Ry, on L1(G), 1 < ¢ < oo,
is known: the classical proof uses the homogeneity of its kernel and the
singular integral results of [F'S, Chapter 6]; see also Lemma 2 below. Our

interest in this paper is to look for dimension free inequalities involving
1

(S, IR e

We first consider the case where G is a Heisenberg group H,, and give
a simpler proof of the main result of [CMZ]. We extend this result to
the generalized Heisenberg groups Hy, ; defined by Kaplan [K]; they are
particular step two stratified Lie groups, and K, J denote respectively
the dimensions of the first and second layer in the Lie algebra of Hg ;.
The Heisenberg group H,, is the same as Hy,, ;.
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Theorem 1. Let1<q<oo,%+%:1.

a) [CMZ] There exist constants Cq such that, for every n € N* and
every f € D(H,),

2n %
O 1l oga,y < (Z |Rk<f>|2> < Co Il -
k=1 La(H,)

b) The same holds for generalized Heisenberg groups Hg 7, with con-
stants C(q, J) which depend on q and J but not on K.

It is a standard fact (see e.g. [CMZ]) that, in the above formula, for
any Lie group G, the lefthand side inequality for ¢ is an easy consequence
of the righthand side one for ¢/, % + % =1

Theorem 1 relies on Christ’s study [C] of Hilbert transforms along

curves for homogeneous nilpotent Lie groups, and on the use of dila-

. . . . —ls27
tions d; in order to get an expression of the convolution operator e~ 2

involving the (heat) kernel p of e~ 2%, namely (see Lemma 2 a))

1) eHL(f)() = /G (8~ )plg) dg.

Theorem 1 also uses a formula (Lemma 2 b) below)

2) VaRXLE(f)(y) = /G F(7.9)(Xp)(g) dg

which holds on every stratified group G, X lying in the first layer
of G, F being a Hilbert transform of f. These ingredients are already
in [CMZ]; they are reminiscent of the method of [P1].

In the proof of Theorem 1 a), our improvement upon [CMZ] is that
we do not use the explicit formula of p and avoid computations. Denoting
p = p(™ when G = H,,, we use only the following properties:

(i) [FS] p is a positive function lying in S(G), and [, pdg = 1,

(ii) p™(z1,...,yn,u) is radial with respect to (21, .. .,¥n), i.e. depends
on (r,u),
(iii) p(n) (mla s Yn, u) = p(l)(‘rla Y1, U) Ky oo Ky P(l)(xn, Yn, u)7
where *,, denotes convolution in R with respect to the variable u. Prop-
erty (ii) is used through the observation that

1 9p™ op(™)

- P + 2yj 4 .

r Or ou

In the proof of Theorem 1 b) we use the analogue for H ;.

Xp™ =1
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We recall that the heat kernels (i.e. the kernels of e~*%) on H,, and
the non isotropic Heisenberg groups, or rather their Fourier transform
with respect to u, were first computed in [G] and [H], then in several
subsequent papers, by rather complicated methods; the heat kernels on
general step two stratified groups were computed in [CY]. A more ex-
plicit formula for generalized Heisenberg groups Hg ; is given in [R],
using the result for H,. Let us mention our computation of the heat
kernels for isotropic or non isotropic Heisenberg groups and the free step
two stratified groups N, o [LP1], which is simpler than the previous
ones and relies on the common starting point of [CMZ] and the present
paper, namely formula (1).

1.2. Notation.

For a background on stratified groups (which are particular homo-
geneous groups) we refer to [F'S, Chapter I]. We consider stratified Lie
groups G equipped with their Haar measure, denoted by dg or d-y, which
is Lebesgue measure on the underlying space R?. D(G) denotes the space
of C* compactly supported functions on G, S(G) denotes the Schwartz
class. The convolution of two functions f, h lying in S(G) is defined by

fxh(y) = /C;f(vgl)h(g) dg.

The Lie algebra of left invariant vector fields on G is denoted by G.
For X € G,

(3) X(fxp)=[x*Xp.
The first layer of G is the linear subspace which spans G as a Lie al-
gebra. We denote by o the automorphism of G, corresponding to the
automorphism o of G whose action on the first layer is

o: X — —X.

G is equipped with a dilation §;, ¢ > 0, corresponding to the automor-
phism of G whose action on the first layer is
(4) 5 X =tX.
The induced action on functions f: G — R is denoted by (d:f)(g) =
f(d:g), and [FS, I C]
(5) Xorf =t6:(X f).

A stratified Lie group G is said to be step two if the central layer

of G is the second one; denoting by Xi,..., Xk a basis of the first
layer, and by Uy,...,U; a basis of the second layer, it means that all
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commutators [X;, X;] belong to the linear span of the U;’s and the
other commutators are zero. Every g € G is defined in a unique way
by g = exp (Zszl xp Xy +Zj:1 ujUj) and we denote g = (x,u) =
(1,..., K, U1, ..., uy). In this setting, the Haar measure on G, i.e. the
Lebesgue measure on R¥+7/, is also denoted by dxdu. In particular,
o0g = o(x,u) = (—x,u), hence og~! = (z, —u), and & (z,u) = (tz, t>u).

We will use the following easy, but crucial, result which is standard
when J = 0 and ® is the gaussian density on R¥.

Lemma 2. Let v be a measurable function: RE+T/ — R such that
fRJ |¢(x,u)| du only depends on |z|, x = (xx)K_, € RE. Then

a) if 1 <g< oo, ar€C,

K
E AkTk
k=1

k=1

K 3
2
= (Z'ak| ) ||‘r1||Lq(\w\dzdu);
Ll d du)

b) if 1 < ¢ < oo, % + % =1, for every h € Li(|¢| dz du),

K 2\ 2
(Z ) <@l per ) az daw) 12l L) de du) -

k=1

/ rphy dr du
REK+J

Proof: For short, we write L9(|)|) instead of L?(|t| dx du). We use polar
coordinates in R¥ namely a = (a1, ...,ax) = |a| w, x = |z| v = rv, with
w,v € Yg,v = (v1,...,vx), here ¥ denotes the unit sphere of R¥
and dok is the uniform measure on it, with total mass the area of X .

a) Since [, |1| du only depends on r,

— |a|q/ooorq </RJ [ du> Pl dT/ZK|<w,v>|q dok (v)
= |a|q/ooorq </RJ [ du> it dT/ZK|v1|q do g (v)

= |al Hml”%q(\w\) .

q

K
g gLk

k=1

La(|])
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b) This follows from a): indeed, by Holder inequality,

K 2\ 2 K
<Z /xkhwdxdu ) = sup /(Zak$k> hy dz du
k=1 la|=1 k=1
K
< Al gy S0P 11D ar
1= {l =1 L ()
= ||h||LQ(\¢\) ||3C1||Lq/(\¢\)- O

Let G be a stratified Lie group; to g € G we associate the curve:
R—G

g(t) = dig for ¢t>0,
g(t) = djog for t<O0.

In particular, if G is step two, the curve associated to g = (z,u) is
g(t) = (ta,t*u), teR.

The Hilbert transform of f along the curve g(t) is

o0 ot
F(v,9) :PV/ flrg(®) 1)7
dt
= lim flvg(t)™h)—
=0+ e<|t|<e 1t t
— lim F .
Jim F(y,g,¢)

The function F(vy,g) is well defined on G x G because f € D(G).
F(v,g,¢) is called the truncated Hilbert transform.

The map h{: f — f(.g(t)™1), t € R, L>°(G) — L*°(G), is a *-homo-
morphism of the x-algebra L>°(G), but {h{}:cr is not a one parameter
group. This makes an important difference with the settings of [LP1],
[LP2], [LP3] and the second part of this paper.

The next result comes from [CMZ, Proof of Lemmas 1 and 5]. For
the sake of completeness we give a more precise proof.
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Lemma 3. Let G be a stratified Lie group and f € D(G). Then

(1) e /f 109 )p(g) dg, >0,
and, for X in the first layer of G, dv a.s.,
(2 VXL (() = [ Pl.)(Xp)(0) do.

where F(v, g) is the Hilbert transform of f along the curve g(t), g € G.
For 1 < g < o0, the Riesz transforms satisfy

H\/27rXL_5(f)HLq(G) < hg I Xpllpa ey 1l aga) -

Proof: Formula (1) holds true for ¢ = 1 by definition of p. By (4) (see
also [LP1]),

142 _1
e 2l = ¢, 1e73L6,,

hence, by (5),
(1) e FE(f) () = 6o [(f 0 6) P / (609 V)

By (5), (1) and (3),
Xe 3UL(f) = 716, X[(f 0 8¢) * p)] = t 10,1 [(f 0 &) * (Xp)].
The automorphism ¢ maps L to L, so p=po o and
Xp=X(poo)=—(Xp)oo.

For h € D(G), since 02g = g and ¢ is measure preserving,

b (Xp)(y) = /G hrg™ V) (Xp)(g) dg
- /G h(vg")(Xp)(og) dg

/Gh('yogl)(Xp)(Q)dg-

In particular, for f € D(G),

! / [F(v6:9~") — F(v8:09~ ) (XD) () d.
G

\/7XL" /X‘ltL f)dt

S
Ch‘
]
~
~
—~
~
~—
—~
2
=
I
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we get

dt

varxr (e = [ ([ 1resia™) - feseg e ) .

Since p € S(G), Xp € LY(G), and formula (2) now comes from the
subsequent Lemma 4 b).
By (2) and Hoélder inequality with % + % =1, dy as.,

V2r [ XL < IF O zaxptan 1XPIE @)

By the subsequent Lemma 4 a),

1
HF(’yvg)HLQ(d’y,Lq(|Xp|dg)) < hg HfHLq(G) HXPIIZl(G> )
which ends the proof. O

The next lemma comes from [C]; it is already used in this setting
in [CMZ], see [CMZ, Lemma 5].

Lemma 4. Let G be a stratified Lie group and f € D(G). For g € G
let F(vy,g) be the Hilbert transform of f along the curve g(t) and let
Y € LY(G). Then

a) for 1 < g < oo, there exists a constant hq such that

VF o arertdgy < o L pagamy 117 -

b)
/ F(v,9)Y(g) dg
G

dt

/0 [/G(f(%tgl)f(75t091))1/1(g)dg — dyas.

Proof: a) When g runs through G, the corresponding family of curves g(t)
satisfies the assumptions of [C, pp. 579 and 594]. By the main result
of [C],if 1 < ¢ < o0, there exists a constant h, such that, for every g € G,

IEC D ae) < halflla) -
This proves a) by integration with respect to g and Fubini theorem.

b) For every g € G, the truncated Hilbert transform F(y,g,¢) along
the curve g(t) satisfies [C, Lemma 6.3]

1F(9) = F (9,2 gy —=sor 0
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and
sup ||F('ag’€)||L2(G) < hy ||f||L2(G) :
e>0

Hence, since 1) € L'(G), the dominated convergence theorem implies

/G (F(7.9) — F(,9,2))lg) dg

L2(G)

< lim [ ||F(,9) = F(.9.8)l12c [¥(9)| dg = 0.
e—=0t Jga

This implies b), because, by Fubini theorem, dvy a.s.,

/ F(v,9,e)¥(g) dg
G

/8<t<51 {/G(f(v&g_l)f(vémg_l))w(g)dg %. O

Proof of Theorem 1: We treat Heisenberg groups first because the proof
in this case is simpler and the idea is more apparent.

a) When G = H,, we denote p = p(™. The group law on H,, is

g = (Ilaylv .. 'aznaynvu)(xllayllv oo ,SC,/H,’IJ:“’LL/)

n
= zi+2, 1+, T+, Yy, utu 42 Z(yj:c; — z;y))
j=1
By definition, for g = (21, ..., yn, u),

() — 4
(X;p'")(9) e (9) +2y; 90 (9)

ap(™ ap(™
oy = PPN o
(Y;p"™)(g) 9; (9) — 2z; ey (9)-

The Laplacian is given by

L 52 0? 0? 0? 0?
L= § — = 422 )=+ 4| —
836? + ay?- + i+ yj)8u2 + <z] dy;0u Yi 836]0@@)]

=1
hence commutes with rotations on (z1,...,y,). It follows that p™ s
. . (n) .
radial with respect to (x1,...,yn), hence so are % and the function

lap(n) B iap(n) B iap(n)
r Or  x; Ov;  y; Oy;

3
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where r = (Z?Zl 3+ y?) B Rewriting

1 9p™ op(™)
AN — ot op
(X)) (g) = z; o (9) + 2y, 9 (9)

we have, by (2), dvy a.s.,

1 9p™
r Or

op(™
(9)d9+2/Gij(%g) gu (9)dg

VEXLH (0= [ 6.0
and a similar formula for Y]—L*% (f). Denoting for 1 < j <mn
R; = X,L?
Rpyj=Y;L7%

by triangular inequality in /3, and Lemma 2 applied on R?"*! dy a.s.,

2n %
6) V2 R 2 <P, . n n
(6) 7T(;I k() ) <|IF (v, )IILQ(%‘%)‘dg)llxllqu,(%‘a%<T>‘dg)

2| F (v, . . e
21 M 250 g 191 s

Since L is the sum of —(X7 4+Y7?), 1 <j < n, which act on different set
of variables except for the central u [CMZ, p. 371], (see also the proof
of b) below)

p(n)(zla s 7ynau) :p(l)(xlvylau) o oo Ky p(l)(xnvynau)

Since p(™ > 0 for every n,

- il <|— *q P )
r| or x1 Oy r1 011
Since anil p»=Y(g)dg =1, for ¢ > 0,
1 9p™) 1 op»
/ |$1|q 2 ng/ |961|q ~ 9 dzy dy; du = Aq.
H,, r Or R3 r1 O0x

Since p™) belongs to S(R?), A, is obviously finite for ¢ > 1, and also
for ¢ = 0. Indeed

1 opM
ZE_1 0x1

op™
T

dr du

= 27r/
L1(R3) R+ xR
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1 1 2 1 2 %
and ‘652) = (‘aapz(l) ‘Bg;l) ) . Similarly
opt™ op(D)
/ 1] P dg < / |21 2 g dz1dy: du = B,
Hy, R3 u

and By is finite for ¢ > 0.
Integrating (6) with respect to v, we get by Lemma 4 a)

2n 2 1
\nw<znmqw) < AY |P|
k=1

La(Hy)

n)

o
La(dy®|L 2= dg)

1

1 11 L, 1
+2Bg [|F]| < hgllfllLae,) (Ag Ag + 2By By

op(1)
La(dy®| 2%~ | dg)

which gives the righthand side inequality in the statement of the theorem.
Denoting

Rif— (Be(f)ica,
this means that R is bounded: LY(G) — L9(G,13,), and so is

2n
R*: (he)Pey — > Ri(hx), L7(G,13,) — L7 (G).
k=1
Since f = Si", RERk(f) = R*R(f) and IR lyeqg = IRl e e get
in the standard way the lefthand side inequality:
2n 2
£l ey < IR Ml4—q <Z IRk(f)|2>
k=1 Lo(@)

b) When G = Hg ;, we recall [K], [CDKR] that its Lie algebra G
is equipped with a scalar product, so that the first layer )V is a real
vector space with dimension K, orthogonal to the second layer Z with
dimension J. We denote by |X| the norm on G defined by the scalar
product.

The specific property is that, for every X with norm 1 in V, the
operator adx defined on V by

ady: Y — [X,Y]

is an isometry from E = (keradx)® C V onto Z. In particular, E has
dimension J and |adx (Y)| = |Pg(Y)| where Pg is the orthogonal pro-
jection onto F.
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Let us now precise the structure of V+ Z both as a Hilbert space and
a Lie algebra. For U € Z let ®;: V — V be the linear operator defined
by
(Pu(X), X') = (U, [X, X))
In particular, (®y)* = —Py, so that, if FF C V is an invariant subspace
for @7, F'+ is also invariant. The operator ®: Z — B(V) defined by U —
®y satisfies

(*) Pydy + Oy Py = -2 <U, U/> Idy .

In particular, if Uy,..., Uy is an orthonormal basis of Z, (‘I)Uj)f:1 are
unitary skew-adjoint anticommuting operators on V. In more sophisti-
cated words (see [BTV, 3.1.2]), denoting by ¢ the quadratic form defined
on Z by q(U) = — (U,U), ® induces a representation of the real Clifford
algebra C; built on (Z,¢q) into B(V). In C; one has U? = —1d for every
U € Z with norm 1, so that C; is the linear span of Id and U;, U, ... U;,,,
1<iy <iyg <---<iy<.J, and has dimension 27. ® is a direct sum
of irreducible representations of C;. By the classification of the Clifford
algebras C, their irreducible representations are as follows (see e.g. [Hu,
Chapter 11] or [ABS, Part I]):

If J # 3 (mod 4), there is only one (up to equivalence) irreducible
representation of C;. Hence V must be splitted as a hilbertian sum
V=V:®---®Vy where the spaces V; have the same dimension K ; and
are invariant under all &y, U € Z. In particular, the V;’s are commuting
copies with isomorphic Lie structure. We may choose orthonormal basis
(X(Z—I)KJ—H)ZK:Jl of the V;’s such that [X_1)k,+i, X(—1)K,+r] does not
depend on [, for 1 <4, h < K.

If J = 3 (mod 4), there are two non equivalent irreducible representa-
tions of C s, with the same dimension K ;. V must be splitted as a hilber-
tian sum V1 @+ - -@Vp @V ©---© V), where the V;’s (resp. the V;’s) are
commuting copies with isomorphic Lie structure, and the V;’s commute
with the the V/’s. We choose orthonormal basis of the V;’s (resp. the V;’s)
as above.

Conversely, by [K], if Z, V are real finite dimensional Hilbert spaces,
from a linear isometry ®: Z — B(V) satisfying (%), one can build a
structure of Lie algebra on V + Z. If J = 3 (mod 4), there are several
non isomorphic groups Hg ; for every admissible K > K ; and only one
Hg, s [BTV, 3.1.2].

The value of K is computed as follows. By [K], the couple (K, J)
satisfies

J<p(K)=8a + 2% where K=m2**#  modd, 0<f<3, o, BeN.
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In particular, K must be even. Let p; be the smallest integer such that
pJ:8aJ+25J>J, OSﬁJS?)a aJ,ﬁJEN

and let
Kj=2%7%87" hence p(Kj)=py.

This ensures the existence of Hg, ; and K is the minimal possible
dimension of V, i.e. the dimension of each V;. In particular J < K.

For a given Hg ; we choose an orthonormal basis Xi,..., Xk of V
as above. We denote by ¢ = (z,u) an element of Hg 7, where z =
(:ck)g:li" are the coordinates corresponding to Xi,..., Xk, u = (Uj)}]:1
are the coordinates corresponding to Ui, ...,Uy, and by y; € RX7 the
coordinates of & corresponding to the basis of V; or of V], 1 <[ < N, so
that ©z = (yl, ceey yN)

By definition [BTV, 3.1.5], U; = a% 1<j<J,and

9 1 J K
Xi=—+- Xy, X;

In particular, if X; belongs to V; or to V, it only depends on y;.

The heat kernel p = p¥+/) has properties analogous to those of p(").
First, p(5+/) is radial both with respect to z and u and depends only
on (K, J). This follows from the following formula established by J. Ran-
dall [R, Proof of Lemma 1.3.3]:

(FupTD) (2, A) = (Fop' D) (@, |A), AeR,

where F,, denotes the Fourier transform on R with respect to u, F, the
Fourier transform on R with respect to v € R, and p(%) denotes the heat
kernel on the Heisenberg goup H K. In particular, there is a unique p(<7>7/)

,U; i, 1<i<K.
8uj

for any given J.
We claim that

P (@ u) = p B D (g1, u) s pED (g, )

where convolution is on R”, with respect to w. This follows from Ran-
dall’s formula and the fact that

(Fop ) (@, [A]) = T (Fop =) (1, |-

It can also be proved directly. Indeed, let us denote by g the convolution
product on the right hand side. Since pt*7>7) is a positive function with
norm 1 in L'(R¥7+7) ¢ is a positive function with norm 1 in L!(RX+).
As well known (see e.g. [FS]), the heat kernel pgK"]) is the only positive

function with norm 1 in L'(RX+7) satisfying % = f%Lf; moreover,
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pEK’J) = ¢t~ (F+)pE.T) od, 1. Hence p+7) is the only positive function
with norm 1 in L!'(RX+7) satisfying
K J

(KId=L)p+ Y axXip=—2_ Uj(u;p)
k=1 j=1

(see e.g. [LP1, Lemmas 2, 3]). So we only have to verify that g satisfies
this equation. The left term can be splitted as leil D;(p) where
Ky

D, =K;Id+ Z 7Xi2+(l71)KJ + xi—l—(l—l)KJXH—(l—l)KJ-
=1

By our choice of coordinates, D; only acts on the I*" factor of g. For the
right term, we note that

uJQ(yla .. ,yN,'LL)

N
= ZP(KJ’J) (yla u) Koo Fy (ujp(KJ’J))(yla u)*up(KJ’J) (yl-i-la u) TR

which is easily verified by Fourier transform with respect to u. So it
remains to verify that, for 1 <[ < N,

(D™ D) (1, u —*2ZU (w;p™ ) (g, w).

These are the heat equations correspondlng to each Lie algebra V; + Z
or V| + Z. Hence they are all satisfied by p K77 as we saw above (this
is obvious when there are only V;’s).

For g = (z,u) € Hg s let r = |z|, p = |u|. As in a), we may rewrite
for 1 <i< K,

z; ap(K J) 1 ap(K ,J)
XipT) = " Zkak, ZUJ op

K bk e\
(7) @(ZIRZ-(J‘)(V)F) S(_ /G:ciF(%g)%apar (9)dg )
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The L%(d7y) norm of the first term in the righthand side of (7) is esti-
mated as in a), replacing pWD by pE77): it is less than

1 ap(KmJ) a
hq ||z 1HLq (RE+I |2 AL JJ> o on 1N parage

| da du) LI(RKjJrJ)

= 01((], J) ||f||Lq(HK,.7)

and the constant is finite as in a) because p&7/) € S(Hp, ;).

The second term is rewritten as
J
1 8]) (K,J)
Z > (9) dg

K K
sup / F(v,9) < lz o, Xk, Yy a;X.
k=1

lal=1Ja = "
< A 1F0 3 0800 ) 49
where
Aq’ = sup Z’u] < [Zkak,Zal ) j>
al=1
lal j=1 L' (L lap 2 (9)] dg)

Hence, by Lemma 4 a), the L%(dvy) norm of the second term in the
righthand side of (7) is estimated by

1 8p(K,J) q
Aghg v ouw Hf“Lq(HK,J)
1 U1 L1(RE+Y)
1 opKsT)
< Aghyg T Hf”Lq(]HIKJ)'
U1 U1 LI(REJ+7) '
We now estimate A, . By Lemma 2 a) applied to u1,...,u and fixed =,
J K K
ZUj<[Z$ka,ZaiX ,Uj>
j=1 k=1 i=1 Lot (1228590
P 9p
= Ba(@) [|ua]|

o (K1)
L' (L] 225 du)
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=1

7

. K
where, since ‘Zi:l a; X;

B,(x) =

K K K
Zkak’ZaiXi‘| adeil ai X; (Z .Tka> ‘
k=1 =1 - k=1

K
PEE (Z kak) |
k=1

with E, = (ker adZK +. By rotation on the z variables, we may

i=1 aiXi)

p(K,J)

suppose that E, is the span of Xy,..., X . Since 8 op is radial with
respect to x

’ ’ ’ 1 (K7J)
Al = sup/ |Ba ()] |ui|® = ‘ap (x,u)| dz du
la|=1 JRE+J p dp
J &
1 | OptET)
:/ Z|$k|2 ug |7 P (z,u)| dxdu
RE+T \ 73— 3u1

SN

ap(K.l,-])

dr d
B, T du

J
2 q -1
<
< / (} | ) ] ()

k=1

where the inequality is verified as in a), replacing pW by pEs:9) | since
J < K ;. Finally

1
q

1 ap(KJaJ)

(V51 8u1

J 3
Ca(g, J)=hg (ZIxMQ) |ua

k=1 Ll(]RKJJr.I)

(K j,J)
Tl|dxdu)

Lq/(|u_118p
This constant is finite because p(577) € S(Hg, ;) and we get

(Z B fmz) < (01 (4,7)+5Csa J>) 1l
i=1 )

Lq(HK’J

This implies as in a) the lefthand side inequality. O
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Remark. The above proof of a) does not seem to extend to the setting
of non isotropic Heisenberg groups, because it uses in a crucial way the
radiality of p; so does the proof in [CMZ]. However, it is stated in [BDJ,
p. 59], without explanation, that the proof in [CMZ] can be extended
to the non isotropic case.

2. Riesz transforms associated to commuting inner
k*-derivations

2.1. Introduction and notation.

We now show how the classical result on Riesz transforms on L{R", dx)
can be extended to Riesz transforms on Schatten spaces S4(H), defined
by inner (bounded or unbounded) commuting *-derivations acting on
the C* algebra K(H) of compact operators on the Hilbert space H.

We denote by 7, the standard gaussian density on R™ and by II
the orthogonal projection onto the linear span of the coordinates y;
in L2(v,). As well known, II extends as a bounded operator: L4(v,) —
Li(v,), 1 < g < 00, which we still denote by II.

The Fourier transform on R is defined by f(u) = Jee ¥ f(y) dy.

We recall that S?(H) is the space of compact operators X on H such
that tr(X*X)3 < 00,1 < ¢ < oo. B(H) is the dual space of S'(H) which
is itself the dual space of K(H). S?(H) is the Hilbert space of Hilbert
Schmidt operators on H. From now on, we assume H is separable.

We denote by \X|§ = X*X + X X* the symmetrized modulus of X €

K(H).
Let h be a x-automorphism of K (H), hence h** is a x-automorphism
of B(H). By [Pe, Theorem 8.9.2] there exists a unitary operator U on H
such that h(X) =UXU*, X € K(H). Let (hy)yecr be a strongly continu-
ous one parameter group of *-automorphisms of K (H); then there exists
a one parameter group of unitaries (U, )yer such that h,(X) = U, XU,
X € K(H) (see e.g. [V, Theorem 11.1] for an actually stronger result,
or [Par, pp. 86-87]); by Stone’s theorem U, = e¥“, where i4 is self-
adjoint on H. Hence the generator D of (hy)ycr is an inner *-deriva-
tion, in general unbounded, defined by D(X) = [A, X]. In particular
(hy)yer is a group of isometries of S*(H) (and a group of isometries of
every S1(H), 1 < g < ). By [RS, Theorem VIIL9], (hy)ycr is strongly
continuous on S?(H). Its generator is naturally induced by D, and iD
is self-adjoint on S?(H) by Stone’s theorem.

Let us now recall some facts about joint functional calculus for “com-
muting” s-inner derivations. We consider n strongly continuous one
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parameter groups of #-automorphisms of K (H), with respective gener-
ators Dj, 1 < j < n, which we denote respectively by (enyf)yje]R. We
assume that

(i) their restrictions commute on S?(H)

(ii) the only X € S?(H) which is invariant under every e% i is X = 0.
In particular, by (i),

y — Uly) = e2om W

is a strongly continuous map of R™ into the unitary operators on S?(H),
satisfying U(y + z) = U(y)U(2), y,z € R™ and U(0) = I. Then [RS,

Theorem VIII.12], there is a projection valued measure E on R™ such
that

(8) <ez;1ijj (X),y> = / eV N 4 (By(X),Y),
X,Y € S*(H), yeR"

By bounded functional calculus and Fubini theorem, for every F €
S(R™), as bounded operators on S?(H) [RS, p. 272],

9) F(iDy,....iDy) = | edarm %Pk B(y) dy.
R'ﬂ

Moreover, let h: R™ — R be a Borel measurable function and let X €
S?(H) be such that [y, [h(\)|* d(Ex(X), X) < oo; then the formula

<h(iD1,...,z'Dn)(X),Y>:/n h(\)d(Ex(X),Y), Y € S*(H)

defines an operator h(iD1,...,iD,) which is densely defined and self-
adjoint on S?(H). This holds in particular for

L= fiDi.
k=1

By assumption (i), the projection Efgy is null. Indeed, let Z € S*(H)
lying in its range. Since the measure F' — o ® Eyq) is valued in the set of
orthogonal projections P on S?*(H) such that PEf) = 0, hence P(Z) =
0, the scalar measure 1ign\ (03} (A) d{(Ex(Z),Y) is zero for every ¥V €
S?%(H); then, by (8),

<Y, ez;lijj(Z)> = <ei<y’>‘>,50> (Y,Eqoy Z) = (Y, Z),

which, by (ii), implies Z = 0.



RIESZ TRANSFORMS 327

The Riesz transforms are defined by
Rj=D;L7%, 1<j<n,

so they are contractions on their domain in S?(H). Since Efoy = 0, R; is
actually defined on S?(H) by

(10) (Rj(X),Y)= /]R"\{O} %d(E,\(X),Y).

The main result of this part is the following theorem:
Theorem 5. Let H be a separable Hilbert space and let (e¥77), cr, 1 <

j < n be strongly continuous one parameter groups of x-automorphisms
of K(H) satisfying the above conditions (i), (i1). Let 1 < ¢ < oo.

a) Then, for every X € K(H) and t € R,
_142 t> " ;D
e 2H(X) = 0 € 25 9P (X)) dy

e~ 3L js q completely positive contraction: K(H) — K(H) and a
contraction of every SI(H).

b) The operator R = Z?Zl y;R; is a (completely) bounded operator:
SUH) — LY (v, (y) dy, S%) which satisfies

V2rR(X) = (I ® Isq) (pv /Z ot 2i=1 ¥iP4 (X)%) .

c) For X € 8%, || X| g4 is respectively equivalent, with constants which
depend only on q, to

o (= meor)’
and to
(ii) inf{ ’(zy_l BjB;‘)E (z;;l c;cj)a Sq}, 1<q<2,

where the infimum is taken over all decompositions R;(X) = Bj +
Cj in Y (H)

, 2<g<oo,

Sa

+
Sa

Note that, on H, the operators R;(X), 1 < j < n, do not com-
mute in general, and R;(X)* = R;(X"*) does not commute in general
with R;(X).
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Proof of Theorem 5: The strategy is similar to Pisier’s in the first part
of [P1] and to the one we used in the first part of this paper. On one
hand, things are much easier than for Heisenberg groups because we deal
with a one parameter group; on the other hand, some difficulties arise
from the setting of non commutative L?’s.

a) Formula (9) defines bounded operators on K(H) and SY(H), 1 <
q < oo, with norm less than [|F| ;. 4,, because e2nm1 YDk g an isom-
etry of K(H) and S9(H) for every y.

This formula gives a Stinespring factorization (see e.g. [Pa]) of
F(iDq,...,iD,) acting on K(H) because
X — o= ¥iPi(x)

is a x-homomorphism: K (H) — L*(dvy,, B(H)) C B(L*(dvyn, H)).
Applying this to F(y) = v, (y) and ¢Dy,...,tD,, proves assertion a).

b) @) By (10) and Fubini theorem, for X € S?(H),

3020 =3 [ Fratme.x
_ / i\ </O°O 6_%t2|/\|2dt> d (Ex(X), X)
_ /:O (/ i/\je_%t2|’\2d<EA(X),X>> it
- /O°° (D #1(x).x) .

0) Let

F(y) = y;v(y), hence ﬁ(u) = —iuje_%

By (9) applied to F and tDq,...,tD,, by symmetry with respect to ¢,
for X € S1(H),

tDe~3PL(X) = / ! 2ies PR (X Yy () dy

5 e Bk P () = B P (X)) .
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Hence, by «), for X € S%(H),

varr () = [ [ @it

(11) — e L PR (X )y (y) dy] %
- /_Z [/n €' e WP (X)) dy} %.

v) We claim that, for every X € S1(H), y € R", 1 < ¢ < o0,
dt

F(va) :pV/ etZZZkaDk(X)?

is well defined as the norm limit in S?(H) of
FoXe= [ @R
e<|t|<e~? t
and satisfies
(12) 1F (5, X)llsa < h llX | ga -
Indeed, S?(H) is UMD for 1 < ¢ < oo [BGM, Theorem 6.1] and, for

fixed y, (etzkél y’“D’“)teR is a strongly continuous one parameter group
of isometries of S9(H). Hence [BGM, Theorems 5.12 and 5.16] prove
the claim.

§) Tt follows that, for the S?(H) norm, by Fubini theorem and (11),

F(y, X)y;m(y) dy = lim A F(y, X, e)y(y) dy

n dt
= lim/ (/ etzkzly’“D’“(X)yj'yn(y) dy) —
€ Je<t|<e—1 \JRn 3

= V27R;(X).
Hence, for X € SY(H) N S*(H),

R™

n

V2rR(X) = y; /Rn F(y, X )y (y) dy = (1@ Isa)(Fy, X)),

j=1
and, by (12),
HF(an)HLq(% dy,S9) = h I Xl sa -
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) By [P2, Remark 8.4.6], II ® Isq is bounded on L%(y, dy,S?),
1 < g < o0, and its norm depends only on ¢. By 4) this proves the
boundedness of R on S?(H) and ends the proof of b).

Actually, II is completely bounded, hence so is II ® Igq, and the
% @ Isqa)ser shows that,
for fixed y, pv [7 et 2ujm YDA 4t is completely bounded: S9(H) —
S1(H).

¢) By [P2, Theorem 8.4.1], the norms in the statement are equivalent,
with constants which depend only on ¢, to

same argument as above, applied to (et Zi:l vi P

S Ry (X) = [R(X) La(ar, s9) -
Jj=1 La(dyn,57)
Hence, we have to show that || X|g, is equivalent to ||R<X)||Lq(d'vm$(’)'

One inequality has been proved in b). For the other one, we notice that
R*R =1d on S%(H) because

(R(X),R(Y)) =/ <Zijj(X)7ZykRk(Y)>%(y)dy
R™ \j=1 k=1

n

=Y (Rj(X),R;(Y)) =Y (R;R;(X),Y) = (X,Y).

J=1 Jj=1

Hence, for % + i =1

[ X 5a < IR Mg g IR La v,y dy.50)= Rl g~ IR N (5,80 T

Example 6. The CCR heat flow on K(L*(R")).

The assumptions of Theorem 5 are satisfied by the following example,
taken from [A], where assertion a) is proved in this special case.

The operator P = —i% and the operator @ of multiplication by x
are well defined: S(R) — S(R) and satisfy the Canonical Commutation
Relation

[Q,P]=il.
P, Q are formally selfadjoint unbounded operators on L?(R). They
generate two one parameter unitary groups of operators on L? (R), re-
spectively e’ (translation by —s) and e*? (multiplication by e'*®),
satisfying

(13) eisPeitQ _ eisteithisP, s, t € R.
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We may define the inner x-derivations
Dp(X) =[P, X],
Do (X) =i[Q, X]

for operators X on L?(R) which are defined by kernels k(z,y) € S(R?).
Note that the kernels of Dp(X), Dg(X) are respectively (é% + a%) k

and (z —y)k. Dp, Dqg are generators of groups of x-automorphisms
of K(L?(R)), namely

eSDP (X) — eisPXe—isP

etDQ (X) — eitQXef’L'tQ

and, owing to (13), e*P? and e!P? commute on K(L?(R)). Obviously,
only X = 0 is stable under these groups.
On S(R™) we consider in the same way P; = —i%, Q; the operator

of multiplication by x;. The s-automorphisms e*% and ef*Per, 1 <
J, k <n all commute on K(L?*(R")). Denoting

_ 2 2
Li*ZDPJ +Dq,

j=1

the semigroup e~*F ¢ > 0, acting on K (L?(R")), is called the CCR heat
flow. The 2n Riesz transforms Dij_%, DQkL_%, 1 < j,k < n satisfy
the conclusion of Theorem 5.
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