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L? BOUNDEDNESS OF THE CAUCHY TRANSFORM
IMPLIES L? BOUNDEDNESS OF ALL
CALDERON-ZYGMUND OPERATORS ASSOCIATED TO
ODD KERNELS

XAVIER ToOLSA

Abstract

Let p be a Radon measure on C without atoms. In this paper
we prove that if the Cauchy transform is bounded in L2(p), then
all 1-dimensional Calderén-Zygmund operators associated to odd
and sufficiently smooth kernels are also bounded in L? ().

1. Introduction

We say that k(-,-): C?\ {(z,y) € C* : 2 = y} — C is a 1-dimensional
Calderén-Zygmund kernel if there exist some constants C' > 0 and 7,
with 0 < < 1, such that the following inequalities hold for all =,y € C,
x #y

C

k(z,y)| < :
|k (x, y)] ==

and

(1.1)

k(z,y) — k(' y)| < ———7p i fz =2/ <z —yl/2.

Clz — 2'|"
|z —y[t+n

Given a positive or complex Radon measure u, we define

(1.2) Tia) = [ k) dutw), o € C\supp(p)

We say that T is a Calder6n-Zygmund operator (CZO) with kernel k(- -).
The integral in the definition may not be absolutely convergent if x €
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supp(u). For this reason, we consider the following e-truncated opera-
tors T, € > 0:

Tu(o)i= [ ey duty), zeC

Observe that now the integral on the right hand side converges absolutely
if, for instance, |p](C) < 0.
Given a fixed positive Radon measure y on C and f € L (u), we

denote T#f(z) — T(f d#)(x) rzeC \ Supp(f du),

Typef (@) = To(f dp) ().
The last definition makes sense for all z € C if, for example, f € L'(p).
We say that T}, is bounded on L?(u) if the operators T}, . are bounded
on L?(u) uniformly on € > 0.
In this paper we will consider kernels of the form k(x,y) := K(z —y),
where K is an odd (i.e. K(z) = K(—xz) for all x € C\ {0}), C* function
defined in C\ {0} such that

(1.3) lz|' |V K ()| € L®(C) forall j =0,1,2,....
A basic example of Calderén-Zygmund operator with this type of kernel

is the Cauchy transform. This is the operator C associated to the Cauchy
kernel. That is,

Cu(x) = / ; i —dp(y),  z € C\supp(p).

The related operators C., C,, and C, . are defined as above, in the par-
ticular case k(z,y) = 1/(y — x).
The main result of the paper is the following.

and

Theorem 1.1. Let pu be a Radon measure without atoms on C. If the
Cauchy transform C,, is bounded on L?(u1), then any 1-dimensional Cal-
deron-Zygmund operator T, associated to a kernel of the form k(x,y) :=
K(x — y), with K(-) odd, C*®, and satisfying (1.3), is also bounded
on L?(p).

If u coincides with the 1-dimensional Hausdorff measure on a 1-di-
mensional Ahlfors-David regular set F, this result was already known.
Recall that F C C is 1-dimensional Ahlfors-David regular (AD regular)
if there exists some constant C' > 0 such that

(14) C 'Y <HYB(z,r)NE)<Cr forxecE,0<r<dam(F),
where H! stands for the 1-dimensional Hausdorff measure. In this case,

Mattila, Melnikov and Verdera [MMV] proved that the L?(x) bound-
edness of the Cauchy transform implies that E is uniformly rectifiable in
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the sense of David and Semmes (see [DS2]) and then, from the results
in [DS1] and [DS2], one deduces that all Calderén-Zygmund operators
with antisymmetric kernel are also bounded in L?(u).

For some Cantor sets in C and p equal to the natural probability mea-
sure associated to them, it has been shown in [MaT] that Theorem 1.1
(and even its natural generalization to higher dimensions) also holds. Let
us also mention that J. Verdera explained us [Ve] a simple argument for
the proof of Theorem 1.1 in the particular case where k(x,y) = K(z—y)
is a homogeneous kernel smooth enough (say C?) outside the origin.

A fundamental tool for the proof of Theorem 1.1 is the corona decom-
position obtained in [To4] for measures with linear growth and finite
curvature (see the next section for the precise meaning of these notions)
in order to show that analytic capacity is invariant, up to multiplicative
estimates, under bilipschitz mappings. The technique of corona decom-
position goes back to Carleson’s proof of the corona theorem, and has
been extensively used by David and Semmes in [DS1] and [DS2] in their
pioneering study of uniformly rectifiable sets.

To prove Theorem 1.1, following [Se], we will split the Calderén-
Zygmund operator T into different operators Kg, each one associated
to a tree of the corona decomposition (see Sections 5 and 6). Each
operator K is bounded because on each tree the measure p can be ap-
proximated by arc length on an Ahlfors-David regular curve. Moreover,
in a sense, the different operators Kr behave in a quasiorthogonal way.
The quastorthoganility arguments that appear in the present paper are
inspired in part by [MaT].

The obtention in [To4] of the corona construction mentioned above
relies heavily on the relationship between the Cauchy transform and cur-
vature of measures (see (2.3)). In higher dimensions, a notion analogous
to curvature useful to study the L? boundedness of Riesz transforms
has not been found yet, and perhaps it does not exist (see [Fa]). As
a consequence, the arguments in the present paper don’t have an easy
generalization to the case of Riesz transforms in higher dimensions.

The plan of the paper is the following. In Section 2 we state some
preliminary definitions and results that will be used in the rest of the
paper. In Section 3 we describe the corona decomposition of [To4] for
measures with linear growth and finite curvature. In the subsequent sec-
tion, we show how Theorem 1.1 is equivalent to the technical Lemma 4.1
(the Main Lemma). The rest of the paper is devoted to the proof of this
lemma, with the exception of Section 12, which includes a slightly more
general version of Theorem 1.1.
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2. Preliminaries

A positive Radon measure p is said to have linear growth if there
exists some constant Cy such that p(B(x,r)) < Cor for all z € C, r > 0.
It easily seen that such a measure satisfies the following estimate for all
xeC,r>0,a>0:

1 Co Cy
2.1 - <
21) LﬂﬂwwmmﬂM”— ’

TOL

where C,, depends only on a. This inequality will be used often in this
paper. It can be proved splitting the domain of integration into annuli
{x e C:2%r < |y—z| <2 1r}, k >0, for example.

Given three pairwise different points z,y, z € C, their Menger curva-

ture is
1

R(z,y,2)’

where R(z,y, z) is the radius of the circumference passing through z, y, z
(with R(z,y,z) = oo, c(z,y,z) =0 if x, y, z lie on a same line). If two
among these points coincide, we set ¢(x,y, z) = 0. For a positive Radon
measure 4, we define the curvature of u as

(2.2) ) = [[[ et 2)? duo) duty) duce)

The notion of curvature of measures was introduced by Melnikov [Me]
when he was studying a discrete version of analytic capacity, and it is
one of the ideas which is responsible of the recent advances in connection
with analytic capacity (see [Lé], [Da3] and [To3], for example).

The relationship between the Cauchy transform and curvature of mea-
sures was found by Melnikov and Verdera [MeV]. They proved that if p
has linear growth, then

(23) ICeplfagy = 5E2(0) + O(K(E)),

where ¢2(u) is an e-truncated version of ¢?(u) (defined as in the right

hand side of (2.2), but with the triple integral over {(x,y,z) € C? :
|z —yl,ly — 2|, |z — 2| > €}), and O((C)) is an extra term satisfying
|O(p(C))] < Cu(C), where the constant C' depends only on the lin-
ear growth constant Cy. Moreover, there is also a strong connection
(see [Pa]) between the notion of curvature of measures and the s from
Jones’ travelling salesman theorem [Jo]. The relationship with Favard
length is an open problem (see Section 6 of the excellent survey pa-
per [Matt], for example).

c(x,y,z) =
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If T is a CZO, we denote

Tip(x) := sup [Tp(z),
e>0

and if f € LL (1), we set T}, . f(z) := T, (f d) ().

In the paper, by a square we mean a square with sides parallel to the
axes. Moreover, we assume the squares to be half closed - half open. The
side length of a square @) is denoted by £(Q). Given a square @ and a > 0,
a@ denotes the square concentric with @ with side length af(Q). The

average (linear) density of a Radon measure p on @ is

)

A square @ C C is called 4-dyadic if it is of the form [j27", (j +
4)27™) x [k27™, (k+4)2™™), with j, k,n € Z. So a 4-dyadic square with
side length 4-27" is made up of 16 dyadic squares with side length 27™.
We will work quite often with 4-dyadic squares.

Given a square ) (which may be non dyadic) with side length 27",
we denote J(Q) :=n. Given a,b > 1, we say that Q is (a,b)-doubling if
p(aQ) < bu(Q). If we don’t want to specify the constant b, we say that
Q@ is a-doubling.

Remark 2.1. If b > a2, then it easily follows that for pu-a.e. z € C
there exists a sequence of (a,b)-doubling squares {Q,}, centered at z
with £(Q,) — 0 (and with £(Q,,) = 27%» for some k,, € Z if necessary).

As usual, in the paper the letter ‘C’ stands for an absolute constant
which may change its value at different occurrences. On the other hand,
constants with subscripts, such as Cy, retain its value at different oc-
currences. The notation A < B means that there is a positive absolute
constant C such that A < CB. Also, A < Bisequivalent to A < B < A.

3. The corona decomposition

This section deals with the corona construction obtained in [To4].
In the next theorem we will introduce a family Top of 4-dyadic squares
(the top squares) satisfying some precise properties. Given any square
Q@ € Top, we denote by Stop(Q) the subfamily of the squares P € Top
satisfying

(a) PN3Q #2,

(b) £(P) < 34(Q),

(¢) P is maximal, in the sense that there doesn’t exist another square
P’ € Top satisfying (a) and (b) which contains P.
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We also denote by Z(u) the set of points € C such that there does
not exist a sequence of (70, 5000)-doubling squares {Q., }, centered at x
with £(Q,) — 0 as n — o0, so that moreover £(Q,) = 27 for some
kn € Z. By the preceding remark we have pu(Z(u)) = 0.

The set of good points for @ is defined as

G(Q) :=3Qnsupp(p) \ |Z(wu |J P

PeStop(Q)
Given two squares Q C R, we set
1
W@ R = [ duty)
g Ro\Q |y - I‘Q'

where xg stands for the center of @), and R is the smallest square
concentric with @ that contains R. See [Tol, Lemma 2.1] for some
properties dealing with the coefficients ¢,(Q, R).

Theorem 3.1 (The corona decomposition). Let i be a Radon measure
supported on E C C such that u(B(x,r)) < Cor for allz € C, r > 0 and
c2(u) < oo. There exists a family Top of 4-dyadic (16,5000)-doubling
squares (called top squares) which satisfy the packing condition

(3.1) Y 0u(QPu(Q) S n(B) + (),

QeTop
and such that for each square Q € Top there exists a C1-AD regular
curve I'q such that:

(a) G(Q) CcTlq.
(b) For each P € Stop(Q) there exists some square P containing P
such that 6,(P, P) < C0,(Q) and PNTq # @.

(¢) If P is a square with {(P) < £(Q) such that either PN G(Q) # &
or there is another square P’ € Stop(Q) such that PN P’ # & and
((P') < U(P), then u(P) < C0,(Q) ((P).

Moreover, Top contains one 4-dyadic square Ry such that E C Ry.

In the theorem, that I'g is C1-AD regular means that the AD regu-
larity constant in the definition (1.4) is < C;. Notice that C7 does not
depend on Q.

For the reader’s convenience, before going on we will make some com-
ments on Theorem 3.1. Roughly speaking, the theorem describes how
the support of a measure p with linear growth and finite curvature can be
approximated by a collection of AD regular curves I'g, where each I'g is
associated to a square belonging to a family called Top. Condition (3.1)
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means that, in a sense, the family Top (and so the collection of curves)
is not too big.

The statements (a) and (b) say that on each square 3Q, with Q €
Top, the support of ;1 can be approximated by I'g up to the scale of
the stopping squares in Stop(Q). More precisely, in (a) one states that
p-almost every point z € 3@ which does not belong to any stopping
square in Stop(Q) lies on I'g. The statement (b) means that each square
from Stop(Q) is quite close to I'g, in a sense. The coefficient d,, (P, ]5)
appearing in (b) measures how different is P from P. For example,
if 11 is a 1-dimensional AD regular measure [i.e. u(B(z,7)) ~ r for x €
supp(u), 0 < r < diam(supp(u))], then the condition §, (P, P) < C0,(Q)
implies that ¢(P) ~ ¢(P’), assuming P Nsupp(u) # &. Thus in this case
dist(P,T'g) < C¥¢(P) (like in the geometric corona construction of [DS1]
and [DS2]).

Finally, (c) is a technical statement about the densities of the squares P
which intersect 3Q). It asserts that if one of these squares P is smaller
than @ and larger than some stopping square P’ € Stop(Q) which inter-
sects P (in a sense, this means that P has an intermediate size between @
and the squares in Stop(Q)), then §(P) < C6,(Q). This statement is
easier to understand if one also considers the good points in G(Q) as
stopping squares from ) with zero side length.

4. The Main Lemma

In order to reduce the technical difficulties, to prove Theorem 1.1 we
will assume that the kernel k(x,y) of T is uniformly bounded in L,
and all our estimates will be independent of the L> norm of k(z,y).
See [Ch, p. 109] or [To2, eq. (44)], for example. In this case, the def-
inition of Tu(z) makes sense for all z € C when u is compactly sup-
ported. Of course, all the estimates will be independent of the L°° norm
of k(x,y). The proof of Theorem 1.1 in full generality follows from this
particular instance by a standard smoothing procedure.

We will prove the following result.

Lemma 4.1 (Main Lemma). Let p be a Radon measure on C, com-
pactly supported, with linear growth and finite curvature, and let T}, be
a 1-dimensional CZO with antisymmetric kernel. We have

T 10172, < 1(C) + (1)

Let us see that Theorem 1.1 follows easily from this lemma and the
T (1) Theorem. Indeed, if the Cauchy transform is bounded with respect
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to p and p has no atoms, then p has linear growth (see [Da2, Propo-
sition II1.1.4]) and ¢®(ug) < Cu(Q) for any square Q C C, by (2.3)
with 1) instead of p. If we apply Lemma 4.1 to the measure jq we get

‘4ﬂmm%u§M®+3ww§u@)

Then by the T'(1) Theorem of Nazarov, Treil and Volberg for non dou-
bling measures [NTV1], T, is bounded on L?(1).

Remark 4.2. Actually, the T'(1) Theorem in [NTV1], for a general an-
tisymmetric CZO, asserts that if

/Iﬂmf@iw@
2Q

for all squares @ C C, then T}, is bounded in L?(u1). However, using ideas
such as the ones in [To2, Remark 7.1 and Lemma 7.3] this condition can
be weakened, so that it is enough to assume that

/Q ool du < n(2Q)

for all squares ) C C in order to show that 7T}, is bounded in L?(u).

The rest of the paper is devoted to the proof of Lemma 4.1. So the
measure u that we consider now is assumed to be compactly supported
and to have linear growth and finite curvature.

5. Translation of dyadic lattices and adaptation of the
corona decomposition

Later on we will have to average some estimates over dyadic lattices
obtained by translation of the usual dyadic lattice D. This fact requires
the introduction of suitable variants of the family Top appearing in The-
orem 3.1 better adapted to the translated dyadic lattices. Let us remark
that the technique of averaging over different dyadic lattices is not new,
and it has been used, for example, in [GJ], [NTV1], [NTV2], etc.

We proceed now to introduce the necessary new notation. Suppose
that supp(p) is contained in a square with side length 2V. For w €
[0,2N+1)2 =: Q) let D(w) be the dyadic lattice obtained by translating
the lattice D on C by the vector w, that is to say, D(w) := D + w.

Recall that, by Theorem 3.1, p has a corona decomposition in terms of
a family, called Top, of 4-dyadic (with respect to D) 16-doubling squares.
To adapt this decomposition to the dyadic lattice D(w), for each fixed w,
we proceed as follows. We say that a square @ € D(w) belongs to the
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family Top,, if there exists some square Q' € Top such that Q N Q' # &
and £(Q') = ¢(Q). Notice that Q C 3Q’, Q' C 3Q, and for each fixed
Q' € Top there are at most four squares Q € Top,, such that QNQ’ # @
and £(Q') = £(Q). Since @’ is doubling it easily follows that 6,(3Q) ~
0,(Q"), and then

1) Y 0.6QRu@Q) S Y. 0.(Q)uBQ) S u(C)+ ().

QeTop,, Q' €Top

Given @ € Top,,, we denote by Stop,,(Q) the family of mazimal (and
thus disjoint) squares P in Top,, with P C Q. Notice that the rule used
to define Stop,,(Q) is different from the one used for Stop(Q). Finally
we let Tree,, (Q) be the class of squares in D(w) contained in @, different
from @, which are not proper subsquares of any P € Stop,(Q). This
notation is inspired by the one in [AHMTT].

6. Decomposition of T'u with respect to the adapted
corona decomposition and strategy of the proof of
Main Lemma 4.1

For each fixed w, to estimate ||T'u||12(,) we will decompose T'y1 using
the dyadic lattice D(w) and the corresponding corona decomposition
adapted to D(w). Now we will describe this decomposition, and at the
end of the current section we will describe the global strategy for the
proof of Main Lemma 4.1.

Let ¢ be a non negative radial C* function such that xp,1) <9 <
XB(0,3/2)- For each n € Z, set ¥, (2) := ¥(2"2) and @, := ¥, — Y1, 50
that each function ¢,, is non negative and supported on B (0, %2_”) \
B(0,27"1), and moreover we have

Z@n(z) =1

neZ

for any € C\ {0}. Given an antisymmetric Calderén-Zygmund ker-
nel k(z,y) and its associated CZO, T', for each n € Z we denote

(6.1) Toe) i= [ onle ~ o) ko) du(o)
For each QQ € D(w), we set

Top = xQTsQ)H
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where J(Q) stands for the integer such that £(Q) = 277(?). We also
denote Dy, (w) :={Q € D(w) : £(Q) =27"}. We have

Tu:ZTnu:Z Z Top = Z Z TQM—FZ/TQM,
Q

nez Nn€Z QED,(w) ReTop,, Q€ Tree,, (R)

where the last sum runs over a finite (at most) number of squares @ €
D(w), with £(Q) ~ diam(supp(u)). So we have

li /
> Ton < D 1Toull g S WO,
@ L

because it is immediate to check that [|Tq||r2¢.,12(n) < C-
Hence to prove Lemma 4.1 we only have to estimate the L?(u) norm

of the term > pemy, > geTree, (r) LoM- For R € Top,,, we set

Krup = Z Tou.
QETree,, (R)
We have
2
©62) || Y Kanl| = D Kaulagt Y. (Kow Kan).
ReTop,, L2(p) ReTop,, Q,ReTop,,:Q#R

The first term on the right hand side of (6.2) will be estimated in
Section 7 exploiting the idea that on each Tree, (R), with R € Top,,, the
measure 4 can be approximated quite well by some measure absolutely

continuous with respect to the arc length on I' whose Radon-Nikodym
density is < 6, (3R). We will use the fact that T3,  (this is the CZO
R

with the same kernel as T},, with p interchanged with H%R) is bounded
on L?(Ht,), because I'g is an AD regular curve. Then we will prove
that [|Kpp}2, S 04(3R)2u(3R).

We will deal with the second term on the right side of (6.2) in Sec-
tions 8, 9 and 10. For this term we will use quasi-orthogonality argu-
ments. In the sum we only have to consider pairs of squares @, R € Top,,
with @ N R # @. Suppose, for example, that @ C R. One should
think that, because of the antisymmetry of the kernel k(x,y), the func-
tions Kgu are “close” to have zero p-mean, while Kgrp are smooth
functions on Q C R. See the beginning of Section 8 for more precise
information.
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7. Estimate of 3 g, HKR“Hi2(u)

In this section we will prove the following lemma, by renormalization
and comparison with the arc length measure on I'g.

Lemma 7.1. For each R € Top,, we have

1K rll32 ) S 04 (3R)2n(3R).

Observe that from this lemma and (5.1) we get

S IKrulGay S Y 0uBR*u(BR) S u(C) + (p).
ReTop,, ReTop,,

7.1. Regularization of the stopping squares. Given a fixed R €
Top,,, let Ry € Top be such that RN Ry # & and {(R) = ¢(R;). Let
I'r :=T'g, be the AD regular curve satisfying (a) and (b) in Theorem 3.1.
For technical reasons, we need to introduce a regularized version of the
family Stop(R1) (or Stop,(R)) that we will denote by Reg,(R). First
we set

(7.1) dr(z) = Qesilgg(Rl){dist(x, Q) + 4(Q), dist(z, G(Ry1))}.

For each z € 3R\ G(Ry), let Q. be a dyadic square from D, containing x

such that dn(a) dn(2)
R(Z R(Z
< —.
20 <@ =7
Then, Reg,,(R) is a maximal (and thus disjoint) subfamily of {Q,}ze3r-

Notice that these squares need not be contained in R.

Lemma 7.2. (a) UQERegW(R) QC UQGStop(Rl) Q.
(b) If P,Q € Reg,(R) and 2PN2Q # &, then £(Q)/2 < {(P) < 2¢(Q

).
(¢) If Q@ € Reg, (R) and z € Q, r > £(Q), then u(B(z,7) N3R) <
0,.(3R)r.

(d) For each Q € Reg,(R), there exists some square Q which con-

tains Q such that 6,(Q,Q) < 0,(3R) and %@ NIg # @.

The proof of this lemma follows by standard arguments. See [To4,
Lemma 8.2], for example.

The properties (a), (c), and (d) stated in Lemma 7.2 ensure that the
nice properties fulfilled by the squares in Stop(R;) or Stop,(R) (stated
in Theorem 3.1 or which are direct consequence of it) also hold for the
squares in Reg,(R). The main advantage of the family Reg,(R) over
Stop(R;) and Stop,,(R) is due to the property (b), which says that the
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size of two squares from Reg (R) is similar if they are close one to each
other. This is a technical property which will be useful for the estimates
below, and that the squares from Stop(R;) and Stop,,(R) don’t satisfy
(in general). This is why we can think of Reg,,(R) as a regularized ver-
sion of Stop(R1) or Stop,,(R). Let us remark that this “regularization”
technique has already been used by David and Semmes (see [DS1], for
example).

7.2. The suppressed operators Tg. Given a Calderén-Zygmund ker-
nel k(x,y) and a non negative Lipschitz function ® with Lipschitz con-
stant < 1, following [NTV2], we define another kernel ke (x,y) as fol-
lows: | 2
r—y
bl ) = M) e et

It turns out that kg(z,y) is a Calderén-Zygmund kernel whose con-
stants (in the definition (1.1)) are bounded above independently of ®
(see [NT'V2], and also [Pr] for example). We denote by T the Calderdn-
Zygmund operator associated to the kernel kg (z,y).

One should think of T3 as a kind of smooth e-truncation of T', with
e = ®(x) (see Lemma 7.3 below). The operator Tg will act as a smooth
version of Kp, choosing ®(x) appropriately. Notice that, unlike T,
K is not smooth enough to be a CZO.

We also define the maximal operator

B
Mgv(z) = 515{1:?)7'”( iz’r)).

In particular,

My(f dp)(x) = sup - / || dp.
B(z,r)

r>®(x) T

Lemma 7.3. For any complex Radon measure v on C, the following
properties hold:

(a) Forallz,ye C, x #y:

1
ko(z,y)] <min | ————— | .
fata) < min (7
(b) For all z € C and e > ®(z),
T v(x) — Tev(z)| S Mav(z).
(c) Forallz € C and e < O(x),
T cv(2) = To0@v(r)] S Myv(z),

where T o(z)V is the ®(x)-truncated version of Tg.
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Proof: The estimates in this lemma are similar to the ones proved for the
Cauchy kernel in [NTV2]. For the sake of completeness, we will show
the detailed arguments (at least, for (b) and (c)). For the statement (a),
we refer to [Pr].

The estimate (b) follows easily. A straightforward calculation shows
that
P D(2)0(y)

Tl —yl(le -yl + 2(2)2(y))

|k<I>(1'; y) - k(df, y)

_ 0(@)(|jx — gl + B(a))

~

jz —y[?
Then, for € > ®(x), using (2.1) (with |v| instead of 1) we get

Tor(e) - Tor(o)| 5 M%fﬁMH/ @) i)

lz—y|>e |1' - z—y|>e |1' - y|3
d o (z)? B
(B 4 B, B <
9 9 r>e r

The statement (c) is a direct consequence of (a): for ¢ < ®(z) we

have
/ ko () dv(y)
e<|lz—y|<P(x)

[V|(B(z, (x))) r
< T S Mgv(z). 0

|Tp cv(x) — To @) (z) =

Given a fixed R € Top,,, we choose the following function ®:
1

(7.2 D(a) 1= - dn(),
where dgr(z) has been defined in (7.1). Notice that ®(z) is Lipschitz
with Lipschitz constant < 1/20 < 1.
Lemma 7.4. Let R € Top,, and ® defined in (7.2). We have

(a) If x € Q for some Q € Stop,,(R), then ®(x) < 34(Q)/20.

(b) If x € R\ Ugestop, (r) @ then ®(x) = 0.

(c) If x € Q for some Q € Reg,,(R), then ®(z) > 20(Q)/5.

(d) For all x € 3R and r > ®(x), we have

(7.3) w(B(z,r) N3R) < C20,(3R) .
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Proof: The statements in this lemma are a direct consequence of the defi-
nition of the family Reg, (R) and of the properties shown in Lemma 7.2.
First we show (a). Take z € Q, with Q € Stop,(R). Let Q' € Top
be such that Q@ N Q' # @ and ¢(Q) = ¢(Q’). We cannot assure that
Q' € Stop(R1) because of the different rules used to define Stop(R1) and
Stop,, (R). We know that either £(Q) = £(Q’) > £(R)/4 or there exists
some P € Stop(R1) (which may coincide with Q') that contains Q’. In
the first case we have dr(z) < £(R)/2 < 24(Q), which implies (a). In the
latter case (i.e. when there exists some P € Stop(R;) such that P D Q'),
from the definitions it is easily seen that indeed we have P = @’ and
then dr(z) < 34(Q) because dist(z, Q") < 2(Q), which is equivalent
to (a).

The assertion (b) follows in an analogous way. We leave the details
for the reader.

To prove (c), consider x € @, with @ € Reg,,(R). By definition, there
exists some y € @ such that dr(y) > 104(Q). Since dg(-) is 1-Lipschitz,
we infer that dg(x) > 8/(Q) which is equivalent to (b).

Consider now z € 3R and r > ®(z). If z & UQERegW(R) Q then (7.3)
holds for all » > 0. Suppose now that there exists some @) € Reg,, (R)
such that x € Q. From (b) we deduce that 5r/2>¢(Q). By Lemma 7.2 (c)
we have

w(B(x,5r/2) N3R) < 029#(3]%)5%,

which yields (d). O
Lemma 7.5. For R € Top,, and x € R we have

[Krp(z)| < Topusxsr(z) + COL(R).

In this statement T, «x3r(z) stands for
To uxx3r(T) := sup T, (x3r dp)(2)],
where T . is the e-truncated version of 1.
Proof: Consider @ € Stop,,(R) such that z € Q. Then we have

|Krp(z)| = |Tyyu(x) — Tyryp(x)]

<

/ K, ) xsm(y) du(y)| + C8,(3R).
|z—y|>4(Q)
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By Lemma 7.4 (a), ®(x) < 4(Q), and then by Lemma 7.3 (b) we get

/ k(z,y)x3r(y) du(y)| =|Tuq)(Xsr du) ()|
le—y|>£(Q)

<|Ts 0q)(X3r dp) ()| +C Mg (x3rdp) ()

§T<I>”LL,*X3R($) +09#(3R) O

Our next objective consists in showing that T ,. is bounded
on L?(p|3r) with norm < C6,(3R). From this result and the preceding
lemma, we will deduce Lemma 7.1. First, in next subsection we will
study the L?(u|3r) boundedness of Tg , (see Lemma 7.9). In Subsec-
tion 7.4 we will deal with the operator T's ,, «.

7.3. L? boundedness of Ts,,. Before proving the L?(u|3r) bound-
edness of T, with norm < C6,(3R), we need to prove the following
result.

Lemma 7.6. Let R € Top, and ® defined as in (7.2). Consider
the measure o = 6,(3R) dH|1pR- Then T, is bounded from LP(c)
into LP(u|3R), for 1 < p < oo, with norm < C,0,(3R), with C, de-
pending only on p. Also, Te » is bounded from L'(c) into L'*°(u|3R),
with norm < C6,(3R).

This result is only a slight variant of the one obtained by G. David
in [Dal, Proposition 5]. However, we will prove it for the sake of com-
pleteness. The first step consists in proving next lemma.

Lemma 7.7. Let R € Top,, and @ defined as in (7.2). For any0<s<1,
the following inequality holds:
(7.4)

Ty .(f dHr,)(x) <Cq [M; (T (f dHL,)® dHE,) (@)Y Mg (f dH;R)(x)} :
for any x € 3R, with Cs depending on s.

Proof: We will show that |Te(f dHf ,)(x)| is bounded above by the
right hand side of (7.4), for every € > 0. By Lemma 7.3 (c), it is enough
to consider the case € > ®(x). Moreover, to prove (7.4) we may assume
e > 35 dist(z,T'r), since otherwise we have To v(x) = T . v(x) with
g = % diSt(l’, FR).

So we assume ¢ > max (®(z)
have

(7.5) HY(B(z,2e)NTR) = e.

, 1% dist(x,FR)). In this situation, we
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Let us check that
(7.6)  |Tao(f dHy,) ()| < |T(f dHp ) (y)| + CMg(f dHr,)(x)

for every y € B(x,2¢) NT' k. Indeed, since € > ®(x), by Lemma 7.3 (b)
we get

T (f dHp,,) ()| < |T(f dHE ) ()] + CMg(f dHr, ) ().
We put
\To(f dHE ) ()] < |To(f dHp ) () — Tue(f dHE ) ()]

+ | Tue(f dHE ) (2) — Tev Ba,as) (f dHE L) ()]

(7.7)
1Ty meae) (@) (0) — To(F 4, ) )
F I a0l
We have
1 1 1 1
[Tic(f el @) - TSt Y@ S 7 [ ifland,
B(z,4¢)

< M (fdHt,) ().

On the other hand, by standard estimates we obtain

1
T (f dHA (@) — Ter ooy (f dHA ) (w)] < sup © /B Ml

r>4e T

< Mg (f dHy,)(2).
It is also straightforward to check that the third term on the right hand
side of (7.7) is bounded above by CMg(f dHf )(x). So (7.6) holds.
From (7.6), for any 0 < s < 1 we derive
T (f dHr ) (@)]* < |Te(f dHE) ()] + OME(f dHr,, ) (2)°

If we average this estimate with respect to y € B(x,2¢) NT'g and we
use (7.5), we obtain

1 ,
Toc(f M )@ S 5 [ T.(f dHh,) (o) dH,
yEB(z,2e)N'Rr

~ 2
+ Mg (f dHr,,)(2)".
Exponentiating by 1/s, (7.4) follows. O
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Proof of Lemma 7.6: First we show that M} (to be more precise, per-
haps we should write Mg, , instead of Mg now) is bounded from LY(0)
into L' (p3r) with norm < C6,(3R) and from LP(c) into LP(p3r)
with norm < C,0,(3R), for 1 < p < oco. Notice that for p = oo this
follows easily from the definitions. Interpolation with the weak (1,1)
estimate then yields the result for 1 < p < occ.

In fact, we will prove a slightly stronger result than the weak (1,1) es-
timate. Consider the following maximal operator:

N"(fdo)(a) = supy [ |fldo

where the supremum is taken over all the balls B, of radius r which
contain x such that p(5B,) < C46,,(3R)5r [the constant C5 is the same
as in (7.3)]. Notice that

My(fdo)(x) < N"(fdo)(z) forall f e Li.(0),xz€3R.
Let A > 0 be fixed. We want to estimate the u-measure of
Oy :={x€3R: N"(fdo)(z) > A}.

By the 5r-covering theorem of Vitali, there exists a family of disjoint
balls { B, }icr such that

O | J5B,, N3R,

el

with p(6B,, N3R) < C46,(3R)5r; for each ball B,,. Then we have

p(Q) < u(5Br, N3R) < 5C40,(3R) Y 7
78) (; (3R) 0 (;R)
< B\ < B\

< 2l Z/B Fldo 5 2 /mlflda-

.N3R

Thus N” and thus M§ are bounded from L'(c) into L' (u3r) with
norm < C6,(3R).

For 1 < p < o0, by inequality (7.4), the boundedness of M} from LP (o)
into LP(p35) with norm < C6,(3R) and the LP(o) boundedness of T, .
imply the boundedness of T3 . from LP(o) into LP(p) with norm <
C0,.(3R).



462 X. ToLsA

Let us deal with the weak (1,1) case. From (7.4) (with s = 1/2) we
deduce

p{z € 3R : Ty . (f do)(z) > A}
< pl{z € 3R MG(Tw(f do)/?do)(x) > C30,.(3R)AY/?}

+ p{z € 3R : Mi(f do)(z) > Cyr},

with C3,Cy > 0. The last term on the right hand side is bounded above
by CO,(3R)| fl|z1(s)/A because of the weak (1,1) inequality obtained
for M} . To estimate the first term on the right hand side we will use (7.8)
and we will apply Kolmogorov’s inequality: we denote

Qo :={z € 3R: N"(T\.(f do)"/?do) (x) > C50,(BR)AY/?},
and then we get

plx € 3R : My (Tu(f do)'/?)(x) > C50,(BR)NY?} < (D)

7
S5 [ |T(fdo)/? do
A\L/2 %
1 1/2
< 5 () PITf do)l| o
0, (3R)"/? 12
S A (Q0) IS5,
Thus 1£(Q0) S 0.(BR)||fl|z1(s)/ N, and we are done. O

The following result is probably well known, but we will also prove it
for completeness.

Proposition 7.8. Let v be a Radon measure on C. Let S be an operator
bounded on L*(v) with norm Na. Suppose that S and its adjoint S* are
bounded from L'(v) into LY:°°(v) with norm < Ny. Then, Ny < CNy,
where C is an absolute constant.

Proof: For 1 < p < oo, we denote by N,(S) and N,(S*) the respec-
tive norms of S and S* as operators in LP(v). By duality we ob-
viously have N3(S) = N2(S*) = Ni. By real interpolation we have
Nys3(S) < CN11/2N21/2, and similarly for S*: Ny/3(5*) < CN11/2N21/2.
By duality, the last inequality yields N4(S) < CN11/2N21/2. Then, by
complex interpolation, Na(S) < Ny/3(S)Y2Ny(S)/2 < CN{/*NJ/?,
which is equivalent to Ny < CY/2Nj. O
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Lemma 7.9. For R € Top,, and ® defined as in (7.2), Te,, is bounded
on L?(u|3R) with norm < C6,,(3R).

By Proposition 7.8, to prove this lemma it is enough to show that T's
is bounded from L'(p|3R) into L''*°(u|3R) with norm < C6,(3R). A
direct proof of the L?(u|3R) boundedness (by comparison of u|3R with
some appropriate measure supported on I'g) would be more difficult.

Proof: Let us show that T , is bounded from L*(u[3R) into L':>°(u|3R)
with norm < C6,(3R). Set {Qi}icr := Reg,(R) and let {Q;}ics be
p-doubling squares such that, for each i € I, @; is contained in and
concentric with Q;, and moreover 0, (Qs, Qvl) < C0,(3R) and %@iﬂFR +
@. Suppose that the order of the sequence {Q;};cr is non increasing in
size. We set x; := XQ\UZ! Qs For each ¢ € I we define

XG,nry (@)
pi(x) = it /Xif dp.
Hl(Qi M FR)
We have
I =Ixau, +foz- =:1g+b.

By the properties of the squares {Q;}i, supp(u) \ U; @i C I'r, and by
the Radon-Nikodym theorem,

pevU, @ = THT 4

where 7 some function such that 0 < n < C6,(3R). By Lemma 7.6,

Tjevy, o,.® 18 bounded from L*(u|C \ J; Q:) into L">°(p) with norm <

C0,(3R) and so

79) e s To0@)] > 3§ 22 g L0 [0
To deal with the term corresponding to b, we put
bdp =3 (fxidp—idHp, ) + 3 pidHr, =D vit ) pidHp,.
Observe that

Z/l%ldH%RZZ’/xifdu‘ §/|f|du.
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By Lemma 7.6 we obtain
0,.(3R)
,u{x Ty (;(Pi dH%‘R> (m) > )\} 5 HT

6,(3R)
S “)\ (FAIFAYPY

Z%‘

%

(7.10) LY (ML)

Now we turn our attention to T (", v;). We set

Since f dv; =0, for x ¢ 26@, by standard estimates, we get

(@ vl

T — z2

Tevi(2)| S T |

where z; is the center of Q);. Thus, by (2.1),

e
(Tavil du < vl / dy(z)
/cc 0\23, |7 — 22

<<%@menscaxwa/Wmﬂdw

To estimate the last integral in (7.11) we set

/~ |Tov;| du < /~ |To (i dHY )| dpe
2Q; 2Q;

Jr/~ T (xi f dp)| dp
Q:\2Q;

+/|nuﬁwmm:h+b+h

i

To deal with I; we take into account that ; is an L? function and @l is
doubling, and then we apply Lemma 7.6:

. 1/2 .
B S (@) ( [ Iratordt,dn) S @) ol o, omna,

i fllz )

< Ni 1/29 R 1/2
S (@) u(3 ) H'(20: N T'r)

S OLBR)IxifllL (-



THE CAUCHY TRANSFORM AND ODD CZO’s 465

For I> we use the brutal estimate

Xifllot ) ~
Taterdn) < DLW s e ag g,
and we obtain
1
L S Ixifllz / ——du
(w) 25:\Q: T — 2]

=0,(2Qs, 2@i)||Xz‘f||L1(u) SO.BR)Ixi fllLr(p)-

Finally, for Is we use that if x € @; then ®(x) = £(Q;), and so by
Lemma 7.3 (a), |To(xof du)(y)| < IxifllL1(u)/€(Qi) for any y € 2Q.
Thus,

2Q;
By 5 6 s G S 0B R) flo

()
From this estimate, (7.9), and (7.10), we deduce that Ts , is bounded
from L'(u|3R) into L'>°(u|3R) with norm < C6,(3R). O

Therefore,

di S 0 BRI fll L1 (-

7.4. L? boundedness of T, ..

Lemma 7.10. For R € Top, and ® defined as in (7.2), To .« is
bounded on L*(u|3R) with norm < C6,(3R).

This result is a direct consequence of a Cotlar type inequality proved
by Nazarov, Treil and Volberg. To state it we need to introduce some

notation. Given a Radon measure o on C and f € L (o), we set

— 1
Maf(m) B 78"218 O’(B(QZ, 37")) /B(x,r) |f| g

and

2/3
— 1
M, r)=sup | ———— 3/2 4o .
a3/2f( ) r>18 <O'(B(.’L‘,3’l")) /B(myr) |f| )

The following lemma has been proved in [NTV2, Theorem 5|. See
also [Vo, Theorem 11.1].
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Lemma 7.11 ([NTV2, Theorem 5]). Let o be a Radon measure on C,
and let S be a Calderdn-Zygmund operator with kernel s(x,y) which
satisfies (1.1) with constant Cs. For a fized Cy > 0, let

R(z) = sup{r > 0:0(B(z,r)) > Cor}, forzeC.
Suppose that the kernel s(x,y) satisfies
1 1
s(z,y)| < min (—, —)
Pl w7y RE)
for all x,y € C. Then there is an absolute constant A such that the
following Cotlar type inequality holds for any f € Llloc(o) and z € C:

S.(f do) () < A Cs[ My (S(f do)) @)+ (Cot 1Soll12(0),2(0)) Mo 2 )]

To prove Lemma 7.10 from the preceding Cotlar type inequality, we
only have to take S := Ts, 0 := p;3r and Cy := CO,(3R) and use
Lemma 7.9.

7.5. Proof of Lemma 7.1. By Lemmas 7.5 and 7.10 we have
1Rl 2y < IxnT0x Ocsrm)| 12 + COWBRINGBR)?

S 0,(3R)u(3R)'?. O

8. Estimate of } g perop_.xr{KqH, Kru)
Since supp(Kqu) Nsupp(Kgu) = @ unless Q C Ror R C @, we have

(8.1) Y. (KouwKpp)=2Re Y (Kou Kgp).
Q,ReTop,,:Q#R Q,ReTop,:QCR

As explained at the end of Section 6, to estimate the sums in (8.1)
we want to use some kind of quasi-orthogonality argument. We would
be very happy if the functions Kqgu had mean value zero, because in
this case we would use the smoothness of Krp on @ to conclude that
(Kou, Krp) becomes very small as £(Q)/¢(R) — 0.

However, the functions Kgu don’t have mean value zero. Indeed,
recall that

(82) Kou= Y,  Tup
M €ETree, (R)

and also that Ty = xapTnp, with n = J(M). Then, by the antisym-
metry of the kernel of T;, we have

(3.3) / Xt T (xar 1) dja = 0.
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Unfortunately, from this fact we cannot infer that Th;u, and so Kgru,
have mean value zero.

Nevertheless, the identity (8.3) becomes more useful if we replace M
by a larger square (keeping n fixed). Let us explain why. Consider a
square S € A, (w), with m < n, and then by antisymmetry we have
again

/STn(XS ) dp = 0.

Therefore,

> /TMudu=/STn(u)du

MeD, (w):MCS

= /5 Tn(xs p) dp + /S Tr(xc\s 1) dp

:/STn(X(C\S 1) dps.

Now recall that the kernel of T), is ¢, (z — y) k(z,y), and ¢p(z —y) =0
if [z — y| > 27"*1. As a consequence,

/S To(xe\s 1) dp = /S T (XU 41 oy ) At = — /U Tn(xsp) dp,

2—n+1(58)

where Uy —n+1(095) is the 27" 1_neighborhood of 95, which is a very thin
tubular neighborhood (we are assuming that £(S) > 27"). We obtain

3 / Togpidp| < [ Toxs | o (o o(Un—ns (95)),
MEeD, (w):MCS

and we should expect p(Us—n+1(0S5)) < p(S) quite often (i.e. averaging
with respect to dyadic lattices).

In order to implement this idea (or a variant of it), we operate as fol-
lows. Given @, R € Top,, with @ C R, there exists some P € Stop,(R)
which contains ). When we replace the functions Kqu by sums like the
one on the right hand side of (8.2), for each fixed R € Top,,, we get

Y. (BouwKpp)= ) > (Kop, Krp)
Q€eTop,,:QCR PeStop,, (R) Q€Top,,:QCP

Z Z <XPTnMaKR:u‘>

PeStop,, (R) n>J(P)
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To estimate the last sum we split each P € Stop,,(R) into squares S €
Dy (w), where m = m(J(P),n) is an intermediate value between n
and J(P) (for example, the integer part of the arithmetic mean of J(P)
and n). So we put

Q€eTop,:QCR

> > > xsTop, Krp)

PeStop,, (R) n>J(P) SEDy (w):SCP

Y Y (xsTulxsn), Krw

PeStop,, (R) n>J(P) SEDy, (w):SCP

+ Z Z Z (xsTn(xc\s1), Krp)

PeStop,, (R) n>J(P) SED, (w):SCP

(8.4)

= A+ B.

We will estimate the terms A and B separately. To deal with A we will
take into account that xsT'(xsu) has mean value 0 and Kpp is a smooth
function on S C P. To deal with B we will use the fact that x T, (xc\s#)
vanishes out of a thin tubular neighborhood of 95, as explained above,
whose average (with respect to w € ) p-measure is small.

9. Estimate of A in (8.4)

In the following lemma, given @, R € Top, such that Q C R, we
denote by R the square from Stop,,(R) which contains Q.

Lemma 9.1. For each w € Q2 and R € Top,,, we have
Al =AW, D] S 0,6R) > 27O, 30)u(Q).
Q€Top,:QCR

Proof: Since fs (xsp) dp = 0 (by the antisymmetry of T3,), we have

(xsTn(xsm), Krp) = /STn(XSM)(KRM — Krp(zs)) dp,

where zg stands for the center of S. Notice that, on each stopping
square P of R, the kernel of ki of K coincides with a smooth truncation
of k(z,y) which satisfies the gradient condition

|z — ']
(P) + |z —yl)*

\kr(z,y) — kr(2',y)| < (
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Hence, using (2.1), for € S one easily gets

|[Krp(w) = Knp(zs)l 5 /E,,R (o(P) f(s; —y

Thus, by the choice of m = m(J(P),n),

7 ) S TP)Q (3R).

[(xsTn(xsm), Krp)| < 2"”"](})”/29#(31%)/3ITn(XSM)Idu

527\717.1(19)\/29#(33)/ew(z) dp(z),
S

where we have denoted 0, ,(z) := p(B(z,27""2))/27" 2 Summing
on S we obtain

> Tl Ke £ 270 0120,6R) [ 6,00(2) dute).
SEDm(w):SCP P
To estimate A, now we organize the sums in trees

41<0,6R) S S 2l ‘/2/ () dpi()

PesStop,, (R) n>J(P)

DD DD DR R AC IO

PEStopw(R)n>J P) MeD,, (w):QCP
=0,(3R) > > > 27 AN=IRIRG (3M)u(M).
PeStop,, (R)Q€eTop,,,:QC P METree,, (Q)
In the last sum we have 6,(3M) < C0,(3Q) and
Z 2= ITAD=I(P)I/2 ) (A1) < 27 1T (@=T(B)/2 Q).
M €ETree, (Q)

Therefore,

AIS0,6R) Y Y 2 @TIPIRg, Q@)

PeStop,, (R) QeTop,,:QCP

=0,6R) Y, 27O, 30)u(Q). 0

QETop,:QCR
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Now we need to introduce some additional notation. Given R € Top,,
and k > 1, we define a family of squares Stop” (R) C D,, inductively: we
set Stopl,(R) := Stop,,(R), and for k > 2,

Stop® (R) = {Q : 3 R € Stop” ' (R) such that Q € Stop(R)}.
That is, Stop” (R) = Stop,, (Stop*~1(R)).
Lemma 9.2. We have
S @RS Y 0.6RPu®).
ReTop,, ReTop,,
Proof: From the preceding lemma we get

> AW R)

ReTop,,

5 Z GM(SR)/J/(R)l/Q Z 2_‘J(Q)_J(RQ)V2M@M(gQ)M(Q)l/Q

1/2
ReTop, Q€eTop,:QCR 'LL(R)

1/2
=Y Y e Y ML some)

1/2
k>1 ReTop,, QEeStopk (R) M(R)

In the last identity we used that if Q € Stop” (R), then |J(Q)—J(Rg)| >
k—1. By Cauchy-Schwartz, for each k¥ > 1 and every R € Top,, we have

1/2
1/2

> sEmneQuets| Y 4D
QEStopk (R) H QEStopk (R) H

1/2

x| Y 0.BQ%u(Q)

QEStopk (R)

1/2

< X B@| .

QEStopk (R)
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since Stopf)(R) is a family of disjoint dyadic squares, for each k > 1.
Using Cauchy-Schwartz again, we obtain

S AW, R)|

ReTop,,
1/2

Y N RMRY (Y 6,60PuQ)

k>1 ReTop,, QEStopk (R)

1/2 1/2

<3 2742 Y 0.6R)u(R) YooY 6.6Q°uQ)
k>1 ReTop,, ReTop,, QeStopk (R)
SO 2N GGRPR S Y 6.BRIP(R). O
E>1 ReTop,, ReTop,,

10. Estimate of B in (8.4)

Recall that, given F' C C, Us(F) stands for the -neighborhood of F'.
Also, for any n € Z, we denote

0Dy (w) = U 0Q.
QEDn(‘*")

Notice that Us(0D,,(w)) is the union of the tubular é-neighborhoods of
the vertical and horizontal lines of the grid which defines D,, (w).

Lemma 10.1. For R € Top,,, P € Stop,(R), we have

> > (xsTn(xc\st) Krp)

n>J(P) SE'Dm(pwn)(w)ZS’CP

(10.1) S0 IKreluef.(3Q)
Q€Top,,:QCP

X Z ,u(QﬂUQ—wA (GDm(pﬂn) (w)))l/Q,
n>J(Q)

where we have denoted m(P,n) := [(n + J(P))/2].
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Proof: Observe that xsT,(xc\su) vanishes out of
Uy-nt1(0S) C Ug-nt1(0Dpy(pn) (W),
and for z € M N Us-n+1(0S), M € Dy (w), we have
IXsTn(xc\s1) (@) S 0, (3M).
Thus the left hand side of (10.1) is bounded above by

cyY ¥ ¥ aem]| K ]

n2J(P) SEDm(p) (w): MEDn (w): 2=n+1 (0D (p,n) (@))NM
ScP cs

|Krul du

S 6.6Q)

Q€Top,,:QCP MGTreew(Q)

S O). 6.6Q) Z/ | K rpl dps,

QGTopw:QCP n>J(Q Uy—n+1 (0D (p,n) (w))NQ

/UQ[(]\/I) (0D (P, (W))NM

and so the lemma follows from Cauchy-Schwartz inequality. O

Given w € , and @, R € Top,, with @ C R, we denote

1/2

(102)  pogr={ Y #(@Q@NUsut1(0Dm(rymw)))
n>J(Q)

Recall that Rq is the square from Stop,, (R) which contains Q.
Lemma 10.2. We have

1/2

> IBw,R)|S| > 0.R)’u3R)

ReTop,, ReTop,,

D D D B eenr

k>1 \ ReTop, QeStop” (R)

1/2

Proof: From the preceding lemma we get

> BwRIS Y o IKgAlli0) 00 3R G.R

ReTop,, ReTop,, QeTop,,:QCR

_ 1/2 MErpll2wie 1/
=3 Y 0.B8RuBR) > 5. GRBR)E 0,(3Q) 1.0 r-
k>1 ReTop,, QEStopk (R) K



THE CAUCHY TRANSFORM AND ODD CZO’s 473

By Cauchy-Schwartz and since, by Lemma 7.1, we have
Z HKRMH%Z(MQ) = ||KRM||%2(H) S 9u(3R)2N(3R)7
QEStopk (R)
for each k > 1 and every R € Top,, we get

K
H RMHLz(mQ) (3@) 1/2

1/2 # Hy,Q,r
csiomt () BRIRBE)

il .
Krp L2(
< 1|Q) 0. (3 2 »
QEStopk (R) QEStopk (R)
1/2
S, 0BQPeon
QEStopk (R)
By Cauchy-Schwartz again, we obtain
S Bw, R)
ReTop,,
1/2
<Y D GBRMGRZ Y 0.6Q) mar
k>1 ReTop,, QEStopk (R)
1/2 1/2
<3| 3 6.6R?2uBR) Yo Y uBQluonr|
k>1 \ ReTop,, ReTop,QeStopk (R)
and the lemma follows. O

The next step consists of averaging the estimates obtained in the pre-
ceding lemma for »pcp, |B(w, R)| with respect the probability mea-

sure p defined by the normalized Lebesgue measure on Q = [0, 2V F1)2.
Lemma 10.3. We have
/ Rl 5 3 0,(R
wen RETop RETop

In this lemma and its proof, the symbol ~ is written above the squares
that belong to the family Top (which, in particular implies that they do
not belong to D(w), in general).
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Proof: By the preceding lemma we have

1/2

/Q Rldp@) S [ 3 0,08

ReTop,, EETOP

(10.3)
1/2

X Z/ 0,(3Q)pwor | dp(w).

k>1 RETopreStopw(R)

We will show that the integral on the right side is bounded above by
~ ~\1/2
some constant times 27%/2 (ZEeTop 9#(R)2u(R))
For k > 1, and @ € Top,, let RZ € Top,, be the square such that

Q € Stop"(R) (in case that it exists). By Holder’s inequality, for
each k£ > 1 the last integral in the preceding estimate is bounded above
by

(10.4)
1/2
/ 0,(3Q) . dp()
Q ReTop,, QEStopw(R)
9 1/2
/ S 0u(3Q| X QU (9D, gy (@))?] dple)
QETopw n>J(Q)

=: I;/2.

For the first identity, look at the definition of p,, o r in (10.2) and observe
that if @ C Rg, where Rg € Stop,,(R) and Q € Stopﬁ(R), then @ €
Stopy, ! (Rq)-

Notice that for every w € )

)RR DD DR

Q€Top,, éGTop QETOPW :
QnG+#2,
2(Q)=4(Q)

and for each C~2 € Top there are finitely many squares ) € Top,, which
intersect ) with the same size as @), and moreover in this case 6,(3Q) ~
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0,,(Q). Thus we deduce
(10.5)
LS Y 6.Q)7

éGTop

~ 1/2
< Y [ aB@N U @D, @) | dble)
QeTop.: "% |15 (@)
QNG+2,
£(Q)=£(Q)

To deal with the term inside the integral we apply Cauchy-Schwartz:

(10.6)

~ 1/2
Z M(3Qﬂ UQ’"Jrl(a,Dm(Rg*l,n)(W))) /
n>J(Q)
< Z~2("7J(Q))/1OIU/(SQQU27H+1(apm(R(gil’n)(w)) Z}(an(Q))/lO
n>J(Q) n>J(Q)

_C Z 2(n=7(@)/10,,(3Q N Us-n1 (9D gt 1y (w)).

n>J(Q)

From the fact that @ € Stop, ™' (Rf; "), we infer that £(R¢,™") > 2 14(Q).
In other words, J(Réﬁl) < J(Q) —k+1, and so

m(Ry ) < [‘](Q”g‘k“] _ lJ(Q)Jr;l—kJrl

This implies that
aDm(zz’gl,n) (w) C aD[J(@HQn—Hl] (W)

Then, by (10.5) and (10.6) we get
(10.7)
LS Y 60.Q)

éGTop

« 3 gnI @) / (30 01 U0 (0P sigrsposan ) () dp(e)
. Q 2
n>J(Q)
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By Fubini it is easy to check that for every square Qg C C and all 6 > 0
and m € Z we have

| 1@ N USOD () d) < 570l

Therefore, we deduce
/ .“(3@ N UT"’“(aD[J(QHn—kH] (W)) dp(w)
Q 2

277’1

<2
~ 9l=J(Q)—n+k]/2

1(3Q) = 2l QI/29-k/2,303).

Now we plug this estimate into (10.7) and we take into account that Q
is doubling;:

LS ) 6,Q7u(3Q) Y 22 @/sgki

Q€Top n>J(Q)

<272 37 0,0)u(@).
éGTop

By this estimate and (10.3), we are done. O

11. Proof of the Main Lemma 4.1

This is a straightforward consequence of Lemmas 7.1, 9.2 and 10.3.
Indeed, remember that in Section 6 we showed that
2

ITullZzg S (@) +|[ D Krn

ReTop,, L2(p)

= M((C) + Z HKRMHi2(#) + Z (KQ,U,KR,U>-
ReTop,, Q,Re€Top,,:Q#R

By Lemma 7.1,

ReTop,, ReTop
and by Lemmas 9.2 and 10.3,

/Q S (Kou Krp)| dp(w) S > 0.(R)*u(R).

Q,ReTop,:Q#R I~2€T0p
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Thus,

ITpl 72 S €+ Y 0u(R)’u(R) S p(C) + ¢ (p). O
I~3€T0p

12. A final remark

With some very minor changes in the arguments used for Theorem 1.1,
one can prove the following (slightly) more general result.

Theorem 12.1. Let 1 be a Radon measure without atoms on C. Sup-
pose that the Cauchy transform C,, is bounded on L*(u). Let k(z,y) be
an antisymmetric 1-dimensional Calderon-Zygmund kernel and let T be
the associated Calderdn-Zygmund operator (as in (1.2)). Suppose that,
for any AD regular curve I, TH% is bounded on L*(HL), and its norm is
bounded above by some constant depending only the AD reqularity con-
stant of T' and the constants C, n appearing in (1.1). Then T, is also
bounded on L*(p).
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