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BESOV SPACES AND THE BOUNDEDNESS OF
WEIGHTED BERGMAN PROJECTIONS OVER
SYMMETRIC TUBE DOMAINS

DANIELE DEBERTOL

Abstract

We extend the analysis of weighted Bergman spaces AL’? on sym-
metric tube domains, contained in [2], to the case where the

weights are positive powers Ag = AJ17%2 . .. AiT_TiSTAff
of the principal minors Aq,..., A, on the symmetric cone 2. We

discuss the realization of the boundary distributions of functions
in A9 in terms of Besov-type spaces B5’? adapted to the struc-
ture of the cone. We give a necessary and a sufficient condition on
the values of p, ¢ and s for which this identification between AZ’9
and BY'? holds. We also present a continuous version of these
latter spaces which is new even for the case s; = -+ = s, con-
sidered in [2]. We use these results to discuss multipliers between
Besov spaces and the boundedness of the weighted Bergman pro-
jection Ps: LE'? — AER9. The situation in the rank two case is
specifically dealt with.

1. Introduction

Let Q be an irreducible symmetric cone inside a real vector space V of
dimension n endowed with the structure of a euclidean Jordan algebra
with identity e. In particular, €2 is self-dual w.r.t. the inner product

(x| y) = tr(zy)

on V. Asin [7], we shall define » = rank(V) and A, to be the j-th
principal minor on V, 7 =1,...,r. Then, we can write

Q={zxeV:Ajx)>0, j=1,...,r}

When s = (s1,...,s,) € R", the generalized power function Ag is defined
on 2 by

(1.1) Ag = A% AT

r—1
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We refer to [7], [2] and Section 2.1 below for a more detailed description
of these notions.

The family of Bergman spaces A2 on the tube domain T =V +i Q)
over the cone 2 will be defined with respect to the weights Ag. The main
concern of this paper is the boundedness of the Bergman projection
Ps: L% — AP9. This operator has an explicit kernel given by the
formula

Ku(z,0) = dS)A_, (2 2 (’Z — w)

for some constant d(s), once Ag functions have been suitably extended
to Tq (see (5.2)).

The goal of this paper is twofold: first, to develop a continuous ana-
logue of the techniques associated with Besov spaces for the cone, pre-
sented in [2], and second, to generalize some of the topics covered there
in the special case s = (s1,...,8,) = (v,...,v) to the wider family of
weighted Bergman projections Ps, when s # (v,...,v). In the end,
both of these aspects will be seen to rely onto the following remark: the
triangular subgroup 7" in the Iwasawa decomposition G = TK of the
structure group G of Q is sufficient to perform the analysis of many of
the results in [2]. That is, in this paper we show that the K part of G
can be made to play no role whatsoever.

In this context, the class of Ag weights is the natural one to be con-
sidered: in fact, one can see that generalized powers exhaust the set of
continuous and positive homomorphisms of T', see [10, 2.4], while group
homomorphisms of G must be of the form g — AZ(g -e). Moreover,
Ag functions naturally arise in related analytic issues connected to rep-
resentation theory, see e.g. [7].

We begin with the study of the Bergman spaces AE4(T,) associated
to the tube domain over € in the complexification of V, To € V€. These
are defined to consist of the holomorphic functions F' on T, which satisfy
the weighted and mixed-norm integrability condition

(12) ||F||Lg,qi< L |F<m+iy>|pdm)%As<y>Afyy)¢> < +o0.

We shall show in Theorem 2.15 that A2? is non-trivial if and only if
sp> (=17

Q=

i =1
= forevery y=1,...,7.
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The key tool in our analysis of Bergman projections is a continuous
version of the Whitney decomposition used in [3], [1], [2], adapted to
the geometric-invariant structure of the cone 2.

To introduce our framework, let T* denote the adjoint group of T
and dr the left Haar measure on T*; further, for 1} € C*(Q)and 7 € T,
define

r = F 7 (bor ).
Then, under a normalizing condition on v, we will show in Proposi-
tion 3.2 that for Schwartz functions f with f supported in Q the fol-

lowing continuous version of the Littlewood-Paley decomposition holds
true:

(1.3) = f*,dr.
T*

One is led by (1.3) to consider the following norm on Sg = {f € S(V) |
f is supported in Q}:

q

(1.4) I fllgrae = (/T As((Te)_l)Hf*¢r|\qu(v,dz) dT) ’

and to introduce a family of homogeneous Besov-type spaces BY'¢ as the
completion of Sg w.r.t. the norm in (1.4).

Note that the norm in (1.4) is defined in such a way that it enjoys the
same invariance properties of the A2? norm under the action of elements
of T, see (2.4) and (3.17); on the other hand, the normalization chosen
for the s indices is convenient in order to deal with AZ¢ spaces, but
it does not always match the standard notation in the literature, for
instance when n = 1, see e.g. [15].

We want to stress that it is possible to define a discrete version of the
Besov spaces BP9 as well, following step by step the construction in [2]
for the case s = (v,...,v). In fact, we shall show that the two versions
of Besov spaces coincide, up to equivalent norms. The path we follow
is to concentrate on the new presentation of BY'9: as a consequence,
when the need occurs for results which are clear generalizations of the
corresponding statements in [2], we will often quote them without proof,
just adding some extra details if appropriate.

The main advantage in the new presentation of B¢ lies in the fact
that it is best suited to exploit the simply transitive action of T on €2,
for T* is a group, while generally the Whitney lattice underlying the
discrete decomposition given in [2] is not. This will become apparent in
the multiplier Theorem 3.17, for instance, and above all in the final part



24 D. DEBERTOL

of the paper, when limiting arguments based on Corollary 4.7 come into
play.
For the reader’s convenience, we summarize below some results about

Besov spaces scattered through the paper. Most of them are straight-
forward generalizations of the corresponding results in [2].

Theorem 1.1. Lets € R", 1 < p,q < 4+00. Then,

1) BP? is a Banach space, independent of the choice of ¥, up to
equivalent norms.

2) B2 can be identified with the space of equivalence classes of tem-
pered distributions on V. with finite seminorm (1.4) and whose
Fourier transform is supported in Q, modulo Sha-

3) If 1 < p,q < +oo, the dual space of BP'? can be identified with

B’i/(’g,/fl)s by means of the usual pairing.

The continuous version of Besov spaces will also allow for a treatment
of multipliers between Besov spaces which, apart being highly suited
for the functional calculus of box operators (1%, provides a new, unified
formulation of this part of the theory.

The remaining part of the paper deals with the boundedness of
Bergman projections. That is, we consider the orthogonal projector
Ps: L2? — A2?, and we ask for the existence of bounded extensions
into LZ"? spaces.

In the general case of tube domains over symmetric cones, the hint is
given by the Paley-Wiener Theorem 2.7 for A22: a function F' € A2?
can be written as the Fourier-Laplace transform F' = Lg of a unique
distribution (actually, a locally square-integrable function) g € B2?2.
Note that in particular g € S’(V) is defined on the Bergman-Shilov
boundary V x {0} of Tq.

Therefore, we plan to exploit the Cauchy extension operator £ = LoF
on Sg. To begin with, we need a restriction in the indices so that £ is
well-defined from B?'? into Hol(Tq). As in the case of [2], we will show
that for 1 < p,q < 400 this can happen if and only if the distribution
F~1 (1ge=(¢1)) belongs to the dual Besov space (BP')" ~ Bg(’;}:q)s’
which is equivalent to say that

d .
< Oup) = min S22 =d)
R ey
+
Under these assumptions on p, ¢ and s, we can prove the next result,
which embodies the concept of boundary values.
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Here the first two statements generalize Theorem 1.7 in [2] to the
family of Ag weights. The last part deserves greater relevance, since it
does not have a counterpart even when all indices are equal. This result
makes a fundamental use of the continuous notation for Besov spaces
(see Corollary 4.7 for the proof).

Theorem 1.2. For every F in ARY there exists a unique distribu-
tion Fy € BP? such that F = E(Fy). Moreover,

1) limgosy—o Fy = Fo both in norm of B2 and in S’ (V).
2) There exists C > 0 s.t. |[Fo||gra < C||F|| gp-a for every F € A1,

3) If 0 ve C°(Q) is everywhere non-negative, there exists a(1) >0
s.1.

(1.5) Fo=a(y)™! F .1 x9.dr

T*
distributionally, for every F € AP,

We can sloppily state Theorem 1.2 by saying that £71: A4 — BP:4
is a one-to-one bounded operator, and we shall show in Corollary 4.7
that it also has a dense image. Therefore, two questions may naturally
be raised:

i) When is £7! an isomorphism?

ii) Is there a choice of 1 s.t. £~1 can be extended to a bounded oper-
ator ws defined on all of L29 with Ps = £ o ws?

Note that i) holds iff £(BE?) C Ap?iff £: BP9 — AP? is bounded iff £
is an isomorphism from B¢ onto A9

Moreover, we shall show that i) is in a sense equivalent to the state-
ment of ii) w.r.t. the dual indices p’, ¢/, under some additional assump-
tions.

Indeed, a limiting argument exploiting the arbitrariness of ¥ in (1.5)
will allow to define ws on the core B2? as the (Hilbert) adjoint of £, so
that in Corollary 5.2 we will be able to prove that ws essentially is the
(Banach-wise) dual operator of £ for general p, ¢ and s.

Finally, self-adjointness of Ps and the relation

Ps=Eouwsg
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will provide a proof of the following result, where we let

Sj(jl)%l>

¢s(p) = min{p,p’} min |14 — ;
J=Lir 5(r—14)

s; + 1
ps=1+ min ——r——
i=lr ((r—j) & fsj)Jr

Theorem 1.3. Let s; > (j — 1) for every j =1,...,r, and assume

that 1 < p < ps, ¢4(p) < q¢ < Qs(p). Then, the following properties are
equivalent:

1) Ps admits a bounded extension from LE? onto AP1.
2) & is an isomorphism from B2 onto AL1.

We shall have occasion to discuss the significance of the indices ¢s(p)
and ps later, at least in the special case of rank two, that is, for n-di-
mensional forward light cones. About their relation to this and other
questions for higher values of r (but in case s = (v,...,v)), correspond-
ing to different levels of difficulty in the original problem, we suggest
reading the survey paper [5].

Theorem 1.3 states quite clearly that the existence of bounded exten-
sions of Ps into L2? is strictly related to the characterization of boundary
values for functions in A2 as distributions in BY"9. Therefore, we shall
investigate necessary and sufficient conditions for i) to hold, i.e., such
that the operator £ be an isomorphism from B¢ onto A9,

To this aim, the better contribution to proving positive results comes
from Littlewood-Paley inequalities as in Lemma 4.8 of [2] (see the proof
of Theorem 4.8), which is where the stronger restriction imposed by gs(p)
is needed.

When s is constant, this produces sharp results for 1 < p < 2,
see [3], [2], while more sophisticated techniques must be used for p > 2
(see Section 5 in [2]).

A main difference in this paper is that, when s is non-constant, the
sufficient conditions of Corollary 1.4 below are no longer known to be
sharp even for p = 2 unless r = 2 (see Corollary 5.9).

Necessary conditions originating from two different ways of producing
counterexamples are summarized in Corollary 4.10. Note that the index
Gs(p) occurring there is not smaller than ¢s(p) (and generally strictly

bigger).
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Conclusions about Ps are gathered below. When p = ¢, some weaker
results than those presented here for tubes T were obtained in [4], but
for a more general class of domains.
Corollary 1.4. Let s; > (j —1) i:ll for every j =1,...,r, and assume
that 1 < p < ps, ¢.(p) < ¢ < Qs(p). Then, the following facts are true:

1) Ps is bounded on LEY if ¢ < gs(p).
2) Ps is unbounded on LP? if p < pL or if ¢ > ¢s(p), and even when
q=14s(2) ifp>2.

As (5.4) and (5.12) show, the conditions ¢ < Qs(p) and p < ps trivially
have to hold if Ps is bounded.

Note that ps plays no role in case s = (v,...,v), for then v > 2 —1
is automatically satisfied, and ps = 400 in this case.

This also means that the case studied here encompasses the one
treated in [2], at least when r > 2: in fact, for the special case of light
cones, the authors of [2] can use recent progress on the cone multiplier
problem (see e.g. [14]) to obtain sharp results when p is sufficiently large.

In the final part of the paper we briefly address the situation in the
rank two case, pointing to the gap left open between positive and nega-
tive results when s; # so.

Finally, I want to express my appreciation to Professor Fulvio Ricci
for his advice and warm encouragement throughout the preparation of
this work. I also wish to thank the referee for many suggestions which
helped to improve the presentation of this material.

2. Preliminaries

2.1. Notations and basic facts.

We introduce the notation and a list of technical results on symmetric
cones, mostly taken from [7], [2]. As a guideline, the reader might think
of Q as the cone of r x r real and positive-definite symmetric matrices.

e (2 is an irreducible symmetric cone inside a vector space V with
inner product (- | -) and real dimension n.

e V is endowed with a Jordan algebra structure with identity e such
that (z | y) = tr(zy).

e The rank r of (2 is the cardinality of any Jordan frame of V. We
fix a Jordan frame (c1,...,c,) through the rest of the paper.
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(2.1)

(2.2)
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V' =,<i<j<, Vij is the Pierce decomposition associated with the
Jordan frame (c1,...,¢r), with Vi; = sp{¢;} and dimp V;; = d if
i < j, so that %71:@.
Aq,..., A, are the principal minors of V' w.r.t. the fixed Jordan
frame. Aj; is a homogeneous polynomial of degree j. A, = A is
the determinant function.
Ag = AT (Ao /A1) ... (A/A,_1)"" is a generalized power on €,
for s e R".
G is the identity component of the group {g € GI(V) : g(Q) = Q}.
G = NAK is the Iwasawa decomposition.
K =GN O(V) is the stabilizer of e in G.
T = NA is the triangular subgroup associated to the Pierce de-
composition of V.
T acts simply transitively on 2. That is, themap T >t — t-e € Q)
is a diffeomorphism (Gauss decomposition).
If P denotes the quadratic representation of V', we have A = {P, |
a=>_,a;c; €Q}, and

A((nP,) - x) =a?*" -...-a** Ag(x), VneN,P, cA.
A is also invariant under K. Moreover,

Detg=A(g-e)r, Vgeq.

The G-invariant measure for €2 is given by

- dy
meas(B) = /B OB

We say that s > t if and only if s and t both belong to R" and

they satisfy s; > t; for each j € {1,...,r}. Similarly for s > t.
n_j

e go is the r-tuple whose j-th component is %(j -1)=0U-1)=—.

T

e The generalized Gamma function is defined for s € C" and y € 2

(2.3)

by
d
Ta(s;y) = /Q e*(f‘y)As(g) A(éé)% .

The integral is absolutely convergent if and only if fes > go, and
in this case

Ta(s;y) = Ta(s)As(y™),

where we let o (s;e) = T'q(s).
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e For y € Q, we have
As(y™) = AL, (y),

where A;f denotes the j-th principal minor w.r.t. the rotated Jordan
frame (¢y,...,c1) and s* = (8p,...,51).

e d is the Riemannian G-invariant distance on {2 whose associated
metric agrees with (- | -) on the tangent space at V in e. B(¢,9) is
the d-ball of radius ¢ centered at & € €.

Finally, if A, B > 0, we write A <. B meaning that A < C(¢)B; A ~. B
stands for both A <, B and B <. A.

Also, we say that a function f: ) — R, is locally almost constant
if £(£) ~s f(n) whenever d(£,n) =< 4§, so that we can quote the following
result:

Lemma 2.1 ([2, 2.4, 2.9]). The principal minors are locally almost
constant. The same is true for the functions (- | y) on Q, uniformly
fory € Q.

2.2. The Bergman spaces AP*9.
We define the tube over € in the complexification VC of V as follows:
To=V+iQcVE

Definition 2.2. For p,q € [1,400] and s € R", let LE? denote the
(Banach) space of measurable functions on Tq such that

1£llzge = (/ (/V |F<ac+z'y>|?dac)%A«»ﬁ)é < +o0,

and define the Bergman space AE'? as the subspace of LE? formed by
its holomorphic functions,

AP = LP9 ( Hol(To).

Of course, dxr and dy are the usual Lebesgue measure on V', so that
A(y)~ 7 dy is the “left Haar measure” on Q, as already noted in (2.2).

The choice of Ag entails that a particular Jordan frame (cq,...,¢,)
has been fixed, once and for all.

Note that A2°° is the Hardy space H? over the tube Tq, indepen-
dently of the choice of s.

As a matter of notation, we will name elements of AP? by capi-
tal letters, such as F, and by F, their sections in LP(V,dx) at fixed
height y € Q.
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We will now quote a result from [3] whose content asserts that in
the special case of rank 2 and constant s, A2¢ is a Banach space. The
proof can be easily extended to our general situation. It relies on the
fact that convergence in the norm of L2'9 subsumes uniform convergence
over compact subsets of Tq, and on the following homogeneity property
of the AZY norms (t€ is the extension of an element t € T to VC by
linearity):

(24) ||F OtCHqu = ||F||A§,0(Det t)_EAs(tile)E.

Proposition 2.3 ([3, 4.2]). Let F belong to A>?, uw € [p,+oo| and
w € Q. Then,

(2.5) [Fwllze(viae) = 1] ageAs(w) ™ Alw)

In particular, A2? is a Banach space.

303

(

el

).

B =

In the next statement we collect for future reference some standard
material on Bergman spaces. For the sake of clarity we sketch the proof,
which is patterned after the theory of Hardy spaces on tube domains,
see e.g. [16, II1.5.7].

We shall see later that we can be dispensed with the condition on s.

Proposition 2.4. Fiz F' in A2? for somes > 0, and let u be in [p, +00].
Then,

1) For w € Q, the function F*(z) = F(z + tw) is in H", with
(2.6) 1E™ [l = [|F|aga A (w) ™7 Afw) *
2) For y € Q, limy—qo0 F(z +iy) = 0, even uniformly as long
as y varies over compact subsets of ). In particular, F, belongs
to C()(V)
3) If > denotes the partial order on V induced by Q, that is,
e & 2 eq,
then the function
€ (Q,>) — [|Fyll e (v,a)
is decreasing, and moreover Fy — Fy in L*(V,dx) asy' \,y in Q

w.r.t. >.
4) If, moreover, q < +0o, we have that
F= lim Fv
Q3w—0

exists in AL, In particular, A2YNH" is dense in ALY, for every
u € [p, +o0].
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Proof: Since Ag is increasing if s > 0, see [10, 3.8], by Proposition 2.3
we have that for every y € Q

I(F)yll v (vide) = 1 FwtyllLuv,de)

= FllagrAs(w+3) "1 Adw +y) F (E77)

_1 n(1_ 1
<Pl agrDa(w) 5 Adw) F (5 75)

)

and we are done. 2) follows from the mean value theorem for holomorphic
functions and (2.4), and finally 3) is a direct consequence of 1), 2) and the
general theory of Hardy spaces over tubes. 4) is an immediate corollary
of 3). O

2.3. The Laplace transform and A29.

The aim of this section is to prove a simpler characterization of A2>¢
when p = 2, in the fashion of classical Paley-Wiener type of results.
We start with recalling the definition of the Laplace transform:

Definition 2.5. For a measurable complex function g on €2, define Lg,
the Laplace transform of g, as

seTor— [ C19g(e)ds
Q
whenever this integral is well-defined.

Note that we make use of the sesquilinear extension (z | w) to V¢ of
the real inner product on V.

Also note that upon normalizing the inverse Fourier transform on V'
by

(Flg)e) = [ () de,
1%
we have that

(2.7) (Lg)y = F He W)
for every y € €.

The classical Paley-Wiener theorem states that (27)~"L is a unitary
map of Hilbert spaces between L2(£2,d¢) and H?. Following [3, 7.1], we
shall presently see how to suitably modify the domain to obtain A2/ as
a range.

Recall the definition of gg and its connection with I'g:

d
go = (,(3—1)5,) forj=1,...,r
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Definition 2.6. For 1 < ¢ < 400 and s € R” with s > go, let LI()
denote the space of complex, measurable functions g on §2 such that

28) llgllzo= (#() L (Lo i) a j;ﬁ:) <+o0.

Notice that we may equivalently replace y by cy for any constant ¢ > 0
in the definition above, by homogeneity.

Moreover, LI(2) clearly is a Banach space, since it can be identified
with a closed subspace of a weighted Lebesgue space with mixed norm.

gs1+:ter

1
T(S)) " (2m)7"L is a surjective isometry between

Theorem 2.7. (
Ls(Q) and A24.

Proof: First of all, we verify that £ is well-defined: if g is in LI(2), by
Lemma 2.1 and invariance we have that for any w in €

_ B dy
+00 > [|g[[%4 t/ </€C(y6)g§2d§) As(y
1901790 st Us (&) ( )A(y)

= Auw) [ . ( / e<”~"'£>|g<s>|2dg>g Aéj/)

= As(w)lle” M gl|T2 0 e,

sl

sl

and thus in particular
le= gl a0y % le™(E M gllaoy AGw) ~F < +oc.
Also, (2.7) gives the equality

1
ol Tals) \*
(2.9) 1£g]| 42.0 = (27) (7281+M+8T> lgllLs ()

by the very definition of the norm on LI(€2). Note that (2.9) and the
classical version of the theorem for the Hardy space H? quoted above
imply that the range of £ contains A2% N H?, which is a dense subspace
of A29 by Proposition 2.4.4). Since LI(Q) is a Banach space, this is
sufficient to conclude. O

Note that L2(Q2) = L*(Q, Ag(¢71) d€) with equal norms, so that in
the previous theorem we have a unitary map between Hilbert spaces.
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Also, equation (2.8) is meaningful for ¢ = 4+00: however, L°(Q2) =
L?(Q,d¢) with equal norms, by Fatou’s lemma, and independently of s.
Consequently, Theorem 2.7 could have been stated so as to formally
include even the classical H? case.

Corollary 2.8. A%7 #£ {0} fors > go and ¢ < +oo.

Proof: Simply note that 1p(e,1) belongs to LZ(€) in the stated hypothe-
ses, by Lemma 2.1. O

2.4. Non-triviality of AP9.

We shall see later that the condition in Corollary 2.8 is even necessary
for the non-triviality of Bergman spaces AP? for all p’s, if ¢ < +o0.

This is a result which does not seem to appear in the literature in this
generality, so we include it in this subsection.

In order to be able to exploit the Laplace transform on some concrete
examples, we want to extend A;’s to VC, and this can simply be done
by complexifying coordinates, for A; is a homogeneous, real polynomial
of degree j, see [7].

To quote efficiently the next result, we also define Ag =1 on VC.

Lemma 2.9 ([10, 7.3]). Let z belong to Q + iV and j to {1,...,7}.
Then, A;(z) # 0, and the real part of A?i(lz()z) is strictly positive.

The previous lemma accounts for the problem of choosing the appro-
priate determination of the argument to enable the definition of gen-
eralized powers as holomorphic functions on —iTg: for s € C" and
z€Q+1V, let

Ag(2) = Aq(2)™ <§?8)2 <%f()z))

where we consider the principal branch of log to determine the complex
roots.

The new definition of Ag provides for an analytic extension of (1.1),
since the two formulas agree on 2. Actually, we may also show that it
gives the analytic extension of (1.1) to € + ¢V, and since we will need
similar unicity results frequently later, for convenience sake we recall the
basic lemma we make use of:

Lemma 2.10 ([7, IX.1.1]). Let W be a real, finite-dimensional vector
space, and A an open subset of WC. Assume that G is a holomorphic

function on Ax (—A), where  denotes conjugation, and that G(z,—%) =
0 for all z € A. Then, G is identically zero.
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We now have at our disposal all the necessary tools to evaluate the
Laplace transform of some specific functions. A careful reading of [11]
would reveal that a similar statement, but holding for homogeneous
cones, can be found there.

Proposition 2.11. Fort € C", let

Fy(€) = 1a(&)e” O A_g(e7H)A(E)~
Then, LFy is pointwise well-defined if and only if Ret* > go, with
(2.10) (LFy)(z) =Tq(t")A_¢(e —iz) (z € Tq).
Moreover, for s > go, we have that LFy belongs to A2? if and only if

2§Ret*>s*+g0+(ﬁ,...,ﬁ).
r r

n
T

Proof: The first statement is a direct consequence of (2.3), so that by the
above lemma we need only verify equation (2.10) for z = iy, with y € Q.
In this case, the formula follows again by (2.3). The final part of the
result is obtained by Theorem 2.7, since the L2 norm of Fy can be easily
evaluated. O

Corollary 2.12 ([10, 7.8]). Lett € C" and y € Q. Then,
)= [ 1Aty + i) ds
1%

converges if and only if Ret* > gg + (%, ..
(2.11)

Ji(y) =

. %), and in this case

(271_)2712717?}38 (t1+'--+tr)rﬂ (%6 t* — (ﬂ, ey ﬂ)) 9
r T A_ A .
T |A—e(y)|A(y)

Corollary 2.12 allows one to compute the following integral, whose
first evaluation is in [11]:

dy
Ay)*
converges absolutely if and only if Re (s +t) < —gg and Res > go. In
this case,

Gst(u) = A Ag(y +u)As(y)

- T'g (S)FQ(*(S + t)*)
N Lo(—t*)
There still is another peculiar integral that can be explicitly evaluated
on 2, the so-called Beta integral, defined for s and t in C” and u € €2 by
the formula

(2.12) Got(u) Asre(u) (u€ Q).
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It is a well-known result, see e.g. [7, VIL1.7], that the beta integral
converges absolutely if and only if both Res and Re t are strictly bigger
than g, and in this case

_ Pa(s)'a(t)

(213) Bs,t(u) = FQ(S n t) As_;,_t (U)A(u)_% .

We can now extend the result in [3] about non-triviality of Bergman
spaces to the present setting. We shall first show the “if” implication.

Proposition 2.13. Let1 < g < 400, s€ER" and assume that AL?#£{0}.
Then, s > go.

Proof: We distinguish between two cases: either s > 0 or not. Assume
first the former condition to hold, and pick F in 427\ {0}. Then,
| Fellp > 0, otherwise by Proposition 2.4.3) we would get that F = 0
on V + i(e + ), and by holomorphicity, F would be identically zero
on Ty, contradicting the initial choice. Thus, applying Proposition 2.4.3)
once more, we find that

dy
Aly)~

° ”Fe”g/m(esz) As(y)A(y)%

= ||Fe||ng,(g7,,,,%) (e),

00> [[Fll % = [ 15,150 (y)

and therefore the result above about the beta integral applies. So, only
the case with s 22 0 remains to be considered. For arbitrary F' € AP,
define G = e(1®) F. We claim that that there exists t € R” with t > 0
and t # go such that G € A%, Once this is shown to be true, G is
identically zero, by the first part of the proof, and consequently F' is
also. But
dy
Aly)’

IGllige = [ "I 38

and
1Ey NI = F e As(y)

for every y € Q by (2.5), so that ||G||4r.« is indeed finite whenever
t > s+ go, by (2.3). Now, s 22 0 means that there exists j € {1,...,r}

with s; < 0: let ¢; = [s;| + % if I # j and t; = @ to conclude. O
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We shall see in a moment that in fact, if ¢ # 400, the condition on s
is also sufficient. A stronger result, which can be adapted from the proof
of Corollary 4.5 in [3], is the following:

Proposition 2.14. Lets, t in R" be strictly bigger than go and q # +0oo.
Then, Ay N AL is dense in AL,

On the other hand, it is also possible to give a direct proof of the
characterization of the non-triviality of A9, a result which already is
in [3] for light-cones, with the additional assumption s = (v, ..., v).

Theorem 2.15. Let 1 < ¢ < +00, 1 < p < +o0 and s € R". Then,
A9 4s non-trivial if and only if s > go.

Proof: The necessary condition has already been proved in Proposi-
tion 2.13, while for the sufficiency part it is enough to show that the
function F(z) = A(e—iz)~" belongs to APY if N is chosen sufficiently
big. But the inequality

ICEN)yllp < Aly +e)77

holds, by Corollary 2.12 in case p < +oo and by [10, 7.5] otherwise.
Then, the result follows from (2.12) as soon as we choose N > 22 —1. [

Therefore, in the sequel we will be justified in assuming s > gg if
necessary, so that all of the previous results hold without any further
restriction.

3. Besov spaces for Q2

The aim of this part of the paper is to define a continuous version of
the Besov-type spaces of distributions adapted to the geometry of the
symmetric cone €2, introduced in [2]. These spaces will play a crucial
role later on, concerning the description of boundary values and duals
of Bergman spaces, and above all in connection with the boundedness
of the Bergman projector. Moreover, the new formulation can be best
employed in connection with the study of multipliers between (possibly
different) Besov spaces, providing a unified approach to this part of the
theory, see e.g. Theorem 3.17.

An important remark about notations: principal minors Ay and the
triangular group T are defined w.r.t. the same Jordan frame (cy,...,c,)
fixed before. Then, the group T made of the adjoints of the ele-
ments of T is the triangular subgroup w.r.t. the rotated Jordan frame
(¢ry...,c1), and we shall tacitly identify T with Q by means of the
diffeomorphism

T">17r—Te e
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3.1. Preliminaries.

Definition 3.1. For a subset C of V', we call S¢ (respectively, D¢) the
set of Schwartz functions on V whose Fourier transform is supported
(respectively, compactly supported) in C'.

Now, if ¥ belongs to Dq, define for every 7 € T*
1 -

(3.1) U= Gl Ger ).

Clearly, we have that the L' norm of v, does not depend on 7, and we
will indifferently denote v, by ¢ if £ = Te.

Also, we will let dr stand for the left Haar measure on T obtained
pulling back the measure (2.2) on © by means of the natural identification
above.

Then, the continuous decomposition result we alluded to before is the
next one:

Proposition 3.2. Assume that

(3.2) Vr(e)dr = 1.
-

Then, every f in Sg has the representation

f= frardr
T*

as a convergent integral in the Fréchet space S(V).

Proof: Tt depends on a lemma giving the appropriate estimates for f €
Sg, extending non-trivially the analogous result in [2, 3.11]. Since a new
set of estimates for principal minors is involved, we will sketch the proof
below.

Lemma 3.3. Let M e N, t € R"” withty >ty > --- > t. > 0. Then,
there exists L € N, depending on M and t, such that for every £ € €,
f € Sg and p € [1,+00] we have

(3.3) 1 % el Lo(vias) Zear PLFATEAE)™ (1+[€)~M.
We are denoting by p;, the Schwartz seminorm

pr(n) = sup sup (1+ |z))"]0%n(z)|, neSV).
la|<L zeV
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Proof: The result was proven in [2] for the case t = (m,...,m), and the
(equivalent) inequality
(3.4) [F(O)] Zmar po(F)A™(E)(L + €)™

was the fundamental step towards the corresponding estimate (3.3),
which was then deduced by a standard argument. So, here we will just
point out those few addenda we need to adapt the proof of (3.4) to our
situation, i.e., to all stated t’s. First of all, we can assume M = 0,
since the full statement follows from this particular case by applying it
to DM f_if D denotes the Laplacian operator on V. Moreover, since ]?
is supported in Q, we have that aaf vanishes on 052, for every o € N".
Therefore, choosing [ as the smallest integer strictly bigger than Z;Zl iy,
and letting
dist(£,00) = inf [£—0| (£€Q),
oceof)

~

we can approximate f(£) with its Taylor polynomial of degree [ and find

1F(€)] =i pu(F) min{dist(€,092)!, 1} max{dist(¢, dQ) 71, 1}.
Thus, we are done if we prove the estimates
dist(&, 09) < Af(€)*
for every £ in Q and k in {1,...,7}, which in turn rest upon the following
two facts:
1) dist(P,e,d9Q) = min; a3, if a = Y7_, ajc; for strictly positive a;’s.
2) dist(n*P,e, 092) < dist(P,e, 09), for every n in N.
Indeed, assume these two facts and write £ = n*P,e € Q, for somen € N
and P, € A, and let ¢ be such that a; < a; for every j. Then,
dist(€,09) < af < (a7 _p1 - a))F = Af(Pae)t = A[()F,

as claimed. So, we show 1): since a?

dist(P,e, 09Q) < |a* — (a® — a?cj)| = a?
is trivial, for every j = 1,...,7. On the other hand, for any o € o9

there must exist a primitive idempotent d with od = 0, by spectral
decomposition, and consequently

ja® — o] = sup{[(a® — o | y)| : ly| <1} > (a® | d) = (Lyzd | d);

— a?cj belongs to 0L, the inequality

2 2
but L2 is a positive operator with eigenvalues in {% [h,k=1,..., r},
so that we have shown [a® — ¢| > min;a?. Since this holds for every
o € 09, 1) is done. We finally prove 2): by 1), it is enough to show that

n*a® — ajc; belongs to 99 for every j € {1,...,r}. Since A normalizes
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N* and a?cj = P,cj, it is even sufficient (and equivalent) to show that
e —VYc; € 0N for every ¥ € N*. But ¥e; = ¢ and (Y¢; | ¢j)e; =
Pj;(Yc;) = (Pj;9Pj;)c; = cj, by the very definition of N*. Therefore,

e—dc;=(e—c1)+9(c1 —cj) €Q
and
(Le—ve;ci | ¢j) =1 (Ve | ¢) =0,

so that e — ¥c; cannot belong to the open self-dual cone €1, showing our
claim and thus also concluding the proof of the lemma. o

Finally, we want to point out that, in effect, a weaker variant of (3.3)
will also be useful for us: if uis in R” and uy; > us > -+ > u, > 0, then

~

(35) IS * Yellorvian) Zew pLALEAT (€ +)AE) .
That (3.5) hold may be seen by noting that |{+e| < r(1+]¢]) for £ € Q,
and that

(3.6) AL () = l¢IF
on Q by homogeneity, for any k € {1,...,r}.

Now we can go back to the proof of Proposition 3.2: first of all, notice
that

Pr(€) dT = 10(€)
T*

on V, by left invariance of dr. Therefore, since F~! is a continuous
operator from S(V') into itself and 7 = 0 outside Q, it is sufficient to
show that fT* f * 1, dr exists as a convergent integral in the Fréchet
space S(V).

This requires an argument about vector-valued integrals, which is new
compared to [2]: let us call B; the completion of S(V') w.r.t. the norm py,
for every [ € N. Note that B; is actually made up of concrete functions,
and it is separable. Therefore, by Pettis Theorem in [19, V.4], continuity
of the map

reT* L fay, € B

is sufficient to perform the Bochner integral fT* f*v; dr into the Banach
space By, provided that

(3.7) /* pz(]@) dr < +o0.
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So we are left to show (3.7), for every [ in N: but by Hausdorff-Young
inequality, equation (2.1) and Lemma 3.3, we have that

e A@Q™  dg
Pl(f*Q/JT)dT jl,m,u p~(f)/ 2E)
/T* ! o A€ +e) A~
which is a finite quantity by (2.12) if m and w are chosen sufficiently
large. Thus, fT* fx, dr exists in every By, therefore defining an element

of S(V), as claimed. O
Remark 3.4. Since the modular function Ap« of T* is given by
(3.8) Ar- (1) = A;(*rgo (te),

see [7, VI.3.9], we have that condition (3.2) may also be stated as

2O(M1©) - 211(0) s =
0 " A(8)
3.2. Continuous and discrete descriptions.

As mentioned in the introduction, we shall consider the following
quantity, which will soon be seen to define a norm on Sg:

39 Whsee = ([ A0 I w bl ir)
here p, g belong to [1,+o0] (with the obvious modification if ¢ = 400),
while s is in R".
Lemma 3.5. The relative Schwartz topology is finer than the || || gra-
topology on Sg.

Proof: We may assume that ¢ is finite, otherwise the result follows
from (3.3) and (3.6). With this proviso, by (3.5) we have that

Q=

1fllsze Zeape(f) < [ e re + e (re) df) ,
T*

for every f in Sg. Owing to (2.12), the integral on the right is convergent
if t and u are chosen (and fixed) sufficiently large. O

Note that actually (3.9) defines a norm on Sg, by continuity of the
map T* 37— fx1p, € LP(V,dx).
Definition 3.6. We define the Besov space BL'? as the completion of S5
w.r.t. the norm (3.9).

Our intention is now to produce a concrete realization of BY'? as a
subspace (in fact, a quotient subspace) of distributions with spectrum
in Q.
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Definition 3.7. For a closed subset C' of V', we define S(, as the set of
tempered distributions on V' whose Fourier transform is supported in C'.

From now on we adopt the convention to replace any occurrence of L>°

by Co.

Definition 3.8. For p,q € [1,4+00] and s € R", let L24(T*) denote
the vector-valued Lebesgue space L1(T*, A* .. dT) taking its values in
LP(V,dx). Then, we define

Bt ={S € 85| (t+— Sx1p) € LY(T*)}/Sha.
As a matter of notation, we let (U,h) simply stand for U(h) and
h(z) = h(—z) for functions h € S(V') and distributions U € §'(V).
We first claim that for S € S we have

S x1p, = 0 for almost every 7 in T* <= S € S},

where we are still assuming that (3.2) holds (actually, it is even sufficient

to assume [ .. ¢, (e)dr # 0). Indeed, if g is a Schwartz function whose
support is contained in €2, by Proposition 3.2 we have that

(3.10) (S,9) = <S‘,/*§*¢Td7> - /*<S*1/}T,§>d’r.

Therefore, independently of the representative chosen for [S], we can
define

ISl e = II(T ¥ S % pr)l| Lpacre).-
Remark 3.9. We show now that any other Schwartz function 6 in Dq
satisfying ¢(0) = [;.0-(e)dr # 0 gives raise to an equivalent norm,
so that in particular the finiteness of || || zp.« does not depend on the

function ¢ chosen, and consequently Egﬂq is intrinsecally determined as
a set.

Proof: It clearly suffices to prove just a one-sided inequality, that in a
somewhat sloppy but hopingly self-explanatory notation we write as

(3.11) o =1l -
As far as (3.11) is concerned, it is not even necessary to assume that
c(9) # 0.

It is easily seen that (3.10) implies that we have the following weak*
decomposition for tempered distribution S whose Fourier transform is
compactly supported in §2:

S = Sk, dr.

T*



42 D. DEBERTOL

Now, assume that the function 7 +— S x ¢, is in LP4(T*): in particular,
for a fixed 79 € T* we have

(3.12) 15 01 < / 1S v dr,
B(TU,QR)

if R is chosen in such a way that both supports of 15 and 0 are contained
in B(e, R). Thus, if ¢ = +00 we conclude easily by left invariance of dr.
Otherwise, we can apply Holder inequality, and integrating both sides
in A* . dry over T* we finally end up with (3.11). O

In order to conclude that Equ is indeed a realization of B9, it is con-
venient to introduce a discrete version of these Besov spaces, patterned
after the presentation given in [2]. We recall the basic facts we need.

The fundamental tool is a covering lemma, the Whitney decomposi-
tion of the symmetric cone (2, in the form given in [2, 2.6]. It asserts that
to any fixed ¢ > 0 one can associate a sequence of points (§;);en and a
partition {E; | j € N} of Q in such a way that B(&;,0/2) C E; C B(¢;,0)
and that, moreover, the collection of balls {B(¢;,R) | j € N} of any ra-
dius R > 0 has the finite intersection property.

Then, proceeding as in [2, 3.2], one can construct a family of C*° func-
tions X; subordinated to this covering (with 6 = 1, say) whose inverse
Fourier transforms are uniformly bounded in L'(V,dz) and such that
> jeN |;j|? is bounded below.

Definition 3.10. Given a distribution S € §'(V), let

||S||B§ﬂ = ZAs(ffl)Hf *Xj”%p(v,dx) ’

JjEN

with the usual modification in case ¢ = +o0o. Then, the discrete Besov
space BY'? is defined as

Bt ={S € Sg | ||| gra < +00}/Sho-
Following closely the footsteps in [2] and mimicking the proofs therein,

one can show without much effort that the statement below holds in this
generalized setting, in the full range of p, ¢ and s.
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Proposition 3.11 ([2, 3.25]). Let p,q € [1,+o0] and s € R". Then,
BP9 4s a Banach space, with Dq as a dense subspace. If, in addition,
Zj X; = lq, then

(3.13) [S] =[S x;]

jEN
for every [S] € BP1.

In the end, to round things off, we are left to prove that the continuous
version is equivalent with the discrete one. More precisely, choose any
function ¢ € Dgq satisfying ¢(y) # 0, and let (§;);en be any d-lattice,
& > 0, for which the following condition holds: there exists a strictly
positive number m such that

(3.14) o) = e, (O =m

JEN
for £ € Q). Then, the claim is that for S € 3’5 we have
(3.15) 1Sl gooa ~ ISl gras

so that we can finally state:
Proposition 3.12. Equ = Bpa,

Indeed, by (3.15) we would deduce that the identity mapping of BP+4
into Bg,q is bicontinuous, and we already know the latter to have a
complete norm. Incidentally, (3.15) and (3.11) also show that the choice
of different Whitney lattices, even w.r.t. different §’s, does not affect
the structure of Bg,q as a topological vector space, but it only leads to
equivalent norms.

Proof of (3.15): The inequality in the >, direction is easier, and in this
case (3.14) plays no role: if [S] is in BP9, (3.12) tells us that S * e, is
in LP(V,dx) (respectively, in Cy if p = +00) for every j € N, and that
for sufficiently big R we have

IS+t 3 [ ISl
Jo
Therefore, for ¢ = 400 the result follows trivially from left invariance
of dr. Otherwise, applying Holder inequality, Lemma 2.1 and left invari-
ance again, we find

A(ETIIS * e, 14 < / A" . (7€) * by |8 dr.

B(¢,2R)
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Summing over j, we conclude by the finite intersection property of Whit-
ney lattices.

Now, for the opposite inequality: note that the function ® belongs
to C*°(£2) and it is bounded below and above, by (3.14) and the finite
intersection property of a Whitney lattice. Therefore, letting

N, = {k € N | B(&, R) N B(re, R) # 0}

for 7 € T, we can write

S*’L/}T = (27T)_n Z (S*wﬁk) *Jﬁk *‘7:_1 (wT> € Lp(V dm)

kEN.
with
(3.16) 1S5 ey <D 118 e llp-
kEN.

Moreover, the sets IV, are locally almost constant, and as a consequence
the function 7 € T* — Sx*1), is continuous. So, for ¢ = +o00 we conclude
easily by (3.16), and otherwise carrying on as usual we find that for 7
n Ej
1S5 el <D~ (1S * e 13-
kEN;

Finally, using Lemma 2.1 once more and interchanging a summation
order, we obtain

g0 = -l [ 1Sl ar

JeN Ei
<3S A IS * v, 12 = NSy O
JENEKEN;

3.3. Invariance and duality.

Therefore, from now on we can and shall feel free not to distinguish
between these two equivalent realizations of the Besov space BY'?, even
if we will usually adopt the continuous version as being the most con-
venient one. For instance, the proposition below, which is in [2, 3.8] for
the discrete setting, becomes trivial here. Note that, consistently with
the idea to represent Bergman spaces by means of Besov spaces, the
norm (3.9) had to be defined that way, and w.r.t. T, in order to match
exactly the same homogeneity relation w.r.t. T shown in (2.4).
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Proposition 3.13. B9 is invariant for the action of T, and
(3.17) I1S) o t]l gra = [|[S]]| prals(te) ™7 Ate) 7.

On the other hand, it is easier to determine the dual of a Besov space
by working with its discrete version. Since the general case consists in a
plain adaptation of the corresponding result [2, 3.27], we omit the proof
of the next statement.

Proposition 3.14. Let p, q belong to ]1,4+00[ and s to R". Then, the
dual space of B9 and Bf/(’g,,il)s are isomorphic, with a duality pairing
given by

(318) Bi’(«z/’ ) <[U]a [S]>Bp,q = Z<U * va (S * Xj)v>
e T jeN

which is independent of the representatives chosen for [U], [S] and of the
functions x;, X; (here, in addition to the requirements made on both
families (Y;) and (X;) prior to Definition 3.10, we are also assuming

> Xj = lo and X;X; = Xj)-
Note however that (3.18) can also be given a continuous interpreta-

tion, for which it is sufficient to consider any pair of functions y, x € Dq
such that ¢(x) =1, ¢(X) # 0 and XY = X. Indeed, simply let

319 gy (ULS)ppe= [ W (Sxxo) )
and note that the two formulas agree (with (2x)~"(U, f)) if § = f is in
the dense subspace Dq, and that for both the estimate

(3.20) KIULISHE < Ul oo TSl e

holds for arbitrary [U], [S], by applying Holder inequality twice.
3.4. Multipliers.

Definition 3.15. For p in [1, +o0c], we let M), denote the Banach space
of LP(V,dx) multipliers with the induced norm as a subspace of the
bounded linear operators from L?(V,dx) into itself.

M, being a non-separable space (it contains the uncountable, dis-
crete subset formed by translation operators), weak measurability of an
M,-valued function is no longer sufficient for implementing a Bochner
integral. Therefore, we need the following (standard) assumption, see
e.g. [19]:
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Definition 3.16. A B-valued function f defined on a measure space X
is said strongly measurable if there exists a sequence (s, )nen of B-valued
step-functions on X such that

sn(®) —n f(2)

in the norm topology of B, for a.e. z in X.

If f is strongly measurable into a Banach space B, Pettis theorem
in [19, V.4] shows that the map

zeX— |[If(2)lls

is measurable. If, in addition, X is a separable topological space, then
continuity of f is enough to insure its strong measurability.

Now we are ready to state our main contribution to this section:

Theorem 3.17. Let 7 € T* V> m, € M, be a strongly measurable
function, for some p in [1,4+00], and assume that there exist t € R" and
Ry > 0 such that
1) For every 7 in T* the support of the multiplier m. is contained in
B(Te, Ro) .
2) For every positive R, the inequality

(3.21) / e las, dr < A (ne)
B(n,R)

holds, independently of n € T*.
Then, the correspondence

EeQ— m.(§) dr
T*
well-defines an LS. function m, and the linear operator T mapping f
in Do to F-L(mf) in Sg uniquely extends to a bounded operator

from BE%into BLY (., for any q in [1,+o0[ and s in R".

We shall compute Besov norms w.r.t. a function ¥ in Dgq satisfying
¢(1) # 0; moreover, we fix R; > 0 such that the support of ¢ is contained
in B(e, Ry).

Proof: Assumption (3.21) easily implies that the integral

/ my dT
E

exists in M, for every d-bounded measurable subset F of T*. In particu-
lar, since M, continuously embeds into L> (V') and T™* is o-compact, the
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first condition about the supports of the multipliers m., really means that

m is an almost everywhere defined, measurable function in L%, . There-

fore, T (f) belongs to Cy for f in Dg, and as a consequence the map
TET* — Ta(f) * 1,

is continuous into LP(V,dzx) (or into Cp, if p = +00), so that we only
need the norm estimate

(3.22) IT5 () sre . 2 llBr

s+qt* T
for f in Dq to conclude, by the density result in Theorem 3.11. But for
every n in T we have

(3.23) T (f) * ullp < 18y 1ar, |Lf * ol

where 0 is a Schwartz function which is identically 1 on the support of 1Z
and whose support is contained in B(e, Ry). Thus, if we let

my = / m, dr,
B(n,Ro+R1)

we have ﬁz@] = ﬁ%n@], so that by (3.21) we obtain the estimate

7By llar, = ol 16m]1
(3.24)
j/ msllag, dr =< A% (ne).

B(naRO"’_Rl)

Then, the desired inequality (3.22) trivially follows from (3.23) and
(3.24). O

Remark 3.18. It is even sufficient to assume that (3.21) holds for a sin-
gle R, since then we can extend its validity to arbitrary R by the finite
intersection property of a Whitney decomposition and Lemma 2.1.

At last, we take up the functional calculus for box operators on Besov
spaces.

For u = (uq,...,u,) €]0,+00[" and t € C", let ut =u'* - ... - ulr.

Definition 3.19. Let n = dim V and M belong to C"1( |0, +o0[").
We say that M satisfies a t-shifted Marcinkiewicz-type condition for
some t in C" if u~*M (u) is a Marcinkiewicz multiplier on 0, +o0o[", i.e., if

sup{|u®0*(u" M (u))| : |a| < n+ 1, u €10, +oo["} < +o0.
Equivalently, we are requiring that
(3.25)  sup{u®®9oM(u)| : |a| < n 41, u €0, +o00["} < 00,

as it can be easily shown by induction on the length of a.
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Corollary 3.20. Let M satisfy a t-shifted Marcinkiewicz-type condition
for some t in C”, and define

A3 A
m'Mo<A’{,A§,...,A* )
1 r—1

Then, the linear operator Ty initially defined on Dq by

Tarf = oy FHS)

1
(2m)"
extends to a bounded, linear operator from BE9 into BS—fq?Ret*’ for ev-
ery p in |1,400[, q in [1,+00[ and s in R".

Note that if M is C*°, then Th; maps Dq into itself.

Proof: We fix a function ¢ in Dgq satisfying (3.2). Then, the claim is
that the estimate

(3.26) [ sl ag, < Ay (Te)

holds, with constants independent of 7 in 7. Once this is done, we have
that the Mp-valued function

TET* — my = Yrim

is continuous, so that we can directly conclude on behalf of Theorem 3.17,
since [, - (&) dr =1 for £ in Q. But

||m'r||1\/[p = ||f_1m7'||L1(V,dz)
~ A(Te)A ))
=< pn M [ Aj(re)AT,...,————— ,
<o (901 (Bitre12 o TR
and letting u, denote the function

feQ (AT(TQ,...,%) €10, +oo["

we can prove by induction that for |a| < m + 1 there exist (regular)
functions hg on €2, which may depend on « but not on 7, such that

(3.27) 0 (Mous)= Y Aj(re)((9°M)our)hg.
181<]al

The support of 1; being compact, we obtain (3.26) from (3.25), (3.27)
and Lemma 2.1. O
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Remark 3.21. Therefore, for t in C” we can define the operator

t. pp.q D,q
L BS *)Bs-i-qERet*

as Ty, that is, by applying Corollary 3.20 to the function
u € )0, +oo[ "+ M (u) = ut.

In this case, more can be said: indeed, any (O sets up an isomorphism
of Banach spaces, for p, ¢ and s as in the corollary, its inverse being [1~%.

In particular, if t belongs to N" and ¢; > to > --- > t,., the operator (1t
is (2m) ™™ times the generalized wave operator on Q (whence the O nota-
tion), which is the differential operator A§ [%81} of degree t; + --- 4+ t,
characterized for £ € V' by the equality

1 . .
A} baz] =8 — A:(g)el(wlﬁ),

4. Boundary values of AP*9 functions

4.1. The Cauchy extension operator.

Motivated by (3.17) and Theorem 2.7, we now address the question
whether or not we can represent a Bergman space A2¢ through suitable
boundary values in the corresponding Besov space BF-4. Following [2],
this is done by studying the Cauchy extension operator £, which consti-
tutes the bridge between the two families of spaces.

£ is initially defined on Dg by composing the Fourier and the Laplace
transform (modulo multiplicative constants), mapping f to the function

= L Ry L i(=1) 7,
S Tar— (E0)() = o (D)) = e [ @90 e

The next proposition allows to extend the definition of £ to all of BL9.
Note however that the said extension does not necessarily coincide with
the classical Fourier-Laplace transform £ o F, see Remark 4.3. This
notwithstanding, we shall continue to denote by £ the operator which
we are going to produce on B9,

Proposition 4.1 is in [2, 3.43] for the case s = (v,...,v), but for the
sake of clarity we give the proof here, using the continuous description
of BF? and Theorem 3.17.
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Proposition 4.1. Let p, g belong to ]1,+o0[ and s to R". In addition,
assume that

n n .
(4.1) q<g0<—,...,—>)<s + go.
rp rp

Then, & is continuous from (D, || || gre) into Hol(Tq), endowed with
the Fréchet topology of uniform convergence over compact subsets of Tq,
and it can therefore be extended to a bounded linear operator on all of
B9, Moreover, the equivalence class of the distribution (£]5]), belongs
to B2 for every [S] in BP9 andy in ), and the net so obtained converges
to [S] in norm as y approaches 0 inside 2, i.e.
li LS, =[S a =0.

ol IELST)y] = 1S5z
Proof: First of all, we prove that there exists a constant C' > 0 such that
the estimate

(4.2) (ENE)] < CAL(Sm =) "5 ASm 2) " | f] gy

holds, for every z in T and f in Dg. This is sufficient to deduce that
& is continuous from Dg, into Hol(Tq). Now, by invariance it is even
enough to show (4.2) with z = ie. But we can interpret (£f)(ie) as
the duality pairing between F ! (196’('3")) and f, if the former belongs

to BY(4_ .. Still, if g is any C>(V) function which is identically 1

on ), we have that

17~ (1ae =) = [|(r — FH(ge™ 1) x|

o .
—1)s LY 3 (T*)

”Bi/(’;// (a'-1)s

If we also choose a g which has bounded derivatives of all orders and is
supported in the sum of 2 and a euclidean ball centered at the origin,
then ge~(©l) is a Schwartz function on V, so that we can conclude the
proof of (4.2) on behalf of duality and the following lemma, which partly
explains the restrictive condition in (4.1):

Lemma 4.2. Let (p,q) € [1,+0]?\ {(1,+0)}, s € R" and assume that

n n N
(43) q(—/,...,r—p,)>s + Zo-
Then, the map
feSV)— (Tr— fxipr) € LOUTY)

1S continuous.
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Proof: For a general Schwartz function f we still have that for m=0 (3.4)
holds; as a consequence, (3.3) holds too, with t = 0. Thus, if ¢ = +c0
the norm estimate is trivial, and in this case p # 1 is used to guarantee
that the element (7 —— f x ;) also belongs to Cy(LP), owing to the

presence of the factor A(re) . For a finite ¢ the result follows by (3.5)
and (2.12). O

We continue with the proof of the proposition: note that for f in Dg
and y in ) we have that

(Ef)y = —

(2m)"
in particular, (£f), belongs to Dq for every y in €, and it converges
to f in the Schwartz topology, as y tends to 0 inside €2. By Lemma 3.5
we have convergence in BL?. Finally, we claim that [(£]S]),] belongs
to BP? for arbitrary [S] € BE'? and y € 2, and that it satisfies

(4.4) IELSD Ml sz = (ST Bz«

independently of [S] and y, which would allows us to prove that [(£[S]),]
tends to [S] in the norm of B2? as y goes to 0 inside 2 by a standard
3e argument.

But m, = (217r")n e~ is a uniformly bounded family of BP*¢ mul-
tipliers for y in €, by Theorem 3.17. Therefore, (4.4) holds for the

corresponding operators T, = T5, , and we are only left to show that
(4.5) Ur Ty [S] = by * (E]S5])y

for every 7 € T*. In turn, since the estimates (4.2) imply that the
operator [S] € BP? — ¢, % (£]S])y € Co(V) is bounded, (4.5) finally
follows by a density argument. o

F e,

Remark 4.3. Due to the presence of equivalence classes, £ does not agree
with the usual Fourier-Laplace transform [13, §7.4] of distributions sup-
ported in €2: for instance, £(S},) = 0, while Lo F is injective. However,
note that, apart from a scalar factor, £[S] does coincide with LS when-
ever § is compactly supported in © (and of course, if ||[S] || gr-a is finite).

We will be able to say more about Remark 4.3 after the next lemma,
which allows us to identify BZ'? with a subspace of S'(V') by choosing a
natural representative in each equivalence class. The formulation of the
result is in [2, 3.38] for the discrete setting, but for future use we prefer
to give a proof adapted to the continuous description of BE-9.
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Lemma 4.4. Assume that p, q belong to ]1,4+00[, s is in R" and that
condition (4.1) holds. Then, for every [S] in B2, the integral

(4.6) / S %1y dr

distributionally defines an element S* in the equivalence class of [9].
Moreover, the discrete decomposition

(4.7) St=>"Sxx;
J
holds and the limit
; — qf
(4.8) i (€18), = 5

exists, both with convergence in S’ (V). In particular, S* is independent
of the representative chosen for [S] and £ is injective on BP9,

Note that (4.6) and (4.7) do not depend on the choice of ¥ or x;’s
provided they satisfy ¢(¢) =1 and Zj X; = lo.

Proof: Formula (4.6) simply means that for g in S(V) we let
o) = [ (Seungran

Now, if 8 € Dq is such that ¢(f) # 0 and 0?12 = 7,2, by applying Holder
inequality twice as in (3.20) we obtain

|<sﬂ,g>|s/ (S % s, (% 0,07 dr
(4.9) :
=S gzall(T = g% 0:)|[ (Lroa ey~

and the right-hand side is a finite quantity for any g in S(V') because
of conditions (4.1) and Lemma 4.2. This is sufficient to conclude that
S%isin 8'(V), and then easy manipulations with (4.6) show that it also
belongs to S'ﬁ. Moreover, if h is a Schwartz function supported in §2, we

can apply Proposition 3.2 to h obtaining that

<§\ﬂ,h>:/ <S*¢T,B>df<5*,/ E*¢7d7><§,h>,

or equivalently [S¥] = [S]. Next, note that the estimate

(4.10) <ZS * Xjag> = STz 1(G % x50l egoo)-
J
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holds as well for every g € S(V), by a trivial adaptation of the proofs
of (4.9) and Lemma 4.2 to the discrete setting. Therefore, the map

[S] € BPT— S8 =" Sxy; € S (V)
J
is continuous, and it clearly vanishes on Dgq, so that (4.7) is established
by density. Finally, the last part of the statement follows from Proposi-
tion 4.1 once we note that

[(ELSD)* = (E15])y
in §'(V), for every [S] € BY? and y € Q. But (£[S])y, = >_,cn(E[S*x;])y
in Cy (V') and therefore in S’'(V'), by (3.13), (4.2) and the continuity of £.
Hence, it is enough to show

(4.11) (L5 * x3])y = (E[5])y * x5

for every j €N, and in turn this last equality is a consequence of (4.5). O

Remark 4.5. Note that as a by-product of (4.7) and Remark 4.3, under
the assumptions made in (4.1) one can also extend the validity of

(4.12) 18] = (2r)~"LS*
to every [S] in BP?, for £ is continuous on S'(V), see [13, VIL.4.2].

From now on, condition (4.1) and its dual (4.3) will appear in an
increasing number of situations, each time assuming the role of critical
indices for some property. This is indeed the case in Proposition 4.1 and
in Lemma 4.2, which do not hold beyond these indices (at least for p
and ¢ strictly between 1 and +00). The proof of these two observations
is a simple modification of the one presented in [2, 3.48], and so we skip
it.

4.2. The proof of Theorem 1.2.

We now prove a partial result in the direction of representing a
Bergman space by means of the Cauchy operator defined on the cor-
responding Besov space, extending [2, 1.7]. The proof is slightly simpler
though, for the continuous notation is employed.

Theorem 4.6. Let p and q belong to |1,+00[, s to R" and assume that
condition (4.1) holds. Then, E(BPY) contains APY and the operator €1
defined from ALY into BP9 is bounded with dense image. In particular,
4.1 li F))— &7 'F|gpa =

(1.13) 1B~ £ Fllsge =0

for every F in AR,
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Proof: By Theorem 2.15 we may also assume that s > g, for else there
is nothing to prove. In this case, we know from Proposition 2.14 that
APYNH? is a dense subspace of AP9. Therefore, to any F' € APYNH? we
can associate § in L?(Q, d¢) such that F' = (2r)~"Lg, by Theorem 2.7.
Moreover, g = ZJEN g*x; in L?(V,dz) (and consequently in S’(V')) by
Plancherel formula and dominated convergence. Thus, if we can show
that g is in B29, we also find that F' = £[g], by (4.12). But

lg # drlly < I1FHGe™ " )|, | F (@elD)ly

= | Firey1lp 177 (e
Therefore,

il = [ 1Fivey-2l Aul(re) ) r
(4.14) ’

= [0 e D 5o = 1P,

for the invariant measure (2.2) is preserved under inversion, see [7, I1.3.3].
In the general case we may proceed by density. Finally, we show that
the image of £~! contains Dg. So, pick up g in Dg and let H denote
the support of g and 9 be any function in C¢° () which is identically 1
on H. Then, there exists vz > 0 such that

1ENyllp < llg * F~H e WD)l =ar llgllp e 1

independently of y in Q. Since s > gp, we can easily conclude by (2.3)
that ||Egl| 4.« is finite. O

In fact, Lemma 4.4 is more precise than Theorem 4.6 as to (4.13),
since in addition it asserts that the limit of Fy exists in S'(V) as well,
for y tending to 0 inside ©Q and F' in AP9. What we can still do in
the hypothesis of Theorem 4.6 is to explicitly determine this limit, that
is, (E71F)L.

This part is new if compared to [2], and it gives the “correct” definition
for the operator £7!, according to Lemma 4.4.

~

Heuristically, the idea comes from “discretizing” (4.12) with S = g
in L%(Q, d€) at height y and then let y tend to 0:

y*Z/ (OO de v 37 e Wik ( (Fr ;)

JjeN B(&;, 2) jeN
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However, in order to make this argument work, we must introduce an
appropriate invariance property which is most conveniently exploited in
the continuous notation. In detail, once a function ¥ in Do\{0} whose
Fourier transform is everywhere non-negative on {2 has been fixed, define

~ —d ¢
a(y i/e*“'e)ws AL©) - ALO) K
W= ©(21© - 4.0) 35
which is a strictly positive number, and for F' in A2 let

@15)  (Fok)=a(w) ! [ (B sdnhydr (e SV).

Then, we claim that Fy is a well defined distribution in S’ﬁ and the
canonic representative of E~1F in BP'? at the same time.
First of all, proceeding as in (4.9) we obtain the inequality

(416) |<F0,h>|j (/Q|F§1||§As(§_1)AEl§)Z

and therefore (4.14) and Lemma 4.2 show that I is a tempered distri-
bution whose Fourier transform is supported in 2.

Then, note that there exists R > 0 such that for every n € T we
have

) H(T’—>h*1/}7')||(L§’q(T*))*a

| Fo % 0y 2 5/

B(n,R
In particular, by Lemma 2.1 and invariance we may estimate

IFully = [ ( / » ||FT*le|ng> Au((e) ) dn
* 7,

(4.17) < / (/B( o ||FT*le|gdn> As((re)~t)dr

e
< [ I e D 5o

which finally is [|[F[|%,.q, by (4.14) once more.

| IF,. 1 ||% dr.

The next step consists in proving that [FO]ti = Fy, or equivalently, that
(Fy — Z;.V:O Fy * x;,h) tends to 0 as N diverges, for every h in S(V).

But
N N
<F02F0*Xj,h> <F0,h2h*)?j>,

=0 =0
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so that

N
<E%h—§:h*Xj> < Fllaza | | F7

Jj=0

—

~ N <
=3 hxy;
j=0

—
2
)

(Bg#])*
by the estimate (4.16), and actually

N N
]:_1 1QZFL*XJ* :Z
=0 j

(7% x5]
7=0

tends to [.7-"’1(192)] in (B2?)* by (3.13) and Proposition 3.14, for

I1F~ Qeh)lszaye = [1(h* )7l (Lza(rey)-
is finite by Lemma 4.2.

Finally, we show that Fp is the limit of the net (Fy), in S'(V) as
y approaches 0 inside 2. By Theorem 4.6 and (4.17) we may assume
that F' = Eg for some g in L?(Q,d¢). For h in S(V) we then have

(4.18) a(i/})(l/*“;,m:/ <F?*\1eah{/;r>d7-:/ (6_(7*716")@7112#6”-
But
/ e_(elflv)zZ(T_lv) dr = a(v)

independently of v in §, by left invariance of dr and (3.8), so that
applying Fubini’s theorem in (4.18) we can conclude that Fy = g, as
claimed.

We record this result in a statement for future reference:
Corollary 4.7. Let p and q belong to ]1,+00[, s > go and assume that
condition (4.1) holds. Then, the map
Fe Ap?— Iy € B

defines a bounded linear operator with a dense image, and F = E[Fy).
Moreover, Fy = [Fy)* is the limit of F, when y tends to 0 inside Q, both
in the norm of BP? and in S’ (V).

4.3. The isomorphism between .A?*? and BP9.

Corollary 4.7 embodies the fact that a function F' in A2-? has a bound-
ary value Fy in BP9, and that we can get F' back extending Fy to the
tube domain over 2 by means of the Cauchy operator €.

However, it still does not say if every distribution in BE'? is obtained
this way, that is, whether £(BF?) properly contains AP>? or else, if these
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two spaces coincide. And in fact, we will see that both possibilities can
occur, as [2, 1.9] already shows in case s = (v...,v).

Therefore, we shall prove in a moment a strengthening of Theorem 4.6
stating that £(BPY) = AP, though under some further restrictions
on p, ¢ and s, and afterwards we shall look for counterexamples. Even
if some of this material clearly is an adaptation of the corresponding
results in [2], we will give the proofs, to illustrate where the additional
restrictions related to the weights Ag come from.

Before doing this we restate condition (4.1): under the assumption s >
go it is equivalent with

si+d(r—j

(4.19) ¢ < Qs(p) = min sitar=d) :
Jj=1,..., r(d . n

(5(7“ —J) - E)-i-

where for strictly positive ¢ and arbitrary (real) a we let

ay =max{a,0} and g = +o00.

Note that the inequality Qs(p) > p’ always holds, since s > go; never-
theless, and unlike the situation in [2], here Qs(p) < 2 can occur. At the
other extreme, Qs(p) = +oo when p’ > %, which in particular is always
the case if n = 1.

We now introduce the index ¢s(p). Let py = min{p,p'}; then, we
define

. d
. . s;—(—1)3
(4.20) gs(p) =py min | 1+ % :
Jg=1,...,r 5(7"—])
For s > go we have that 1 < ¢s(p) < Qs(p), as it can be seen by
comparing at same j’s. Moreover, the requirement ¢ < ¢s(p) can be
equivalently stated in terms of s as

(4.21) s> go + <i - 1> .
Dy +
In case s = (v,...,v), condition (4.20) then simplifies to

y>ﬁ—1 and q<pﬁ<1+nl/1>,
r no_
ks

so that the next theorem actually extends the result in [2, 1.8], at least
for p,q # 1:

Theorem 4.8. Let p, q, s satisfy condition (4.21) for some 1 < p,q <
+00. Then, & is an isomorphism of BY? onto AP1.
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Proof: By Corollary 4.7 we only need to prove a bound below on the
norm of £7!, which amounts to the estimate

1Eflags 2 W fllppa, Y f € Do

The crucial step is the following elementary lemma:

Lemma 4.9 ([2, 4.8]). Let 1 < p < 400, 1 < v < py. Then, the linear
operator

(fi)jen € L(LP(V,dw)) — Y f; % x; € LP(V, dx)
jeN
is bounded.

Thus, applying the lemma above with f; = f*F~ (e*(y”gj), and by
Young inequality, we can bound

IENllp = I1F e ),

S (e*yl')f;?k)

keN

p

o\ #
= (Z 1] xkli“llfl(e(y")%)ll’f“) :
keN

Moreover, there exists y > 0 such that [|F=1(e=¥1)g)|; = e 7WlEx)
independently of y in €2, and consequently

N
@2) Sl | (an*xknzﬂe—w&w) Ml 5t

keN

Now, if ¢ < py we majorize the P2/ norm of the integrand in the right-
hand side of (4.22) with its /! norm, finding as claimed that

dy
11 = S NF # el [ 99 Asla) e = Ta®) 1y

fen ()

by (2.3). Otherwise, we set u = Piu’ so that w > 1. Then, an application
of Holder inequality in (4.22) yields that ||€ f[|%,.. is bounded above by

/Q<Z|f*><k||z%g(‘5k —(yl&))(ZAu - _(ylgk)>uAs(y)AZjJ):_

keN kEN

The second sum is uniformly controlled by a scalar multiple of A%, (y)
for y in Q as soon as u't > g, by Lemma 2.1 and (2.3); thus, by (2.3)
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once more we find that

1€ £ 100 = 7 I xell2ae (e ) / WAL, (y) Ay(y)

keN

dy
Ay)+

<A1y

if also s — ut > gg. Forcing the fulfilment of the two conditions on t is
equivalent with the requirement that

u * q *
—go>—gi=(—+—-1)g.
s — 80> 8 (pﬁ ) g6

Finally, the conditions arising from two cases can be summarized
in (4.21). O

4.4. Counterexamples.

We shall now address the following question: when is Theorem 4.8
sharp? 1i.e., is the condition ¢ < g¢s(p) necessary for Theorem 4.8 to
hold?

On behalf of Corollary 4.7, Theorem 4.8 is equivalent with the bound-
edness of the Cauchy operator from B¢ into AP9. Therefore, we
shall assume that s is strictly bigger than go, p belongs to ]1,+oo],
1< g < Qs(p) and that

(4.23) €IS azs 2 NSz ([S] € BEY).

First, arguing as in [2, §4.4], one can easily show that (4.23) implies the
existence of a constant A,, exclusively depending on p, such that the

inequality
1

1
2 — q
(D las?)” < 4y (3 Aclgg Hlasl?)
holds for any choice of finite subsets E of {; : |¢;| < 1} and of scalars a;.
Now it’s just a matter of balancing a; with As(fjfl): indeed, taking a;
to be equal to As(fjfl)?i_q, we have that

1
q

AT <4,

{;el

1
2

independently of the finite subset E, which for ¢ > 2 is equivalent with

N 2 d¢
Az (&) a2 = ;
/Qm(e—ﬂ) (&) A&~ e
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by (2.13), this can only happen if s* > (2 —1) go, and in terms of ¢,
only if

. Sj
(4.24) q<2_nlnnr<1+( %>

The second technique we employ to produce extra necessary conditions
on q is based on some direct calculations which provide explicit coun-
terexamples to the surjectivity of the operator £7!. We will get better
results than in (4.24) only for p < 2, which is thus what we assume from
now on.

The idea is to exhibit particular distributions in BY'¢ whose Cauchy
transform is not in 427, thus contradicting (4.23). In detail, for u € R”
with u > go we let

Sy = (2m)"e" A A1,

First of all, note that §u is an L! function precisely when u > gg, and
that in this case it can also be expressed as the L' series ZJEN §uf(j, by
dominated convergence. Therefore, S, = F'q(u)A_y«(e — i) on V, and
it also is the sum of the series ),y Su * x; in Co(V); in particular the
same equality holds in &'(V).

Now, set Fyy = (27)""LSq: by (2.3), we have that F, coincides with
the holomorphic function I'g(u)A_u« (e —i-) on T, so that Fy, = E[Sy)
when S, belongs to B?9. The usual estimates being essentially too
rough, instead of trying to compute ||[Sy]||pr.« straight by the defini-
tion we proceed differently, and wonder if (J¥[S,] belongs to Bl for
some t € R” with t > 0. At a formal level, the guess is that we should
be concerned with an estimate for ||Fy ¢ ara , and we now show that

this approach actually works. Indeed, by Corollary 2.12 and (2.12) we
know that the function Fyy¢- is in AQY ¢ if and only if

. n n
r r
(4.25) o i
and s* + gg <q<u (—,,—))
rp rp
In this case, by (4.12), Theorem 4.6 and the remarks above we also have

that Suy¢- is in BYY ¢ and that Suye- = E 1 Fy ¢-. Moreover,

O™ [Suter] = [Sl,
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because the relation x; * D_t*[Su+t*] = Sy * x; holds for every j € N,
by (4.11). In particular, [Sy] belongs to BP9, since (=% is an isomor-
phism. Finally, we can prevent F}, from belonging to A7 by requiring
that ||(Fu)ellp = +00, which on behalf of Corollary 2.12 is equivalent to
the condition

(4.26) pu;égo—i—(g,...,ﬂ).

r

Collecting (4.25) and (4.26) altogether, one can see that the best choice
(in order to bound ¢ from below) comes from fixing j € {1,...,r} and

letting
1/n d
== = —1)= ).
U D (T +(J )2)

Up to completing u with suitably high positive values, the only condition
effectively remaining is the j-th one of the second set of inequalities
in (4.25), so that in the end we have shown that Theorem 4.8 cannot

hold when
Sr41—j
g>p|1+—=7]
< (- 1)%)
Since this is true for every j in {1,...,7}, we then deduce the necessary
condition
(4.27) g <p min 1+L,d ,
J=1,..r (r—7)5

which we recall has to hold for 1 < p < 2. Therefore, we can merge (4.24)
and (4.27) into the statement below:

Corollary 4.10. Let p in |]1,400[, s > go and 1 < ¢ < Qs(p). Then,
Theorem 4.8 can hold only if

. . 85 e
¢ <min{p,2} min |1+ —L— ] =Glp),
J= L (r=73%

and equality can occur only if p < 2.

In case s = (v,...,v), one can show that the inequality in Corol-
lary 4.10 is strict: ¢ < gs(p), see [2, 4.34]. It seems reasonable to con-
jecture that this will also be the case for general s.

For the rank 2 case, see Theorem 5.8 below.
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5. Bergman projections

In the end, the main subject under investigation turns into the bound-
edness of Bergman projections. That is, we consider the orthogonal pro-
jector Ps of L2? onto AZ? and we look for conditions on p, ¢ and s
which allow to or prevent from extending Ps as a continuous operator
from L2? into AL9.

It is well-known, see e.g. [7], that A2? admits a reproducing kernel K.
Therefore,

(PsF)(2) = (F, Ks(+,2)) 122
(5.1)
= Ks(z,w)F(w)As_(ﬁ ﬂ)(Smw) dw
- no,n

for every z € Tq and F € L2?, and by standard arguments, see [4] or

directly apply Theorem 2.7 and (2.3) above, one can show that
goreta g (s* 4 (2., 2)) i
5.2) K = o LA n  n .
( ) S(Zyw) (27_(_)2”1—\(2(5) 757( ) ( i )
We now come to the general problem: can P be extended as a bounded
operator from L9 into itself? That is, does the inequality
(5.3) |PaF | s < C|[F)| g

hold for some C' > 0 and every F' € L2 N L22?

Following [2, 4.23], we start by showing that the question is well-
posed only in a restricted range of the indices involved. Indeed, note
that boundedness of Ps on LE? implies that Ps(LE?) = A9, at least for
finite ¢, by the density result in Proposition 2.14, so that in particular
the linear functional

e PR =

F e L29 —— (PsF)(ie)

would have to belong to (L2'%)*, by (2.5). If in addition we assume that
1< p < +00, then [9, V.1.3] and (5.1) entail that Afsf(ﬂ E)(e—i-) is

an element of Lfs”,’q,, which according to the norm computations carried
out in Corollary 2.12 and (2.12) is equivalent to the conditions
. . n n
(5.4) q < Qs(p) and p(s—gp) > —gp — (;,,;) ,
once ¢ is also taken not to be 1.
Conversely, note also that Ps is meaningfully defined on L2? by equa-
tion (5.1) under conditions (5.4), for then K(-,z) is in A?>¢" for ev-

ery z € Tq.



BESOvV SPACES AND BERGMAN PROJECTIONS 63

This settled, we look for positive answers to (5.3). The approach
is slightly different and more direct than in [2]: we try to write Ps as
the composite of the Cauchy extension £ and an operator ws giving a
Besov-valued multiplier expression for Ps. The hint comes from (5.1) and
the boundary-value formula for A2¢ functions stated in Corollary 4.7,
though we need to extend its validity to all of L2, That is, we want to
define a bilinear map

ws: Do x LE? — BP1
patterned after the association F' € A2 — Fj introduced there.

This can be achieved by letting
9251+ tsr

ws(v, Q@) = T(s) /* G -1, x Y, dr.

Indeed, strong measurability of G is used to give a distributional meaning
to the integral, and then we can go along exactly the same as in the proof
of (4.16) up to show an inequality of this kind:

1@s (¢, Gl ppe 2y [|GllLps-

In particular, we intend to obtain an a priori estimate for an appropriate
sequence of test-functions ¢pn: that is, we let

1
F-1 (AA** —<~|e>)
(27T)n Z XjPs+€
7=0

for every N € N, and the claim is that there exists some positive con-
stant C' such that
(5.5) [@s(¢n, G p22 < CIG][ 22
for every G in LE? and independently of N in N.

ON =

The reason why we are interested in this choice of ¢ is the following:
assume that (5.5) has been proved. Then, dominated convergence and
reflexivity imply that @s(¢n, G) converges in B2? to a distribution ws(G)
which satisfies

Jws(@ |22 < CIG 22

and whose duality pairing with f in Do — 3352 is given by the formula
50 o [ (G T (Fae A (e
. —_ 1o, e Te T.
2m)"Tq(s) Jp-' 7 © s

But (5.5) follows from Proposition 3.14 and (4.16) once we show that

6.7 [ 0w BA (o)™ dr < e
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In turn, Lemma 4.9 (which simply amounts to the finite intersection
property of Whitney lattices in this case) and Lemma 2.1 can be used
in order to bound the LHS of (5.7) with

CZ/

— 2
- *(E")A**;@ 7)H A_g((re)~1) Det  dr
2

N
<3 e AL () / 11 %5128 _a((re) ") Det v dr
7=0

N
=Y () [ e BA((re) ) dr = .
=0
Now, by definition of the modular function A7+ we have

/T* 17 e, [3A-s((7€) 1) dT = Ag () A 5. (&) 1Bl 2.2,

and therefore, by (3.8) and Lemma 2.1 we can conclude that
N
Ay =Y eelar . (gj)||h||233,§ < To(s* — g + g0)||h||233,§
§=0
as soon as s > go, so that (5.7) and hence (5.5) finally follow.
Moreover, we are now also able to prove that £ actually is the adjoint
of wg, in the Hilbert space sense. To avoid confusion, we will name £ the
composite of £ and the inclusion A%? «— L22,

So, first of all, we have to define an inner product ((-,-))s underly-
ing the || || g2.2 norm. For s > go this can be easily accomplished by
combining the results of Theorems 2.7 and 4.8: indeed, they show that

BY? = FH(LI(Q),

and thus we can let

((F.gh)e = L / FOT@ A de

for f,g € Dq (or even f,g in L2(12)).

On the other hand, B22? and B*? are isomorphic as Banach spaces
by means of the duality pairing (3.18), and we shall need to make use
of the following link existing between the two representations of B2?:
if g* = g denotes the usual involution on L?(V,dz), then

.
0°s": B2? — B}
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sets up an isomorphism for which the relation

(5.8) | FOTOAET) dE = alr. 075
holds, for every f,g € Dq.

Finally, as a consequence of (5.6), we are ready to show that Er = Ws,
i.e.

(5.9) ({(f,ws(G)))s = (€, G) 22
for every f € D, G € L22. For then, owing to (5.8) and (5.6) we have
r
((F.n( @M = ool £, D (G
e A d
:/Q<e (y‘)fa1(2Gy>L2(Q,d§)As(y)A(yy)g

dy
= & G, 72 A = = (Ef,G) 22
/Q(( Dy, Gy rzv,ax) s(y)A(y)7 (€f >Ls
Thus, we have proved the first half of the following;:

Proposition 5.1. Assume s > go. Then, E is the adjoint of wg. More-
over, Ps factors as £ ows on L22.

Proof: Set Rg = Eo ws. We claim that Rg is the identity on A22. This
is equivalent to the last statement of the proposition, for then Rg is
the orthogonal projector onto 422, by (5.9) and the claim, and thus it
coincides with Ps. Now, ws(G) has been defined as the limit of &s(¢n, G);
in particular, for G € A2? we already know that

275175 (8) L, o
— & (ws(pn,G)) =G
(@, 6)
for every N € N, by Corollary 4.7. Since a(¢pn) —n 275775 Dq(s),
we are done. O

It is now easy to extend Proposition 5.1 to general Besov spaces, even
though some attention has to be paid to define the right duality pairings.

So, we first extend the involution on L?(V,dz) to functions on the
tube T by letting

G*(w) = G(-w)

(note that holomorphic functions are preserved), and then for {p, ¢} # {2}
we define the following pairing between LE'9 and LP C
«(F,G) = F(w)G(—E)AS_(ﬂ E)(Smw) dw.

’
Le’e L .
Q
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Finally, we introduce the operator 75 = %D’Sﬂb ws, which accord-

ing to (5.6) is given for G in L2? and f in Dg — B2? by the equation
~WIOG. () F dy
(5.10) p22(ms(G), f)pee = e Gy () dE | As(y) =
e ° o \Jo Aly)~
Corollary 5.2. Let p, q belong to ]1,+00] and assume that s > go.
Then, the following facts are equivalent:
i) € is bounded from BP1 into L.
ii) ms is bounded from L into 311(73'71)5'
iil) ws is bounded from Lgl’q, nto Bgl’q,.
In particular, if i) holds, s is the dual operator of €.
Proof: Since (073" is an isomorphism, il) < iii) is trivial, while owing
to (5.8) and (5.9) i) < ii) follows from the chain of equalities

Lg’,q/<G75f>Lsz,q = <5f7 ka)Lg'2
(5.11) = ((f,ws(G™)))s
= grd <7TS(G)7f>Bsp,qa

—(a'=1)s
which is true for every G in L>2N L?>¢ and f in Dg < B»7N B22. In
particular, this shows that 7g is the (Banach-wise) adjoint of £ whenever
one of them, and hence both, is bounded. O

Thus, by Theorem 4.8 we also obtain the following partial result con-
cerning ws:
Proposition 5.3. Let 1 < p < 400, s > go and ¢L(p) < g < +o00. Then,
the linear operator ws defined in (5.6) is bounded from LE9 into BP1.

Remark 5.4. Ps is bounded on LE? if and only if it is bounded on Lfs’/*ql.

Indeed, a reproducing kernel is hermitian, so that by (5.2) we have
that
Ks(z,w) = Ks(—w, —%) = Ks(—%, —w).
In particular, Ps(G*) = (PsG)* for G in L2?, and therefore
Lg,,q(G,PSF) = (PF,G") 2

Lr1
= <F, (PsG)*>L:72 = Lg/’q/<PSG’F>

P,q
Ls

if G also belongs to L2 and F is in L2 N LE4.
As a consequence, the dual conditions to those in (5.4) must hold as
well whenever P is bounded on LP9.
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The final goal is to show that the main problems encountered so
far —boundedness of Bergman projections and the conclusion of Theo-
rem 4.8— are in fact equivalent, even though at present a new condition
on s is needed in order to get a full result. This will also provide a partial
answer to (5.3).

But first, we briefly investigate the dual of a Bergman space: besides
being important on its own, this issue will also lead to state another
property of Bergman spaces which will be shown equivalent to those
mentioned above.

Lemma 5.5. Let s > go, 1 < p,q < +00 and assume that condi-
tions (5.4) hold. Then, the map

jr AL (AT
is an embedding (w.r.t. the duality pairing induced by .o, p.a)-
Proof: We only show that j is injective, the other verifications being
trivial. So, let F' belong to kerj. By Proposition 2.14, we can choose

a sequence (Fp,)men in AP7 N A22 converging to F in AP9. Moreover,
Ks(-,2) is in A2 for every z € T, by (5.4). Therefore,

0= ](F)(Ks(a Z)) = Lg'vq’<KS('7 Z)7 F>L§,q
= lgln L:g’,q’<Ks('a Z)a Fm>Lzss,q

= hm (F,;;L, Ks(-, Z)>A2,2

= lim F,,(~2) = F(-2),

by the reproducing property of Kg and Proposition 2.3. Since z is arbi-
trary, we are done. o

For convenience sake, we restate the second condition in (5.4) focusing
on p: letting

4 n
(5.12) ps=1+ min —Ir
Jj=1,..., r ((r _-7)5 — Sj)+
we have that
n n

p(sfg3)>fg(*)f(;,...,;) < p< ps.

Note that ps > 2, and that ps = +o0 if and only if s > gg.
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Theorem 5.6. Let s>go, and assume that 1 <p<ps, ¢4(p) <qg<Qs(p).
Then, the following properties are equivalent:

1) Ps admits a bounded extension from LB onto AP,

2) we admits a bounded extension from L9 onto BE'9',

3) & is an isomorphism from BP? onto AL,

4) j is an isomorphism from ALY onto (AP-9)*,

Proof: We start with a preliminary remark: under the stated hypotheses,
Theorem 4.8 applies w.r.t. p’, ¢’ and s, so that

(5.13) & is an isomorphism from Bé’/’q/ onto A’;/’q/.

1) = 2): As a consequence of Remark 5.4 and (5.13), €71 o Ps is
bounded from L’S’/’q/ onto Bg/’q/, and by Proposition 5.1 it equals wg
on L22N LY

2) = 3): This is part of Corollary 5.2, since the image of € is then
clearly contained in A2-?; surjectivity of £ now follows from Corollary 4.7.

3) = 1): According to Proposition 5.3, ws is bounded from L9
into B24. Thus, £ o ws is bounded from L2? into A29, and it is equal
to Ps on L22 N L2 by Proposition 5.1; surjectivity of Py finally follows
from the density result of Proposition 2.14.

3) = 4): Tt is sufficient to show that j is surjective. So, take ® €
(AP-4)* . By (5.13), ¥ = & o £ belongs to (BP¢)*. In particular,

owing to Proposition 3.14, there exists [U] € Bf’gqfl)s representing 0.

Then, [X] = 0% [U] € B2, so that F = 212" £[X] belongs to AL,
But £ o wg is the identity on A’s”,*ql, by Proposition 5.1, so that by the
adjunction (5.11) we have that for every G € L?"¢

@(G) = \I/(EilG) = Bg’wq«gile [U]>Bp,q

(1—q)s
= pr'.a’ WSG; U P,q
pr (WG [ DB(H;)S
981t +sr
= T~ /N prd 7TSG7 X P
To() B,(q,,l)f [X1) s
= Lg’,q’<G7F>L§«q = j(F)(G)a

ie., j(F) =®.
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4) = 3): According to Corollary 4.7, it is enough to prove a uniform
estimate

1€ F g = 1 fll 2o

for f € Dg. But j is an isomorphism, so that
(5.14) 1€ fIlaga = sup{[F(ENG)] : |G| 4w <1, G € AZ?}.

Since wg o & is the identity on A22, owing to (5.11) we obtain that
j(gf)(G) = Bp’,q,/ <7Ts (G)7 f)B;J,q

—(a’=1)s

T'a(s s o
o e @ ETELN

PJI;
(1—q’)s Bs

[0-%" being an isomorphism, (5.13) and (5.14) give us the result. O

Remark 5.7. The implications “1 = 27, “2 = 3” and “4 = 3” still
continue to hold in the wider range 1 < p < 400, 1 < ¢ < Qs(p’), for
they only make use of the boundedness of £~! on Ag’vq’, and owing to
Corollary 4.7 and (4.19) this happens in the range stated above.

Proof of Corollary 1.4: On behalf of Theorem 5.6, 1) is a consequence of
Theorem 4.8, while 2) follows from Remark 5.4 and the counterexamples
in Corollary 4.10. O

5.1. The rank 2 case.

Finally, we briefly discuss the situation depicted by Corollary 1.4 in
the special case of forward light cones, which are the prototypes for
irreducible symmetric cones of rank two. So, for n > 3 let

Q=N ={y= (" y2) ER" xR yo > [y]}-
Then, for an appropriate choice of the Jordan frame (c1,c2) we have

A(y) =y 1. Ay) =y — |y

Moreover, the usual assumption s > gg becomes s; > 0, so > ”7_2 here.

Let us remark once more that sharper results are obtained in [2, 5.11]
for light cones when s; = sy = v. But in fact we shall see below that
new interesting phenomena occur precisely when s; < "T’Q, so that in
particular s; and s5 are forced to be different.



70 D. DEBERTOL

Now, note that the various indices involved in Corollary 1.4 all attain
their minima at j = 1, and thus we find

2(n—1
_ 251 +n - L
ps—1+T =< n—2-—2s
(n—2—2s1), +00, otherwise

: n—2
, if sy < =

3

1+ n 281
Qs(p)=7——"""=, ¢ =p (1 + ) ,
(1 _ n ) n — 2
(n=2)p /.

251
-2

max{2, p’
0D ).

q~s(p) =

Moreover, one can check that Qs(p) = ¢4(p) < p = ps when s1 < "T’Q,
and therefore we can translate the statement of Corollary 1.4 into the
following:

Theorem 5.8. Letn > 3, Q = A,, 1 < p,g < +00 and s1 > 0,
59 > "7_2 Then,

1) Ps is bounded on LP9(Tq) if ¢,(p) < g < ¢s(p).
2) The gap between positive and negative results is given by the region
where

p>2 and max{qi(p),¢s(p)} < ¢ < min{gs(2),Qs(p)}

and its dual one.

And of course,

3) Ps is unbounded on LP? in the remaining regions.

Note that gs(p) becomes smaller than 2 for values of p close to 1
and +o0o when 2s; < n—2. Also, one has that Qs(p) < ¢s(2) if and only

if p> %, which is an effective restriction only if s1 > ”2;2.

In particular, for p = 2 the following statement holds true without
exception:

Corollary 5.9. Letn >3, Q=A,, 1< q<+o0 and s; >0, s > 252,
Then, Ps is bounded on L2(Tq) if and only if ¢4(2) < q < qs(2).
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