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DIVERGENCE FORMS OF THE oco-LAPLACIAN

Luict D’ONOFRIO, FLAVIA GIANNETTI, TADEUSZ IWANIEC,
JUAN MANFREDI AND TERESA RADICE

Abstract

The central theme running through our investigation is the
oo-Laplacian operator in the plane. Upon multiplication by a
suitable function we express it in divergence form, this allows
us to speak of weak oo-harmonic function in #12. To every
oo-harmonic function u we associate its conjugate function v.
We focus our attention to the first order Beltrami type equation
for h = u + w.

1. Introduction

This paper is concerned with various linear and nonlinear PDEs whose
prototype is the p-harmonic equation

div (|[Vul[P7*Vu) =0, 1<p< .

The focus is on the limiting case as p approaches oo, referred to as the
oo-Laplacian

" Uy, Uy 8211,
Ao =2 ey 07U
" .Jz::l IVl 0,0,

K3

Upon multiplication by a suitable function A = A(Vu) we express this
operator in divergence form. There may be several such functions A =
A(Vu). We call them divergence factors. Writing the oo-Laplacian
in divergence form allows to speak of weak oco-harmonic functions in
the Sobolev class Vﬂlif(Q) In analogy to the Cauchy-Riemann sys-
tem we associate to every oo-harmonic function u € VV]%)C2 (Q) in the
planar domain {2 its conjugate function v. In general the complex func-
tion h = u+ w is multivalued. This could happen because of the lack of
existence of a continuous branch of the argument of w = u, + 1u,. The
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novelty of our approach is that the first order Beltrami type equation
for h is elliptic and, therefore, defines a mapping of finite distortion.

2. Divergence factors and integrating fields

When dealing with nonlinear partial differential equations, it is often
convenient to write them in divergence form. Consider, for example,
the question of the domain of definition of a given nonlinear differential
operator. Expressing this operator in a divergence form, makes one
derivative dispensable in the definition of its domain. Naturally, there
may exist many divergence forms of an operator, leading to different
domains of definition. A typical example is furnished by the Hessian
determinant in two variables:

det Hu = det {““ “zy]

= UzzUyy — UzyUzy for we ngf (Q)
= (tatiyy)s = (Ustizy)y for e W3 Q)

1 1 2,1
5(“ Ugz)yy + 5(“ Uyy)ww — (Wlay)zy for € W50 (Q)

1
= (UgUy)zy — E(uwuw)uu - g(uyuy)m for ue 7/1;():2(9)
In another example, the reader may try to verify the following identity
for the Gaussian curvature of a surface z = u(z,y) in R3,
o — Uy — UzyUay _ det Hu '

(1 +u2 +u2)? (14 |Vul?)?
First notice that Cu is none other than the Jacobian determinant of the
mapping

Ug Uy
\/1+u§+u§, \/1+u§+u§
K=A4,B,— A,B,.

We can express Ku in divergence form using two different formulas
K= (ABy), — (ABw)y = (AwB)y - (4yB), -
This leads us to two different divergence forms of the curvature

K =divF.

(AvB) =

)
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The so-called integrating field F = (F'}, F?) can be expressed as

1 _ Ug 2
= (1+u2 + u2)? [(1+ ud)uyy — uatiytiay]
x Y
2 __ Uy 2
B = - (1 T2+ ug)g [(1 + uz)uocy - Uacuyuzz]
z Y
or
Flz_#[(1+u2)u gty ]
(1 +u2 + u2)? y/ Uzy aUyUyy
z Y
U
F2 — Yy E [(1 + u%)um - uxuyuzy]

(1 +u2 +u?
Adding up these two solutions we gain a symmetry with respect to x
and y. Namely,

2K = (AB, — A,B), + (A, B — AB,),

(Uglyy — Uylpy Uylpr — Uglay
2F = ( T+u2+u2 7 1+ u2 +u2 >
z Y z Y
One interesting outcome of this calculation is that the Gaussian curva-
ture can be defined for surfaces parameterized by functions in Vﬂlgg Q).
Such parametrizations have integrating factors F € 4. _(Q,R").
In this paper we are concerned with the differential operators which
are linear with respect to the second order derivatives,
- 0%u

i,7=1

Here the symmetric matrix function
GZG(V):[GU(V)], i,jzl,...,n

defined for V' € R™ may have a singularity at V' = 0. This corresponds
to the critical points of u. Let us try to express Lu in divergence form

Lu =divF(Vu), F=(F' ... F").

Elementary computations show that the integrating field F: R™\ {0} —
R™ must satisfy the following overdetermined system of PDEs

(2.1) D*F(V) + DF(V) = 2G(V).

The solvability conditions for such systems of PDEs are well known in
the calculus of differential forms. One particular case arises naturally in
linear elasticity,

2
(2.2) D*F+DF - S(TtDF)I=C, TrC=0
n
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where C = 2G — 2(Tr G)I. This system also results from infinitesimal
deformations of the nonlinear Beltrami equation

(I + eDF)*(I + ¢DF) = [det(I + eDF)]* (I + £C).
The solvability conditions for the system (2.2) have been completely
identified by L. V. Ahlfors [A], [A1].
Consider the simplest second order differential operator
Lu=Au, G=1I.
Obviously it has the divergence form
Ay = div [F(Vu)]
where F(V) = V. There are, however, other divergence forms of the
Laplacian once we multiply it by a suitable factor. For example,
uzlAu:% [(uil — uiz R Uin)zl+(2uzluz2)z2+ 4 (2Uzluzn)zn] .
This corresponds to the following integrating field
F(V)= (v —v3 — - —v2,20109,...,2010,)
which satisfies the equation
D*F(V)+DF(V) =2v1I, V = (v1,v2,...,0n).

We say that ug, is a divergence factor for the Laplacian. Similarly,
Ugys - - -, Uy, are also divergence factors. As before, we combine those
equations into one symmetric form.

Example 2.1. The vector valued function A = Vu is a divergence factor
of the Laplacian. Precisely, we have

(Vu)Au = Div |Vu @ Vu — %,|Vu|2l :

The operator Div applies to the row vectors of the matrix in the right
hand side, resulting in a vector field. What we gain here is not only
symmetry but also the fact that the divergence factor vanishes only at
the critical points of u; that is, when Vu = 0. Having disposed of these
preliminary examples we are now ready to formulate a more general
concept of divergence factor and associated integrating field.

In what follows E is a finite dimensional linear space.

Definition 2.2. A divergence factor of the differential operator £ is a
function A: R™\ {0} — E for which there exists F: R” \ {0} - R" ®E,
called an integrating field, such that

A(Vu)Lu = Div[F(Vu)], at noncritical points of u.
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3. The p-Laplacian

The p-harmonic equation

(3.1) div |[Vu[P~?Vu =0
is the Euler-Lagrange equation of the variational integral
1
Eplul == [ |Vu(z)Pdz, 1<p<oco.
pJa

That is why the Sobolev space #1P(f)) is viewed as the natural do-
main of definition of this equation. However, this equation can also
be expressed as a fully non-linear equation, in nondivergence form, by
carrying out the differentiation

(3.2) |Vul?Au 4+ (p Z Z Ug, Uz, Uz, 2, = 0.
i=1 j=1

Although it would appear that (3.2) requires u to have second order
derivatives, this equation can also be interpreted in the viscosity sense.
In fact the notions of weak solution of (3.1) and viscosity solution of (3.2)
coincide, see [JLM2].

The border line exponents p = 1 and p = oo can also be considered.
We set

dci Ug,; Uy ; 2
=2 et Tr
Z S Gre T BT T
and
dci Ug,; Ug ; (92’(1, 2 2
=2 E (53 |Vu|2) Poidr; = Vul? Tr(|Vul*I —Vu@Vu)Hu.
1,j=1

The p-Laplacian is then a linear combination of A; and A,
1 -1
Ay=-A+22AL
p p

More explicitly we have

n

Apuzg Z

Pz

4 Ug, Uy, 0%u
i (p gyt | _OTu
(61 =2 [Vul? ) 02,0z

2 2
= W Tr (|Vu| I+(p—2)Vu ®Vu) Hu.
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Thus, the scalar function A = |Vu[P~™2 is a divergence factor of Apu.
Precisely we have

2
|VulP~2A,u = = div |Vu[P~2Vu.
p

The corresponding integrating field equals F(V) = |[V[P~2V. Indeed,

VeV
DF = |V[P~2 (1 —2)
v (r+ o=t ST )
Hence (2.1) holds with
VeV
G(V) = [V}~ (1+ = 2)%)

It is worth noting that no other power function of the form |V|*V can
be an integrating field for the p-Laplacian. However, there exist more
sophisticated integrating fields.

4. The p-harmonic equation in the plane

The class of divergence factors is particularly rich in two dimensions
due to the complex structure in R? =2 C = {z = z + 1y, x,y € R}
Let © be an open subset of the complex plane. A function u € €2(9) is:

e oo-harmonic if

1
(4.1) §|Vu|2Aoou = Uggtlh + 2Ugyligly + Uyyu =0,
e 1-harmonic if
1
(4.2) 5|vu|2A1u = Uggtly, — 2ty Unly + Uyytis = 0,

and

e p-harmonic if
1 2 1 2 2 2 2

(4.3) §|Vu| Apu:§|Vu| Aut 1—5 (U + 20Uy U Uy +Uyyyy 1 ) = 0.
We shall make use of the Cauchy-Riemann derivatives

o 1[0 0 o 1[0 0
4.4 == — — 77— d — =2 =— .
@ 573 (ax Zay> md 5z 7o <ax“ay>
and the complex gradient of w, which is defined by

f(2) =u, = = (up —ruy).
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The p-Laplacian of u can be expressed in terms of f as
1 of 1 1\ [fof fof
“Aju=—= ——— ) |s=+==].
i az“L(z p>{faz+f82

This is an elliptic operator for all 1 < p < co. However, the borderline
cases lead to formally parabolic operators

Lo OF _L[JOF  fOF

1810 5 2[f8z+78z}
and

L _of 1[fos  JOT

ZA““_£+§[?$+7$}

We can view the complex gradient of the p-harmonic function as a solu-
tion of the Beltrami equation

(1.5) Fe=nG)fe )= (3-3) [$+ 2]

which is always elliptic if 1 < p < oco. For p =1 and p = +00 we observe

1
that the distortion function K(z) = Lt nz)] is still finite at the points

1—u(2)|

where

¢ R.

S
¥

At these points the equation (4.5) remains elliptic.
Of particular interest to us will be the complex gradients of co-har-
monic functions. These are solutions of the quasilinear first order system

of _ fofN_ 1 (f of [ 9F
wo G- (5 5) =2 (755

The Jacobian determinant of f is computed as:

- 2
@) T = 1P =1 =|om

Thus J(z, f) is positive at the points where (4.6) is elliptic.
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5. The hodograph transformation

Assuming that the complex gradient is a homeomorphism, we can

solve the equation £ = f(z) for z dof ®(&). In this connection we remind
the paper [IMa]. The chain rule gives

¢_
and fzr= 3

—(I)g
- I D)

Equation (4.3) becomes linear in ®

900 _ (.2 e§.3_®>_<1_1><§.3_@ §.@>
52 5 <1 p)%<z o)~ \2 )\ T )

In particular, for p = co and p = 1, we have
0P <g a<1>> 1 (5 0P £ 8_<I>)
53 —_::|:§R€ = — ::l:— :'—+—'— 5
B3 % g o) T2\ E e e
where the + sign corresponds to p = oo and the — sign corresponds

to p = 1. A family of basic solutions for the + sign is described in the
following

Proposition 5.1. For k=0,1,2,... and vy, € C, the functions

. € k+1 ¢ k—1
(54) B = ¢ [(k ~om () e () ]
solve the system (5.3) with the + sign.

It is worth noting that these formulas still define (multivalued) solu-
tions when k is a real parameter. Here are some particular cases

gl

(5.5) Do(§) = A v € 1R,
(5.6) ®1(8) =1, veC,
and

3lel2e+ €
(5.7) $y(§) = g or

(3126 - €)

More general solutions are infinite sums of the basic ones

O(§) = Zakq)k({), ap € R.
k=1
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Let us examine the solution ®9(£) = 3|¢€]%¢ + 53. Using real and
imaginary part of £ = a + b, we see that ®z(a + 1) = 4a® + 4b>. It
is a polynomial of degree 3, and it is a homeomorphism of the entire
complex plane. In order to recover the original oco-harmonic function we
compute the inverse of @5

17,
(5.8) f(z):§(\/%+z\3/2y), z=x+w;
that is,

(5.9) uy = V2r and w, = —{/2y.

We integrate this system to find w,

(5.10) u:%(m’/ﬁ—ye/@).

This is an co-harmonic function of class €1 with o = % first discovered
by Aronsson [Ar]. It is widely believed that

1
Conjecture 5.1. All oo-harmonic functions lie in (flij Q).

Very recently O. Savin [S] has proved that co-harmonic functions in
the plane are indeed CL._(€2).

loc

6. Divergence factors for oo-Laplacian

To define oo-Laplacian in the weak sense, in contrast to the vis-
cosity sense, for functions having only first order derivatives we need
to express Ay in a divergence form. Let us find all divergence fac-
tors A = A(ug,uy) of the equation (4.1). That is, we are looking for
solutions to

g%(um,uy)

0
— (Ug, Uy) + a9

ox

(6.1) M2Usy + 2XUagly gy + Austly, =

This identity holds if and only if
0/ 5, 0%

_ OF _ 2
(6.2) o us, au, Au,
and

oo  O0A

It will be advantageous to work with the complex function

F=F(w) L o +18,
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of the complex variable w = u; + 1uy. In this notation the system takes
the form

0F 1w (0F 0O0F w. . OF
(64) o0 3w (%*%) i
and
ap__ ar
(6.5) \_ 29w 2ReFy,

w? - |’LU|2

Observe that .Z is orientation preserving in the sense that |.7,|? —
| Zw)? = | Fwl? — |Re Zul? = |SMmFy]? > 0.

Proposition 6.1. All complex integrating fields of the co-Laplacian are
determined from the equation (6.4). The associated divergence factor is
the real part of F.,,.

We close this section by observing that equations (6.4) and (5.3) are
dual to each other via the complex inversion of variables

(6.6) Eow=1.

Precisely this means that the solutions ® = ®(¢) at (5.3) and the solu-
tions # = .7 (w) of (6.4) are coupled by the relations

(6.7) F(w) =d(§), (-w=1.

7. Basic examples

Using the solutions listed at (5.4) we obtain the dual system of solu-

tions of (6.4)
(k= 1)y (%)W + (k+ 1% (E)H

w
(7]‘) <g\k(fl'u) = |w|k2,1 | |
for k=0,1,2,... . The corresponding divergence factors of (7.1) are
2ReF i (w)
A —
H) =

(k—1k(k+1)

k _\k
w AT
() 7 (5)
[l |l
ay cos kB + by, sin k0

= 'f'k2+2 Y ak? bk € Ru
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where w = re*?. In particular, the real valued functions

cos kb sin k6
m and )\(’(U) = m

(7.2) AMw) =
are divergence factors of the operator (4.1). We may, therefore, introduce
the complex divergence factors

cos kO + vsin kO ek? wk
k242 k22 T |w|k2+k+2'

(73)  Ax(w) =

The case k = 0 gives Fo(w) = yw, where v € 1R. Hence the divergence
factor is trivial, A = 0. For k = 1 we obtain .#; = v € C, so again A = 0.
The first nontrivial case occurs when k = 2

3 1 9w (a2
Y w” + 3yww| 1
7.4 Faw)=——— =05 | — | .
(7.4) 2(w) g 2\ w
Next we look for one solution of particular interest to us by studying
the limiting case of (7.1) in which k is considered as real parameter
approaching zero. Let v, = 1, so that %#y(w) = 0. Then we have

(7.5) Frp(w) (k- 1)er*+10 (k4 1) (k=10

2k 2krk*—1
Therefore, we can compute the limit
. Fp(w)
(7.6) %136 o w(l —1Argw).
Thus
(7.7) F(w) =w(l —1Argw)

might be a solution to (6.4), in any simply connected subset of C —
{0}. Note that choosing a different branch of Argw will not affect the
equation (6.4) since 2w is also a solution. Direct computations reveal
that indeed (7.7) is an integrating field:

JArgw  —1
7.8 =
(78) ow 2w
and

0Argw 1
7.9 —_— = .
( ) ow 2w
Hence, we obtain

0.F 1

(7.10) — =- —1Argw.
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We find that
0.F w 0.F 0%
11 2— =— d —+—=1
(7.11) ow w O w | ow
as desired. The corresponding divergence factor is
2 G 1
7.12 A=Y - -

Proposition 7.1. The co-Laplacian has a divergence form in which the
integrating field F (w) = w(l — 1 Argw) is multivalued.

In other words the 2-form

2 2
(7.13) (@uifug“” + 2u§f23 Ugy + u%ifl-yug uyy> dz A dy
is locally exact and equals
(7.14) d [ (ug, uy) dy — B(uz, uy) dz],
where
(7.15) A (Ug, Uy) = Uy + Uy tan ™! Z—z
(7.16) By, uy) = Uy — uy tan™! Z—z

The Jacobian determinant of .% = .o/ +1.98 is positive as long as Argw #0.
Indeed, we note that |7, |? — | F[> = |1 —1 Argw*— |5 |* = (Argw)? > 0.
Another example of the divergence form of the equation (4.1) is obtained
by taking into consideration the solution

(7.17) Fo(w) = By (%) SR

w=w w

Hence, we can write

1
A +1PB = +
(Up —2uy)?  (up + 2uy)? (uy — tuy)
(7.18)
4u§ 4w2

(u2 +u2)3  (u2 +u)d

Thus, we have

4ul
—4u2
(7.20) B(ug,uy) =

(@ + )
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and

7 12(ug — u3)

x

(7.21) = T

We conclude this section with one interesting byproduct of our compu-
tations. According to (6.7) the function
_ 1+2Argg

3

solves equation (5.3). This is none other then the inverse of the com-
plex gradient f = f(z) of an oco-harmonic function. To compute f(z)
explicitly, we must solve the relation
14+1Argé
—rrees

3

for £. Let 6 = Arg&, so that 1 +10 = £z and Arg(l +:0) = 6 + Arg 2.
Hence

(7.22) o(¢)

(7.23)

(7.24) tan='0 — 0 = Arg 2.

As the left hand side decreases in # we may express # in terms of Arg z,
say 0 = ©(Argz). We can then conclude the existence of a multivalued
oo-harmonic function whose complex gradient equals

F(2) = 1+ z@(Argz)'

z

8. The conjugate functions

To every integrating field there corresponds a conjugate function.
Having written the oco-Laplace equation in the divergence form

(8.1) [ (s uy)], + [B(uz, uy)], =0
the conjugate function v is defined by the rule

{%(um,uu) = vy,

8.2
8:2) By, Uuy) = —Vg

Set

A (29, 08N 00 07
o Ouy  Ouy Oug Ouyy’
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According to the general classification of the first order nonlinear PDEs
(see for example [Sa]), this system is:

e clliptic at the points where A < 0,
e hyperbolic at the points where A > 0,

e parabolic at the points where A = 0.
For the two examples discussed above we obtain

4u?
et =,
(8.3) (u + u§)3
4u3
(w2 +u2p
and
Uy + Uy tan~—1 Yy = vy
Ug
(8.4)
Uy — Ug tan~! % = —Uy
T

In the first example, the system is well defined outside the zeros of Vu.
Both systems (8.3) and (8.4) are parabolic at every point. However,
a given pair (u,v) can also be considered as the solution to an elliptic
system. Let us analyze this point of view in a general setting

{M(uz,uy) = vy

8.5
(8:5) B(ug, Uy) = —Vy

)

where we recall that & +1.%8 = % and Sy = %%(9}“ +.%,). In analogy
to the Cauchy-Riemann equations we introduce the complex function
(8.6) h(z) = u(z) + w(z).

We want to express the system (8.5) as a nonlinear Beltrami type equa-
tion for h. Our computation is as follows

(8.7) F(Ug + 1uy) = A (Ug, Uy) + 1B(Ug, Uy) = Vy — Wy
In terms of h this reads as
(8.8) F(hz+ hz) =h. — hz

or, equivalently
(8.9) F(h: + hz) + h. + hz = 2h..
Next we consider the function

(8.10) U(w) 4o F(w)+w=w(2—1Argw)
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that we need to invert. First compute its complex derivatives

(8.11) \Ilwzl—l—fw:g—zArgw
and
lw

Hence the Jacobian determinant of ¥ is positive

1
(8.13) Wy ? — U] = 9 + (Argw)? — = =2+ (Argw)? > 2.

4 4
Therefore, the function ¥ can be locally inverted. We proceed as follows
(8.14) h, +hz = U (2h,)
or, equivalently
(8.15) hz = V~Y(2h,) — h..
It takes a form of a nonlinear Beltrami equation
(8.16) hz = H(h).

9. Analysis of #12-solutions

We consider here co-harmonic functions in the Sobolev class Vﬂlif(Q)
To make use of the integrating field .#(w) = w(1 — ¢t Argw) we must
specify a branch of the argument of w = uy; + wu,. There are many

ways to choose a measurable branch of Argw def ArgVu. The diver-
gence equation at (8.1) has a meaning in the distributional sense only if
both 7 (ug, u,) and B(u,, u,) are locally integrable. This will be easily
assured by assuming that the branch of Arg Vu lies in %2 _(12).

Definition 9.1. A function u € 7/1;(’32 (Q) for which we can choose an
Z%-branch of Arg Vu, is called a weak solution to the oco-Laplace equa-

tion if
(9.1) /Q [N (Ug, Uy) + 1My B(ug, uy)] dedy =0

for every n € €5°(Q2).

Since oco-harmonic functions have continuous derivatives by Savin’s
theorem [S], every oco-harmonic function is a weak solution in the sense
of Definition 9.1 in a neighborhood of points where the gradient does
not vanish.
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From now on we assume that €2 is a simply connected domain in C
and that u is a weak solution to the oo-Laplace equation. Thus the
system (8.4) admits a unique (up to a constant) conjugate function v €

Wll( )

loc

Theorem 9.2. The mapping h(z) = u+w € 7/1;;( ) solves the elliptic
Beltrami type equation
10(z)

hz = p(2)h., p(z) = 2—6(2)

where 0(z) = ArgVu. Moreover, the distortion function of h is locally
integrable

_ 1+ p(z)] 5 1
K()= 170 = (|9| Ty ) (1+10)° € L. ().

The Jacobian determinant of h actually does not depend on the choice
of Arg Vu. Indeed, the first order system takes the form

Ug + Ouy = vy
Uy — Oug = —vy ’
or equivalently
. 1 ArgVu _
div [_ Arg Vau 1 ] Vu = 0.

Hence
J(z, h) = ugvy — uyvy = ui + Quzuy + ufl — Quguy = |Vul? € i’j(lm(ﬂ)

Next, let us assume that Arg Vu € Z°°(Q), say || < M. For example,
this is the case if u, > 0 a.e. in €. In this case the distortion function is
bounded and h € #2(Q).

loc

Corollary 9.3. If ArgVu € £*°(Q) a.e. in ) then h is a K -quasiregular
mapping, with K = (1 + ||ArgVu| «)?. In particular, Vu may vanish
only on a set of measure zero.

Proof: In fact, by Astala’s area distortion theorem [As] we see that

h € #LP(Q) with every p < 2K Also, h is Hélder continuous of

loc 1
exponent o = % Its Jacobian is positive a.e. and hence Vu may vanish
only on a set of zero measure. O

Whether Vu may vanish is not clear. For example, Aronsson [Ar]
proved that non-constant oco-harmonic functions of class €?(Q2) have
nonvanishing gradient. Based on the example (5.10), we believe that
Vu # 0 if u € €12(Q), with a > 1/3.
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Corollary 9.4. Suppose that 0 € WLQ(Q), then u has locally integrable

loc

second derivatives; that is u € 7/13’61 (Q).

Proof: It suffices to observe that the Laplacian of u lies in the Hardy
space 1 (). Indeed,

Up Uy

PG -

Ugy + Uyy = Uzly — uyly = det [

The Laplace equation with the Jacobian determinant in the right hand

side has been investigated by Wente in 1969 [W]. His work originated

intensive study of the Jacobian determinants in Hardy spaces [CLMS],
[IV].

Finally we note that if § € Wlif (©) a theorem of Hempel, Morris and

Trudinger [HMT] implies that there exists A > 0 so that [, exp AJ? <oo.
Then h = u+1wv becomes a mapping of exponentially integrable distortion

IDA(2)]* < K(2) J(2,h), K € Exp(Q),
see [IM], [MM], IKMS], IKO] for properties of such mappings.
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