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1. Introduction and statement of results

Recently, Fan, Liao, and Ma ([5]), and Kifer ([10]) proposed to cal-
culate the topological entropy spectrum of level sets of multiple ergodic
averages. Here, the topological entropy means Bowen’s topological en-
tropy (in the sense of [3]; see the definition in Section 2) which can be
defined for any subset, not necessarily invariant or closed.

Let ¥ = {0,1}". Among other questions, Fan, Liao, and Ma ([5])
asked what is the topological entropy of

A= { i e hmzwmk—a} (o€ 0.1).

n—oo N

As a first step to solve the problem, they also suggested to study a subset
of AQI

= {(wp)° € Tt wiwerp, =0 forall k > 1}.
The topologlcal entropy of A, denoted by hiop(A), was later given by
Kenyon, Peres, and Solomyak [9].
Theorem 1.1 (Kenyon—Peres—-Solomyak). We have

hiop(A) = —log(1 — p) = 0.562399.. .,

where p is the unique real solution in [0,1] of

=01-p7
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Building on the idea of [9], the question about the topological entropy
of A, was finally answered by Peres and Solomyak [12], and then in
higher generality by Fan, Schmeling, and Wu [6].

Theorem 1.2 (Peres—Solomyak, Fan—Schmeling-Wu). For any a €0, 1],
we have

hiop(Aa) = —log(1 —p) — glogM’

where (p,q) is the unique solution in [0,1]? of the system

p’(1—q)=(1-p)?
2pg=a(2+p—q).

In particular, hiop(Ao) = hiop(A).
Another interesting related set is
Bi={(wp) €T :wp =woy, forallk>1}.

A sequence w € {0, 1}" is said to be simple normal if the frequency of
the digit 0 in the sequence is 1/2. It is said to be normal if, for all n € N,
each word in {0,1}" has frequency 1/2". We denote the set of normal
sequences by N.

We are interested in the intersection of A" with the set A, of given
frequency of the pattern 11 in wywoy. For the usual ergodic (Birkhoff)
averages the normal sequences all belong to one set in the multifractal
decomposition — the situation for multiple ergodic averages turns out to
be very different.

Our results are as follows:

Theorem 1.3. For a < 1/2 we have
1 1
htop(N N Ay) = 3 log2 + §H(204)7

where H(t) = —tlogt — (1 —t)log(1 —t). For a > 1/2, the set N'N A,
18 empty.
Further,

1
htop(./\/ﬂ A) = htop(./\/ﬂ AO) = 5 IOg 2.
Moreover, NN B C Ay, and

1
— log 2.

htop(Nﬂ B) == htop(Nﬂ A1/2) = htop(B) - 2
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The last statement of Theorem 1.3 was recently proved, in higher
generality, by Aistleitner, Becher, and Carton [1].

Let us now define the set of sequences with prescribed frequency of 0’s
and 1’s:

Ep = {wGZ: lim 1) Fwn(w) 9}.

n—o00 n
In particular, F/; is the set of simple normal sequences.

Theorem 1.4. We have
0 20 — « 0 0—«
fecp (B 1 Aa) = (1 - 2> f (29) ol (9)

fora <0 < (24 «a)/3, otherwise Eg N A, = (. Further,

2-46 20

Note that
3 2
htop(E1/2 n A) - ZH <3) > htop(Nm A)

Applying the results of [12], we have the following corollary.
Corollary 1.5. The equality
hiop(Eo N Aa) = hiop(Aa)
holds if and only if o and 0 satisfy the relation
(1.1) (20 — )?(0 — a)(2—0) = 0(2 — 30 + a)>.

In particular, when

2 2\*3 , 2\*3 4
0=73 1+<23> 3\/@23(23> 3v69+23 | =0.354.. .,

i.e., the unique real solution of the equation 460%(2 — 0) = (2 — 30)3, we
have

dimg Fg N A = dimpg A.

We organize our paper as follows. In Section 2 we give some prelimi-
naries. Section 3 is devoted to the proof of Theorem 1.3. The proofs of
Theorem 1.4 and Corollary 1.5 are given in Section 4.
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2. Preliminaries

2.1. Bowen'’s topological entropy. In 1973, Bowen ([3]) introduced
a definition of topological entropy for any subset which is not necessar-
ily invariant or closed. Though the original definition of Bowen’s topo-
logical entropy is for any topological dynamical systems we recall, for
simplicity, the definition of Bowen’s entropy for a topological dynamical
system (X,T) equipped with a metric d. For z € X, n € N, n > 1,
denote by By (z,e) the Bowen ball defined by

Bp(z,e) :={y e X : d(T"z, T"y) < &,Vk =0,...,n — 1}.
For EC X,s>0, N>1,and e > 0, set

HY(E, ) = inf Z exp(—sn;),

where the infimum is taken over all finite or countable families { B, (25, )}
such that z; € X, n; > N,and E C |J, By, (s, €). The quantity H3 (E, €)
is non-decreasing as N increases, so the following limit exists

H*(B,e) = lim Hy(EB,e).

For the quantity H*(FE,¢) considered as a function of s, there exists a
critical value, which we denote by hiop(E, €), such that

HE(E,e) = +00, s < hiop(E,¢),
0, s> hyop(E, €).
One can prove that the following limit exists
heop () = i g (B, <),
The quantity hiop(E) is called the topological entropy of E.

We remark that for the symbolic dynamical system (X, o), where the
space ¥ = {0, 1} is equipped with the usual metric defined by

Yo, T7€X, dw,T):=2" min{n20iwn 1 # 71}
and o is the left shift defined by
0. WiWa ... = Wawsz ...,

the Bowen ball B, (w, €) (¢ <1) is nothing but the cylinder Cy, (w1, . . . ,wp)
of order n defined by

Cn(wi,...,wp) i ={T €X T =wW1,...,Th =Wn},
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and Bowen’s topological entropy hiop(E) and Hausdorff dimension of a
subset £ C X, dimy(E), differ only by a constant:

hiop(E) = (log?2) - dimpy (E).
We refer to Falconer’s book [4] for the details on Hausdorff dimension.

2.2. Billingsley’s lemma for Bowen’s entropy. The Mass Distribu-
tion Principle ([4, Principle 4.2]) or, more generally, Billingsley’s lemma
([2]) for the Hausdorff dimension has the following topological entropy
version ([11]).

Let p be a Borel probability measure on X. The local entropy h,,(x)
at a point x € X is defined as

-1 By (z,
hy(z) = lim lim inf 08 #(Bn( 6))
e—0 n—oo n
Theorem 2.1 (Ma-Wen, 2008). Let u be a Borel probability measure
on X, E C X be a Borel subset, and 0 < h < co. Then
() if hp(z) < h for all x € E, then hyop(E) < h,
(ii) if hy(z) > h for allz € E and pu(E) > 0, then hyop(E) > h.

We remark that in the symbolic dynamical system (3, o), the local
entropy h,(w) at a point w € X is
—1 -
ha(w) = lim inf 108 #(Cn@))
n—o00 n

where C,,(w) is the cylinder of order n containing the point w.

2.3. A lemma of elementary analysis. The following lemma of Peres
and Solomyak ([12, Lemma 5]) will be applied several times.

Lemma 2.2 (Peres-Solomyak). Suppose that {z,} is a bounded real
sequence and there exists ¢ > 0 such that |z, — zp4m| < c for allm,n €
N. If zok, = v as k — oo for alln € N, then z, — 7.

2.4. A family of measures on {0,1}". For the lower bound esti-
mations of the topological entropy, the following family of measures
on {0, 1} will be used. Let (po, p1) be a probability vector, i.e., pg, p1 >

0 and pg + p; = 1. Let
Poo DPo1
Pio P11

be a transition matrix with all coefficients p;; > 0 and p;o +p;1 = 1
for i = 0,1. We also assume the following condition which will guarantee
our measures to be non-trivial:

(2.1) lpo1 — pu1| # 1.
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With the data p;, pi; (4,7 € {0,1}), we define a Borel measure p on
the space ¥ = {0, 1} as follows

e if k is odd, then wy = 1 with probability p;,

e if £ is even and wy /o = 1, then wy = 1 with probability pii,

e if k is even and wy /5 = 0, then wy = 1 with probability po1,
with the events {wy = 1} and {wy = 1} independent except when k/¢
is a power of 2. More precisely, we define the measure p on any cylin-
der Cy,(wy -+ - wy) of order n € N by

[n/2] [n/2]
N(Cn(wl o wn)) = H Pwsj_y - H Puwjwa s
k=1 k=1

where [-], |-] denote the ceiling function and the integer part function
respectively. Then by Kolmogorov consistence theorem, p is well defined
on . We remark that the measure ;1 depends on the given data p;, pi;
(1,7 € {0,1}). We will see later that by suitably choosing these data,
we can find suitable measures supported on the sets. Such measures are
essential for calculating the topological entropy of the sets.

For w e ¥ and n € N; set

xn(w):% Z W

k=n/2+1
The following Lemmas 2.3, 2.6, and 2.9 will be useful.

Lemma 2.3. For p-almost all w, as n — oo,

1 Ty (w 11—z, (w
Top(w) = ipl + ; )pn + #pm +o(1).

Proof: Recall that, by the definition of the measure u, the random vari-
ables wy, and wy are independent except when k/¢ is a power of 2. Note
that x,(w) is the average of wy’s where no two different k’s have a quo-
tient that is a power of 2. Thus for those n/2 + 1 < k < n, wy are
independent. Thus by Hoeffding’s inequality ([7, Theorem 1]), we have

(2.2) 1(|T2n — Bp(won|en)| > n /%) < e 2V,

To calculate E,(x2n|2,). Let us consider the expected numbers of {k €
(n/2,n] : wap—1 = 1}, of {k € (n/2,n] : wx = 1 Awg, = 1}, and of
{k € (n/2,n] : wp = 0 Awg, = 1} under the condition of z,. The
first one is not really conditional: it is equal to p; - n/2. The second
equals p11-#{k € (n/2,n] : wp = 1} = p11 -y -n/2. The third equals po; -
g{k € (n/2,n] : wy =0} = po1 - (1 — zp,) - n/2. By noting that under the
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condition of x,, the value of xs, is the sum of the above three numbers
divided by n, we have

1 1—x,
P1+ pi+ Po1-

2
Hence, by (2.2) and (2.3), we have

1 Ty (w 1—o,(w _ —oum
M(fﬂzn(w) (2p1+ ( )p11+ ( )P01)‘ >n 1/4> <e 2V,

2 2
Using the summability of the series e 2V™ and applying the Borel-
Cantelli Lemma, we complete the proof. O

(2-3) E/A(x%lxn) =

2 2

Applying Lemma 2.2, we can determine the p-almost sure limit of
Tn(w).

Corollary 2.4. For p-almost all w,

lim z,(w) =¢:= w.
n—oo 2 —p1u1 +po
Proof: Note that by condition (2.1),
Po1 — P11
—| < 1.
2
Thus by Lemma 2.3, py-almost surely, as k — oo,
Tokp (W) = _PitPo .
2 —p1u +po
By Lemma 2.2, this implies that p-almost surely
(2.4) lim (o) = — PP 0
n—oo 2 —pu +pn
Proposition 2.5. For p-almost all w,
+ Po1
lim — w; = 17
”Hf’onz i=8= 2 —p11 + po1
Proof: By Corollary 2.4, for p-almost all w, for all n,
1 k n
i—1
Jin, Z% =i g (32 )+ 3o ) e
= j=
Applying Lemma 2.2, we have
1 n
nh_)rgo - ij =&, pae. U

j=1
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Lemma 2.6. We have, for (i,j)€{0,1}2, for u-almost all w, asn — oo,

2 « 2 <
2% tent@ = (2 X 1@ p o)

k=n/2+1 k=n/2+1

and in particular,

2 n
- Z wrwa = Tn(w) - p11 +o(1)  (n — o0).
k=n/2+1

Proof: Note that for n/2 + 1 < k < n, the variables wyway are indepen-
dent. Then the same argument as in the proof of Lemma 2.3 gives us the
assertion. O

By Lemma 2.6 and Corollary 2.4, we immediately obtain the following
corollary.

Corollary 2.7. We have, for j € {0,1}, for p-almost all w,

L2y
Jim =S Ty (@) = (1-6) pyy
k=n/2+1

and
n

)
lim = > Lum—1j3 (@) = € puj,

n—oo
k=n/2+1
and in particular,

2 n
lim — E wWrwar = & - P11-
k=n/2+1

Proposition 2.8. For p-almost all w,
1 n
lim — iwo; =& - p11-
ninéon;ijzj §-put
=

Proof: The proof is the same as that of Proposition 2.5 by using Corol-
lary 2.7 and Lemma 2.2. O

For n € N and w € ¥, denote
() = og 11(Can () — log 1(Cn ().
Lemma 2.9. For p-almost all w, as n — oo,
2
Ehn(w) = pologpo + p1logp1 + (1 — zn(w))(Poo l0g poo + po1 log po1)
+ @n(w)(p10 log p1o + p11 log p11) + o(1).
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Proof: Following [12], for positive integers m < n, we write w]!, for the
word WmWm41 -+ - wWy. For i,7 € {0,1} and w € X, denote

Ni(wr)=t{m<k<n:wp=1i}
and
Nij(wi) =8#{m <k <n:wpwap =ij}.
We also denote
Nioaa(wy,) =t{m <k <n:kodd, wy =i}
Then we have

1(Con(w)) No,odd, N1,0dd, Noo, No1, Nio, N
u(C’:(w)) =po "1 " Pog* Por’ P1o UP1L

with Nz',odd = Ni,odd(wzﬁ_l) and Nij = Nij (‘*’Z/2+1)' Thus

2 No.odd Ni,0dd
—hy, = ’ I : I
—hn(w) nja o8P0 + w2 o8P

Noo No1 N1 N1
+ L log poo + —=1og por + —= log pro + —= log p11.-
n/2 n/2 n/2 n/2

By the classical strong Law of Large Numbers, for u-almost all w, as n —

0,
No odd N1 oda
) — 1 2 = 1).
na —Poto) SIS =pito(l)
By Lemma 2.6, for u-almost all w, as n — oo,
N N
w7z = L= za(@)) - poo +o(L), 75 = (1= @n(w)) - por +o(1)
and N N
T;; = 2, (w) - p1o +o(1), Wlé = r,(w) - p11 +o(1).

Therefore, as n — oo,

2
Ehn(&)) = po log po + p1logp1 + (1 — 2, (w)) (poo log poo + po1 log po1)
+ 2 (w) (P10 log pro + p11log pi1) + o(1). O
By Lemma 2.9 and Corollary 2.4, we immediately have the following
corollary.

Corollary 2.10. For p-almost all w,

. 2
lim —hy,(w) = pologpo + p1logp1 + (1 — &) (poo log poo + po1 log por)

n—o00 N

+ &(p1o log p1o + p11log pii)-
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We close this section with the following proposition which gives the
local entropy h,(w) of the measure p for a generic sequence w.

Proposition 2.11. For p-almost all w,

1
h(w) = —3 (Po log po + p1logp1 + (1 — &) (poo log poo + po1 log po1)

+ &(p1olog p1o + p11 10gp11)>.

Proof: By Corollary 2.10, we need only to show that, as n — oo,

log p(Cn(@)) _ Fn(@) | gy,

In fact, for all k,n € N

5 logu(Czk (Z hain (w) + 1og p(Ch (w )))~

Then p-almost surely, for all n € N, as k — oo,

o Tog u(Can () = ) 4 o(1)

Applying Lemma 2.2, we complete the proof. U

3. Proof of Theorem 1.3

We first prove the lower bound. We will need the measures defined in
Subsection 2.4 and we will conclude by applying Billingsley’s lemma for
Bowen’s entropy (Theorem 2.1).

Given «a € [0,1], let pq be the probability measure on ¥ constructed
in Subsection 2.4, by using the data (po, p1) := (1/2,1/2) and

DPoo Po1) ._ 2a 1 -2«
po p11) \1—-2a 2a J°

[n/2]
Noe(cn(wl ce wn 2("/2-\ H Puwyway, -

Then

We will prove that the measure p, is supported on the set A’ N A,.

Lemma 3.1. We have

Moz(Nm Aa) =



NORMAL SEQUENCES WITH GIVEN LIMITS OF MULTIPLE ERGODIC AVERAGES 281

Proof: Note that by our choice of data,

= P1 + Po1 _ %4—1—20[ _1
C2—pu4pon 2—-2a+1-2a 2

Hence by Proposition 2.8, for ps-almost all w,

I 1
nh_)rr;oﬁZwkak =& -p = 3 20 = .
k=1
Thus pa(4a) = 1.
Now, we show p,(N) = 1. We can divide the set of natural numbers
into infinitely many subsets of the form

Ap=1{2k—1,4k—2,...,2°2k-1),...} (k>1).

Let By be the o-field generated by the events {wye(ap—1y = 1}, £ >
0. Observe that for the measure p, the o-fields By are independent.
Observe further that p(wae(ak—1y) = 1) = 1/2 for every k, (. Indeed,
for £ = 0, it follows from the definition of u,. For general ¢, this is
proved by induction:
fra(wae2k—1)=1) = pia (Wae (2h—1) = 1 A wae-1(2_1) = 1)
+pa(waeap—1) = 1 A wae-1(2—1) = 0)
:ﬂa(w22*1(2k—1):1)'Na(w2’f(2k—1):1|w2’3*1(2k—1) =1)
o (Wae-1(2k—1) =0) - ta (War (2—1) = w1 (2 —1)=0)
1 1 1
==-2 - (1-2a)==.
5 20 + 5 ( «) 5
Consider now, for any n > 1, the word w41 Wmyn. If m > n,
then the positions m + 1,...,m + n come all from different Ay’s. Thus
W1y« Wmtn are independent and each of them takes values 0, 1
with probability 1/2 respectively. That is, the measure p restricted to
such subset of positions is (3, 3)-Bernoulli, and for any word ne€{0,1}"
with n < m, the probability that we have w,,4+; = n; for i =1,...,n
equals 27", Thus, for a given word n € {0,1}" we can divide N into
intervals [27 + 1,2/11] inside all except initial finitely many of them
(with j < logym), for any p,-generic sequence w, the frequency of ap-
pearance of 7 equals 27" + O(277/2jlogj), and this means that the
Lo-generic sequence w is normal. O

Next, we will calculate the local entropy h,,, (w) of the measure p,
for generic sequence w. We denote, for ¢ € [0, 1],

H(t) = —tlogt — (1 —t)log(1 —¢t),
with the convention that H(0) = H(1) = 0.
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Lemma 3.2. We have
1 1
hy, (w) = 3 log2 + 5H(2a), Lo -G.e.
Proof: By Proposition 2.11, we have for p,-almost all w,

1
hy (W)= —3 (po log po + p1logp1 + (1 — &) (poo log poo + po1 log po1)

+ &(p1o log pro + p11 logp11)>

1/1 1 1 1

+(1—2a)log(1—2a))+= ((1—2a) log(1—2a) +2c log(2a)))

1 1
=3 log2 + §H(2a).

Applying Theorem 2.1, by Lemmas 3.1 and 3.2, we immediately ob-
tain
1 1
htop(N N Ay) > 3 log 2 + §H(2a).
To finish the proof of the lower bound we note that A C Ay but

the measure pg is actually supported on A, that the measure p; /o is
supported on B, and that the relation N'N B C Ay /5 follows from
1

1 1
fﬁ{n—|—1§j§2n:wjzngzl}zfﬂ{n—&—l§j§2n:wj:1}—>§
n n

being satisfied for every w € N N B.

For the upper bound, let us first observe that
1< 1 «
- E wpwap < — E Wk
n n
k=1 k=1

and the right hand side converges to 1/2 for every normal sequence w.
Thus, the set N'N A, is empty for all o > 1/2.
To continue with the case a < 1/2, we need the following lemma.

Lemma 3.3. Let w be a normal sequence and let (ny, = €1 + kf3) be an
arithmetic subsequence of N. Then w restricted to the positions (ny) is
normal.

Proof: The result is originally due to Wall [13]. See also Kamae [8]. O
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Let us fix some m > 0. For N > m and i = 0,1,...,m, denote
by R(N,i) the set {2!(2k — 1),k < 2V~=1} (for example, R(N, 0) is the
set of odd numbers smaller than 2V). Further, let

R(N,i,I) := R(N — 2,1),
R(N,i,IT) := R(N — 1,i) \ R(N — 2,1),
and
R(N,i,III):= R(N,i)\ R(N — 1,1).
Note here the following obvious relations
2R(N,i,I) = R(N,i+ 1,I) UR(N,i+ 1,II),
2R(N,i,IT) = R(N,i+ 1,IIT),
2R(N,i, III)NR(N,i+1) = 0.
We denote by N (N, m,¢) the set of sequences w such that for all n >

N in each R(n,i,x), i =0,...,m, x € {I,1I,III} the frequency of 1’s
is between 1/2 — ¢ and 1/2 4 ¢. By Lemma 3.3,

J\/Cﬂﬂ U N(N,m,e).

e>0m=1 N=m+1

Similarly, let us denote by A(«, N, ¢) the set of sequences w such that
for all n > N we have

211,—1
a—e< 2t E wjwgj < o+ €.
j=1

= U A, N,0).

e>0 N=1

To obtain the upper bound, we will estimate from above the num-
ber of cylinders Con (w1, . .. ,won ) needed to cover the set N(N,m, ) N
A(a, N,e). Let us fix N, m, €. To find the cylinders Con (w1, ... ,wan),
we should determine for each position 1 < n < oN , which value (0 or 1),
wy, will take. To this end, it would be convenient that we partition the po-
sitions from 1 to 2 into several classes according to the values of w,, and
those of the couple (wy,,way,). We will introduce the following notations
concerning the number of positions in each such class. For i =1,...,m,
ki,ks € {0,1}, and * € {I,II}, we denote

Xkl,% w):=t{n € R(N,i—1,%) : wy, = k1, wap, = ko}.

Then
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For example, X&L ;(w) denotes the number of odd positions n smaller
than 2V=2 such that w,, = 0, ws, = 1. Similarly, let

X,il’*(w) :=4#{n € R(N,i,«); wy, =k}

The following relations are obvious: for any <,

(3.1) X%o,[ + Xfl,f = Xfll,

(3.2) XSO,I + X(i)l,I = X8317

(3.3) Xfo,u + Xﬁ,n = Xfllh

(3.4) Xéo,u + X81,H = X(g,illl’

(3.5) X81,I + Xﬁ,] = X%,I + Xi,[[»
(3.6) XéO,I + Xfo,[ = Xé,] + Xé,II?
(3.7) X81,H + Xﬁ,n = Xf,np

(3.8) Xéo,u + Xfo,n = Xé,HI'

Note that, for a sequence w € N (N,m,¢), the right hand side in all
relations (3.1)—(3.8) are in range 2V =37 . (1 — ¢,1 + ¢). Thus by (3.1),
(3.2), (3.5), (3.6), we have

(3.9) | X1 — Xbo sl <e- oN—1=t,
and by (3.3), (3.4), (3.7), (3.8), we have
(3.10) |Xf1,11 - X80,11| <e-o2N71

Note that once we know the values of the sequence
(3'11) (Xéo,Iinl,I’XéO,IlaX%l,[])?llv

then by (3.1)~(3.4), the values of (X ;, X ;, X{ ,;, X{ )" are also
determined.

Let us start the counting of the possible (wy, ...,wsn). The idea is as
follows: we will first describe the sequences that can appear in N'(N, m, €),
starting with what can happen on the odd positions 2k — 1; after that
what can happen on positions of the form 2(2k — 1) provided that the
odd positions are already decided, and so on. Finally we will go back
and add another condition to our sequences to belong to A(a, N, ¢).

Now assume that we know the values of the sequence (3.11) of number
of positions. We will count how many possible (wy, . . .,wy~ ) we can have,
based on the information of the values of (3.11).
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The values of {w, : n € R(N,0)} can be chosen in no more than
22" ways. After we have chosen {wn :n € R(N,i—1)}, we can choose
{wn :m € R(N,i)} in no more than

i—1 i—1 i—1 i—1
(Xif ) . (XSJ ) . (Xi,n) . (X&u)
Xi1g X601 Xinor X6o,11
ways. Finally, after we have chosen {w, : n € R(N,4)} for all i < m, we
will still have 2N¥~™~1 positions left, which we can choose in no more

than 22" """ ways.
To continue our estimation, we will use the following fact: for k,n € N,

(]<k<ll
—
Og k =n

_ky
n
k
=n- H(n) + O(logn),

k n—k gn_k)+0(logn)

(3.12) o

where we recall that H(t) = —tlogt — (1 — t)log(1l — ¢) is a concave
analytic function on [0, 1].

Note that X{ ' and X{' are in the range 2V 37" . (1 —£,1 + ¢).
Applying (3.12), by (3.9), we have

Xz 1 X’L 1 2N—3—i X
log( ; >+log( 7 )—210g< i )+2N3105.
X11 T Xoo I Xing (€)

Similarly, by (3.10), we have

XZ 1 Xifl 2N737’L‘ i
log( 1”) —|—log( Q’H) :2log( i ) + 2V 73710 e).
Xl Xoo,11 Xl

Thus, for fixed values of the sequence (3.11), the logarithm of the
total number Z of cylinders needed to cover the corresponding part
of N(N,m,¢e) satisfies

log Z((Xéo,l, Xﬁ,]aXéo,U,Xfl,u)?il) < @V + 2N og 2

2N 3—1i 2N—3—i N3
+Z(21og< Xi, )+2log<Xﬁn> +2 O(s)>.

=1
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By (3.12), applying the Jensen inequality for the concave function H,
we get

log Z((Xémh X%LI’XéO,H’Xfl,H)?:‘l) < @Vt 2V T log 2

i 4 1 " XX
N—i—1 N—i—2“411,1 11,11
i=1

= i=1

+3 2V 0fe).
1=1

Hence,
log Z((Xéo,la Xil,I’Xéo,II’Xfl,II);Zl)
(3.13) <2V 1log2 + 2N_1H(2_N+2 zm:(Xfl,I + Xh,n))
i=1
+2N . (0(e +27™)).
Moreover, there are no more than
(3.14) ﬁ 94(N—i=3) _ g4mN _ 0(22N)
i=1

possible values of (X{, 7, X1, 1, X60. 17 X{1.77)i%1- We remark here that
the number of possibilities is much less, because of (3.9) and (3.10). But
estimate (3.14) is enough for us.

On the other hand, for all w € A(«, N, ¢),

m
‘QN“ S X+ X)) —al<et+27™
1=1

Thus by estimates (3.13) and (3.14), the logarithm of the number of cylin-
ders Con (w1, ..., won ) needed to cover the set N'(N,m,e)NA(a, N, ¢) is
less than

0(2V) + log Z((XSOJaXf1,17X80,117X1i1,11);i1)
<2N"og2 + 2V L (H(2a) + O(e +27™)) + 2V - (O(e +27™)).

Dividing the above value by 2V, and letting m, N go to infinity and
to 0, we finish the proof of the upper bound.
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4. Proofs of Theorem 1.4 and Corollary 1.5

Given p,q € [0,1], let p, 4 be the probability measure on ¥ con-
structed in Subsection 2.4 by using the data (po,p1) := (1 — p,p) and

(poo P01> — <1 -p P)
po pui) \1—-q q)°
The proof of Theorem 1.4 is based on the following lemmas.
Lemma 4.1. Ifp= (20 —a)/(2—0) and ¢ = o/, then
/uvaq(Eg N Aa) =1.
Proof: By Proposition 2.5, p, ,-almost surely

1 & p1+p 2p
4.1 lim — E wp =& = ! ol = =0,
“) nroo m : 2—putpun 2+p—gq

where the last equality comes from the choices of p and g. Thus u, 4(Eg) =
1.
On the other hand, by Proposition 2.8, for y, ,-almost all w,

N
T}I_{I;Oﬁ;wszk ={-pu=0-q=a.
By Lemma 2.2, we conclude p, (A4s) = 1. O

Lemma 4.2. Forp= (20 —a)/(2 —0) and ¢ = «/0, we have
0 20 — « 0 0—«
hﬂp,q ((A}) = (1 — 2) H (2_9> —+ §H (0> 5 /,Lp’q-a.e.
Proof: By Proposition 2.11 we have, for y,, , almost all w € 3,
1
Pupy (@) = =5 (1 = p) log(1 = p) + plogp + (1~ 6)(1 — p) log(1 — p)
+ (1 —0)plogp+0(1 — q)log(1l — q) + Oqlog q)

= Yoo HE) +0H ()

0 20 — o 0

Lemma 4.3. If0 ¢ [a, (2+ «) /3], we have EgN A, = 0. Otherwise, for
p=(20—a)/(2—0) and ¢ = a/0, we have for all w € Ey N A,

hy, . (w) = (1 = Z) H (229__90‘> + SH (9 ~ a) .

NN




288 L. Liao, M. RAmMS

Proof: Observe that, for any w € Fy N A,, for any small ¢ > 0, and for
n large enough, we have

M) € |0 -a. Gl
Ni(w?™) € [In(1 —¢€),0n(1 + )],
Nn(wfl”) € [%(1 —€), %(1 + 5)} .

The obvious inequalities

Nip (") < Ni(wph/)
and
Ni(wi) = Nu(wi™) < n/2+ No(wpjg) = n — Ni(w))5)
imply 0 € [a, (2 4+ «)/3]. Furthermore, we have

log ptp,q(Can(w)) — log pip 4 (Cr(w))
= Nii(wp") log g + (N1 (wyy /o) — Ni1(wi™)) log(1 — g)
+ (N1 (wp™) = Nia(wi™)) log p
+ (n— N1(w)lj5) = Na(wi™) + Nuy () log(1 — p)

(-2 (E3) 4 (15) - 0)

Hence, by the same argument as in the proof of Proposition 2.11, we
have for all w € Ey N A,

i) )

Proof of Theorem 1.4: We note that by Theorem 2.1, the lower bound
of Theorem 1.4 follows from Lemmas 4.1 and 4.2 and the upper bound
follows from Lemma 4.3. We thus have completed our proof. O

Proof of Corollary 1.5: Note that for any 6, Fy N A, C A,. Thus, if
hiop(Eg N Ay) = hiop(Aq) for some 6, then this 6 is the maximal point
for the entropy formula of Ao, (Ep N Ay). We remark that the entropy
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formula of hiop(Es N Aq) in Theorem 1.4 is analytic and concave with
respect to the variable  and the partial derivative
ahtop(f% N Aa) 1 0(2 — 30+ 04)3

0 =8 e a2 =0 "

if and only if (1.1) holds. We then have proved the first assertion.

By Theorems 1.1 and 1.2, hyop(A) = hyop(Ap). By Theorem 1.4,
hiop(Eg N A) = hiop(Eg N Ap). Then the second assertion follows by
taking o = 0. O
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