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Abstract: We study nearly holomorphic Siegel Eisenstein series of general levels
and characters on Hg,,, the Siegel upper half space of degree 2n. We prove that the
Fourier coefficients of these Eisenstein series (once suitably normalized) lie in the ring
of integers of Qp for all sufficiently large primes p. We also prove that the pullbacks
of these Eisenstein series to H, x H,, are cuspidal under certain assumptions.
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1. Introduction

Let H,, denote the Siegel upper half space of degree n on which the
group Sp,,(R) acts in the usual way. In the arithmetic and analytic
theory of L-functions attached to automorphic forms on GSp,,,, a ma-
jor role is played by pullbacks (i.e., restrictions) of Siegel Eisenstein
series from My, to H, x H,. The importance of such pullbacks has
been realized at least since the early 1980s, when a remarkable inte-
gral representation (the pullback formula) for the standard L-functions
attached to Siegel cusp forms was discovered by Garrett [13]. Subse-
quently, Shimura obtained a similar formula in a wide variety of con-
texts (including other groups). We refer to Shimura’s books [33, 34] for
further details. We note also that this method of obtaining integral rep-
resentations for L-functions using pullbacks of Eisenstein series may be
viewed as a special case of the “doubling method” of Piatetski—Shapiro
and Rallis [26, 15].

In the last three decades, the pullback formula has been used to prove
a host of results related to Siegel cusp forms and their L-functions. We
refer the reader to the introduction of our recent paper [27] for a more
detailed history. As explained in [27], most of the previous results in-
volved significant restrictions on the levels or archimedean parameters
of the Siegel cusp forms involved. To a large extent these were removed
in [27], where we obtained an explicit integral representation for the
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twisted standard L-function attached to a vector-valued Siegel cusp form

of arbitrary level and archimedean parameter. More precisely, for posi-

tive integers N, k, and a Dirichlet character x mod N, define the Siegel

Eisenstein series

(1)

EXy(Z,s31)= D> xM(det(A)) det(Im(v2))* I (v, Z) "
v=[8 B]e(Pin(@nSps,, (2))\Fo,4n (N)

Above, we have s € C and Z € Hy,, P, denotes the Siegel parabolic
subgroup of Spy,,, and I 4, (V) denotes the Siegel congruence subgroup
of Spy,,(Z) of level N, consisting of matrices whose lower left block is
congruent to zero modulo N. The series (1) converges absolutely and
uniformly for Re(s) sufficiently large, and the function E,f N(Z,s1) is
defined by analytic continuation outside this region.

More generally, for each element h € Sp,,,(Z), define Ef: N(Z, s h) =
E,’CC’N(Z,S; 1)|kh. Then, for a smooth modular form! F of level N and
weight k on H,, associated with a particular choice of archimedean vector
inside an automorphic representation 7 of GSps,,,(A), and for a certain

Qr € Spy,,(Z), the main result of [27] was an identity of the form

2) / Ein ([Zl 22]7”7;46;@7) F(2y)dZ,

PO L(s,m X x)

L(s +n,x) [T)=g L(2s + 2, x?)

where L(s, 7 K x) is the degree 2n + 1 L-function on GSp,,, x GL1, the
element [Z ' 7 ] of H,, is obtained from the diagonal embedding of H,, x
H,,, and the symbol ~ indicates that the two sides are equal up to some
(well-understood) explicit factors.

The Siegel Eisenstein series E,): ~N(Z,s;h) on Hy,, defined above corre-
sponds to a special case of the degenerate Eisenstein series on GSpy,, (A)
in the sense of Langlands and has been studied previously by many
authors, including Shimura [31, 33], Feit [12], Garrett [13, 14|, Boche-
rer [5, 6], and Brown [9, 10]. It is a well-known fact, going back to
Shimura [31], that if either ¥ > n+1, or k = n+1 and x? # 1, then the
Eisenstein series E,f,N(Z, 0; h) (i.e., at the special point s = 0) represents
a holomorphic Siegel modular form of weight k and degree 2n. (We note
here that this fact follows immediately in the range k& > 2n + 1, where
the series converges absolutely, but is more delicate for n+1 < k < 2n.)

~

F(Zy),

n general, the (scalar-valued) function F is not holomorphic, but it can be obtained
by applying suitable differential operators on a holomorphic (vector-valued) Siegel
cusp form of degree n.
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The goal of this paper is to better understand some key aspects of this
Eisenstein series at certain negative integer values s = —my for which
the Eisenstein series becomes a nearly holomorphic Siegel modular form.
We recall that a nearly holomorphic Siegel modular form of degree n is
a function on H, that has the same definition as a holomorphic Siegel
modular form of degree n, except that we weaken the holomorphy condi-
tion to the condition of being a polynomial in the entries of Im(Z)~! over
the ring of holomorphic functions. If 0 < mgy < k_g_l is an integer, then

EY v (Z,—mg; h) represents a nearly holomorphic Siegel modular form of
k—n—1

weight k and degree 2n (except in the special case x2 = 1, mg =
From the classical results of Feit and Shimura it follows (see [27,
Proposition 6.8]) that for each mg as above, and each h € Sp,, (Z),
the Fourier coefficients of E) (Z, —mo; h) are algebraic numbers which
behave nicely under the action of Aut(C). This was an important ingre-
dient in our paper [27] for proving the expected algebraicity result for
the special values of L(s, 7 X x) in the case of n = 2. Motivated by the
Bloch-Kato conjectures, we would like to prove more refined arithmetic
results on these special L-values. In order to achieve such results, the
following questions become crucial to answer:
1. Is the nearly holomorphic modular form E;:’N ([Zl 7 } , —Mo; QT)
cuspidal in both variables Z,, Z when N > 17

2. Can one say anything about the primes dividing the denominators
of the (algebraic) Fourier coefficients of E) y(Z, —mo;h); in par-
ticular, can we prove that these coefficients are p-integral outside
a finite specified set of primes p?

A positive answer to the former question will allow us to write
E,’: N ([Zl ZQ],—mO;QT) as an explicit bilinear sum over nearly holo-
morphic Siegel cusp forms that are Hecke eigenforms. Combining this
with a positive answer to the latter question will lead to new results on
congruences between Hecke eigenvalues of Siegel cusp forms, which will
open up many avenues for future exploration. We will discuss some of
these potential applications at the end of this introduction.

Previous work on the two questions posed above has been largely re-
stricted to the holomorphic case mg = 0. For mg = 0, Question 1 was
answered affirmatively by Garrett [14], which allowed him to deduce
important results on the arithmeticity of ratios of Petersson inner prod-
ucts associated with Siegel cusp forms. In the direction of Question 2, a
product formula for the Fourier coefficients of the Eisenstein series was
established by Shimura [33] and subsequently used by Brown [9, The-
orem 4.4] for the value my = % — k (which is essentially equivalent
to mp = 0 via the functional equation of the Eisenstein series) to give a
set of primes for which Question 2 has an affirmative answer (however,
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see Remark 4.2). Other results in the direction of Question 2 for my = 0,
i.e., giving p-integrality results for holomorphic Siegel Eisenstein series,
include the works of Bécherer [5], Bocherer—Schmidt [8], and Bocherer—
Dummigan—Schulze-Pillot [7].

So far, there appears to have been relatively little work on the above
two questions in the rest of the nearly holomorphic range, i.e., when 0 <
mo < %, except in certain full level cases. To put the importance of
the nearly holomorphic range in context, we remark that the holomorphic
case mg = 0 corresponds (via the pullback formula) to at most one
special L-value for the standard L-function. In contrast, the entire nearly
holomorphic range for mg allows us to access all the special L-values
using (2).

In this paper we prove the following theorem, which gives an affirma-
tive answer to both questions posed above in a general setup.

Theorem 1.1. Let N be a positive integer. Let x = ®X, be a finite
order character of Q*\A* whose conductor divides N. Let k be a positive
integer such that o, = sgn®. For h € Sp,,,(Z) and mg € Z, let

k—2
E(Z; h) 1= g+ - Gnt Dk @nd2)mo g N (2 mO) EX (2. ~mo; ),
where
(3) AN (s) o= LV (25, 3) T LV (45 — 2i,x)

i=1

and the notation LY in the L-functions for the Dirichlet characters
means that we exclude the local factors at primes dividing N or co. Then
the following hold:

(i) Suppose that 0 < mg < E=22=2 s an integer and that N > 1. Then
the function E ([Zl 22]5Q7) is cuspidal in each variable Zy, Zs.
Here, T € 2%, and Q. is defined in (17).

(ii) Suppose that 0 < mgy < % is an integer. If my = %,
assume further that x* # 1. Let p { 2N be a prime such that
p > 2k. Write out the usual Fourier expansion

E(Z:h)= > ap(2rY)7}S;h)e?m ),
S€x M3 (Z)
5>0
where ap(X;S;h) is a polynomial in the entries of the matriz X .
Then, for any choice of isomorphism Q, ~ C, the coefficients of
the polynomial ap(—;S;h) lie in the ring of integers of Q,,.
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Remark 1.2. In the case mg = % (which only occurs when k =n+1

(mod 2)), Theorem 1.1 cannot handle the case xy? = 1. This is due to the
fact that the normalization of the Eisenstein series corresponding to this
point involves the factor L(1,x?) which has a pole when y? = 1. (This
can be seen directly from (39) in the case my = 0, k = n + 1 by looking
at the Fourier coefficient b(h) when p, = x.) Consequently the required
arithmetic results for the Eisenstein series are unavailable in this case.
The restriction p > 2k in Theorem 1.1 comes from the denominator
present for the action of a certain differential operator; see (70).

We now discuss further the significance of this result. Similar results
in the case mg = 0 have been previously used by various authors to
show that primes dividing the denominators or numerators of certain
L-values are in fact congruence primes for certain lifted Siegel modular
forms. In this context, we note the papers of Brown [9, 10], Agarwal-
Brown [1], Katsurada [17, 18], Bécherer-Dummigan—Schulze-Pillot [7],
and Agarwal-Klosin [2], all of which obtain congruence primes for lifted
Siegel cusp forms to give evidence towards the Bloch—Kato conjecture for
appropriate L-functions. More generally, the method of using congruence
primes for lifts was inaugurated by Ribet’s famous proof of the converse
of Herbrand’s theorem. Following Wiles, Skinner—Urban, and others, this
idea has proved tremendously influential (e.g., for the main conjectures
of Iwasawa theory). In a slightly different direction, there is recent work
of Tobias Berger and Krzysztof Klosin [3] who have developed a new ap-
proach to proving non-trivial cases of the paramodular conjecture using
such congruences for paramodular Saito—Kurokawa lifts. We are cur-
rently working on a project to obtain a general result for congruence
primes for GSp,, extending the works mentioned above. Theorem 1.1
will be a key piece of this future generalization.

We now briefly explain the steps in our proof of Theorem 1.1. The
basic strategy for proving part (i) of the theorem, i.e., the cuspidality
of the pullback, goes back to Garrett [14]. The key point here is that
we assume N > 1, and translate the Eisenstein series by @, which en-
sures that the pullback of the Eisenstein series unwinds to a sum over
exactly one double coset representative. (This step also requires us to as-
sume that the series defining E,’j ~(Z,—myg; Q) is absolutely convergent,
which is why we need to assume mg < %) To deduce cuspidality
from here, we show that the S-th Fourier coefficient of each term in the
resulting sum vanishes unless S is positive definite. For this, we reduce
the problem to the vanishing of a real integral, which we prove by a
direct computation; see Section 3 for details. This last step of ours is
quite different from the proof given by Garrett, who was able to directly



410 A. PITALE, A. SAHA, R. SCHMIDT

use a computation of Siegel to show the vanishing of the integral; this is
no longer available in our setup.

Our proof of part (ii) of Theorem 1.1, i.e., the p-integrality of the
Fourier coefficients, proceeds via several steps. The first step, which is
the most involved part of the argument, is done in Section 4 and deals
with the case mg = 0, h = [_?M If)" ] For this, we combine Shimura’s
work, which expresses a general Fourier coefficient as an explicit Euler
product of local Siegel series, explicit formulas [5, 19] for these local
Siegel series at bad primes, and classical facts on the p-integrality of
Bernoulli numbers. The second step, carried out in Subsection 4.5, ex-
tends this to general h via the powerful g-expansion principle (due to
Faltings—Chai [11] in this setting). As a final step (carried out in Sec-
tion 5), we deal with the case of general my, using the Maass weight
raising differential operator, and results due to Panchishkin [25] and
Shimura [34]. We remark that these steps do not require us to assume
that the series defining E;f‘ ~(Z,—myg; h) is absolutely convergent, and
therefore, for part (ii) of Theorem 1.1, we can let mg vary over the full
range of integers that produces a nearly holomorphic modular form.
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Notations. For a positive integer n, let Ga, be the algebraic group
GSps,,,, defined for any commutative ring R by

G2n(R):{g€GL2n(R) : thng:,L"n(g)Jn7 ,Un(g)ERX}v Jn: [_[n In]v

where I,, is the n x n identity matrix. The symplectic group Sps,, con-
sists of those elements g € Gg,, for which the multiplier p,(g) is 1. Let
H.,, be the Siegel upper half space of degree n, consisting of all complex,
symmetric n X n matrices X + 1Y with X, Y real and Y positive defi-
nite. The group Sp,, (R) acts transitively on H,, in the usual way (see
Chapter I of [20]). For each n, we let I denote the element iI,, € H,,
and for g = [ B] € Sp,,(R), Z € H,,, we let J(g, Z) = det(CZ + D).
For each discrete subgroup I' of Sp,,.(Q), let Ny (T') (resp. Ni(T")°) be
the space of nearly holomorphic Siegel modular forms (resp. cusp forms)
of weight k for T'. Similarly, we let My (I") (resp. Sk(I')) be the space of
holomorphic Siegel modular forms (resp. cusp forms) of weight & for I'.
We let T's,.(N) denote the principal congruence subgroup of level N.
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Given a subring R of C, we define the R-module N (T', R) to consist of
all the elements in Nj(I") whose Fourier coefficients lie in R. Specifically,
an element F' € Ny (T") has a Fourier expansion of the form

@) F(Z)= > PerY)9)m S 7= X iy,
SeMT™(Q)
5>0

Then F belongs to Ni(I',R) if and only if the coefficients of all the
polynomials P(X, S) lie in R. We define My (T, R) = N (T, R) N M (T).

We fix an embedding of Q in C. Given a prime p, we let O, C Q denote
the subring consisting of elements whose A-adic valuation is non-negative
for any prime \ lying above p. Equivalently, an element z € Q C C
belongs to O, if x lies in the ring of integers of Q, for every choice of
isomorphism Q,, ~ C. We say that z € Q is p-integral if x belongs to O,,.

2. Definition of the Eisenstein series

2.1. Preliminaries. Let A denote the ring of adeles of Q. Let Ps, be
the Siegel parabolic subgroup of Gs,,, consisting of matrices whose lower
left n x n-block is zero. Let No,, denote the unipotent radical of Ps,,. Let
dp,, be the modulus character of Pa,(A). It is given by
n(n+1)
(5) Op, ([*,0-0]) = o™ ™5 des(a)™],
where A € GL,,(A), v € GL1(A),

and |-| denotes the global absolute value on A, normalized in the standard
way, so that |z| =1 for x € Q.

Fix the following embedding of Haq 2 = {(9,9') € Gaqa X Gap :
ta(9) = pp(g’)} into Gaatop:

Ay —B1

(6) Hoaoo 2 ([&' 1], [&2 02]) — [_cl ;‘2 D BQ] € GSPay 9y -
2 Do

We will also let Ha, 2 denote its image in Gagqa, and think of (g,¢’) €
Hsg 05 as an element of Gaq4-2p.

For p = [* .i.] with v € GL1(A) and A € GL3,(A), note that
§p,,(p)=|v~"det(A)|?>"*1. Let x be a finite order character of Q*\A*. We
define a character on Py, (A), also denoted by x, by x(p) =x(v" det(A)).

For a complex number s, let

Gan (A s
(7) I(x,5) = Ind5 () (x3,,).
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Thus, any f(-,s) € I(x, s) is a smooth complex-valued function satisfying

(8) F(pg,s) = x(p)8p,, (p)*F f(g,5)

for all p € Py, (A) and g € G4y (A). Note that these functions are invari-
ant under the center of G4y, (A). Let I(xv,s) be the analogously defined
local representation at a place v of Q. We have I(x, s) = ®I(xy, s) in a
natural way.

Let f(-,s) € I(x,s) be a section whose restriction to the standard
maximal compact subgroup of Gy,(A) is independent of s. Consider
the Eisenstein series on Gy, (A) which, for Re(s) > 1, is given by the
absolutely convergent series

(9) E(g,s,f): Z f(’ygas)a

Y€P1n (Q\G4n (Q)

and defined outside this region by analytic continuation [21, Appen-
dix II.

2.2. Choice of section. For the rest of this paper, let N be an integer
and let S be the set of primes dividing N. Write N = HpES PP, S0
that my, > 0 for all p € S. Let x = ®x, be a finite order character
of Q*\A* whose conductor divides N. In other words, S contains all

primes p where Y, is ramified, and for each p € S, XP’(1+pmpz )= 1. Let
P

k be a positive integer such that y.o = sgn”.
For 0 < r < n, define a matrix of size 4n x 4n by

I, 0 0 O

or, .0 I
(].0) Qr = o o0 I, I )
I —I. 0 1I,_,

where I, = [O"O’T IOT} and I =1,—1I, = [I"O—T 0]. Given f € I(x, s),
it follows from iii) of Lemma 2.2 of [27] that, for all hy, he € Ga,(A)

with the same multiplier,

(11) f(Qn . (ghhghQ)a 8) = f(Qn . (h'17 h2)7 S) for ge GZn(A>
Choose local sections as follows.
1. Let p ¢ S be a finite prime. We choose f, € I(xp,s) to be the
unique normalized unramified vector, i.e., fp: G4n(Qp) X C — C is
given by

1

(12) fo(Pk, 5) = xp(P)dp,, (P)" 2
for P € Py, (Qp) and k € Gun(Zy).
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2. Let p € S. Define K,(m;) := {g € Spy,(Zp) : g = I4n, mod p» }.
Let f,(g,s) be the unique function on G4, (Q,) x C such that

1

(13)  fp(Pk.s) = xp(P)op,, (P)*"2
for all P € Py, (Qp) and k € Kp(my)

and

(14) fo(g,8) =0 if g & Pan(Qp)Ky(my).
It is easy to see that f, is well defined. Evidently, f, € I(x;,s).

3. Let v = co. Let K(?®) ~ U(2n) be the standard maximal compact
subgroup of Sp,, (R).
Let

(15) foo ([*, 51 ]g:5)
= sgn” (det(A)) sgn™ (u)|u~" det(A)| >+ +2) 1 (g, )7
for A € GL,(R), u € R*, and g € K",
Define
(16) £(g.5) =[] folgw ).

Let @ denote the element @, embedded diagonally in J[,_. Sp4,(Zp),

and for any 7 € ZX = [lpcoo Z;, let

(17) Q- = [ I%]Q[T?lh" 12n}'

For f as in (16) and any h € Spy,, (Z) =I1,<c0 SP4n(Zp), define fM(g,s)=
f(gh~',s). We can now define the Eisenstein series E(g, s, f(97)) to be
the Eisenstein series defined in (9) with f, @, as above.

2.3. The Eisenstein series EY n(Z,s;h). For Z € Hy, and h €

SPan(Z), we define

E+2s 1
EX (7. s h): kg Z r)
(18) k-,VN( ,S,h). J(gaI) <gv m 1 27f >7

where ¢ is any element of Sp,,(R) with g(I) = Z. (For a proof that
this definition coincides with the earlier one given by (1), see Section 6.2
of [27].) We will be interested in the function Ey y(Z, —mo;h), where
mg > 0 is a non-negative integer. The following result is a consequence
of [27, Propositions 6.6 and 6.8].
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Proposition 2.1. Suppose that k > n+1 and let h € [, Spy,(Zy)-
If k =n+1, assume further that x> # 1. Let 0 < mg < g — "TH be an

integer, and exclude the case mg = % — "TH, X2 =1. Then

W_QmonE)f,N(Z, —mo; h) € Ni(Tan(N), Qap),
where Q.1 is the mazximal abelian extension of Q.

We note, however, that the series defining EY  (Z, —mg; h) converges
absolutely only in the smaller range mgy < g —n—1.

3. Cuspidality of the pullback

The results of this section will complete the proof of assertion (i) of
Theorem 1.1.

3.1. Formulation of the main result. Let the Eisenstein series
E(g,s, f(@7)) be as defined in the previous section. In this section we
will prove the following theorem.

Theorem 3.1. Let 0 < mo < k/2 —n — 1. Assume that N > 1. Then

the restriction ofE(f, kzjf_ﬁ“ - %, f(QT)) to Hop on(A) gives a cuspidal

automorphic form on Hay, 2, (A).

Let us clarify what cuspidality means. Let s = k2_77, ino — % The above
theorem states that

/ E((ugy, g2), 5, f@)) du= / E((g1,uga), s, /@) du=0
R(Q)\R(A) R(Q)\R(A)

for each (g1,92) € Han2n(A), and the unipotent radical R of any maxi-
mal parabolic subgroup of Sps,,.

A nearly holomorphic modular form is cuspidal in the classical sense
(i-e., its Fourier expansion at each cusp is supported on positive definite
matrices), if and only if its adelization is cuspidal in the sense that its
integral over the unipotent radical of any maximal parabolic subgroup
vanishes. For details of this argument see, e.g., the proof of Proposi-
tion 4.5 of [28].

Therefore, Theorem 3.1 is equivalent to the following statement: for
each mg withogmogg—n—l,

19 EXy([7 2], —moih) € Ni(T2n(N))° @ Ni(T2n(N))°,

which is precisely the assertion of part (i) of Theorem 1.1.



NEARLY HOLOMORPHIC SIEGEL EISENSTEIN SERIES 415

3.2. Unwinding of the Eisenstein series. For the rest of Section 3,
we will assume that NV > 1, or equivalently, that S is non-empty. By
Proposition 2.1 of [27], we have the double coset decomposition

(20) Gn(Q) = || Pan(Q)QrHan 20 (Q),

where the @, are defined in (10). By (9) and (20),

(21) E(g,s, f9N=>"" > f9)NQmg,s),

r=0~y€A;\Hzn,2n(Q)

where Ar = HZnQn(Q) N Q:1P4R(Q)QT

Lemma 3.2. Let p be a prime in S. Let the integer m, > 0 and the
group Kp,(my) be as defined in Subsection 2.2. Let g1, g2 € G2, (Qp) with
the same multiplier. Then, for 0 < r < n,

Qr(91,92) & Pan(Qp)Qn I p(myp).

Proof: Suppose that Q,(91,92) € Pin(Qp)@nKp(my). Then there is a
p' € Py, (Qp) such that p'Q,(g1,92)Q,,* € K,(m,). Here we have used
that K,(m,) is normalized byQ,. Suppose g; = [éj [B;] for i = 1,2.

Then

* * * *
1 * ~ * * ~*
Qr(91,92)Q,," = | I.Dy—Dy Dy -I;C )
% I' _ Dot (Bi—Bs) —I,By I, Aa—I'_ Cs

s Opr O
where I, = [ K } and I},

=1I,—1I, = [ 0]. Write p’ € Py,

with the lower right entry being [Zi Zi ] . Then we see from the six entries

in the last two rows and last three columns of p'Q,(g1,g2)@Q;,* that
hy(I, Dy — Dy) + ho(I,_, Dy + I,(By — Bs)) € M,,(p™),
hiDy — hoI, By € I, + M, (p™),
— hI.Cy 4 ho(I, Ay — I, _,.Cy) € M, (p™),
h3(I, Dy — Dy) + hy(I},_,.Da + I,(By — B)) € M, (p™),
hsDy — hal,. By € M,,(p™),
— h3l.Co + hy(I, Ay — I, _.Co) € I,, + M, (p™).
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We can put this in matrix form as follows:

—hol, hlfrJthI;,,_T [Bz Az}
—hal, halr+hal D, Cs

n—r

1 (mod p™).

The first n — r columns of the leftmost matrix are zero, and therefore,
since r < n, the left hand side has determinant zero. This contradiction
proves the lemma. O

It is easy to see that Py, (Qp)Qn = Pu,(Qp) [TIZn 12"]Qn [r—lzw L }
Together with (14), this implies that, for p € S, the support of the local

section I()QT)(',S) is Pyn(Qp)QnKy,(my). Using Lemma 3.2, it follows
that

E((91,92), 5, 197 = > FONQuv(91,92), 9)-

’YGAH\H2H,271(Q)

By Proposition 2.3 of [27], a set of representatives of A,\Hay, 2,(Q) is
{(z,1) : © € Sp,,,(Q)}. Hence

(22) E((glaQQ)’s’f(QT)) = Z f(QT)(Qn($g17g2),S).

z€Sp,, (Q)

3.3. Proof of Theorem 3.1. Let ¢ be the additive character of Q\A
which is z + €*™ for z € R and is trivial on Z, for every finite prime p.
For a symmetric matrix S in M,,(Q), we obtain a character of the unipo-
tent radical of the Siegel parabolic by setting

U(A) 3 u(X) =[' 7] Os(u(X)) := ¢(tr(SX)).

Note that earlier we used S to denote the set of primes dividing N. From
the context, the meaning of S should be clear.

Lemma 3.3. Let ® be an automorphic form on Spy, (A). Assume that
(23) / P (ug)fs" (u)du =0
U@\U(A)

for all g € Sp,,(A) and all S € MY™(Q) for which the first row and
column are zero. Then ® is a cusp form.
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Proof: We have

(24) MP™ = M’ & MS™

n—1»

where we think of M embedded into M¥™ as matrices whose first
row and column are zero, and where
*0..0
(25) M = [: o
*0...0

c My
v,

Hence M’ is a space of dimension n. Let S € M*(Q), considered
as an element of M¥™(Q) via (24). Since 0" (X) = —(tr(SX)), by
hypothesis, for any g € Sp,,,(4A),

(26) @ ([* {]g) Y (tr(SX))dX = 0.

MY (QAME™ (A)

Using (24), it follows that

0= O ([2 XY ]g) (te(S(X +Y))) dY dX

M (@AM (A) MY (Q\M(4)

n—1

_ B X0 o) ar (s X)) dx,

M (@AM (A) M (@AM (A)

Hence the inner integral is zero as a function of X, and in particular
(27) [ e mar-o

M (Q\M’(A)
Since M’ is the intersection of the unipotent radicals of all standard

maximal parabolics, it follows that ® is cuspidal. O

We are now ready to prove Theorem 3.1. Fix (g1, g2) € Hap 20 (A). By
Lemma 3.3, and by symmetry between the first and second variables, it
suffices to prove that

E((ug1, g2), 5, f9))05* (u) du = 0
U@QN\U(4)
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for all S € M¥™(Q) whose first row and column are zero. Recall that
we are choosing values of s such that (2n + 1)(s +1/2) = k — 2my for
0<mg<k/2—n—1. From (22), we see that

E((gl792)7s>f(QT)): Z Z f(QT xvgvaQ) )

z€Sp,, (Q)/U(Q) veU(Q)
- Z Z F @ (Qulvgr, a7 g2), ).
z€Sp,,, (Q)/U(Q) vel(Q)

Here we have used (11). Hence it is enough to show that

05 () D f@(Qulvugr, ga), s) du
U(@\U(A) vel (@
= [ 651w Qulugr, ). ) d
U(A)

is zero. The above integral is Eulerian. We will show that any of the
archimedean components

[ 051 @ (Qulug g2).) du
U(R)
is already zero. By the definition of f,, given in (15), it is enough to
consider g1 = Q(v,), g2 = u(X0)Q(v,40) € Gon(R). Here Q(v,y) =
[y ,Uty—l:| for v > 0 and y € GL,(R)". Recall that for (g1,92) € Hapn 2n
it is necessary that p,(g1) = pn(g2). Once again using (11),

/ 05" () foo (Qn (uQ(v, ), u(X0)Q(v, 40)), )

- / 05 (u(X)) foo (@ (u(X)Q(0, ), u(X0)Q(v, 30))  5) dX

= [ @O0M @ lulay (X~ X5 )QL 1 ), 1)) X
M7 (R)
n(nt1)

= 05" (w(Xo))v™ 2

X / 9_—15’( ( ))foo(Qn(u(yo_lXty()_l)Q(layo_ly)v 1)3 5) aXx.
M (R)
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n(nt1) . . _
The factor v=— 2 comes from the variable transformation X — v~1X.

We will show that, up to a factor, we can reduce to evaluating the
foo term at a block lower triangular matrix. Let us abbreviate B =
yo ' X 'y, ! and A =y, 'y. Then

Joo(@n(u(B)Q(1, A),1),s)

I, I,

- foo <[ §’:: In ] l In In
I, I, —1I,
I, I, -B

([ ][ e
I, I, In

ITI,

I,

‘AT, )8
AB "I

I
(—i)nksgnk(det(Amdet(A)kMOfooQ o ]s)
I,

A B

Lemma 3.4. Let C € My, (R) be a symmetric matriz such that I, +C?
1s invertible. Then

(29) 8 b )= 5 1 o
where
U=C(lgn+C*)7", Y'Y = (I, +C) 7,
and g € K™ ~U(2n) is such that J(g,ils,) = det(Y) det(iC + Ioy,).

Proof: Act with both sides of (29) on ils, to get ils,(iC + I2,) "t =
U +iYtY. Hence we get ila, = (U +iY'Y)(iC + I,) = U - Y'YC +
i(UC+Y 'Y). Comparing the real and imaginary parts of both sides we
get the values of U and Y in terms of C. Applying the J function to both
sides of (29), we get J([%" IML@'I%) = J([Y ty,l]JIgn)J(g,iIgn).
This concludes the proof. O
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We now put C = [, 4] and use Lemma 3.4 to evaluate fool...)
n (28). We have

o([& 1,]8) = Fue ([P 5, ][V 1y 1 ]009)
= sgn* (det (V) det(Y)[F~27 I (g, il5,) ™+
= sgn®(det(Y))| det(Y)[*~2™0 det (V) 7 det (I, +iC) ~*
= |det(Y)|~2™0 det (I, + iC)~*
= det(Ia, +iC)™ =% det (I, —iC)™.

Set Z = —i(y' + yo'yo). Computing both sides of the equality below,
we get

det(Iy, +iC) = det(yo) 2" det(X + Z).
(Observe that X + Z is invertible, since X + Z is an element of the Siegel
upper half space H,,.) Putting all of this together, we get
foo(@n(u(B)Q(1, A), 1), s) =det(yoy)" > det(X+2) ™~ Fdet (X +2)™.

Hence, we want to show that the integral

(30) / 63 (u(X)) det(X + Z)™0F det(X + Z)™ dX

M (R)

is zero for any S € M¥™(R) for which the first row and column are zero.

Let = denote the (1, 1) matrix entry of the variable X. By assumption
on S, the quantity 5" (u(X)) does not depend on z. Let M;; be the
submatrix of X+Z obtained by eliminating the i-th row and j-th column.
Then, expanding along the first row, we get

r+z11 Ti2+2Z12 ... TintZin
det(X—|—Z) = det Ta1+221 T22+222

xnl‘;l‘znl <o TnntZnn
n .
= (2 + z11) det(My1) + Y _(=1) (w1 + 215) det(Mi;).

j=2
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Observe that M, is an element of the Siegel upper half space of de-
gree n — 1, and hence invertible. We can therefore write

det(X + Z)
:det(M11)<l‘+211 +d€t M11 12 J+1 $1J+21j)det(M1J)>
j=2

Hence det(X + Z) = f(X)(x + g(X)), with functions f and g that do
not depend on z. We also need that g(X) is not real; this follows from
Lemma 3.5 below. This discussion implies that, in (30), there is an inner
integral with respect to the variable x of the form

/ (x4 2)™ k(x4 z)™0de, z¢R.
Set I(¢,m) = [*_(x+2)™ “(x+2)™ da for integers £, m with 2m —{ <
—1. Using integration by parts, one can check that
m

Applying the above relation m tlmes, we get
_ ml(f—2m —1)!

Since ¢ —2m > 1 and z ¢ R, we can easily see that I({ — 2m,0) = 0.
Hence I(¢,m) = 0 whenever 2m — ¢ < —1. Since our assumption is that
0 <mgy <k/2—n—1,it follows that I(k,mg) = 0. This concludes the
proof of Theorem 3.1. O

Lemma 3.5. Let M € H,,, and let My be the submatrixz of M obtained
by eliminating the first row and the first column. Then

det(M) ¢

det(Mll)

Proof: The reciprocal dgti?ﬁﬁ) is the (1,1)-coefficient of M~1. Since

~M~'=[_, "]M € H,, this coefficient is not real. O

4. The integrality result at mg = 0

4.1. An initial integrality result. Recall the definition of the Eisen-
stein series Ej y(Z, —mo; h) from Subsection 2.3. Let ¢ = LIO% fan ], We
will first prove the following result.
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Proposition 4.1. Let k, n, N be positive integers with k > n + 1 and
N > 1. If k = n+ 1, assume further that x*> # 1. Let p be any prime
such that p1 2N and p > 2k. Then

n+n2—(2n+1)k N E
(31) T A ( 5
Remark 4.2. The above result is closely related to Theorem 4.4 of
Brown [9], which states a similar result for the Eisenstein series at the
point mg = (2n + 1)/2 — k instead of mg = 0. (The proof of the above
theorem as it appears in [9] has a gap which has recently been corrected
by Brown in a note available on his webpage?.) The points (2n+1)/2—k
and 0 are related by the functional equation for the Eisenstein series. So
in principle one can try to deduce Proposition 4.1 from Brown’s result.
However, the functional equation will involve factors coming from the
local intertwining operators at the primes dividing the level and the p-in-
tegrality of these factors will need to be proven. We give an independent
proof of Proposition 4.1 that does not rely on Brown’s result.

) E;;N(ZJ);L) S Mk(F4n(N),Op)

4.2. Fourier expansion of Eisenstein series. Let the setup be as in
the statement of Proposition 4.1. We begin by noting that
(32) By n(Z,8;1) = BE(Z, 5+ k/2;k, x, N),
where the Eisenstein series on the right hand side is defined by Shimura
in [34, (16.40)]. (See Remark 6.2 of [27].) We also note that
(33) Efn(Z,s50) = E*(Z,s + k/2;k, X, N).
Here E* is defined in [34, (16.33)]. The Fourier expansion of E*(Z, s) :=
E*(Z,s;k,x,N) is given by [34, (16.42)] as follows:
(34)  EYZs)= 3 clhY,s)*™ 0z = X 1y,
heN—1L

Here L is the set of symmetric 2n x 2n half-integral matrices.

The argument on p. 460 of [31] implies that ¢(h,Y,k/2) are non-
zero only when h is positive definite (this fact requires N > 1). So we

henceforth assume that h is positive definite. For any Hecke character p
of Q*\A*, define

WN(s,p)= [ Lls.)-
p<oo, ptN

Furthermore, if 7 is a primitive Dirichlet character, then we take the
L-function of n to be that of the associated Hecke character (see Sec-
tion 7.1 of [27]).

2Retrieved in February 2021 from http: /jim-brown.oxycreates.org/research.html.
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Proposition 16.9 of [34], specialized to our case, gives the following
formula for the Fourier coeflicients:

2n(2n+1)
2

(35) e(h, Y, 5) =det(Y)* /2N~ OéN(h;2s,x)£<Y, h,s+’§,s’“>,

2

where, by Proposition 16.10 of [34],

(36)  an(hi2s,x) = AN(s) 7 LV (25 — n,xpn) [ fue(x(0)€7>),
LeC

with

(37) AN(s) == LN (25, x) [ ] L™ (45 — 2i, ).

i=1

Above, pp, is the quadratic character corresponding to the extension

Q(/(=1)"det(2h))/Q, C consists of the set of primes that divide det(2h)

but do not divide IV, and f4 ¢ is a polynomial whose coeflicients are in Z
and depend only on h, ¢, and n (to be made more precise in Subsec-
tion 4.4). Next,
E(Y, h,s,t) = / e 2mtr(hX) det(X +4Y) 7 det(X — iV )t dX.
M3 (R)
We have
(38) E(Y,h;k,0) = (—1)""*2ka2h=n" qet(n)

n—1 92k—2j—2

2n+41
k—=5=

—27mtr(Yh)

<[] 50— :
(k25— 2)!

This follows from formulas (4.34.K) and (4.35.K) of [30] by setting o = k,
B8=0,p=2n,qg=r=0. Hence, we see that

AN (k/2)E*(Z,k/2) = N~"@nt1) (_1)nkokq2nk—n

n-l 92k—2j-2 ‘
' Z b(h)e27rztr(hZ)7

j=1 (2k —2j = 2)t heNT'L
h>0
where
(39)  b(h) = det(h)* "= LN (k — n, xpn) [] fre(x(©)07F).
LeC

Proposition 4.1 will follow if we can show that 7" ~*b(h) € O,,.
Let Ny be the conductor of xpp and let C}, be the conductor of py.
Since the conductor of x divides N, and p { N, we can write N, =
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uCh, where u € Q is such that p does not divide the numerator or the
denominator of u. Note that

<deéih))k T I foen( 1

LeC

(40) 7" Fb(h) = u" K3

X {w"‘kN:_n_%LN(k —n, Xph)] .

Clearly, unkte € O,. We will show that the two expressions in the
square brackets above are individually in O, which will complete the
proof.

4.3. Integrality of L-values of Hecke characters. We continue
with the notations from the previous section. The following lemma takes
care of the second bracketed expression in (40).

Lemma 4.3. Let the hypotheses be as in Proposition 4.1. Then
P kN

- 2LN(k: —n,xpn) € Op.
Proof: Let np denote the primitive Dirichlet character corresponding
to xpr. We have

LN (k —n, xpn) = L(k = n, xpn) [ J(1 = mn(0)£"75).
¢N

Since we have assumed p { N, we see that LY (k — n, xps) in the state-
ment of the lemma can be replaced with L(k — n, xpn) = L(k — n,np).
Note that, by definition of y and ps, we have (—1)*=" = (xpn)(—1) =
nn(—1) =: (—1)¢, with e € {0,1}. Hence, Corollary 2.10 in Chapter VII
of [24] implies that

cneg2Gn) (20" By
— = (=11 (k—n—e)/2 DLh—nmn

Here the Gauss sum is defined by
Nhfl
G(nh) — Z nh(y)e27rzu/Nh7
v=1

and the generalized Bernoulli numbers B,, z- are defined by the gener-

ating series
B
eNh —1 Z n "7h
a=1

Write Nj, = NiN>, where Ny contamb only prime factors dividing N,
and Ny contains only prime factors not dividing N. Then there exist
unique primitive Dirichlet characters x; and xs such that n, = x1x2.
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Since the conductor of y is coprime to Na, and 7y, is the Dirichlet char-
acter attached to xppn, it follows that xo must be a quadratic Dirichlet
character.

We now claim that N,:l/QG(nh) € O . To see this, first note that

G(mn) = pG(x1)G(x2),
where p is a root of unity. This follows by an elementary calculation using
the Chinese remainder theorem; see, e.g., Section 1.6 of [4]. We know
that G(x1)G(x1) = Ni. Since G(x1) is an algebraic integer, and p does
not divide Ny, it follows that Nl_l/QG(Xl) € O, Next, since x2 is a

quadratic character, it follows that G(x2)? = N». Hence, N2_1/2G(X2) €
O,. This proves our claim.

Putting it all together by (41), we have

ﬂ"ikN,l:iniéL(k —n,Mn) = Br—nm; U,

where v € O

Next, let us consider the generalized Bernoulli numbers. From p. 137
of [22], if N is divisible by two or more distinct primes, then By, 5
is an algebraic integer. Now, let Ny, = ¢¢¢. If ¢|2N, then by pp. 138-139
of [22], we see that By_,, 7 € Op. If £ 12N, then we have e, = 1 and ny, is
a quadratic character. Then again, by p. 139 of [22], By_p 5 € Op. O

4.4. Proof of Proposition 4.1. We will now prove
1
det(h)\ """z B
(12) WY T et € 0,,
Ch tec

which will complete the proof of Proposition 4.1; see (40). If £ € C and
p # £, then

Fre(xe(OL7F) € O,
This follows immediately from the fact that fj ¢ has integer coefficients.
So (42) follows from the next proposition.

Proposition 4.4. Let p t 2N be a prime, and let h € M3 " (Z,) be
such that det(h) # 0, p | det(h). Let C ~ Q, be an isomorphism, and

let v,: C — QU {oo} be the resulting valuation, normalized so that
vp(p) = 1. Then

(== ) (nldet) = ) + ylUnalorp ™) 2 0

where we denote
0 ifwvy,(det(h)) is even,
ep,h = vp(ch) — { f p( ( ))

1 if vp(det(h)) is odd.



426 A. PITALE, A. SAHA, R. SCHMIDT

The rest of this section will be concerned with the proof of Proposi-
tion 4.4. From now on, we let p, h be as in that proposition.

We need to recall the definition of the local Siegel series. Given a
matrix R € GL,(Q,), it is well known by the theory of elementary
divisors that there exist matrices A, B € GL3,(Z,) such that

ARB = diag(p®, p*?,...,p%"),

where the e; are integers independent of the choice of A, B, and e; <
es < -+ < eg,. We define the integer e(R) > 0 by

e(R) = — Z €.
1:¢; <0
Now given any matrix h € M3 (Z,), det(h) # 0, define a formal power
series By(X, h) and a formal p-Dirichlet series b, (s, h) by

BP(X, h) _ Z XC(R)€27Titr(hR)7 bp(S, h) :Bp<p—s7 h)
ReM5 ™ (Qp)/ M50 (Zp)

The series by (s, h) is known as the local Siegel series. It can be shown

that it has a closed form expression as a rational function in p~*, and

hence is defined on the entire complex plane with finitely many poles.
Unpacking the notation of Chapter 16 of [34], we find

Ap(k/2)

(43) fh,p(Xp(p)p_k) = me(X(p)p_k, h)
AR
C Ly(k— mxph)b”(k it h),

where we define t € R by x,(p) = p~*. Hence

vp(fh,p(Xp(p)pik)) = vp(bp(k+it, h))+vp(Ap(k/2)) —vp(Lp(k—n, xpn))-

Note that L,(k—mn, xpr) =1if ey, =1 and vp(Ly(k —n, xpn)) =k —n
if e, , = 0. Using (37), we deduce that

(44) vp(fh@(xp(p)p_k)) = vp(by(k +it, h)) + 2nk — n? + ep.n(k—mn).

On the other hand, Kitaoka ([19]) found an exact formula for b,(s, h).
The result given below follows by substituting s = k + it in Theorem 2
of [19].
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Proposition 4.5 (Theorem 2 of [19]). Let pt N be an odd prime, and
let h € M3Y™(Zy) such that det(h) # 0 and p | det(h). Then
(43)
bp<k‘ +it, h) — Z XZZ)(p)pv,,(det(G))(2n-‘,—1—2k)O[Xp(_tGr—thv—l7 k)7
GEGLan (Zp )\ Ma2n(Zyp)
20, (det(G)) <vp (det(h))
where ay, (S, k) is defined as follows. If S ¢ M3»™(Zy), then ay, (S, k) =
0. If S € M3X™(Zy,), then let Ng denote the space Fi” equipped with the
quadratic form defined by S. Write Ng = N1 L Ny, where Ny is the
maximal totally singular subspace. Let d = dim(N7). Put e = 1 if Ny

18 an orthogonal direct sum of hyperbolic planes, or if d = 0; otherwise
e=—1. Then

(1= xp(P)p %) (1 + exp(p)p2n4/2—F)
< [icican-ap—1 (1 =3P 2) if2]d,

(1= xp(P)p~") |
X H1gig2n—(d+1)/2(1 - X;Q;(p)pzzizk) if21d.

Remark 4.6. In [5], Bocherer found a very similar formula.

(46) oy, (S, k) =

Remark 4.7. Note that p@™(V2) | det(S) above. For the special case
S =—tG 'hG~!, we get

vy(det(G)) < va(det(h)) —n+ ZJ .

Using v, (x, y) > min(v,(x), v,(y)) and taking valuations of both sides
of (45), we see that

(47)  vp(bp(k + it b)) > mén(vp(det(G))@n +1—2k)
+ vp(an, ("GRG E))).

Above and henceforth, G denotes any element in My, (Z,) such that
2u,(det(G)) < wp(det(h)). Note from the formulas for o, (S, k) that
whenever a,, (—'G~*hG~', k) is non-zero,

(48)

[(2n—d/2)(2n — d/2 — 2k)] if d>4n—2k,

vp(axp(_tg—th—l,k))z{kQ if d< dn—2k

We observe here that the case d < 4n — 2k can only occur for k in the
rangen + 1 <k <2n—1.
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By Remark 4.7 and (48) (and using k& > n + 1) the contribution to
the right hand side of (47) from the matrices G for which d > 4n — 2k
is always greater than or equal to

(49) va(det(h)) 4 ZJ (2n-+1—2k)+ | (2n—d/2)(2n—d/2—2k) .

One can check that in all cases, v,(det(h)) even or odd, d even or odd,
(49) is greater than or equal to

(50) (vp(det(h)) —epn)(n—k+1/2) +n(n — 2k) + e, n(n — k).

Next, we consider the matrices G for which d < 4n — 2k. Again, by
Remark 4.7 and (48), the contribution to the right hand side of (47)
from the matrices G for which d < 4n — 2k is greater than or equal to

(51) Bv,,(det(h)) —n+ ‘;J (2n 41 — 2k) — k2.

One can check that in all cases (51) is greater than or equal to
(52) (vp(det(h)) —epn)(n—k+1/2) +n(n —2k) + e, n(n — k).

Combining the above, we get

(53)  vp(bp(k+1it,T)) > (vp(det(h)) —epn)(n—k+1/2)
+n(n—2k)+epn(n—k).

Proposition 4.4 follows by combining (53) and (44). This completes the
proof of Proposition 4.1.

4.5. An application of the g-expansion principle. In this short
subsection, we continue to focus on the case mg = 0 and extend Propo-
sition 4.1 from h = ¢ to general h and also include the case N = 1.

Proposition 4.8. Let k > n+1. If k = n+1, assume further that ijé
1. Let p be any prime such that p { 2N and p > 2k. Let h € Spy,,(Z).
Then

k
(54) grtn’ =@tk AN (2) EX N(Z,0;h) € My(Tan(N), Op).

Before proving this proposition, let us begin with some related discus-
sion. Let P be the Siegel parabolic subgroup of Sp,,,,. By a cusp of I'(N)
we mean an element of the (finite) double coset space

(55) I'(N)\ Sp,,, (Q)/P(Q) = T'(N)\ Spy,, (Z)/ P(Z).
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Let v € P(Z). Let F' € M(I'(N)) and assume that the ring R contains
e2™/N Tt is easy to see that

(56) F e My(L(N),R) <= F|y€M(I(N),R).

Hence, for given FeEM(T'(N), R) and g€Sps,,,,(Z), whether F|kg also has
Fourier coefficients in R depends only on the double coset I'(N)gP(Z),
i.e., on the cusp determined by g. In fact, provided that R contains 1/N,
the following much stronger statement is true.

Proposition 4.9. Let N be an integer and let k, m be positive integers.
Let F € Mg(T'(N)) be a Siegel modular form of degree m and weight k
with respect to the principal congruence subgroup T'(N) of Sps,, (Z). Let
R be a subring of C containing Z[e*™/N €273 1/N,1/6]. Then, for
any g € Spyy, (Z),

(57) F e My(T(N),R) <= F|. g€ M(N),R).

Proof: This follows from the g-expansion principle; see Proposition 1.5
of [11], Section 2.1 of [16], and Section 5.5.6 of [35]. O

We can now finish the proof of Proposition 4.8. We proved in Propo-
sition 4.1 that if N > 1, and p is a prime such that p{ 2N and p > 2k,
then

. k
(58) e’ =@ntk AN (2) EX N(Z,0;1) € My(Tam(N), Op).

It is straightforward to verify that if h is an element of Spy,(Z),
considered as an element of [, Sps,(Zp), then

(59) EX N(Z,0;h) = EX \(Z,0;0)|,(:7 h).
Putting h = 1 above and using Proposition 4.9 we get that
k
7T7L+n2—(2n+1)kAN (2) E;;N(Z7 O7 1) c Mk;(r4n(N)7 Op)

We can now extend Proposition 4.1 to include the case N = 1. Indeed,
by Proposition 2.4 of [31],

EL1(2,0:1) = > Ef,(Z,0:1)],7,

where 7 ranges over a finite subset of Spy,, (Z). This shows that Propo-
sition 4.8 holds in the case h =1 (and N arbitrary).

Now, by another application of Proposition 4.9 via (59), and observing
that Spy,,(Z) is dense in Sp4n(Z) by strong approximation, we get the
proof of Proposition 4.8.
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5. Application of differential operators

5.1. An integrality result for the Maass operator. In this sub-
section, m will be any positive integer; we will take m = 2n in the next
subsection. The Maass operator Ay of weight k£ and degree m is defined
on smooth functions f: H,, — C by the following formulas:

62»» if i = 4,
(60) A=det(dy), 0=, 13
307, iFD
(61) (Axf)(Z) =det(Z2)"* A(det(Z-2)* <+ f(2), w=""1

If T is a congruence subgroup of Sp,,,(Q), f € My(T), then A,f €
Ni12(T); see (7.3) of [29] or §19 of [23]. More generally, Ay takes Ni(T")
to Ni12(T); see [32, 4.11].

The relation with the operator §y defined in (1.2) of [25] is

(62) 5. = (_;)mw—mk.

For a positive integer r, let A7 and ¢}, be the r-fold iterations of these
operators, i.e.,

(63) A}; = Ak+2(r71) [ OAk+2 OAk, 52 = 5k+2(r71) [ O(Sk+2 Oék.
From (62), we get

(64) 0y = (—;)mr LA

Define A;: M,,(C) — C, for 0 <i < m, by

(65) det(tl,, + Z) Z N(2) ™1,

Let Y be an invertible m x m matrix, and & any m X m matrix. Letting

Z =£Y, we get

m

Y™
(66) det(tY ' 4+ ¢) = det

It follows that

Ai(EY) . s . _
(67) de(t§Y§ is a polynomial in the entries of Y *
of degree at most m — 3.
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We also see that

(68) if € has entries in a ring R,
Ai(8Y)

det (V) are also in R.

then the coefficients of the polynomial

Let F € My (T2, (N)) with Fourier expansion
F(Z) — Z C(Q)eQﬂ'i tr(QZ)’
QeN-1L

where L is the set of half-integral, symmetric, positive definite m x

m matrices. Theorem 3.6(a) of [25] gives the following Fourier expansion
of §, F:

WF(Z)= )] c(Q)i(Z) det(Q)""

QeN-1L t=0
t
m+1 A, (4rQY) o,
X R: | — —k— G \FT T ) 2witr(QZ)
P> L( 2 r> L1 et (amy) € ;
|L|<mt—t j=1
where L runs over all multi-indices 0 <l <--- <1l < m, such that

|ﬁ| =1l +---+1l; < mt—1 and the coeflicients R; are polynomials
with coefficients in Z[1/2]. Note that Theorem 3.6(a) of [25] is stated for
Siegel congruence subgroups, but the proof goes through without change
for principal congruence subgroups. By (67) and (68), % is a
polynomial in the entries of 47Y of degree at most m — [; and with
coefficients in Z[1/N]. It follows that 6, F € Niiop(T2m (IN), Op), as long

as pt2N. In view of (64), we get the following result.

Proposition 5.1. Let m, k, N, r be positive integers. Let p be a prime
not dividing 2N . Then, for any F € My(Tam(N), O,),
T ;CF S Nk+2T(F2m(N), Op)

5.2. Completion of the proof of Theorem 1.1. We can now com-
plete the proof of part (ii) of Theorem 1.1.

Proposition 5.2. Suppose that 0 < my < % is an integer and

h € Sme(Z). If mg = k_g’_l, assume further that x> # 1. Then, for
any prime p with pt 2N and p > 2k,

k—2m
ﬂ"+"2(2”+1)k+(2"+2)m"AN<2 O)E?,N(Z,mm h) € Ni(Lan(N),0p).

Here AN is the factor defined in (37).
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Proof: The operator Aj, defined in (63) coincides with the operator Aj,
defined in the proof of Theorem 17.9 of [34]; see Proposition 7.2 of [29].
Setting p = mg, ¢ = k — 2myg, and s = % in (17.20) of [34], and
observing the shift (32), we get

(69)  d=H(=4)"0 - ARy (BX oy v (2,0:0)) = By y(Z, —mos h)

with

2n  mgo

(70) dzHH(Qmo—k—b—ka;l).

a=1 b=1

The condition p > 2k assures that p t d.
By Proposition 4.8,

(71)  qmtn?—@nt 1) (k=2mo) AN <k:—227no>

X E?—Qmo,N(Zv 0; h) € My—2m, (F4n(N)7 Op)~

Hence the assertion follows from Proposition 5.1. O

References

[1] M. AGARWAL AND J. BROWN, On the Bloch-Kato conjecture for elliptic mod-
ular forms of square-free level, Math. Z. 276 (2014), 889-924. DOI: 10.1007/
s00209-013-1226-x.

[2] M. AcarwAL AND K. KLOSIN, Yoshida lifts and the Bloch-Kato conjecture for the
convolution L-function, J. Number Theory 133(8) (2013), 2496-2537. DOI: 10.
1016/3. jnt.2013.01.009.

[3] T. BERGER AND K. KLOSIN, Deformations of Saito-Kurokawa type and the
Paramodular Conjecture, Amer. J. Math. 142(6) (2020), 1821-1875. DOI: 10.
1353/ajm.2020.0052.

[4] B. C. BERNDT, R. J. Evans, AND K. S. WiLLIAMS, “Gauss and Jacobi Sums”,
Wiley-Interscience and Canadian Mathematical Society Series of Monographs
and Advanced Texts, A Wiley-Interscience Publication, John Wiley & Sons,
Inc., New York, 1998.

[5] S. BOCHERER, Uber die Fourierkoeffizienten der Siegelschen Eisensteinreihen,
Manuscripta Math. 45 (1984), 273-288. DOI: 10.1007/BF01158040.

[6] S. BocHERER, Uber die Funktionalgleichungen automorpher L-Funktionen zur
Siegelschen Modulgruppe, J. Reine Angew. Math. 362 (1985), 146-168.

[7] S. BOCHERER, N. DUMMIGAN, AND R. SCHULZE-PILLOT, Yoshida lifts and Selmer
groups, J. Math. Soc. Japan 64(4) (2012), 1353-1405. DOI: 10.2969/jmsj/
06441353.

[8] S. BOCHERER AND C.-G. SCHMIDT, p-adic measures attached to Siegel modular
forms, Ann. Inst. Fourier (Grenoble) 50(5) (2000) 1375-1443. DOI: 10.5802/
aif.1796.

[9] J. BROWN, Saito—Kurokawa lifts and applications to the Bloch—Kato conjecture,
Compos. Math. 143(2) (2007), 290-322. DOI: 10.1112/S0010437X06002466.


http://dx.doi.org/10.1007/s00209-013-1226-x
http://dx.doi.org/10.1007/s00209-013-1226-x
http://dx.doi.org/10.1016/j.jnt.2013.01.009
http://dx.doi.org/10.1016/j.jnt.2013.01.009
http://dx.doi.org/10.1353/ajm.2020.0052
http://dx.doi.org/10.1353/ajm.2020.0052
http://dx.doi.org/10.1007/BF01158040
http://dx.doi.org/10.2969/jmsj/06441353
http://dx.doi.org/10.2969/jmsj/06441353
http://dx.doi.org/10.5802/aif.1796
http://dx.doi.org/10.5802/aif.1796
http://dx.doi.org/10.1112/S0010437X06002466

NEARLY HOLOMORPHIC SIEGEL EISENSTEIN SERIES 433

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]
(19]

20]

(21]

(22]

(23]

(24]

(25]

(26]

J. BROWN, On the cuspidality of pullbacks of Siegel Eisenstein series and ap-
plications to the Bloch—Kato conjecture, Int. Math. Res. Not. IMRN 2011(7)
(2011), 1706-1756. DOI: 10.1093/imrn/rnq135.

G. FALTINGS AND C.-L. CHAI, “Degeneration of Abelian Varieties”, Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge / A Series of Modern Surveys
in Mathematics 22, Springer-Verlag, Berlin, Heidelberg, 1990. DOI: 10.1007/
978-3-662-02632-8.

P. FEIT, “Poles and Residues of Fisenstein Series for Symplectic and Unitary
Groups”, Memoirs of the American Mathematical Society 346, American Math-
ematical Society, Providence, R.I., USA, 1986.

P. B. GARRETT, Pullbacks of Eisenstein series; applications, in: “Automor-
phic Forms of Several Variables” (Katata, 1983), Progr. Math. 46, Birkhauser
Boston, Boston, MA, 1984, pp. 114-137.

P. B. GARRETT, On the arithmetic of Siegel-Hilbert cuspforms: Petersson inner
products and Fourier coefficients, Invent. Math. 107 (1992), 453-481. DOI: 10.
1007/BF01231899.

S. GELBART, Y. PIATETSKI-SHAPIRO, AND S. RALLIS, “Explicit Constructions
of Automorphic L-Functions”, Lecture Notes in Mathematics 1254, Springer,
Berlin, Heidelberg, 1987. DOI: 10.1007/BFb0078125.

T. IcHIKAWA, Congruences between Siegel modular forms II, J. Number Theory
133(4) (2013), 1362-1371. DOI: 10.1016/j.jnt.2012.09.014.

H. KATSURADA, Congruence of Siegel modular forms and special values of
their standard zeta functions, Math. Z. 259 (2008), 97-111. DOI: 10.1007/
s00209-007-0213-5.

H. KATSURADA, Congruence between Duke-Imamoglu-Tkeda lifts and non-Duke—
Imamoglu-Ikeda lifts, Comment. Math. Univ. St. Pauli 64(2) (2015), 109-129.
Y. KITAOKA, Dirichlet series in the theory of Siegel modular forms, Nagoya Math.
J. 95 (1984), 73-84. DOI: 10.1017/80027763000020973.

H. KLINGEN, “Introductory Lectures on Siegel Modular Forms”, Cambridge
Studies in Advanced Mathematics 20, Cambridge University Press, Cambridge,
1990. DOI: 10.1017/cbo9780511619878.

R. P. LANGLANDS, “On the Functional Equations Satisfied by Eisenstein Series”,
Lecture Notes in Mathematics 544, Springer-Verlag, Berlin, Heidelberg, 1976.
DOI: 10.1007/BFb0079929.

H.-W. VoN LEoPOLDT , Eine Verallgemeinerung der Bernoullischen Zahlen, Abh.
Math. Semin. Univ. Hambg. 22 (1958), 131-140. DOI: 10.1007/BF02941946.

H. Maa8B, “Siegel’s Modular Forms and Dirichlet Series”, Course Given at
the University of Maryland, 1969-1970, Lecture Notes in Mathematics 216,
Springer-Verlag, Berlin, Heidelberg, 1971. DOI: 10.1007/BFb0058625.

J. NEUKIRCH, “Algebraic Number Theory”, Grundlehren der mathematischen
Wissenschaften 322, Springer-Verlag, Berlin, Heidelberg, 1999. DOI: 10.1007/
978-3-662-03983-0.

A. A. PANCHISHKIN, The Maass—Shimura differential operators and congru-
ences between arithmetical Siegel modular forms, Mosc. Math. J. 5(4) (2005),
883-918. DOI: 10.17323/1609-4514-2005-5-4-883-918.

I. PIATETSKI-SHAPIRO AND S. RALLIS, L-functions of automorphic forms on sim-
ple classical groups, in: “Modular Forms” (Durham, 1983), Ellis Horwood Ser.
Math. Appl.: Statist. Oper. Res., Horwood, Chichester, 1984, pp. 251-261.


http://dx.doi.org/10.1093/imrn/rnq135
http://dx.doi.org/10.1007/978-3-662-02632-8
http://dx.doi.org/10.1007/978-3-662-02632-8
http://dx.doi.org/10.1007/BF01231899
http://dx.doi.org/10.1007/BF01231899
http://dx.doi.org/10.1007/BFb0078125
http://dx.doi.org/10.1016/j.jnt.2012.09.014
http://dx.doi.org/10.1007/s00209-007-0213-5
http://dx.doi.org/10.1007/s00209-007-0213-5
http://dx.doi.org/10.1017/S0027763000020973
http://dx.doi.org/10.1017/cbo9780511619878
http://dx.doi.org/10.1007/BFb0079929
http://dx.doi.org/10.1007/BF02941946
http://dx.doi.org/10.1007/BFb0058625
http://dx.doi.org/10.1007/978-3-662-03983-0
http://dx.doi.org/10.1007/978-3-662-03983-0
http://dx.doi.org/10.17323/1609-4514-2005-5-4-883-918

434

27]

(28]

(29]
(30]
(31]
(32]

(33]

(34]

(35]

A. PITALE, A. SAHA, R. SCHMIDT

A. PiTtaLE, A. SAHA, AND R. ScHMIDT, On the standard L-function for
GSpsy,, X GL1 and algebraicity of symmetric fourth L-values for GLa, Ann. Math.
Qué. 45 (2021), 113-159. DOI: 10.1007/s40316-020-00134-6.

A. PITALE, A. SAHA, AND R. SCHMIDT, Lowest weight modules of Sp,(R) and
nearly holomorphic Siegel modular forms, Kyoto J. Math. Advance Publication
(2021), 1-70. DOI: 10.1215/21562261-2021-0012.

G. SHIMURA, Arithmetic of differential operators on symmetric domains, Duke
Math. J. 48(4) (1981), 813-843. DOI: 10.1215/S0012-7094-81-04845-6.

G. SHIMURA, Confluent hypergeometric functions on tube domains, Math. Ann.
260 (1982), 269-302. DOI: 10.1007/BF01461465.

G. SHIMURA, On Eisenstein series, Duke Math. J. 50(2) (1983), 417-476.
DOI: 10.1215/S0012-7094-83-05019-6.

G. SHIMURA, Nearly holomorphic functions on hermitian symmetric spaces,
Math. Ann. 278 (1987), 1-28. DOI: 10.1007/BF01458058.

G. SHIMURA, “Euler Products and FEisenstein Series”; CBMS Regional Confer-
ence Series in Mathematics 93, American Mathematical Society, Providence, RI,
1997.

G. SHIMURA, “Arithmeticity in the Theory of Automorphic Forms”, Mathemat-
ical Surveys and Monographs 82, American Mathematical Society, Providence,
RI, 2000. DOI: 10.1090/surv/082.

C. SKINNER AND E. UrBAN, The Iwasawa Main Conjectures for GLg, Invent.
Math. 195 (2014), 1-277. DOI: 10.1007/500222-013-0448-1.

Ameya Pitale
Department of Mathematics, University of Oklahoma, Norman, OK 73019 USA
E-mail address: apitale@ou.edu

Abhishek Saha
School of Mathematical Sciences, Queen Mary University of London, London E14NS

UK

E-mail address: abhishek.saha@qmul.ac.uk

Ralf Schmidt
Department of Mathematics, University of North Texas, Denton, TX 76203 USA
E-mail address: ralf.schmidt@unt.edu

Received on June 17, 2020.
Accepted on March 2, 2021.


http://dx.doi.org/10.1007/s40316-020-00134-6
http://dx.doi.org/10.1215/21562261-2021-0012
http://dx.doi.org/10.1215/S0012-7094-81-04845-6
http://dx.doi.org/10.1007/BF01461465
http://dx.doi.org/10.1215/S0012-7094-83-05019-6
http://dx.doi.org/10.1007/BF01458058
http://dx.doi.org/10.1090/surv/082
http://dx.doi.org/10.1007/s00222-013-0448-1

	1. Introduction
	Acknowledgements
	Notations

	2. Definition of the Eisenstein series
	2.1. Preliminaries
	2.2. Choice of section
	2.3. The Eisenstein series Ek,N(Z,s; h)

	3. Cuspidality of the pullback
	3.1. Formulation of the main result
	3.2. Unwinding of the Eisenstein series
	3.3. Proof of Theorem 3.1

	4. The integrality result at m0=0
	4.1. An initial integrality result
	4.2. Fourier expansion of Eisenstein series
	4.3. Integrality of L-values of Hecke characters
	4.4. Proof of Proposition 4.1
	4.5. An application of the q-expansion principle

	5. Application of differential operators
	5.1. An integrality result for the Maass operator
	5.2. Completion of the proof of Theorem 1.1

	References

