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Abstract: We study the Fitting ideals over the finite layers of the cyclotomic Zp-ex-
tension of Q of Selmer groups attached to the Rankin–Selberg convolution of two
modular forms f and g. Inspired by the theta elements for modular forms defined by
Mazur and Tate in [32], we define new theta elements for Rankin–Selberg convolu-
tions of f and g using Loeffler–Zerbes’ geometric p-adic L-functions attached to f
and g.

Under certain technical hypotheses, we generalize a recent work of Kim–Kurihara
on elliptic curves to prove a result very close to the weak main conjecture of Mazur and
Tate for Rankin–Selberg convolutions. Special emphasis is given to the case where f
corresponds to an elliptic curve E and g to a two-dimensional odd irreducible Artin
representation ρ with splitting field F . As an application, we give an upper bound of
the dimension of the ρ-isotypic component of the Mordell–Weil group of E over the
finite layers of the cyclotomic Zp-extension of F in terms of the order of vanishing of
our theta elements.
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1. Introduction

1.1. Refined main conjectures for elliptic curves. Let E/Q be an
elliptic curve over Q and let p be an odd prime of good reduction for E.
In their seminal paper [32], Mazur and Tate proposed refinements of
the Birch and Swinnerton-Dyer conjecture and their p-adic analogue
(cf. [33]) for E, by working with “finite layers”, which we now recall.

For M , a positive integer, let χ be an even Dirichlet character of con-
ductorM . In [32, §1], the authors introduced themodular element θE,M∈
Q[Gal(Q(µM )/Q)/{±1}], with the property that

(1.1.1) χ(θE,M ) ≈ Lalg(E,χ−1, 1),

where Lalg(E,χ−1, 1) denotes the algebraic part of the twisted L-value.
Mazur and Tate conjectured that the order of vanishing of θE,M at χ
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is greater or equal to the dimension of the χ-part of the Mordell–Weil
group of E. They actually proposed more precise refinements of this
conjecture, aiming at giving an explicit description of the structure of
the Selmer group of E over a finite abelian extension of Q. Of particular
interest to us are these refinements over the finite layers of the cyclotomic
Zp-extension of Q, which we now describe.

Fix embeddings ιp : Q ↪→ Qp and ι∞ : Q ↪→ C. Denote by Kn ⊂
Q(µpn+1) the field extension of Q with Galois group Gn := Gal(Kn/Q) '
Z/pnZ. As Gal(Q(µpn+1)/Q) ' Gn ×Z/(p− 1)Z, we have a map prGn :
Gal(Q(µpn+1)/Q)/{±1} → Gn. Finally, denote by K∞ = ∪nKn the
cyclotomic Zp-extension of Q.

Given a field K, we write GK for the absolute Galois group of K. Let
Θn(E) ∈ Q[Gn] denote the image of θE,pn+1 under the map prGn . Under
the hypothesis of irreducibility of the GQ-representation E[p] and that
ordp(L(E, 1)/ΩE) = 0, Θn(E) belongs to Zp[Gn] (cf. [22, pp. 200–201]).
Inspired by the weak main conjecture of Mazur and Tate (cf. [32, Con-
jecture 3]), Kurihara proposed the following refined main conjecture for
the “finite layer” Kn.

Conjecture 1.1.1 ([22, Conjecture 0.3]). Let Xn(E) denote the Pon-
tryagin dual of the Selmer group Sel(Kn, E[p∞]). Assume that E(Q)[p]
is trivial and that p does not divide the Tamagawa number of E. Then

(Θn(E), νn(Θn−1(E))) = FittZp[Gn](Xn(E)),

where FittZp[Gn](Xn(E)) denotes the Fitting ideal of Xn(E) as a Zp[Gn]-
module and νn : Zp[Gn−1]→ Zp[Gn] is the trace map as in §2.1.

The conjecture of Kurihara gives more information than the usual
Iwasawa main conjecture as it fully describes FittZp[Gn](Xn(E)) and ex-
plains the growth of Sel(Kn, E[p∞]) as n goes to infinity.

1.2. The work of Kim and Kurihara. In [22], Kurihara himself
proved Conjecture 1.1.1 for E of good supersingular reduction at p,
which additionally satisfies that p does not divide Lalg(E, 1) and that
the representation GQ → GL(E[p]) is surjective.

Under the assumption that ap(E) = 0, Pollack ([39]) reformulated
(and proved) the conjecture in terms of the signed p-adic L-function
attached to E. This was partly motivated by the explicit connection
between the theta elements and the ± p-adic L-functions attached to E
defined in [38].

In [17], Kim and Kurihara proved the following theorem.
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Theorem 1.2.1 ([17, Theorem 1.14]). Let E/Q be an elliptic curve with
good reduction at an odd p, such that E[p] is surjective if E is not CM
and p - Tam(E). Assume one of the following:
(ord) p - ap(E) and ap(E) 6≡ 1 mod p;
(ss) ap(E) = 0.

Then
(Θn(E), νn(Θn−1(E))) ⊆ FittZp[Gn](Xn(E)).

Remark 1.2.2. In [17], the full Conjecture 1.1.1 is proved under various
additional assumptions on E, such as the full equality of the ordinary and
plus/minus Iwasawa main conjectures. We refer to [17, Theorems 1.18
and 1.20] for further details.

As a corollary of Theorem 1.2.1, using [32, Proposition 3], Kim and
Kurihara proved the following.

Corollary 1.2.3. Under the assumptions of Theorem 1.2.1, the order of
vanishing of Θn(E) at χ : Gn → Q∗p is greater or equal to the dimension
of the χ-part of the Mordell–Weil group of E(Kn).

1.3. Theta elements for Rankin–Selberg convolutions. The pur-
pose of the present article is to generalize the results for elliptic curves
stated above to the case of the Rankin–Selberg convolution of two nor-
malized cuspidal eigen-newforms f and g of level Nf , Ng, characters εf ,
εg, and weights kf + 2 > kg + 2 ≥ 1. The main reason for assuming that
the weight of f is strictly greater than that of g is to ensure the exis-
tence of critical L-values of the Rankin–Selberg convolution. We assume
throughout that p - NfNg.

Let αf , βf and αg, βg denote the roots of the Hecke polynomials
of f and g at p respectively. Throughout, we assume that αf 6= βf
and αg 6= βg. Let L be a finite extension of Qp, which contains the
coefficients of f and g as well as αf , βf , αg, βg. Define V := Vf⊗Vg to be
the L-linear GQ-representation associated to the convolution of f and g.
If O denotes the ring of integers of L, we let T denote a Galois-stable
O-lattice in V , coming from certain integral sheaves on the modular
curves of levels Nf and Ng (see §2.2 below for more details). We set
A := V/T and Λn := O[Gn].

For every n ≥ 0 and kg + 1 ≤ j ≤ kf , we construct theta elements

Θj,n,Θ
±
j,n ∈ L[Gn]

by means of the geometric p-adic L-functions attached to f and g (cf.
Definition 3.2.4). These elements satisfy interpolation formulae simi-
lar to (1.1.1) for the theta elements for elliptic curves. For instance,
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when g is p-ordinary, θ is a non-trivial character on Gn of conductor pm
(so that 1 ≤ m ≤ n+ 1) and αf 6= −βf , in Lemma 3.2.7 we show that

Θj,n(θ) =
β2n−2m+4
f − α2n−2m+4

f

β2
f − α2

f

· cj,m,θ · L(f, g, θ−1, j + 1),

where cj,m,θ is a constant appearing in the interpolation formulae of
the p-adic L-functions Lp(fα, g) and Lp(fβ , g) at θχjcyc, with χcyc being
the p-adic cyclotomic character and L(f, g, θ−1, s) denotes the complex
Rankin L-function defined as in [18, §2.7]. Note that cj,m,θ is a ratio of
an algebraic number and a complex period, allowing us to regard the
right-hand side as an element of L(µpm) via the fixed embeddings ιp
and ι∞.

Remark 1.3.1. We make a couple of remarks on the construction of our
theta elements.
(i) An alternative (but equivalent) construction of the theta elements

is discussed in Appendix A, where they are shown to be equal to
images of the Beilinson–Flach classes considered in [27, 19, 18, 31]
under certain Perrin-Riou pairings over Kn. As an application, we
show that, when the weight of g is 1, the theta elements are integral
as long as a Fontaine–Laffaille condition holds for the representa-
tion V (cf. Proposition A.3.9).

(ii) The theta elements have bounded denominators as n varies (see
Lemma 3.2.5). However, in the range of cases pertaining to our
main arithmetic results, they are actually elements of Λn.

In our quest to study the Fitting ideals of Selmer groups over Kn

attached to f and g, we consider two different settings. The first is when
f and g are both p-ordinary and the second is when f corresponds to a
p-supersingular elliptic curve E with ap(E) = 0 and g is of weight 1. We
now discuss them separately.

1.4. Main theorems: the ordinary setting.We consider a big enough
prime p coprime with NfNg and let f and g be both p-ordinary, with
unit roots αf and αg; our main object of interest is the Greenberg Selmer
group SelGr(Kn, A(j+ 1)) (see §4.1 for details), for kg + 1 ≤ j ≤ kf . We
allow n to be ∞, by defining

SelGr(K∞, A(j + 1)) := lim−→
Q⊆K⊆K∞

SelGr(K,A(j + 1)).

We study the growth of SelGr(Kn, A(j + 1)) as n varies by analysing
the Fitting ideal over Λn of its Pontryagin dual, which we denote by XGr

j,n.
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By mimicking the techniques used in [17], we prove the following
theorem, which corresponds to the setting (ord) in Theorem 1.2.1.

Theorem A (Theorem 6.1.4). Suppose that the residual representa-
tions of f and g are irreducible, that f is non-CM, that εf εg 6= 1, that
(Nf , Ng) = 1, and that one of the following conditions holds:
(i) g is non-CM and has weight ≥ 2;
(ii) g has weight ≥ 2, is of CM type, and εg is neither 1 nor the qua-

dratic character attached to the corresponding CM field of g;
(iii) g has weight 1.
Furthermore, suppose that there exists a Dirichlet character θ factoring
through Gal(K∞/Q) such that Lp(fα, g)(θχjcyc) 6= 0, with kg + 1 ≤ j ≤
kf . If (f, g, j) is non-anomalous ordinary at p, then

(Θj,n, νn(Θj,n−1)) ⊆ FittΛn XGr
j,n.

The non-anomalous ordinary condition at p is introduced in Defini-
tion 6.1.1. In Theorem 6.1.4, we further show that (Θj,n, νn(Θj,n−1)) is
the principal ideal generated by Θj,n. We also note that the existence of
such a character θ implies that our theta elements are non-trivial. We
invite the reader to consult §6.1 for more details.

Remark 1.4.1. In the case where f corresponds to a non-CM elliptic
curve E/Q and g to a two-dimensional odd irreducible Artin represen-
tation of GQ with splitting field F , Theorem A gives, in the same spirit
as Corollary 1.2.3, an upper bound to the dimension of the ρ-isotypic
component of the Mordell–Weil group of E(FKn) in terms of the order
of vanishing of Θj,n (cf. §1.6 for further details).

Similar to [17, Theorem 1.14], Theorem A is a consequence of the
inclusion of the Iwasawa main conjecture

π∆ ◦ Twj Lp(fα, g) ∈ charΛ(XGr
j,∞)

(see §2.1 for the definitions of π∆ and Tw), which follows from [18, The-
orem 11.6.4], as well as the non-existence of non-trivial finite Λ-submod-
ules of XGr

j,∞ (which we prove as part of Proposition 4.3.7), and a control
theorem for XGr

j,n as n varies (which we establish in Theorem 5.1.2). The
last two results may be of independent interest. We invite the reader to
consult §4.3 and §5.1 for more details and comments.

1.5. Main theorems: the supersingular setting. The second setting
we consider is when f corresponds to an elliptic curve E with supersingu-
lar reduction at p and ap(E)=0. Since the weight of f is now 2, it forces g
to have weight 1 and j = 0. Using the Coleman map technique developed
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in [6], we define four plus and minus Selmer groups Sel±±(Kn, A(1)) as
well as four signed p-adic L-functions L±±p (f, g). Our theta elements Θ±0,n
are intimately linked to L++

p (f, g) and L−−p (f, g) (see Proposition 4.2.20).
Our assumption that ap(E) = 0 and g is of weight 1 allows us

to describe the local conditions at p of the plus and minus Selmer
groups explicitly using Kobayashi’s “trace-jumping conditions” studied
in [21]. This explicit description in particular allows us to generalize
Kobayashi’s work to prove a control theorem for two of these Selmer
groups, Sel++(Kn, A(1)) and Sel−−(Kn, A(1)) (see Theorem 5.2.2).
As in the ordinary case, we also prove in Proposition 4.3.7 that
Sel±±(K∞, A(1))∨ admits no non-trivial finite Λ-submodule. These re-
sults allow us to apply the techniques of Kim–Kurihara in [17] to prove
the following generalization of the (ss) part of Theorem 1.2.1.

Theorem B (Theorem 6.2.7). Assume that L++
p (f, g) and L−−p (f, g)

are non-zero elements of Λ and that they are contained inside the
characteristic ideals of the Pontryagin duals of Sel++(Kn, A(1)) and
Sel−−(Kn, A(1)) respectively. Furthermore, suppose that the hypothe-
sis (H.Kim) introduced in §5.2 holds. Let XBK

n denote the Pontryagin
dual of the Bloch–Kato Selmer group of A(1) over Kn. If n ≥ 2 is even,
then

(pΘ+
0,n,Θ

−
0,n) ⊂ FittΛn XBK

n .

If n ≥ 1 is odd, then

(Θ+
0,n, pΘ

−
0,n) ⊂ FittΛn XBK

n .

1.6. Selmer groups of elliptic curves. Wemay combine Theorems A
and B to use our theta elements to study Selmer groups of elliptic curves
over number fields in a unified way. Let E be an elliptic curve over Q
without CM, of conductor NE . Let ρ be a two-dimensional odd irre-
ducible Artin representation of GQ and denote by F its splitting field
and by Nρ its conductor. We assume that p - NENρ[F : Q] and that
p ≥ 5. When E has supersingular reduction we further assume that
4 - [F : Q]. The representation ρ takes values in a finite extension Lρ
of Q. Fix P, a prime of Lρ above p, and let L be a finite extension of Lρ,P
with ring of integers O.

Let F∞ = FK∞ be the cyclotomic Zp-extension of F , with finite
layers Fn so that [Fn : F ] = pn and Fn is the compositum of Kn and F .
Consider the Selmer group Seln(E/F ) of E over Fn and its ρ-isotypic
component Seln(E/F )(ρ) (cf. Definitions 6.3.1 and 6.3.2). The results
described above allow us to study the Fitting ideal of the Pontryagin
dual Xn(E)(ρ) of Seln(E/F )(ρ).
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As E and ρ∗ correspond respectively to a weight 2 modular form f
and a weight 1 modular form g, we can consider the theta elements
associated to f and g. We adopt the following notation. If E has ordinary
reduction at p, denote by Θn(E, ρ) the theta element Θ0,n, while, if E
has supersingular reduction at p with ap(E) = 0, we write Θ±n (E, ρ)
for the theta elements Θ±0,n. These elements are integral as proved in
Proposition A.3.9.

Theorems A and B together give the following theorem.

Theorem C (Theorem 6.3.8). Suppose that L(E, ρ, θ−1, 1) 6= 0 for some
finite order character θ on Gal(K∞/Q). Under certain technical hypothe-
ses on E and ρ (cf. hypotheses (1)–(6) of §6.3), we have:
(i) If E has ordinary reduction at p, then for all n ≥ 0 we have

(Θn(E, ρ)) ⊆ FittΛn Xn(E)(ρ).

(ii) Suppose that E has supersingular reduction at p with ap(E) = 0
and let pm be the conductor of θ. If m is odd, then for all even n ≥ 0
we have

(Θ−n (E, ρ)) ⊆ FittΛn Xn(E)(ρ).

If m is even, then for all odd n ≥ 0 we have

(Θ+
n (E, ρ)) ⊆ FittΛn Xn(E)(ρ).

We conclude by stating a corollary to Theorem C, which is our anal-
ogous to Corollary 1.2.3 in the current setting. Consider the ρ-isotypic
component

E(Fn)(ρ) := HomGal(Fn/Kn)(ρ,E(Fn)⊗ L),

and, given χ : Gn → Q×p ,

E(Fn)χ(ρ) := {P ∈ E(Fn)(ρ) ⊗Qp : σ · P = χ(σ)P for all σ ∈ Gn}.

Corollary D (Corollary 6.3.10). We keep the hypotheses of Theorem C.
Let χ be a character on Gn.
(i) If E has ordinary reduction at p, then dimQpE(Fn)χ(ρ)≤ordχΘn(E, ρ).

(ii) If E has supersingular reduction at p, then

dimQp E(Fn)χ(ρ) ≤

{
ordχ Θ+

n (E, ρ) if n is odd,
ordχ Θ−n (E, ρ) if n is even.

The proof of Corollary 6.3.10 follows from Theorem C and [32, Propo-
sition 3].
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2. Notation

We fix some notation and define objects that will be used throughout
the paper. Throughout, p is a fixed odd prime and L/Qp is a fixed finite
extension, which will be the coefficient field for all the representations
we will consider. The ring of integers of L is denoted by O. We fix a
uniformizer $ of O.

2.1. Iwasawa algebras and distribution algebras. The group Γ :=
Gal(Q(µp∞)/Q) is isomorphic to a direct product ∆ × Γ1, where ∆ is
a finite group of order p − 1 and Γ1 = Gal(Q(µp∞)/Q(µp)), which we
identify with Gal(K∞/Q). We fix a topological generator γ of Γ1, which
determines an isomorphism of topological groups Γ1

∼= Zp.
We write Λ = O[[Γ1]], the Iwasawa algebra of Γ1 over O. It can be

identified with the formal power series ring O[[X]], via the isomorphism
sending γ to 1 + X. We may consider Λ as a subring of the ring H
of locally analytic L-valued distributions on Γ1, which we identify with
the ring of power series F ∈ L[[X]] which converge on the open unit
disc |X| < 1. Given a real number r ≥ 0, we write Hr for the set of
power series F =

∑
n≥0 cnX

n ∈ H such that sup
|cn|p
nr < ∞, where | |p

denotes the p-adic norm of L normalized by |p|p = p−1.
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We write logp ∈ H1 for the p-adic logarithm. Given an integer m ≥ 1,
we define

logp,m =

m−1∏
i=0

Tw−i logp ∈ Hm.

For m = 0, we set logp,0 = 1.
We write Λ(Γ) = Λ[∆], H(Γ) = H[∆], and Hr(Γ) = Hr[∆]. The

projection maps Λ(Γ) → Λ and H(Γ) → H will be denoted by π∆.
We write Tw for the O-linear automorphism of H(Γ) defined by σ 7→
χcyc(σ)σ for σ ∈ Γ, where χcyc denotes the p-adic cyclotomic character.

For n ≥ 0, we write ωn(X) for the polynomial (1 + X)p
n − 1. We

set Φ0(X) = X, and Φn(X) = ωn(X)/ωn−1(X) for n ≥ 1. We also
write Gn := Γ1/Γ

pn

1 , Λn = O[Gn], and denote by πn : Λn → Λn−1 the
natural projection and by νn : Λn−1 → Λn for the trace map induced
by Gn−1 → Gn, σ 7→

∑
πn(τ)=σ τ for n ≥ 1. Notice that νn is given by

multiplication by Φn(X).
In the rest of the paper, when no confusion arises, we simplify write ωn

and Φn for ωn(X) and Φn(X) respectively.

2.2. Galois representations and Dieudonné modules. Let f and g
be two normalized cuspidal eigen-newforms of weights kf +2 and kg +2,
levels Nf , Ng, and characters εf , εg as in the introduction. Recall that
we assume kf > kg ≥ −1 and p - NfNg.

Recall from the introduction that L contains the coefficients of f
and g as well as αf 6= βf and αg 6= βg. For h ∈ {f, g}, let Vh be the
Deligne L-linear GQ-representation attached to h. It has Hodge–Tate
weights 0 and −1 − kh (our normalization is that χcyc has Hodge–
Tate weight 1). Let V ∗h = HomL(Vh, L). There is a natural integral
sheaf TSymkh HZp on the modular curve Y1(Nh) as defined in [18, §2.3],
giving rise to a Galois-stable O-lattice T ∗h inside V ∗h . We define Th to be
the O-linear dual of T ∗h . There is a natural O-basis ωh for the O-submod-
ule Fil1 Dcris(Th) (see for example [19, §6.1]). We also have the differen-
tial ωh∗ for the dual form h∗, as given in [19, Definition 6.1.2], which
we regard as an element of Dcris(T

∗
h ). This in turn gives an O-basis

of Fil0 Dcris(T
∗
h ).

Let T denote the Galois-stable O-lattice Tf ⊗ Tg inside the L-linear
GQ-representation V := Vf⊗Vg associated to the convolution of f and g.
We let T ∗, V ∗ denote the O-dual of T and the L-dual of V , respectively.

We now choose a basis of eigenvectors in the Dieudonné modules
attached to our modular forms f and g. These elements allow us to
relate Beilinson–Flach elements to p-adic L-functions and will play a
role in the definition of the theta elements given in the next section.
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Definition 2.2.1. Let h ∈ {f, g} and λ ∈ {α, β}. We define the ϕ-eigen-
vector in Dcris(Vh) (whose eigenvalue is λh):

vh,λ =
1

〈ϕ(ωh), ωh∗〉
(ϕ(ωh)− λ′hωh),

where λ′ is the unique element of {α, β} \ {λ} and 〈∼,∼〉 denotes the
natural pairing on Dcris(Vh)× Dcris(V

∗
h ).

We define {v∗h,α, v∗h,β} to be the basis of ϕ-eigenvectors of Dcris(V
∗
h )

dual to {vh,α, vh,β} under the pairing 〈∼,∼〉.

Remark 2.2.2. Note that

vh,α ≡ vh,β mod Fil1 Dcris(Vh).

Dually, we have

v∗h,λ =
λh

(λh − λ′h)
(ωh∗ − λ′hϕ(ωh∗)),

with v∗h,α + v∗h,β ≡ 0 mod Fil0 Dcris(V
∗
h ).

Definition 2.2.3. For λ, µ ∈ {α, β}, we define vλ,µ = vf,λ ⊗ vg,µ and
v∗λ,µ = v∗f,λ ⊗ v∗g,µ.

Let T be a finite-rank free O-module with a continuous action of GF ,
where F is a finite extension of Qp and F a p-adic Lie extension of F .
Then the Iwasawa cohomology groups of T over F are defined by

Hi
Iw(F , T ) := lim←−

F⊂F ′⊂F
Hi(F ′, T ),

where the inverse limit runs through finite extensions F ′/F such that
F ′ ⊂ F and the connection maps are corestrictions. If V = T ⊗Zp Qp,
we define Hi

Iw(F ,V) = Hi
Iw(F , T ) ⊗Zp Qp. When V is a crystalline rep-

resentation of GQp with Hodge–Tate weights ≥ 0, we write

LV : H1
Iw(Qp(µp∞),V) // Dcris(V)⊗H(Γ)

for the Perrin-Riou map as defined in [26, §3.1].
Let K be a number field and K/K an infinite algebraic extension. If

T is equipped with a continuous GK-action unramified outside a set of
primes Σ, we define

Hi
Iw(K, T ) := lim←−

K⊂K′⊂K
Hi(GK′,Σ, T ),

where GK′,Σ denotes the Galois group of the maximal extension of K ′
unramified outside Σ and the inverse limit runs through finite exten-
sions K ′/K such that K ′ ⊂ K and the connection maps are corestric-
tions.
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3. Theta elements for Rankin–Selberg convolutions

The main goal of this section is to define theta elements associated
to the Rankin–Selberg convolution of f and g via the geometric p-adic
L-functions attached to f and g. In Appendix A, we will give a cohomo-
logical construction of these elements using Beilinson–Flach classes.

3.1. Beilinson–Flach elements and p-adic L-functions. We re-
view the various p-adic L-functions that come up in our construction
of theta elements. First we introduce the notion of Beilinson–Flach ele-
ments.

Definition 3.1.1. For λ, µ ∈ {α, β}, c > 1 coprime to 6pNfNg, m ≥
1 coprime to pc, and a ∈ (Z/mp∞Z)×, let

cBFλ,µm,a ∈ Hordp(λfµg)(Γ)⊗̂ΛH1
Iw(Q(µmp∞), T ∗)

be the Beilinson–Flach element as constructed in [31, Theorem 5.4.2].

We will take a = 1 throughout. If εf εg is non-trivial, then we may
remove the dependence on the auxiliary integer c. From now on, we fix
a value of c and drop it from the notation and, for simplicity, we write
BFλ,µ,m for cBFλ,µm,1.

Definition 3.1.2. Let us write Lp(fα, g) and Lp(fβ , g) for the two geo-
metric p-adic L-functions attached to f and g, with f being the “domi-
nant” form, by

Lp(fλ, g) =
µ′g − µg
logp,1+kg

〈LV ∗(BFλ,µ,1), vλ,µ′〉,

where we have identified BFλ,µ,1 with its localization at p, the elements λ,
µ are either α or β, the vector vλ,µ′ is the ϕ-eigenvector as defined in §2.2,
and the element µ′ denotes the unique element of {α, β} \ {µ}.

Remark 3.1.3. We recall the following properties satisfied by the geo-
metric p-adic L-functions.

(i) Since BFλ,µ,1 ∈ Hordp(λfµg)(Γ)⊗̂ΛH1
Iw(Q(µp∞), T ∗), the pairing

〈LV ∗(BFλ,µ,1), vλ,µ′〉 gives an element in

Hordp(λfµg)(Γ)⊗̂ΛHordp(λfµ′g)(Γ) = Hordp(λfµg)+ordp(λfµ′g)(Γ)

= H2 ordp(λf )+kg+1(Γ).

Therefore, we have Lp(fλ, g) ∈ H2 ordp(λf )(Γ).
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(ii) Suppose that either g is p-ordinary or λf ∈ O×. Let θ be a Dirichlet
character of conductor pn and kg + 1 ≤ j ≤ kf . Then

(3.1.1) Lp(fλ, g)(θχjcyc) = cj,n,θ

{
λ−2n
f L(f, g, θ−1, j + 1) n > 0,

E(λ, j)L(f, g, j + 1) n = 0,

where cj,n,θ is independent of the choice of λ and E(λ, j) is given
by (

1− pj

λfµg

)(
1− pj

λfµ′g

)(
1− λ′fµg

p1+j

)(
1− λ′fµ

′
g

p1+j

)
(
1− λ′f

pλf

)(
1− λ′f

λf

)
(see [18, Theorem 2.7.4] and [30, Theorem 6.3]).

(iii) Our definition of geometric p-adic L-functions differs from the one
given in [6, Definition 3.6.4] by a scalar.

To define our theta elements, we will also utilize the following “extra”
p-adic L-functions studied in [6, §3.7]:

Definition 3.1.4. For λ, µ ∈ {α, β}, we define

L?
p(fλ, gµ) =

µ′g − µg
logp,1+kg

〈LV ∗(BFλ,µ,1), vλ′,µ′〉.

We finish this subsection with the following observations.

Remark 3.1.5. We make a number of remarks on these “extra” p-adic
L-functions.

(i) Since BFλ,µ,1 ∈ Hordp(λfµg)(Γ)⊗̂ΛH1
Iw(Q(µp∞), T ∗), the pairing

〈LV ∗(BFλ,µ,1), vλ′,µ′〉 gives an element in

Hordp(λfµg)(Γ)⊗̂ΛHordp(λ′fµ
′
g)(Γ) = Hordp(λfµg)+ordp(λ′fµ

′
g)(Γ)

= Hkf+kg+2(Γ).

Therefore, we have L?
p(fλ, gµ) ∈ Hkf+1(Γ).

(ii) Our definition here differs from the one given in [6, §3.7] by a
non-zero scalar.

(iii) Suppose either g is p-ordinary or λ′f ∈ O×. We have the following
interpolation formulae. Let θ be a Dirichlet character of conduc-
tor pn and kg + 1 ≤ j ≤ kf . Proposition 3.7.1 in op. cit. says
that

(3.1.2) L?
p(fλ, gµ)(θχjcyc) = Rλ,µ,j,n · Lp(fλ′ , g)(θχjcyc),
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where Rλ,µ,j,n is given by (λ′f/λf )n when n ≥ 1. When n = 0, it
is given by

Rλ,µ,j,0 =

(
1− λ′fµg

p1+j

)(
1− pj

λfµg

)(
1− λfµg

p1+j

)(
1− pj

λ′fµg

) .
3.2. Definition and basic properties of theta elements. First we
introduce the following projection of the geometric p-adic L-function as
given in Definition 3.1.2.

Definition 3.2.1. If j is an integer such that kg + 1 ≤ j ≤ kf and λ ∈
{α, β}, we define

Lp(λ, j, n) ∈ L[Gn] = H/ωn(X)

to be the natural image of π∆ ◦ Twj Lp(fλ, g) modulo ωn(X).
Similarly, for λ, µ ∈ {α, β}, we define

L?
p(λ, µ, j, n) ∈ L[Gn]

to be the natural image of π∆ ◦ Twj L?
p(fλ, gµ) modulo ωn(X).

The following lemma allows us to study the integrality of Lp(fλ, g). It
is a well-known result, but we include a proof here due to our ignorance
of a proper reference in the literature.

Lemma 3.2.2. Let F ∈ Hr, which we identify with a power series∑
m≥0 cmX

m ∈ L[[X]]. Then there exists an integer s such that F is
congruent to a polynomial in $−sp−rnO[X] modulo ωn for all n ≥ 1.

Proof: Let m,n ≥ 1 be integers and write m = kpn + t, where k and t
are integers with k ≥ 0 and 0 ≤ t < pn. Consider

Xm = (((1 +X)− 1)p
n

)kXt.

Note that ((1 +X)− 1)p
n

is congruent to a polynomial in pO[X] mod-
ulo ωn(X) by the binomial theorem. Thus, we may replace Xm by a
polynomial Qm(X) ∈ pkO[X].

By definition, there exists a constant C, independent of m such that
|cm|p ≤ Cmr. Without loss of generality, we may assume that C ∈ pZ.
Let ordp denote the p-adic valuation on the integers. If s is the smallest
integer satisfying ps ≥ mr, then

cm ∈ p− ordp(C)−sO = C−1p−sO.
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We now estimate s. Note that m = kpn + t < (k+ 1)pn by the defini-
tion of t. Thus, m < plog(k+1)/ log p+n, where log denotes the natural log-
arithm on positive real numbers. Hence, mr < pr(log(k+1)/ log p+n). The
minimality of s then gives

s ≤ br log(k + 1)/ log pc+ rn,

where b c is the floor function on the real numbers. Therefore,

cm ∈ C−1p−br log(k+1)/ log pc−rnO,
which implies that

cmQm(X) ∈ (C−1pk−br log(k+1)/ log pc)p−rnO[X].

Since k − br log(k + 1)/ log pc is bounded below as k varies, the lemma
follows.

Remark 3.2.3. It follows from Lemma 3.2.2 and Remark 3.1.3(i) that
there exists a constant s such that

λ2n
f Lp(λ, j, n) ∈ $−sΛn

for both λ ∈ {α, β}, all kf + 1 ≤ j ≤ kf , and n ≥ 0.
When αf = −βf , we have ordp(αf ) = ordp(βf ) =

kf+1
2 . Thus, it

follows from Lemma 3.2.2 and Remark 3.1.5(i) that λ2n
f L

?
p(λ, µ, j, n) ∈

$−sΛn.

We are now ready to define our theta elements. Note that we have to
consider the cases αf 6= −βf and αf = −βf separately.

Definition 3.2.4. Let n ≥ 0 and kg + 1 ≤ j ≤ kf . If αf 6= −βf , we
define

Θj,n =
1

β2
f − α2

f

(β2n+4
f Lp(β, j, n)− α2n+4

f Lp(α, j, n)).

In the case αf = −βf , we define

Θ+
j,n =

α2n+2
f

4
(Lp(α, j, n) + Lp(β, j, n) + L?

p(β, β, j, n) + L?
p(α, β, j, n)),

Θ−j,n =
α2n+2
f

4
(Lp(α, j, n) + Lp(β, j, n)− L?

p(β, β, j, n)− L?
p(α, β, j, n)).

Lemma 3.2.5. If αf 6= −βf , then there exists an integer s such that
Θj,n ∈ $−sΛn for all j and n. Similarly, the same is true for Θ±j,n when
αf = −βf .

Proof: This follows immediately from Remark 3.2.3.
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Remark 3.2.6. We comment on the definition of Θ±j,n, which might look
unnatural to the reader at first sight.
(i) In Corollary 6.2.3 below, we show that these elements are closely

related to certain plus and minus p-adic L-functions, which can
be regarded as a generalization of [38, Proposition 6.18] on the
Mazur–Tate elements attached to an elliptic curve.

(ii) It turns out that these two elements are sufficient to study the
Selmer group over Kn when f corresponds to a p-supersingular
elliptic curve and g is of weight 1 (see Theorem 6.2.7 below).

(iii) In our quest to generalize the work of Kim–Kurihara [17], we con-
sider two different settings. The first is when both f and g are p-or-
dinary and the second is the setting discussed in (ii) above. In the
ordinary setting, it turns out that we may study the Selmer groups
using one single p-adic L-function and the theta elements Θj,n are
sufficient. In the setting of (ii), we have a fairly straightforward
control theorem for the plus and minus Selmer groups (see Theo-
rem 5.2.2), generalizing the work of Kobayashi [21, Theorem 9.3].
This in turn allows us to apply the techniques of Kim–Kurihara
in [17] to prove Theorem 6.2.7. In all other settings, the lack of
a control theorem stops us from studying Fitting ideals of Selmer
groups using the techniques of loc. cit.

(iv) Our calculations suggest that when the “dominant” form f is p-
non-ordinary and the “non-dominant" form g is p-ordinary, two
theta elements are required to study the Fitting ideal of the Selmer
group over Kn. It would seem reasonable to expect that if both f
and g are non-ordinary at p, one would need to consider four lin-
early independent combinations of p-adic L-functions to define the
appropriate theta elements in order to study the Fitting ideals of
Selmer groups overKn. In the case αf = −βf , we might consider
defining two extra theta elements of the form

α2n+2
f

4
(Lp(α, j, n)− Lp(β, j, n)− L?

p(β, β, j, n) + L?
p(α, β, j, n)),

α2n+2
f

4
(Lp(α, j, n)− Lp(β, j, n) + L?

p(β, β, j, n)− L?
p(α, β, j, n)).

When αf 6= −βf , the linear combinations might involve the loga-
rithmic matrices defined in [6, §5.1].

The theta elements defined in Definition 3.2.4 satisfy the following
interpolation formulae, which can be regarded as a generalization of [32,
(1)].
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Lemma 3.2.7. Suppose that g is p-ordinary. Let θ be a non-trivial char-
acter on Gn of conductor pm (so that 1 ≤ m ≤ n + 1). If αf 6= −βf ,
then

Θj,n(θ) =
β2n−2m+4
f − α2n−2m+4

f

β2
f − α2

f

· cj,m,θ · L(f, g, θ−1, j + 1).

If αf = −βf , then

Θ±j,n(θ) =
α2n−2m+2
f (1± (−1)m)

2
· cj,m,θ · L(f, g, θ−1, j + 1).

Proof: This follows from (3.1.1) and (3.1.2).

It is of course possible to write down the values of the theta elements
evaluated at the trivial character using (3.1.1) and (3.1.2). But since the
formulae are much more tedious and we will only need the one for the
theta element Θj,n in §6.1, we have decided not to write them down here
and to refer the interested reader to Lemma 6.1.3.

While we have defined our theta elements in terms of geometric p-adic
L-functions, we may go the other way to describe the p-adic L-functions
in terms of these theta elements. This is analogous to the relation sat-
isfied by the Mazur–Tate elements for modular forms as given in [33,
(10.2)] (at least in the case where αf 6= βf ).

Proposition 3.2.8. Suppose that g is p-ordinary. Let n ≥ 1 be an in-
teger. If αf 6= −βf , we have

Lp(λ, j, n) =
1

λ2n+2
f

(
Θj,n −

(λ′f )2

p
νn(Θj,n−1)

)
.

In the case where αf = −βf , we have

Lp(α, j, n) + Lp(β, j, n) =
2

λ2n+2
f

(Θ+
j,n + Θ−j,n).

Proof: The case αf = −βf is clear. We assume that αf 6= −βf in the
rest of the proof.

Since we are comparing polynomials of degree < pn, it is enough to
show that these polynomials give the same values when evaluated at all
characters of Gn. Moreover, recall that the trace map νn : Λn−1 → Λn
(defined in §2.1) is given by multiplication by Φn(X); thus evaluating
νn(Θj,n−1) at a character θ of Gn is the same as evaluating Φn(X)Θj,n−1

at θ. Without loss of generality, we may assume that λ = α.
Let θ be a character onGn of conductor pm (so thatm ≤ n+1). Notice

that θ sends 1+X to a primitive pm−1-th root of unity. Ifm = n+1, then
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θ vanishes at Φn(X) = ((1 + X)p
n − 1)/((1 + X)p

n−1 − 1) as θ(1 + X)
is a primitive pn-th root of unity. Lemma 3.2.7 tells us that when we
evaluate the right-hand side at θ, we have

α−2n−2
f Θj,n(θ) = α−2n−2

f cj,n+1,θL(f, g, θ−1, j + 1).

This agrees with the value on the left-hand side by (3.1.1).
Suppose now that m < n + 1. In this case, as θ sends 1 + X to a

primitive pm−1-th root of unity, the value of Φn(X) at θ is p. We deduce
that

1

α2n+2
f

(
Θj,n −

β2
fΦn(X)

p
Θj,n−1

)
when evaluated at θ gives

1

α2n+2
f

(Θj,n(θ) − β2
fΘj,n−1(θ))

=
(β2n+4
f Lp(fβ , g)−α2n+4

f Lp(fα, g)−β2n+4
f Lp(fβ , g)+α2n+2

f β2
fLp(fα, g))(θχjcyc)

α2n+2
f (β2

f − α2
f )

= Lp(fα, g)(θχjcyc)

= Lp(α, j, n)(θ)

as required.

4. Selmer groups and their structure

The goal of this section is first to review the definitions of the various
Selmer groups we are interested in. We will then show that the Selmer
groups over K∞ contain no non-trivial Λ-submodule of finite index. We
will treat the cases where f is p-ordinary and p-non-ordinary distinctly
and separately.

4.1. Definitions of Selmer groups in the ordinary setting. In
this section, we assume that the eigenform f is p-ordinary, with αf being
the unit root of the Hecke polynomial at p. Note that we do not have to
assume that g is p-ordinary here. For h ∈ {f, g}, we denote Ah := Vh/Th;
similarly we set A := V/T . As f is p-ordinary, there is a GQp -stable
filtration (cf. [8, (4.2)])

0 // F+Af // Af // Af/F+Af // 0,

where F+Af ⊂ Af is of corank 1 over O and Af/F+Af is unramified.

Notation 4.1.1. For any integer kg+1 ≤ j ≤ kf , denote Aj := A(1+j)
and set

F+Aj := F+Af ⊗Ag(1 + j) ⊂ Aj .
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Let K be any finite extension of Q contained in the cyclotomic Zp-ex-
tension K∞. For any place ν of K, we define

H1
f (Kν , Aj) := ker(H1(Kν , Aj) // H1(Iν , Aj))div if ν - p,

H1
Gr(Kν , Aj) := H1(Kν ,F+Aj)div if ν | p.

Here Iν denotes the inertia group at the place ν, while the subscript div
stands for the maximal divisible subgroup. For primes ν | p, the local
condition is called the Greenberg condition. Further, we denote

H1
/Lν (Kν , Aj) :=

H1(Kν , Aj)

H1
Lν (Kν , Aj)

,

for Lν equal to f if ν - p or to Gr otherwise.

Definition 4.1.2. Let Σ be a finite set containing p,∞, and the primes
dividing NfNg and denote by QΣ the maximal extension of Q unramified
outside Σ. Then we define
(i) The Greenberg Selmer group of Aj over K by

SelGr(K,Aj) :=ker

(
H1(QΣ/K,Aj) //

∏
ν-p

H1
/f (Kν , Aj)×

∏
ν|p

H1
/Gr(Kν , Aj)

)
,

where the first product runs through all primes of K above Σ\{p}.
(ii) The Greenberg Selmer group over K∞ by

SelGr(K∞, Aj) := lim−→
Q⊆K⊆K∞

SelGr(K,Aj),

where the limits are taken over all finite subextensions of K∞ with
respect to the restriction maps.

Remark 4.1.3. For a prime w ofK∞, we can describe the local conditions
defining the Selmer group SelGr(K∞, Aj) explicitly. At w - p, it is given
by

H1
f (K∞,w, Aj) = ker(H1(K∞,w, Aj) // H1(Iw, Aj))div.

At w | p, the limits of H1(Kn,w,F+Aj)div and H1(Kn,w,F+Aj) as n→
∞ are the same, which shows that

H1
Gr(K∞,w, Aj) = H1(K∞,w,F+Aj).

We conclude by recalling the Iwasawa main conjecture for Aj .

Conjecture 4.1.4. The Pontryagin dual of SelGr(K∞, Aj) is torsion
over Λ and its characteristic ideal is generated by the p-adic L-function
π∆ ◦ TwjLp(fα, g).
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Remark 4.1.5. If, in addition to our running hypotheses, we further
assume that g is p-ordinary, f and g are non-Eisenstein at p, that a big
image assumption holds (cf. [18, Hypothesis 11.1.1 and Remark 11.1.3]),
and that the p-adic L-function π∆ ◦ TwjLp(fα, g) is non-trivial, we can
apply [18, Theorem 11.6.4] to deduce the cotorsionness of SelGr(K∞, Aj)
and the inclusion of the main conjecture

π∆ ◦ TwjLp(fα, g) ∈ charΛ SelGr(K∞, Aj)
∨.

We conclude with the following remarks.
(i) The “no exceptional zero” hypothesis (NEZ) in Theorem 11.6.4 in

op. cit. is automatically satisfied in our setting as the weight of f
is strictly larger than that of g.

(ii) The Selmer group appearing in Theorem 11.6.4 in op. cit. is de-
fined by using the Selmer complex (introduced by Nekovář in [35])
with the desired Greenberg local condition at p; it is isomorphic
to SelGr(K∞, Aj)

∨ by [18, Proposition 11.2.8].

4.2. Plus and minus Selmer groups in the supersingular setting.
In this section, we assume that f corresponds to an elliptic curve E/Q
which has good supersingular reduction at p with ap(E) = 0 and that g is
a weight 1 form (so that kf = 0 and kg = −1). Thus, the only integer j
satisfying kg + 1 ≤ j ≤ kf is j = 0. The theta elements we defined
in §3.2 interpolate the L-values L(E, g, θ−1, 1). Furthermore, βf = −αf
with α2

f = β2
f = −p.

4.2.1. Definitions of plus and minus Selmer groups. Since g is of
weight 1, the local representation T ∗g |GQp

decomposes into a direct sum
of two characters. This gives

(4.2.1) T ∗|GQp
∼= T ∗f |GQp

(θα)⊕ T ∗f |GQp
(θβ),

where θµ denotes the finite unramified L-valued characters of GQp such
that ϕ acts on Dcris(L(θµ)) by multiplication by µ−1

g . For notational sim-
plicity, we write T ∗f,µ for the GQp -representation T ∗f |GQp

(θµ) and let V ∗f,µ
denote T ∗f,µ ⊗ Qp. It can be verified that the characteristic polynomial
of ϕ|Dcris(V ∗f,µ) is given by

(4.2.2) (X − α−1
f µ−1

g )(X − β−1
f µ−1

g ) = X2 + (µ2
gεf (p)pkf+1)−1.

For λ, µ ∈ {α, β}, let

Lλ,µ : H1
Iw(Qp(µp∞), T ∗) // Hordp(λfµg)(Γ)
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denote the map given by (µ′g − µg)〈LT∗(−), vλ,µ〉. By an abuse of nota-
tion, we shall write Lλ,µ for the composition

H1
Iw(Qp(µp∞), T ∗f,µ) H1

Iw(Qp(µp∞), V ) Hordp(λfµg)(Γ).
Lλ,µ

In [23, §3.4], it was shown that there exist Coleman maps

Col±µ : H1
Iw(Qp(µp∞), T ∗f,µ) // Λ(Γ)

such that

(4.2.3) Lλ,µ = log+
p Col+µ +λf log−p Col−µ ,

where log±p are Pollack’s plus and minus logarithms defined in [38].

Remark 4.2.1. We make a couple of remarks on the construction of the
maps Col±µ .
(i) In [23], we only studied the p-adic representation attached to a

modular form. But the construction of Coleman maps is purely
local and applies to any two-dimensional crystalline representation
whose trace of the Frobenius on the Dieudonné module is zero. In
particular, it applies to T ∗f,µ thanks to (4.2.2).

(ii) Note that a priori the Coleman maps in [23] take values in Λ(Γ)⊗L.
But we can show that they land inside Λ(Γ) using the theory of
Wach modules (see for example [25, §3.1]). The link between Col±µ
and Lλ,µ stated in (4.2.3) follows from combining [26, equation (2)]
and [25, Corollary 5.11].

We may describe explicitly ker Col±µ . Let us first introduce some no-
tation and prove a preliminary lemma.

Definition 4.2.2. Let Tf,µ = Tf |GQp
(θ−1
µ ) and write Af,µ = Tf,µ⊗L/O

(so that Af,µ(1) = E[p∞](θ−1
µ ) and Af,µ is the Pontryagin dual of T ∗f,µ).

Lemma 4.2.3. The restriction maps

H1(Qp(µpm), Tf,µ(1)) // H1(Qp(µpn), Tf,µ(1)),

H1(Qp(µpm), Af,µ(1)) // H1(Qp(µpn), Af,µ(1))

are injective for all m ≤ n.
Proof: Recall that θµ is an unramified character. Thus, since E is su-
persingular at p, we have H0(Qp(µpn), Af,µ(1)) = 0, and this means that
it admits no p-torsion over K(µpn) for any unramified extension K/Qp
(see [21, Proposition 8.7] and [20, Proposition 3.1]). It then follows that
H0(Qp(µpn), Tf,µ(1)) = 0 as well. The injectivity of the restriction maps
is now a consequence of the inflation-restriction exact sequence.
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By virtue of Lemma 4.2.3, we may identify H1(Qp(µpm), Tf,µ(1))
and H1(Qp(µpm), Af,µ(1)) as submodules of H1(Qp(µpn), Tf,µ(1)) and
H1(Qp(µpm), Af,µ(1)) respectively for all m ≤ n.
Definition 4.2.4. Let S+

n = [0, n−1]∩2Z and S−n = [0, n−1]∩(2Z+1).
Define H1

±(Qp(µpn), Tf,µ(1)) to be

{x∈H1
f (Qp(µpn),Tf,µ(1)) :corn/m+1(x)∈H1

f (Qp(µpm),Tf,µ(1))∀m∈S±n }.

Here, H1
f denotes the Bloch–Kato subgroup in H1 as defined in [2,

(3.7.2)].

Remark 4.2.5. In [23, §4.4 and §4.5], we proved that the annihilator
of ker Col±µ under the local Tate duality

H1
Iw(Qp, T ∗f,µ)×H1(Qp(µp∞), Af,µ(1)) // L/O

is given by the image of

lim−→H1
±(Qp(µpn), Tf,µ(1))⊗ L/O

inside H1(Qp(µp∞), Af,µ(1)).

In what follows, we give an alternative description of these plus and
minus groups in terms of points on the elliptic curve E, following closely
the work of Kobayashi [21].

Definition 4.2.6. LetK/Qp be a finite unramified extension. We define

(4.2.4) E±(K(µpn)) = {P ∈ Ê(K(µpn)) : Trn/m+1 P ∈ Ê(K(µpm))

∀m ∈ S±n },

where Ê denotes the formal group of E at p, Ê(K(µpm)) denotes
the points on Ê defined over the maximal ideal of K(µpm), and
Trn/m+1 : Ê(K(µpn)) → Ê(K(µpm+1)) is the trace map on the formal
group.
Convention 4.2.7. Note that our choice of signs is the same as the one
given in [23], which corresponds to the choice of signs for the plus and
minus p-adic L-functions given in [38]. But it is opposite to the one given
in [21, 16, 20]. In particular, we emphasize that our groups E±(K(µpn))
correspond to E∓(K(µpn)) given in [17, §3.1.2] when K = Qp.

It has been proved in [21, Proposition 8.12] and [20, Proposition 3.16]
that there is a short exact sequence

(4.2.5) 0 // Ê(K) //E+(K(µpn))⊕E−(K(µpn)) // Ê(K(µpn)) // 0,

where the first map is the diagonal embedding and the second map is
given by (x, y) 7→ x− y.
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Lemma 4.2.8. Let µ ∈ {α, β} and K be the finite unramified extension
of Qp given by (Qp)ker θµ . Let Φµ be the composition

H1(K(µpn), Tf (1))∼=H1(Qp(µpn), Tf (1) ⊗ Ind
Qp
K 1) //H1(Qp(µpn), Tf,µ(1)),

where the first isomorphism is given by Shapiro’s lemma and the second
map is induced by the natural projection Ind

Qp
K 1→ θµ. Then

Φµ(E±(K(µpn))) = H1
±(Qp(µpn), Tf,µ(1)),

where Ê(K(µpn)) is identified with H1
f (K(µpn), Tf (1)) via the Kummer

map.

Proof: Note that Tf (1) is the p-adic Tate module of E. We recall from [2,
Example 3.10.1] that Ê(K(µpn)) can be identified with H1

f (K(µpn), Tf (1))

under the Kummer map. It follows from the definition of H1
f that

H1
f (Qp,M1⊕M2) = H1

f (Qp,M1)⊕H1
f (Qp,M2) for any GQp -modulesM1

and M2. Thus, H1
f (K(µpn), Tf (1)) is mapped onto H1

f (Qp(µpn), Tf,µ(1))
via Φµ. Furthermore, Φµ commutes with the trace maps.Hence our result
follows.

Definition 4.2.9. Let •, ◦ ∈ {+,−}. We define

H1
•◦(Qp(µpn), T (1)) = H1

•(Qp(µpn), Tf,α(1))⊕H1
◦(Qp(µpn), Tf,β(1)),

which can be realized as subgroups of H1
f (Qp(µpn), T (1)) via (4.2.1). We

define H1
•◦(Qp(µpn), A(1)) to be the image of H1

•◦(Qp(µpn), T (1))⊗Qp/Zp
inside H1

f (Qp(µpn), A(1)).

Remark 4.2.10. Suppose • = ◦; then H1
••(Qp(µpn), T (1)) is given by

{x ∈ H1
f (Qp(µpn), T (1)) : corn/m+1(x) ∈ H1

f (Qp(µpm), T (1))∀m ∈ S•n}.

Corollary 4.2.11. Let •, ◦ ∈ {+,−} and write •′ (resp. ◦′) for the
unique element of {+,−} \ {•} (resp. {+,−} \ {◦}). We have a short
exact sequence

0 // H1
f (Qp, T (1)) // H1

•◦(Qp(µpn), T (1))⊕H1
•′◦′(Qp(µpn), T (1))

// H1
f (Qp(µpn), T (1)) // 0.

Proof: This follows from combining (4.2.5) and Lemma 4.2.8.
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Definition 4.2.12. Let •, ◦ ∈ {+,−}.
(i) Let Σ be the set of primes given in Definition 4.1.2. We define the

plus and minus Selmer groups Sel•◦(Q(µpn), A(1)) by

ker

(
H1(QΣ/Q(µpn), A(1)) //

∏
ν-p

H1
/f (Q(µpn)ν , A(1))× H1(Qp(µpn), A(1))

H1
•◦(Qp(µpn), A(1))

)
,

and we define Sel•◦(Q(µp∞), A(1)) = lim−→n
Sel•◦(Q(µpn), A(1)).

(ii) For all 0 ≤ n ≤ ∞, we define Sel•◦(Kn, A(1)) to be the 1-isotypic
component of Sel•◦(Q(µpn+1), A(1)), where 1 is the trivial charac-
ter on ∆.

The following lemma about the local quotient in the definition of the
plus and minus Selmer groups will be used in §4.3 below.

Lemma 4.2.13.The Pontryagin dual of
( H1(Qp(µp∞ ),A(1))

H1
•◦(Qp(µp∞ ),A(1))

)∆ is of rank 2

over Λ, for •, ◦ ∈ {+,−}.

Proof: It is enough to show that the Pontryagin dual of the summand( H1(Qp(µp∞ ),Af,µ(1))

H1
±(Qp(µp∞ ),Af,µ(1))

)∆ is of rank 1 over Λ. By Remark 4.2.5, it is iso-

morphic to (ker Col±µ )∆. Since H1
Iw(Qp, T ∗f,µ)∆ is of rank 2 over Λ, it is

enough to show that

H1
Iw(Qp, T ∗f,µ)∆

(ker Col±µ )∆
∼= (Im Col±µ )∆

is of rank 1 over Λ. As the right-hand side is a non-zero submodule
of Λ (see for example [14, Appendix A] for an explicit description). In
particular, it is a rank 1 Λ-module.

4.2.2. Plus and minus p-adic L-functions and signed main con-
jectures. We define plus and minus p-adic L-functions in terms of the
Coleman maps and signed Beilinson–Flach elements given below.

Theorem 4.2.14. Let m be an integer as in Definition 3.1.1. For λ, µ ∈
{α, β}, there exist bounded elements BF±,µ,m ∈ $−sH1

Iw(Q(µmp∞), T ∗)
such that

BFλ,µ,m = log+
p BF+,µ,m +λ log−p BF−,µ,m,

where s is an integer independent of m.

Proof: This follows from the same proof as [5, Theorem 3.7].

Definition 4.2.15. Let •, ◦ ∈ {+,−}. We define the plus and minus
p-adic L-functions L•◦p (f, g) ∈ $−sΛ(Γ) to be Col•α(BF◦,β,1).
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Remark 4.2.16. We may switch α and β in the definition. We expect that
the resulting p-adic L-functions would differ by−1 (see [6, hypothesis (A-
Sym), p. 926]).

Convention 4.2.17. Our choice of signs for the p-adic L-functions corre-
spond to the one given in [23, 38]. But it is opposite to the one in [21].
Unlike the plus and minus conditions, our choice of signs for the p-adic
L-functions actually agrees with the one made in [17] (see in particular
Remark 3.1).

Conjecture 4.2.18. Let •, ◦ ∈ {+,−}. The Pontryagin dual of the
Selmer group Sel•,◦(Q(µp∞), A(1)) is torsion over Λ. Furthermore, its
characteristic ideal is generated by π∆L

•◦
p (f, g).

Remark 4.2.19. It is explained in the proof of [6, Theorem 6.2.4] that
under certain hypotheses, the existence of signed Euler systems in The-
orem 4.2.14 allows us to show that Sel•◦(K∞, A(1)) is Λ-cotorsion and
prove one inclusion of the main conjecture, namely,

(4.2.6) π∆L
•◦
p (f, g) ∈ charΛ Sel•◦(K∞, A(1))∨,

up to powers of $.

We conclude this section by showing that the theta elements defined
in §3.2 are related to the signed p-adic L-functions in an explicit manner.

Proposition 4.2.20. For all n ≥ 1,

(−p)n+1(log+
p )2π∆L

++
p (f, g) ≡ Θ+

0,n mod ωn,

(−p)n+2(log−p )2π∆L
−−
p (f, g) ≡ Θ−0,n mod ωn.

Proof: Since log+
p Col+α = 1

2 (Lα,α+Lβ,α) and log+
p BF+,β,1 = 1

2 (BFα,β,1 +
BFβ,β,1) by (4.2.3) and Theorem 4.2.14 respectively, we have

(4.2.7) (log+
p )2L++

p (f, g)=
1

4
(Lp(fα, g)+Lp(fβ , g)+L?

p(fα, gβ)+L?
p(fβ , gβ)).

Thus the result follows from the definition of Θ+
0,n and the fact that

α2
f = −p. The proof for L−−p (f, g) is similar.

4.3. Non-existence of proper Λ-submodules of finite index. The
aim of this section is to show that the Selmer groups over K∞ introduced
above have no non-trivial Λ-submodules of finite index. We show this
by using results of [13], namely [13, Proposition 4.1.1]. We recall it
together with the relevant notation in §4.3.2 below. In §4.3.1, we discuss
a result on the structure of the local Galois cohomology groups defining
the Selmer groups over K∞, which is employed later in §4.3.3.
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4.3.1. Local cohomology groups. Let us recall that we have denoted
Aj := A(1 + j), where kg + 1 ≤ j ≤ kf . Given a Selmer structure L ∈
{Gr, •◦}, we define, for any prime ` 6= p of Q,

H`,j := lim−→
∏
w|`

H1
/f (Fw, Aj)

and
HLp,j := lim−→H1

/Lp
(Fp, Aj),

where F runs over all finite extensions of Q contained in K∞ and p de-
notes the unique prime of F above p. We now recall the following result
that concerns the structure of these Galois cohomology groups.

Lemma 4.3.1. Let ` be a prime of Q. Then we have
(i) If ` 6= p, then

H`,j ∼=
∏
w|`

H1(K∞,w, Aj)

as Λ-modules. Furthermore, H`,j is a co-finitely generated, cotor-
sion Λ-module.

(ii) For ` = p and L = Gr,

HGr
p,j
∼=

H1(K∞,p, Aj)

H1(K∞,p,F+Aj)

and HGr
p,j is a co-finitely generated Λ-module of corank 2. Here p is

the unique prime above p in K∞.
(iii) For ` = p, L = •◦ where •, ◦ ∈ {+,−}, and kf = kg + 1 = 0,

H•◦p,0 ∼=
H1(K∞,p, A(1))

H1
•◦(K∞,p, A(1))

and H•◦p,0 is a co-finitely generated Λ-module of corank 2.

Proof: For part (i), note that, as ` is finitely decomposed in K∞, there
exists a sufficiently large finite extension Q ⊂ F ⊂ K∞ such that the
size of the set sF,` of places of F above ` is constant and equal to the
size of sK∞,`. Thus,

H`,j ∼=
∏

v∈sF,`

lim−→H1
/f (Kw, Aj) =

∏
w∈sK∞,`

H1
/f (K∞,w, Aj),

where the limit runs through F ⊂ K ⊂ K∞ and w denotes the unique
prime of K above v. Note that H1

f (K∞,w, Aj) = 0 for any w ∈ sK∞,`.
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Indeed, as ` does not split completely in K∞, the quotient GK∞,w/Iw
has pro-order prime to p and thus the restriction map

H1(K∞,w, Aj) // H1(Iw, Aj)

is injective. Hence we obtain the desired isomorphism and H`,j is a co-
finitely generated, cotorsion Λ-module because each H1(K∞,w, Aj) is one
(cf. [9, Proposition 2]).

Part (ii) follows similarly from [9, Proposition 1, Corollary 1]. In-
deed, note that, by [9, Proposition 1] we have that the Λ-corank of
H1(K∞,p, Aj) (resp. H1(K∞,p,F+Aj)) is equal to the (L/O)-dimension
of the GQp -module Aj (resp. F+Aj).

Analogously, part (iii) is given by Lemma 4.2.13.

4.3.2. A result of Greenberg. The proof of the main result of this
section (cf. Proposition 4.3.7) relies on the application of [13, Proposi-
tion 4.1.1] to our setting. For the convenience of the reader, we set here
the necessary notation from [13] and state [13, Proposition 4.1.1].

Let Tj := T (1 + j) ⊗ Λ(Ψ−1), where Ψ is the canonical charac-
ter GQ � Γ1 ↪→ Λ×, and let Aj := Tj ⊗Λ HomZp(Λ,Qp/Zp), where
GQ acts diagonally on Tj . Recall that by L we denote one of the Selmer
structures in {Gr, •◦}. In a similar way to what was done in §4.1 and §4.2,
we may define SelL(Q,Aj), which, by Shapiro’s lemma, are isomorphic
to SelL(K∞, Aj). In other words, if QL(Q,Aj) denotes the target of the
map defining the Selmer group SelL(Q,Aj), then

QL(Q,Aj) '
∏
` 6=p

H`,j ×HLp,j

and
SelL(K∞, Aj) ' ker(H1(QΣ/Q,Aj) // QL(Q,Aj)).

Finally, denote T̃j := Hom(Aj , µp∞) and let m be the maximal ideal
of the Iwasawa algebra Λ. Greenberg introduces the following list of
hypotheses.
(i) RFX(Aj): Tj is a reflexive Λ-module.
(ii) LOC(1)

v (Aj): (T̃j)
GQv = 0 for v ∈ Σ.

(iii) LOC(2)
v (Aj): (T̃j)/(T̃j)

GQv is reflexive for v ∈ Σ.
(iv) LEO(Aj): the Λ-module

X2(Q,Σ,Aj) = ker

(
H2(QΣ/Q,Aj) //

∏
v∈Σ

H2(Qv,Aj)

)
is cotorsion.
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(v) CRK(Aj ,L): We have an equality of coranks:

corankΛ(H1(QΣ/Q,Aj)) = corankΛ(SelL(K∞, Aj))

+ corankΛ(QL(Q,Aj)).

Recall the following (cf. [11, §2]).

Definition 4.3.2. A discrete Λ-module M is said to be almost divisible
if for almost all height 1 prime ideals P ∈ Spec(Λ), PM = M .

Remark 4.3.3. This definition is equivalent to asking that the discrete
Λ-module has no proper Λ-submodules of finite index. We refer the
reader to [11, §2] for further discussion on almost divisible modules and
to Proposition 2.4 of op. cit. for a proof of this equivalence.

Remark 4.3.4. We say that a Selmer structure L = {Lν} is almost di-
visible if the corresponding local cohomology groups H1

/Lν (Qν ,Aj) is an
almost divisible Λ-module for all places ν.

We can now state [13, Proposition 4.1.1].

Proposition 4.3.5. Suppose that RFX(Aj), LEO(Aj) are both satis-
fied, that LOC(2)

v (Aj) is satisfied for all v ∈ Σ, and that there exists
a non-Archimedean v ∈ Σ such that LOC(1)

v (Aj) is satisfied. If L is al-
most divisible, CRK(Aj ,L) holds, and Aj [m] has no Galois subquotients
isomorphic toµp, then SelL(K∞, Aj) is an almost divisible Λ-module.

4.3.3. Almost divisibility. We now discuss the validity of the hy-
potheses of Proposition 4.3.5 in our setting, which we then apply to de-
duce that the Selmer groups SelL(K∞, Aj), with L ∈ {Gr, •◦}, have no
non-trivial Λ-modules of finite index. We will work under the following
assumption.
(Co-tor) SelL(K∞, Aj) is Λ-cotorsion for L ∈ {Gr, •◦} and kg + 1 ≤

j ≤ kf .
The validity of (Co-tor) for L ∈ {Gr, •◦} has been discussed in Re-

marks 4.1.5 and 4.2.19.

Lemma 4.3.6. Assume (Co-tor).
(i) For any kg+1 ≤ j ≤ kf , CRK(Aj ,Gr) and LEO(Aj) are satisfied.
(ii) If kf = j = kg + 1 = 0, CRK(A0, •◦) and LEO(A0) hold.

Proof: The proof is based on an application of the Euler–Poincaré char-
acteristic formula. Before going into details, in the case of L = •◦, we
set kg + 1 = j = kf = 0.
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Note that by hypothesis (Co-tor), we have corankΛ(SelL(K∞, Aj)) =
0 for L∈{Gr, •◦}. By Lemma 4.3.1, we know that corankΛ(QL(Q,Aj))=
2. Hence to verify that CRK(Aj ,L) holds, it suffices to show that

corankΛ(H1(QΣ/Q,Aj)) = 2.

Notice that from the exact sequence

0 // SelL(K∞, Aj) // H1(QΣ/Q,Aj)
φL // QL(Q,Aj)

we obtain the equality

0 = corankΛ(H1(QΣ/Q,Aj))− 2 + corankΛ(coker(φL)).

However, from the Euler–Poincaré characteristic formula (cf. [9, Propo-
sition 3]) we have that

corankΛ(H1(QΣ/Q,Aj))− corankΛ(H2(QΣ/Q,Aj)) = 2.

The two equalities give our claim. The same argument shows LEO(Aj).

Proposition 4.3.7. Assume (Co-tor) and j is an integer such that
kg +1 ≤ j ≤ kf and that the residual representation T (1+ j) has no Ga-
lois subquotient isomorphic to µp. Then the Selmer groups SelGr(K∞, Aj)
and Sel•◦(K∞, A(1)) (with kf = j = kg + 1 = 0) have no proper Λ-sub-
module of finite index.

Proof: As was mentioned above, the result follows from applying Propo-
sition 4.3.5. Thus, we have to verify that all its hypotheses hold. Some
of them have been shown in Lemma 4.3.6. We now discuss the others,
namely RFX(Aj), LOC(1)

v (Aj), LOC(2)
v (Aj), and the almost divisibility

of L ∈ {Gr, •◦}.
Notice that RFX(Aj) holds as Tj is free of rank 4. Moreover, by [12,

Lemma 5.2.2], we have that (T̃j)
GQv = 0 for every v∈Σ, thus LOC(1)

v (Aj)

holds and implies LOC(2)
v (Aj) for every v ∈ Σ. We are left with proving

that the Selmer structures Gr and •◦ are almost divisible. The statement
follows from showing that the modules H`,j , HGr

p,j , and H•◦p,0, introduced
in §4.3.1, are almost divisible Λ-modules. From [11, Proposition 5.4]
(which we can apply as LOC(2)

v (Aj) is valid), we have thatH1(K∞,w, Aj)
is almost divisible for any place w, which implies the almost divisibility
of H`,j because of Lemma 4.3.1(i). Finally, from Lemma 4.3.1(ii)-(iii),
the Pontryagin duals of HGr

p,j and H•◦p,0 are submodules of Λ⊕2. Thus,
HGr
p,j and H•◦p,0 are almost divisible.
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Remark 4.3.8. We make a couple of comments on the hypothesis that
T (1 + j) has no Galois subquotient isomorphic to µp.
(i) If T̄ (1+j) is irreducible, then the module Aj [m] has no subquotient

isomorphic to µp as a GQ-module (cf. [13, §4.3.3]).
(ii) Suppose that f corresponds to an elliptic curve E with supersingu-

lar reduction at p. Then E[p]|I is the direct sum of two fundamental
characters of level 2 (see [7, Theorem 2.6]), where I is the inertial
group of GQp . In particular, there is no Galois subquotient isomor-
phic to µp. Since g is of weight 1 and Tg decomposes into the direct
sum of two unramified characters, the same is true for T̄ (1).

Recall that, given a ring R and a finitely presented R-module M , the
Fitting ideal FittR(M) is defined as follows. Take a presentation of M

Rr
g // Rt // M // 0;

FittR(M) is defined to be the ideal generated by the determinants of the
t× t-minors of g. Proposition 4.3.7 has the following consequence.

Corollary 4.3.9. Keep the hypotheses of Proposition 4.3.7. For any kg+
1 ≤ j ≤ kf , we have

charΛ(SelGr(K∞, Aj)
∨) = FittΛ(SelGr(K∞, Aj)

∨).

Similarly, if kg + 1 = j = kf = 0, we have

charΛ(Sel•◦(K∞, A(1))∨) = FittΛ(Sel•◦(K∞, A(1))∨).

Proof: It follows directly from [17, Lemma A.7].

Remark 4.3.10. If f and g are both non-ordinary at p, in [6, Defini-
tion 6.1.2] we defined six Selmer groups over Q(µp∞) using pairs of
Coleman maps on H1

Iw(Qp, T ∗f,g). The images of these Coleman maps
are described in the appendix of op. cit. In particular, we may verify the
hypothesis CRK as in the proof of Lemma 4.3.6 and the almost divisi-
bility of the local conditions at p, allowing us to obtain a generalization
of Proposition 4.3.7 and Corollary 4.3.9.

5. Control theorems

We prove control theorems for the Selmer groups studied in the previ-
ous section. This is one of the key ingredients in our quest to generalize
results in [17]. Once again, we consider the cases where f is p-ordinary
and p-non-ordinary separately.
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5.1. The ordinary case. We study a control theorem for the Green-
berg Selmer groups of Rankin–Selberg convolutions defined in Defini-
tion 4.1.2 using results of [36] and [37]. We assume that both f and g
are p-ordinary; we let j be an integer satisfying kg + 1 ≤ j ≤ kf as
before. To ease the notation, recall that we denote by Aj the mod-
ule A(1 + j). Finally, recall that, for n ≥ 0, we have denoted by ωn(X)
the polynomial (1 +X)p

n − 1.

Definition 5.1.1. For any 0 ≤ n ≤ ∞ denote by XGr
j,n the Pontryagin

dual
SelGr(Kn, Aj)

∨.

Moreover, denote by rn : XGr
j,∞/ωn → XGr

j,n the maps induced by the
restriction maps

SelGr(Kn, Aj) // SelGr(K∞, Aj)
Γp
n

1 .

We can now state the main theorem of the section.

Theorem 5.1.2. Let us suppose that, for all n, H1(Γp
n

1 , A
Gal(QΣ/K∞)
j ) =

0. Then, for all n, the maps rn : XGr
j,∞/ωn → XGr

j,n are surjective with
finite kernel of bounded orders as n varies.
Proof: Consider the following commutative diagram:

0 // SelGr(Kn, Aj) //

αn

��

H1(QΣ/Kn, Aj) //

βn

��

∏
p 6=v∈Σn

H
1
/f (Kn,v, Aj)×H

1
/Gr(Kn,p, Aj)

γn=
∏
γn,v

��

0 // SelGr(K∞, Aj)
Γ
pn

1 // H1(QΣ/K∞, Aj)
Γ
pn

1 // ∏
p 6=w∈Σ∞

H
1
/f (K∞,v, Aj)

Γ
pn

1,v×(HGr
p,j)

Γ
pn

1,p

where Σn denotes the primes ofKn above primes in Σ. In order to bound
kernel and cokernel of αn, we reduce to study the maps βn and γn.

From the diagram above, we have that

ker(αn) ker(βn) = H1(Γp
n

1 , A
Gal(QΣ/K∞)
j ).

By assumption, the latter is trivial, thus ker(αn) = 0.
We now turn our attention to the study of Coker(αn). We start by

noticing that, by the inflation-restriction exact sequence, we have

Coker(βn) H2(Γp
n

1 , A
Gal(QΣ/K∞)
j ).

However, the latter group is 0, as Γp
n

1 is a free pro-p group of co-
homological dimension 1. Thus, by the Snake lemma, Coker(αn) is a
subquotient of ker(γn).
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Let v ∈ Σn be a prime which does not lie above p; then, by [36,
Lemma 2.8], the order of ker(γn,v) is bounded independently of n. Fi-
nally, this leaves us with studying the kernel of

γn,p : H1
/Gr(Kn,p, Aj) // (HGr

p,j)
Γp
n

1,p .

In order to prove the assertion that the order of ker(γn,p) is bounded
independently by n, we need to check the hypotheses of [37, Theo-
rem 3.5(2)] for V (1 + j). These in turn follow from the p-ordinarity of f
and g and the fact that the eigenvalues of Frobp on V are not roots of
unity, as they all have absolute value p(kf+kg)/2+1 and kf > kg ≥ −1.

We now discuss cases where the hypothesis of Theorem 5.1.2 holds.

Proposition 5.1.3. Suppose that f and g have weights ≥ 2 and that
f is non-CM. Then, for all but finitely many p which do not divide NfNg
and for all n, we have

H1(Γp
n

1 , A
Gal(QΣ/K∞)
j ) = 0.

Proof: The strategy for proving the statement uses ideas employed in [27,
Proposition 7.2.18] and [29, Proposition 4.2.1]; we now sketch it and re-
fer to [29] for further details. Let H denote the subgroup of GQ cut
out by the Dirichlet characters corresponding to inner twists of f and g;
we denote by ρh,p the Galois representation of h ∈ {f, g} taking val-
ues in GL2(Oh), for Oh the ring of integral elements of a finite exten-
sion Qp ⊂ Fh ⊂ L.

Suppose that g is non-CM; then, for all but finitely many p, the image
of the representation (ρh,p)|H , where h ∈ {f, g}, equals

{x ∈ GL2(Oh) : det(x) ∈ Z×p }.
By our running hypotheses on their weights, f and g are not twists of

each other. Thus, by [29, Proposition 4.2.1 and Remark 4.2.2], for all but
finitely many primes p coprime with NfNg, the image of (ρf,p × ρg,p)|H
equals

{(x, y) ∈ GL2(Of )×GL2(Og) : det(x) = det(y) ∈ Z×p }.
Let us now fix such a prime p. The image (ρf,p × ρg,p)(H ∩ GQ(µp∞ ))
contains the element

M :=
(

( x x−1 ) ,
(
y

y−1

))
,

where x, y ∈ Z×p . The image of M under the tensor product homo-
morphism GL2 × GL2 → GL4 is the diagonal matrix with eigenval-
ues {xy, x−1y, xy−1, x−1y−1}. We can easily choose x, y so that none of
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the eigenvalues equals 1, thus constructing an element in GQ(µp∞ ) which
acts without fixed points on V (1 + j). Thus, H0(Kn, V (1 + j)) = 0 for
all n.

As explained in the proof of [36, Theorem 2.4(i)], this shows that
H1(Γp

n

1 , A
Gal(QΣ/K∞)
j ) is finite. We sketch the argument here and refer

to [36] for further details. The map given by evaluation of cocycles at
the topological generator 1 + ωn of Γp

n

1 gives an isomorphism

H1(Γp
n

1 , A
Gal(QΣ/K∞)
j )

∼ // (AGal(QΣ/K∞)
j )

Γp
n

1

:= A
Gal(QΣ/K∞)
j /ωnA

Gal(QΣ/K∞)
j .

As AGal(QΣ/K∞)
j is of finite type, it sits in the exact sequence

0 // D // AGal(QΣ/K∞)
j

// E // 0,

where D is the maximal divisible subgroup of AGal(QΣ/K∞)
j and E is

finite. As E is finite, we are left to show that D
Γp
n

1
is bounded. Notice

that D
Γp
n

1
is either zero or infinite. If it is infinite, then corankZp DΓp

n

1
=

corankZp D
Γp
n

1 6= 0, which implies that AΓp
n

1
j is infinite. However, this is

impossible as we have shown that H0(Kn, V (1 + j)) = 0 for all n.
As H1(Γp

n

1 , A
Gal(QΣ/K∞)
j ) is finite, we are left to show that

H1(Γp
n

1 , A
Gal(QΣ/K∞)
j )[$] = 0.

To do so, notice that we have a surjection

H1(Γp
n

1 , (Aj [$])Gal(QΣ/K∞)) // // H1(Γp
n

1 , A
Gal(QΣ/K∞)
j )[$],

and that Aj [$] ' T (1 + j). By [29, Proposition 4.2.1], T is irreducible
as a GK∞-module, hence

(T (1 + j))GK∞ = 0,

which implies that

H1(Γp
n

1 , (Aj [$])Gal(QΣ/K∞)) = 0.

When g is CM, for all but finitely many primes p coprime to NfNg,
the image ofH∩GQ(µp∞ ) of ρf,p×ρg,p contains the elementM considered
above (cf. [29, Proposition 4.3.1]). Thus, we can construct an element τ ∈
GQ(µp∞ ) which acts without fixed points on T (1 + j) and on V (1 + j).
This implies the result.
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Of particular interest for us is the case when the weight of g is 1,
which we now discuss.

Proposition 5.1.4. Suppose that g has weight 1, f has weight ≥ 2 and
is non-CM, and that Nf and Ng are coprime. Then, for all but finitely
many p which do not divide NfNg and for all n, we have

H1(Γp
n

1 , A
Gal(QΣ/K∞)
j ) = 0.

Proof: The proof of the statement is similar to that of Proposition 5.1.3
and relies heavily on [29, Theorem 4.4.1].

As g has weight 1, ρg,p is an Artin representation. Since Ng is coprime
to pNf , the splitting field Fg of ρg,p, that of ρf,p, and Q(µp∞) are linearly
disjoint over Q. Thus, for every γ ∈ ρg,p(GQ) and δ ∈ ρf,p(GQ(µp∞ )),
there exists τ ∈ GQ(µp∞ ) such that ρg,p(τ) = γ and ρf,p(τ) = δ.

For all but finitely many p, ρf,p(GQ(µp∞ )) contains the elements δx =

( x x−1 ), for x ∈ Z×p . Moreover, since ρg,p is odd, there is γ ∈ ρg,p(GQ)

conjugate to
(−1

1

)
. One can choose x so that the image of δx⊗γ in GL4

has all eigenvalues different from 1; thus there exists τ ∈ GQ(µp∞ ), which
acts without fixed points on V (1 + j). Similarly, this shows that (T (1 +
j))GK∞ = 0. As in Proposition 5.1.3, these facts imply that

H1(Γp
n

1 , A
Gal(QΣ/K∞)
j ) = 0.

5.2. The supersingular case. We now turn our attention to the case
where f corresponds to an elliptic curve E/Q with ap(E) = 0 and g
is a weight 1 form, as in §4.2. We do not know how to prove control
theorems when f is a more general p-non-ordinary form, which seems
to be the biggest obstacle to generalizing the results of [17] beyond our
current setting. Let Kg/Qp denote the smallest extension such that the
action of GKg on Vg is trivial. Throughout, we assume that the following
hypothesis holds, which allows us to apply results from [16].
(H.Kim) 4 - [Kg : Qp].

Definition 5.2.1. For an integer n ≥ 0, we define ω±n to be the following
polynomials:

ω±n (X) = X
∏

m∈S±n+1\{0}

Φm(X).

Given a Λ-module M , we write

M/ω±n = M/ω±n (γ − 1)M.

For 0 ≤ n ≤ ∞ and • ∈ {+,−}, we define X •n to be the Pontryagin
dual

Sel••(Kn, A(1))∨.
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Theorem 5.2.2. Let • 6= ◦ be a choice of the two elements in {+,−}.
The natural maps

X •∞/ω◦n // X •n/ω◦n
are surjective and have finite kernel of bounded orders as n varies.

Proof: Given a Λ-module M , we define

Mω◦n = {x ∈M : ω◦n(γ − 1)x = 0}.

Note that Mω◦n is a submodule of MΓp
n

1 .
Consider the commutative diagram

0 //Sel••(Kn,A(1))ω
◦
n //

αn

��

H1(QΣ/Kn,A(1))ω
◦
n //

βn

��

∏
p 6=v∈Σn

H1(Kn,v,A(1))ω
◦
n

H1
f
(Kn,v,A(1))ω

◦
n
×

H1(Kn,p,A(1))ω
◦
n

H1
••(Kn,p,A(1))ω

◦
n

γn=
∏
γn,v

��

0 //Sel••(K∞,A(1))ω
◦
n //H1(QΣ/K∞,A(1))ω

◦
n // ∏

p 6=v∈Σn

H1(K∞,v,A(1))ω
◦
n

H1
f
(K∞,v,A(1))ω

◦
n
×
H1(K∞,p,A(1))ω

◦
n

H1
••(K∞,p,A(1))ω

◦
n

It follows from the proof of Lemma 4.2.3 that A(1)GK∞ = 0. Thus,
the inflation-restriction exact sequence gives an isomorphism

H1(QΣ/Kn, A(1))
∼ // H1(QΣ/K∞, A(1))Γp

n

1 .

Since MΓp
n

1 =Mω
n for any Γ-module M and ω◦n divides ωn, we deduce

that βn is an isomorphism. In particular, αn is injective and cokerαn is
bounded by ker γn. As in the proof of Theorem 5.1.2, when v 6= p, ker γn,v
is finite and bounded independently of n thanks to [36, Lemma 2.8]
(in fact our kernel is even smaller after taking (−)ω

◦
n). It remains to

study ker γn,p, which we will show is in fact zero.
Fix λ ∈ {α, β}. Let Kλ,n (resp. Kλ,∞) be the compositum of Kn

(resp.K∞) and (Qp)ker θλ ⊂ Kg, as in Lemma 4.2.8. We define E•(Kλ,n)
and E•(Kλ,∞) to be the 1-isotypic components of E•(Kλ(µpn+1)) and
E•(Kλ(µp∞)) respectively. It can be checked using the description in
(4.2.4) that

E•(Kλ,n) = {P ∈ Ê(Kλ,n) : Trn/m+1 P ∈ Ê(Kλ,m)∀m ∈ S◦n}.

Consider the map

H1(Kλ,n, E[p∞])

E•(Kλ,n)⊗Qp/Zp
// H1(Kλ,∞, E[p∞])

(E•(Kλ,∞)⊗Qp/Zp)ω◦n
,
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which is injective by [16, Proposition 2.18] (bearing in mind our opposite
choice of signs as explained in Convention 4.2.7). Via the projection given
in Lemma 4.2.8, we deduce that

H1(Kn,p, A(1))

H1
••(Kn,p, A(1))

// H1(K∞,p, A(1))

H1
••(K∞,p, A(1))ω

◦
n

is injective. Hence γn,p is injective, as required.

6. Results on Fitting ideals

The goal of this section is to discuss and prove the main theorems
discussed in the introduction.

6.1. The ordinary case. We suppose throughout this subsection that
our fixed modular forms f and g are ordinary at p, that their residual
representations T f , T g are irreducible, and that f is non-CM. Moreover,
we suppose that εf εg is non-trivial, that (Nf , Ng) = 1, and that one of
the following conditions holds:
(i) g is non-CM and has weight ≥ 2;
(ii) g is of CM type and εg is neither 1 nor the quadratic character

attached to the corresponding CM field of g;
(iii) g has weight 1.
These hypotheses ensure that, for p big enough and coprime with NfNg,
the conclusions of Propositions 5.1.3 and 5.1.4 hold as well as the big
image assumption Hyp(BI) of [18] (cf. [18, Hypothesis 11.1.2, Re-
mark 11.1.3] and [29, Proposition 4.2.1]). Moreover, they imply that
the residual representation T (1 + j) has no GQ-stable subquotient iso-
morphic to µp. From now on, we fix a big enough prime p for which these
assumptions are satisfied.

We fix unit roots αf and αg for f and g respectively. By [4, Corol-
lary 2.2.4], for h ∈ {f, g}, {ωh, vh,α} is an O-basis of Dcris(Th). Conse-
quently, vα,α = vf,α⊗ vg,α gives rise to an integral generator ξ as in [18,
Definition 11.6.3]. In particular, our geometric p-adic L-function Lp(fα,g)
agrees with the Lp(f, g, 1+j)/Ω considered in loc. cit. By Theorem 11.6.4
of op. cit., if Lp(fα, g)(θχjcyc) 6= 0 for θ, a Dirichlet character factoring
through Γ1, then SelGr(K∞, A(1 + j)) is cotorsion and we have that

π∆ ◦ Twj Lp(fα, g) ∈ charΛ SelGr(K∞, A(1 + j))∨ = charΛ(XGr
j,∞).

Note in particular that

(6.1.1) Lp(α, j, n) ∈ Λn.
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Recall from Remark 3.1.3 that, for λf ∈ {αf , βf}, the interpolation
factor E(λf , j) of the geometric p-adic L-function Lp(fλ, g) is given by(

1− pj

λfαg

)(
1− pj

λfβg

)(
1− λ′fαg

p1+j

)(
1− λ′fβg

p1+j

)
(
1− λ′f

pλf

)(
1− λ′f

λf

) ,

where λ′f ∈ {αf , βf} \ {λf}.

Definition 6.1.1. We say that the triple (f, g, j), with kg + 1 ≤ j ≤ kf ,
is non-anomalous ordinary at p if E(αf , j) ∈ O×.

Remark 6.1.2. Notice that (f, g, j) is non-anomalous ordinary at p when-
ever kg + 1 < j < kf . In the remaining cases, E(αf , j) ∈ O× if the
following inequalities hold:
(i) If kg + 1 < j = kf , αfβgp−kg−1 6≡ 1 mod $.
(ii) If 0 < kg + 1 = j < kf , αgβfp−kf−1 6≡ 1 mod $.
(iii) If 0 < kg+1 = j = kf , αfβgp−kg−1 6≡ 1 mod $ and αgβfp−kf−1 6≡

1 mod $.
(iv) If kg + 1 = j = kf = 0,

αfαg 6≡ 1 mod $,

αfβg 6≡ 1 mod $,

αgβfp
−1 6≡ 1 mod $,

βgβfp
−1 6≡ 1 mod $.

(Recall that $ is a fixed uniformizer of O.)

Before stating the main result of the section, we have the following
crucial lemma. Its proof is based on the calculations for proving a similar
statement on the Mazur–Tate elements for elliptic curves in [17, §2.2].
We are very grateful to Chan-Ho Kim for having explained their strategy
to us.

Lemma 6.1.3. Suppose that there exists a Dirichlet character θ of con-
ductor a power of p such that Lp(fα, g)(θχjcyc) 6= 0, with kg+1 ≤ j ≤ kf .
Let (f, g, j) be non-anomalous ordinary at p; then there exists Cn ∈ $Λn
such that

Θj,n = (α2n+2
f + Cn)Lp(α, j, n) ∈ Λn.

Proof: The strategy of the proof, which consists of an induction argu-
ment on n, follows from the interpolation formulae and norm relations
that these elements satisfy, as we now explain.

Recall that in §2.1 we have introduced the natural projection πn : Λn→
Λn−1 and the trace map νn : Λn−1 → Λn given by multiplication by Φn.
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We notice that, from the interpolation formulae that Θj,0 satisfies, we
have that

Lp(α, j, 0) = C(f, j)·Θj,0, where C(f, j) :=
(β2
f − α2

f )E(αf , j)

β4
fE(βf , j)− α4

fE(αf , j)
.

It follows from our hypothesis that (f, g, j) is non-anomalous ordinary
at p that β4

fE(βf , j) − α4
fE(αf , j) and E(αf , j) are units in O. Thus,

C(f, j) ∈ O×. By (6.1.1), Lp(α, j, 0) ∈ O, which tells us that

Θj,0 = C(f, j)−1Lp(α, j, 0) ∈ O.

This relation can be written as

Θj,0 = (α2
f + C0)Lp(α, j, 0) ∈ O,

where

C0 = C(f, j)−1 − α2
f = β2

f

β2
fE(βf , j)− α2

fE(αf , j)

(β2
f − α2

f )E(αf , j)
∈ $O.

On combining this with Proposition 3.2.8, we deduce that

Lp(α, j, 1) = α−4
f

(
Θj,1 −

β2
f

p
ν1(Θj,0)

)

= α−4
f

(
Θj,1 −

β2
f

pC(f, j)
ν1(Lp(α, j, 0))

)
= α−4

f (Θj,1 − C1Lp(α, j, 1))

with C1 =
β2
f

pC(f,j)Φ1 ∈ $Λ1. It gives

Θj,1 = (α4
f + C1)Lp(α, j, 1) ∈ Λ1.

Suppose that

Θj,n−1 = Bn−1Lp(α, j, n− 1),
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withBn−1 ∈ Λn−1. Then, on applying Proposition 3.2.8 again, we deduce
that

Lp(α, j, n) = α−2n−2
f

(
Θj,n −

β2
f

p
νn(Θj,n−1)

)

= α−2n−2
f

(
Θj,n −

β2
f

p
νn(Bn−1Lp(α, j, n− 1))

)

= α−2n−2
f

(
Θj,n −

β2
f

p
νn(Bn−1πn(Lp(α, j, n)))

)
= α−2n−2

f (Θj,n − CnLp(α, j, n))),

with Cn =
β2
f

p ΦnBn−1 ∈ $Λn. This implies that

Θj,n = (α2n+2
f + Cn)Lp(α, j, n),

which proves our claim.

We are now ready to prove our generalization of Theorem 1.2.1 in the
ordinary case (Theorem A in the introduction).

Theorem 6.1.4. Suppose that there exists a Dirichlet character θ of
conductor a power of p such that Lp(fα, g)(θχjcyc) 6= 0, with kg + 1 ≤
j ≤ kf . If (f, g, j) is non-anomalous ordinary at p, then

(Θj,n) = (Θj,n, νn(Θj,n−1)) ⊆ FittΛn XGr
j,n.

Proof: By Corollary 4.3.9 and the inclusion of the Iwasawa main conjec-
ture, we have that

(π∆ ◦ Twj Lp(fα, g)) ⊆ charΛ(XGr
j,∞) = FittΛ(XGr

j,∞).

Thanks to our assumptions Theorem 5.1.2 asserts that the natural maps
rn : XGr

j,∞/ωn → XGr
j,n are surjective. Thus, by [17, Lemma A.1], we obtain

the inclusion
(Lp(α, j, n)) = (π∆ ◦ Twj Lp(fα, g) mod ωn) ⊆ FittΛn(XGr

j,∞)/ωn

⊆ FittΛn(XGr
j,n).

By Proposition 3.2.8, we have

(Lp(α, j, n)) =

(
α−2n−2
f

(
Θj,n −

(βf )2

p
νn(Θj,n−1)

))
⊆ FittΛn XGr

j,n,

where νn : Λn−1 → Λn denotes the trace map. Under the non-anoma-
lous ordinary condition at p, Lemma 6.1.3 says that Θj,n is a multiple
of Lp(α, j, n) by an invertible element in Λn. Similarly, by Lemma 6.1.3,
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we also deduce that νn(Θj,n−1) is a multiple of Lp(α, j, n) by an element
in Λn. Indeed, we have

Θj,n−1 = (α2n
f + Cn−1)Lp(α, j, n− 1)

= (α2n
f + Cn−1)πn(Lp(α, j, n)).

Applying νn, we get

νn(Θj,n−1) = (α2n
f + Cn−1)ΦnLp(α, j, n).

This implies that the ideal (Θj,n, νn(Θj,n−1)) is the principal ideal gen-
erated by Θj,n and that we get the inclusion

(Θj,n) = (Θj,n, νn(Θj,n−1)) ⊆ FittΛn XGr
j,n.

6.2. The supersingular case. We now generalize the calculations
in [17, §4] to the setting of §5.2. In particular, (H.Kim) is in effect
throughout. We shall link our theta elements to the Bloch–Kato Selmer
groups of A(1), whose definition is recalled below.

Definition 6.2.1. For an integer n ≥ 0, we write SelBK(Kn, A(1)) for
the Bloch–Kato Selmer group of A(1) over Kn, that is,

SelBK(Kn, A(1)) = ker

(
H1(QΣ/Kn, A(1)) //

∏
ν|Σ

H1
/f (Kn,ν , A(1))

)
,

where Σ is as defined in Definition 4.1.2 and

H1
/f (Kn,ν , A(1)) = H1(Kn,ν , A(1))/H1

f (Kn,ν , T (1))⊗Qp/Zp

for ν|p, with H1
f (Kn,ν , T (1)) as defined in [2, (3.7.3)]. We let XBK

n denote
the Pontryagin dual of SelBK(Kn, A(1)).

We will study XBK
n via the plus and minus Selmer groups over Kn in-

troduced in Definition 4.2.12, making use of Theorem 5.2.2. The strategy
is:

(1) Link the theta elements Θ±n to X±n (where we write Θ±n in place of
Θ±0,n for simplicity).

(2) Study relations between XBK
n and X±n .

(3) Combine (1) and (2) to study the growth of XBK
n in terms of Θ±n .

We introduce the following polynomials which allow us to carry out
step (1).
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Definition 6.2.2. For an integer n ≥ 0, we define ω̃±n (X) to be the
polynomials

ωn(X)

ω∓n (X)
=
ω±n (X)

X
=

∏
m∈S±n+1\{0}

Φm(X).

Lemma 6.2.3. If n is even, then

−pΘ+
n ≡ (ω̃+

n )2π∆L
++
p (f, g) mod ωn;

Θ−n ≡ (ω̃−n )2π∆L
−−
p (f, g) mod ωn.

If n is odd, then

Θ+
n ≡ (ω̃+

n )2π∆L
++
p (f, g) mod ωn;

−pΘ−n ≡ (ω̃−n )2π∆L
−−
p (f, g) mod ωn.

Proof: A direct calculation gives

log+
p ≡ p−b

n
2 c−1ω̃+

n mod ωn;

log−p ≡ p−b
n+1

2 c−1ω̃−n mod ωn.

On combining this with Proposition 4.2.20, the lemma follows.

Proposition 6.2.4. Suppose that, for •=◦∈{+,−}, the inclusion (4.2.6)
of Conjecture 4.2.18 holds (in particular, we have π∆L

••
p (f, g) ∈ Λ).

Then we have the inclusion

((ω̃•n)2π∆L
••
p (f, g) mod ωn) ⊂ (ω̃•n)2 FittΛn(X •n).

Proof: By Corollary 4.3.9, the inclusion (4.2.6) implies that

(π∆L
••
p (f, g)) ⊂ FittΛ X •∞.

Let ◦ be the unique element of {+,−} \ {•}. We deduce from Theo-
rem 5.2.2 and [34, Appendix, properties 1 and 4 on pages 324–325] (see
also [17, Lemmas A.1 and A.6]) the inclusion

(π∆L
••
p (f, g) mod ω◦n) ⊂ FittΛn/ω◦n

X •n/ω◦n.
As in [17, proof of Corollary 3.10], we have

FittΛn/ω◦n
X •n/ω◦n =

FittΛn X •n + (ω◦n)

(ω◦n)
,

which in turn implies

(π∆L
••
p (f, g) mod ωn) + (ω◦n) ⊂ FittΛn X •n + (ω◦n).

Thus, the result follows by multiplying by (ω̃•n)2 and the fact that ω̃•nω◦n =
ωn.
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On combining Corollary 6.2.3 and Proposition 6.2.4, step (1) is estab-
lished. For step (2), we begin with the following lemma due to Kim and
Kurihara.

Lemma 6.2.5. Let •, ◦ ∈ {+,−}. Then

FittΛn

(
H1
f (Kn,p, A(1))

H1
•◦(Kn,p, A(1))

)∨
= (ω̃•nω̃

◦
n)Λn,

where p is the unique prime of Kn lying above p.

Proof: Let µ ∈ {αf , βf}. On combing the short exact sequence of Corol-
lary 4.2.11 and [15, Propositions 4.11 and 5.8], we have the following
commutative diagram with exact rows:

0 // H1
f (Qp, Tf,µ(1))

∼=

��

// H1
+(Kn,p, Tf,µ(1))⊕H1

−(Kn,p, Tf,µ(1)) //

∼=

��

H1
f (Kn,p, Tf,µ(1)) //

∼=

��

0

0 // ω̃+
n ω̃
−
n Λn // ω̃+

nΛn⊕ω̃−n Λn // (ω̃+
n , ω̃

−
n )Λn // 0

Thus,
H1
f (Kn,p, Af,µ(1))

H1
±(Kn,p, Af,µ(1))

∼= ((ω̃+
n , ω̃

−
n )Λn/ω̃

±
n )⊗Qp/Zp.

The result now follows from [17, Proposition 4.1] (again bearing in mind
the choice of sign as explained in Convention 4.2.17).

Corollary 6.2.6. Let • ∈ {+,−}. We have the inclusion

(ω̃•n)2 FittΛn(X •n) ⊂ FittΛn(XBK
n ).

Proof: This follows from Lemma 6.2.5 and the tautological exact se-
quence (

H1
f (Kn,p, A(1))

H1
••(Kn,p, A(1))

)∨
// XBK
n

// X •n // 0.

This establishes step (2). We are now ready to carry out the final
step (3), which proves Theorem B in the introduction.

Theorem 6.2.7. Let E/Q be an elliptic curve with good supersingular
reduction at p and ap(E) = 0. Suppose that (H.Kim) holds and that
the inclusion (4.2.6) of Conjecture 4.2.18 holds for • = ◦ ∈ {+,−} (in
particular, we have π∆L

••
p (f, g) ∈ Λ). If n ≥ 2 is even, then

(pΘ+
n ,Θ

−
n ) ⊂ FittΛn XBK

n .

If n ≥ 1 is odd, then

(Θ+
n , pΘ

−
n ) ⊂ FittΛn XBK

n .
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Proof: We consider the case of even n. On combining Proposition 6.2.4
and Corollary 6.2.6, we have

((ω̃•n)2π∆L
••
p (f, g) mod ωn) ⊂ FittΛn XBK

n

for • ∈ {+,−}. The theorem now follows from Lemma 6.2.3.

The following lemma allows us to rewrite Theorem 6.2.7 in a similar
form to the (ss) case of [17, Theorem 1.14].

Lemma 6.2.8. Suppose that n ≥ 2 is even; then

Θ+
n = −νn(Θ+

n−1).

Otherwise, if n ≥ 1 is odd, we have

Θ−n = −νn(Θ−n−1).

Proof: We only prove the even case since the odd case can be dealt with
in the same way. Let θ be a Dirichlet character on Gn. If its conductor
is pn+1, then Lemma 3.2.7 tells us that

Θ+
n (θ) = 0.

Since νn(Θ+
n−1) = ΦnΘ+

n−1 is divisible by Φn, it vanishes at θ as well.
Suppose that θ is of conductor pm, with m ≤ n. Then our interpola-

tion formulae give

Θ+
n (θ) =

α2n+2
f

4
π∆(Lp(fα, g)+Lp(fβ , g)+L?

p(fβ , gβ) + L?
p(fα, gβ))(θ),

Θ+
n−1(θ) =

α2n
f

4
π∆(Lp(fα, g) + Lp(fβ , g) + L?

p(fβ , gβ) + L?
p(fα, gβ))(θ).

Recall that α2
f = −p. This allows us to combine the two equations above

to obtain
Θ+
n (θ) = −pΘ+

n−1(θ) = −νn(Θ+
n−1)(θ)

as Φn(θ) = p. Thus, we deduce the equality

Θ+
n = −νn(Θ+

n−1)

as required.

Thus, we may now rewrite Theorem 6.2.7 as follows:

Corollary 6.2.9. Suppose that the inclusion (4.2.6) of Conjecture 4.2.18
holds for • ∈ {+,−}. If n ≥ 2 is even, then

(pνn(Θ+
n−1),Θ−n ) ⊂ FittΛn XBK

n .

If n ≥ 1 is odd, then

(Θ+
n , pνn(Θ−n−1)) ⊂ FittΛn XBK

n .
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6.3. Study of elliptic curves over number fields. Let E be an
elliptic curve over Q without CM, of conductor NE . Let ρ be a two-
dimensional odd irreducible Artin representation of GQ and denote by F
its splitting field and by Nρ its conductor. The representation ρ takes
values in a finite extension Lρ of Q. Fix P, a prime of Lρ above p. We let
L be a finite extension of Lρ,P and denote by O its ring of integers. We
assume for the rest of the section that the following list of hypotheses
hold.
(1) NE and Nρ are coprime.
(2) The prime p ≥ 5 and p - NENρ[F : Q].
(3) The representation GQ → AutZp(TpE) is surjective.
(4) ρ(Frobp) has distinct eigenvalues modulo P.
(5) If E has ordinary reduction at p, the triple (E, ρ, 0) is non-anoma-

lous, i.e. (f, g, 0) is (cf. Remark 6.1.2).
(6) If E has supersingular reduction at p, we assume that ap(E) = 0

and that (H.Kim) holds, that is, 4 - [F : Q].
Let F∞ = FK∞ be the cyclotomic Zp-extension of F , with finite

layers Fn so that [Fn : F ] = pn and Fn is the compositum of Kn and F .

Definition 6.3.1. Let Seln(E/F ) denote the Selmer group of E over Fn:

ker

(
H1(Gal(QΣ/Fn), E[p∞]) //

∏
v∈Σ

H1(Fn,v, E[p∞])

E(Fn,v)⊗Qp/Zp

)
,

where Σ is a finite set of primes containing primes above p, ∞, and the
primes dividing NENρ.

We are interested in studying the ρ-isotypic component of these Selmer
groups, whose definitions we review below.

Definition 6.3.2. For all n ≥ 0, define the ρ-isotypic component

Seln(E/F )(ρ) := HomGal(Fn/Kn)(ρ, Seln(E/F )),

and its Pontryagin dual Xn(E)(ρ) := Seln(E/F )∨(ρ).

Notice that E and ρ∗ (the contragradient representation of ρ) are
modular, with E corresponding to a weight 2 modular form f , while
ρ∗ to a weight 1 modular form g, such that there is an isomorphism of
GQ-representations E[p∞]⊗ ρ∗ ' Af,g(1).

Notation 6.3.3. If E is ordinary (resp. supersingular) at p, we will
denote by Sel(?,E[p∞] ⊗ ρ∗) the Selmer group SelGr(?,Af,g(1)) (resp.
SelBK(?,Af,g(1))).
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Remark 6.3.4. The ρ-isotypic component Seln(E/F )(ρ) can be identified
with the Gal(Fn/Kn)-invariant classes of Sel(Fn, E[p∞]⊗ ρ∗).

In the following lemma, we study the relation between Seln(E/F )(ρ)

and Sel(Kn, E[p∞]⊗ ρ∗).

Lemma 6.3.5. For every 0 ≤ n ≤ ∞, the natural restriction map

Sel(Kn, E[p∞]⊗ ρ∗) // Seln(E/F )(ρ)

is an isomorphism.

Proof: For every 0 ≤ n ≤ ∞, by the inflation-restriction sequence, we
have a map

(6.3.1) Sel(Kn, E[p∞]⊗ρ∗) // Sel(Fn, E[p∞]⊗ ρ∗)Hn =Seln(E/F )(ρ),

where Hn := Gal(Fn/Kn), which sits in the following diagram:

Sel(Kn, E[p∞]⊗ρ∗) H1(Kn, E[p∞]⊗ ρ∗) Q(Kn, E[p∞]⊗ ρ∗)

Seln(E/F )(ρ) H1(Fn, E[p∞]⊗ρ∗)Hn Q(Fn, E[p∞]⊗ρ∗)Hn
rn sn tn=

∏
tn,v

where, in view of Remark 6.3.4, we have

Q(Kn, E[p∞]⊗ ρ∗) =
∏
p6=v

H1
/f (Kn,v, Af,g(1))×H1

/Lp(Kn,p, Af,g(1)),

Q(Fn, E[p∞]⊗ ρ∗)Hn =
∏
p6=v

H1
/f (Fn,v, Af,g(1))Hn,v

×
∏
P|p

H1
/Lp(Fn,P , Af,g(1))Hn,P ,

where Lp ∈ {f,Gr}.
By the inflation-restriction sequence the kernel of sn is equal to

H1(Gal(Fn/Kn), (Af,g(1))GFn ),

while its cokernel is equal to

H2(Gal(Fn/Kn), (Af,g(1))GFn ).

Since p - [F : Q], these two spaces are zero. By the snake lemma, rn is
injective and it has cokernel bounded by the kernel of tn.
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Let v 6= p be a place of Kn above the rational prime ` 6= p. We have

tn,v : H1
/f (Kn,v, Af,g(1)) //

∏
w|v

H1
/f (Fn,w, Af,g(1))Hn,w ,

where Hn,w = Gal(Fn,w/Kn,v). Note that

H1
f (B,Af,g(1)) = 0,

where B ∈ {Kn,v, Fn,w}, as E(C) ⊗ Qp/Zp = 0 for any `-adic field C
with ` 6= p (e.g. [10, Proposition 2.1]). Thus, by the inflation-restriction
sequence, we have

ker(tn,v) = H1(Gal(Fn,w/Kn,v), E(Fn,w)[p∞]⊗ ρ∗) = 0,

since [Fn,w : Kn,v] is coprime with p.
We are left with the analysis of the kernel of tn,p at places p above p.

Let P be a prime of Fn above p; the map tn,p sits in the following
diagram:

H1
Lp (Kn,p, Af,g(1)) H1(Kn,p, Af,g(1)) H1

/Lp
(Kn,p, Af,g(1))

H1
Lp (Fn,P , Af,g(1))

Hn,P H1(Fn,P , Af,g(1))
Hn,P H1

/Lp
(Fn,P , Af,g(1))

Hn,P

t′′n,p t′n,p tn,p

where Hn,P = Gal(Fn,P/Kn,p) and Lp ∈ {f,Gr}. As above, by applying
the inflation-restriction exact sequence and the fact that p - [Fn,P : Kn,p],
we conclude that t′n,p is an isomorphism. Thus, t′′n,p is injective and the
kernel of tn,p is isomorphic to the cokernel of t′′n,p. We now show that
t′′n,p is surjective. Recall from §4.2 that

Af,g(1)|GQp
= (E[p∞]⊗ ρ∗)|GQp

∼= E[p∞](θα)⊕ E[p∞](θβ).

Let µ ∈ {αf , βf} and Jµ be the finite unramified extension of Qp given
by (Qp)ker θµ . Similarly to Lemma 4.2.8, we have

(6.3.2) E(JµB)⊗Qp/Zp = H1
Lp(JµB,E[p∞]) ' H1

Lp(B,E[p∞](θµ)),

where B ∈ {Kn,p, Fn,P}. As H1
Lp(?,Af,g(1)) = H1

Lp(?,E[p∞](θα)) ⊕
H1
Lp(?,E[p∞](θβ)), (6.3.2) identifies

H1
Lp(Fn,P , Af,g(1))Hn,P ' (E(JαFn,P)Hn,P ⊕ E(JβFn,P)Hn,P )⊗Qp/Zp

as a submodule of (E(JαKn,p)⊕E(JβKn,p))⊗Qp/Zp. This shows that
tn,p is injective and thus that t′′n,p is surjective.

Notation 6.3.6. If E has ordinary reduction at p, denote by Θn(E, ρ)
the theta element Θ0,n corresponding to the weight 2 modular form f ,
the weight 1 modular form g, and the (only) twist j = 0.
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Similarly, if E has supersingular reduction at p, we write Θ±n (E, ρ) for
the theta elements Θ±0,n corresponding to the weight 2 modular form f ,
the weight 1 modular form g, and the twist j = 0.

Remark 6.3.7.As p≥5, Proposition A.3.9 shows that Θn(E, ρ),Θ±n(E, ρ)∈
Λn.

We are now ready to prove Theorem C in the introduction.

Theorem 6.3.8. Let us assume the hypotheses (1)–(4) made at the
beginning of §6.3. Furthermore, suppose that L(E, ρ, θ−1, 1) 6= 0 for some
finite order character θ on Γ1.
(i) If E has ordinary reduction at p and hypothesis (5) holds, then for

all n ≥ 0 we have

(Θn(E, ρ)) ⊆ FittΛn Xn(E)(ρ).

(ii) Suppose that E has supersingular reduction at p and that hypothe-
sis (6) holds and let pm be the conductor of θ. If m is even, then
for all odd n ≥ 0 we have

(Θ+
n (E, ρ)) ⊆ FittΛn Xn(E)(ρ).

If m is odd, then for all even n ≥ 0 we have

(Θ−n (E, ρ)) ⊆ FittΛn Xn(E)(ρ).

Proof: We consider the ordinary case first. The proof follows from The-
orem 6.1.4 and Lemma 6.3.5, as we now show. Recall that E and ρ
correspond to the modular forms f and g.

As L(E, ρ, θ−1, 1) 6=0, the p-adic L-value Lp(fα, g)(θ) is non-zero. This
together with hypotheses (1)–(4) shows that the hypotheses of [18, Theo-
rem 11.6.4] hold (see also [18, Theorem 11.7.4]). Thus, Sel(K∞, E[p∞]⊗
ρ∗) = SelGr(K∞, Af,g(1)) is Λ-cotorsion and

π∆Lp(fα, g) ∈ charΛ(XGr
∞,0) = FittΛ(XGr

∞,0).

By the additional hypothesis (5), we apply Theorem 6.1.4 to deduce that

(Θn(E, ρ)) ⊆ FittΛn XGr
n,0.

As the degree [F : Q] is coprime with p, we apply Lemma 6.3.5, which
implies the equality FittΛn XGr

n,0 = FittΛn Xn(E)(ρ).
We now turn our attention to the supersingular case and suppose that

m is even (the odd case is proved analogously). It follows from (3.1.1),
(3.1.2), (4.2.7), and the fact that log+

p does not vanish at θ that
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L++
p (f, g) 6= 0. Then our running hypotheses allow us to apply [6, The-

orem 6.2.4], which gives the inclusion

π∆L
++
p (f, g) ∈ charΛ Sel++(K∞, Af,g(1))∨

(see Remark 4.2.19). The proof of Theorem 6.2.7 then gives

Θ+
n (E, ρ) ∈ FittΛn XBK

n .

Hence the result follows from Lemma 6.3.5.

We now conclude this section by giving an upper bound to the dimen-
sion of the ρ-isotypic component of the Mordell–Weil group of E(Fn).
Before doing so, we recall the definition of the order of vanishing at
characters of an element in Λn.

For χ : Gn → Q×p , a character, let O[χ] be the O-algebra generated by
the image of χ. Denote also by χ the induced homomorphism Λn → O[χ]
and define by Iχ its augmentation ideal.

Definition 6.3.9. An element z ∈ Λn vanishes to order r at χ if z ∈
Irχ\Ir+1

χ . Moreover, we say that z vanishes to infinite order if it belongs
to all powers of Iχ. We denote by ordχ z the order of vanishing of z at χ.

Consider the ρ-isotypic component

E(Fn)(ρ) := HomGal(Fn/Kn)(ρ,E(Fn)⊗ L).

Moreover, given χ : Gn → Q×p , we let

E(Fn)χ(ρ) := {P ∈ E(Fn)(ρ) ⊗Qp : σ · P = χ(σ)P for all σ ∈ Gn}.

As E(Fn)⊗Qp/Zp ↪→ Seln(E/F ), Theorem 6.3.8 gives an upper bound
on the rank of E(Fn)χ(ρ) in terms of the order of vanishing of the theta
elements at χ, which is Corollary D in the introduction.

Corollary 6.3.10. We keep the same assumptions as in Theorem 6.3.8.
Let χ be a character on Gn.
(i) Suppose that E has ordinary reduction at p; then dimQp E(Fn)χ(ρ) ≤

ordχ Θn(E, ρ).
(ii) Suppose that E has supersingular reduction at p; then

dimQp E(Fn)χ(ρ) ≤

{
ordχ Θ+

n (E, ρ) if n is odd,
ordχ Θ−n (E, ρ) if n is even.

Proof: This is a consequence of Theorem 6.3.8, following from the same
proof as [32, Proposition 3] (see also [17, Corollary 1.16]).
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Appendix A. Perrin-Riou pairings and arithmetic
construction of theta elements

In this appendix, we show how to construct the theta elements defined
in §3 as images of certain Beilinson–Flach classes under the pairing of
Perrin-Riou at finite levels. This is the result of the explicit reciprocity
laws that Beilinson–Flach classes satisfy and the relation between Perrin-
Riou’s big logarithm and the corresponding pairing at finite levels. Our
result should be compared to [22, Lemma 7.2], where the modular el-
ements defined by Mazur and Tate are related to values under Perrin-
Riou’s pairing of the zeta elements of Kato.

We have already seen in Remark 3.2.3 that the theta elements we
have defined have bounded denominators as n varies. In the case when
the weight of g is 1, we show that the theta elements are integral under a
Fontaine–Laffaille condition via their links with Beilinson–Flach classes.

A.1. The Perrin-Riou pairing. In this section V denotes a d-dimen-
sional L-vector space equipped with a continuous crystalline representa-
tion of GQp . We recall the definition of the Perrin-Riou pairing over Kn,
which will be utilized in §A.3 to establish the connection of our theta
elements with the Beilinson–Flach classes.

Let [−,−] denote the natural pairing Dcris(V (1+j))×Dcris(V
∗(−j))→

L. By linearity, we extend it to

[−,−] : Dcris(V (1 + j))⊗ L(µpn)× Dcris(V
∗(−j))⊗L(µpn) // L(µpn).

Recall we have the twisting operator

γj,n : Dcris(V (j)) // Dcris(V (j))⊗ L(µpn),

defined by sending

v 7→ p−n
(n−1∑
i=0

ϕi−n(v)⊗ ζpn−i + (1− ϕ)−1(v)

)
.

We define the following Perrin-Riou pairing.

Definition A.1.1. Let Gn denote the Galois group Gal(Qp(µpn)/Qp).
We define the Perrin-Riou pairing over Qp(µpn) by

Pn(−,−) : Dcris(V (1 + j))×H1(Qp(µpn), V ∗(−j)) // L(µpn)[Gn]

sending

(v, z) 7→
[∑
σ∈Gn

γn,1+j(v)σσ,
∑
σ∈Gn

exp∗(zσ)σ−1

]
.
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Lemma A.1.2 ([22], Lemma 3.2). Let v ∈ Dcris(V (1 + j)) and v ∈
H1(Qp(µpn), V ∗(−j)). We have

Pn(v, z) =
∑
σ∈Gn

TrL(µpn )/L[γn,1+j(v)σ, exp∗(z)]σ ∈ L[Gn].

Note in particular that Pn takes values in L[Gn]. Finally, we recall a
result on the values of this pairing when evaluated at a finite character
of Gn.

Lemma A.1.3. Let v ∈ Dcris(V (1 + j)) and v ∈ H1(Qp(µpn), V ∗(−j)).
(i) Let ψ be a character of Gn of conductor pm for 0 < m ≤ n; it

extends to ψ : L[Gn]→ L(µpm). Then we have

ψ(Pn(v, z)) = p−mτ(ψ)
∑
σ∈Gn

ψ−1(σ)[ϕ−m(v), exp∗(zσ)],

where τ(ψ) denotes the Gauss sum
∑
σ∈Gm ψ(σ)ζσpm .

(ii) Let 1 be the trivial character of Gn; then

1(Pn(v, z)) =

[
(1− ϕ)−1

(
1− ϕ−1

p

)
(v), exp∗(cores

Qp(µpn )
Qp (z))

]
.

Proof: This is proven in [22, Lemmas 3.4-5] and [23, Lemma 3.5].

Let Qp,n ⊂ Qp(µpn+1) be the n-th layer of the cyclotomic Zp-extension
ofQp with Galois groupGn := Gal(Qp,n/Qp). Similarly to [22], we define
the Perrin-Riou pairing over Qp,n by

Pn(−,−) : Dcris(V (1 + j))×H1(Qp,n, V ∗(−j)) // L[Gn],

sending (v, z) 7→ πnPn+1(v, ιn(z)), where πn : L[Gn+1] → L[Gn] is the
natural projection and ιn : H1(Qp,n, V ∗(−j))→ H1(Qp(µpn+1), V ∗(−j))
is the map induced by Qp,n ⊂ Qp(µpn+1). Notice that our definition
of Pn(−,−) differs from that of [22] by a factor of 1/(p− 1).

A.2. Wach modules and integral elements. In this section, we
prove a general result on the integrality of the Perrin-Riou pairings de-
fined in the previous section. This will be employed in §A.3 to show the
integrality of the theta elements of Definition 3.2.4.

We introduce the following convention.

Convention A.2.1. Let n ≥ 1 be an integer and U an E-vector space. If
M = (mij) is an n×n matrix defined over E and u1, . . . un are elements
in U , we write (

u1 · · · un
)
·M

for the row vector of elements in U given by
∑n
i=1 uimij , j = 1, . . . , n.
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Throughout this section, T denotes a free O-module of rank d
equipped with a continuous crystalline action of GQp . Furthermore, we
assume that all Hodge–Tate weights of T are non-negative and that the
Fontaine–Laffaille condition is satisfied:
(H.FL) The Hodge–Tate weights of T are inside an interval [a − p +

1; a] for some integer a ≤ 0. Furthermore, the slope of the
action of ϕ on Dcris(T ⊗L) does not attain −a and −a+p−1
simultaneously.

The Wach module N(T ∗) is a free module of rank d over A+
Qp , equipped

with a canonical isomorphism

(A.2.1) N(T ∗)/πN(T ∗) ∼= Dcris(T
∗).

Let vi ∈ Dcris(T
∗) be an O-basis of Dcris(T

∗) respecting its filtration in
the sense of [1, §V.2]. Let {ni : i = 1, . . . , d} be the A+

Qp -basis of N(T ∗)

given by Proposition V.2.3 of op. cit. (In particular, vi equals the image
of ni under (A.2.1).) If A and P are the matrices of ϕ with respect to
the bases {vi} and {ni} respectively, under Convention A.2.1, we have
the equations (

ϕ(v1) · · · ϕ(vd)
)

=
(
v1 · · · vd

)
·A,(

ϕ(n1) · · · ϕ(nd)
)

=
(
n1 · · · nd

)
· P.(A.2.2)

There is an isomorphism

(A.2.3) B+
rig,Qp

[
t
π

]
⊗A+

Qp
N(T ∗) ∼= B+

rig,Qp

[
t
π

]
⊗Zp Dcris(T

∗)

compatible with (A.2.1) via reduction mod π. LetM ∈ GL4

(
B+

rig,Qp

[
t
π

])
be the matrix of this isomorphism with respect to our bases {vi} and{ni},
so that

(A.2.4)
(
n1 · · · nd

)
=
(
v1 · · · vd

)
·M

under Convention A.2.1. By [24, Proposition 4.2], we can (and do) choose
the ni such that

(A.2.5) M ≡ Id mod πr,

where r denotes the highest Hodge–Tate weight of T ∗. If we apply ϕ, we
deduce from (A.2.2) that

M = Aϕ(M)P−1.

If we repeatedly apply ϕ, we get

M = Anϕn(M)ϕn−1(P−1) · · ·ϕ(P−1)P−1.
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So, in particular,

(A.2.6) M ≡ Anϕn−1(P−1) · · ·ϕ(P−1)P−1 mod ϕn(πr)

thanks to (A.2.5).

Proposition A.2.2. Let z ∈ H1
Iw(Qp(µp∞), T ∗). Then, for n ≥ 0, there

exists an element Ξn(z) ∈ Λ⊗ Dcris(T
∗) such that

(1⊗ ϕ−n−1)LT∗(z) ≡ Ξn(z) mod ωn,rH⊗ Dcris(T
∗).

Proof: The proof is very similar to the one given in [3, Lemma 3.44].
Let x ∈ N(T ∗)ψ=1. There exist xi ∈ A+

Qp such that

(1− ϕ)(x) =
∑

xi(1 + π)ϕ(ni)

by [25, Theorem 3.5]. By (A.2.4) and (A.2.2), we may rewrite this as

(1− ϕ)(x) =
(
v1 · · · vd

)
A(1 + π)ϕ(M)

x1

...
xd

 .

If we apply 1 ⊗ ϕ−n−1 on both sides, since A is the matrix of ϕ with
respect to {vi}, we deduce

(1⊗ ϕ−n−1) ◦ (1− ϕ)(x) =
(
v1 · · · vd

)
A−n(1 + π)ϕ(M)

x1

...
xd

 .

If we apply ϕ to (A.2.6), we see that

A−nϕ(M) ≡ ϕn(P−1) · · ·ϕ(P−1) mod ϕn+1(πr).

Therefore,

(1⊗ ϕ−n−1) ◦ (1− ϕ)(x) ≡ ξn(x) mod ϕn+1(πr)

for some ξn(x) ∈ (A+
Qp)ψ=0 ⊗ Dcris(T

∗). By composing with the Mellin
transform M : (A+

Qp)ψ=0 ' Λ, we get

(M⊗ ϕ−n−1) ◦ (1− ϕ)(x) ≡ Ξn(x) mod ωn,r,

where ωn,r =
∏r−1
i=0 Tw−i ωn, for some Ξn(x) ∈ Λ ⊗ Dcris(T

∗). We are
done as the Perrin-Riou regulator map satisfies the equality

LT∗ = (M−1 ⊗ 1) ◦ (1− ϕ) ◦ h−1
T∗ ,

where hT∗ is the isomorphism N(T ∗)ψ=1 ∼−→ H1
Iw(Qp(µp∞), T ∗) (cf. [3,

Proposition 2.9]).

Proposition A.2.2 now allows us to deduce the following integrality
result of the Perrin-Riou pairing over Qp(µpn+1).
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Proposition A.2.3. Let 0≤j≤r−1, n≥0, z ∈ H1(Qp(µpn+1), T ∗(−j)),
and v ∈ Dcris(T (1 + j)). Then

Pn+1((pϕ)n+1(v), z) ∈ O[Gn+1].

Proof: Let z be any element in H1
Iw(Qp(µp∞), T ∗) whose natural image

in H1(Qp(µpn+1), T ∗(−j)) is z. Let us write

(1⊗ ϕ−n−1) ◦ LT∗(z) =

d∑
i=1

LT∗,n,i(z)vi.

Let {v′i} be the dual basis of {vi} inside Dcris(T
∗(1)). Note that v is a

linear combination of this dual basis over O. We have
LT∗,n,i(z) = [v′i, (1⊗ ϕ−n−1) ◦ LT∗(z)]

= [(pϕ)n+1(v′i),LT∗(z)]

since the adjoint of ϕ−1 under [, ] is pϕ. Following [26, (5) and (6)], this
can be further rewritten as

LT∗,n,i(z) = 〈ΩT (1),1((1 + π)⊗ (pϕ)n+1(v′i)), z〉,

where ΩT (1),1 is the Perrin-Riou map on (A+
Qp)ψ=0 ⊗ Dcris(T (1)) and

〈−,−〉 is the Perrin-Riou pairing on

H1
Iw(Qp(µp∞), T (1))×H1

Iw(Qp(µp∞), T ∗)

extended H(Γ)-linearly as defined in [23, §3.2].
As explained in [23, §3.2],

LT∗,n,i(z) ≡ Pn+1((pϕ)n+1(v′i,j), z) mod Tw−j ωn(X),

where v′i,j is the natural image of v′i in Dcris(T (1+j)). Proposition A.2.2
tells us that this is defined over Λ. Hence the result follows.

A.3. Arithmetic construction of theta elements and integrality.
We now go back to the setting considered in the main body of the article
and take T in the previous section to be the representation Tf ⊗ Tg.
The goal of this section is to give an alternative definition of our theta
elements in terms of Beilinson–Flach classes and show that they are
integral if (H.FL) holds for Tf ⊗ Tg.
Remark A.3.1. Note that the smallest and largest Hodge–Tate weights
of T are −kf − kg − 2 and 0 respectively. In the case where at least one
of f and g is non-ordinary at p, the slope of ϕ on Dcris(T ) is slightly
inside the interval (0, kf + kg + 2). In particular, (H.FL) is satisfied if
we assume p− 1 ≥ kf + kg + 2. If both f and g are p-ordinary, then we
would have to assume that p − 1 > kf + kg + 2 (since the slopes of ϕ
attain both 0 and kf + kg + 2).
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Finally we show how to obtain the theta elements defined in Defi-
nition 3.2.4 as images of the certain Beilinson–Flach classes under the
pairing of Perrin-Riou at finite levels as a result of the explicit reci-
procity laws of the Beilinson–Flach classes and the congruence between
Perrin-Riou’s big logarithm and the pairing introduced in §A.1.

We begin with the following elementary lemma.

Lemma A.3.2. The linear map ϕ|Dcris(Vf ) satisfies the relation

ϕn = Cnϕ− αfβfCn−1,

where C0 = 0, C1 = 1, and Cn =
αnf−β

n
f

αf−βf . (Note that these Cn’s have
nothing to do with those studied in Lemma 6.1.3.)

Proof: It follows from the fact that ϕ|Dcris(Vf ) satisfies the relation ϕ2 =
(αf + βf )ϕ− αfβf .

We recall from [6, Conjecture 3.5.1] that the Beilinson–Flach
classes BFλ,µ,1 are conjectured to be the image of a rank 2 Euler system
under the composition of the Perrin-Riou map with vf,λ⊗vg,µ. This con-
jecture, together with the explicit description of vf,λ in terms of ωf and
ϕ(ωf ) in Definition 2.2.1 and Lemma A.3.2, lead us to give the following
modified Beilinson–Flach elements.

Definition A.3.3. For µ ∈ {α, β}, we define
(i) BFω±f ,µ,1

:= BFα,µ,1∓BFβ,µ,1,
(ii) BFϕ(ω±f ),µ,1 := αf BFα,µ,1∓βf BFβ,µ,1,
(iii) BFϕn(ω±f ),µ,1 := Cn BFϕ(ω±f ),µ,1−αfβfCn−1 BFω±f ,µ,1

, for n ≥ 2.

Notice that for all n ≥ 0 we have

(A.3.1) BFϕn(ω±f ),µ,1 = αnf BFα,µ,1∓βnf BFβ,µ,1 .

The following lemma is an elementary consequence of the explicit reci-
procity laws satisfied by BFα,µ,1 and BFβ,µ,1, as given in Definitions 3.1.2
and 3.1.4.

Lemma A.3.4. For all n ≥ 0, we have the equality

〈LT∗(BFϕn(ω±f ),µ,1), ϕn(ωf )⊗ vg,µ′〉 =
Cµ〈ϕ(ωf ),ωf∗ 〉

αf−βf

× (α2n
f Lp(fα, g)± β2n

f Lp(fβ , g)− αnfβnf (L?
p(fα, gµ)± L?

p(fβ , gµ))),

where Cµ =
logp,1+kg

µ′g−µg
.



624 A. Cauchi, A. Lei

Proof: From Definition 2.2.1, we immediately get relations

ωf =
〈ϕ(ωf ),ωf∗ 〉
αf−βf (vf,α − vf,β),

ϕ(ωf ) =
〈ϕ(ωf ),ωf∗ 〉
αf−βf (αfvf,α − βfvf,β).

From these and Lemma A.3.2, we get the expression

ϕn(ωf ) =
〈ϕ(ωf ),ωf∗ 〉
αf−βf (αnf vf,α − βnf vf,β),

for all n ≥ 0. The result then follows from an explicit manipulation of
these relations with (A.3.1) and from the aforementioned explicit reci-
procity laws.

Definition A.3.5. Let n ≥ 0 and kg+1 ≤ j ≤ kf be integers. We define

Θcoh,j

ω±f ,n
:=

(pµ′g)n+1

Cµ〈ϕ(ωf ),ωf∗ 〉
Pn(ϕn+2(ωf )⊗ vg,µ′ ,BFj

ϕn+2(ω±f ),µ,n
) ∈ L[Gn],

Θ̃coh,j

ω±f ,n
:=

(pµ′g)n+1

Cµ〈ϕ(ωf ),ωf∗ 〉
Pn(ϕn+1(ωf )⊗ vg,µ′ ,BFj

ϕn+1(ω±f ),µ,n
) ∈ L[Gn],

where we denote by BFj
ϕn+?(ω±f ),µ,n

the image of BFϕn+?(ω±f ),µ,1 in

H1(Qp,n, V ∗(−j)) under the corestriction map.

Lemma A.3.6. Suppose that T = Tf ⊗ Tg satisfies (H.FL). Let n ≥ 1
and κ = min(ordp(αf ), ordp(βf )). Suppose that kg = −1. For 0 ≤ j ≤
kf , we have

BFj
ϕn+1(ω±f ),µ,n

∈ H1(Qp,n, T ∗(−j)),

BFj
ϕn+2(ω±f ),µ,n

∈ pκH1(Qp,n, T ∗(−j)).

Proof: Let λ, µ ∈ {α, β}. Let F and G be Coleman families passing
through fλ and gµ respectively. Let V1 and V2 be two affinoid discs of
the weight space containing kf and kg respectively as in [31, §5.4]. Let
us write BF [F,G] for the class defined as in Theorem 5.4.2 of op. cit.
(we have suppressed the subscripts c, m, and a; we have in fact taken
a = m = 1). If ki ∈ Vi are integers such that 0 ≤ j ≤ min(k1, k2), then
the class BF [F,G] specializes to

1

(ap(Fk1
)ap(Gk2

))n+1
·
BF [Fk1

,Gk2
,j]

pn+1

(−1)jj!
(
k1

j

)(
k2

j

) ,
where Fk1

and Gk2
denote the specializations of F and G at k1 and k2

respectively and

BF [Fk1
,Gk2

,j]

pn+1 ∈ H1(Q(µpn+1), T ∗Fk1
⊗ T ∗Fk1

(−j)).
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We show that j!
(
k1

j

)(
k2

j

)
is a p-adic unit. Note that 0 ≤ j ≤ kf ≤ p−2

under (H.FL), so j! is always a unit. If j = 0, then
(
k1

j

)
=
(
k2

j

)
= 1. If

j 6= 0, consider the function(
X

j

)
=
X(X − 1) · · · (X − j + 1)

j!
.

Note that
(
kf
j

)
and

(−1
j

)
are both elements of Z×p since 0 ≤ j ≤ kf ≤

p − 2. Therefore, if k1 (resp. k2) is sufficiently close to kf (resp. −1),
then

(
k1
j

)
(resp.

(
k2
j

)
) is a p-adic unit.

We have ordp(λf ) = ordp(ap(Fk1)) and ordp(µg) = ordp(ap(Gk2)) =

0. By a density argument, we deduce that the image of λn+1
f BF [F,G] in

H1(Q(µpn+1),T ∗F ⊗̂T ∗G (−j))[1/p] is integral. This tells us that the image of
λn+1
f BFλ,µ,1 inH1(Q(µpn+1), V ∗(−j)) belongs toH1(Q(µpn+1), T ∗(−j)).

Our result now follows from (A.3.1).
Lemma A.3.7. Suppose that kg = −1 and that p > kf + 1; then

1

〈ϕ(ωf ), ωf∗〉
ϕ(ωf )⊗ vg,µ ∈ Dcris(T ).

Proof: Since g is of weight 1, it is ordinary at p. Then [4, Corol-
lary 2.2.4] tells us that vg,µ ∈ Dcris(Tg). It is thus enough to show that

1
〈ϕ(ωf ),ωf∗ 〉

ϕ(ωf ) ∈ Dcris(Tf ). Note that Dcris(T
∗
f ) is generated by ωf∗

and ϕ(ωf∗) as an O-module (this is proved in [4, Proposition 2.2.3] for
the ordinary case and in [28, Lemma 3.1] for the non-ordinary case).
Since 1

〈ϕ(ωf ),ωf∗ 〉
ϕ(ωf ) pairs with these two elements to 1 and 0 respec-

tively, the result follows.
Lemma A.3.8. Suppose that T = Tf ⊗ Tg satisfies (H.FL). Let n ≥ 0
and κ as defined in Lemma A.3.6. Suppose that kg = −1. For 0 ≤ j ≤
kf , we have Θcoh,j

ω±f ,n
∈ pκΛn and Θ̃coh,j

ω±f ,n
∈ Λn.

Proof: We only show the result for Θcoh,j

ω±f ,n
, as the proof of the other

case is identical. By Lemma A.3.6, the class BFj
ϕn+2(ω±f ),µ,n

lies in-

side pκH1(Qp,n, T ∗(−j)). Thus, we may combine this fact with Propo-
sition A.2.3 and Lemma A.3.7 to deduce that

Pn+1((pϕ)n+1(v),BFj
ϕn+2(ω±f ),µ,n

) ∈ pκO[Gn+1],

where v = 1
〈ϕ(ωf ),ωf∗ 〉

ϕ(ωf )⊗ vg,µ′ . This gives

(pµ′g)
n+1

〈ϕ(ωf ), ωf∗〉
Pn+1(ϕn+2(ωf )⊗ vg,µ′ ,BFj

ϕn+2(ω±f ),µ,n
) ∈ pκO[Gn+1].
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Since kg = −1, we have 1
Cµ

= µ′g − µg ∈ O. In particular,

(pµ′g)
n+1

Cµ〈ϕ(ωf ), ωf∗〉
Pn+1(ϕn+2(ωf )⊗ vg,µ′ ,BFj

ϕn+2(ω±f ),µ,n
) ∈ pκO[Gn+1].

Hence, the result follows by projecting to Λn.

We now compare the theta elements of Definition A.3.5 with the ones
given in Definition 3.2.4.

Proposition A.3.9. We have the following equalities.

(i) Let αf 6= −βf ; then

Θj,n =
1

2

[
1

αf+βf
(Θcoh,j

ω−f ,n
− αfβf Θ̃coh,j

ω−f ,n
) + 1

αf−βf (Θcoh,j

ω+
f ,n
− αfβf Θ̃coh,j

ω+
f ,n

)
]
.

(ii) Let αf = −βf ; then

Θ+
j,n =


1

2αf
Θcoh,j

ω+
f ,n

if n is odd,
αf
2 Θ̃coh,j

ω+
f ,n

if n is even,

Θ−j,n =


αf
2 Θ̃coh,j

ω+
f ,n

if n is odd,
1

2αf
Θcoh,j

ω+
f ,n

if n is even.

Furthermore, suppose that T satisfies (H.FL) and that kg = −1.

(iii) If ordp(αf ) 6= ordp(βf ), then Θj,n ∈ Λn.
(iv) If αf = −βf , then, if n is odd (resp. even) Θ+

j,n ∈ Λn, Θ−j,n ∈ pkfΛn
(resp. Θ−j,n ∈ Λn, Θ+

j,n ∈ pkfΛn).

Proof: By [23, §3.2], we have that

π∆ ◦ Twj〈LT∗(BFϕ(n+2)(ω±f ),µ,1), ϕn+2(ωf )⊗ vg,µ′〉

≡ Pn((pϕ)n+1(ϕ(ωf )⊗ vg,µ′),BFj
ϕn+2(ω±f ),µ,n

) mod ωn(X).

This together with Lemma A.3.4 lets us conclude that

Θcoh,j

ω±f ,n
=

α2n+4
f

αf − βf
Lp(α, j, n)±

β2n+4
f

αf − βf
Lp(β, j, n)

− (αfβf )n+2

αf − βf
(L?

p(α, µ, j, n)± L?
p(β, µ, j, n)).
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By the same argument, we obtain the equality

Θ̃coh,j

ω±f ,n
=

α2n+2
f

αf − βf
Lp(α, j, n)±

β2n+2
f

αf − βf
Lp(β, j, n)

− (αfβf )n+1

αf − βf
(L?

p(α, µ, j, n)± L?
p(β, µ, j, n)).

Combining the two formulae, we get

Θcoh,j

ω±f ,n
− αfβf Θ̃coh,j

ω±f ,n
= α2n+3

f Lp(α, j, n)∓ β2n+3
f Lp(β, j, n).

These relations allow us to write α2n+3
f Lp(α, j, n) and β2n+3

f Lp(β, j, n)
as linear combinations of these arithmetic theta elements:

2α2n+3
f Lp(α, j, n) = Θcoh,j

ω−f ,n
+ Θcoh,j

ω+
f ,n
− αfβf (Θ̃coh,j

ω−f ,n
+ Θ̃coh,j

ω+
f ,n

),

2β2n+3
f Lp(β, j, n) = Θcoh,j

ω−f ,n
−Θcoh,j

ω+
f ,n
− αfβf (Θ̃coh,j

ω−f ,n
− Θ̃coh,j

ω+
f ,n

).

Suppose that αf 6= −βf ; then, by Definition 3.2.4 and the relations
above, we have

Θj,n:=
1

α2
f − β2

f

(α2n+4
f Lp(α, j, n)− β2n+4

f Lp(β, j, n))

= 1
2(α2

f−β
2
f )

[(αf − βf )Θcoh,j

ω−f ,n
+ (αf + βf )Θcoh,j

ω+
f ,n

+ (αfβ
2
f − α2

fβf )Θ̃coh,j

ω−f ,n
− (αfβ

2
f + α2

fβf )Θ̃coh,j

ω+
f ,n

]

=
1

2

[
1

αf+βf
Θcoh,j

ω−f ,n
+ 1
αf−βf Θcoh,j

ω+
f ,n
−αfβf ( 1

αf+βf
Θ̃coh,j

ω−f ,n
+ 1
αf−βf Θ̃coh,j

ω+
f ,n

)
]
,

as desired. Suppose now that αf = −βf . We have that (choosing µ = βg)

Θcoh,j

ω+
f ,n

=
α2n+3
f

2
(Lp(α, j, n) + Lp(β, j, n)

− (−1)n(L?
p(α, β, j, n) + L?

p(β, β, j, n))),

Θ̃coh,j

ω+
f ,n

=
α2n+1
f

2
(Lp(α, j, n) + Lp(β, j, n)

− (−1)n+1(L?
p(α, β, j, n) + L?

p(β, β, j, n))).
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Since by Definition 3.2.4

Θ±j,n :=
α2n+2
f

4
(Lp(α, j, n) + Lp(β, j, n)± L?

p(α, β, j, n)± L?
p(β, β, j, n)),

we conclude that

Θ+
j,n =


1

2αf
Θcoh,j

ω+
f ,n

if n is odd,
αf
2 Θ̃coh,j

ω+
f ,n

if n is even,

Θ−j,n =


αf
2 Θ̃coh,j

ω+
f ,n

if n is odd,
1

2αf
Θcoh,j

ω+
f ,n

if n is even.

For the integrality of the theta elements, note that if ordp(αf ) 6=
ordp(βf ) the denominators αf ±βf have the same p-adic valuation equal
to κ, where κ is as defined in Lemma A.3.6. In the case αf = −βf ,
the element 1

2αf
has p-adic valuation equal to −κ. Therefore, under the

additional hypotheses that T satisfies (H.FL) and kg = 0 the integrality
of the theta elements now follows from Lemma A.3.8.

Remark A.3.10. Suppose that f corresponds to an elliptic curve E/Q
with ap(E) = 0 and g is a weight 1 modular form. Then the formulae
for Θ+

n := Θ+
0,n and Θ−n := Θ−0,n of Proposition A.3.9 are in concordance

with those of Lemma 6.2.8.

Remark A.3.11. Proposition A.3.9 should be compared to [22, Lem-
ma 7.2], where the modular elements defined by Mazur and Tate are re-
lated to values of the pairing Pn evaluated at the zeta elements of Kato.
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