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Abstract: We collect some peculiarities of higher-order fractional Laplacians (—A)*, s > 1, with
special attention to the range s € (1,2), which show their oscillatory nature. These include the
failure of the polarization and Pdélya—Szegd inequalities and the explicit example of a domain with
sign-changing first eigenfunction. In spite of these fluctuating behaviours, we prove how the Faber—
Krahn inequality still holds for any s > 1 in dimension one.
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1. Introduction

The fractional Laplacian operator, usually denoted by (—A)*, s € (0,1), is the
nonlocal integral operator

u(@) —u(r +y)

(1) (=A)%u(z) = ¢n s lim nt2s

S0 Jyermpyl>er |yl
It is naturally associated to the stochastic analysis of some Lévy processes, in par-
ticular of the a-stable ones, since it arises as their infinitesimal generator. For this
reason, it has been used in models from mathematical finance, population dynamics,
quantum mechanics, and electrostatics, among others. We refer to [6, 10, 11, 17] for
an introduction to the basic features and a more comprehensive list of applications of
the operator. From an abstract perspective, the family {(—A)®}¢(o,1) can be thought
of as a collection of operators interpolating the identity and the Laplacian; indeed, at
least for u € C°(R™),

dy.

lﬁg(—A) U= u,

Hm(—A)°u = —Au;
sT1
see [11, Proposition 4.4].

Here, we are mainly concerned with powers of the Laplace operator greater than 1,
which we call higher-order fractional Laplacians. Although the integral expression
in (1) cannot be extended to s > 1 in a straightforward way, it is possible to de-
fine (—A)®, s > 1, as the pseudo-differential operator

2) FU=A)u](€) = [¢[* Fu(€) for £ €R", u € CF(R),

where F denotes the Fourier transform. For s € (0,1), the above and (1) coincide by
properly choosing the normalizing constant ¢, s; see [31, Chapter 5, Lemma 25.3, and
Theorem 26.1]. With definition (2), the family {(—A)®}s>0 interpolates the (local)
polyharmonic operators — or also poly-Laplacians — (—A)*, s € N, for which we refer
to the monograph [18].



268 N. ABATANGELO, S. JAROHS

Boundary problems driven by a poly-Laplacian require several boundary conditions
in order to be well posed, and this is due to the high order of the operator. One way
of prescribing boundary conditions is to impose that the solution u satisfies
_ Ou 0° tu

T ov ot
where v denotes the normal unit vector to the boundary. These go under the name
Dirichlet conditions and they represent the pointwise analogue of variationally solving
equations in the Sobolev space H{.

When coupled with Dirichlet conditions, poly-Laplacians present an oscillatory
behaviour. This may be exemplified by the failure of the weak maximum principle

U =0 at the boundary, for s € N,

(3) (=A)’u>0 inQ (vwe Hj(Q),seN\{1}) = u>0 inQ.

It was first noted in 1908 [21] that, in dimension n = 2, there are annular do-
mains for which (3) occurs for the bi-Laplacian s = 2. It was then conjectured that
(3) was not the case for convex domains: this is known in the literature as the Boggio—
Hadamard conjecture. But this conjecture was proved to be false [13] for some rectan-
gular domains and, later on, several other counterexamples were built; these include
for s,n = 2: an infinite strip [14], (most) infinite wedges [32], the punctured disk [28],
and eccentric ellipses [16]. As to this last counterexample, it is worth mentioning that,
on top of the simple geometry of the domain, it is possible to provide completely ele-
mentary counterexamples in terms of polynomials [33]: this highlights how the above
mentioned oscillations are deeply written in the nature of higher-order operators and
they do not arise as singular phenomena. For s = 3 we refer to [34] and for s = 4
to [35] for elementary explicit counterexamples. For s € N even and any space dimen-
sion, the lack of maximum principles can be deduced by the analysis of the oscillations
of the first eigenfunction carried out in [24].

Another interesting (and extremely difficult) problem for the bi-Laplacian with
Dirichlet conditions is the Faber—Krahn inequality. It states that the first eigenvalue
of any domain is larger than the first eigenvalue of the ball with the same measure.
This has been proved independently for n = 2 in [27] and for n = 2,3 in [7], while
it remains completely open for higher dimensions. Both [27] and [7] are based on
the previous analysis carried out in [37] which, in turn, borrows the idea of Talenti’s
principle [36, Theorem 1].

As the collection {(—A)}s¢(1,2) connects the Laplacian with the bi-Laplacian,
one could legitimately wonder in which way this oscillatory behaviour appears in the
transition from s = 1 to s = 2. Our analysis here aims at contributing to answer this
question, by showing that as soon as s > 1 oscillatory phenomena emerge to a large
extent.

First of all, let us recall that, on the fractional and nonlocal side s € (1,00) \ N,
it was first proved in [3] that “almost” no disconnected domain can satisfy the weak
maximum principle whenever s € (2k — 1,2k) with &k € N: the prototypical domain
here can be thought of as the union of two disjoint balls (bear in mind that the discon-
nection of the domain is overruled by the nonlocality of the operator). A somewhat
more precise analysis in [2, Theorem 1.10] studied the sign of the Green function of
such two-ball domain, noticing in particular how the Green function is positive (if
the balls have equal radii) for s € (2k,2k + 1), k € N, and thus the above mentioned
counterexample cannot extend also to this range of s. Later, counterexamples on ec-
centric ellipsoids for s € (1,v/3 + 3/2) were constructed in [5], therefore covering the
exponents s € (2, 3).
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Another interesting property found in [26] deals with the Dirichlet energy?

(4)

) = [ P IFuO ds

of the Nemytskii operator u +— |u|: it holds that

Es(u,u) < E(Jul, Ju|) for s € (1,3/2),

where the equality holds only if u is of constant sign. This is in particular equivalent

to

Es(up,u_) >0 forse(1,3/2),

where v, u_ denote respectively the positive and the negative parts of u.
The purpose of the present note is to collect a series of remarks on the behaviour
of higher-order fractional Laplacians. In particular, we show that:

The polarization inequality for s € (1,3/2) is reversed with respect to what
happens for s € (0, 1] — see Definition 3.1 and Theorem 3.8. The polarization of
a function is a rearrangement with respect to a hyperplane and it is a useful tool
in proving symmetry of solutions to elliptic and parabolic problems: we refer
to [41] and the many references therein for a survey on this matter. Among the
applications of the polarization, it is worth mentioning that it can approximate
several other notions of rearrangement (including the spherical decreasing one)
and that, as a consequence, a number of rearrangement inequalities can be
deduced from the polarization inequality; see [39].

The Pdlya—Szegd inequality fails for s € (1,00); see Subsection 4.2. Contrarily
to what happens for the polarization, the Pélya—Szegd inequality is not reversed;
see Subsection 4.1. This inequality compares the energy of the spherical decreas-
ing rearrangement (or, also, Schwarz symmetrization) — see Definition 4.1 — of a
function with the energy of the original function. For s € (0,1) the Pélya—Szegd
inequality has been proved in [29, equation (14)]; recall that this inequality
implies the Faber-Krahn inequality.

On a two-ball domain, the first eigenvalue is simple and the first eigenfunction
is symmetric and positive for s € (2k,2k + 1), k € N, whilst it is antisymmetric
and positive on one ball (and negative on the other) for s € (2k —1,2k), k € N;
see Theorem 5.4.

Again on a two-ball domain, when the balls have equal radii, maximum princi-
ples are recovered for antisymmetric “positive” data for s € (2k,2k+ 1), k € N,
and for symmetric positive data for s € (2k — 1, 2k), k € N; see Proposition 5.5.
Despite the results concerning the polarization and the Pdlya—Szegé inequali-
ties, the Faber—Krahn inequality still holds for any s € (1, 00) at least in dimen-
sion n = 1; see Theorems 6.4 and 6.6.

2. Notations and reminders about higher-order fractional
Laplacians

In the following we will need some notations and known facts about the analysis
of higher-order fractional Laplacians, which we recall here below for future reference.
We will denote by |-| the integer part of a real number, i.e.,

|s] =max{m e€Z:m < s}, seR.

IThis could be equivalently introduced as the quadratic form which is naturally associated to (—A)®
as defined in (2). For s = 0 it coincides with the square of the L? norm.
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Note that, with this definition, |s| = s — 1 whenever s € N. If N denotes the set of
positive integer numbers, then Ny = NU {0} and 2Ny, 2N + 1 denote respectively
the sets of even and odd nonnegative integers. The symbols V and A will denote
respectively the max and min operations between real numbers, namely

aVb=max{a,b}, aAb=min{a,b}, fora,beR.
By w, we mean the volume of the unit ball in R",
27m/2
nl(n/2)’
Given a measurable A C R", we denote by 14 its characteristic function.

The fractional Laplacian (—A)® as defined in (2) admits the pointwise representa-
tion (see [4])

Wp =

(—A)Yu(zx) :=

Kn,s / 5|_sj+1u(xay) dy,

2 |y ‘ n+2s

where

S 25| +2
Ssjru(e,y) = > (=1)* (LSJ f1- k) u(z + ky) forz,y € R"
k=—|s]—1

is a finite difference of order 2|s| + 2, and &y, 5 is the positive constant given by

22T (n/2 4 s) (X! os) 42 \ o)\ |
/2T (—s) (Z(_l)k(LsJ+1k>k> ’ seN,

k=1
T 22T (n/2 + s) 8! s kesi1f 2542\, 0 o
k=2

Recalling the quadratic form in (4), the fractional Sobolev space H*(R™) is defined
as
H*(R™) = {u € L*(R") : & (u,u) < oo}
On a bounded open domain 2 C R™ the Sobolev space associated with homogeneous
boundary conditions is

HE(Q) ={u € H*(R") : u=0in R™\ Q}.
The bilinear form induced by (4) is
Euwo) = [ 1€ Fu©) Fot@) de
and it admits also the following equivalent representations:
Eom o) (D)2, (=) 5120 if ] € 2N,
o o) (V(=A) D2 g (- A)ImD720) i 5] € 2Ng + 1.

A consequence of this representation is that, if u,v € H*(R"™) with wv = 0 in R™, then

_ Ls]+1Cn,s u(z) v(y)
(6) Es(u,v) = (-1) + -5 / / de dy,

T

where

225T(n/2 + s)
Cn,s = 7510,  ~1
T w2l (=s))
see [3, Lemma 4.4] and [26, Theorem 2]. Equation (6) should be borne in mind, as it
will play a crucial role in the following.

> 0;
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3. A (reversed) polarization inequality

In the following, let ¥ be an open half-space in R”. Denote by 75: R® — R™ the
reflection around 0.

Definition 3.1. The polarization of a function u: R™ — R is given by

u(x) Vu(rs(z)) forx e X,

un R =R, unle)= {U(I) Au(rs(z)) for z € R™\ X.

Note that we may also write

|u(z) — u(rs(2))]

ufz) +ulrs(@) )T 5 forz e X,
W el == (@) — u(rs(e)
— 5 forz € R™\ &,
and it holds that
(8) U +unoTs =ut+uors in R™.

Recall that & (u,u) = Es(ux, uy) for s = 0,1 (see, e.g., [41]) whereas, for s € (0,1),
we have

9) Es(us, uy) < E(u,u),

where the inequality is strict if uy # u (see, e.g., [8, 19, 40]). In the following,
we consider s € (1,3/2) and show that (9) is reversed; see Theorem 3.8 below. The
fact that uy, € H*(R"™) whenever u € H*(R"™) follows immediately from (7) and [9,
Théoréme 1].

Lemma 3.2. Let s € (0,1), ¥ an open half-space in R™, and v € H*(R™) such
that vo s, = —v, i.e., v is antisymmetric with respect to 3. Then vly € H{(X) and

Es(vly,vly) < Es(v,v).

Proof: The statement follows from the proof of [23, Lemma 3.2] (see also [22, Lem-
ma 3.2]). O

Proposition 3.3. Let s € (1,3/2), ¥ an open half-space in R™, and v € H*(R"™)
such that v o s = —v, i.e., v is antisymmetric w.r.t. 05. Then vly € H(X).

Proof: By translation and rotation invariance, we may assume that ¥ = {z; > 0}, so
that 7g(x) = m(z1,2’) = (—z1,2'). Note that vly, € H}(X). Next recall that by [20,
Corollary 1.4.4.5] we have Hj '(X) = H*~Y(X) for s € (1,3/2). In particular, for
any i = 1,...,n, we have (9;v)1y € H*"}(¥) and thus also 9;(vly) = (9iv)ly €
H (D). O

Remark 3.4. We note that the conclusion of Proposition 3.3 does not hold for s > 3/2.
Indeed, for example in the case n = 1 and s = 2, if ¥ = {z; > 0} and v € H*(R) is
odd, then in general v'(0) # 0 and thus v1y cannot be an element of H3(2). More
generally, one can check [25, Example 3.1(i)] or [26, Example 1].

Lemma 3.5. Let s € (1,2), ¥ an open half-space in R™, and wi,wy € HE(X)
with wy,ws > 0 and wiwg =0 in R™. Then

Es(wi,wy 075) < E(wy, wa)

and the inequality is strict if w1 and wq are nontrivial.
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Proof: By density, we may think of wy, ws € C2°(X) with disjoint supports. Moreover,
since wiwp = 0 in R™ and w;1gm\x =0 in R™, i = 1,2, we also have w;(wz o 75) =0
in R™. Hence, (6) implies

Es(wy,we 07) = s / / wi(z w2(73-+22£ ) dy dx
ay> yl

Cn,s (y)
= dydx
// |a:—7'g n+25 Y
c’ns
// n+25 d dz = Es(wr,ws),

since |z — m=(y)| > |z — y| for z,y € X. O
Lemma 3.6. Let s € (1,3/2), ¥ an open half-space in R™, and w € H*(R™) such
that wo s = —w, i.e., w is antisymmetric with respect to 0X. Then
(10) Es(w,w) < E(Jw|lg — |w|lgm\s, Jw[ly — |w]lge\x).

Moreover, the inequality is strict if wly, is sign-changing.

Proof: By Proposition 3.3 we have wly, € H(¥) and hence also (wly)® = w¥ly €
H§(X) by [9, Théoréme 1], since s < 3/2. Splitting w = wtly —w 1y +w lgn\x —
w™ 1gm\y and |w| = wt 4+ w™ we have that (10) is equivalent to

— Es(w"‘lg, ’U}_].g) + 53(w+12, w+1]Rn\2) - 5S(w+127 w_]-]R"\Z)
— 5s(w_lg, U}+1Rn\g) + €S(w_lg, w_]_Rn\E) — Ss(w"'an\E, w_an\E)
<Ewhls,wly) — E(wT g, whlgmys) — E(whly, w™ 1gay)
- 53 ('Ujilz, ’UJ+ 1R"\Z) - 53 ('Ujilz, 'UJian\Z) + gs (w+1Rn\E, wian\Z)7
or, simply,
Es(w+1z, w+1Rn\g) + Es(w_lg, w_an\E)
< E(whly, whly) + E(wh lpms, 0w 1gnx).
Using the antisymmetry of w, one has that
whlgmy = (w™lg)ors and w lgmy = (whly)ors,
so that we only need to show
£S(w+12, (wilz) (¢} TE) < 55(w+12,w712),

since the scalar product is invariant under reflections. This last inequality holds in
view of Lemma 3.5. O

Proposition 3.7. Let s € (1,3/2), ¥ an open half-space in R™, and v € H*(R™).
Then

Es(us,ux, o) < Es(u,uoy).
Moreover, this inequality is strict if us # u.

Proof: First note that

4Es(u,uots) =Es(utuors,utuory) —E(u—uors,u—uoTy).
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Using this observation and (7), it follows that
4Es(up, ugors) —4Es(u, uors) = Es(u—uors, u—uors) —Es(ug —uxnoTs, Uy —Ux 0Ty

since u + u o Ts; = uy + uy o 7y, by definition. Noting that v — u o 7% is antisymmetric
with respect to 9% and that

us —us 0Ty = |u —uoTs|ly — |u —uoTs|lgNry,
the assertion follows from Lemma 3.6. O

Theorem 3.8. Let s € (1,3/2) and ¥ an open half-space in R™. Then for all u €
H*(R"™) we have uy, € H*(R") and

Es(us,ug) > Es(u,u).
Moreover, this inequality is strict if uy # u.

Proof: Recall identity (8). Note that

1
Es(ux, ux) = igs(uzﬂbz) + 555(1&2 o Ts, Ux O Tx)
1
= igs(ug +ugoTs,ug +ug oTs) — E(us, ux o %)
1
= igs(quuom,quuom) — Es(ux,ug o 1x)
= gs('u,’ U) + ES(U,U o TE) — SS(UE, Uy, 0 TE).
Note that we have used (8). The claim hence follows from Proposition 3.7. O

4. The Pdlya—Szeg6 inequality

We start by recalling the definition of the symmetric decreasing rearrangement.
We retrieve the definitions in [36].

Definition 4.1. Given a measurable function u: R™ — R the decreasing rearrange-
ment of u is the function

u: [0,00) — [0, 0)
t— inf{r >0: [{|u| > 7} <t}
and the spherical decreasing rearrangement is
u*: R" — [0, 00)
x — u(wp|z|™).
4.1. An example. Consider v € H§(B1), nonnegative, radial, and radially decreas-

ing. Note that we can also write v(x) = w(|z]), x € R™, for some w: [0,00) — [0, 00).
Fix zo € R™, |zo| > 2, and define

u(z) = v(x) + Va2, (), Vam(z) =v(ar —x9), z€R" a>1.
For t € R, consider the superlevels of u, i.e., A, = {x € R™ : u(z) > ¢}. It holds that
|Ay| = [{z e R" t u(z) > t}| = [{z e R" : v(x) > t}| + [{x € R" : v(ax) > t}],
so that the symmetrization A} of A; coincides with

Af = B(0,w; V" ({z € R" s v(x) > t}] + [{z € R" : v(azx) > t}]|)'/™).
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We now compute u*, the spherical decreasing rearrangement of u. By definition,
u(y) =inf{t e R:y € A}},

where

y € A ifand only if |y|" < w;'{z € R" :v(z) > t}| + w; [{z € R" : v(azx) > t}]
=NHz>0:w(z)>t}"+|{z>0:w(az) > t}|"

— P+ - (14 Do,

which implies
. aly|
w) = =) ), b=
1+ a”)l/ "
Let us now compare the Sobolev energies:

gs (’LL, u) = 55 (’U7 U) + 285 (U7 Ua,:ro) + gs (va,:coy Ua,a:g)

a n
W, fOI‘yeR

=(1+4 aQS_”)é'S(U, v) 4+ 2E5(v, Vg z) > (1 + aQS_”)é'S(U, v),

a2sfn

* *\ _ 128—n _
Es(u®,u™) = Es(vp,0,vp0) = b Es(v,v) = (1 Jran)(2sfn)/n

Es(v,v);

here we must note that

(11)

a257n

— <1 +ad®", a>1,
(14 qn)® 7/

so that we find
(12) Es(u*,u*) < Es(u,u).

Indeed, (11) is equivalent to

1-2s/n

)12 1+ (0™ Coa>1,

(I1+a"
which holds by the subadditivity of ¢ — t7 for ¢t > 1,y < 1.

4.2. A counterexample. Let us consider n = 1, restrict s € (1,3/2), and define
for M > 1

0 for z < —2,
T+ 2 for —2<x <0,
—x+2 for 0 <2 <1,

u(z) ==
1 forl <z <2M —1,
—x+2M for2M —1<x<2M,
0 for x > 2M.

The spherical rearrangement of u is

—|x| +2 for 0 < |z| <1,
1 for 1 < |z] < M,
—lz|+ M+1 for M <l|z| < M+1,
0 for |x| > M + 1.

u*(z) =
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u(z) u”(x)
2 2
! 1
T x
—2 ol 1 2M -1 2M -M-1-M -10l 1 MM+1

FIGURE 1. The graphs of v and u*.

Let us now explicitly compute the Dirichlet energies associated to both functions.
As to u, we have (we are going to extensively use translation invariance and (5))

Es(u,u) = Es_1(u',u')

=E&1(1—2,0) — Lo,1) — Lem—1,20m), L(—2,0) — L0,1) — Lienr—1,201))

Es1(L—o—1y + 1(—10) — Lio,1) — Lam—1,20m);
1o -1+ 110~ Lo — Lemw—12m)
=4E_1(1(0,1), L0,1)) — 2Es—1(1(—2,-1), L0,1)) — 2Es(L(—2,—1), L2nr—1,201))
=28 1(L(—1,0), Lam—1,201)) + 281 (10,1), Lzn—1.201) )
whereas
Es(uu") =E1(L—pm—1,-m) + 11,00 — L01) — Lm0,
L—p—1,—a) + =100 — Lo,1) — Lar,m41))
=4, 1(10,1), Lo,1)) +4Es—1(L0,1), Lar,mr+1)) —4Es—1(L(=1,0y> L(as,0141))
=28 1(Y—m—1,-m), L, m41)) — 28-1(L(—1,0), L(0,1))-
Summing up,

Es(u,u) = Es(u™,u”) = = 281(1(—2,—1), L0,1)) — 2&s(L(—2,—1), L2nr—1,201))
—28-1(1(—1,0), Lam—1,20m)) + 2Es-1(1(0,1), Lamr—1,201))
—4&1(L0,1), Lar, 1)) +4E—1(X(—1,0y L, m41))

+ 281 (L —pr—1,—nm)s L m41)) + 2E-1(1(~1,0), L(0,1))

=—=2&-1(L(0,1), L(—2,-1)) = 2&5(L0,1), Lanmr 41,200 42))

—4&1(1(0,1), Lar,mr1)) +4€-1(10,1), Lar41,0042))
+ 28 1(L0,1), Lom41,2m+2)) +28s-1(L0,1), L (=1,0))
=—2E 1(1(0,1), L(—2,—1)) +2Es—1(1(0,1), L(=1,0))

(
(
(
(
(
= 28-1(1(0,1), Lemam+1)) + 28s-1(L(0,1), Lam—1,20))
(
(
(
—2&8-1(1(0,1), Lam2m+1)) + 28s-1(1(0,1), Lam—1,20))
(

—4&1(L0,1), Lo, m41)) +4Es—1(X(0,1), Lmr41,0m42))-

As & 1101y, 1(=1,0)) < E—1(1(0,1), 1(~2,—1)) — because the kernel is radially de-
creasing and the interactions are negative by (6) — and &_1(1(0,1), L(am,m41)) — 0
as M 1 oo (along with the other similar terms), we deduce that there exists M*(s) > 0
such that for any M > M*(s)

(13) Es(u,u) < Eg(u*,u*).
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Remark 4.2. A close inspection of &(u, u)—E&;(u*, u*) can actually show that M*(s) =
1 for any s € (1,3/2). Indeed, let us define the functions
f:l,o0) — R g:[1,00) — R
r— —2E_1(L0,1)s L(rrt1)) and e f(r+1) = f(r).
As f is positive and decreasing, g is negative and
Exluyu) — Ey(u,u") = g(1) — 29(M) + g(2M — 1),

Note that the following identities hold for r > 1:
1,1
f(r)=c1s-1 / / (y —x +7)' 7% dydz,
o Jo

1 1
P70 = era (1 — 25)(=28) (—1 — 23)/0 /O (y— 2 +1)"2 2 dyde < 0

so that

g'(r)y=f"(r+1)—f"(r) <0 forr>1.
Using twice a second-order Taylor expansion centred at M with the remainder in
Lagrange form, one deduces

Es(u,u) = Es(u™,u™) = g(1) — 2g(M) + g(2M — 1) = ¢"(§)(M — 1)* <.

Remark 4.3. In view of (12) and (13), it follows immediately that a Pdélya—Szegd
inequality or a reversed version of it cannot hold.

5. Analysis of the two-ball domain

In this section, let Dy, Dy C R™ be two open balls with Dy N Dy = @ and Q =
Dy U Dy. We perform a spectral analysis of the operator (—A)® on the space H§(),
by showing what we announced in the introduction, i.e., that the first eigenvalue is
positive and simple, with an associated eigenfunction which is possibly sign-changing
according to the value of s: this is done in Subsection 5.1. Moreover, we improve
the analysis carried out in [3] and [2] by giving sufficient conditions under which
maximum principles are recovered on §2: this is done in Subsection 5.2.

5.1. The first eigenfunction.

Lemma 5.1. For U C R" open and bounded, denote by
Es(u,u)

A(U):= min —m—-
ueZ-L;ESU) llull2 0

the first Dirichlet eigenvalue of (—A)® in U. Then AM(U) > 0 and it is attained by
some ¢ € H{(U).

The proof of this lemma is standard and we omit it here.
In the following, we denote by wii, i = 1,2, the projections of H§(D;) onto their
positive and negative cones, as defined and analysed in Appendix A.

Proposition 5.2. Let [s] € 2Ny + 1. The function ¢ = 21 1 — 1 + 275 P2 — p2
satisfies

(14) 18ll20) = llellzz),  Es(@, @) < Esp, v).
If instead |s| € 2Ny, then ¢ = 21 @1 — @1 + 275 Yo — @o satisfies (14).
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Proof: Let us suppose |s] € 2Ny + 1; the case |s] € 2Ny will follow under suitable
minor modifications.

By the maximum principle on balls [1, Theorem 1.1] and (23), it holds that 7, ¢, >
1 and 5 2 < 2. One has

ol < l1 — 1 1+ 70 1]+ w2 — 5 o + 75 o = 2m 01 — o1 — 2m5 o + o = ||
and this proves the claim about the L? norm. Also,
Es(@, ) = Es(2m o1 — o1 + 275 w2 — @2, 21 1 — 01 + 275 P2 — P2)
= & (21 1 — 91,211 1 — 1) + Es(2m5 2 — 2, 2m5 2 — 2)
+ 28,21 o1 — 1,275 2 — 2)

15 < Es(p1, 1) + Es(p2, p2) — 2E5 (1, 2)
+4E(m o1 — 91,75 pa) +4Es (m) 1,5 02 — o)
< &, ),
where we have used (28) and the inner product of functions with segregated sup-
ports (6). O

Lemma 5.3. A(Q) < min{A(D1),A\(D2)}. As a consequence, ¢ Z 0 in D1 and ¢ Z 0
m DQ.

Proof: Suppose, without loss of generality, that A\(D1) < A(Dz). Denote by u; €
Hi(Dy) and ug € H?(D3) the normalized (positive) eigenfunctions associated to (—A)*
on D; and Dy respectively. For any « € [0, 1]:

E(V1—a?uy + (- auy, V1 — a?uy + (—1) % auy)
= (1= ®)A(D1) + o A(D2) + 2(-D) Bl av/1 — a2 & (ur, us).
When o > 0 is very small, one has a?X(Ds) + 2(—1)*av/1 — a2 & (u1, uz) < 0 and

therefore there is a suitable choice a, € (0,1) such that

53(\/ 1-— Oéz Ul — U2, \/ 1-— OL% Uy — Oé*UQ) < )\(Dl) < A(DQ),

which proves the first claim.
If it were ¢ = 0 in Dy, then it would also hold that

p € Hg(D1),  Es(p,p) = A(Q) < A(Dw),
which contradicts the definition of A(D). O
Theorem 5.4. \(Q) is simple.

If |s] € 2Ng + 1, then ¢ is of one sign on Dy and of the opposite one in Ds.
If instead |s] € 2Ny, then ¢ is of constant sign in €.

Proof: Let us suppose |s| € 2Ny + 1; the case |s] € 2Ny will follow after suitable
minor modifications.
In the notations of Proposition 5.2, we already know that

ES (@7 QE) S 88 ((pa 80)
and, in view of (15), equality can hold only if
Es(m) 1,75 02 — 2) + Es(m] 1 — 1,75 p2) = 0.
This last condition in turn holds if and only if one of the following is true:

(i) 77 @1 =0 and 7, o = 0, which means that ¢; < 0 and ¢, > 0;
(ii) 75 @2 = @9 and 7 1 = @1, which means that ¢s < 0 and ¢; > 0;
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(iii) g1 = 0 or o = 0, but in this case the minimizing condition would be broken;
see Lemma 5.3.

This proves the claim about the sign of the eigenfunction.

Suppose now that we have two minimizers ¢ and . Without loss of generality
(by the previous claim, they are necessarily of one sign on each ball) we can suppose
that p¢p < 0 in Q. Define, for any ¢ € [0, 1], w; := to + V1 — t2. One can verify
that wy is either still a minimizer or trivial. In the first case, w; must be of one sign
on each ball and, since w; = ¢ and wy = 1 are of opposite sign throughout €2, there
must exist a ¢; € (0,1) such that wy, =0 in D;. This feature is not compatible with
minimality (compare with (iii) above) so we must conclude wy, = 0 in . Thus ¢
and v are not linearly independent. O

5.2. Partial recovery of maximum principles.

Proposition 5.5. Suppose |D1|=|Ds|=w, and dist(Dy, D2) > 2. Denote by 7: R™ —
R” the inversion of R™ such that 7(Dy1) = Do. Let g € L*(Dy), g >0, and f € L*(),
f=g—(=1)slgor; then the weak solution u € Hg(Y) of

(=AYu=f inQ
is of the form u =v — (=1)*lv o7, v € H§(Dy), with v >0 in Dy.

Proof: The solution u € H§(12) is given by the Green representation

u(z) = /Q Galz.y) f(y)dy, =€ 9.

Using the symmetry of f, u can be alternatively written

u(@)= [ [Gae.y) - (-1 Gala,r)lay) dy, = €
D,
We claim that
(16) Ga(z,y) — (- Gz, 7(y)) >0, =,y e Dy.

The Green function Gg(z,-) can be represented, for € Dp, by making use of the
Poisson kernel (see [2, Proposition 3.4]) as

GDl(x7y)+/ I‘Dl(y,z)GQ(x,z)dz, yEDh
Do
GQ($7y) =

/ T, (v, 2) G, 2) dz = / T, (r(y), 2) Gale,7(2) dz, y € Dy,

Dy Do
and thus
Galz,y) — (—1)1*)Ga(e, 7(y)) = Cp, (2.y) + / T, (y.2) Galz, 2) dz
D>

(1 [ T, Gale (@) . wy €D
Dy
Denoting w,(y) := Ga(z,y) — (—=1)*1Ga(z,7(y)), = € D1, y € Q, we have for y € D,

wa(y) = G, (2,9) + /D T, (), 2) wa(2) dz

— Gy (,y) + / T, (5, 2) Gp, (2,7(2)) d

D»

+/Dz (/D o, (y, ), (,€) dz)wx(é) d.
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The rest of the proof consists of two different steps: the first one is to prove
1) Goo)+ [ To02)Go (e 7(2)dz 20, wye Dy
Do

when dist(D1, D2) > 2; once this is done, the second one is to bootstrap the resulting
inequality

(18) wl) = | 2 ( / o, (5. 5)T5, (2.0 dz) w,(€) de

to get (16) in the end, as desired.
As to (17), we use the explicit expression of Gp, known as Boggio’s formula (see [1,
Theorem 1.1], [12, Theorem 1], or also [15, Remark 1]),

(1—z[?)*(1 = |y[*)* /1 n*!
0 (P(

G x, :kns n d 5
£ (:0) ’ |z —y| g+ 1)z

T,y € Dla

(1= 2 = [yl

p(x,y) = 5 ;
|z -yl
I'(n/2)
kn S T H9e_m/oT N9
) 22577”/2]_—‘(3)2

and the explicit formula for the Poisson kernel I'p, (see [2, Theorem 1.1])

(=D (1 — lyl?
ly—z" \l|z)* -1

FDl(y,Z): ) ) yeDl:‘ZERn\Elv

. I(n/2) |
"t 2T (s — [s)) DL~ s + [s])

In order to get (17) we estimate

1— 2\s 1 s—1 G
iy L 121) / 7 A = s / o(@7(2)
lz—yl" Jo (p(z,y)n+1)" D, ly—2["([2[*=1)
> kn,s (1 - |1'|2)S _ '-Yn,s
s (L= 2P)A =y + |z -y 2
where we have used dist(D;, Do) > 2. Next,

/D2 GDl(x,T(z))dz:/ Gp, (z,2)dz

D

/D2 Gp, (z,7(2)) dz,

gives rise to the torsion function of D (see [30, Lemma 2.1])

T(n/2)

— 1 _ 2 S
D, G, (w,2)dz 225T(n/2 + s)[(1 + s) (1= =)
so that
(1—|z?)® /1 n! / Gp, (z,7(2))
kn,s T d'r] — Tn,s n 5 dz
lz —yl" Jo (plz,y)n+1)"/2 " b, ly—2"(]2]2 = 1)
kn,s s ’Yn,s I'(n/2 s
> Fne ey - L —

- s2n 27 22T (n/2 4 s)T'(1 + s)
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where we have used dist(D1, Do) > 2 and (1—|z|?)(1—|y|?)+|z—y|* < 4 for x,y € D;.
The above estimate provides (17) if we check
1 1 [(n/2)
sT(s)2 T(s— s )T(1—s+[s])T(n/2+s)T(1+s) —
which, by using standard properties? of the I' function, is equivalent to
sin((s — [s])m) D(n/2)I'(s) _ |
T I(n/2+s) —
We now use the integral representation of the Beta function in order to deduce
1 1
F(n/Q)F(s) :/ ’r"/2_1(1 _ ’I“)S_l dr S / ,rn/2—1 dr = g S 2.
[(n/2+s) 0 0 n
This proves (19) and, therefore, (17).
From the above, (18) follows and we can proceed as in [2] to conclude the proof. O

(19)

Theorem 5.6. Under the assumptions of Proposition 5.5, the weak solution v €
HE(Dy) of

(—A)»v — (- (—AyYwor) =g in D
1§ nonnegative.

Proof: Tt follows immediately from Proposition 5.5. O

6. The Faber—Krahn inequality in dimension one

In this section we restrict to n = 1 and consider an open set 2 C R with |Q| = 2.
We denote

Q= U I, where I;;’s are disjoint open intervals, M C N,
keM

p= Z Yk, ek € Ho(Ig), for any k € M.
keM

Lemma 6.1. For any s > 0 and k € M, any first eigenfunction ¢ is of one sign
m Ik.

Proof: Denote by m} the projection onto the positive cone C*(I}) as defined in (20)-
(21). Consider the function

P = — 201 + 27 o1 € HY(Q)
and compute
12020y = ll = erll2@nn) + 112775 ok — rllL2(1)-

If ¢, changes sign, then |pr| = |k —W,jgok +7r,jg0k| < 27r,j90;€ — ¢y in Ij, by the strong
maximum principles® on intervals and (23). Therefore [|¢[|12(0) < [|&]L2()-
Furthermore,

Es(, @) = Es(p—0r, p—1) +E5 2 o1 — 1, 27 ok — 01) +2E (27 O — Pk, 9 — k)
< E(p = Oy — k) + Es(r, 1) + 265 (27 0k — Q1 0 — 0k)
= (s ) +4E (T @k — 1y 0 — Pk

by (28). Up to changing the sign of ¢ — ¢y, we deduce E;(@, ®) < (v, ) by (6). O

2We need in particular the Euler’s reflection formula: T(a)T'(1 — ) = for a € C\ Z.

T
sin(mwa)

3This follows by the positivity of the Green function on balls; see [1, 12].
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Lemma 6.2. For any s > 0, if there exist k,h € M,k # h, such that dist(Iy, I) = 0,
then there exists xo € R such that I, U{xo} UI} is connected and A(QQU{zo}) < A(2).

Proof: This simply follows by the inclusion H5(Q) C H§(QU {z0}). O
6.1. When the integer part of s is even.
Proposition 6.3. Let |s| € 2Ny. Then ¢ >0 in Q.

Proof: By Lemma 6.1 we already know that ¢ is of one sign on each connected
component of €2, so that ¢, ¢~ € H§(Q). As [s] € 2Ny by assumption, one has

by (6)
Es(lel lel) = E(pt o) + E(07, 07 ) + 28, (0T, 07)
<&t o)+ E(07,07) —28(ph, 07) = Elp, 9). O

Theorem 6.4. Let |s| € 2Ng. Then A(—1,1) < A() for any open set & C R
with || = 2. Moreover, equality holds if and only if Q is an interval.

Proof: By Lemma 6.2, we can restrict our attention to those Q’s satisfying dist (I, Ip,) >
0 for all k,h € M, k # h.
Let zp € R\ Q be such that (—oo,z9) N Q # 0 # QN (xg,+00). Write ¢ =
01 (Zoc,z0) T PL(ao,4+00)- We have
gs(@, 90) = gs(@l(foo,zo)a 901(700,91:0)) + gs(@l(:vo,+oo)a @l(xo,Jroo))
+ 258(‘;01(—00,10)7 QO]-(mo,-Q—oo))'
By Proposition 6.3 and the fact that |s| € 2Ny, the last term is nonpositive; indeed

C s
53(4,01(—00@0),901(350,4_00 == / / 1+ge dydx.

Since there exists € > 0 such that (zg—e, 29)NQ = (), then substltutlng O(Y)L(2,400) (V)
with ©(y 4 €)1(zg,+00) (y) gives

[ [ A
/ /+oo x)g;;’Hgs dy dx.

We then deduce that A(§2) is minimized when € is connected.
We now prove the second claim in the statement. In order to do so, we only need
to prove that, for any z¢ € (—1,1), the following holds:

A=11) < A(=1,1) \ {zo}).

This is a direct consequence of the strong maximum principle in (—1, 1), which can be
stated as a corollary of the positivity of the Green function; see [1, Theorem 1.1]. O

6.2. When the integer part of s is odd.

Proposition 6.5. Let |s] € 2Ng+ 1. Suppose that Q C R is an open set with |Q] = 2
and that M is finite. Then A\(—1,1) < A(Q) and equality holds if and only if Q is an
interval.
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Proof: Suppose that €2 is not connected: by Lemma 6.2, we can also suppose that
0o = min{dist(Ix, Ip) : k,h € M, k # h} > 0.

In this case, ¢ changes sign in §2: this simply follows from Lemma 6.1 and (6) and,
moreover, 1, o~ € H(Q). Consider the function

us(z) = ¢"(x) —¢~(x—0), z€ER,
where § ranges in the largest open interval I such that {z € R: ¢T(z) >0} n{z €
R: ¢ (x—4§)>0}=0 for any ¢ € I: this interval is not empty because, by assumption,
contains at least (—do,dp). It holds that us € H*(R) and, moreover, |lus|lz2m@r) =
H(pHLz(R). AISO,

)
Es(us,us) = Es(T, M) + &9~ 0~ —01s// 1+2s )dmdy

:€s(<p+,<p+)+53(sf,<f)—01,3//%dwd%
RJR |2 —y =] 77

We now differentiate twice in § and obtain
R d ot () o~ ()
— —(1+28)— @y W) o
e Es(us, ug) = —(1+2s) s /R/]R P— sgn(z —y — 0) dx dy

—(14 2s) //+OO )¢~ W) dz dy
d6 .’L‘_ _ >2+2s
d Yot (@) e ()
+ (14 2s 7// T dxd
( )d5 RJ—oco (y+5—x)2+2é 4

—(1 +2$)(2+2$)/R/+00 ;’dedy

y_6)3+25
y + -
—(1+23)(2+28)// %dxdy
RS-0 |z —y—06]"""

+ —
(1+25)(2+25)//dedy<0, for any §€1.

From this we deduce that T 3 § — E4(us, us) is minimized at one of the two extremal
points of I: this configuration cannot be minimal again for Lemma 6.2. So, the first
eigenvalue of ) would be larger than the one of a domain with one less connected
component. The conclusion follows by iterating the above (recall that M is finite by
assumption). O

Theorem 6.6. Let |s] € 2Ny + 1. Then A(—1,1) < A(Q) for any open set & C R
with [Q] = 2.

Proof: By Proposition 6.5, we only need to prove that the claim holds when M is
countable. We proceed via a continuity argument. Write

N
Q= U I, where I;’s are disjoint open intervals, Qy = U I, forany N € N,
kEN k=1
gongak, oK € Ho(Iy), for any k € N, uN:ZL,a;€7 for any N € N.

keN
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By the inclusion Qy C Q, one simply has A(Qx) > A(R2). Moreover,
M) = Es(p, ) = Es(un, un) +2E(p — un, un) + E(p — un, ¢ — un)
> MOV un 72y + 28s(¢ — un, un) + Es(p — un, o — un).

By Proposition 6.5, we have that A\(Qy) is greater than the first eigenvalue of the ball
with volume |Qy|, and then by the scaling properties of (—A)?®

) 2s
AN > (2= ) A=1,1).
o () 4
We have uny — ¢ in H*(R™): indeed, by (5) and since ¢ —uy is supported in Q\ Qy,

Ep—un, p—un) = E_ |5 (D(¢p — un), D(p —un)), where D=V(-A)LI=D/2

_ e [ [ 1Dz )@ - Dlew)WE 4y,
9 & Jr lz — y‘1+2s—2sz

_ Cla—s) / / De(x) = DeWI* ;4
2 Joay Joay |z -yt

D 2
+ CLs—I_SJ / / ‘ fS“Z)J_QLSJ dl‘ dy
R\(Q\n) Joran [z —y[

< Clals) / / |Do(x) — Do(y)|? d dy
> 72 Aoy Joraw \x _ y|1+2s—2\_sJ

+ C1,5— s /Q\Q |Do(x) [ dist(z, R\ (Q\ Qn)) 2572 g,
N

which converges to 0 as N 1 oo and Qn 7 Q by, for example, [38, Section 4.3.2,
equation (7)]. We deduce

M) > Jgigo[k(ﬂzv)\lw\lizmn) +285(p —un,un) + E(p — un, @ — un)]

2

2s
. 2 o
> Jggo(w) s B e M(—1, 1) = A(=1, 1). n

Appendix A. Projections onto the positive cone

Denote
(20) CT(Q) :=={veH(Q): v >0}
and note how any ¢ € C(Q), ¢ > 0, lies inside C*(£2). Define the map
7t H(Q) — CT(Q)
which associates to w its projection on C*(£2), that is

(21) Es(w — mTw,w —1Tw) < E(w —v,w—v), forany veCT(Q).
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We list below a number of inequalities that are needed throughout the paper:

(22) Es(w —mTw,v —7tw) <0, for any v € CT(Q),
(23) 0 < &(rtw—w,v), forany v € CT (),
(24) Es(rtw —w, ntw) =0,

(25) Es(w, mrw) < Eg(w,w),

(26) Es(w,v) < Eg(rTw,v), for any v € CT(Q),
(27) Es(rTw, mtw) < E(w,w),

(28) Entw —w,2rTw — w) < E(w,w).

Proof of (22): By convexity of C*(Q)

atw +tlv —7tw) € CH(Q), foranyte[0,1],veCT(Q).
So,
tw),w—71Tw —t(v — 7Tw))

= Eg(w — 1w, w — 7T w) — 2tE(w — 7w, v — TTw) + 2E (v — 7w, v — 7T w),

Es(w—1Tw,w—rtw) <E(w—rtw—tv—7

which implies
28 (w — 1w, v — 7tw) < t&(v — 7w, v — 7tw), for any t € (0,1]
and we deduce (22) by considering ¢ arbitrarily small. O

Proof of (23): From (22) it follows that
Es(mtw —w,v) > E(rTw — w, 7T w),

where the right-hand side is nonnegative again thanks to (22) by considering the
particular case v = 0. O

Proof of (24): As mentioned above, inequality < follows from (22) by considering the
particular case v = 0. Inequality > follows from (23) by considering the particular

case v = mw. O

Proof of (25): Using again (24) we deduce
E(w,mTw —w) = E(w—7Tw, 7tw — w) + E(ntw, 7w — w) <O0. O

Proof of (26): Since both v and 7+ w belong to C* (), then so does 27w +wv. Then,
by (22),

0> &E(w—mtw, 2nTw +v) —7tw) = E(w — 7T w, 77w +v)
= E(w — 7w, 7T w) + E(w — 7w, v)
and since, by (24), it holds that & (w—ntTw, 7Tw) >0, we deduce & (w—r+w,v) <0. O
Proof of (27): Write (exploiting (24) in all inequalities below)
Es(mTw, mtw) — Es(w,w) = Es(ntw — w, 77 w) + E(w, 7T w) — Es(w, w)

<E(w,mTw —w) = E(w— 7w, 7w —w) + E(rTw, 7w —w) <0. O

Proof of (28): Write
Es2mtw —w, 2w — w) = E(w, w) + 4Es (7w — w, 7T w) < E(w,w),

where we have used (24). O
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