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Abstract: We relate the complexity of both differential and g-difference equations of order one and
degree one and their solutions. Our point of view is to show that if the solutions are complicated, the
initial equation is complicated too. In this spirit, we bound from below an invariant of the differential
or g-difference equation, the height of its Newton polygon, in terms of the characteristic factors of a
solution. The differential and the g-difference cases are treated in a unified way.
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1. Introduction

The “Poincaré problem”, which consists in finding an upper bound for the algebraic
degree of an invariant curve of a polynomial differential equation in the complex
plane [22], has greatly influenced the study of singular holomorphic foliations. See [4,
8,9, 10, 11, 12, 14, 15, 16, 17, 19, 21, 23, 24, 25| for just a possibly biased
collection of relevant citations. A related problem, which might be called the local
Poincaré problem, consists in trying to find upper bounds for the multiplicity at a
point of an invariant analytic curve of a holomorphic foliation defined in a germ of
complex surface. As a matter of fact, the solution to this problem in the non-dicritical
case is an essential part of the proof of the main result in [9]: deg(T") < deg(F) + 2,
where T is an invariant algebraic curve of a holomorphic foliation F in CP? with no
dicritical singularities and deg stands for the degree. In this work, we focus on this
local problem, and solve it at the same time for differential and g-difference equations,
as we shall show.

As the original Poincaré problem is stated for differential equations, the usual
techniques for solving it are geometric in nature and derived from the general theory
of singularities of curves and of plane holomorphic foliations. There is, however, a less
known and powerful tool called the Newton polygon or diagram [20], introduced by the
renowned physicist and mathematician as a tool for computing solutions of algebraic
equations, and later applied by Cramer [13] for computing power series y = >, , a,z"
with rational exponents that are solutions of analytic equations f(z,y) = 0. This tool,
which is purely algorithmic and makes no reference to the geometric nature of the
problem, can be applied to any two-variable problem involving power series for which
one seeks a solution in terms of well-ordered power series in one of the variables. In [5],
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this technique is applied to differential equations in two variables, whereas in [2], it
is used in the context of g-algebraic equations. The modifications required for these
applications are minimal, and one can unify the arguments and state general results
regardless of the context.

Specifically, let o denote either the differential operator y(z) — dy(z)/dx or the
g-difference one y(z) — y(qz), and let P = A(z,y)+ B(x,y)o(y) be a “first order and
first degree” polynomial in the operator o: A(z,y) and B(z,y) are power series over C,
and a solution of P = 0 is a power series with rational exponents s(z) € (J,,cy Cllz]]
such that P(z, s(z)) = 0. Given such an analytic differential or ¢-difference equation
in two variables, our main objective is to compute an upper bound for the complexity
of a power series solution s(x) in terms of some property of the original equation.
Obviously it is critical to consider the right notion of complexity. Notice that if ~ is
the local, possibly formal, plane branch given by the parametrization (z, s(z)), then
there is no way to bound the multiplicity of v in terms of algebraic invariants of the
equation and, specifically, its multiplicity: the differential equation nx dy—my dx = 0,
with m,n € N and ged(m,n) = 1, has multiplicity 1 but its power series solutions
are s(z) = cx for any c. The curve (z,ca™/™) has multiplicity min(m,n) if ¢ € C*,
that can be arbitrarily large. For g-difference equations, the same issue occurs with
the equations y — g= o (y) = 0 of multiplicity 0, where o is the g-difference operator:
the solutions are s(x) = cz™ for ¢ € C. This problem cannot be overcome, which leads
to seeking a different criterion for the complexity of a Puiseux power series solution.

In this paper, we consider the characteristic exponents of s(x) as the measure of
such complexity, following the point of view of [8]. Notice that the characteristic expo-
nents of s(z) are intimately related to the Puiseux characteristic of the curve I' defined
by (z, s(x)) [26] but, when I is tangent to « = 0, one has to use the well-known inver-
sion formula [27, 1] in order to compute one set of exponents from the others. The
characteristic exponents are significant invariants for germs of plane curves: for in-
stance, their number, which has come to be called the genus, is deeply related to
the topology of the curve 7, as it measures the levels of interlacing of the associated
knot [26]. Given s(x) € UmeN(C[[xﬁH with s(0) = 0, let g > 0 be the genus of s(z)
and n its multiplicity. One can derive, from the characteristic exponents, positive in-
tegers r1,...,rq, which we later call the characteristic factors in Definition 2, that are
greater than 1 and such that if n is the least common denominator of the exponents
of s(x), then r1---7r, = n. Our results hinge on these factors and the notion of the
dicritical exponent. Assume s(z) = 3 a;2"/™ is a solution of P = 0. Roughly speak-
ing, an exponent k/m of s(z) is dicritical if, for all but finitely many ¢ € C, there
exists another solution s.(z) of P = 0 such that s.(z) — >, , a;z"/™ = z*/™u(z)
where 1(0) = ¢. We include a brief excursus in Subsection 2.6 relating our definition
to the classical definition of the dicritical divisor of a singular holomorphic foliation.

In what follows, P = A(z,y) + B(x,y)o(y) is an operator with A(x,y), B(z,y) €
C[[z,y]] such that A(0,0) = B(0,0) =0, and s(x) € UmeNC[[x#]], with s(0) =0 is
a solution of P = 0 with r,...,ry its characteristic factors. After constructing the
Newton diagram N'(P), we shall attach to P and s(x) several invariants: H(P), the
height of P, which is the topmost vertex of N'(P); the multiplicity of P, vo(P), which
is the minimum multiplicity of A(x,y) and B(z,y); and a number H (P, s(x)), a kind
of relative height, which is, roughly speaking, the topmost vertex of the part of N'(P)
corresponding to the order of s(x), ord(s(z)). By definition, we have

H(P) > H(P,s(x)), for any s(x),

and also,
vo(P)+1> H(P,s(x)), if ord(s(x))>1.
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Our main results provide bounds of H(P) and of v(P) from below in terms of the
characteristic factors r1,...,rg.

Theorem A. If1 <4 <---<iq < g is the sequence of indices of dicritical charac-
teristic exponents of s(x), then

g d ik ip—1
H(P)> H(P,s(z H Z(HTJ H )
Jj=1 k=1 =1 Jj=1
If, moreover, ord(s(x)) > 1, then vo(P) + 1 is greater than or equal to the right hand
side of the inequality.

By convention and unless expressly stated otherwise, we consider that an empty
sum is equal to 0 and that an empty product is equal to 1. In particular, the right
hand side is equal to 1 if ¢ = 0. Note that if no characteristic exponent corresponds
to a dicritical element, then Theorem A reads

H(P)> H(P,s(x))>r1---1q.

The inequality can be improved with every instance of consecutive dicritical charac-
teristic exponents (Lemma 13). In this way, one obtains a simplified form in which
no assumptions need to be made about the dicritical exponents.

Corollary A. Let ry,...,rq be the characteristic factors of s(x). Then

-2
H(P) > H(P,s(z)) > Hrj gHrj.
=1

If, moreover, ord(s(z)) > 1, then vy(P) is greater than or equal to the right hand side
of the inequality.

We can improve this result in the differential (see [8]), in the generic g-difference,
and in the contracting, i.e. |g| < 1, ¢-difference cases. To this end, we introduce the
concept of reasonable equations (see Definition 17), that encompasses the previous
cases.

Theorem B. If s(z) is a Puiseuz solution of genus g of the reasonable equation P =
0, then

H(P) Z H(P,S(JJ)) Z L= "Tg—1-
If, moreover, ord(s(z)) > 1, then one also has vo(P) +1>11---rg_1.

As a consequence we get also a bound for the genus g of a solution s(x), namely
g < 1+logy(H(P)), and if ord(s(z)) > 1, then g < 1+ log(vo(P) + 1).

We end our paper showing how the bound for the multiplicity of a differential
equation found in [8] can be obtained exclusively by means of the Newton polygon
using our technique. Let vo(F) be the multiplicity at 0 € C? of the singular foliation
defined by the differential equation A(z,y)dx + B(z,y)dy = 0, assuming A(z,y)
and B(z,y) have no common factors.

Corollary B. Let F be a germ of singular holomorphic foliation in a neighborhood of
the origin in C2 that has a formal irreducible invariant curve I' whose characteristic
factors are r1,...,r4. Then, we obtain

vo(F) > 11 rg1,
where an empty product is 1.

To summarize, we apply the Newton polygon technique simultaneously to both
differential and ¢-difference equations in order to obtain lower bounds for the height
of the Newton polygon in terms of the characteristic factors of a solution s(x) that
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parametrizes an irreducible curve. Similar results were first proved in [8] in the dif-
ferential case using geometric techniques related to the desingularization of the curve
defined by s(z). Those bounds are valid in the differential and the generic ¢g-difference
case, which includes the contracting (|¢| < 1) case. In the case of a non-generic non-
contracting g-difference equation P, those lower bounds for H(P) are just somewhat
worse. A final section is devoted to improving the bound in the case of differential
equations, and obtaining the same bound as in [8], just with the Newton polygon
technique.

Acnowledgment. This work was greatly improved thanks to the many suggestions
of an anonymous referee.

2. Notation and preliminary results

From now on, a complex number g € C* is chosen with |g| # 1, and also a specific
determination of the complex logarithm, which we shall denote by log(z) for z € C
whenever required. There is no indetermination, as the reader will notice.

Let o be one of the following operators on the set of Puiseux series over x with

non-negative exponents:
1 -
§ 7011_&6(1 n)/n’
n

1) U(Z aixi/"> ==
i>0 Zqi/”aixi/”.
i>0

The first one will be called the differential operator and the second one the ¢-difference
operator. The operator o is extended to a variable y giving o(y) = y1 (the variable
“operated”). This way, we can write any differential equation of order and degree
one, or any g-difference equation in which the ¢-difference operation only appears to
degree and order one, as

(2) A(.’L‘, y) + B(xv y)yl =0.
Before defining the concept of solutions we gather all the equations we are going
to study under a single concept:
Definition 1. An m-covered equation is an equation (2) where:
(i) Both A(z,y) and B(x,y) are formal power series in C[[zw,y]] with A(0,0) =
B(0,0) = 0;
(ii) y1 stands for o(y), where o is any of the operators in equation (1).

We say that the equation is covered if it is m-covered for some m € N. A solution
of such an equation is a Puiseux series s(z) in | C[[z#]] such that (as a Puiseux
series)

meN

Az, s(x)) + B(z, s(x))o(s(x)) =0
holds, where o is the appropriate operator. Finally, the order o, of o is 0 for the
g-difference operator and 1 for the differential operator.

Our aim is to use the Newton—Puiseux polygon (from now on just Newton polygon)
to relate the complexity of the solutions of a 1-covered equation (2) to some specific
invariant. Along the way, we carry out some auxiliary operations that transform
equation (2) into m-covered equations for m possibly higher than 1: this explains why
Definition 1 is relevant. From now on, we fix a Puiseux power series

(3) s@) =Y /" e | J Cllam]],

i>1 meN
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where n is the minimal m € N such that s(z) € C[[z#]]. Indeed, if s # 0, n is the
least common denominator of the exponents having a non-zero coefficient: in technical
terms, s(x) is a reduced power series and the series s(x) is a formal power series if
and only if n = 1. In the case of differential equations, we shall consider, in the last
section, the analytic branch I' associated with s(z), and relate its multiplicity to the
notion of multiplicity of the associated foliation. This requires us to perform a change
of coordinates, that will be introduced in the last section, which has no equivalent in
the g-difference case.

There are two cases: either n = 1 or there exists a first index e; such that a., # 0
and e;/n ¢ Z. In the former case we define g = 0 whereas in the latter case we write
en_nm
n B T1
with py, 71 mutually prime with 1 > 2. Assuming e;, p;, ; are defined, either
r1---7; = n and we define g = 7 or there exists a first index e;1 such that a., , # 0

and e;y1/n € —-7, and write

(4) pyeop ol Pitl

n Ti+1
with ged(pi+1,7i+1) = 1 and 7,41 € N>o. This construction ends at some g > 0 when
TLcTg =M.

As we shall work with power series and only in the case of foliations we shall con-
sider the associated germ of analytic curve, we use the following definition, associated
with s(z) and not with the germ of curve I' defined by it. However, the genus is a
measure both of the complexity of s(z) and of the topological complexity of T' [26]:

Definition 2. The numbers e, ..., e, are called the characteristic exponents of s(x),
and the factors ry,...,7, will be called the characteristic factors. The number g of
characteristic exponents is the so-called genus of s(z). If ¢ = 0, then n = 1 and the
Puiseux series s(z) is said to be non-singular.

2.1. The Newton polygon. Given a covered equation such as (2), the Newton
polygon or diagram is a graphical help for computing its solutions. Its construction
follows.

Fix a covered equation P = P(x,y,y1) = A(z,y) + B(x,y)y1 = 0 and write

(5) A(xay):Zaszbyj:ZAijbyja B(xay):Zbijbyj:ZBL—og j+1xbyj7
where ¢ € Q¢ and j € N, where we use ¢ instead of ¢ to emphasize that it may not
be an integer. The supports of A(x,y) and B(z,y) are the sets

supp(A4) = {(+,j) : A; #0} and  supp(B) ={(v,j) : B,; # 0}
respectively. The support of B is obtained from {(¢, ) : b,; # 0} by pushing one step

up, because of the factor y;, and one step left in the case of differential equations,
because o decreases the order of each monomial z# by one.

Definition 3. The cloud of points of P is the set C(P) = supp(A) U supp(B).
Consider the following subset of R>_; X Rx¢:
Q(P) = U (¢,7) + (R0 x R>o),
(n4)EC(P)

where we place a positive quadrant at each point of the cloud.

Definition 4. The Newton polygon N (P) of P is the convex envelope of Q(P).
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Example 1. Consider the equation
(6) P=y'+ oy’ +ay® — 2Py +2° + (ay® — Py)y.
Its Newton polygon is shown in Figure 1. The points (1,4) and (2,2), the unfilled

circles, correspond to (zy® — 2%y)y; in the g-difference case. The Newton polygon,
however, is the same, in this case, for both equations.

Lijp(P). 6

6 7 8

FIGURE 1. Cloud of points, Newton polygon, and some supporting lines (see
Definition 7) of the equation P = 0 in (6). The two unfilled points correspond
only to the g-difference case, whereas the filled ones correspond to both cases.

2.2. Newton polygon and solutions. The interest of this construction will be-
come apparent (hopefully) at the end of this section. Take s(z) as in (3). From now
on, we fix a covered equation

pP= A(.’I},y) + B($7y)y1 = Oa
and denote by o the corresponding operator.

Definition 5. The k-th truncation of s(x) is the Puiseux series
sp(x) = Z a; ™.
0<i<k

k/n

Note that the truncation includes the term apz™/™ of s(z). By convention, sq(z) =

0.

Definition 6. The k-th substitution (of s(x), but this will always be implicit) in P
is the equation

Py = Alw,y + si(2)) + Bla,y + su(@)) (1 + o(sk (@) = A"z, y) + B (2, )y,

where si(x) is the k-th truncation of s(x) (thus, Py = P). The total substitution of s
in P is the equation

Pao = Ale,y 4 5(2)) 1 Bla,y + 5(2)) (1 + 0(5(2))).
As Py = A¥(z,y)+ B*(x,y)y1, the expressions A}, B, will denote the corresponding
coefficients of A¥(x,y) and B*(z,y), following (5).

Notice that if R(z,y,y1) = Py, then
R(z,y + ak+1$(k+1)/"7 Y1+ 0(ak+1$(k+1)/n)) = Py,

and the definition of P, can be made iterative, substitution by substitution. This
is Newton and Cramer’s construction, which allowed the latter to find approximate
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solutions of algebraic equations. Some geometric concepts are required for the proper
application of the Newton polygon to solving covered equations.

Definition 7. Given p € Ry, let L, (P) denote the line
L,(P)= {(i,j) ER?:j= _ulz'—ka}
with a maximum satisfying the following property: if Lt (P) = {(i,j) | j > —i/p+a},
then N'(P) C L} (P). This line will be called the supporting line of N'(P) of co-slope ju.
Notice that L,(P) NN (P) is either a vertex of N'(P) or a side:
Definition 8. The element of co-slope p of N'(P) is
Epy = Lu(P)NN(P),

and it will be called either the vertex of co-slope p or the side of co-slope p if Ep,,
is a single point or otherwise. We shall denote Fy , = Ep, ,, and, because Ej, ./, will
be our main concern, Ey = E, 1 /p.

We stress the fact that Ej is the element of co-slope k/n after applying the k-th
substitution, whereas Ej_1 ./, is the element of the same co-slope just before that sub-
stitution has been applied. We refer the reader to the later example of Subsection 2.3
for this important distinction.

Example 2. In Figure 1, the elements Ep, for p € [1/2,2] are the following. To
begin with, Ep;/o is the segment joining (0,4) and (1,2) that corresponds to the
dashed line L /5(P). Then, for 1/2 < p < 2, Ep, is just the vertex (1,2). Finally,
Ep3 is the segment from (1,2) to (5,0), which contains the point (3,1).

Let p be a co-slope and Ep,, the corresponding element of P. We can unify the
notation for differential and ¢-difference equations using the § coefficient:

Definition 9. The § coefficient corresponding to the co-slope p is the number:

_Juif Pis a differential equation,
) gm if Pis a ¢-difference equation.

This allows us to unify the first key concept:

Definition 10. The initial polynomial of P of co-slope p is ®p,(C), given by:
pu(C)= > (Ayj+6,B;)C7.
(L,j)EEp,u
When working with Py, we shall normally use the notation ®;, ,(C) instead of ®p, ,(C).
Definition 11. If the initial polynomial is identically zero, i.e. ®;_; /n(C) = 0,

then the exponent k/n of s(x), the element FEj_ j/,, and the co-slope k/n are called
dicritical.

In Subsection 2.6 we relate this notion to the geometric concept of dicritical folia-
tions.

The following results are classical for differential equations [5, 6] and trivially
extended to g-difference equations (see [2, 7] for instance). Fix P and a solution s(z)
as above.

Lemma 1. For any k > 0, we have

Qp_1,k/mlax) = 0.
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A cornerstone of the method is that the operation with the term aj, does not modify
the Newton polygon “up to the part corresponding to ax_1":

Lemma 2. If (v,t) is the topmost point of Ey_1 j/n, then, for any 1>k,
N(Pi-1) N (R>-1 x Rxy) = N(P) N (R>-1 x Rxy),
that is, both polygons are equal at (1,t) and above. Even more, if
Pyoy = A" Ya,y) + B Nz, )y,
then A" = Al and BX™' = B!, for any 1 >k — 1. As a consequence, for all k > 1
and | > k, we have
Ex=Eikm=FEp_ k-

Finally, solutions are characterized by their “flattening” of the Newton polygon
from below:

Theorem (see [5, 2]). Let P = A(z,y) + B(z,y)y1 = 0 be a covered equation and
s(z) a Puiseux series with ag = 0 (no independent term). The following statements
are equivalent:

(i) The power series s(x) is a solution of P.
(ii) The power series 0 is a solution of Ps.
(iii) The Newton polygon of Py has a horizontal side at height greater than 0.

Therefore, if s(z) = 3 a;z%/™ is a solution of P, then a; is a root of the corre-
sponding initial polynomial ®;_; ;/,(C). If this holds for each 4, then s(z) is indeed a
solution of P. Due to Lemma 2, the polygon construction is, thus, an iterative process
in which each coefficient a; is a zero of the initial polynomial of the unique element
of P;_y of co-slope i/n. Furthermore, also by Lemma 2, this latter element is to the
right and not above the element of P;_; of co-slope (i — 1)/n.

The following definition covers all the main invariants associated to P and s(z).

Definition 12. Let P = A(z,y) + B(x,y)y1 = 0 be a covered equation and s(x) be
a Puiseux series with order ord(s(z)) > 0. The height of P, denoted by H(P), is the
ordinate of the leftmost vertex of N'(P). Consider a co-slope p and the corresponding
element Ep,, of P of co-slope pu. The top (or height) of Ep,, is the highest ordinate
of the points of Ep,, and the bottom of Ep, is the lowest. They will be denoted
as Top(Ep,,) and Bot(Ep, ), respectively. We denote H(P, s(x)) = Top(Ep,,) for p =
ord(s(z)). Finally, the multiplicity of P at the origin is
VO(P) = min{ord(m,y)(A(xv y))’ Ord(z,y) (B(:E, y))}
Remark 3. As N(P) has a finite number of sides, we have
(i) The map p — Top(Ep,,) is a decreasing function from R* to Z.
(i) For any € RT, we have H(P) > Top(Ep,,); in particular for any s(x),
H(P) > Top(Ep,) > H(P,s(z)), 0<p<ord(s(x)).
If, moreover, ord(s(z)) > 1, then
vo(P)+ 1> Top(Ep1) > H(P, s(x)).
(ili) There is po > 0 such that H(P) = Top(Ep,,) for any 0 < p < po.
We are interested, for a 1-covered equation P, in bounding H(P) and H (P, s(x))
from below in terms of the characteristic factors of a solution. In lay terms, we wish

to prove that an equation with a complicated solution must already be “complicated”
where the complexity is measured by H(P) or H(P, s(x)). In the last section, devoted
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to the case of differential equations, we shall see how, up to a linear change of coor-
dinates, the multiplicity of the associated foliation at 0 € C2 is greater than or equal
to H(P,s(x)) — 1. We shall use our general results to bound this multiplicity from
below.

Lemma 2 implies the following property which we shall use freely:

Lemma 4. For any k > 0,
Top(Ey—1,k/n) = Top(Ex) > Bot(Ey) > Top(Ey, (k+1)/n) = Top(Egy1).

Remark 5. Let (t,0) be the point of intersection of the z-axis and Lk/n(Pk). Later
on we shall see that AF, = ®_1 4/,(ax) in equation (9). Thus, Lemma 1 gives
Top(E)) > Bot(Ey) > 1 for any k > 1: after each substitution, the element E}, does
not meet the z-axis. On the other hand, Lemma 4 implies Bot(Ex) > Top(E;_1,1/5)
for k < I. Moreover, if for some j with £ < j <[ the element E; contains more than
one vertex, then Bot(FEy) > Top(E;_1,/,) because, in this case,

Bot(Ey) > Top(E;) > Bot(E;) > Top(Ei—1,1/n)-

This last remark is quite relevant because it will provide a descent argument for
our bounds. We shall see in Lemma 6 that all characteristic exponents k/n, except
possibly the last one, give rise to sides in the Newton polygon, i.e. Top(Ey) > Bot(Ey).
Moreover, one of our main results (Proposition 11) provides a qualitative estimate of
the gap between Bot(E})) and Top(E}).

2.3. An example. For the benefit of the reader, we include an exhaustive example
in this section, in order to clarify the technique, the notation, and some of the results.
Consider the differential equation associated with the following polynomial:

(1) Py = y*+4yPa+59y° 2% 12y yat +4a® + o+ (—y e —4y*2® —5ya® — 221 4-325)y; .

We know in advance — this is the initial assumption in this work — that P, admits a
solution with the following Puiseux expansion:

121
s(w) = =z = VIL*2 = a4 oo

where the exponents of the remaining terms belong to %Z and are greater than 2.
Thus, e; = 3 is the single characteristic exponent of s(x). So, setting n = 2, we
have ay = —1, a3 = —V11, a4 = —%. The clouds of points, Newton polygons
corresponding to each substitution, and their respective elements are depicted in
Figure 2. These substitutions are computed in the following paragraphs. Recall that

Or/n = k/n = k/2 because Py is differential and n = 2.
(i) The first exponent is 1 = 2/2, so that k¥ = 2. Thus, the relevant element
of N(P1) = N(Py) is Ey /2. The initial polynomial is
D) 9/5(C) = (1-1)C* + (4 —4)C*+ (5-5)C? + (2—-2)C =0,
that is, Fy /o is a dicritical element.
(ii) Once the substitution y = y — x is performed, we obtain
Py =yt + oy + 2ty + 27 + (—xy® — 2%y? + 327y,

whose element Eo := FEs5/5 of co-slope 1 is, in this case, a shorter subseg-
ment of Ey 5/0. Notice that it might have been a single point or, if Ey 5,5 were
shorter, it might have been longer but by Remark 5, Bot(E3) > 1, in any case.
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Following s(x), the next relevant element is Ej 3/, which corresponds to the
single characteristic exponent e; = 3, which gives r; = 2. The initial polyno-
mial P2}3/2(C) is

1 11
Dy3/2(C) = —503 + ?C,

whose roots are C' = 0 and C' = £++/11, that include, certainly, a3 = —v/11.

(iii) Performing the substitution y = y—+/112/2 corresponding to asz®/2, we obtain
Py=yt— T4y3 3L 802 | g3 4 83,302 4 gy | U308, 1216 4 o7

+ (—zy® — 2%y* + 3\/111‘53/2 + 2\/11m5y — 332ty — 8z° + 11%x%)y1,

whose element E3 is, in this case, of the same length as F5 3,5 but contains a
new point with non-integral z-coordinates: (5/2,2). As e; = 3 is a characteristic
exponent, there must be at least one such point in the cloud, as we shall show
in Lemma 7. The element 3,/ corresponding to a4 is the side joining (4,1)
and (6,0). The initial polynomial is

121
@374/2(0) = *150 - 7,
whose unique root is, certainly, ay = —%.

iv) Finally, after the substitution corresponding to a4, we obtain Py, whose Newton
iv) Finally, after the substituti ding t btain Py, whose Newt
polygon is also depicted.

Notice that the Newton polygon N(Px_1) coincides with N(P) for [ > k from
Top(Ey—1,k/n) up, as per Lemma 2. Also, Ey, /n, = Ej i/, for [ > k, as in the diagram
corresponding to N'(Py).

4 4 sE22/0=E2
3 3
2 Ey2/2 2 %
1 . 1
01 2 3 4 5 6 7 8 01 2 3 4 5 6 7 8
N(P1) N(P2)
i L
3 \: 3 E2\\.-
2 E3:E3,3/2.‘.\ 2 E3“.~:.
1 %/2 1 T B
01 2 3 4 5 6 7 8 01 2 3 4 5 6 7 8
N(P) N(Py)

FIGURE 2. Newton polygons and relevant elements for Py in (7). Notice that
Ey k/n is later referred to as Ej.
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2.4. Characteristic exponents. A remarkable property of the characteristic expo-
nents of s(x) in terms of the Newton polygon is that each one (except possibly the
last one), say k/n, gives rise to a whole side in N'(Py) and, by Lemma 2, in N(P))
for I > k. This fact, already noted in (iii) of Subsection 2.3, and which we now prove,
is essential to find our bounds.

Lemma 6. Assume that P is 1-covered, i.e. the initial equation has only integer
exponents, and let s(x) be a solution as above. If k = ey for some £ = 1,...,9 — 1,
then the Newton polygon of Py (and, by Lemma 2, of P; for j > k) has a side of
co-slope k/n; that is, Ey, is indeed a side, not just a vertex. If e, is not dicritical, then
the result holds also for k = eq.

Proof: Assume k = e; with £ < g. Let ®(C) = ®4_1 3/,(C) be the corresponding

initial polynomial. By recurrence, C(Py_1) is included in n»--lm_1 7 X 7, so that all the

points have abscissa with denominator at most 71 ---r,_1. Let (t,t) be the topmost
vertex of Ej_1 j/n, corresponding to the terms ARyt 4 BR=lgetooyt=1y, In par-

k/n

ticular, t = Top(Ey_1,k/n). Performing the substitution y = y 4 ap2™/™ at the terms

of Pj_; corresponding to the point (¢,t), we get
Aty ana ) B () (- oaat ™))
_ AftfleLyt + Bblct—lmb+o(,yt—1y1 + (tAf;l +5k/anfl)ak$L+k/nyt_l
b OB a2y,

where the dots indicate terms whose ordinates in N'(Py) are strictly less than ¢ — 1.
Recall that 6/, is either k/n or ¢*/", depending on P being a differential or ¢-
difference equation. Note that (:4+k/n,t—1) does not belong to C(Py_1) since t+k/n ¢
r1~~1wfl Z. Moreover, (t,t) is the only point in C(Pj_1) contributing to (¢+k/n,t—1)
when we perform the substitution. Thus, it suffices to show that either (t—l)Bﬁ_lag€ #
0 or tAR™ 4 5k/nBth71 # 0 to obtain (¢ + k/n,t — 1) € C(Py).

Notice that ar # 0 because ey is a characteristic exponent, so that it appears
explicitly in s(x). If ¢ > 1, then either BE™' # 0, so that (t — 1)B" 'ay is not
zero, or (tAF™1 4 5k/nBﬁ_1) = tA*~! is not zero. Thus, we can consider t = 1 and
ARy 5k/an1_1 = 0 from now on. In particular we obtain A*~' # 0 # B~ 1.

We claim that t = 1 and Affl +5k/anfl = 0 imply that ey is dicritical and ¢ = g,
finishing the proof. As ¢ = 1, the condition A% —|—§k/anfl = 0 implies that &(C) =
(AR 4 5;6/an171)0 + ®(0) = ®(0). Since P(ar) = 0, we deduce that &(C) = 0.
Thus, k = e, is dicritical. Also, since for k' > k we have

1 = Top(Ey_1,x/n) = Top(Ey) > Top(E}/) >0

by Lemma 4 and Remark 5, we deduce Top(E)/) = 1 for k' > k. We claim that
K/n e - }”Z for any k' > k such that ax. # 0. This property implies £ = g by the
definition of characteristic exponents.

Let us show the claim. By construction, the property is satisfied by k. Assume it
holds for any k < k' < k{, and suppose, aiming at contradiction, that kj/n ¢ —

and ay; # 0. Since 0y, 7 Oy /n, We get Y

ATt 51@6/an1°71 = AN 4 0y BT # AT 4 04 Bl =0
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by Lemma 2. Note that C(Py; 1) C L_7 x Z as a consequence of the induction

P
hypothesis. This property, together with ¢ € ﬁZ and k{/n & h_il'”Z, implies
A o = 0. Since

kb —1 ky—1 ko—1
(I)k(’)—l,ké/n(o) = (Abf + 5k(’)/nBL10 )C + ‘ALJOFICE)/”O7
0 is the unique root of @4y jr /p, contradicting Py 1 gy /n(ary) = 0. 0

The proof of the previous result implies that the Newton polygon after a substitu-
tion corresponding to a characteristic exponent has points in a grid with a different
scale in the variable z. Namely:

Lemma 7. Assume that P is 1-covered. Let k € Z~q, and let r be the minimum
integer such that C(Py—1) C 17 x Z. If Top(Ex) > 1, then k is a characteristic
exponent if and only if the cloud of points of Py is not included in %Z X 7.

The fact that Top(Ey) > 1 corresponds to the case ¢ > 1 in the previous proof,
which guarantees that the point (¢ 4+ k/n,t — 1) belongs to C(Py), and by definition,
t+k/n ¢ %Z. This hypothesis is necessary: the solutions y = C2™/" of the differential
equation P = my — nay’ = 0, which has the single point (0,1) in its cloud, leave the
cloud of points invariant after the substitution y = y + Cz™/™.

2.5. Decomposing the initial polynomial. By Lemma 1, the coefficient ay is
always a root of the corresponding initial polynomial ®;_; 1/, (C), which is the basis of
Newton’s technique. This means that Bot(Ey) > 1 for all k; see Remark 5. However,
we can obtain much more information about the element E} and the equation Py if
we study the transformation of Ej_; 1/, into E}, as a parametric family depending on
a complex parameter C, that is, by studying the substitution y = y + Cz*/" instead
of y = y + apz®/™. This is, in the differential case, similar to studying the whole
exceptional divisor corresponding to z¥/" and the singularities and regular points
of the strict transform of the foliation given by P at the corresponding exceptional
divisor. This study is carried out by means of the k-th initial form, which gathers all
that information. It also provides an additive decomposition of ®;_; j/,(C) into two
terms: one corresponding to the algebraic part of Pk, and the other to the one with y;.
This decomposition and its consequences are key in further results. We follow [5] in
the definition, leaving s(z) implicit.
Fix k > 1 from now in this section, and let

Pi(C) = Py_1(z,y + Ca"/" y1 + o(Cz™/™))
be the k-th substitution with a complex parameter C' instead of a;. Writing

Py(C) = A(C)(x,y) + BX(O) (@, y)yn = Y A5 (C)z'y + BE(C)a*ory’ My,

the property Py(ag) = Py implies Afj(ak) = Afj and ij(ak) = ij for any (¢, j),

where Afj and ij were defined in Definition 6. Notice also that Py(0) = Pg_1,
k _ pAk—1 k _ pk—-1

Aj(0) = A, and B)(0) = B .

Definition 13. The k-th initial form of P for s(z) is the polynomial in C given by

the expression:

In,(C) = > AL(C)z'y? + Bl (C)zttoryi Ly,
(t,J)€ELg n(Pr—1)
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From bottom to top, Ing(C) can be rewritten as

¢

(8) Ink(c) Al’i() )$V+ZAtlffjk/nj(C)xV gk/m J+BV ]k/n](C)xu_jk/n+oayj_lylv
j=1

where t = Top(Ej_1 1/n) = Top(Ey) and v = 7+ tk/n if (z,t) is the topmost vertex

of Ey_1x/n- For the sake of simplicity, as k is fixed throughout all this section, we

set, for the remainder of this section, ¢; := v — jk/n, and write:

In,(C) = LOO C)z” JrZAk , V*jk/nyj + sz(c)xufjk/n+oayjflyl,
because we are mostly interested in A, ;(C) and B,,;(C), and their pairwise relations,
forj=1,...,t.

The following two polynomials decompose ®j,_1 1/, (C) into two parts: one corre-
sponding to the terms without y; in Ing(C), and the other to those with y;. They
will be key in many later computations:

t ¢
k j k—1,vj
S SN Syrte]
§=0 §=0
¢
1 k—1vj—1
-3 0o - Y pten
Jj=1
By definition, the initial polynomlal Dp_1,1/n(C) satisfies

(I)k—l,k/n(c) = ak(C) + §k/ncﬁk(0)

The following result is the basis of the relevance of this decomposition [5, cf. equa-
tion (1)]. Recall that t = Top(E_1,1/5) = Top(E%) in this subsection:

Lemma 8. With the notation above, let (") (C) denote g;{ (C) for any function f(C).
Then:

(9) Afo ()(C) = (I)k—l,k/n(c)a

(10) AZJ(C) = %q)l(ejzl,k/n(c) - 5k/nﬁ5;§jil)(c)a J=1....¢
e T A ] =t
(12)  Af J(C)+ 6k BL ;(0) = <I>,(j)1 o/n(©), j=1,...,t

Specifically, AF ,(C) = Af;l and Bftt(C) = Bi;l are independent of C' (this is already
known by Lemma 2), and finally, A ,(C) =0 if and only if ®j_1 j/n(C) = 0.

The following proof is rather technical but its gist is to transform Pj_; and Py (C)
into new equations whose elements Ej_; /,, correspond to a vertical side of the same

height. When written like this, the argument becomes a direct application of Taylor’s
formula.

Proof: Define the polynomial

t
I(y, 1) = Ink(0) = AF ((0)z” + > AF [(0)a”7k/my) 4 BE (0)ar =K/ mHo0yi =1y,
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Rather than compute Ing(C) directly, we will do so in three steps. Each step is
an algebraic change of indeterminates that does not correspond to a differential or
g-differential change of indeterminate, but the composition of the three does. First,
we substitute y by z*/"y and y; by §k/nzk/”*0°y1 and notice how ay(y) and Bi(y)
can be used to rewrite the result:

k/n—os

Ly, y1) = Iy, 6 pn @ Y1)

= Afo 0(0)z”
t
+ Z AZ j(O)xufj k/nmj k/nyj + BZj(0)$V7jk/n$(j71)k/nyj715k/n xk/n m
j=1

=a" - {ar(y) + Op/n Br(y) Y1}

Then we translate by C' both y and y; and expand a(C + y) and B(C + y) using
Taylor’s formula:

Ly(y,y1):=L(C+y,C+y1) = 2" (ar(C +y) + 0/ Be(C +y)(C +y1))

t t—1
1 ¢ : 1 (s :
=" (Z ;a,i”w) Y+ Gn(Cy) Y j,ﬁff)(c’)y])
j=0"" j=0""

t

t
= ml/(Z i'(azi])(c)+5k/n CB,EJ)(C))ijr(Sk/nZ (]jl)' lgjl)(c)yj—lyl) )

j=0 7" j=1

Finally, we undo the first transformation:

Ing(C) = Lz */ ™y, 5,;/1n xR/mtos )

t
v 1 j j —jk/n,j
=z (Z; ﬁ<a%)(c>+5k/ncﬁ£ﬂ<0>>x Ty
]:

t

! 1 —(= n,j—1s— —k/n+o
+5k/nz(j_1)! (4 )(C)x (j—1)k/ Y 15k/1n33 k/n+ "y1>

Jj=1

t
1 j ; . .
=2 (@ (C) + by C AP (C)) 2y

t
1 . ko i
LY g iy,

From the last equalities we can already infer:

AF 0(C) = a(C) + 8 yn C Br(C) = ®p_11/n (C),

1, 4 ,
AF () = ﬁ<a§5><c> + 66 CBY(O)), J=1,...t,
k 1

BF () = — =D (), i=1,...,t
LJJ( ) (‘771)! ( ) J
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By induction on j, we obtain
21 1n(©) = a7(C) + 81y C B7(C) + 1 by BV (C),

whence

1 ) 6k/n (1)
ALkJ](C) = ﬁq)kj—l,k/n(c) - (] — 1)' ! (C)a

as desired. Equation (12) is an immediate consequence of equations (10) and (11). O

Recall that P, = Py(ax) = Pe_1(x,y + apx® ™ y; + o(apz®/™)). In the following
result, we see how the information about Ing(C) provided by Lemma 8 allows us to
better understand the properties of the particular case C' = a; and more precisely of
the element E}, obtained after the k-th substitution.

Corollary 9. Let b = Bot(Ey). With the notation of Lemma 8, the following state-
ments hold:
(i) In any case, the multiplicity of ar as a root of Br(C) is at least b — 1.
(ii) If ®p_1x/n(C) # 0 (non-dicritical case), then the multiplicity of ax as a root
of ®i—1,1/n(C) is at least b.
(iii) If ®p_1,x/n(C) =0 (dicritical case), then

(13) AZ ;(C)+ 5k/anjj(C) =0
forallCeC andj=1,...,Top(Ek), and in particular for C = ay.

Proof: The last statement is an immediate consequence of equation (12) and the
dicritical condition ®;_y 1/, (C) = 0.
There are no points in Ej, with ordinate less than b by definition. Since

(14) ¢ (@) = (G- V!B () =0
for j =0,...,b—1 by equation (11), we deduce statement (i). Moreover, we obtain
<I>,(€]_)1’k/n(C) =0 for any 0 < j < b—1 by equation (12). Statement (ii) follows. O

2.6. An excursus on dicritical elements. In the arguments to come, the appear-
ance of a dicritical characteristic exponent is problematic. In the setting of differential
equations, this mirrors the fact that dicritical divisors appearing in the reduction of
singularities of a holomorphic 1-form “complicate” the combinatorial structure of the
residues and indices associated with the exceptional divisors (see [3], for instance).

Consider the family of analytic branches s} .(z) given by the k-truncation of s(z)
with ag replaced by a complex parameter ¢, with ¢ # 0:

k—1

Spelr) = Z a;z/™ + cat/m,

i=1
This family of curves admits a common desingularization in a sequence mj of point
blow-ups, ending at an exceptional divisor which, for the sake of economy, we shall
call Dy.. Each non-zero ¢ € C corresponds to a point ). € Dy, and through Q). passes a
single non-singular curve I, transverse to Dy, such that the parametrization of 7, (fc)
coincides with s} .(z).

Let P = A(z,y) + B(x,y)y1 be differential, and F be the foliation associated
with w = A(z,y) dx + B(x,y) dy. Let Fj be the strict transform of F by 7. In the
non-dicritical case, i.e. ®_1 /,(C) # 0, the divisor Dy, is invariant by 3. The roots ¢
of ®j_1 /n(C) correspond precisely with the singular points Q. of 3, in Dy.

The dicritical case, where ®;,_1 5/, (C) = 0, is totally different. Indeed, it is easy to
prove that for those ¢ € C* such that Bot(Ej) = 1, there exists a power series sj ()
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in C[[z+]], that coincides with Sk.c(7) up to order < k/n, which is a solution of P
(see [7], for instance). In such a case, the F-invariant curve I'., whose parametrization
is sp.c(x), satisfies that its strict transform L. by 7, intersects Dy at Q., Q. is a regular
point of Fj, and T, is a smooth curve transverse to Dj,. However, there may be special
points in Dy, that is, values of ¢, where Fj, is either singular or tangent to Dy, and
these are the ones we need to control, as ar may be one of them. It is these points
which present a challenge. The following straightforward consequence of Lemma 8
asserts that these challenging points are finite in number.

Corollary 10. Assume Ej_y, is dicritical. Consider the point (11,1) of the
line Ly n(Py) of height 1. Then

Bk (C) #0.

111

As a consequence, if Bot(Ey) > 1, then ay, is a root of the polynomial B* | (C).

L11

Proof: If BF,(C) =0, then 8;(C) = 0 by equation (11). We obtain Bf, = 0, where
(¢t,t) = Top(Ey), by applying again equation (11). Since (¢, t) is a vertex of Py, we
deduce Aﬁt #0. As Ey_1 x/n is dicritical, and 6/, # 0, Corollary 9(iii) implies that
both A, and Bf, are non-zero, contradicting B, = 0. O

Finally, by their nature, dicritical exponents impose strict relations between the
coefficients in A(z,y) and those in B(xz,y) belonging to the corresponding element.
This is precisely item (iii) in Corollary 9: whenever Afj, ij come from a dicritical
element Ej_ 1/, then Afj = —6k/anj. This equality will play an essential role in
all our arguments in the dicritical case. Among many other things, it will prevent the
existence of immediately consecutive dicritical elements (Lemma 13), and, even more,
the existence of consecutive elements Fy, Fi11, ..., E; with Ey, E; dicritical, and the
ones in between satisfying a “bad” property (Lemma 20). Remarkably, this latter
fact is true for differential equations and most ¢-difference equations, and this is the
only point on which the two types of equations differ. We shall gather the differential
and these generic g-difference equations under the concept of reasonable equations
(Definition 17).

In summary, dicriticalness is, in some sense, a complication but its very nature
imposes conditions which can be taken advantage of to overcome most of said com-
plication.

3. Main result

We show Theorem A, Corollary A, and Theorem B in this section. As a starting
point, let P be a 1-covered equation — that is, with only integral exponents — and let

s(x) = Z a;z/™

i>1
be a solution of P in Puiseux form. Let e;,...,ey; be the characteristic exponents
of s(z) and rq,...,74 be the characteristic factors.

Before proceeding, we provide some definitions and notation which will simplify
the statements.

Definition 14. For an integer k > 1, the factor corresponding to k, denoted by px,
is defined as follows:

(i) If k is not a characteristic exponent, then py = 1,
(ii) otherwise, if k is equal to the characteristic exponent e;, then p = ;.

That is, p, = r; and pg = 1 if k is not a characteristic exponent.
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The main relation between Top(E})) and Bot(Fj) — notice that this is after the

substitution of the term a,z®/™ — when k is a characteristic exponent is:
Proposition 11. Let k € N. We have
(i) If Ey_1,k/n 18 non-dicritical or pp =1, then
Top(E
Bot(E}) < M
Pk

(ii) If Ex_1,k/m is dicritical, then

Top(E}) 4Pz 1
Pk Pk
or, what amounts to the same, Top(Ey) > px Bot(Ex) — (px — 1).

BOt(Ek) S

i

Both inequalities are sharp.

Examples of equality are, for the non-dicritical case, the algebraic equation P =
y"—x =0, where k = 1, p, = n, Bot(E}y) = 1, and Top(E})) = n, and for the dicritical
case, P = py — nzy; = 0 in the differential setting and P = ¢?/"y — y; = 0 in the
g-algebraic one, where ged(p,n) = 1, k = p, pr = n, and Bot(Fy) = Top(Ex) = 1.

Proof of Proposition 11: Since Bot(E})) < Top(FEf), the result is obvious if p, = 1.
Thus, we can assume that k = e; for some characteristic exponent e;. For brevity, let
®(C) = ®j_1,1/n(C) be the initial polynomial of the element £ _; ;/,,. The argument
hinges on Lemma 8, but there are two cases.

Non-dicritical case. This means that ®(C) # 0. Let h be the multiplicity of 0 as
a root of ®(C) (h may be 0). As ¢; is a characteristic exponent, Lemma 6 implies
that Fj is indeed a side of the Newton polygon N (Py), of co-slope k/n. Write, as
in Lemma 8, ®(C) = ax(C) + 05/, CB(C). As ®(C) # 0, it has degree less than or
equal to Top(Ej_1 ;/n) = Top(Ey).

Let (¢, Top(E_1,k/n)) be the topmost vertex of Ey_4 /,,, which is also the topmost
vertex of By by Lemma 2. We claim that any (¢/,j") € C(Py—1) N Ex_1 k/n, with j* <
Top(Ey—1,k/n), satisfies that s := Top(Ey_1 x/n) — j' is a multiple of r;. Note that

Ej_1,k/n and Ey both have co-slope % = 7,11."1'7,1, where ged(p, ) = 1 by equation (4).
We have L
V=14+s5—=1+s b .
n 1Ty

As (¢/,7") and (¢, Top(Ey_1,k/s)) belong to Ly, /,, (Pr—1), then ¢ and ¢ belong to ZT

ryeer—
It follows that
s =ry-r (V=) €L
Ty

and thus s is of the form s = r; r for some r € Z>(. As a consequence, Af,;,l and B% !
are 0 except possibly when j' = Top(Ey_1 5/n) —ri7 for r € Z>q. Thus, ®(C) can be
written as _
®(C) = Cha(C™),

that is, ®(C) is, except for the factor C*, a polynomial in C™*. This implies that any
root of ®(C) different from 0 has multiplicity at most (deg(®(C)) — h)/r;. Let m be
the multiplicity of aj as a root of ®(C'). Since e; is a characteristic exponent, ay # 0,
so that m < (deg(®(C)) — h)/r;. Corollary 9 states that m > Bot(Ey), as Ej_q,x/n is
non-dicritical. Thus, as Top(Ex) = Top(Ek_1,k/n), We obtain

deg(®(C)) — h < Top(Ey) _ Top(E)

15 Bot(EL) <m <
(15) (B <m < T 7 Pk

as desired.



348 J. CANO TORRES, P. FORTUNY AYUSO, J. RIBON

Dicritical case. Denote by (¢4, j) the point of ordinate j in Ly, (Pr—1). If ®(C) =0,
which is the dicritical condition, write 0 = ®(C) = ax(C) + 63/, CBr(C). Denote
b = Bot(E})). We have Afbb + §k/anbb = 0 by equation (13). Since b = Bot(E}), at
least one of them is non-vanishing and hence Afbb # 0 and be , 7 0. By definition,
ijj(ak) =0for j=1,...,b—1, so that by (11) in Lemma 8 or equation (14) we
have ,gjfl)(ak) =0 for j = 1,...,b — 1. Moreover, we have ,Bl(cbfl)(ak) # 0 since
BF, # 0. Thus, a) is a root of multiplicity precisely b — 1 of Bx(C). Let h > 1
be the multiplicity of 0 as a root of CS;(C). Considering that r; is a novel factor
of the denominator of k/n, the same argument as in the previous case shows that
both ay(C)/C" and CB,(C)/C" are, indeed, polynomials in C™. On the other hand,
dicriticalness also gives that 85 (C') has degree equal to Top(Ejx) — 1. Thus, we get

< deg(CBL(C)) — h _ Top(E) —h

BOt(Ek) —1=b-1
T ]

)

from which it follows that

TOp(Ek) T rr— h < TOp(Ek) 4 Pk — 1
T ] Pk Pk

as desired. The last inequality is an equality if h = 1, i.e. if 85,(0) # 0. O

BOt(Ek) <

)

Corollary 12. If Ej_y 1/, is non-dicritical and the equality Bot(E}.) = Top(E%)/pr
holds, then ®y_1 1./, (C) is of the form @51 ./ (C) =u(CPx —al* )BEL) for some u €
C*.

Proof: First assume py = 1. Since the degree of ®}_; j/,(C) is at most Top(E}) and
ay is a root of ®;_4 1/, (C) of multiplicity at least Bot(Ey) (Corollary 9), it follows
that ®5_1 5/, (C) = u(C — ay,)B°Fx) for some u € C*.

Now assume p; > 1 and consider the notation in the proof of Proposition 11.
The equality Bot(Ey) = Top(Ey)/px implies by (15) that h = 0 and deg(®(C)) =
Top(Ey). As a consequence, ®(C) is a polynomial in C?* with a non-vanishing root ag
of multiplicity deg(®(C))/px. Thus ®(C) = u(CP* —a}*)B*Ex) for some u € C*. O

3.1. Proof of Theorem A. Denote p = ord(s(z)) and let kg = nu. Since the
coefficients a; of s(x) are zero for i = 1,..., ko — 1, we have that P = Pj,_; and
H(P) > H(P,s(x)) = Top(Ep,,) = TOP(EkD—l,kO/n) = Top(Ey,).

We split the proof into two cases.

Assume d = 0, that is, there are no dicritical characteristic exponents. We obtain
Top(Ek,) > H?Zl r; > 1 by applying Proposition 11 iteratively from j > ko, and the
fact that Top(Ej, (j4+1)/n) < Bot(Ej ;/,) for any j, as in Lemma 4.

Now suppose d > 1. We get Top(Ek,) > 71 -+ -7i,—1 Top(Ee, ) by successive appli-
cations of the non-dicritical case of Proposition 11. Using again Proposition 11, now
in the dicritical case, we get

(16) T 1iy—1 Top(Ee, ) > 7113 Bot(Ee, ) — (r1-- iy =71+ 74,-1),
which gives, taking into account that Bot(E,, ) > Top(Ee, +1),
Top(Ek,) > 1113y, Top(Ee, 1) — (1113 — 7174 -1).
We obtain the desired bound
d 1k ip—1
Top(Fk,) > Hrj — Z(Hrj — H rj>
j=1 k=1 \ j=1 j=1
by iterating this argument. O
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3.2. Bound without assumptions on dicritical exponents. We shall see next
that dicritical elements cannot be immediately consecutive, which will provide us with
a bound in which the dicritical elements play no role.

Lemma 13. Let Q = (k,b) be the bottom point of the element Ey. Assume E_q gy
1s dicritical. Then the point Q@ does not belong to any later dicritical element. As
a consequence, if k is a characteristic exponent, then either the next characteristic
exponent e; is non-dicritical or the element E., satisfies

Top(E.,) < b—1.

Proof: Let Ak, B¥, be the coefficients of P, = A*(z,y)+ B*(x,y)y1 corresponding to
the point Q. As Ek—l,k/n is dicritical, ®j_1 1/»(C) = 0, and by equation (13) applied
toj="band C = ay,

ARy + 04 n Bl = 0,

so that 6/, = —A,’ib/B’,jb. We claim that @ does not belong to a dicritical ele-
ment Ey,_1 pm/n With m > k. By Lemma 2 and b > Top(Ey,(k+1)/n), AF, =A™ and
BF, = B for m > k. If E,,_q ,,/, were dicritical, we should have

which is a contradiction. Here we use the condition |g| # 1 in the case of g-difference
equations, so that ¢™/™ # ¢*/™. The result now follows straightforwardly. O

The first consequence of this lemma is:

Corollary 14. Ifey, epy1 are two consecutive dicritical characteristic exponents, then

Top(F,
TOp(Eee+1) < BOt(Eee) -1< pﬁe ez).
As a consequence, if €p,€p41,...,€0qp 15 a Sequence of consecutive dicritical charac-

teristic exponents with p > 1, then

Top(Ee,)

17 Top(E .
(17) o( e

€1€+p)
We can now proceed to prove Corollary A.

Proof of Corollary A: In Theorem A, we can improve the inequality as follows: we
say that ey is a terminally dicritical characteristic exponent if e, is dicritical and ei-
ther £ = g or ep41 is non-dicritical. By equation (17) in Corollary 14, the argument
giving equation (16) in the proof of Theorem A can be restricted to terminally dicrit-

ical exponents. Hence, if ¢1,...,£s is the sequence of indices of terminally dicritical
exponents,
g S ly Zkfl
Top(Ex,) > [ ri — ( m—Hm)
j=1 k=1 \ j=1 j=1
(18)

JUESIORIEN DRI

where all the terms in parentheses are non-negative.
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If /5 < g, i.e. the last characteristic exponent is non-dicritical, then
£s g g—1 g—1 g—1 g—2
()= [T~ Tl = - 112 T 1o - T
=1 j=1 j=1 =1 =1 j=1 =1
because r, > 2. Otherwise, if {; = g and s = 1, then (18) becomes

g

g g—1 g—1 g—1 g—2
woten = o= (1~ 110 = 1> 1T
j=1 j=1 Jj=1 Jj=1 J=1

When ¢, = g and s > 1 then we reason as follows: all the terms in the inner summation
in (18) are non-negative, and the largest one is the one with k¥ = s because r; > 2.
Thus, by keeping just this term, we obtain

g s l—1 lr—1 l1—1
(I -T0 )+ (T o110 < 1
Jj=1 =1 j=1
g g g—1 £1—1 g—2
2<Hrj—HTj>+HTJ HTJ+HTJ>HTJ Hrj
j=1 j=1 j=1 j=1

because ¢4_1 < g — 2. O

Corollary A is the best we can say in general for any kind of covered equation.
However, for generic or contracting g-difference equations and for general differential
equations, we can be more precise. The genericity condition for ¢-difference equations
we shall state becomes clear after Lemmas 15 and 17 below.

3.3. Reasonable equations: relations between consecutive dicritical ele-
ments. As we explained above, the dicritical property not only affects the initial
polynomial ®;,_, 1/, (C) but also creates relations between the coefficients Afj and ij
falling on a point (¢, ) in the dicritical element Ej. These relations, which in some
sense bring to mind the concept of residues or indices for a singular holomorphic
foliation along a non-singular separatrix, will be key to discern what kind of covered
equations admit an even sharper bound of H(P) in terms of the factors ri,...,74.
Hence the name given to the following concept.

Definition 15. Consider the element Ej with topmost vertex (¢,t) and lowest ver-
tex (k,b). Using (8), we define the k-th top and bottom residues as

A}(0) _ Affl Aﬁb(ak)
Bi(0) Byt B, (ar)
respectively. By convention, /0 = oo (as 0/0 does not happen by definition).

Res, =

Res, =

The following result gives a necessary condition for the inequality in case (i) of
Proposition 11 being an equality, which is the worst case for our bounds.

Lemma 15. Let Res, and Res;, be the k-th top and bottom residues, respectively.
Assume that the initial polynomial ®(C) = ®p_q 3/ (C) is of the form ®(C) =
u(CPr — af*)Bot(ER) ywhere ®(C) has degree Top(Ey), px is as in Definition 14, and
w is a non-zero constant (as a consequence, Ey_1k/n 18 non-dicritical). Then
Res;, = prResy + (pr — 1)0k/n

if Resy # 0o, or Res,, = oo otherwise.
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Proof: Let (¢,t) be the top point of Ej and (, b) its bottom one. Before proceeding,
notice that u = A% (0)+ 6y, B (0). First assume p; = 1. Our hypothesis implies t = b
and hence Res;, = Res;, as desired. From now on we assume pr > 1 and hence ay # 0.

Analogously to the proof of the non-dicritical case of Proposition 11, we obtain
that all the points in Ej,_q 1/, are of the form (v + sprk/n,t — spy) for some s € Zx.
Moreover, since ®(0) # 0, it follows that ¢ is of the form t = mpj, for some m € Zxg.
Thus, if (¢, j) is a point in Ej,_q j/pn, then j = t—spy, = (m—s)py, for some s > 0. Thus,
Bk 1 # 0, where ¢; = t+(mpi—7)k/n, implies that j is a multiple of pi. Therefore, the
polynomial Cpi(C) is in fact a polynomial in C** of degree at most ¢. By Corollary 9,
as ay is a root of multiplicity at least b — 1 of B(C), then either 8;(C) = 0 or
CB(C) = vCPr(CPE — al*)P=1 for v = BE(0). In the first case Res), = oo and

certainly Res;, = oo as Well From now on we assume 3 (C) = vCP:=1(CPr — af*)b~1
with v # 0. By (11) in Lemma 8, we obtain
1 _
k _ (b-1)
By (ak) = = mﬁk (ak),
which gives, for £ a primitive pg-th root of unity,
Bf(0) pmt e e 00 T g ey

Bnb(ak) (bi 1)!azk b-1)! ]1;[1 (ap — §Jak)b 1_ Bbkt(o)a’(cﬁk ) Jl;[l (1- gj)b 1

On the other hand, for the same &, we have
pr—1 pr—1

E(I)(b ag) =u H (ar — & ay) —ua(p" Db H

Applying equations (10) and (11) of Lemma 8, and the two equalities above, we get

Aﬁb(ak) <I>(b)(ak) (Pk 1)bHPk 1( )b

- - 61@ n
B’;b(ak) b!B,’:b(ak) / Bth( ) (l)k 1)bHPk 1( )bfl

— Ok/n-

And, as u = A% (0) + 04/, BE(0), we obtain

Ak, (ar)  AR(0) + 8y BE(O) S
Res; = —4b = = L 1—8) — b /m.
47 Bl () A0 e

But since Hfi;l(l — &) = (CPr —1)'(1), we have ij-’“:Il(l —&7) = py, so that
Res, = prResy, + (pr — 1)0k/n
as desired. O

Corollary 16. Assume that either Ej_q 1y is dicritical or Bot(Ey) = Top(Ek)/pr.
Then

(19) Res, = prResi + (pk — 1)k /-
Furthermore:

(i) If P is a differential equation and Resy is a real number with Resy > —k/n,
then Res;, > —k/n.

(ii) If P is a g-difference equation with g € RT\{1}, then Resy > —¢*/™ (resp. Resy, <
—q*/™) if and only if Res, > —q*/™ (resp. Resy, < —¢*/™).
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Proof: If Ejy_; j/y is dicritical, then all the coefficients of ®5_1 1,,(C) = ax(C) +
01 /nCPr(C) are 0 and equation (13) gives:

Afjj = —5k/anjj
for each (15,7) € Ex, and j = 0,..., Top(Ek_1 x/n), so that (19) is trivial in this case,
with Resk = Res; = —dr/,. When Ej_; /y, is not dicritical, the result follows from
the fact that Bot(Ey) = Top(Fy) if pr = 1, and from Lemma 15 if p; > 1. The other
results follow trivially from that equality. O

Our next goal is to improve the lower bound provided by Corollary A. Indeed,
we can obtain a better lower bound in the case of differential equations and, for g-
difference equations, when ¢ is not a root of a certain subset of algebraic equations,
the so-called unreasonable equations, which we shall describe below.

Definition 16. A polynomial Q(2) = 2™ + up,_12™ "1 + -+ +ug € R[2] is improper
if ug,...,um—1 ERT and 1 < upp—1 < Upm—o < -+ < up.

Lemma 17. Any complex root zo of an improper polynomial Q(z) satisfies |zg| > 1

and |zo| < max(ﬁ—?, o —Z;Lj ,Am=t)

Proof: It is obvious that no positive real number can be a root of Q(z). Denote

Uy, = 1. We have

—1 m

(z—=1)Q(2) = (2™ — 2™) + uj (27— 20) =2 4 Z(uj_l — ;)27 — .
J

3

I
=

i=1
Given zp € C with |zp| < 1, we obtain

m
zg 4+ Z(uj—l —u;)2h| < 14 (Um—1 = um) + -+ (uo — u1) = uo,
j=1

S0 zp is not a root of Q(z).

Let us prove the other inequality. Denote r = maxo<j<m—1(u;j/u;t1). It suffices to
prove that Q(z) := 2™Q(r/z)/uo has no roots of modulus less than 1. Since Q(2) is
improper, the result is a consequence of the first part of the proof. O

Corollary 16 on top and bottom residues has an important consequence on chains
of non-dicritical elements that follow a dicritical one. We want to apply Proposition 11
repeatedly without a priori information on the dicritical exponents in order to obtain a
sharp bound for H (P, s(x)), and hence H(P) (Theorem B). To this end, it is important
to study situations in which the iterative use of Proposition 11 and Lemma 4 gives
us poor lower bounds. This is the goal of the following result in which we analyze a
“worst case scenario” for a pair of dicritical elements Ey_ ./, and Ej 41)/, that are
separated by a chain of non-dicritical elements Fy (xy1)/ns Ert1,(k4+2)/n> -+ > Ei—1,1/n-
We shall also see that it can only happen in very special cases of ¢-difference equations.
This motivates Definition 17, of reasonable equations.

Proposition 18. Assume that Ey_y 1y is a dicritical element and that for j =k +
1,...,1, any element E; satisfies Bot(E;) = Top(E;)/p; and Top(E;) = Bot(E;_1).
Assume also that if p; > 1, then E;_y j/y is non-dicritical for j =k +1,...,1. If the
bottom of E; belongs to a dicritical element, then the equation P is q-differential and,
denoting s = ¢*/™, we have

(20) s prs TR o TR pryr =0

1/n

for some 1 > 1, which implies that q s the root of an improper polynomial.
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Proof: By hypothesis, the bottom of E; belongs to a first dicritical element, Ef, (4+1)/n
with [ > I, so that Bot(E;) = Top(Ej (141y/,) = Top(Ej). This implies that we have
Bot(E;) = Top(E;) for any [ < j <[ and Top(E;) = Bot(FE;_1) for any | < j <1+1.
Moreover, Bot(E;) = Top(E;) implies p; = 1 for any | < j < I by the first case
of Proposition 11. This property, together with the hypotheses, provide Bot(E;) =
Top(E;)/p; for any k < j <.

If P is a differential equation, then the top and bottom residues of Ej satisfy
Resy = Res;, = —k/n because of the dicritical condition and equation (13). Now,
Resy > —k/n implies Resy+1 = Res;, > —k/n > —(k + 1)/n, where the first equality
is a consequence of Top(Eg+1) = Bot(Ex). An iterative application of Corollary 16
provides the inequality Res; > —j/n for j = k,...,l. This prevents the bottom of
each E;, k < j <, from being dicritical at some later step, as Res; should be —m/n
for some m > j otherwise. Thus, P cannot be a differential equation.

We can then assume that P is a ¢-difference equation. Denoting s = ¢/™, let us
show, by induction, that

(21) Res; = s"(s = 1)(s7 4 pjs" 7 4 pjapis T F Pt g py) — 7
for any k < j <, from which the result follows because Res; = —sl*l py Top(E;,) =
Bot(E;) and the dicriticalness of Ej g ,),,- Equation (21) reads

Res;, = s¥(s — 1) — "1 = —sF
in the base case j = k. In this case, as Ej_q 1y is dicritical, we get

Resy, = Res), = —0y, = —s"

by (13), so that equation (21) holds indeed for j = k. Suppose equation (21) holds
for some j < I. We have Res;;; = Res; because Top(E;1) = Bot(E;). Since
Bot(Ej4+1) = Top(Ej41)/pj+1, Corollary 16 gives the equality

Res; ;1 = pjriResjti + (pj41 —1)s"
Thus,

Res; ; = pjy1Res; + (pjp1 — 1)’

so that the induction hypothesis on j gives, then, by direct substitution
Res; g = pja(s"(s = 1)(s" 4 s/ F oo pgr - p) =) 4 (pja — D87 H
Inserting the common factor p;y; into the parenthesis starting with s we get

Res; = s*(s = V)(pjrs’ ™" + pipjas’ T+ g pia)
- Pj+13j+1 + Pj+13j+1 — it
= 5" (s = D(pjr1s’ "+ pjojrs’ T b e pin) — 8L
Finally, introducing the zero expression s7+1=% — s7+1=F into the second parenthesis
and operating the second term, we get
Resjq = 5"(s = D)(" 7 4 pjas’™ + pjpjua s ™ 4 g i)
gty il it
which is equation (21) for j + 1. O

Definition 17. We say that P is a reasonable equation if it is a differential equation
or if it is a g-difference equation such that ¢'/™ is not a solution of any equation of
the form (20).
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Remark 19. The following cases provide reasonable g-difference equations; notice that
g € Rt does not imply ¢*/™ € RT, as one might have chosen log(g) to be non-real:

(i) If ¢ is a positive real number, different from 1, and ¢'/™ € R,
(i) or [q] <1,
(iii) or |g|» > max(ry,... i Tg)s
(iv) or g is a trascendental number over Q.

This is a direct consequence of Proposition 18 and Lemma 17 since a non-reasonable
equation only happens if ¢'/" is a root of an improper polynomial. So in order for a
g-difference equation to be reasonable, ¢ just needs to avoid a countable subset of the
annulus {1 < |g|"/™ < max(ry,...,7,)}

The next result is what makes reasonable equations interesting: whenever there are
two dicritical elements, any “fastidious” term (pr —1)/pi between them coming from
item (ii) of Proposition 11 disappears.

Lemma 20. Let P be a 1-covered reasonable equation. Assume the following condi-
tions hold:

(i) The elements Ey_1 j/n and E;_y,,, are dicritical, and

(i) any characteristic exponent e; with k < e; <l is non-dicritical.
Then

Top(Ex)

Top(E;) <
Pk Pl-1
Proof: If Top(E;) < Bot(E;_;) for some j € {k+1,...,1}, then, applying Proposi-
tion 11 iteratively, we obtain:

Top(Ey) 4 pr=l

Bot(E
Top(E;) < Bot(E,_1) —1 < _ Bot(Ex) 1< —P Pk
Pk+1"" " Pj—1 Pk+1""Pj—1
which gives
Top(E -1 Top(E
Top(E;) < op(£) SR -1< _Top(EL) )
Pk Pt PR Pt PP

and as all characteristic exponents strictly between j and [ are non-dicritical, Propo-
sition 11 gives once more the result.

If Top(E;) = Bot(E;_1) for all j € {k+1,...,1}, there are two possibilities:
Top(E;)—1

o If Bot(E;) < % for some j with k < j < I, we get Bot(E;) < >

and the same argument as above gives
< Top(E;) — 1 < Top(Ew) , pe=1 _ 1 _ Top(F)
Pj Pk-Pj Pk -Pj Py Pk Pj

Top(Ej+1) < Bot(Ej)

and as the characteristic exponents between j + 1 and [ are non-dicritical, the
result follows.

o If Bot(E;) = Top(E;)/p; for all j € {k+1,...,1 — 1}, then Proposition 18
implies that Top(E;) cannot be equal to Bot(E;_1), so that this case cannot
happen, and we are done. O
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3.4. Proof of Theorem B. In order to prove Theorem B, we need to be able to
control the elements of P corresponding to exponents k/n for k/n < ord(s(x)): despite
their coefficients being 0, the elements FEj_;/, could, in principle, be dicritical,
preventing the desired bound from holding. This is tackled in the next technical
result, from which Theorem B follows trivially, setting m = ord(s(x))n.

Proposition 21. Let s(z) be a Puiseux solution of genus g of the reasonable equa-
tion P =0 and fit 1 <m < ord(s(z))n. Then

(22) Top(EP,m/n) >Tryce Tg—1-

The inequality is strict unless, possibly, all the following conditions hold: ey/n is the
unique dicritical exponent of s(x) in Zsm/n, Bot(E.,) = Top(E,,) = 1, and for any
m < j < eg, one has Bot(E;) = Top(E;)/p; and Bot(E;) = Top(E,;+1).

Proof: Since all coefficients of s(z) of index less than m vanish, we have that P =
P11 and Top(Ey,) = Top(Enm—1,m/m) = Top(Epm/m). Recall that, for any ele-
ment Ej, we have Bot(Ey) > 1 by Remark 5. If there are no dicritical characteristic
exponents, then the result follows from Proposition 11, as

Top(E,,
1 < BOt(Eeq) < w.
“ rl...rg

Otherwise, let e; be the dicritical characteristic exponent with greatest index. By
Proposition 11, we know that

Top(E, -1
Bot(E.,) < op(Ee,) | Tt
Ty Te

and an iterative use of the same proposition, Lemma 20, and Corollary 14, if needed,
gives
Top(E
Top( Eeé) < M_
7"1 ... 7"2_1

Combining both inequalities, we obtain
Top(E.,) e 1'
LT Ty

Bot(E,,) <
Finally, using Proposition 11 for Bot(E,,), taking into account that there are no more
dicritical exponents,
Bot(Ee,) > Bot(Ee, o119 > Top1 Ty
Thus, we obtain

7"[—1

Top(Em) > BOt(Eeg)rl Ty Ty Ty

Te
and (22) follows from Bot(E,,) > 1 and r, > 2.

Assume that the strict inequality does not hold, that is, Top(E,,) = 71 - 1rg_1.
This implies that £ = g and Bot(E,,) = 1. There cannot be more dicritical exponents
other than e, /n in {m, ..., e4}/n, since Lemma 20 provides strict inequalities. More-
over, we get Top(E,,) = ry Bot(Ee,)—(ry—1) = ry—(ry—1) = 1. Finally, an iterative
use of Proposition 11 gives Top(E;)/p; = Bot(E;) and hence Bot(E;) = Top(E;+1)
for any m < j < eq. O

Taking into account that r; > 2 for i =1,..., g, we get:
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Corollary 22. With the same notation as in Theorem A,
9 <14 logy(H(P, s(x))) <1+ logy(H(P)),
and if ord(s(x)) > 1, then g < 1+ logy(vo(P) +1).

4. Multiplicity and height

In the case of singular holomorphic foliations (see [18] for instance), given a Pfaf-
fian 1-form w = A(z,y)dx + B(z,y)dy with A(z,y), B(z,y) € C{z,y} satisfying
A(0,0) = B(0,0) = 0 and ged(A(z,y), B(x,y)) = 1 that defines a germ of holomor-
phic foliation F at 0 € C2, the multiplicity of F at 0 is

o (}—) = min{ord(x,y) (A(:ZZ, y))a Ord(x,y) (B(I‘, y))}a

whose value does not depend on the coordinates (z,y) and is at least 1. In [8],
we proved, using geometric arguments, that, if I is an invariant irreducible curve,
which in generic coordinates has characteristic exponents ey, ..., e, and Puiseux fac-
tors r1,...,74, then the inequality

vo(F) > 11 1g1

holds. The natural question is whether we can obtain this result using just the Newton
polygon. The answer is yes. Set P = A(z,y) + B(z,y)y1 and let s(x) be the Puiseux
series expansion corresponding to I'. Since I' is an integral curve of w, then s(z) is a
solution of the differential equation P = 0. After a linear change of coordinates, we
can assume that I" is not tangent to = 0; in particular we obtain ord, (s(z)) > 1.
Furthermore, after a generic linear change of coordinates we can also assume the
following facts, depending on whether or not Ep; is dicritical, which corresponds
to F having an invariant branch tangent to any generic line in (C2,0):

(i) Either ®p;(C) = 0, or in other words, every line through the origin is an
invariant curve of A,(z,y)dz + B,(x,y)dy = 0, where A, and B, are the
homogeneous components of degree v = vo(F) of A and B respectively, this
being the dicritical case.

(ii) Or z = 0 is not an invariant curve of A, (z,y)dx + B,(z,y) dy = 0, or equiva-
lently deg(®p1(C)) = v + 1, the non-dicritical case.

Those assumptions do not change vo(F). We have the inequality
vo(P) = vo(F) = Top(Eps) — 1
by definition, and by Proposition 21,
vo(F) > Top(Ep1) =121 rg_1 — 1.

We now prove that the trailing —1 can be removed from the inequality, just using
arguments from the Newton construction.

Proof of Corollary B: The foliation F is singular, so that vo(F) > 1 and the result
holds for g < 1. We assume henceforward that g > 1.

Assume, aiming at contradiction, that Top(Ep1)=r1 - - - 74—1. By Proposition 21 we
infer that e, /n is the unique dicritical exponent in Z>; /n and the element Ee, 1.e,/n
is dicritical. Since the exponent 1 is not a characteristic exponent the element Fp; =
E,, of co-slope 1 is non-dicritical and, by assumption (ii), there is a point with ab-
scissa —1 in E,,, which is indeed (—1, v9(F)+1). Asits abscissa is —1, it is the topmost
vertex of E,, and we have Res,, = 0. Moreover, we have Bot(FE;) = Top(E;1) and
hence Res; = %Hl for any n < j < e4 by Proposition 21. Furthermore, we get
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Bot(E.,) = Top(E,,) = 1, Bot(E;) = Top(E;)/p;, and Bot(E;) = Top(Ej41) for
any n < j < eq. Applying again Proposition 21 and Corollary 16, we obtain

@j-{-l = @j = pj%j + (pj — 1)6-7/"

for any n < j < e4. Since Res,, = 0, we obtain Res; > 0 for any n < j < e4 by
induction. As Res., > 0, the top vertex of E,, cannot belong to a dicritical element,
contradicting that F. 1./ is dicritical. O

(1]
2]

(3]

(4]

(5]

[6]

(7]

(8]
(9]
(10]
(11]

(12]

(13]
14]
[15]

[16]

(17]
(18]

(19]

(20]

(21]

References

S. S. ABHYANKAR, Inversion and invariance of characteristic pairs, Amer. J. Math. 89(2) (1967),
363-372. DOI: 10.2307/2373126.

PH. BARBE, J. CANO, P. FORTUNY AYUSO, AND W. P. McCORMICK, g-algebraic equations,
their power series solutions, and the asymptotic behavior of their coefficients, Preprint (2020).
arXiv:2006.09527.

C. CAMACHO AND P. SAD, Pontos singulares de equagdes diferenciais analiticas, 160 Coldq.
Brasil. Mat., Instituto de Matemédtica Pura e Aplicada (IMPA), Rio de Janeiro, 1987.

A. CaMPILLO AND M. M. CARNICER, Proximity inequalities and bounds for the degree of
invariant curves by foliations of P2, Trans. Amer. Math. Soc. 349(6) (1997), 2211-2228.
DOI: 10.1090/50002-9947-97-01898-9.

J. CANO, An extension of the Newton—Puiseux polygon construction to give solutions of Pfaffian
forms, Ann. Inst. Fourier (Grenoble) 43(1) (1993), 125-142. DOI: 10.5802/aif .1324.

J. CANO, On the series defined by differential equations, with an extension of the Puiseux
polygon construction to these equations, Analysis 13(1-2) (1993), 103-119. DOI: 10.1524/anly.
1993.13.12.103.

J. CaNO AND P. FORTUNY AYUSO, Power series solutions of non-linear g-difference equations
and the Newton—Puiseux polygon, Qual. Theory Dyn. Syst. 21(4) (2022), Paper no. 123, 31 pp.
DOI: 10.1007/s12346-022-00656-0.

J. M. CaNo, P. FORTUNY AYUso, AND J. RiBON, The local Poincaré problem for irreducible
branches, Rev. Mat. Iberoam. 37(6) (2021), 2229-2244. DOI: 10.4171/rmi/1260.

M. M. CARNICER, The Poincaré problem in the nondicritical case, Ann. of Math. (2) 140(2)
(1994), 289-294. DOI: 10.2307/2118601.

V. CAVALIER AND D. LEHMANN, On the Poincaré inequality for one-dimensional foliations, Com-
pos. Math. 142(2) (2006), 529-540. DOT: 10.1112/80010437X05001764.

D. CERVEAU AND A. LiNs NETO, Holomorphic foliations in CP(2) having an invariant algebraic
curve, Ann. Inst. Fourier (Grenoble) 41(4) (1991), 883-903. DOI: 10.5802/aif.1278.

S. C. CouTINHO AND L. MENASCHE SCHECHTER, Algebraic solutions of holomorphic foliations:
an algorithmic approach, J. Symbolic Comput. 41(5) (2006), 603-618. DOI: 10.1016/j.jsc.
2005.11.002.

G. CRAMER, Introduction a l’analyse des lignes courbes algébriques, Freres Cramer et Cl. Philib-
ert, Geneve, 1750.

M. ErL Kanoul, On plane polynomial vector fields and the Poincaré problem, FElectron. J.
Differential Equations 2002(37) (2002), 1-23.

R. FENG AND X.-S. GAO, Rational general solutions of algebraic ordinary differential equations,
in: ISSAC 2004, ACM Press, New York, 2004, pp. 155-162. DOI: 10.1145/1005285.1005309.
C. GALINDO AND F. MONSERRAT, The Poincaré problem, algebraic integrability and dicritical
divisors, J. Differential Equations 256(11) (2014), 3614-3633. DOI: 10.1016/j.jde.2014.02.
015.

Y. GENZMER AND R. MoL, Local polar invariants and the Poincaré problem in the dicritical
case, J. Math. Soc. Japan 70(4) (2018), 1419-1451. DOI: 10.2969/jmsj/76227622.

Y. ILYASHENKO AND S. YAKOVENKO, Lectures on Analytic Differential Equations, Grad. Stud.
Math. 86, American Mathematical Society, Providence, RI, 2008. DOI: 10.1090/gsm/086.

J. LEI AND L. YANG, Algebraic multiplicity and the Poincaré problem, in: Differential Equa-
tions with Symbolic Computation, Trends Math., Birkhduser Verlag, Basel, 2005, pp. 143—-157.
DOI: 10.1007/3-7643-7429-2_9.

1. NEWTON, Isaaci Newtoni Opera quae exstant omnia / commentariis illustrabat Samuel Hors-
ley, Vol. IV, Joannes Nichols, Londres, 1782.

J. V. PEREIRA, On the Poincaré problem for foliations of general type, Math. Ann. 323(2)
(2002), 217-226. DOI: 10.1007/s002080100277.


http://dx.doi.org/10.2307/2373126
https://arxiv.org/abs/2006.09527
http://dx.doi.org/10.1090/S0002-9947-97-01898-9
http://dx.doi.org/10.5802/aif.1324
http://dx.doi.org/10.1524/anly.1993.13.12.103
http://dx.doi.org/10.1524/anly.1993.13.12.103
http://dx.doi.org/10.1007/s12346-022-00656-0
http://dx.doi.org/10.4171/rmi/1260
http://dx.doi.org/10.2307/2118601
http://dx.doi.org/10.1112/S0010437X05001764
http://dx.doi.org/10.5802/aif.1278
http://dx.doi.org/10.1016/j.jsc.2005.11.002
http://dx.doi.org/10.1016/j.jsc.2005.11.002
http://dx.doi.org/10.1145/1005285.1005309
http://dx.doi.org/10.1016/j.jde.2014.02.015
http://dx.doi.org/10.1016/j.jde.2014.02.015
http://dx.doi.org/10.2969/jmsj/76227622
http://dx.doi.org/10.1090/gsm/086
http://dx.doi.org/10.1007/3-7643-7429-2_9
http://dx.doi.org/10.1007/s002080100277

358 J. CANO TORRES, P. FORTUNY AYUSO, J. RIBON

[22] H. POINCARE, Sur 'intégration algébrique des équations différentielles du premier ordre et du
premier degré, I, Palermo Rend. 5 (1891), 161-191; II, Palermo Rend. 11 (1897), 193-239.

[23] M. G. SOARES, Projective varieties invariant by one-dimensional foliations, Ann. of Math. (2)
152(2) (2000), 369-382. DOI: 10.2307/2661388.

[24] M. G. SOARES, On the geometry of Poincaré’s problem for one-dimensional projective foliations,
An. Acad. Brasil. Ciénc. T3(4) (2001), 475-482. DOI: 10.1590/S0001-37652001000400001.

[25] S. WALCHER, On the Poincaré problem, J. Differential Equations 166(1) (2000), 51-78. DOI:
10.1006/jdeq.2000.3801.

[26] C. T. C. WALL, Singular Points of Plane Curves, London Math. Soc. Stud. Texts 63, Cambridge
University Press, Cambridge, 2004. DOI: 10.1017/CB09780511617560.

[27] O. ZARiskI, Studies in equisingularity III. Saturation of local rings and equisingularity, Amer.
J. Math. 90(3) (1968), 961-1023. DOI: 10.2307/2373492.

J. Cano Torres
Universidad de Valladolid, Spain
E-mail address: jcano@agt.uva.es

P. Fortuny Ayuso
Universidad de Oviedo, Spain
E-mail address: fortunypedro@uniovi.es

J. Rib6n
Universidade Federal Fluminense, Brazil
E-mail address: jribon@id.uff.br

Received on June 17, 2022.
Accepted on May 24, 2023.


http://dx.doi.org/10.2307/2661388
http://dx.doi.org/10.1590/S0001-37652001000400001
https://doi.org/10.1006/jdeq.2000.3801
http://dx.doi.org/10.1017/CBO9780511617560
http://dx.doi.org/10.2307/2373492

	1. Introduction
	2. Notation and preliminary results
	2.1. The Newton polygon
	2.2. Newton polygon and solutions
	2.3. An example
	2.4. Characteristic exponents
	2.5. Decomposing the initial polynomial
	2.6. An excursus on dicritical elements

	3. Main result
	3.1. Proof of Theorem A
	3.2. Bound without assumptions on dicritical exponents
	3.3. Reasonable equations: relations between consecutive dicritical elements
	3.4. Proof of Theorem B

	4. Multiplicity and height
	References

