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CYCLIC COVERINGS OF RATIONAL NORMAL SURFACES
WHICH ARE QUOTIENTS OF A PRODUCT OF CURVES
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Abstract: This paper deals with cyclic covers of a large family of rational normal surfaces that can
also be described as quotients of a product, where the factors are cyclic covers of algebraic curves.
We use a generalization of the Esnault—Viehweg method to show that the action of the monodromy
on the first Betti group of the covering (and its Hodge structure) splits as a direct sum of the same
data for some specific cyclic covers over P!,

This has applications to the study of Lé—Yomdin surface singularities, in particular to the action
of the monodromy on the mixed Hodge structure, as well as to isotrivial fibered surfaces.
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Introduction

The general framework of this paper is the study of the cohomology of cyclic covers
of normal projective surfaces ramified along a curve, i.e., a Weil divisor.

In the smooth case, for instance the projective plane, cyclic coverings of P? ramified
along a curve have been intensively studied since Zariski [33, 34]. The first approaches
used the degree of the Alexander polynomial of the complement of the ramification
locus to calculate the irregularity of the covering ramified along the curve with order
the degree of the curve. In the 1980’s a series of papers ([18, 17, 21, 29, 22, 3|)
allowed for a computation of the irregularity of the covering that was independent of
its fundamental group.

The problem of computing the irregularity and structure of cyclic (or more gener-
ally, abelian) covers is relevant in its own right, e.g. in [1, 28] for the non-cyclic case,
with a focus on their global structure (including their singularities, whether the base
is smooth or singular). Note that the first Betti numbers (i.e., twice the irregularity)
of arbitrary finite abelian coverings can be retrieved from those of finite cyclic covers.

Our main motivation for this work, however, stems from the study of surface sin-
gularities. An important invariant of a singular surface in C? is the mixed Hodge
structure of the cohomology of its Milnor fiber [14, 15, 16]. In the isolated case this
structure can be described by using the Steenbrink spectral sequence [31] associated
with the semistable reduction of a resolution of the singularity [27]. A crucial in-
gredient to understand this spectral sequence is the fact that the restriction of the
semistable reduction to each of the exceptional divisors of the resolution is a cyclic
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branched covering ramified on a normal crossing divisor on a smooth surface. Es-
nault and Viehweg’s theory ([18]) can be used to compute the equivariant first Betti
numbers of these coverings (by the Hodge symmetries only these are needed).

In practice, however, either the embedded resolutions are too difficult to compute
or their structure is too complicated, and only a few explicit examples are known in
the literature.

The first named author computed in [2] the Hodge structure of superisolated sur-
face singularities [23], providing a counterexample to Yau’s conjecture [32].

In order to simplify this combinatorial problem, the third named author used in [25]
embedded Q-resolutions instead, which are less complicated. For these resolutions, one
needs to deal with cyclic branched coverings of surfaces with quotient singularities.
This motivated us to develop a generalization of Esnault and Viehweg’s theory to
this setting [6]. An explicit embedded Q-resolution is constructed for Lé-Yomdin
surface singularities in [24]. In [26], it is shown that only cyclic covers ramified along
@-normal crossing divisors are required both for weighted projective planes and for
the type of surfaces studied in this paper.

The construction of the surfaces studied in this work involves three cyclic branched
covers:

pt =y pl, G —— P, Fla % P

z— 2" ‘
The cover 7 will be interpreted as an orbifold map 7: G — O, where O is an orbifold
whose underlying manifold is P! and has r orbifold points (the images of the branching
points); in the same way m,, induces an orbifold structure Pgl’ 4 With two orbifold points
of order d at 0, co. We consider a surface S as a diagonal quotient of G x P! by the
action of Z/k; see (2.3) for details. The cover mp appears as the restriction to the
second factor in the vertical part of the pull-back of 7 and 75:

GXF(d) E— Sd
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The normal surface S has 2r cyclic quotient points. There are several isotrivial fibra-
tions hidden in the diagram above. The composition of 73 with the first projection can
be seen as a ruled surface S — O; the composition of 753 with the second projection
is an isotrivial fibration S — IP’é,d.

The surface Sq inherits an Fi4)-isotrivial fibration structure Sy — O and the main
goal of the paper is to compute its cohomology of degree 1, more precisely its eigen-
decomposition by the monodromy of w. The surface Sy is also the finite quotient
of G x F(qy by a non-free action of Z/x.

The case r = 2 was studied in [4] and some results will be used here. The orbifolds
in [4] are rational, while in this work they are arbitrary orbifolds supported in P*.

This family can also be constructed by a series of weighted blow-ups and blow-
downs of the Hirzebruch surface ¥,. This fact allows us to determine the class groups
of those surfaces S starting from particular presentations of Picard groups of Hirze-
bruch surfaces.

Our strategy to describe the cyclic coverings is to use a generalization of the Esnault
and Viehweg’s theory for cyclic coverings of smooth surfaces, developed in [18], to
normal surfaces with quotient singularities (see [6]).
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From an algebraic point of view, a d-cyclic covering X > X ofa projective normal
surface X with at most quotient singularities ramified along a Weil divisor D is
determined by the choice (and existence) of a divisor class H € C1(X) satisfying D ~
dH. Aslong as Cl(X) has no torsion, the mere existence of H is enough. Otherwise,
the choice of the particular H € Cl(X) is also necessary (see Example 3.10). In this
context, if D is a Q-normal crossing divisor, the decomposition of H' (X ,C) into
invariant subspaces with respect to the action of the monodromy of the cover can
be retrieved from the Hodge decomposition of H'(X,0¢) @ HO(X, Q%), where the
invariant subspaces of the first term are naturally isomorphic to H'(X,Ox(L®))
for certain divisors LY, [ = 0,...,d — 1, and HO(X,Q}) = Hl(X,OX). In case
X = P! x P! it is well known that this Hodge decomposition by the monodromy splits
into two factors Hjy & H,,, that correspond to the restriction of the covering 7 to a
vertical and a horizontal fiber of the birule of X; see Subsection 1.3.

The family of surfaces S presented here has a similar splitting that is described in
detail in this paper. In order to do that, the concept of the greatest common vertical
covering for a family of coverings will be introduced. For an explicit solution of the
original problem, a description of the cohomology H* (S, Og(D)) of a Weil divisor D is
given. Such cohomology is often concentrated in a single degree. Concrete formulas are
given in Section 3. The main result of this paper is proved in Section 4 (Theorem 4.12)
and it refers to the H'-eigenspace decomposition by the monodromy.

Theorem A. Let Sy be the cyclic covering of S associated with (d,D,H), D €
Div(S), H € CI(S), D ~ dH, where D has Q-normal crossings. Then

Hl(Sd, Osd) =~ Hy, @ H,,
where

o H, is the 1-cohomology of the structure sheaf of the restriction of an intermediate
cover of m to a rational horizontal fiber and

e Hy, is the 1-cohomology of the structure sheaf of the greatest common vertical
cover of an intermediate cover.

In particular, H'(Sq,Og,) splits as a direct sum of the cohomology of two cyclic
covers of P! and the splitting respects the eigenspaces of the monodromy and the
Hodge structure.

The notions of the rational horizontal fiber and the greatest common vertical cover
will be explained in the work; the degrees of intermediate covers will be made explicit
in the text.

As an outline of the paper, in Section 1, the general theory of Esnault and Viehweg
is reviewed for the sake of completeness. Section 2 is devoted to the description of
the family of surfaces S and their divisor class group. In Section 3 we give explicit
formulas for the cohomology of Weil divisors on S, proving when this cohomology is
concentrated in a single degree. In Section 4, the main results are stated and proved.
Some relevant examples are given in Section 5, including isotrivial fibered surfaces.
The paper ends with cyclic covers appearing in weighted Lé—Yomdin singularities; see
Section 6.
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For notation, let ¢, 1= exp =
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1.1. Cyclic covers of abelian quotient singular surfaces. In [18] the authors
set the theory of ramified cyclic covers of projective smooth varieties. In this paper
we are going to use a generalization of this theory for projective normal surfaces
having cyclic quotient singularities [6]. Let X be either a projective smooth variety
or a projective surface with cyclic quotient singularities. A cyclic cover : X o5 X
is algebraically determined by three data (d, D, H) where D is linearly equivalent
to dH. The number of sheets of 7 is d and the ramification locus is a divisor D. We
emphasize that H € CI(X) while D is a true Weil divisor in Div(X) and not just a
linear equivalence class in CI(X). Let

D = ET: niDl
=0

be the decomposition of D into irreducible divisors. Such a cyclic cover is defined
topologically by a morphism p: Hy(X"™8 \ D,Z) — Z/d. If p; is a meridian of D,
then o(p;) = n; mod d. Usually one thinks of D as an effective divisor with 0 < n; < d
but actually the numbers n; are only defined mod d and the divisor does not need to
be effective. If the meridians of D generate H (X' \ D, Z), no more data are needed,
but if not, different covers may have the same ramification divisor. To determine the
cover one needs another Weil divisor H such that D ~ dH; to be more precise, only the
class of H matters. The cover is the normalization of the zero locus of a multisection
of the fiber bundle Ox (H) associated with the isomorphism Ox(H)®? = Ox (D).
The datum d is fixed; the divisor H can be replaced by any other linearly equivalent
divisor. Moreover, given any divisor A we can replace D by D+ dA and H by H + A.
In particular, the data (d, D, H) can be replaced by (d, D,0), where D := D — dH.

Note finally that the number of connected components of X is the index of
p(H1(X™8 \ D,Z)) in Z/d. If X is smooth and simply connected, then this num-
ber coincides with ged(d, n1,...,n,). We will state later what happens in the cyclic
quotient case.

It is possible to track algebraically the action of the 1-cohomology of the mon-
odromy o : X — X of the covering. In fact, it is possible to get this action on H* (X,0x)
and then derive the action on H!(X,C) via the Hodge decomposition. The theorem
below has been proved in [18] in the smooth case and in [6, Theorem 2.3] in the cyclic
quotient case (we restrict our attention to H!).

Theorem 1.1. With the previous notations, if D is a divisor with simple Q-normal
crossings, then

d—1

H'(X,0%) =@ H"(X,0x(LY)), LY =—IH +ZV”’J

=0

where the monodromy of the cyclic covering acts on HY (X, Ox (L®)) by multiplication
by C4-

Remark 1.2. The above divisors have nicer expressions if we apply them to (d, D, 0).
If we assume that

(1.1) f):D—dH:ZmiDi,

then




CYCLIC COVERINGS OF RATIONAL NORMAL SURFACES 363

Note also that the condition on Q-normal crossings is applied only to the reduction
of D mod d. ~
Let B be any Weil divisor in X. Then, since B - D = 0, we have:

(1.2) LO.B= ZVWJD B - Zlml —i{l’zi}Di-B.

In particular, if B is effective and it does not have common components With D, then
LW . B < 0. Moreover, L) . B = 0 if and only if [ is a multiple of where

m = ged{m; | D; - B # 0}.

ged( d ,m)

If we perform a (weighted) blow-up of #: X — X, then we obtain a new cyclic
cover by pulling back our original cover 7. If 7 is defined by (d, D,0), then w is
defined by (d, #*D, 0). Note that as D~ 0, it is an integral Cartier divisor and then
in particular #*D is also an integral Cartier divisor. It is determined by D and the
multiplicity in #*D of the exceptional divisor of 7.

Example 1.3. Let us suppose that (X, P) = %(a, b) and we perform a (p, g)-weighted
blow-up 7: XX ; for simplicity, assume n, a, b are pairwise coprime and ged(p, ) =
1. Let e := ged(n, pb— qa). Assume that D is as in (1.1), and let v; be the (p, ¢)-mul-
tiplicity of D; (it vanishes if P ¢ D;). Let E be the exceptional component of # and
let us denote by D; the strict transform of D; in X (the context will indicate which
divisor we are referring to). Then,

-1
A*D - 1110y E 1
T c <E z/m> + E m;D
If D is a simple Q-normal crossing divisor mod d, then it is also the case for #*D.

Definition 1.4. Let (W, P) be a germ of type 1(a,b), where n, a, b are pairwise
coprlme This space admits two special expressions, namely + ~(1,b) or f(a 1), where
a’, b are well defined mod n. A weighted blow-up of W is bald to be special if it is of
weight (a’,1) or (1,V).

These special blow-ups have nice properties. The curvettes of the exceptional com-
ponents are the extremal smooth curve germs of W. For example, if a’, b’ are reduced
mod n, then they are the first step of the Jung—Hirzebruch resolutions.

Lemma 1.5. Let (W, P) be a germ of type L(a’,1) = 1(1,1/), ged(a’,n) =ged(V/, n) =
1. Let my, m, be the special weighted blow-ups of weights (a’,1), (1,V'), respectively,
with exceptional components E, E,. We denote by pu, py, pig, py, suitable meridians
of {x = 0}, {y = 0}; B, E@h in W \ {xy = 0}'
(i) The local fundamental group of W \ {P} is cyclic of order n; ug and ug are
(separately) generators of this group.
(ii) The local fundamental group of W\ {y = 0} is Z. The sets {uS} and {ug, j1y}
generate this group (separately). A similar statement holds for W\ {x = 0}.
(iii) The local fundamental group of W \ {xy = 0} is Z*. The sets {uS, s} and
{1y, by} generate this group (separately).
Proof: ITterating the special blow-ups one obtains the Jung—Hirzebruch resolution

of W. Using Mumford’s method [27] a presentation of the distinct fundamental groups
(generated by the meridians of all divisors) is given and the result follows. O
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Note that we are not asking the coverings 7, w above to be connected. In the
classical case (X smooth and simply connected) it is easy to relate the number of
connected components and the arithmetic of the coefficients of D. If we drop the
smoothness, more conditions are needed.

Proposition 1.6. Let X be a simply connected projective surface with normal cyclic
quotient singularities. Let m: X = X bea cyclic branched cover associated with
(d,D,H), where D has smooth components and Q-normal crossings mod d. Let
6: X — X be the composition of one special blow-up for each singular point of X.

Let m be the greatest common divisor of d and the coefficients of the divisor 6*(D —
dH). Then X has m connected components.

Proof: Let oy : Y — X be the minimal resolution of the singularities of X. Let

by :d{a;(pd dH)}’ Hy oo r;(Dd dH)J.

Let us denote also

b d{&*(pd— dH)}7 P F*(Dd—dH)J |

Let E be an exceptional component of &; its multiplicity in D coincides with the mul-
tiplicity of its strict transform in Dy-. The same applies for the irreducible components
of D.

Since X is simply connected, it is the case for Y. Then Hi(Y \ Dy,Z) is gener-
ated by the meridians of the irreducible components of Dy. Let C' be an irreducible
component of Dy and uc the class of its meridians. Let p: Hi(Y \ Dy,Z) — Z/d
be the morphism determining the covering over Y (which has the same number m
of connected components as X). Recall that p(uc) is the coefficient of C' in Dy
(mod d). Then, m equals the greatest common divisor of d and the coefficients of the
divisor Dy.

This comes from the fact that the whole set of meridians generate H1(Y \ Dy, Z).
But Lemma 1.5 implies that only the strict transforms of the irreducible components
of D suffice and the result follows. O

Let 7 be a cyclic cover of a surface X with cyclic quotient singular points, associated
with (d, D, H), where D is a simple Q-normal crossing divisor. Let C C X be an
irreducible curve (with only unibranch points) such that the union of C' and the
support of D is a Q-normal crossing divisor. Then, 7¢ := m: 7 YC) - Cis a
(maybe non-connected) cyclic cover of the curve C. In the smooth case it is easy to
obtain the divisors defining this cover. In the cyclic quotient case some work has to
be done.

Let Pi,...,P, € CNSing X and let 6: X — X be a composition of weighted blow-
ups at P, ..., Ps such that the strict transform of C (still denoted by C) is contained
in the regular part of X , which exists because of the Q-normal crossing condition.
Let 7 be the pull-back of m by . Note that 7¢ and 7¢ can be identified.

The covering 7 is associated with a triple (d, ﬁ7 H ) obtained as follows. Consider
D = D — dH; then 6*D = D — dﬁ, where the support of D is contained in the
support of the Q-divisor 7*(D).

Proposition 1.7. Let C C X be an irreducible curve (with only unibranch points)
such that the union of the support of D with C has Q-normal crossings.

Then, the divisor Do of C defining e has support at DN C = Dn C, and the
multiplicity of each point P .€ DNC is the coefficient of the irreducible component D;
of D containing P.
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Proof: We add some blow-ups of X such that ¢ is as in Proposition 1.6. The extra
blow-ups do not affect the multiplicities of the components intersecting C' and then
the result follows. O

Note that, since the C1(P!) is completely determined by the degree, we deduce that
d divides deg D¢ and H¢ is a divisor of degree deg%.

1.2. Application to covers of P!. We are going to study the characteristic poly-
nomial and the H!-eigenspace decomposition of a d-cyclic covering of P! associated
with a divisor

D=> mip;), > my=dh, heL,
Jj=1 J=1
i.e., deg H = h; no coprimality conditions are assumed. Then we have
*\ | Im; °\ (Im;
l J N _ J
L ~ —lH+; {dJ (pj) = deg L) = _;{d}.

Note that L% depends only on [ mod d and L(®) = 0. Let n := ged(d, mq,...,m,)
and d = 4, 1ij := ©2. Then

deg LW = _Z {hgj}

j=1
and actually L®) depends only on [ mod d. We conclude that for [ € {0,1,...,d—1}:

0 iflEOmodcz,

Pt @o (L)) = >~ [ I,
(1.3) h* (P, Op: (L)) 14 Z {ZW}J} otherwise.
d

j=1

Geometrically the d-cyclic cover of P! associated with D is the disjoint union of
n copies of a (f—cyclic cover of P! associated with %D € Div(P!), where the monodromy
exchanges cyclically these copies. Applying Lemma B.1 the characteristic polynomial
of the monodromy is

(tn _ I)Q(td _ 1)3—2

(1.4) A =5
I (tgcd(d,mg') -1)

j=1

Note that we have obtained more than that since we have the monodromy action on
the Hodge structure of the covering space.

1.3. Normal crossing covers of P! x P1. We illustrate the coverings ramified along
normal crossing divisors on surfaces, studying P* x P!. Let 7: X — P! x P! be a cover
associated with (d, D, H), where D is a normal crossing divisor. The condition D ~
dH completely determines H using bidegrees (this is the first difference with reducible
normal fake quadrics, see Definition 2.3, since their class group may not be torsion-
free).

The cohomology of X can be studied using Theorem 1.1 (or more precisely the orig-
inal theorem of Esnault and Viehweg), for which we need to know the 1-cohomology
of some divisors. The following result is well known.
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Proposition 1.8. Let S be a section and let F be a fiber of P! x P'. Then:

) >
(i) dim HO(P! x P'; O(aS + bF)) = (a+1)+1) Fab>0,
0 otherwise.
. -
(i) dim H'(P' x P'; O(aS + bF)) = (a+1)(b+1) ifa,b = 2,
0 otherwise.

(i) dimHQ(]P’l « IP’l;O(aS+bF)) _ {(;(CL—F DO+1) if(a+2)(b+2) <0,

otherwise.

FIGURE 1. Map of the cohomology of H*(P! x P1;O(aS + bF)), where S is a
section and F is a fiber.

This result is a direct consequence of the following;:

(H1) The space dim H?(P! xP; O(aS+bF)) is isomorphic to the space of polynomials
of bidegree (a,b) and (i) follows.

(H2) Using Serre duality (ii) follows.

(H3) Using Riemann-Roch and combining the previous results, (iii) follows.

Actually we are only interested in H! for a,b < 0 and only for (a,0), (0,a), a < 0,
the contribution is positive. Let us decompose D = v, D,, + vy, Dy, + vy, Dy, Wwhere D,
Dy, D,,, are primitive (their multiplicities are coprime), and all the components of D,
have bidegree of type (0,b), all the components of Dj, have bidegree of type (a,0),
and all the components of Dj, have bidegree of type (a,b), a,b > 0. The following
result is well known.

Theorem 1.9. The space H'(X;Oy) is decomposed as a direct sum H'(X,; Ox,)®
Hl(Xh;OXh) where m,: X, — F is the restriction to F = P! of the intermediate

cover of degree ged(d, vy, vy,) and X, — S is the restriction to S = P! of the
intermediate cover of degree ged(d, vy, V).
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2. Reducible normal fake quadrics

2.1. A ramified covering of the projective line. For the sequel we need to define
an orbifold O, with the following data. The orbifold is supported by P! = C U {co}
and the orbifold points are v1,...,7. € C C P, r > 0, of orders dy,...,d, € Z=1.
Let us consider also ¢; € {1,...,d; — 1}, ged(d;,q;) =1,i=1,...,r, such that

1) a=Y Lez
i1

This imposes strong conditions on dy, ..., d,. For instance,
d, divides lem(dy, ... ,d,—1).

In particular if k := lem(dy, ..., d,), then x? divides d; - ... - d, (see Remark 2.12).
There is an orbifold k-cyclic covering 7: G — O associated with the epimorphism
(well defined from (2.1))
TP(O) = (ot [ pa e i = Lol ==l = 1) — Z/k,

K
pi > q;— mod k;
d;

the covering 7 was mentioned in the introduction. The position of the orbifold points
has an influence on the analytic type of G but not on its topological type. The
following result is a direct consequence of the definition of a cover associated with an
epimorphism onto a cyclic group.

Lemma 2.1. There exists a unique generator n: G — G of the monodromy of T such
that for any i € {1,...,r} and p € 77 1(;) there exists a local coordinate y of G
centered at p such that

N (y) = ¢y

Using the Riemann—-Hurwitz method, one can compute the genus of G:
—
2 —2¢9(G) = x(G) = k(2 — — = k\°'P,
9(6) =X(6) =2 =)+ 3 7 =

where

orb ,__ . orb _ 9 _ - _l l
(2.2) X = X (0) =2 2(1 7 Z—.

Lemma 2.2. With the previous notations, if r > 2, then g(G) > 0 and x°™ < 0.

Proof: Tt is enough to prove that x°™® < 0. Since > 2 and

orb T 4 —r
< - 2 —r =
X 72+ r 5

it is enough to rule out the case r = 3.
In that case x°*® can be positive only if (dy, da, d3) is one of the following: (2,2, n),
(2,3,3), (2,3,4), or (2,3,5), but none of them satisfy (2.1). O
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2.2. Definition and description of a reducible normal fake quadric. Recall
the classical definition of a fake quadric as a smooth projective surface with the
same rational cohomology as, but not biholomorphic to, the quadric surface P! x P!.
Examples of fake quadrics are quotients of a product of two smooth projective curves
by a free diagonal action. Such surfaces are called reducible (also called isogenous to
a product of curves of an unmized type; see [12, 10]). We extend this concept to
reducible normal fake quadrics, where the freeness condition is dropped.
Let us consider the following (Z/k)2-Galois and Z/k-Galois covers:

S = (G xPY/(Z/k)
G x P! P! x P!
(p,2) + (7(p), ")
The action defining S is given by a diagonal action

(2.3) (1 mod £, (p, 2)) — (n(p), ¢ '2).

Definition 2.3. The surface S := (G x P')/(Z/k) with the action (2.3) is called the
reducible normal fake quadric associated with 7.

i(lvql) i(LqT)
0 E
S A - A,
0 C
(1, —a) (1, —qv)
. / \ -
FE
GXPI PIXP1
C C

FIGURE 2. Covering construction of S.

The reason for the name reducible normal fake quadric will be clarified by the
following description.

Lemma 2.4. Let S be the reducible normal fake quadric associated with . It is a nor-

mal ruled surface ws: S — P, [(p, )] = 7(p) with two sets Sing(C) := {P1,..., P}

and Sing(FE) :={Q1,...,Q.} of singular points (of cyclic quotient type). The follow-

ing holds:

(S1) The curves C := 1o(G x {0}) and E = 12(G x {o0}) are sections of mg with
self-intersection 0.

(S2) There are fibers A; of mg such that {P;} = A;NC and {Q;} = A, NE.

(S3) The type of P; is d%(l, —q;) and the type of Q; is d%(l,%‘)-
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Proof: Figure 2 describes S as a middle cover. We can identify C and E with C U
{oo} = P!, where P; and Q; become ;. Let p € G such that P; = [(p,0)]. A neigh-
borhood of P; in S is isomorphic to a neighborhood of the origin in C?/u,,, where
pa; = {(C) is the cyclic group of d;-roots of unity in C* and the action is defined by

C : (y7 Z) = (<%y7 C_lz)a

and thus the type of P; as a quotient singular point is calculated. Since z7" is a local
coordinate at oo, the type of @; is computed in the same way. The self-intersection
computation is straightforward. O

1

Remark 2.5. The surface S does not determine the original data given by (dy,...,d,)

and (qi,...,q,). For instance, interchanging 0 and oo in P! and choosing 7! as a
generator of the monodromy of 7 results in the same surface S, which is associated
with the data (dy,...,d.), ¢; := d; —¢;, and o := r — . However, note that in general

replacing 1 by n’ with ged(¢, x) = 1 does not result in a surface isomorphic to S.

2.3. An alternative construction. There is an alternative description of reducible
normal fake quadrics in terms of generalized Nagata operations of ruled surfaces.

Consider a reducible normal fake quadric S as above and (d;,q;), ¢ = 1,...,7, such
that o := )7 | 4 € Z as in Lemma 2.4.

Lemma 2.6. The surface S and the smooth ruled surface X, both have a common
weighted blown-up space obtained as follows.

(i) From S: composition of (1, q;)-weighted blow-ups of Q;.
(ii) From X: composition of (d;, q;)-weighted blow-ups at points in a section with
self-intersection a.

Fy ‘ F,
—Q E
F2 = _4
S‘ o qi
2 _ 1
P (1,—d1) AT Al _diqi
0 - c
4711(17_(11)
P \
(1, g;)-blow-ups
F F,
é(:hql) i(lyq"“) !
—« E
0 E
S Ay o A, Ya
0 C «@ D D C

(ds, g;i)-blow-ups

FIGURE 3. Blow-up construction of S.
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Proof: The proof is depicted in Figure 3. Let us start from S. We perform the com-
position of the (1, ¢;)-weighted blow-ups at Q;, i = 1,...,r; if (u;,v;) are the local
variables, then E (resp. 4;) is given by w; = 0 (resp. v; = 0). Let F,..., F, be the

exceptional components. From [9, Theorem 4.3] we obtain that (F?)g = f%. For
the strict transforms we have
. I (2P E R S SR
8 ' digi digi’ s ~ qid; ~ qid;

Since the centers of the blow-ups are disjoint to C, we still have (C?) g = 0. More-
over, the surface S is smooth along F, and S has cyclic quotient singular points of
type q%(]" 7dz) at Fl N Al

Note that:

#M(F) = F+diAi, #(C)=C+Y_ g4,
=1

1

“(A;) = A,
p*(Aq) +di

* g qi
F;, E)=F —F;.
pr(E)=E+ ; )
The surface S along A; looks like the exceptional component of a weighted blow-up of
type (d;, ¢;) at a smooth point. This shows that the stated weighted blow-ups of %,
also yield S. O

Remark-Definition 2.7. As a consequence of Lemmas 2.4 and 2.6, associated with
any (d;,q;), i = 1,...,r, such that ged(d;,¢q;) =1 and o := >, G € Z, there is a
reducible normal fake quadric, say S. According to Remark 2.5, this correspondence
is not one to one, but we can still refer to S as the reducible normal fake quadric
associated with (d;,q;), i=1,...,r.

Summarizing, the following describes the numerical relationship between the more

relevant divisors on S:

A2=F*=C?=F?’=0, F-C=F-E=1, C-Ai:E'Ai:%,

(2

where F' is a generic fiber of 7g.

Remark 2.8. The surface S admits another map mg: S — P! corresponding to the
map [(p, z)] — z". The fiber corresponding to 0 is kC, the fiber corresponding to co
is kF, and the other fibers are isomorphic to G (and they will again be denoted by G).
These curves admit a simple characterization.

Lemma 2.9. Let D C S be an irreducible curve.

(i) If D-F =0, then D is equal to one of these curves: Ai,..., A, or a generic
fiber F' of ws. A linear combination of such divisors will be called a vertical
divisor.

(ii) If D - C = 0, then D is equal to one of these curves: C, E, or a curve G. A
linear combination of such divisors will be called a horizontal divisor.

A linear combination of irreducible divisors which are meither vertical nor horizontal
will be called a slanted divisor.

Proof: Let us start with (i). Let p € D and w := 7mg(p) € P'. Note that 75" (w) is
either Ay, ..., A, or a fiber F; then D-7g'(w) = 0 and DN7g'(w) # 0. Since D and

75! (w) are irreducible the only option is D = 75" (w). For (i) we follow the same
ideas using the map 7m¢. O
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2.4. Weil divisor class group. Consider S the reducible normal fake quadric as-
sociated with (d;,q;), i = 1,...,r, such that ged(d;,¢;) = 1 and o := >._, Lez
as defined in Remark-Definition 2.7. The descriptions of S given in Section 2 to-
gether with [4, §2.3] are the main ingredients for the computation of the Weil divisor
class group CI(S). Despite ¥, having a simple class group isomorphic to Z2, note
the following description of this group in terms of the divisor classes involved in the
construction of X:
Cl(Xy)=(C,E,F,Fy,....F, | E~C—aF, F~F ~ -~ F.),

where F' is a generic fiber. In order to obtain C1(S), see Figure 3, the previous gen-
erators need to be replaced by their strict transforms, the classes of the exceptional
components added, and the linear equivalence relations rewritten in terms of the new
generators (see [4, Proposition 2.10]):

-

(2.4) 01(5')=<a E,FFy,....F, Ay,..., A | E~C+) giAi—aF, FNFi+dZ-AZ-> :
i=1

Asin [4, Proposition 2.12], a presentation of the class group for a blow-down can easily

be obtained if the exceptional components are part of the presentation of the class

group of the source, and hence presentation (2.4) comes in handy. In this situation,

it is enough to “forget” those exceptional components, that is,

(2.5) CI(S) = <CEF A, A |E~C Y giAi —aF, F ~ diA,»> .
i=1

Proposition 2.10. The class group C1(S) has the following structure as an abelian
group:

(2.6) CIS) =7 éZ/mi,
=1

where m; = df_’z" cdo=1, and d; = gcd({H
Moreover, the following holds:

(Cl1) The free part is generated by the class of C' and the class of a suitable linear
combination of Ay, ..., A, (which is a rational multiple of F).

(C12) The torsion part has order my - ... - m._1 = %.

(C13) The element T := E—C € Tor C1(S) has mazimal order k = m,_; in Tor C1(S).
Remark 2.11. Note that there might be more than one subgroup of order « in Tor CI(S),
but the one generated by T" will be specially useful for our purposes. Note that T is
horizontal since it is the difference of two sections, but it is also vertical as it is linearly
equivalent to >\, ¢;A; — oF.

Proof: From the presentation matrix one can easily see that C1(S) is the direct sum of

the free subgroup Cl¢(S) := Z(C) and Clp(S) := Z(A1, ..., A,). Note that Clp(S)®z

Q = Q(F) (of dimension 1) and that Tor C1(S) C Clg(S). This shows part (CI1).
The presentation matrix for Clg(S) is given as

dy ... 0 —d,
0 ... dr—1 —d;
Its Fitting ideals are (cfl), i =1,...,7 — 1, and hence its invariant factors are m; :=

ddl , which ends the structure shown in (2.6).
i—1
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Part (C12) follows from the formula d,_; :chd(dl‘d'l"dT e, dl‘a’;'dT) = lm‘f(lé'l';"‘irdr) ,
see (A.4) in the appendix, and the definition of x = lem(dy,...,d,).

For part (Cl3), note that from the presentation matrix it follows that the maximal
order of Tor C1(S) is k. Hence, it remains to verify that the order of T is k,

T kA K
KT ~ k(E —C) f@i:zlqlAl kol (; 7 i Iia) F=0.
Then kT ~ 0. To check that k is exactly the order of T', we need Lemma 2.13 below.
Assume that another integer k, satisfies k1T ~ 0. Then, d; divides k1g;. Since ¢;
and d; are coprime, k1 is a multiple of d;, and hence it is a multiple of k. The fact
that & is precisely m,_1 is a consequence of another arithmetic property; see (A.5) in
the appendix. O

Remark 2.12. Note that only part (Cl3) depends on the condition (2.1). Also, as a
consequence of parts (Cl2) and (Cl3), note that « divides Lﬁ“dr and thus x? di-
vides dy - ... d,.

Lemma 2.13. Let D € Clp(S). Then, there are unique f,a; € Z, 0 < a; < d;,
i=1,...,r, such that

T
D~ Z aiAi + fF
i=1
Proof: If D had two representations as in the statement, then the difference would
represent 0 as a combination 0 = Z§=1 a;A; + fF € Clp(S), where —d; < a; < d;.
Then, this expression would be a linear combination of F' — d; A; and hence d; would
divide a;, which can only happen if a; = 0. This implies f = 0. O

Note the following additional linear equivalences G ~ kC ~ kKE given by the
projection mq.

Remark 2.14. There are canonical ways to represent a divisor class in S up to linear
equivalence, but for technical reasons we will often use non-canonical expressions.
However, one can apply Lemma 2.13 to find a unique representative for a divisor
class. Note that any divisor D is linearly equivalent to a non-unique expression of the
form

cC+eE+ Y a;A;+ [F.
i=1
The term ¢p := F - D = ¢+ e € Z is intrinsic to D. Hence, D ~ c¢pC + 15, where

r

D= (a; +eq)A;i + (f — ea)F € Clp(S).

i=1

Using Lemma 2.13 on D one obtains the canonical form

i=1
where
(D1) ¢cp=F-DeZ,
(D2) a; = (a; + eq;) mod d; are integers in [0,d;), and

D3) f=f4+a—acZfora:=>" % cZtanda:=Y"_, % ezl
i=1 d; K i=1 d; K
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By Lemma 2.13, the triple (cp, (4;)i=1,...r» f) characterizes the linear equivalence
class of D. Also, note that

A 1
<pD::C~D:f+&:f+a€ZE,

and, moreover, the pair (C- D,F - D) = (pp,cp) € Z% x Z determines the linear
class of D up to torsion.

In a natural way, we have the following exact sequence involving the horizontal
part Cly (S) :=Z(C, E) of C1(S):
r—2
(2.8) 0 — Z®Z/k = Cly(S) — CI(S) — Z& P Z/m; — 0.
i=1
Remark 2.15. By (2.7), the condition for D to be in Clg(S) is equivalent to pp =0
and a; = 0 mod d;. By (D2), the latter is equivalent to the existence of a solution of

(2.9) xzaiqjl mod d;, Vi=1,...,r.

2.5. Canonical divisor. In the forthcoming calculations, the role of the class of the
canonical divisor on S will be essential. The following result describes it.

Proposition 2.16. The divisor
Kg:=—(C+E)+(r—-2)F =) A
i=1

is a canonical divisor of S.

Proof: Recall the blow-up-down construction starting from X, described in Figure 3.
A canonical divisor of ¥, is —(C + E+ F + F’), where F and F’ are two fibers. It is
more convenient to consider the following linearly equivalent divisor:

Ks, =—(C+E)+(r—2F-> F.
i=1

Recall Ky = 7" Ky, + K3, where K is the relative canonical divisor of 7: S — Yo

Since the divisor K is logarithmic at the centers of the blow-ups, then

Kgi=—(C+E)+(r—2)F =Y (A +F).
i=1
The direct image under p gives the result. O

Remark 2.17. Note that Kg - F = —2 and Kg - C' = —x°™.

3. Cohomology of line bundles

Let D be a Weil divisor of S. The main goal of this section is to compute the
cohomology groups H'(S,Og(D)) for i = 0,1, 2. The key point in these calculations
relies on the interpretation of the global sections of Og(D) as global sections of a line
bundle on a weighted projective plane, that is, the vector space of quasihomogeneous
polynomials of a fixed degree satisfying certain vanishing conditions. Then, Serre’s
duality and the Riemann—Roch formula for normal surfaces is applied to obtain the
second cohomology group and the Euler characteristic, respectively. Finally, the first
cohomology group is obtained as a side product. For this reason, we have organized
this section in four parts, where the different objects are studied, namely Subsec-
tion 3.1, global sections; Subsection 3.2, Euler characteristics; Subsection 3.3, general
vanishing results; and Subsection 3.4, special cases (the last two both serve us to
understand the first cohomology group).
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3.1. Global sections. Consider D a Weil divisor in S. By (2.5), its class in CI(.5)
can be written as cC +eE+ Y ._, a;A; + fF, where ¢,e,a; € Z,i=1,...,r, that is,

ks T
D~cC+eE+ Y aiAi+ fF~cpC+ )Y aidi+ fF,
i=1 i=1
where the right-most expression is unique, as described in Remark 2.14. Note, how-

ever, that ¢, e, a; are not uniquely determined by D, since the group CI(S) is not
torsion-free and C', E, A; are not linearly independent.

F1 Fr
— E
o
Ya E——
e} C «

FIGURE 4. Birational transformation to IP’(21 La)

Recall that S is birationally equivalent to Pﬁl,l,a) following the diagram

2 ) =710 Oy -~ P
]P(l,La) Yo S S,

V

where

* 1 * . qi *
p (Ai):Ai+EFia p (E):E+ZEF1‘, p*(C) =C,
v i=1 ¢

1 _ 1
W*(Fi):Fi—FEE—‘rdiAi, W*(C):C—quiAi, F*(F):F-i-aE.
i=1

By the projection formula for normal surfaces (see [30, Theorem 2.1])
H(5,05(D)) =~ H'(8, 05(D'),
where

T s era-
D = p*(D)]=cC+eE+ Y a;A;+ fF+ rqz"JFi.
o (D)) DAt fEED |7

Using the morphism 7, there is a natural identification of the global sections of Og(D’)
with those of O]p‘fl ) )(TF* (D")). More precisely, according to [6, Proposition 4.2(2)],

. mult g (7 (H)) >mult g (7* (7, (D)) — D’)
H°(S,04(D")~{HeC o ,
(5,05(D7) { SClevdarmd| g pyoim) = (B, A1,... A}

where C[z,y, 2](1,1,a),a denotes the (1,1, a)-quasihomogeneous polynomials in z, y, 2
of degree d := deg1 1 o) (m«(D")).
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Note that

(D )—cC’—i—fF—i—qur'—azJ F;,

which has degree d = ac+ f+ >, Leqj‘li‘falj = acp + f, and thus

7 (r(D) = D' = é <Z rqic;: ‘”J —ea+ f)E

i=1

o3 (e [ o)

Using that (c+e) = D-F = ¢p (see (D1)) and eq; +a; — | “15- |d; = (egi+a;) = 4,
mod d; (see (D2)), the coefficient of A; in (3.1) can be rewritten as ¢pg; —d; and that
of E as £

Assume, without loss of generality, that my: 3, — ]P’?le is the (1, 1)-blow-up at
the point [0:0:1] € IE”(l 1,a)- Then,

(3.1)

multg (7 (H)) = éord(H(m,y, 1)).

Also assume that F; is the line in ]P%l,l,a) givenby x—viy=0,i=1,...,r (v; #;, if
i #j), and C = {z =0} so that F;NC = {[; : 1 : 0]}. Then 7; is the (d;, g;)-blow-up
at a smooth point (v;,0) € C? with local coordinates (x, z). Hence

mult g, (r° (H)) = ord(H (% + 5, 1, 2%).

Summarizing, H°(S,0g(D)) can be identified via 7 and p with the vector space
of (1,1, a)-quasihomogeneous polynomials H(z,y, 2) in z, y, z satisfying

deg(H(z,y,2)) = cpa+ f =cpa+ f+a—a=d,
(3:2) ord(H(x,y,1)) > f = f+a—a,
ord(H (z% 4 ;, l,zq’?)) >cpg —a;, Vi=1,...,r,

where a = >, g and a = Sy - as described in Remark 2.14.
To describe the contribution of the different cohomology spaces H {(S,05(D)) it is

very convenient to construct a lattice that will encode relevant properties of divisor
classes.

Definition 3.1. We shall define the divisor lattice L := Z% x Z C Q2 and the
map Cl(S) — L given by D — ¢p := (vp,cp) = (D-C,D-F) € L. By the discussion
in Remark 2.14, this map is onto. Moreover, its kernel is given by the torsion part
of CI(S). In particular, given a lattice point £ € L, there are exactly dl"};"dr divisor
classes in Cl1(S) whose images coincide with £ € L.

For instance, the following proposition states that H°(S, Og(D)) # 0 is only pos-
sible if £p sits on the first quadrant L>g := L N QQZO (lattice axes included) of L.

Proposition 3.2. Using the previous notation,
(33) HO(S, Os(D)) 75 0=— {p € Lzo;

see the left-hand side of Figure 5.
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Proof: We will use the intersection theory for weighted projective planes developed
in [9, Proposition 5.2]. Choose H(z,y,z) € H°(S,Og(D)) different from zero.

Since F' is generic, H and F' do not have common components and the intersec-
tion H N F' consists of a finite number of points. Moreover,

d _ deg(H) - deg(F)

(0% «

ord(H(x,y, 1))

=H -F= Z (HF)PZ(HF)[OOH: o

PEP?, |

Therefore d>ord(H (z,y,1)). Recall that d=cpa~+f and, due to (3.2), ord(H (z,y,1)) >
fzf—&—a—&. Hence cpa>0and D-F =c¢cp =c+e>0.

Let us now check that D-C > 0. Assume H(z,y,2) = 2™ H'(z,y, z), m > 0, where
H' and C = {z = 0} do not have common components. According to (3.2),

eq; + a;

deg(H'(z,y,2)) = alc—m +ZL

ord(H'(z,y,1)) > f,

Jf+<cDm>a,

ord(H' (z% + 43,1, 2%)) > (ecp —m)qs — a5, VYi=1,...,r.
We apply Bézout’s identity to H' and C' and obtain
; _ deg(H") - deg(C)

f+(ecp—m)a o =H'-C
3.4 -
(34) = Z (H'~C)PZZ(H/'C)F1-OC-
Pcp2 i=1

(1,1,a)

It can be checked that mult 4, (7*(H')) = ord(H'(z% + 7;,1,2%)) < di(H' - C) p,nc-
Indeed, since this is a local problem, one can assume ~; = 0, that is, F; = {x = 0}
and C = {z = 0}. If (H' - C)p,nc = n, then 2™ is a term of H'(z,1,z) and thus
ord(g,,q.)(H'(x,1, 2)) < nd;. The multiplicity of 7*(H') along A; equals the (d;, g;)-or-
der of H'(x,1, z) because ; is nothing but the (d;, g;)-blow-up at the point F; N C.
Then, using (2.1), one has

r

(35) S Cpoo > Y Hm“A— > Z (ep = ql —% _ (cp—m)a—a.

i=1 i=1
Combining (3.4) and (3.5) gives 4+ f = a + f > 0, as desired. O

Theorem 3.3. Let D ~ cC +eFE + Z:Zl a;A; + fF be a Weil divisor on the normal
surface S. The dimension of H(S,Os(D)) as a C-vector space is

(S, 05(D Zmax{b ),0},

where

b;(D) =1+ ¢p —Z{‘L(ZIW} €.
i=1 g

In particular, h°(S,Os(D)) does not depend on the position of the singular points
of S, but only on the singular types {(di;1,¢;)}1—q and the class of D in CI(S).
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Proof: We come back to the description given in (3.2) by considering H(x,y,z) a
generic (1,1, a)-weighted homogeneous polynomial of degree d. Hence, let us write

(36) 217 Y, 2 Zhd ayj x y
7>0
where hg_q;(x,y) is a homogeneous polynomial of degree d — a;j.
Let jmax = |2]| denote the maximum value of j such that d — aj > 0. Then
H(z,y,1) = 3,50 ha—aj(z,y) and its order is
ord(H(z,y,1)) = d — Qfmax = (¢D — Jmax)a + f7

which is greater than or equal to f if and only if jnax < ¢p. Hence the sum in (3.6)
runs from j =0 to j = c¢p.

The condition ord(H (z% + ~;,1,2%)) > cpg; — G;, ¥i = 1,...,r, implies that
hi—aj(z,y) is of the form

s

ha—oj(@,y) = [[(@ = vip) ™ g;(x, ),

i=1

where g;(z,y) is a homogeneous polynomial of degree d — aij — Y _;_, m;;, where

mij = [(CD —‘Zl)'(h _ai—‘ > 0.

Since the degrees of freedom of g;(z, y) is its degree plus 1 if the degree is non-negative,
or zero otherwise, the required dimension is

[35) T
Zmax{l +d—aj— Zmij70}.
j=0 i=1

Note that

" [(ep —7)qi — ;
1+d- ay—Zm”—l—&-f—i- cp —j)a Z{ D jq -‘

i=1 i=1

+(f+a) +Z< CD‘J g — ai [(@—Q%—ﬂ)
:H%_j{W}

=1

:1+¢D—i{ai+(2i_0)qi}.

i=1

The last equality follows from the fact that

ai+(—ca ai+(—cp)a _ aiteq —a c7
d; d; B d; '

Once a formula for computing h°(S, Os(D)) has been found, the last part of the
statement easily follows. O

As a consequence one can determine the region of L where H?(S,Og(D)) # 0 is
concentrated.
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Corollary 3.4. Using the previous notation,

(37) H2(S, Os(D)) 7& 0= —¥pc (Xorb7 2) + Lzo;
see the middle part of Figure 5. In this case,
—(2+¢cp)
B(S.05(D) = 3 max{b;(Ks — D),0}
j=0

and

or - —1—ai+ c+75+1 4
bj(Ks = D) =1 - (op +x ‘“)—Z{ ex )q}.

i=1
Proof: By Serre’s duality, h%(S, Os(D)) = h°(S,0s(Ks—D)). Recall that the canon-
ical divisor of S'is Kg = —C — E—Y[_, A; + (r — 2)F. Then,
Ks—=D=(-1-¢)C+(-1=e)E+» (-1 —a;)Ai+(r—2—f)F.
i=1
From Proposition 3.2, h°(S,Os(Ks — D)) # 0 implies that (Kg — D) - F > 0 and
(Kg—D)-C >0, or equivalently, D - F < Kg-F = —-2and D-C < Kg-C =
> d% +7r—2=—xP as claimed.
The second part of the statement follows from Theorem 3.3 applied to Kg—D. O

3.2. Euler characteristic. The main purpose of this section is to compute the Euler
characteristic of the sheaf Og(D). As above, assume that

D~cCHeE+ Y aiAi+ fF,
i=1
where ¢, e, f,a; € Z,i=1,...,r, and recall that Kg = —C—E—-)_| A;+(r—2)F.
In order to calculate x(S, Og(D)), we will use the Riemann-Roch formula on singular
normal surfaces from [11, §1.2], see also [13], that is,
D- (D — Ks)
2

Recall that the correction term Rg(D) is a sum of local invariants associated with

each singular point P of S and the local class of D at P. In our case

(3.9) Rs(D) =) Rg+(D)+_ Rg-(D),

(3.8) x(S;0s(D)) = x(5,0s) + + Rs(D).

where Sii denotes the local singularity type d%_(l, +q;).

First note that S is a rational surface (it is birationally equivalent to a weighted
projective plane) and hence x(S,Og) = 1. Also, using the fact that C' and E are
numerically equivalent to each other, D and Kg can numerically be described as

D=c¢pC+¢pF, Kg=-20—x"PF.
Then,

D? =2¢cp ¢p,

D-Kg=—cpx* —2¢p,

D*—D-Kg=2(cp+1)¢gp +cpx°™,
and therefore

1
(3.10) X(S,05(D)) =1+ (cp + Dgp + 5ep X + Rs (D).
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In order to continue with this calculation, we need to understand the local contri-
bution of each Rz (D) to the correction term Rg (D).

Consider d, g € Z any three integers and denote by S* the cyclic singularity é(l,:l:q).
Since Rg+ (D) only depends on the local class of the divisor D, we can consider it as
a map Rg+: Weil(ST)/Cart(S*) = Z/dZ — Q. The following result gives a closed
formula for the combined contribution Rg+(n) + Rg-(n — mq) with the convention

that 325, f(j) = 0if k1 > ko.
Lemma 3.5. Under the conditions above, let n,m € Z be such that m > —1. Then,

Rg+(n) + Rg-(n —mq) = —Z{TH(‘jd_m)q}—i-md_l

=0

2d

Proof: For m > 0, we proceed by induction on m. The first case, namely Rg+(n) +
Rs-(n) = —{%}, was already proved in [4, Proposition 2.16(2)]. To be precise, in
loc. cit. the result was stated in terms of the so-called A-invariant. In this context,
the relationship between A and R is simply given by Rg+(n) = —Ag+(—n) (see [13,
Introduction]). Similarly, m = 1 is a direct consequence of [4, Proposition 2.16(1)]
and the case m = 0.

Assume the result is true for m > 1 and we will prove it for m—+1. The cases m = 1,
m = 0, and the induction hypothesis tell us respectively that

Rov(n) = ~Rs-(n - )~ {20} - {5} + O

0=RS+(n—q)+Rs(n—Q)+{n_q}a

d

- {n—q+(j—m)q}+md—1

Rs-(n—q— =—-R —-q)— .
s-(n—gq—mq) = —Rs:(n—q) ; y oF
Adding up these three equations gives the result for m + 1.
It remains to prove the case m = —1, that is, Rg+(n)+ Rg-(n+q) = —%2, which
is again a reformulation of [4, Proposition 2.16(1)]. O

Theorem 3.6.

7=0
x(S,05(D)) =40 if cp = —1,
—(ep+2)
> bj(Ks—D) ifep < -2
=0

Proof: The result will follow after combining (3.8), (3.9), (3.10), and Lemma 3.5.

T

Rg(D) = Z(RS;"(D) + Ry (D))

= Z(st (a; + eq;) + Rs; (a; — cq;)).

i=1
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By Lemma 3.5, applied to d = d;, ¢ = q;, n = a; + eq;, m = cp > —1, each summand
can be rewritten in terms of fractional parts so that

Rs(D) =Z<_Z{ai+(2i— C)qi}+ch;C;1>.

i=1 =0

Hence

X(S, Os(D))ZI + (CD+1)90D + ECD Xorb_zz

= fait(-0g | [ 1 ~di—1
2 — < d; 2 d;
1=1 5=0 i=1
1 " d;—1 2 ~(ai+(j—)q
=14 = orb v . a; +\J —¢)qi
+20D<X +Z a >+Z<@D ‘ { a; }
i=1 7=0 =1
cp
=> b,(D),
j=0
as claimed.
In particular, when ¢p = —1, one has x(S,Og(D)) = 0. The last part of the
statement follows from Serre’s duality and the fact that D-F = c¢p < —2 implies that
(Ks—D)-F=—(cp+2)>0. O

3.3. General vanishing results. According to Theorem 3.3, Corollary 3.4, and
Theorem 3.6, the Euler characteristic of the sheaf Og(D) coincides with the dimension
of H? (resp. H?) as long as b;(D) > 0 (resp. bj(Ks — D) > 0), V4. In this section we
will investigate when each one of these conditions holds. This will affect the vanishing
of the first cohomology group. As above, we assume that

(3.11) D~eCHeE+ Y aidi+ fF~epC+ Y aid; + fF,

i=1 i=1

where (cp,{@i}ti=1,..r, f) are uniquely determined by the canonical form of D (see
Remark 2.14), and {p = (C'- D, F - D) = (¢p,cp) (see Definition 3.1).

Figure 5 depicts a projection of D € C1(X) onto the divisor lattice (¢p,cp) € L
(see Definition 3.1) and it describes regions where cohomological triviality is assured
for all divisor classes corresponding to each value (p,c¢) € L. Combining these, one
obtains in Figure 6 four cones where cohomology is concentrated in one degree.

The following result is obtained combining the previous results on global sections
and Euler characteristics. It describes the general regions of L where the cohomology is
concentrated in a single degree. The statement of the following theorem is summarized
in the right-hand side of Figure 5.

Theorem 3.7. Let D be as in (3.11). Then the following holds:
(1) If €p € (—x°™, =2) + L~o, then h*(S, Og(D)) is concentrated in degree 0.
(ii) If —¢p € Lsg, then h*(S,O0g(D)) is concentrated in degree 2.
(iii) If {p = (¢p,cp) € L with either
(a) ¢p <0 and cp >0, or

(b) ¢p > X" and cp < -2,
then h*(S,Og(D)) is concentrated in degree 1.
(iv) If cp = —1, then h'(S,Os(D)) =0 fori=0,1,2.
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Proof: To prove (i), let us assume ¢p > —x°™® and c¢p > —2. Note that the maximum
value of {dﬂ} is reached when n = d; — 1. Then,

C)q; " dl,]_ or
)q}21+¢pz T = #ptX b1
i=1 v

_ ~fai+(j—
R
Under the current hypotheses this number is an integer strictly greater than —1 and
hence max{b;(D),0} = b;(D). By Theorems 3.3 and 3.6, h°(S, Os(D))=x(S, Os(D)).
Corollary 3.4 provides the vanishing of H?(S,Og(D)) and thus the vanishing of

H'(S,0s(D)).

Part (ii) is a consequence of Serre’s duality.
Part (iii) follows from (3.3) in Proposition 3.2 and (3.7) in Corollary 3.4.
Finally, for part (iv) note that, if cp = —1, then h°(S, Os(D)) = h%(S, Os(D))

= 0 from Proposition 3.2 and Corollary 3.4, respectively. Then h'(S,Og(D))

O

—x(S,05(D)) = 0 from Theorem 3.6 and the result follows.
$p =0 op = —x""
........................ ool
Cp =
/p = (0,0)
.................. e R T
........................ (xP.2)
H =0 H? =0 H'=0

FIGURE 5. Vanishing of H7.

3.4. Special cases. For our goal in Section 4 we are interested in finding explicit for-
mulas for k' (S, Og(D)) when —¢p € L>(. By Theorem 3.7, one has h' (S, Og(D)) =0
whenever —fp € L~q. The rest of this section will be devoted to the special case —{p €
L>( and either ¢p =0 or ¢cp = 0.

The simplest case, which we want to exclude, is D ~ 0, for which h?(S, Og(D)) = 1
and h'(S,Os(D)) = h?(S,05(D)) = 0. Note that in this case pp = cp = 0.

Let us first consider the case cp = 0, ¢p < 0. Using the canonical form of D and
using cp = 0, one has

D~ ;A + fF.
i=1
One has the following explicit formula for h'(S, Os(D)).
Proposition 3.8. Let D be such that —¢p = (—¢p,0) € L>o and D # 0. Then,
h°(S, Os(D)) = h*(8,05(D)) = 0

and

1 _ - a; ¢
(3.12) hi(S,0g(D)) = -1 — ; {diJ —f.
In particular, if £p = (0,0), then

(3.13) R (S,0s(D)) = —1 + - [ .
i ;{dz}
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Proof: By Corollary 3.4, h%(S,Og(D)) = 0. On the other hand, c¢p = 0 together with
Theorem 3.3 implies h°(S, Og(D)) = max{by(D), 0}, where

T d R T d
Z3by(D)=1+pp — — b =1+f+ =
o(D) =1+ ¢p ;{d} fi EM
Since ¢p < 0, D o 0, and by(D) € Z, one deduces that bo(D) < 0 and thus
hO(S,0s(D)) = 0.

Recall that x (S, Os(D)) = bo(D) and the equality for h'(S, Os(D)) holds. O

vp =10 $D = —X

H? H°
_ T\
ep =0 U

cp = —2 « o o o o s CD_

H? vt

FIGURE 6. Cohomology concentrated in a single degree.

Now consider the case D # 0 and —¢p= (0, —cp) € L>¢. Note that h’(S, Og(D))=
0 and, by Theorem 3.6 and Corollary 3.4,
—(2+¢p)
h'(S,0s(D)) = Y (=b;(Kg— D)+ max{b;(Ks — D),0}),
§j=0
where in this case

or 717a1+ C++1 i
bj(KsD)lbe{ (et )q}

— d;
(3.14) . . .
i — 1 1
>1_ orb g — 1 _ ,ortb _ - 1.
>1-—x z_;( 0 ) 1—x 7‘+; 7 1
Hence
(3.15) h'(S,05(D)) =#{j € {0,1,...,—(2+cp)} | b;(Ks — D) = —1}.

Proposition 3.9. Let D be a divisor in S such that {p = (0,cp) with cp < 0.
(i) If D ¢ Cly(S) := Z(C, E), then H'(S,0s(D)) = 0.
(ii) If D € Cly(S), that is, D ~ cC+eE+gG for somec,e,g € Z (cp = c+e+rg <
0), then
c e
B(S.05(D) = 1= | =] =[] - 4.

K K
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Proof of Proposition 3.9: From Theorem 3.7, if ¢cp = —1, then hi(S,Og(D)) = 0,
1=20,1,2, and the formula holds.

Assume c¢p < —2, op = 0, and H!(S,Og(D)) # 0. According to (3.15), one has
to study when b;(Kg — D) = —1. This happens precisely when the inequality (3.14)
becomes an equality

" (—1—ay i+ 1)g; " d; -1
i=1 v i=1 v

which happens if and only if
—1—a;+(ep+j+1)g =(d;i —1) mod d;,

i.e., there exists a solution for the system (2.9). Then, (i) has been proved.
Let us prove (ii). Since G ~ kC, it is enough to show the result for g = 0. Then
D ~ ¢C + eFE and the condition given in (3.16) becomes

XT: —1+(c+j+1)qg| ~~di—1
d; - d;i

i=1 i=1
which implies j = —(¢ + 1) mod d;. In particular, there is a 0 < jy < &, such that
Jjo = —(¢+1) mod k. Moreover,
—c—1
o= —(c+1)— .
———
The system (2.9) has £ := h'(S, O5(D)) > 0 solutions in {0,1,..., —(cp+2)}, namely

jo+ (0 — 1)/*6 < —(CD +2) < jo+ k.
This way £ — 1 can be described as an integer satisfying

- 2) —j - 2) —j
(cp +2) ]071<£71S (cp +2) Jo
K K

In other words ¢ =1 + LWJ and then

B(S,05(D)) = 1+ {_(CDJ;MJ —14 {—eﬁ—l + {—CH— 1H

v |2 [ - 1)

The last equality follows from (A.2). O

To summarize, Theorems 3.3 and 3.6 together with Serre’s duality show that the
Betti numbers h¢(S, Og(D)) are determined by the divisor class of D.

In addition, there are four translated cones in the divisor lattice L, as shown in
Figure 6, where the cohomology is concentrated in a single degree. Moreover, the
dimensions h*(S,Og(D)) are in fact determined by the image ¢p in one of these
translated cones.

The remaining threshold area is special in two directions. First, Betti numbers are
not necessarily concentrated in a single degree anymore, and second, they need not
be determined by /p.

To end this section, an example of the special behavior in the threshold area is
provided.
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Example 3.10. Let us consider the surface S associated with (d;) = (3,3,3,3) and
(¢;) = (1,2,1,2). In this case a = 2, x°™ = —%, and k = 3. According to Proposi-
tion 2.10, C1(S) ~ Z? x (Z/37Z)3. The free part is generated by the classes of C and A4
and the torsion part by the classes of Ay — Ay, Ay — Ay, A3 — Ay. Let

Dy =A, Dy=2A,— Ay, D3=2A; — Ay + A3 — Ay.

Note that ¢p, = l304p, = (%, 0) is in the threshold area since 0 < ¢p, < —x°™ = %
The following table can be obtained using Theorems 3.3 and 3.6 together with Serre’s
duality. It shows that Betti numbers of D are not determined by ¢p.

Dy | Dy | D3 | 3C+ Dy | 3C+ Dy | 3C + D3
RO |1 0 0 2 0 1
h'| 0 0 1 1 0 2
h? | 0 0 0 0 0 0

TABLE 1. Betti numbers for D; and 3C + D;.

4. H'-eigenspace decomposition and characteristic polynomial of
the monodromy of a ramified cyclic cover

Let us consider a ramified d-cyclic covering of a curve or a normal surface and its
monodromy o. This monodromy acts on the first cohomology group of the cover and
its characteristic polynomial is called the characteristic polynomial of the monodromy.
For historical reasons we will also use the name Alexander polynomial of the covering
for this characteristic polynomial.

Let m: Sqg — S be the d-cyclic cover ramified along a divisor D ~ dH. Before we
describe its characteristic polynomial, we will discuss two particular cases which will
be essential for the general construction. These special covers are called vertical and
horizontal.

4.1. Vertical coverings. Consider D a vertical divisor, that is,

T s
D = Z aiAi + ijFj,
i=1 j=1

where F; are generic fibers. Note that D is set as a Weil divisor, not only as a divisor
class. Let H be a divisor, such that D ~ dH for some d € Z~y. The purpose of
this section is to describe the eigenspace decomposition of H*(S,,C) (also called the
H'-eigenspace decomposition of Sy) for Sy the cyclic cover 7: Sq — S of S associated
with (d, D, H). In particular, the characteristic polynomial of the monodromy of the
d-cyclic covering of S coincides with that of 7g: Ey:= Sg|r-1(p) = E = P!, which is
a d-cyclic covering of a rational curve as described in Proposition 1.7 and its preceding
paragraph.
The following result will be proved.

(4.1)

Proposition 4.1. Consider w: Sq — S the cyclic cover of S associated with (d, D, H)
as described above. Then, the decomposition into invariant subspaces of the mon-
odromy of the cover can be obtained by restricting the covering to a horizontal section
of ms: S — P! such as E (or C), that is, the decomposition of the cover tp: Eq — E
(rc: Cq — C) associated with (d, Dg, Hg).
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Proof: Let us break the proof into several steps.
Step 1. Reduction to (d, D,0).

By the discussion in Subsection 1.1 one can replace (d, D, H) by (d,D — dH,0).
Also, using the canonical form for H given in (2.7), and since dH - F = F'- D = 0, one
has H ~ > a;A; + fF. In particular, D’ = D — dH is a vertical divisor and hence it
is enough to study the case (d, D’,0), where

i=1 Jj=1

Note that the condition D’ ~ 0 is equivalent to

T a/ S
(4.2a) wD:Zj+Zf;:O and
=1  j=1
(4.2b) a; =0 mod d;, i=1,...,m

Step 2. Calculation of h!(S, Og(L®)).

To apply Esnault and Viehweg’s method we consider the following divisors for [ € Z:

l

-G
i=1

Note that L% ~ 0 if and only if

"1 |1d}, Lf;

4. A il =
(4.3a) PLom ;di{dJ—i—;{dJ 0 and

la

{%J:Omoddi, i=1,...,7

d

Subtracting (4.3a) from %(4.2a) and using both {z} = 2 — |z and {z} > 0 one
deduces

S S ) () ) o 5 e

i=1 j=1
forall ¢ = 1,...,7 and 5 = 1,...,s. This is equivalent to ﬁ € Z, where d,, = %,
for n = ged(al,...,al, f1,..., fl,d). Summarizing, if [ is a multiple of d,, then

h'(S,0s(LW)) = 0. Otherwise, I # 0 mod d,,, using (3.12):

(4.4) h'(S,05(LD)) :*i VZ{JJ Z WJ a Z{

i=1 j=1

Lf;
pleint
=
where the last equality follows from (A.1).

Step 3. Restriction to a 1-dimensional cover of P'.

Let us restrict this cover to E (for C' it works the same way). We will be using
Proposition 1.7 and the construction before it. Since E contains r singular points,
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say {v1,...,7 of the surface S, one needs to perform a (1, g;)-weighted blow-up at
each point 7y; with exceptional component F;. The total transform of D is

ZaéAi + Z %Ez + ZfJ/FJ
i=1 i=1 " j=1

and hence Ec =Y ;_; 3—;(%>+Z;:1 [i{Pj), where P; = ENF; and Z—/’ € Z by (4.2b).
The decomposition into invariant subspaces of the monodromy of this cover is
calculated in Subsection 1.2 and it matches that obtained in (4.4). O

As a consequence of the proof and (1.4), one has the following specific formulas
for the dimensions of the invariant subspaces and the Alexander polynomials of the
monodromy.

Corollary 4.2. Under the hypothesis of Proposition 4.1, after appropriate reduction
to the case (d,D’,0) as in (4.1), the dimension of the invariant subspaces is given by

o -~ |15 | %)

Moreover, the characteristic polynomial of the monodromy is

Ay(t) = (" = 1)2(t — 1)r+s2

K2

(24 1y T (@ — 1)
-1 j=1

4.2. Horizontal coverings. The second type of special cyclic covers of S are those
associated with (d, D, H), where D is a horizontal divisor, that is,

D=cC+eE+ Y g;G;~dH,

j=1

where G1,...,G, are distinct fibers of mg, all of them linearly equivalent to G; see
Remark 2.8.

As was discussed in Subsection 4.1, it is enough to consider the case (d, D —dH,0).
However, D — dH is not necessarily a horizontal divisor, as described in (2.8). This
subtlety makes this case a bit more involved than the vertical case.

The best reduction one can expect is given by the following result.

Lemma 4.3. There exist v,n € Z and a divisor T" € Tor C1(S) such that
H~~C+nE+ T,

the order of T is a divisor of ged(d, k) and the only common multiple of T' and T
is 0 (see Remark 2.11 for the definition of T').
Moreover, there exist integers c’, €' such that

S
e=dn+re', c=dy+kc, c’+e’+Zgj:O‘
j=1

Proof: Since ged(g;,d;) = 1, we can assume that

.,
H~yCH+nE+ ) qojA + ¢'F;

=1
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recall that C, E, F, A; form a generator system of C1(S). Moreover, since d; A; ~ F
and ¢;, d; are coprime, such an expression exists. The condition D ~ dH is equivalent
to

s . / S
Z% +¢' =0, c+e+nZgj =d(v +17), e=dn' +a) mod d;.
i=1 j=1
In particular, ged(d, d;) divides e, i.e.,

lem(ged(d, dy), . .., ged(d, d,)) = ged(d, lem(dy, . . ., d;)) = ged(d, k)
also divides e. Note that ged(d, k) divides c.

Let np be a solution of e = dn’ mod k; the solutions of this equation are 7, :=
No + hk1, where k1 := m and h € Z. Let

ctet+rd._,9;
Y = y =Yg, € Z.

Let Hy, := v,C + nyE = Hy + hk,T. Note that

D —dHy, ~ (C — d’yh)C—F (6 — dnh)E + Zngj

j=1

~ <c— dyn + HZQj)C—F (e —dnp)E ~ (e — dnp)T ~ 0.
j=1
Then T}, := Hy — H = Ty + hx, T defines a torsion class such that d1}, ~ 0. Since the
maximal order of torsion classes is k we deduce that ged(x, d)Tp, = 0.

Using the structure of CI(S) given in Proposition 2.10, let us fix a direct-sum
decomposition where the component of Z/m,_; = Z/k is generated by T. The coor-
dinate 8, mod k of T}, in this component must satisfy

ged(k,d)Br =0 mod k <= B, =0 mod k; < B, = Buki,

and note that Bh = BO + h mod k1. Hence for a suitable h the coordinate Bh of Hy,
in T vanishes in Z/k.

Let us denote v = 7p,, n = i, and 7" = T},. They are the values in the statement
(in fact, those values may not be unique but we do not claim that).

The choice of Hy is well defined up to congruence with 77 = k17, with order
exactly ged(k, d). The definition of ~, 7 as solutions of a congruence equation ends
the proof. O

Reduction 4.4. As an immediate consequence of Lemma 4.3, considering D’ =
D — d(vC + nE), one can reduce the general case of horizontal coverings to those
associated with (d, D', T"), where

S T
(4.5) D' =kdC+ ke'E + Zngj ~0, T~ ZaiAi.
j=1 i=1
The class T is torsion of order d, and its only common multiple with T is 0. For
convenience, we denote 7 := di eZ.

These integers ¢/, €' are particularly important, since they provide an interesting
feature of the restriction of the covering to the preimage F4) of a generic fiber F'
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Namely, this cover 7 ramifies at s+ 2 points with ramification indices kc (at Po =
Clr), ke (at Pg = C|p), and gj, j = 1,...,s (at each of the x points G,|p =
Pji + -+ Pj).

Fg — X

(4.6) |7 lﬂx

F— P!
z2 — 2"

Actually this cover is the pull-back of a cover wx with ramification indices ¢ (at z = 0),
e (at z = 00), and ramifications g; at s points of C*.

Definition 4.5. The d-covering mx: X — P! of (4.6) is called the primitive vertical
cover of .

The wertical coverings are the restrictions of the covering 7 to the preimage of the
fibers. The above covering is called primitive because mp can be retrieved from 7y
due to (4.5) and how each G; intersects the fibers at x points.

This behavior is repeated for each special fiber A;, replacing s by d% and taking
into account that the factorization may not work for the restrictions 7a,: A; gy — A;
but only for intermediate covers ma, 4 : A; @y — As, where d’ is a divisor of d. For
each 7, we set e; as the maximal divisor of d such that the following diagram holds:

Ai,(ei) —_— Xej

J/WAi’ci J{WX,ci

Ay —— P!
Zr—— z%

Definition 4.6. Let ¢ := gcd(ey, . . ., €,). The é-covering mx s: Xe — P! is called the
greatest common vertical cover of m.

In order to apply Esnault and Viehweg’s method one has to consider the following
divisors for [ = 0,d — 1. The divisor for Esnault and Viehweg’s method is

Ikc ke’ * | g,
L(l)LJC+{ JE+Z{JJG]-ZT’
d d =~ d

() ) e e )

Jj=

From Lemma 4.3, one has

=1 =1

lke lke > lg;
{d} + {d} +I<Ej:1 {d} € Z.

and hence
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T e (=) () e e [
(L ()

K S
Nd<c’+e’+Zgj>C_
j=1
Remark 4.7. The common divisor

n = ged(d, ke, ke, g1, -+, gs)

3\&

of the coefficients of D’ and the degree of the cover will be useful as well as d,,
Note that n is also the greatest common divisor of d and the coefficients of D befo
the reduction.

,.g

As a first approach, we will consider the simpler case (d, D’,0) for a horizontal
divisor D’ ~ 0, that is, 7" ~ 0. In this case, one obtains the following result.

Proposition 4.8. Let m: Sq — S be a horizontal cyclic cover of S associated with
(d, D’,0). Then its H'-eigenspace decomposition can be described as a direct sum Hy, &
H,,,, where H,,, comes from a vertical cover of type (n, —keT,0) and Hy, comes from the
greatest common vertical cover which is of degree d. Moreover, for anyl=1,...,d—1,

lc le 5 lg; )
1+{d}+{d}+;{d} if do t1,

r l ; .
1 +Z {— 2;;;1 } if 1 = lod,,.

Proof: By (4.7), one obtains

(4.9) ch=L(l>-F=—<{l'§:}+{mj}+mi{l§j}> <0.

j=1

Note that ¢;a) = 0 exactly when d,|l, say | = lad,, for some Iy € Z, in which case
LO ~ B[, T. This falls in case (3.13) of Proposition 3.8 for a; = “2%[, and one can
check that the second part of formula (4.8) follows. For these terms one has

n—1

> B8, 05(L M) = B (S, Os,),
la=0
where S, is a vertical cover of S associated with (n,0, 22T or equivalently with
(n, —keT,0). This is the vertical cover producing H,,.
For the remaining terms c;u) < 0 and hence, by the vanishing result in Proposi-
tion 3.9 and (A.1), one has

soian=-i-[5]- 5] [4] < {5) (5} 5 04)

where the last equality follows from || = 2 — {z} and c+e+ ) g; = 0. This proves
the first part of (4.8).
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Now, let us describe the restrictions of the original d-covering to the curves A;.
Recall that the d-cover mp: Fig) — F = P! is the pull-back of a cover mx: X — P!
by the cyclic cover z — 2.

In order to describe the restriction to A; one needs to perform a blow-up at the
singular points of S on A; as explained in Proposition 1.7 and the preceding paragraph.
In particular, it is enough to perform a (gj, 1)-weighted (resp. (d; — ¢}, 1)) blow-up
at A; N E (resp. A; N C), where ¢;¢; = 1 mod d;.

In addition, note that D’ ~ 0 and horizontal implies that the multiplicity of the
exceptional component E; (resp. C;) of the blow-up of A; N E (resp. A; N C) is T
(resp. 5§ ) i.e., the following diagram holds:

Ai (d) — X

)

[ Jnx

A —— P

Z > 24

As a consequence, the covering my is the greatest common vertical covering of m (the
divisor e of Definition 4.6 is exactly d).

Denote by LY the Esnault—Viehweg divisors in P! associated with 7x. Note that

l l l
Lo = UJ Pe+ L‘;J PE+Z { ng Pg,,
deg LU2dn) — — el l28 :
® n

S e
= N n n | =1 otherwise.

The last equality follows since 264126 = — > 12% € Z. Hence h' (P, Op (LSQd"))) =

n

0 either way (see (1.3)). This shows that

where

d—1 d—1
hH(X,0x) =Y B'PLOp(LY) = > WP, 0 (L"),
1=0 1=0, d, 11
which ends the proof. O

According to Reduction 4.4, the general horizontal case can be given by (d, D', T"),
where T € Tor C1(S) as in Lemma 4.3. The H!-eigenspace decomposition in this case
splits into a purely horizontal part and a vertical one as follows.

Proposition 4.9. Let w: Sq — S be the horizontal cyclic cover of S associated
with (d, D', T"). Then its H'-eigenspace decomposition splits as Hj, & H,, where
H, comes from the vertical cover associated with (n,dT’ — keT,0) and Hy, comes
from the greatest common vertical cover of m which is of degree T. In particular, it de-
composes as a direct sum of the cohomology of two cyclic covers of P! and the splitting
respects the eigenspaces of the monodromy and the Hodge structure.

Proof: The proof runs along the lines of that of Proposition 4.8. We will highlight the
differences. Formula (4.9) holds and in this case ¢ = 0 implies

LO ~ 1, (ET - dnT’>, AGEOBNY OS2
n
—_————

=T
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(L1) The case ¢,y = 0 is equivalent to | = lad,, ie., LY ~ [,T”. The value
of h'(S,0gs(L®M)) has been computed in Proposition 3.8. More precisely, this
case corresponds to the vertical cover associated with (n,0,7") (or equivalently
(n,dT" — keT,0)) considered in Subsection 4.1.

(L2) If ¢,y < 0, then by the vanishing result in Proposition 3.9, h'(S, Os(LW)) # 0
only if IT" ~ 0. Hence, we assume [ = [;d,. By Proposition 3.9 and (A.1) one

has .
hH(S,0s(LY)) = 1+ {llc} + {lle} +Y {llgf} :
T T il G

Recall that the condition of Reduction 4.4 implies 0 ~ D’ ~ dT’ ~ 7(d;T") is a

horizontal divisor.
In order to describe the restriction to A; one needs to perform a blow-up at the singular
points of S on A; as explained in Proposition 1.7 and the preceding paragraph. In
particular, it is enough to perform a (g}, 1)-weighted (resp. (d; —¢;, 1)) blow-up at 4; N
E (resp. A; N C), where ¢;¢; = 1 mod d; and hence one can find h; € Z such that
¢iq; = 1+ hid;.

In addition, note that D’ ~ dT” ~ 0 implies the existence of integers d; such that

doy; = d;6; (a is the coefficient of 7" in 4;). Hence, the multiplicity of the exceptional
component F; of the blow-up of 4; N E is

/
R

since the multiplicities are only relevant mod d. Analogously, one can compute the
multiplicity of the exceptional component C; of the blow-up of A; N C' as d%c — ;.

Summarizing, the restriction of the original d-covering to the curve A; is a d-cover
of A; ramified at diis—i— 2 points with multiplicities dﬁie—&—éi (at Pg, = A;NE;), dﬁic— 0;
(at Po, = A,NC;), and g;, j =1,...,s (at each of the 4 points of G; N Ay).

Let us consider the intermediate 7-cover. Recall that d.T” ~ 0. There exists f3;
such that d,«a; = d;5;:

d;0; = doy; = T(d.,-ai) = T(dzﬂi) = §; = 0 mod 7.

These congruences show that the degree of the greatest common vertical cover is 7.
Its characteristic polynomial Ag;(t) can be computed with the help of the divi-
sors LW

the terms deg L(Tll) for which [ = ;7 is a multiple of d,, do not contribute to this
horizontal part. This completes the proof. O

e+ dh;o; +0; = ge—l-éi mod d,

using again Lemma B.1. The same argument about deg L") shows that

Remark 4.10. The degree of the greatest common vertical cover can be obtained
in two ways. From the above proposition, it can be obtained algebraically in terms
of the torsion order of the divisor 7”. And from the definition, it can be obtained
topologically as the highest divisor of d for which the covers over A; are pull-backs of
the primitive vertical cover of 7.

Corollary 4.11. The characteristic polynomial As(t) of the monodromy of a horizon-
tal cover of S associated with (d, D', T") as above factorizes as Aq(t) = Ag p(t)Ag (1),
where Ag (t) and Az, (t) are Alezander polynomials of coverings of PL.

Proof: By Proposition 4.9, the H'-eigenspace decomposition of the cover splits as a
direct sum Hj, @ H,,. By Proposition 4.1, the characteristic polynomial Ag ., (%) of the
monodromy associated with H,, corresponds to that of the restriction of the vertical
cover (n,0,T") to E (or C'), whereas Ag ;,(t) corresponds to that of the horizontal
T-cover described in the proof. O
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4.3. General case. To end this section, we are in the position to describe the general
case, that is, m: Sy — S is a covering associated with (d, D, H) such that D ~ dH
and

T
D =Y m;D; €Div(S), H=~C+nE+Y a;A; € CI(S),
jeJ i=1
where m; € Zsg, D; is an irreducible (effective) divisor, j € J, v,n,a; € Z, i =
1,...,7, and the reduced support D;eq of D is a Q-simple normal crossing divisor.
Following Lemma 2.9 we decompose D as

D= VhDh + V’uDv + Vsta

where Dy, is horizontal, D, is vertical, and Dy is slanted (see Lemma 2.9); all of them
are primitive (i.e., the ged of their multiplicities equals 1). We introduce the following
notation:

d" = ged(d, vy, vs), d° = ged(d, vy, vs).
The following result describes the H'-eigenspace decomposition of a general cyclic
cover of S. The notation used is defined in Subsections 4.1 (see Proposition 4.1)
and 4.2 (see Proposition 4.9).

Theorem 4.12. Consider w: Sq — S the cyclic cover of S associated with (d, D, H)
as above. Then H*(S; Og) =H,®H,, H,:=H'(E4;Og,. ), and Hy,:= H* (X »; Oxeh),
where Tg: Egv — E =2 P! s the restriction of the intermediate d”-cover to E and
7x: Xon — P s the greatest common vertical cover of the intermediate d"-cover
(e" is a divisor of d" as in Proposition 4.9). The eigenspace decomposition of
HY(S;05) = Hy, ® H, is the direct sum of the natural eigenspace decompositions
of Hy, and H,,. In particular, each factor of the splitting is associated with a P*-cover.

Proof: The divisor L) associated with Esnault and Viehweg’s theory is

l .
O =g +y “;JJ D;.
jeJ

Let B € Div(S) be any divisor. Since D ~ dH, the equality

l
IH-B= gijDj-B
JjeJ
holds. Taking into account (1.2) in Remark 1.2 one has
crLa = LW.p <0 and ¢pum = LW.c <0.

According to Theorem 3.7, if they are both negative, then h'(S, Og(L®)) = 0; the
same happens if [ is a multiple of d. The remaining cases for [ € Z are considered
below.
(a) Cru = 0.
Let us denote J1 = {j € J | ¢cp, # 0}, ie., D; is a term of either Dy,
or D,. Then cyo) = 0 if and only if d divides Im;, Vj € Ji; see Remark 1.2.
The latter is equivalent to asking d% to divide [. This way [ can be written as
l= lldiv forl; =0,1,...,d" — 1. In fact, these values measure the action of the
monodromy of the intermediate d’-cover.
Consider the cover of S associated with (d*,v,D,, H,), where
d vy v

H,~—H— —Dj — —D,.
dv T
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This corresponds to a vertical cover. Let us denote by Lq(fl) the Esnault—Viehweg
divisors associated with this vertical cover. A simple check shows that szll) =
L), Hence, this invariant part of the cohomology is described by a vertical
cover of dV sheets in the sense of Subsection 4.1, which can be decomposed as

that of a cover of P! and has an associated characteristic polynomial Aq(t).

(b) orw =0.

Analogously to the previous case, one can define J, = {j € J | pp, # 0},

i.e., Dj is a term of either D, or D,. Then ¢;w = 0 if and only if I can be
written as [ = lgdih for I =0,1,...,d" — 1. These values determine the action

of the monodromy of the intermediate d"-cover. Now consider the cover of S
associated with (d", vy, Dy, Hy,), where

d Uy

Hv ~ dihH - dTDU - EDS
This is a horizontal cover. Analogously to the previous case, one can easily check

Vg

that LSQ) — ), Hence, this invariant part of the cohomology is described
by a horizontal cover of d" sheets in the sense of Subsection 4.2, which can be de-
composed as a direct sum of a horizontal cover (greatest common vertical cover)
and a vertical cover, an intermediate cover of order pg := ged(d, vp, vy, Vs).

Let us denote by Ay(t) the characteristic polynomial of the cover of S as-
sociated with (d", v, Dy, Hy), and by Ag p(t), Az, (t) the characteristic poly-
nomials of the horizontal and vertical covers of the preceding paragraph; see
Corollary 4.11. Note that Ag(t) = Ag (1) Az ().

As a word of caution, note that the previous two cases (a) and (b) are not disjoint.
That is why we need to consider a third case that accounts for repetitions.

(¢) Lrw =(0,0), that is, c;y = @ = 0.
Combining (a) and (b), this case occurs whenever | = ZO%. Consider the
vertical cover of S associated with (ug,0, Hy,), where

d 1
(4.10) D,,=0, H,~—H-—-—D.
Ho Ho
Note that H,, is a torsion class. This case matches (L1) in Proposition 4.9,
which accounts for the vertical part H, in the decomposition of the horizontal

cover associated with part (b). In order to see this, it is enough to check that
d lo 42
the divisors L%‘)) = o pry) and LZO #07 are related as follows:
h
(lofTO).

LUo) — o) — plofs i) —
In particular, Ag(t) = Ag (). O

As a result of the proof one obtains the following.

Corollary 4.13. The characteristic polynomial A(t) of the monodromy of a cover
of S associated with (d, D, H) as above factorizes as A(t) = %ﬁ;(ﬂ = Aq(t)Ag (1),
where A1(t) and Ag p,(t) are the Alezander polynomials of covers of PL.

Proof: As a consequence of the proof of Theorem 4.12, the final Alexander polynomial

is Al(At?,(Ati(t) = Al(t)AZA”;‘((f))Az’h(t). At the end of the proof it is shown that Ag(t) =

Ay, (t), which completes the proof. O
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5. Examples and applications

5.1. Reducible normal fake quadrics of type (d;,q;) = (3,1), r = 3. Fol-

lowing Remark-Definition 2.7 consider S the surface associated with (d;, ¢;) = (3,1),

i =1,2,3. In this case a := 3 + 3 + 1 = 1 and x*® = 0 (see (2.2)). Note that
=lem(dy,ds, d3) = 3 and C1(S) = Z? & (Z/3)? by Proposition 2.10.

Example 5.1. This example will highlight the relevance of the choice of the torsion
class H in the cohomology of the covering of S associated with (d, D, H) as well as
the importance of the greatest common vertical cover introduced in Definition 4.6. We
present different horizontal coverings associated with different torsion divisors whose
cohomology invariants are different as well as their greatest common vertical covers.

Let 04: S, — S be the cover associated with (3,D,H,), where D := G, H, :=
C—aT,a=0,1,2 (recall T := E — C). Note that o, is a horizontal cover. One has

LO = —1H, + L{)J G =—lH, =1aE —I(a+1)C.

Applying Reduction 4.4, it is enough to consider the covering of S associated with
(3,D!,0), where

D), =D —3H,=-3(a+1)C+3aE + G ~ 0.
By Proposition 4.8 one has

W (Sa; Os, (LV)) = =1+ {—l(a;”} i {lg} ! {;}

_{_l(a—i—l) J { aJ 1 ifl=2a=1,
o 3 3 0 otherwise.

As a consequence,

@ 0 otherwise.

Let us consider the composition 7 of the (1, 2)-weighted blow-ups of the points A;NC
and the (1,1)-weighted blow-ups of A; N E. We will denote by C; (resp. E;) the
exceptional component resulting after the blow-up of A, N C (resp. E;). Then,

3
7 (D)) =G —3(a+1)C+3aE+ Y (aE; — (a+1)C;).
i=1
The restriction of the covering to a generic fiber F' ramifies at the three intersection
points with G’ and thus 7= 1(F) is a curve of genus 1. The restriction of the covering
to A; ramifies at the point A; N G with index 1. The other ramification points are
A; N C; (with index 2 — a) and A; N E; (with index a).

In particular, for a = 0,2, the cover of A; is rational while for a = 1 it is a curve
of genus 1. Note that 7 = 3, hence the three restrictions coincide with their greatest
common vertical covering, and the monodromy of the covering of S coincides with
the monodromy of the covering of each A;.

On the other hand, if one replaces H, by H], := H,+ A; — As, then 7/ = 1 and the
new greatest common vertical covering is the identity, i.e., HI(S('J,OS(,I) = 0, where

5'(’1 denotes the respective covering. Note that the restrictions of both coverings over F’
do not change.



CYCLIC COVERINGS OF RATIONAL NORMAL SURFACES 395

Example 5.2. This example shows the effect of the mized part, see (4.10), in a
horizontal covering. It also shows an example of a non-connected covering.

Consider o: S — S, where S is as at the beginning of Subsection 5.1, with d = 6,
D =3(C+G), H=2C. After applying Reduction 4.4 one has a horizontal covering
of S associated with (6, D’,0), where D' = 3(G — 3C) ~ 0 is a horizontal divisor
and n = 3. The induced covering over a generic fiber has three connected components,
each one being a genus 1 curve obtained as a double covering of P! ramified at four
points (the three intersections with G' and the intersection with C). In order to study
the covering over A; we need to use 7 as in Example 5.1, to obtain

3
™(D') =3 (G —-3C — ZEE) ,
i=1
i.e., the coverings of A; consist of three copies of P!. In fact, S has three components
with vanishing 1-homology.
Replacing the H divisor class by H = 2F, the situation over F' does not change.
Applying Reduction 4.4 one has D' = 3(G+ C — 4F), n =3, d,, = 2, and

L® =G+C—-4E~4(C - E)= —4T ~2T, LYW ~T.

Hence the mized component of the covering corresponds to a 3-cover ramified over
D =0and H=-T, ie., of type (3,0,2T) = (3, —6T,0).

Since h'(S,05(T)) = 0, and h'(S,05(2T)) =1 (see (3.12) in Proposition 3.8),
which correspond to the cohomology of a genus 1 curve as a 3-cover of P'. In fact,

3 3
(D) =3G+C—4E+Y Ep —4Y Eg,,
i=1 i=1
and then the covers over A; are 6-covers of P! ramified along three points with rami-
fication indices 3, 1, 2, i.e., a curve of genus 1. The final characteristic polynomial is
(2 —t+ D)2+t +1).

Finally, replacing the H divisor by H = 2E + A; — As, one obtains L(?) = G +
C —4E —2A1 4245 ~ =T — 2A; + 245 ~ Ay — A3, LW ~ A3 — A,.

The mixed component, that is, the invariant part coming from the greatest com-
mon vertical covering has trivial monodromy. In this case 7 = 3, and the horizontal
part is a 2-covering of P! ramified in principle at three points with ramification in-
dices (3,1,2) = (1,1,0), i.e., the covering is a P! and thus its monodromy is trivial.

5.2. A general example of cyclic coverings of reducible normal fake quadrics.
This will describe a general example of a cyclic covering of a reducible normal fake
quadric. The constructive proof of Theorem 4.12 will be applied to this case in or-
der to explicitly exhibit the vertical and horizontal P!-coverings whose H'-eigenspace
invariant subspaces reconstruct the first cohomology of the cyclic covering.

Let us consider the reducible normal fake quadric S associated with the numer-
ical data (di,da,ds) = (6,9,18) and (q1,¢2,93) = (5,1,1) as described in Remark-
Definition 2.7. Note that o = 1, k = 18, and x°™ = f%.

We consider the divisors

D = 90(C + E) + 15G1 + 165Go + 18(241 + Ay + 243),
H:=E+ Gy +2A; — 34, + As.
Since
D—180H = 90(C'— E)+15(G — G2)+18(— 1841 +31 45— 8A43) ~ (—54+62—8)F = 0,
the cyclic covering m1g9: X — S associated with (180, D, H) is well defined.
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Following the proof of Theorem 4.12 one has to determine the vertical component
of the covering, which is given by (u1, Dy, Hy), where

p1 = ged(180,90,90,15,165) = 15, D, = 18(241 + Ay + 243),

and
H,=12H —6(C + E) — Gy — 11Gy ~ 6(E — C) 4+ 24A; — 36A, + 1243
~6(5A; + Ao+ A3 — F)+24A; — 3645 + 1245
=54A; — 3045 + 1843 — 6F ~ F — 3A,.

Applying Reduction 4.4, this vertical covering is associated with (1, D.,0), where
D! =18(2A; + Az + 2A3) — 15F + 4545 = 36A; + 63A5 + 36 A3 — 15F.

Using Proposition 4.1 we see that the monodromy of the vertical cover w15 coincides
with the monodromy of the covering restricted to the preimage of F, associated with
the divisor

Ec = 6(y1) + 7(y2) + 2(73) — 15(00);

the characteristic polynomial of the action of the monodromy on the first cohomology
group of the structure sheaf of the cover is

11 (t—exp%jl\;jl);

j€{2,4,6,7,12,14}

in particular, the characteristic polynomial of the covering is the product of the cy-
clotomic polynomials for 5 and 15. Analogously, for the horizontal part, the covering
is associated with (us2, Dy, Hy), where

e = ged(180,36,18,36) = 18, D;, =90(C + E) + 15G1 + 165Ga,
and
Hp,=10H—(2A1+A3+2A3) ~10(E+G2)+18A41—31A45+8A3 ~10(E+G2)+4(243—A2),

which is the expression as in Lemma 4.3, where T’ = 4(2A43 — A») is a torsion divisor
of order 9 whose least common multiple with T"'= 541 + Ay + A3 — F is 0. According
to Reduction 4.4 note that d, =9, 7 = 2, and

n = ged(18,90, 15, 165) = 3.

In other words, one is interested in studying the horizontal covering associated with
(18,D;,,T"), where

(5.1) D), = Dy, — 18H;, = 90(C — E) + 15(Gy — Ga).

The H'-eigenspaces of this covering, according to Proposition 4.9, can be recovered
from its mizred part and its greatest common vertical covering. The mixed part has
already been considered in the vertical component, that is, in (u1,D,, H,) above,
as for the greatest common vertical 2-fold covering of the restrictions to the special
fibers A;. From (5.1), the double covering of P! is ramified in principle at four distinct
points with indices (51)—(8), —?—g, 15, —15) which are congruent with (1,1,1,1) mod 2.
Then the characteristic polynomial of this part is Ag(t) = t + 1 (the cover is an

elliptic curve).
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5.3. Application to the cohomology of surfaces which are quotients of a
product of curves. Let us consider a horizontal covering 7: X — S of a reducible
normal fake quadric S associated with (d, D,0), where

S
D =k(cC+eE)+ Zngj’ ged(ke, ke, g1, ..., 9s) = 1.
j=1
The condition on the greatest common divisor implies that the covering 7r: Fg) — F,
the restriction of 7 on the generic fiber F, is connected, where F(4) 1= 7 Y(F) is a
smooth projective curve. Consider the following diagram:

Y — X

lﬁ l
GxPl 2,48

The covering 7 is associated with a horizontal divisor of G' x P! where the sequence of
ramification indices is ¢ (at each point in 7, ' (FNC)), e (at each point in 7, H(FNE)),
and g; (at each point in 7, '(F N G;)), i = 1,...,s. Actually Y = G x F(g and
7 = lg X mp. As a consequence, X is the quotient of G' X Fi4) and its cohomology
can be computed from the formulas in this work. The action on G' x F{g) is not free,
but X admits structures of isotrivial fibrations over orbifolds.

6. Lé—Yomdin singularities

A useful application of cyclic covers of reducible normal fake quadrics is given for
the semistable reduction of (weighted) Lé—Yomdin surface singularities introduced
in [7]. Let (V,0) := {F = 0} C (C3,0) be a hypersurface singularity where F :=
fm~+ fom+r+- - is the weighted homogeneous decomposition of the analytic germ F' €
C{z,y, z} for some weights 0 = (6,,0,,0,). We say (V,0) is a (0, k)-weighted Lé-
Yomdin singularity if

V(Jac(fm)) N V(fm-i—k) = @,

where V (Jac(fim)), V(fmsr) C P2 are algebraic varieties in the weighted projective
plane P% = Proj C[z, y, z]s, C[z,y, 2]¢ is the f-graded polynomial algebra over C, and
0 = (deg z,degy,deg z) = (65,6,,0.).

The term Lé—Yomdin singularity comes from the original papers by Yomdin [19]
and Lé [20] on hypersurface singularities (see [8] for more details). The Milnor fiber
of a (0, k)-weighted Lé-Yomdin singularity can be studied by means of Steenbrink’s
spectral sequence [31] associated with the semistable reduction [27, 31, 25] of a
Q-resolution of singularities of (V,0); see [24] for the non-weighted case.

This resolution is obtained with two types of blow-ups. The first one is the 6-
weighted blow-up of (C3,0). This first exceptional divisor and its cyclic cover in the
semistable reduction deserve special treatment and they are completely determined by
the projectivized tangent cone V(f,,) as a curve in the resulting exceptional divisor,
which is the weighted homogeneous plane P%; see [5, Proposition 5.13].

The other blow-ups are those required for the minimal Q-embedded resolution
of the pair (P, V(fn)); each weighted blow-up of this embedded resolution yields
a weighted blow-up of the surface singularity as explained in [25, §6.2]. Each one
of these blow-ups contributes with an exceptional divisor which produces (as cyclic
covers) certain divisors in the semistable reduction. Most of the invariants appearing
in Steenbrink’s spectral sequence are birational invariants. In particular, instead of
studying the cyclic covers at the end of the resolution, one can study them at this first
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stage, where they are cyclic covers of quotients of weighted projective planes with a
very precise ramification locus.

For the particular case of superisolated singularities, the strategy in [2] includes
performing an additional birational transformation such that the final result is a
cyclic cover of P! x P! ramified along some fibers and sections. The parallel strategy
for weighted Lé—Yomdin singularities replaces P! x P! by a reducible normal fake
quadric, the fibers by regular and exceptional fibers, and the sections by curves C,
E, G; see [26]. In the upcoming sections computations will be carried out for the
particular case of the second type of weighted blow-ups, namely where the blown-up
point P is smooth in the partial resolution and where the weights (w,wy,w;) of w
are pairwise coprime. Following [25, §6.2], an embedded Q-resolution of V(f,,) will
be described first.

6.1. Semistable normalization in dimension 2. In this section, one step of the
Q-resolution of a point V(f,,) will be described, namely, a (ws,w,)-blow-up of a
smooth point P in a 2-dimensional chart where the local equation of the total trans-
form of the singularity is

ke y B (2, y) = 0;
the (wg,w,)-multiplicity of h(x,y) is denoted by v. The condition on the exponents
of x, y is given by the smoothness in dimension 3. The v-form of h(z,y) is

r S
(6.1) (x“““y“y (y* = %x“’y)“> ;
i=1
where 71, ...,y € C* are pairwise distinct, x := % € Z, and ged(k, ag, ay, €1,. .., ep)=
v

1. We denote e := 2221 e; and vy 1= wea, + wyay + wywye = <. Moreover, this is
related to the third weight of w by w, = %2 = £ € Z.

[(z1,y1)] = (2", 21" y) [(z2,y2)] = (w295, 95 ")

FIGURE 7. Weighted (wg, wy)-blow-up at Py.

The multiplicity of the exceptional divisor is

My

kE(wemg + wymy) + v =k (wymy + wymy + w,) .

Let u,v € Z such that uw, 4+ vw, = 1. Let us consider the weighted blow-up of
type (Nw, — v,1) at the quotient singularity of order w,, where N > 0. The multi-
plicity of this auxiliary exceptional divisor (mod km,) is

(Nwg—v)kmy,+Ekmy—+sa,  kmy + sa, — kv(wymy + wymy + w,)

Wg Wy

B Ay —V( Wz Gy +Wy Ay + W wye€)
6.2) k (umy—vmg) +s "

—C

= s(—kc + uay — vay — vwye).

€oo
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We proceed in a similar way with a weighted blow-up of type (1, Nw, — u) at the
quotient singularity of order w,,. The multiplicity of this auxiliary exceptional divisor
(mod kmy,) is

(6.3) s(kc + vag — uay — uwge).

€0
Hence the ged of the multiplicity at each new divisor and its neighboring divisors
(which can be replaced by the multiplicities computed above) is

(6.4) sged(KMmey, €0, €ooy €1, - -+ €r) = S ged(My,, €0y €00y €1, -« -5 E1) .

Ow
Note that ged(d,, k) = 1 and there exist 51, 82 € Z such that 816, + B2k = 1.
Let us summarize the notation and some formulas introduced in this section.

(c1 = g with the condition ged(k, az,ay,e1,...,er) = 1.
(C2) e=e1+---+e,.

(C3) vy = weay + wyay + wywye = 2.

(C4) w, =2 = 1.

(C5) my, = wymy + wymy + w,.

Q

(cr
(C8
(C9) 6w = ged(mey, €05 €oos €15 - - - 5 €1)-
(C10) B16y + B2k = 1.

€0 = Vay — Uy — UWze + KC.

€oo = Uy — VAy — VWyE — KC.

) K
) e
)
)
)
(C6) uwy +vwy = 1.
)
)
)
)

6.2. Semistable normalization in dimension 3. In this section we use the blow-
up performed in Subsection 6.1 at the embedded surface singularity in dimension 3.
In particular, consider a chart where P is the origin and the local equation of the
total transform of the surface singularity V is of the form

(xmzymy)m""kzm(zk - h(l‘, y)) =0.
The v-form of z¥ — h(z,y) is

S K T
H (ZN o ngaxyay (wa _ ,yixwy)e.L) _ Zk _ xsazysay H(ywz o ’)/il'wy)sei~
j=1 i=1 i=1
The exceptional component of the blow-up is isomorphic to P2. The multiplicity of
this divisor equals

5

——
(6.5) d = (wymg + wymy +w;) (m+ k) =m0,

where m,, has been introduced in (C5). Since the total transform V' of V is linearly
equivalent to the zero divisor, this is also the case for its intersection with £ =2 P2.
This intersection can be decomposed into two terms: the divisor obtained by the
intersection of V'’ with E and with the components of V' which are different from E.
The latter can be described as

D :=6(m,X +m,Y)+mZ + ZGj’

j=1
where

(6.6) X:2=0, Y:y=0, Z:z2=0, Gj:z2"—ay™ ||y —vaz") =0,
i=1



400 E. ARTAL BARTOLO, J. I. COGOLLUDO-AGUSTIN, J. MARTIN-MORALES

and the divisors G; are irreducible. The self-intersection E? is linearly equivalent to H,
where H is any divisor in P2 of degree 1, e.g. H ~ uX +vY as deg,, H = 1; see (C6).
Hence the intersection is D — dH ~ 0, the support of a meromorphic function. From
the point of view of a cyclic cover of degree D the geometric ramification occurs mod d
and this is why we have provided the decomposition D — dH. From these data one
can choose a particular presentation of C1(P?) as

(XY, Z,Fy,...,Fp, Flw,X ~w, Z,w,Y ~w, Z,w,X ~w,Y ~F~F;,;1<i<r),
1
where Gy ~ -+ ~ G5 ~ KZ, F; is the line joining [0: 0 : 1], and [1 : 7" : 0],,, and
F is a generic line through [0:0: 1],
Hence, it makes sense to consider the cyclic covering ramified along (d,D,H ). Equiv-
alently, using Reduction 4.4, one can consider the covering associated with (d, D’,0),
where

S

D' = §(my — umy)X + 6(my —vmy,)Y + mZ + ZG]-.
j=1
In order to express this cover as that of a Q-normal crossing divisor, one needs to
perform some birational transformations. This is where the reducible normal fake
quadrics come into play. Let us start with the (w,,w,)-blow-up of [0 : 0 : 1],. The
new surface will be denoted by ¥ and the exceptional component of this blow-up
by E. For simplicity, we keep the notation for the strict transforms in ¥. Taking into
account that the total transform of X (resp. V) in ¥ is X + = E (resp. Y + L}U—ZE),
it is not hard to check that

ClX)=(X,Y,Z,F,...,F.,FE|w,(uX +vY)=Z7Z—E,
wyX =w,Y =F,=F, 1<i<r).
The multiplicity of E as a component of the total transform of D’ is
(Mg — umy,)wy + (My — vmy,)w,

) = —4;

Wy

see (C4) and (C5) on page 399. By the previous calculations, note that the new
ramification divisor Ds, can be described as

Dy, = 6(mgy — umy,) X + 6(my —vmy,)Y —6E +mZ + Z G;.
j=1

Next, one can perform generalized Nagata transformations on the fibers over the
following points of E =P 0=[0:1],c0=[1:0],% =[v:1],i=1,...,7. The
goal of these transformations is to separate the divisors G; from Z keeping them away
from E, which can be done using the following weights:

1 1

t0, ———

(K, az) at 0, ged(k, ay)
Moreover we obtain a reducible normal fake quadric S as in Subsection 2.3, as one
can check by computing the self-intersection of the strict transform of Z in S:

(K’aay) at oo, (’{762') at ;.

ng("€7aI) ng(’%aei)

(67) (ZZ)S:(ZZ)E_ - ﬁ_ Oz _ Ay — Wy _axwx+aywy+wa;wy€ —0.
KR

pat KWy KWy — WgWy KWgWy

To obtain a full description of S, let us describe its cyclic quotient singular points. If
the new exceptional divisors are denoted by Ag, Ao, A1, ..., A, then there are two
singular points on each A;, 7€ I ={0,1,...,r, 00}, whose combinatorial data (d;, ¢;),
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as described in Subsection 2.2, can be calculated using [9, Theorem 4.3] in terms of
the invariants introduced in (6.1), (6.2), and (6.3) as, see also (C1), (C7), and (C8):

KR €;

6.8 di=—" a=—Y el
(68) zedlme) * gdme) ' C
Note that

(6.9) lemierdi = — 2 =g,

ged(k, e, € 1)

The first equality in (6.9) is a consequence of (6.8) and (A.4) in the appendix. For
the second equality one needs to show

(6.10) ged(k, e, € ) = 1.

Since Z = Z{Kk, a3, ay, €1,...,€), it is enough to show that a,,a, € Z{k,e;,i € I);
see (C1). This is a consequence of

(U —u) (ax> = <O> mod Z(k,e;, i € I) and ‘ v
Wy Wy ) \Qy 0 Wy Wy

As a word of caution, note that we are not imposing that the values ¢; bein {1,...,d;—
1} (see also Remark 2.5), only gcd(d;,q;) = 1. There could be other choices of ¢;
corresponding to different generalized Nagata transformations; their remainder classes
mod d;, however, remain unchanged. According to our construction and (6.7), one
can check that a =37, % = 0.

Finally, let us compute the total transform Dg of Dy in S. First, the multiplicity
of A;;i=1,...,r, as a component of Dg is given by

=1

€; + €K
m s
ged(k, e;) ged(k, e;)

= dg;.
On the other hand, the multiplicity of Ag as a component of Dg is

az + Kk(mg — umy,) ag + kMg (1 — uwy) — ur(myw, + w,)

=4
wyged(k, eo) wyged(k, eo)

Ay + KMgUWy — UKMyWy — W( Wy + Wyay + Wywye)

=4
wyged(k, o)

azv + ke — u(ay + wge)
ged(k, eg)

Analogously, the multiplicity of A is d¢o. Then, the ramification divisor Dg is

DS:(squ'AZ'+mZ—5E+zS:Gj.

iel j=1

Finally, note that

CI(S) = <AO,AOO,A1,...,AT,F,Z,E| diA;~F icl E—27~ Zini> .
iel
The last step is to apply the contents of Subsection 4.3 to the covering of S associated
with (d, Dg,0). Following the constructive proof of Theorem 4.12 and its notation,
the subset of indices J; corresponds to the irreducible divisors Z, E,G1,...,Gs and
then p; = 1 and also up = 1. Then, there is no contribution from the vertical part (a)
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and from the mixed part (c). Let us check the horizontal part (b). The irreducible
components of Dg involved in Jy are A;, i € I, and hence, using (A.3), one obtains

e
d(dmy,,d0q;,i € I) = §ged | my, —————,i € 1
ged(dmy,, 6q;,i € 1) gc (m aed(r.el) i€ )
ged(e;, i € 1)
=dged [ my,, —————"——= | = 00,-
5 (m ng(Ka €i,1 € I)

The last equality is a consequence of (6.3) and (6.10); see also (C9). Recall that
d = ém,, by (6.5) and J,,|m,, by (6.4). Thus the monodromy of the original d-cover co-
incides with the monodromy of a horizontal (§4,,)-cover associated with (§6,,, D, Hp),
where (see (C10))

Dy =mZ — 5E+ZG]‘7 H;, = _iZQiAi ~ =B Z%’Ai ~ pi(Z - E)
Jj=1 i€l i€l
(one can easily check that the relation Dj, — 60, Hj ~ 0 holds).
Finally, after applying the process described in Subsection 4.2, the horizontal cover
satisfies n = 1 and 7 = §4,,.
As a consequence of Theorem 4.12 and the discussion above, one has the following.

Proposition 6.1. Under the conditions and notation described above, the invariant
subspaces of the monodromy action on the semistable reduction S of (6.6) coincide
with the greatest common (0d,,)-covering of the restrictions to the special fibers A;,
1€ 1.

Let us re-prove the above result without the use of the torsion arguments. Let us
consider the restriction wp: Fss5, — F of the (6d,,)-subcover to a general fiber F. The
ramification happens at Z N F (with multiplicity m), E N F (with multiplicity —¢),
and G;NF (k points with multiplicity 1). The following congruences mod (44,,) hold:

/—Ln\ﬁ
m=m—00,01 =m—0(1—Pak) =k(B20—5).
Then, there is a pull-back diagram

Fg — X

(6.11) J”F J”X

F— P!
z — 2"

where the covering 7x has ramification indices 7 (at 0), 1 (at s points in C*), and
—(s+m) (at 00).

A similar diagram exists if we replace F' by A; and k by dﬁi, for ¢ € I. In order
to see this, one needs to know the multiplicity of the ramification divisor at Z N A;,
which is obtained by performing a (¢;, 1)-blow-up as in the proof of Proposition 4.8,
ie., ¢iq; = hid; — 1. The computed multiplicity is

0¢;q. +m
Qi T _ s, .
d; T

Also, one needs to check the following congruence mod d6,,:

%(625 —8) =6h; — sdii — %525 = 0h;,
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which is equivalent to %8> = h; mod 0. Since ged(ds,q;) = 1 and 6, is a divisor
of ¢; the above congruence is equivalent to 1 — 518, = k02 = d;h; = 1 + ¢;¢; mod 4,
which is obviously true. Then the following diagram also holds:

Ai,(ééw) — X

[ =

This provides an alternative proof of the result since it means that §J,, is the maximal
degree where the diagram (6.11) holds. This describes the curve cover that contains
all the necessary information.

Corollary 6.2. The characteristic polynomial of the monodromy action on the
semistable reduction S of (6.6) is
(t _ 1)275(1555“, _ 1)5
(té _ 1)(tgcd(m,55w) _ 1) :
Proof: From Proposition 6.1 we know that it coincides with the characteristic poly-
nomial of wx from (6.11). We use a zeta-function argument. The covering admits a
stratification with a dense strata of Euler characteristic —s, where each point has
00, preimages (the unramified part). There are s points with only one preimage.

For the other two remaining points the number of preimages are ged(dd,,m) and
ged(0d,, = — s) = ged (84, B20) = 6. Since m = 26 — s = mPB2 — B10,5 we have

m\ _ (B2 =P\ [ m
36 dw K 80, )"’
and as the square matrix is unimodular then ged(d9,,, ) = ged(sd,,, m). Hence

(t—1)2  Ag(t)Ao(t)
A(t) A

= (1) = (£ 1) (7 - (Eet) - — )7L O

Appendix A. Basic arithmetic

Some basic well-known properties of the floor and ceiling functions, the greatest
common divisor, and the least common multiple are set out here for completeness.
The purpose is to recall some of the most frequently used properties in this paper so
the reader can be referred to them, simplifying the overall exposition.

A.1. Floor and ceiling. Given a real number a € R, let us denote by |a| its integral
part (or floor) and by {a} its decimal part so that one can write

a = la] +{a},
where |a] is the unique integer satisfying a — 1 < |a] < a and 0 < {a} < 1. The
ceiling (or roundup) is denoted by [a], it satisfies [a] = —|—a], and it is the unique
integer such that a < [a] < a+ 1.

Two more useful properties are used throughout this paper. Let ¢ € R and m,n €
Z; then

[l g

and, consequently,

(A.2) leJ - 1- {@J .
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A.2. Greatest common divisor and least common multiple. Let mq,...,m,,
k € Z; then
my m, ged(my,...,m;)
A3 d = .
(A-3) 8¢ (gcd(k;, my) gcd(k;,mT)) ged(k,my,...,m;)

If, in addition, m € Z is a multiple of all the m;’s, then

(A.4) lem (m m ) - m

mi "m, ) ged(my,...,m,)’

Let d1,...,d, € Z\ {0} such that there exist q1,...,q, € Z\ {0}, ged(¢;, d;) = 1, for
which

then

ged({ gt [i=1,...,r})
ged({Bpgte [ j=1,...,r i #j})

The first two results are classical; let us proof this last one (the technique can easily
be adapted by the reader for the other proofs). The hypothesis implies that for any 4,
d; divides the lcm of all the d;’s but d;.

Fix a prime number p and consider the valuation v, associated with this prime. Let
n; = Vp(d;). For the sake of simplicity, let us order the numbers dy,...,d, such
that n; < .-+ < n,. The condition that d, divides lem(dy,...,d,_1) implies that
n, < max(ni,...,Np—1) = Np—1 < N, i€, N, = n,—1. The p-valuation of the left-
hand side of (A.5) equals max(ny,...,n,) = n,. The p-valuation of the numerator of
the right-hand side equals

(A.5) lem(dy,...,d,) =

11£iigr((n1 +-4n)—n) =M1+ +n,.) — %?é(”i) =ny+- +n_1.

The p-valuation of the denominator of the right-hand side equals

 Juin ((n e bng) —ni—ng) = (o) = max (nitng) = nikec e

and we obtain that both sides have the same p-valuation. Since it is valid for all
primes, the equality follows.

Appendix B. Coverings of the projective line
The following proof was inspired by the calculations in [31, p. 547].

Lemma B.1. Let F:' Y — X be a cyclic branched covering of e sheets between two
orientable compact surfaces. Denote by A the characteristic polynomial of the mon-
odromy of F' acting on the cohomology groups. Assume Y hasr connected components.
Then,
(t" —1)2 - (t¢ — 1)~x(X)

HQeR(tu(Q) -1) 7

where R is the ramification set of F, X := X \ R, and u(Q) denotes the number of
preimages of Q.

Apiyy(t) =
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Proof: Let us write Y := Y\ F~'(R). Since F: Y — X is a topological covering of

e sheets, one gets that Aoy (t) - At

iy (1) = (1 = )X, On the other hand, by

virtue of Mayer—Vietoris, there is an exact sequence

0 — H (YY) — H(Y) — H'Y\Y) — H?*(Y) — 0.

Therefore

Aoy (t) - (t° = 1) XX Ay (2)

A t) =
w1 () Aoy (t)

The monodromy on H°(Y) = H?(Y) is the rotation of the corresponding 7 ir-

reducible components. Hence its characteristic polynomial is ¢" — 1. Finally, every
point Q € R gives the factor t#(9) — 1 in Aoy (8)- O
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