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JORDAN PROPERTY FOR HOMEOMORPHISM GROUPS AND
ALMOST FIXED POINT PROPERTY

IGNASTI MUNDET I RIERA

Abstract: We study properties of continuous finite group actions on topological manifolds that
hold true, for any finite group action, after possibly passing to a subgroup of index bounded above
by a constant depending only on the manifold. These include the Jordan property, the almost fixed
point property, as well as bounds on the discrete degree of symmetry. Most of our results apply
to manifolds satisfying some restriction such as having nonzero Euler characteristic or having the
integral homology of a sphere. For an arbitrary topological manifold X such that H.(X;Z) is finitely
generated, we prove the existence of a constant C' with the property that for any continuous action of
a finite group G on X such that every g € G fixes at least one point of X, there is a subgroup H < G
satisfying [G : H] < C and a point z € X which is fixed by all elements of H.
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1. Introduction

1.1. Main results. Our aim in this paper is to prove several results on continuous
finite group actions on topological manifolds which, despite not being necessarily true
for all group actions, are valid up to passing to subgroups of uniformly bounded index.
This includes, for example, results on the Jordan property of homeomorphisms group,
as we will explain below, but we will also consider a few other properties. Given the
need to pass to subgroups of bounded index, our results are especially meaningful
when considering continuous actions of large finite groups.

To materialize the previous idea we introduce some terminology. Let P and P’ be
two general properties of continuous finite group actions on topological manifolds.
Both P and P’ may refer to the algebraic structure of the finite group that acts (it
may be abelian, nilpotent, a p-group for an arbitrary prime p, etc.), to the geometry
of the action (being effective, free, with or without fixed points, or, if the manifold
has the necessary additional structure, being smooth, symplectic, complex, etc.), or
to both the group and the action.

Let X be a topological manifold. We say that almost every finite group action on X
that enjoys some property P satisfies also property P’ if there exists a constant C,
depending only on X, such that the following is true:

for every action of a finite group G on X which satisfies property P there
exists a subgroup G’ < G such that [G : G'] < C and such that the action
of G’ on X (defined by restricting the action of G) satisfies property P'.

If property P’ refers only to the group and not to the action, then we will say that
almost every group acting on X with property P satisfies also property P’.
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Here is a simple example of this notion, which is [17, Lemma 2.6] with cohomology
replaced by homology (the proof is identical).

Lemma 1.1. Let X be a topological manifold. If H.(X;Z) is finitely generated, then
almost every continuous finite group action on X induces the trivial action on the
integral homology H.(X;Z).

We next state the main results in this paper. From now on all finite group actions
on topological manifolds will be implicitly assumed to be continuous. Topological
manifolds will not be implicitly assumed to be compact in this paper, and they may
have nonempty boundary. As usual, a closed manifold means a compact manifold
without boundary.

Theorem 1.2. If X is a connected and compact topological manifold of dimension
at most 3, then almost every finite group acting effectively on X s abelian.

For any real number a we denote by [a] the biggest integer smaller than or equal
to a. For any topological manifold X we denote as usual by H,(X;Z) =D, Hr(X;Z)
its integral homology. If H,(X;Z) is finitely generated, the Euler characteristic of X
is defined to be

X(X) = (~1)* dimg Hy.(X;Z) @7 Q.
k>0
If X is a compact topological manifold, then H,(X;Z) is finitely generated, but this
is not always true if X is not compact.

Theorem 1.3. Let X be a connected n-dimensional topological manifold. If H.(X;Z)
is finitely generated and x(X) # 0, then almost every finite group acting effectively
on X is abelian and can be generated by [n/2] or fewer elements.

Theorem 1.4. Let X be an n-dimensional topological manifold. If H.(X;Z) ~
H,(S™;Z), then almost every finite group acting effectively on X is abelian and can
be generated by [(n+ 1)/2] or fewer elements.

As usual, when we say that the action of a group G on X has a fixed point we
mean that there exists a point z € X fixed by all elements of G.

Theorem 1.5. Let X be a connected and compact topological manifold. If x(X) # 0,
then almost every finite group action on X has a fized point.

In Theorem 1.5, compactness is essential. This follows, for example, from the main
result in [11] (see the end of [21, §1.1] for a detailed explanation).

Let us say that an action of a group G on a manifold X has the weak fized point
property if for every g € G, there is some x € X such that g - * = z. Here the
point x may depend on g, so a priori the weak fixed point property does not imply
the existence of a fixed point for the entire action. The next theorem implies that,
nevertheless, for finite group actions this turns out to be the case, up to passing to a
subgroup of controlled index.

Theorem 1.6. Let X be a connected n-dimensional topological manifold. If H.(X;Z)
1s finitely generated, then, for almost every effective action of a finite group G on X
with the weak fized point property, the group G is abelian, it can be generated by [n/2]
or fewer elements, and its action on X has a fized point.

We next explain some applications of the previous theorem to symplectic geome-
try. Let (X,w) be a symplectic manifold. The group of Hamiltonian diffeomorphisms
of X, which we denote as usual by Ham (X, w), consists of those diffeomorphisms ¢ €
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Diff(X) for which there exists a family of diffeomorphisms {¢; € Diff(X)}.cp0,1]s
smoothly depending on ¢, satisfying ¢g9 = Idx, ¢1 = ¢, and the following property:

for every ¢t € [0,1] there exists some H; € €>°(X) such that, for every
vector field F on X, the equality w(0;¢¢, F) = dH(F) holds.

These properties imply in particular that ¢ is a symplectomorphism. Choosing {¢:}
and {H;} appropriately we may assume that {H;} extends to a Z-periodic smooth
function of t € R (see e.g. [1, §4.1]). Suppose that X is compact. A standard argument
implies that any ¢ € Ham(X,w) can be uniformly approximated by Hamiltonian
diffeomorphisms all of whose fixed points are nondegenerate. We may thus apply
Arnold’s conjecture (which is now a theorem by [10, 13]) to conclude that each ¢ €
Ham(X,w) has a fixed point in X. So Theorem 1.6 implies the following:

Corollary 1.7. Let (X,w) be a 2m-dimensional closed symplectic manifold. For al-
most every action of a finite group G on X which is defined by a monomorphism G —
Ham(X,w) the group G is abelian, it can be generated by m or fewer elements, and
its action on X has a fized point.

The statement that G is almost always abelian in the previous corollary (equiva-
lently, the fact that Ham(X,w) is Jordan — see below) was proved in [19] using a
different method. The existence of a fixed point seems to be a new result.

1.2. Jordan property. Following Popov [25], we say that a group § is Jordan
if there exists some constant C' such that any finite subgroup I' of § has an abelian
subgroup A < T'satisfying [I" : A] < C. The most basic nontrivial examples are general
linear groups, for which the Jordan property was proved by C. Jordan in 1878 [12],
using, of course, a different terminology:

Theorem 1.8. For any n, GL(n,C) is Jordan.

E. Ghys asked around 1990 whether the diffeomorphism group of any closed smooth
manifold is Jordan. A number of papers (see e.g. [16, 20, 32]) have appeared in the
last few years giving partial positive answers to Ghys’s question. In 2014 B. Csikés,
L. Pyber, and E. Szabé ([6]) found the first counterexamples to Ghys’s question,
showing that the diffeomorphism group of T2 x S? is not Jordan (later, extending the
ideas in [6], the author and D. R. Szabé found many other examples; see [18, 27]).

In contrast with diffeomorphism groups, the Jordan property for homeomorphism
groups has received less attention so far, with the exception of a paper of S. Ye [31],
which proves that closed flat manifolds such as tori have Jordan homeomorphism
groups, and [22], which proves that rationally hypertoral manifolds have Jordan
homeomorphism groups. The results stated in Subsection 1.1 imply the following.

e The homeomorphism group of any closed and connected topological manifold
of dimension at most 3 is Jordan (Theorem 1.2).
e Let X be a connected topological manifold. If H,(X;Z) is finitely generated
and x(X) # 0, then the homeomorphism group of X is Jordan (Theorem 1.3).
e If X is an n-dimensional manifold satisfying H,.(X;Z) ~ H,.(S™;Z), then the
homeomorphism group of X is Jordan (Theorem 1.4).
e For any closed symplectic manifold (X, w) the group of Hamiltonian diffeomor-
phisms Ham(X, w) is Jordan (Corollary 1.7).
The analogue of the first statement for diffeomorphism groups was proved by Zim-
mermann in [32]. Analogues of the second and third statements for diffeomorphism
groups have been proved in [20].
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In view of [6], Ghys asked whether for any closed manifold X almost every finite
group acting effectively on X is nilpotent. This has been recently proved by B. Csikos,
L. Pyber, and E. Szabé [7] in full generality for continuous actions on topological
manifolds.

1.3. Almost fixed point property. We say that a topological manifold X has the
almost fixed point property if there exists a constant C' such that for any action of
a finite group G on X there exists a point € X whose stabilizer G, = {g € G |
g-x = x} satisfies [G : G;] < C. In this terminology, we may rephrase Theorem 1.5
as follows.

e Let X be a connected, compact, topological manifold with nonzero Euler char-
acteristic; then X has the almost fixed point property.
This generalizes the main result in [21] in two directions. First, it replaces smooth ac-
tions by continuous actions. Second, and more importantly, it replaces the hypothesis
of not having odd cohomology (see [21] for a precise definition) by the much weaker
condition of having nonzero Euler characteristic.

A simple but already interesting example is the case of a closed disk. Let n be a
natural number and suppose that a finite group G acts on the closed n-disk D™ by
homeomorphisms. By Brouwer’s fixed point theorem, for every g € G there exists
at least one point in D™ which is fixed by the action of g. A priori such a fixed
point depends on g. If n < 4, then one can actually pick some = € D™ which is
simultaneously fixed by all elements of G, but if n > 6, this is no longer true (see the
introduction in [21] for references). However, Theorem 1.5 implies the existence, for
each n, of a constant A € (0, 1], depending only on n, with the property that for every
action of a finite group G on D™ there exists some point in D™ which is fixed by at
least A - |G| elements of G.

1.4. Discrete degree of symmetry. A result of Mann and Su ([14]) states that
for any closed manifold X there exists a constant M with the following property: for
any prime p and any natural number m such that (Z/p)™ admits an effective action
on X we have m < M. This result is also true for manifolds with boundary and whose
integral homology is finitely generated (see Subsection 1.5). It follows that the set

w(X) ={m € N | X supports effective actions of (Z/r)™ for arbitrarily large r}

is finite: more precisely, p(X) is contained in {1,..., M} (of course, u(X) may be
empty). Following [22] we define the discrete degree of symmetry of X to be

disc-sym(X) = max({0} U u(X)).

By [22, Lemma 2.7], for any nonnegative integer k the inequality disc-sym(X) < k is
equivalent to the statement that almost every finite abelian group acting effectively
on X can be generated by k or fewer elements (if k¥ = 0, the latter means by conven-
tion that the abelian group is trivial). Consequently, Theorems 1.3 and 1.4 have the
following implications, respectively:
e Let X be an n-dimensional connected topological manifold. If H,(X;Z) is
finitely generated and x(X) # 0, then disc-sym(X) < [n/2].
e Let X be an n-dimensional topological manifold such that H,(X;Z)~ H.(S™; Z);
then disc-sym(X) < [(n +1)/2].
It was asked in [22, Question 1.1] whether for any compact and connected n-dimen-
sional manifold X we have disc-sym(X) < n. This was motivated by the well-known
fact that if X supports a continuous and effective action of a torus (S1)?, then d < n,
and the heuristic according to which the sequence of finite groups (Z/r)™, with m fixed
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and r — oo, can be thought of as increasingly good approximations of the torus 7.
But note that this heuristic has its limitations: as explained in [22, Theorem 1.11], not
every compact and connected manifold X supports an effective and continuous action
of (§1)disesym(X) " Some evidence for the conjectural inequality disc-sym(X) < dim X
was given in [22], and the previous results give some additional evidence.

1.5. Some tools. Asusual, by a finite p-group we mean a finite group whose cardinal
is a power of an arbitrary prime number p.

We next state some results that will play a key role in the proofs of our theo-
rems. While all the results that we mention in this section are originally proved only
for manifolds without boundary, all of them extend to the case of manifolds with
boundary thanks to the following result.

Lemma 1.9. Let X be a topological manifold. There is a topological manifold X'
without boundary, of the same dimension as X, and an embedding X — X' which
is a homotopy equivalence and which has the property that any action of a group G
on X extends to an action on X'.

Proof: Let U = 0X x[0,1) and let X’ = (X UU)/ ~, where ~ identifies each z € 0X
with (2,0) € U. The natural inclusion X — X’ is clearly a homotopy equivalence.
Given an action of a group G on X we extend it to an action on X’ by declaring the
action of g € G on (z,t) € U to be (g - z,1). O

The first result, which is a particular case of [5, Theorem 1.8], is an extension of
the theorem of Mann and Su [14] to not necessarily compact manifolds.

Theorem 1.10. Let X be a topological manifold. If H,(X;Z) is finitely generated,
then there exists a constant M with this property: for any prime p and any natural
number m such that (Z/p)™ admits an effective action on X we have m < M.

The next theorem is based on results from [7].

Theorem 1.11. Let X be a topological manifold. Suppose that H.(X;7Z) is finitely
generated. For every positive number C there exists a positive number C' with the
following property. Let G be a finite group acting effectively on X. Suppose that for
every prime p and any Sylow p-subgroup Gy, of G there is an abelian subgroup Gy < G,
satisfying (G, : Gy] < C. Then there is an abelian subgroup G* < G satisfying [G :
G <.

Proof: Combine either Theorem 1.10, [7, Corollary 3.18], [7, Lemma 6.1], and [7,
Lemma 5.3], or alternatively Theorem 1.10, [7, Lemma 6.1], [7, Lemma 5.3], and [23,
Theorem 3.8]. O

It is crucial in the previous theorem that we only consider finite groups acting
effectively on the manifold X. Indeed, for any C’ > 0 there exists a finite group G all
of whose Sylow subgroups are abelian and such that for any abelian subgroup A < G
we have [G : A] > C’ (see e.g. the comments after [23, Corollary 1.2]).

The following consequence of Theorem 1.11 is immediate.

Corollary 1.12. Let X be a topological manifold such that H.(X;Z) is finitely gen-
erated. Suppose that almost every finite p-group that acts effectively on X is abelian.
Then almost every finite group that acts effectively on X is abelian.

If a group G acts on a manifold X, we denote the set of stabilizers of the action as
Stab(G,X) = {G, |z € X}.
The following is part of [5, Theorem 1.3].
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Theorem 1.13. Let X be a topological manifold. If H,(X;7Z) is finitely generated,
then there exists a constant C such that for almost every action of a finite p-group G
on X we have |Stab (G, X)| < C.

1.6. Contents. Section 2 contains some results on almost fixed points, in Section 3
we prove how the existence of a fixed point for a finite p-group action on an n-manifold
implies that the group can be embedded in GL(n,R), and finally in Section 4 we prove
the theorems stated above.

1.7. Acknowledgements. The author is very pleased to thank L. Pyber for sending
him a copy of the paper [7], on which most of the results in this paper are based.
Many thanks also to E. Szabé for useful correspondence. Finally, the author would like
to thank the referees for pointing out some corrections and for very useful suggestions
to improve the text.

2. Almost fixed points

From now on, cohomology will implicitly refer to Alexander—Spanier cohomology.
This is canonically isomorphic to singular cohomology for topological manifolds, but
it is better behaved than singular homology when considering fixed point sets of finite
p-group actions on topological manifolds. Similarly, Betti numbers are to be defined as
dimensions of Alexander—Spanier cohomology groups, and the Euler characteristic is,
when defined, the alternate sum of the dimensions of Alexander—Spanier cohomology
groups.

Lemma 2.1. Let X be a topological manifold. If H.(X;Z) is finitely generated and
X(X) # 0, then almost every finite p-group action on X has a fized point.

Proof: Let p be a prime and let G be a finite p-group acting continuously and effec-
tively on X. We are going to prove that there exists a subgroup G’ < G satisfying
[G: @] < |x(X)] and XG # (. Let the order of G be p™. For any nonnegative
integer i let X; be the set of points in X whose stabilizer has order p’. We may
view H7(X;;7Z/p) as a vector space over the field Z/p, and we accordingly define
b;(Xs;Z/p) = dimg, H(X;;Z/p). By [30, Theorem 2.5] we have b;(X;;Z/p) <
oo for each 4, j; furthermore, b;(X;;Z/p) = 0 for big enough j, and x(X;) =
Z(Kj(—l)jbj(Xi;Z/p) is divisible by p™~* for every i; finally, x(X) = >, x(X;).
If we let p* be the largest power of p that divides x(X), which of course satisfies
p* < |x(X)|, we necessarily have X,,,_x # @ for some k < s, because otherwise x(X)
would be equal to > ... x(X;), which is divisible by p**! because each sum-
mand is. Let & be a point belonging to X,,_j for some k < s, and let G’ < G be the
stabilizer of . The order of G’ is p™~* > p™~% 50 [G : G'] < p* < |x(X)|. O

The following is an analogue for continuous finite p-group actions on topological
manifolds of [21, Lemma 9], which refers to smooth group actions on smooth mani-
folds. For the definition of a Z/p-cohomology manifold, see [4, Chapter I].

Lemma 2.2. Let X be a topological manifold without boundary. If H.(X;7Z) is finitely

generated, then there exists a constant D with the following property. Let p be any

prime. Suppose given a chain of strict inclusions of Z/p-cohomology submanifolds
XngQQQXTng

where for each j there is a finite p-group G; acting continuously on X in such a way
that X; is the union of some of the connected components of X%, Thenr < D.
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Proof: For any action of a finite p-group G on a Z/p-cohomology manifold X we have
1m0(X9)| = dimg, HO(X%;F,) < Zdlmﬁr H/ (X% F,) < Zdlmﬁr F,).

This follows from [4, Theorem III.4. 3] and an easy 1nduct10n on the cardinal of G
(see e.g. [19, Lemma 5.1]). The lemma is a consequence of this estimate on |mo(X%)]
and the arguments in the proof of [21, Lemma 9], together with basic properties of
the dimension function for cohomology submanifolds (namely, that dimension is well
defined for connected Z/p-cohomology manifolds and that it decreases when passing
from a connected Z/p-cohomology manifold to a proper connected Z/p-cohomology
submanifold). O

Given an action of a group G on a set X we denote for every g € G
X9={zeX|g-z=u}
the set of points in X fixed by g.

Theorem 2.3. Let X be a topological manifold. Suppose that H.(X;Z) is finitely
generated. There exists a constant L with the following property. Let G be a finite
p-group acting on X. There exists a subgroup K < G and an element g € K satisfy-
ing [G: K] <L and X¥ = X9.

To avoid confusion, the reader should keep in mind that the previous theorem does
not rule out the possibility that X% = (.

Proof: By Lemma 1.9 it suffices to consider the case in which X has no boundary. So
we assume in the remainder of the proof that this is the case. By Theorem 1.13 there
exist numbers C, C’, depending only on X, such that for any finite p-group G acting
on X there exists a subgroup G, < G satisfying [Stab (G, X)| < C and [G : G4] < C".
Let D be the number given by applying Lemma 2.2 to the manifold X. We claim that
L = (CC")P(’ satisfies the property given in the statement.

Let G be a finite p-group acting on X. We claim that there is a subgroup G’ < G
satisfying [G : G'] < (CC")P and which has the property that any subgroup H < G’
such that X C X¥ has index [G' : H] > CC’. Indeed, if no such subgroup G’
existed, then we could construct a sequence of subgroups

G=Gy>G1>Gy>--->Gp
satisfying X C X%+t and [G; : Gi41] < CC' for each i > 0. This would contradict
Lemma 2.2, so the claim is proved.

By Theorem 1.13 there exists a subgroup K < G’ satisfying [G' : K] < ¢’ and

[Stab (K, X)| < C. The first property implies that
[G:K]|=[G:G"-|¢':K]<(cCchPc' =1L
We next prove that there exists an element g € K such that X% = X9,

Let S be the collection of all H € Stab(K, X) such that H # K. For any H €
Stab(K, X) the condition H # K is equivalent to X* ¢ X . By our choice of K the
set S contains at most |Stab (K, X)| < C elements.

Let H € S. There exists some z € X such that H = K, because H € Stab(K, X).
We have K, = G|, N K, so G, # G’ (for otherwise H = K, would be equal to K).
Hence G/, € Stab(G’, X) satisfies X¢ C X% and so, by the choice of G/, we have
[G': Gl] > CC’. The bound [G’ : K] < C’ implies that |K| > |G'|/C’, so

|K]| - |G'[/C" GG - cc’
GLNK|~ |G, c
Hence for every H € S we have |H| < |K|/C.

=C.

[K:H|=[K:K,)=[K:G,NK]=
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We have

K| K|
< — < — .
<N |H| < IS| & < IStab (K. X)|"5 <|K]|

HeS

U H

HeS

So we may take some element g € K that does not belong to any H € S. Certainly
XK C X9. If the inclusion were strict, then we could take some 2 € X9\ X¥. Then
K, would belong to S and would contain g, which is a contradiction. Consequently,
XK = X9, O

Theorem 2.4. Let X be a topological manifold. If H.(X;Z) is finitely generated, then
almost every finite nilpotent group action on X with the weak fixed point property has
a fized point.

Proof: Let L be the number given by applying Theorem 2.3 to X. We are going to
prove that for any action of a finite nilpotent group NV on X with the weak fixed point
property there is a subgroup N’ < N satisfying [N : N'] < L~ and XN 0.

Let us fix a finite nilpotent group N and suppose that IV acts on X with the weak
fixed point property. Let d = |N| and let p1,...,p, be the primes dividing d. For
each ¢ let N; denote the Sylow p;-subgroup of N (recall that in a finite nilpotent
group all Sylow subgroups are normal, and hence for each prime p it has a unique
Sylow p-subgroup).

By Theorem 2.3, for each i there is a subgroup N/ < N; and an element a; € N/
such that X% = XNi and [N; : N/] < L. The latter implies that N/ = N; whenever
p; > L, since [N; : N/] is divisible by p;. Since the number of primes in {1,...,L} is
obviously at most L, it follows that

W Iz T 20 0T v ayee
i pi<L p;>L

Let a = ajas---a,. Since N is nilpotent, the map Ny X --- X N, — N sending
(91,---,9r) t0 g1g2+-- g, is an isomorphism of groups (this follows easily from the
fact that each N; is normal and the orders of the groups N; are pairwise coprime).
Consequently, for every integer e we have a® = afa$§---a&. For each ¢ let d; := | N
and let e; denote an integer multiple of d/d; such that e; —1 is divisible by d; (e; exists
because d/d; and d; are coprime). Then a® = a;.

Since the action of N on X has the weak fixed point property, we have X # ().
Choose some z € X% For each i we have z € X C X% = X% = XM7 so the
stabilizer N, of  contains N as a subgroup. Consequently, IV, contains N7 x- - x N/.
By (1), N’ := N, satisfies [N : N'] < L%, so the proof of the theorem is complete. [

3. Linearizing actions of finite p-groups at fixed points

It is well known that if a compact Lie group G acts smoothly and effectively on
a connected smooth n-dimensional manifold X and x € X is a fixed point, then
the linearization of the action provides an effective linear action of G on T, X. This
implies that G is isomorphic to a subgroup of GL(n,R).

The last property is false for continuous actions. Indeed, Zimmermann has given
in [33] an example, for each natural number n > 5, of a finite group which acts
effectively on S™ and yet is not isomorphic to any subgroup of GL(n+1,R). Any such
action induces an effective action on the cone C'S™ = (S™ x [0, 0))/(S" x {0}) = R*+!
fixing the point that arises from collapsing S™ x {0} (i.e., the vertex of the cone).

In this section we prove two main results. The first one, Corollary 3.3, states that
if we restrict to actions of finite p-groups, then the previous pathology cannot take
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place. The second one, Theorem 3.5, states that any finite p-group acting continuously
on an n-dimensional manifold whose integral homology is isomorphic to H,(S™;Z) is
isomorphic to a subgroup of GL(n+ 1,R) (in contrast with the case of arbitrary finite
group actions, again by Zimmermann [33]).

The proofs of these results follow in a straightforward way from the ideas in a
paper of Dotzel and Hamrick [8] and from standard results on continuous actions of
finite p-groups on topological manifolds mainly due to Smith and Borel.

The following lemma is a consequence of the arguments in [8, Section 1] (see also
[28, Chapter III, Theorem 5.13]).

Lemma 3.1. Let p be a prime and G be a finite p-group. Suppose given a func-
tion assigning a nonnegative integer n(H) to each subgroup H < G, satisfying these
properties:

(1) For any two subgroups K <« K' < G such that K'/K is elementary abelian of
rank 2 the following holds:

n(K) —n(K') =Y (n(H) - n(K")),
H
where the sum is over the subgroups H < K’ satisfying K <H and H/K ~ Z/p.

(2) For any two subgroups K < K' < G, we have n(K') < n(K), and if p is odd,
then n(K) — n(K’) is even.

(3) For any subgroup K < G and any g € G we have n(K) = n(gKg™1').

(4) For any three subgroups K <K' K" < G such that K'/K ~7/2 and K" | K is
generalized quaternion (resp. cyclic of order 4), n(K) —n(K') is divisible by 4
(resp. n(K) —n(K') is even,).

If n(K) < n := n({1}) for every subgroup K < G different from {1}, then G is
isomorphic to a subgroup of GL(n,R).

Conditions (1) to (4) above are usually called Borel-Smith conditions. The result
proved in [8, Section 1] and in [28, Chapter III, Theorem 5.13] states that given
any function G > H — n(H) > 0 satisfying the Borel-Smith conditions there is
a real representation p: G — GL(V) with the property that dim V# = n(H) for
every H < G. This implies in particular that dimV = dim V{} = n := n(1) and
that, if n(K) < n for every subgroup K < G different from {1}, then the action
of G on V is effective. Indeed, for any g € G we have Ker(p(g) — Id) = V{9, where
{(g) < G denotes the subgroup generated by g, and if g # 1, then dim V{9 < dimV,
50 plg) # 1.

Theorem 3.2. Let p be a prime, let G be a finite p-group, and suppose that G acts
effectively on an n-dimensional connected Z/p-cohomology manifold X without bound-
ary. If XG #0, then G is isomorphic to a subgroup of GL(n,R).

Proof: Take any z € X. For any H < G the fixed point set X is a Z/p-coho-
mology submanifold of X containing = (see [4, Chapter I] for the definition of a
Z/p-cohomology submanifold and [4, Chapter V, Theorem 2.2] for the proof of the
statement on X*). Let n(H) be the dimension of the connected component of X
containing z. We next explain why the function G > H — n(H) satisfies the Borel-
Smith conditions.

Condition (1) is proved in [4, Chapter XIII, Theorem 4.3]. The first part of con-
dition (2) is a consequence of the fact, previously used in the proof of Lemma 2.2
above, that the dimension of cohomology manifolds is nonincreasing when passing
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to a submanifold (this follows from the general properties of dimension of cohomol-
ogy manifolds; see [4, Chapter I]). The second part of condition (2) is proved in [4,
Chapter V, Theorem 2.3, (a)]. Condition (3) follows from X9K97" = gXK and the
homeomorphism invariance of dimension. Finally, condition (4) follows from the same
arguments as Propositions (4.31) and (4.32) in [28, Chapter III].

Since the action of G on X is effective and X is connected, we have n(K) < n for
every subgroup K < G different from {1}. Consequently, the theorem follows from
Lemma 3.1. O

Corollary 3.3. Let G be a finite p-group, and suppose that G acts effectively on an
n-dimensional connected topological manifold X. If X& # 0, then G is isomorphic to
a subgroup of GL(n,R).

Proof: If X has no boundary, then Theorem 3.2 applies to X for every prime p, so
there is nothing to be proved. Suppose that X # (). Let f: X < X’ be the embed-
ding given by applying Lemma 1.9 to X. Then X’ is an n-dimensional topological
manifold. Since f is a homotopy equivalence and X is connected, X' is also connected.
In addition, for every prime p, X’ is a Z/p-cohomology manifold without boundary.
Let G be a finite p-group acting effectively on X, and suppose that X # (). Consider
the extension of this action to X’ given by Lemma 1.9. Then (X’)¢ # (). Applying
Theorem 3.2 to the action of G on X’ we conclude that G is isomorphic to a subgroup
of GL(n,R). O

Corollary 3.4. For any natural number n there exists a number C with the following
property. Let N be a finite nilpotent group, and suppose that N acts effectively on
an n-dimensional connected topological manifold X . For each prime p let N, < N
denote the Sylow p-subgroup of N. If for each p we have X™r # (), then N has
an abelian subgroup A < N which can be generated by [n/2] elements and which
satisfies [N : A] < C.

Proof: By Jordan’s Theorem 1.8, there exists a constant C,, such that any finite sub-
group of GL(n,R) has an abelian subgroup of index not bigger than C,,. In addition,
if H is a finite abelian p-subgroup of GL(n, R), then there is a subgroup H’ < H which
can be generated by [n/2] or fewer elements and such that [H : H'] divides 2"~ ["/2].
Now suppose that N is a finite nilpotent group acting on an n-dimensional con-
nected topological manifold with the property given in the statement of the corol-
lary, and denote as before by N, the Sylow p-subgroup of N. The previous obser-
vations imply that for every prime p there is an abelian subgroup A, < N, satisfy-
ing [N, : A,] < A := C,2""1"/2 and such that A, can be generated by [n/2] or fewer
elements. Since IV is isomorphic to the direct product of its Sylow subgroups, N con-
tains a subgroup A isomorphic to Hp Ap. The group A is then abelian and can be
generated by [n/2] or fewer elements. Finally, arguing as in the proof of Theorem 2.4
one proves that [N : A] < C := A*. O

Theorem 3.5. Let p be a prime, let G be a finite p-group, and suppose that G acts
effectively on an n-dimensional Z/p-cohomology sphere. Then G is isomorphic to a
subgroup of GL(n + 1,R).

Proof: It follows from applying Theorem 3.2 to the induced action on the cone CX =
X x [0,00)/(X x {0}), which is an (n + 1)-dimensional Z/p-cohomology manifold.
Alternatively, one may use results for actions of finite p-groups on Z/p-cohomology
spheres analogous to the results on actions with fixed points that we used in the proof
of Theorem 3.2 (see [4, 28]). O
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4. Proofs of the theorems

4.1. Proof of Theorem 1.2: manifolds of dimension at most 3. If X is a com-
pact manifold with nonempty boundary, we denote by X*# the double of X, resulting
from taking the disjoint union of two copies of X and identifying the boundary of
the first copy with the boundary of the second copy using the tautological identifica-
tion between them. Then X* is a closed manifold of the same dimension as X, and
any group acting effectively on X also acts effectively on X*. Consequently, to prove
Theorem 1.2 it suffices to consider closed manifolds.

Assume that X is a closed topological manifold of dimension 3. By Moise’s theo-
rem [15] (see also [3]), X has a unique smooth structure (actually both Moise and
Bing refer to triangulations in their papers; for the existence of a unique smooth
structure on triangulated manifolds of dimensions at most 3 see [29, Section 3.10]).
By a recent result of Pardon [24] any finite group acting effectively and topologically
on X admits effective smooth actions on X (although, of course, not any topological
action is conjugate to a smooth action, as illustrated by the famous example due to
Bing [2]). The previous facts also hold true in dimensions 1 and 2 with substantially
simpler proofs. In dimension 1 they are an easy exercise. See [26] for the 2-dimensional
version of Moise’s theorem (Radé’s theorem), and [9, pp. 340-341] and the references
therein for the other statements.

Since the diffeomorphism group Diff(X) is known to be Jordan if X is closed
and dim X < 3 (see [16] for the case dim X < 2 and Zimmermann [32] for the
case dim X = 3), it follows that Homeo(X) is Jordan as well, so Theorem 1.2 is
proved. O

4.2. Proof of Theorem 1.3. Let X be a connected n-dimensional topological man-
ifold with finitely generated integral homology and nonzero Euler characteristic. We
first prove that almost every finite group acting effectively on X is abelian. By Corol-
lary 1.12, it suffices to prove that almost every finite p-group acting effectively on X
is abelian. By Lemma 2.1, almost every finite p-group action on X has a fixed point.
Let G be a finite p-group acting effectively on X and suppose that X¢ # (). By Corol-
lary 3.3, G is isomorphic to a subgroup of GL(n,R), and by Theorem 1.8, G has an
abelian subgroup G’ < G with [G : G'] bounded above by a constant depending only
on n. This concludes the proof that almost every finite group acting effectively on X
is abelian. By Lemma 2.1 (and arguing as in the proof of Theorem 2.4), we conclude
that for almost every effective action of a finite abelian group A on X each Sylow
subgroup of A has a fixed point in X. Combining this fact with Corollary 3.4 we de-
duce that almost every finite abelian group acting effectively on X can be generated
by [n/2] or fewer elements. O

4.3. Proof of Theorem 1.4. The proof is almost identical to that of Theorem 1.3,
except that to prove that almost every finite p-group acting on X is abelian we use
Theorems 3.5 and 1.8. Regarding the use of Theorem 3.5, note that, since X is an
n-dimensional topological manifold, the isomorphism H,(X;Z) ~ H.(S™;Z) implies
that X is connected and orientable, so by Poincaré duality we have H*(X;Z) ~
H*(S™;Z), which implies that X is a Z/p-cohomology sphere for every prime p. O

4.4. Proof of Theorem 1.5. Let X be a compact and connected n-dimensional topo-
logical manifold with nonzero Euler characteristic. Since X is compact, H,(X;Z) is
finitely generated. By Lemma 1.1 almost every finite group action on X induces the
trivial action on H,(X;Z). Since X is compact and has nonzero Euler characteris-
tic, Lefschetz’s formula ([28, Exercise 6.17.3]) implies that almost every finite group



556 I. MUNDET 1 RIERA

action on X has the almost fixed point property. Hence Theorem 1.5 follows from
Theorem 1.6. O

4.5. Proof of Theorem 1.6. Let X be a connected topological manifold with
finitely generated integral homology. By the solution to Ghys’s conjecture in [7],
for almost every effective action of a finite group G on X, the group NV is nilpotent.
Adding to this Theorem 2.4 and Corollary 3.4 we conclude that for almost every
action of a finite group G on X with the weak fixed point property the group G is
abelian, its action on X has a fixed point, and G can be generated by [n/2] or fewer
elements. O
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