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NAKAYAMA FUNCTORS

ON PROPER ABELIAN SUBCATEGORIES

David Nkansah

Abstract: We construct Nakayama functors on proper abelian subcategories of triangulated cat-

egories with a Serre functor using approximation theory. This, in turn, allows for the construction

of Auslander–Reiten translates. As a result, we prove that suitable proper abelian subcategories are
dualising k-varieties and have enough projectives if and only if they have enough injectives. As an

application, we provide a new proof of the existence of Auslander–Reiten sequences in the category
of finite-dimensional modules over a finite-dimensional algebra.
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1. Introduction

Classical Auslander–Reiten theory was first introduced in [5] within the context of
abelian categories. It was later extended into the triangulated realm in [22]. Relative
versions of Auslander–Reiten theory were also introduced in both the abelian ([7])
and triangulated ([26]) cases. This paper aims to study Auslander–Reiten theory in
a specific class of abelian subcategories of triangulated categories introduced in [27].
The class known as the proper abelian subcategories of triangulated categories (see
Definition 1.4) generalises hearts of t-structures, and provides access to a theory con-
cerning abelian subcategories, with possible non-zero negative extensions, of negative
cluster categories.

Nakayama functors play an important role in the theory. In the abelian case, they
provide an equivalence between the category of projective objects and the category
of injective objects and allow for the construction of Auslander–Reiten translates.
Therefore, we begin by seeking a construction of Nakayama functors in proper abelian
subcategories. Our results support a change of perspective from hearts of t-structures
to proper abelian subcategories, as mentioned in [27].

In this section, k is a field and T is a Krull–Schmidt Hom-finite k-linear triangulated
category with suspension functor Σ.

Definition 1.1 ([28, Definition 2.2(i)]). We call a diagram X
x−→ Y

y−→ Z in a

triangulated category T a short triangle if there exists a morphism Z
z−→ ΣX such

that the augmented diagram X
x−→ Y

y−→ Z
z−→ ΣX is a triangle in T .

Notation 1.2. We say an exact sequence X
x−→ Y

y−→ Z in an abelian category is
left (right) exact if x is a monomorphism (y is an epimorphism). We say the sequence is
short exact if it is both left exact and right exact. In particular, a projective presenta-
tion of an object X in an abelian category is a right exact sequence P1 −→ P0 −→ X,
where P0 and P1 are projective objects in said abelian category. We use similar nota-
tion for injective copresentations.
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Definition 1.3. An additive subcategory of an additive category is a full subcategory
closed under isomorphisms, direct sums, and direct summands.

Definition 1.4 ([28, Definition 2.2(ii)]). Let A be an additive subcategory of a
triangulated category T . Then A is a proper abelian subcategory of T if it is abelian
and if the following holds:

• The diagram X
x−→ Y

y−→ Z is a short exact sequence in A if and only if the

diagram X
x−→ Y

y−→ Z is a short triangle in T whose terms X, Y , and Z all
lie in A.

Remark 1.5. Other generalisations of hearts of t-structures include admissible abelian
subcategories [8, Definition 1.2.5] and distinguished abelian subcategories [35, Defini-
tion 1.1].

In the classical case, one may break down Auslander–Reiten theory into the fol-
lowing:

(1) The study of the collection of non-projective objects and non-injective objects.
These are intimately linked to Auslander–Reiten translates and Auslander–
Reiten sequences.

(2) The study of the collection of projective objects and injective objects. These are
intimately linked to Nakayama functors.

Using [26, Theorem 3.1] (see [18, Theorem B] for the (d+ 2)-angulated case), (1) is
well understood for proper abelian subcategories: Auslander–Reiten sequences in a
proper abelian subcategory are controlled by approximation properties of the proper
abelian subcategory with its ambient triangulated category. However, the aspects
mentioned in (2) are not covered in [26] and therefore we aim to explore them in this
paper. Other considerations about (1) can be found in [31] and [19] whereas other
considerations about (2) can be found in [20].

Definition 1.6 ([10, p. 519]). A Serre functor X S−→ X on a k-linear category X is a

k-linear autoequivalence together with isomorphisms X (X,Y )
ηX,Y−−−→ DX (Y, SX) that

are natural in objects X and Y in X . Here (modk)
op D−→ modk denotes the standard

k-dual functor Homk(−, k), where modk is the category of finite-dimensional right
modules over k. In this case, we say X has Serre duality.

Let A be either the category of finite-dimensional (right) modules over a finite-
dimensional k-algebra of finite global dimension or a hereditary Ext-finite k-linear
abelian category. Consider A sitting inside its bounded derived category Db(A) as
the heart of the canonical t-structure. It was shown in [22, I.4.6 and Theorem on p. 37]
and [36, Corollary I.3.4] that a Serre functor on Db(A) restricts to an equivalence
between projective objects in A and injective objects in A (see also [23]). We would
like to point out two problems that may occur in a more general setting. Firstly, the
Serre functor might not send a projective object in A to an object in A, let alone
an injective one (see Example 1.7). Secondly, the Serre functor might not induce an
equivalence. Under mild assumptions, Theorem A provides a remedy to these issues
by constructing a functor via approximations of a Serre functor.

Example 1.7 (Motivational example). The Auslander–Reiten sequence 0 −→ 1 −→
2
1 −→ 2 −→ 0 in mod kA3, where 2 is the unique indecomposable non-projective
non-injective kA3-module, induces an exact fully faithful embedding of module cate-
gories modkA2 −→ modkA3 . Therefore, considering modkA3 as the heart of the canoni-
cal t-structure on the bounded derived category Db(modkA3), we can identify modkA2
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as a full subcategory of Db(modkA3
). As the path algebra of the quiver A3 is of finite

global dimension, Db(modkA3) has a Serre functor S given by the left derived functor
of (−) ⊗kA3 D(kA3) (see [22, Theorem on p. 37]). One can check that S sends the
image of the simple projective kA2-module in Db(modkA3

) to an object that does not
lie in modkA2

(identified as a full subcategory of Db(modkA3
)). In fact, it is sent to the

image of the indecomposable projective-injective object in modkA3
. If we consider the

Auslander–Reiten quiver of Db(modkA3
), the above translates to the mapping 1

S7−→ 3
2
1

in the following diagram:

3[−1]
3
2
1

1[1]

· · · 2
1

3
2 · · ·

1 2 3

Although the object S(1) = 3
2
1
does not lie in modkA2

, we see that there is an irreducible

morphism 2
1

f−→ 3
2
1
, where the object 2

1 does indeed lie in modkA2
. Notice that ν(1) = 2

1,

where ν is the Nakayama functor on modkA2 . We will see in Subsection 5.1 that this

morphism ν(1)
f−→ S(1) exhibits a strong approximation (see Definition 1.8) of S(1)

inside of modkA2
.

We follow terminology due to [16, Section 1], whereas the alternative terminology
in the following is due to Auslander and Smalø, who introduced the concept in [6].

Definition 1.8. Let Y be an additive subcategory of an additive category X and

let X be an object in X . For a morphism Y
y−→ X with Y in Y, we have the following

definitions:

• y is a Y-precover of X if for each object Y ′ in Y the map

X (Y ′, Y ) X (Y ′, X)
X (Y ′,y)

is an epimorphism. Diagrammatically, this means for each morphism Y ′ −→ X
there exists a morphism Y ′ −→ Y making the following diagram commute:

Y ′

Y X

∃

y

Alternative terminology for y is a right Y-approximation of X.

• y is right minimal if each endomorphism Y
y′

−→ Y satisfying the equation y =
yy′ is automatically an automorphism.

• y is a Y-cover of X if it is both a Y-precover of X and right minimal.
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• y is a strong Y-cover of X if for each object Y ′ in Y the map

X (Y ′, Y ) X (Y ′, X)
X (Y ′,y)

is an isomorphism. Diagrammatically, this means for each morphism Y ′−→X
there exists a unique morphism Y ′ −→ Y making the following diagram com-
mute:

Y ′

Y X

∃!

y

Y-preenvelopes (or alternatively, left Y-approximations), left minimality, Y-envelopes,
and strong Y-envelopes are defined dually.

Definition 1.9 ([4, p. 307]). Let A be an essentially small k-linear category and
let ModA denote the (abelian) category of k-linear functors Aop −→ Modk (see [3,
p. 184]). We say that an object F in ModA is finitely presented (see [3, p. 204]) if there
exists a right exact sequence A(−, Y ) −→ A(−, X) −→ F , with X and Y objects in A
(alternative terminology for such an F is coherent ; see [1, p. 189]). Let modA denote
the full subcategory of ModA consisting of the finitely presented objects in ModA.
The standard k-dual functors induce exact functors

(1.1) (ModA)
op ModAop

D and ModAop (ModA)
op.D

We say A is a dualising k-variety if the functors in (1.1) restrict to functors

(modA)
op modAop

D and modAop (modA)
op.D

1.1. Main results. In this subsection, k is a field and T is a Krull–Schmidt Hom-
finite k-linear triangulated category T with suspension functor Σ and with a Serre

functor T S−→ T . We also fix a full abelian subcategory A of T . We let ProjA denote
the full subcategory of A consisting of the projective objects and let InjA denote the
full subcategory of A consisting of the injective objects.

As witnessed in Example 1.7, the assignment P 7−→ SP for P a projective object
in A only defines a functor ProjA −→ T . The idea of the next result is to correct
this unwanted feature by requiring the existence of an A-cover of SP . It turns out,
under mild assumptions (see Theorem 3.4), this requirement ensures that the assign-
ment P 7−→ SP 7−→ νP , where νP −→ SP is an A-cover of SP , is functorial and
provides an equivalence ProjA ≃ InjA of additive categories.

Setup 1.10. Let A be an extension-closed k-linear proper abelian subcategory of T
and assume T (A,Σ−1A) = 0. Further, assume the following:

• For each projective object P in A there is an A-cover in T of the form

νP SP.αP

• For each injective object I in A there is an A-envelope in T of the form

S−1I ν−I.
βI
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Theorem A (Theorem 3.4). Consider Setup 1.10. Then the following hold:

(1) The assignment P 7→ νP augments to an additive functor ProjA ν−→ InjA such
that

νP SP

νP ′ SP ′

νp

αP

Sp
αP ′

is commutative for each morphism P
p−→ P ′ in ProjA.

(2) The assignment I 7−→ ν−I augments to an additive functor InjA ν−

−→ ProjA
such that

S−1I ν−I

S−1I ′ ν−I ′

βI

S−1i ν−i

βI′

is commutative for each morphism I
i−→ I ′ in InjA.

Moreover, the functors ν and ν− are mutual quasi-inverses.

Our next main theorem shows that A enjoys a useful duality condition (see Defi-
nition 1.9) and if we impose that A is a length category, then the symmetry between
the projective and injective objects in A becomes stronger.

Theorem B (Theorem 3.8 and 3.10). Consider Setup 1.10. Then the following hold:

(1) If A is essentially small and has enough injectives and enough projectives, then
A is a dualising k-variety.

(2) If every object in A is of finite length, then A has enough projectives if and only
if A has enough injectives.

Having Theorem A at our disposal, we can construct Auslander–Reiten translates τ
and τ− in A following the classical pedagogy (see the beginning of Subsection 4.1 and
Definition 4.2). The fundamental properties of these mappings are given as our next
main result.

Theorem C (Propositions 4.3 and 4.4). Consider Setup 1.10 and assume each object
in A has a projective cover and an injective envelope. Then there are Auslander–Reiten
translates τ and τ− on A and they satisfy several standard properties.

The next result is the existence of Auslander–Reiten sequences in A.

Theorem D (Theorem 4.7). Consider Setup 1.10 and assume each object in A has
a projective cover and an injective envelope. Then the following hold:

(1) For each indecomposable non-projective object C in A, there exists an Auslander–
Reiten sequence in A of the form

0 τC EC C 0.

(2) For each indecomposable non-injective object A in A, there exists an Auslander–
Reiten sequence in A of the form

0 A FA τ−A 0.

When applying the methods presented in the main theorems above to the module
category, we recover the standard Nakayama functors and Auslander–Reiten trans-
lates (see Theorem 5.4 and Proposition 5.6). As an application, we provide a new
proof of the existence of Auslander–Reiten sequences in the finite-dimensional mod-
ule category of a finite-dimensional algebra (see Theorem 5.7).



32 D. Nkansah

Theorems A, B, and D are instances of a fascinating and potentially powerful phe-
nomenon that involves relating intrinsic properties of an abelian category with its re-
lationship to an ambient triangulated category (see the discussion in [13, p. 213]). In
the same paper, it was shown that the heart of a bounded t-structure of a satu-
rated Hom-finite Krull–Schmidt k-linear triangulated category is functorially finite
in said category if and only if the heart has enough projective and enough injective
objects [13, Corollary 2.8] (see [13, Theorem 2.4] for a more general statement and
compare with Theorem A and Theorem B(2)).

Another such example of this phenomenon can be seen in [28, Proposition 2.6],
which says the following: given an extension-closed additive subcategory A of a Hom-
finite Krull–Schmidt k-linear triangulated category T such that T (A,Σ−1A) = 0, if
each object of A has a ΣA-envelope, then there is an exact structure E on A such
that the exact category (A, E) has enough projective objects.

Remark 1.11. In [13, Remark 2.15], the authors mention that it would be interesting
to investigate whether their result [13, Corollary 2.8] holds without the assumption
of the triangulated category being saturated. The results in this paper assume the
weaker condition that the triangulated category has a Serre functor (see [29, p. 3]).

1.2. Some useful results. For the reader’s convenience, we record some results
that will be used multiple times throughout this paper. The first result is a useful
criterion for showing when a certain precover is actually a cover.

Lemma ([32, Lemma 2.4]). Consider a non-zero morphism X
f−→ Y in an additive

category and suppose that End(Y ) is local. Then α is left minimal.

The next result allows us to characterise the intrinsic property of an object be-
ing projective in a proper abelian subcategory in terms of the ambient triangulated
category and its suspension functor.

Theorem ([15, Theorem on p. 1]; see also [28, Theorem 3.5]). Let T be a triangulated
category with suspension functor Σ and let A be an additive full subcategory of T that
is closed under extensions and T (A,Σ−1A) = 0. Then an object P in A is projective
in A if and only if T (P,ΣA) = 0.

The final result will be used, sometimes in conjunction with Serre duality, to show
that certain Hom spaces vanish.

Lemma (Triangulated Wakamatsu’s lemma [26, Lemma 2.1]). Let T be a Krull–
Schmidt Hom-finite k-linear triangulated category with suspension functor Σ and let
A be a full subcategory of T that is closed under extensions and direct summands.

Suppose that a morphism A
α−→ T in T is an A-cover of an object T in T and

complete it to a triangle A
α−→ T −→ Z −→ ΣA. Then T (A, Z) = 0.

1.3. Global setup. The following are taken throughout the paper:

• k is a field.

• The standard k-dual functor (modk)
op Homk(−,k)−−−−−−−→ modk, where modk is the

category of finite-dimensional right modules over k, is denoted by D.
• All subcategories are assumed to be full subcategories closed under isomorphisms.
• k-linear categories are categories enriched over the category of k-vector spaces
with finite direct sums.

• For an abelian category A, the full subcategory of A consisting of the projective
objects is denoted by ProjA and the full subcategory of A consisting of the
injective objects is denoted by InjA.

• T is a Krull–Schmidt Hom-finite k-linear triangulated category with suspension

functor Σ and with a Serre functor T S−→ T .
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2. Lemmas

2.1. Lemmas on additive categories. Consider two objects X and X ′ in an ad-
ditive category. We denote by rad(X,X ′) the radical morphisms between X and X ′

as seen in [30, Lemma 6]. That is, a morphism X
x−→ X ′ in said additive cate-

gory lies in rad(X,X ′) if for each morphism X ′ x′

−→ X we have that 1X − x′x is an
automorphism. The following lemma will be used in Proposition 4.3.

Lemma 2.1. Let X and Y be additive categories and let X F−→ Y be a fully faithful
additive functor. Then F induces an isomorphism rad(X,X ′) −→ rad(FX,FX ′) of
abelian groups.

Proof: Let X
x−→X ′ be a radical morphism in X . We will first show that FX

Fx−→FX ′

is a radical morphism in Y. To this end, let FX ′ g−→ FX be a morphism in Y.

As F is fully faithful, g is of the form Fx′ for some morphism X ′ x′

−→ X in X .
As x is a radical morphism in X , we have that 1X − x′x is an automorphism.
Therefore, 1FX − gF (x) is an automorphism. We now have that the group isomor-
phism X (X,X ′) −→ Y(FX,FX ′) induced by F restricts to an injective group ho-

momorphism rad(X,X ′) −→ rad(FX,FX ′). For surjectivity, we let FX
f−→ FX ′

be a radical morphism in Y. Again, we may take f to be of the form Fw for some

morphism X
w−→ X ′ in X . It suffices to show that w is a radical morphism in X . Let

X ′ w′

−→ X be a morphism in X . Then F (1X − w′w) = 1FX − F (w′)f is an automor-
phism as f is a radical morphism in Y. As F is fully faithful, it reflects isomorphisms.
Therefore, 1X−w′w is an automorphism and hence w is a radical morphism in X .

The following lemma will be a diagram trick involving a strong cover. It will be
used in Lemma 2.4 and Theorem 3.4.

Lemma 2.2. Let X be an additive category, let Y be an additive subcategory of X ,
and consider the following diagram in X :

Y1 X1

X2

X3 Y

X

a

e

b

f

c

h

d

g α

with the following properties:

(1) The objects Y and Y1 both lie in Y.
(2) All but the back-most square with vertices Y1, X1, X3, and Y commute.

If α is a strong Y-cover of X, then the back-most square commutes.

Proof: By the commutativity of the diagram, the following equalities hold: αdb =
gb = he = hfa = αca. So if α is a strong Y-cover, then we get db = ca as required.
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The following lemma will be used multiple times throughout this paper, where the

functor X S−→X in the statement of the lemma is taken to be the Serre functor T S−→T
mentioned in the global setup. It will allow us to construct additive functors through
the existence of approximations.

Lemma 2.3. Let X be an additive category and let X S−→ X be an additive endo-
functor. Let Y be an additive subcategory of X and let Z be an additive subcategory
of Y. Then the following hold:

(1) If for each object Z in Z there is a strong Y-cover in X of the form

CZ SZ,
cZ

then the assignment Z 7−→CZ on objects augments to an additive functor Z
C(−)−−→Y

such that the induced diagram

CZ SZ

CZ′ SZ ′

Cz

cZ

Sz

cZ′

is commutative for each morphism Z
z−→ Z ′ in Z.

(2) If for each object Z in Z there is a strong Y-envelope in X of the form

S−1Z EZ ,

then the assignment Z 7−→EZ on objects augments to an additive functor Z−→Y
such that the induced diagram

S−1Z EZ

S−1Z ′ EZ′

S−1z Ez

is commutative for each morphism Z
z−→ Z ′ in Z.

Proof: (1) Given a morphism Z
z−→ Z ′ between objects in Z, we have the composi-

tion CZ
cZ−→ SZ

Sz−→ SZ ′. As CZ′
cZ′−→ SZ ′ is a strong Y-cover in X , there exists a

unique morphism CZ
Cz−→ CZ′ such that S(z)cZ = cZ′Cz. The uniqueness of Cz in

the assignment z 7−→ Cz on morphisms ensures functoriality.

For additivity, let Z
z1,z2−−−→ Z ′ be morphisms between objects in Z. We need to

show C(z1+z2) = Cz1 + Cz2 . By their respective definitions and as S is an additive
functor, we have the following equalities:

cZ′C(z1+z2) = S(z1 + z2)cZ = (Sz1 + Sz2)cZ = cZ′(Cz1 + Cz2).

Additivity follows as cZ′ is a strong Y-cover.

(2) is dual to (1).

Lemma 2.3 tells us that a global choice of strong Y-covers of the objects SZ, for each
object Z in Z, gives rise to an additive functor Z −→ Y fitting into the commutative
diagram in said lemma. The next lemma, however, uses the uniqueness of the Y-covers
to ensure that any other global choice of Y-covers of the objects SZ would result in
a canonically naturally isomorphic functor. It will be used in Theorem 5.4.
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Lemma 2.4. Let X be an additive category and let X S−→ X be an additive endo-
functor. Let Y be an additive subcategory of X and let Z be an additive subcategory
of Y. Then the following hold:

(1) Assume for each object Z in Z there are strong Y-covers in X of the form CZ
cZ−→

SZ and DZ
dZ−→ SZ. The assignments Z 7−→ CZ and Z 7−→ DZ augment to

two functors Z −→ Y by Lemma 2.3. These functors are naturally isomorphic.

(2) Assume for each object Z in Z there are strong Y-envelopes in X of the
form S−1Z−→EZ and S−1Z−→FZ . The assignments Z 7−→EZ and Z 7−→FZ

augment to two functors Z −→ Y by Lemma 2.3. These functors are naturally
isomorphic.

Proof: Assume for each object Z in Z we have strong Y-covers in X of the form CZ
cZ−→

SZ and DZ
dZ−→ SZ. By Lemma 2.3, we have two functors Z −→ Y, given by the

assignments Z 7−→ CZ and Z 7−→ DZ . As CZ is an object in Y and dZ is a strong

Y-cover, there exists a unique isomorphism CZ
φZ−→ DZ such that cZ = dZφZ . We

now show that the collection {φZ | Z an object in Z} of isomorphisms in Y form the

components of a natural isomorphism between the functors in question. Let Z
z−→ Z ′

be a morphism in Z. We obtain the diagram

CZ DZ

SZ

CZ′ DZ′ ,

SZ ′

φZ

Cz

cZ

Dz

dZ

Sz
φZ′

cZ′ dZ′

where all but the back-most square with vertices CZ , CZ′ , DZ′ , and DZ commute.
By the application of Lemma 2.2, we are done.

2.2. A lemma on k-linear abelian subcategories. The following lemma will be
used in Proposition 3.7.

Lemma 2.5. Let A be a k-linear abelian subcategory of T . Let X and P be objects
in A with P projective. Then the following two statements are equivalent:

(1) There is a strong A-cover in T of the form X
αP−→ SP .

(2) There is a natural isomorphism of the form DA(P,−) ∼= A(−, X) of func-
tors Aop −→ modk, i.e. the object X represents the functor DA(P,−).

Dually, let Y and I be objects in A with I injective. Then the following two statements
are equivalent:

(1’) There is a strong A-envelope in T of the form S−1I −→ Y .

(2’) There is a natural isomorphism of the form DA(−, I) ∼= A(Y,−) of func-
tors A −→ modk, i.e. the object Y represents the functor DA(−, I).
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Proof: (1) ⇒ (2): Suppose there is a strong A-cover of the form X
αP−→ SP . We

have a natural isomorphism A(−, X)
T (−,αP )|A−−−−−−−→ T (−,SP )|A ∼= DA(P,−) of func-

tors Aop −→ modk, where the first whiskered composite natural transformation is a
natural isomorphism as αP is a strong A-cover and the second natural isomorphism
is given by Serre duality. Therefore, X represents the functor DA(P,−).

(2)⇒ (1): Suppose the objectX represents the functor DA(P,−). Then we have a nat-
ural isomorphism γ : A(−, X) ∼= DA(P,−) ∼= T (−,SP )|A of functors Aop −→ modk,
where the second natural isomorphism is given by Serre duality. We will show that the

morphism X
γX(1X)−−−−−→ SP , where γX is the component of the natural isomorphism γ

at X, is a strong A-cover. Let αP := γX(1X). It suffices to show that for each ob-

ject A in A the component γA coincides with A(A,X)
T (A,αP )|A−−−−−−−→ T (A,SP )|A. To

this end, let A
a−→ X be a morphism in A. By naturality, the following diagram is

commutative:

A(X,X) T (X,SP )|A

A(A,X) T (A,SP )|A

γX

A(a,X) T (a,SP )|A

γA

The equality γA(a) = T (A,αP )|A(a) is obtained by chasing the identity 1X through
this diagram.

(1’) ⇒ (2’) is dual to (1) ⇒ (2).

2.3. A lemma on abelian length categories. The following lemma will be used
in Theorem 3.10.

Lemma 2.6. Let A be an abelian category for which each object of A is of finite
length. Then the following hold:

(1) If each simple object in A admits a non-zero morphism to an injective object
in A, then A has enough injectives.

(2) If each simple object in A admits a non-zero morphism from a projective object
in A, then A has enough projectives.

Proof: (1) Let A be an object in A. As A is of finite length, there exists a finite
composition series 0 = A0 ⊆ A1 ⊆ · · · ⊆ An−1 ⊆ An = A of A. Denote the
simple quotients Ai+1/Ai by Si+1 and note A1 = S1. There are short exact se-
quences of the form Ai −→ Ai+1 −→ Si+1 and by assumption there are non-zero
morphisms Si+1 −→ Ii+1, where every Ii+1 is an injective object in A. In particular,
these morphisms are monomorphisms in A. By the dual of the Horseshoe lemma [17,
Lemma 8.2.1], we inductively get monomorphisms Ai+1 −→ I1 ⊕ I2 ⊕ · · · ⊕ Ii+1 in A.
In particular, we acquire a monomorphism A = An −→ I1⊕I2⊕· · ·⊕In in A, proving
our statement.

(2) is dual to (1).

2.4. A lemma on proper abelian subcategories. The following lemma will be
used in Proposition 4.3, Theorem 4.7, and implicitly in Proposition 5.5.
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Lemma 2.7. Let A be an extension-closed k-linear proper abelian subcategory of T
and assume T (A,Σ−1A) = 0. Further, assume the following:

• For each projective object P in A there is a strong A-cover in T of the form

CP SP.cP

• For each injective object I in A there is a strong A-envelope in T of the form

S−1I EI .

As ProjA is an additive subcategory of A, Lemma 2.3 gives rise to a func-
tor ProjA −→ A given by the assignment P 7−→ CP . The following then hold:

(1) If P1
p1−→ P0

p0−→ A is a projective presentation of A in A, then there is an

A-precover of the form XA
θ−→ Σ−1SA, where XA is the kernel of the induced

morphism CP1

Cp1−−→ CP0 in A. Moreover, if A is a non-projective object in A,
then the A-precover θ is necessarily non-zero.

(2) If B −→ I0 −→ I1 is an injective copresentation of B in A, then there is an

A-preenvelope of the form ΣS−1B
ξ−→ ZB, where ZB is the cokernel of the

induced morphism EI0 −→ EI1 in A. Moreover, if B is a non-injective object
in A, then the A-preenvelope ξ is necessarily non-zero.

Proof: (1) Our assumption allows us to use Lemma 2.3 to produce an additive func-

tor ProjA −→ A given by P 7−→ CP . The projective presentation P1
p1−→ P0

p0−→ A

of A induces a left exact sequenceXA
xA−→ CP1

Cp1−−→ CP0
, where xA is the kernel of Cp1

.

Complete the morphism SP1
Sp1−−→ SP0 to a short triangle Y

y−→ SP1
Sp1−−→ SP0. As A is

a proper abelian subcategory, the short exact sequence ΩA
ι1−→ P0

p0−→ A, where ΩA

is the syzygy of A, is a short triangle. By rotating, Σ−1P0
−Σp0−−−→ Σ−1A −→ ΩA is a

short triangle. Therefore, there is a short triangle Σ−1SP0
−ΣSp0−−−−→ Σ−1SA w−→ SΩA.

Here we used that S is a triangulated functor (see [10, Proposition 3.3] for the classical
reference and see [9, Theorem A.4.4] for a proof which makes the natural transforma-
tion more evident). After rotating triangles, we get the following solid commutative
diagram:

(2.1)

0 XA CP1
CP0

Σ−1SP0 Y SP1 SP0

Σ−1SP0 Σ−1SA SΩA SP0

xA

θ1

Cp1

cP1
cP0

y

θ2

Sp1

Sπ1

−ΣSp0 w Sι1

where the composition SP1
Sπ1−−→ SΩA Sι1−−→ SP0 is obtained by applying S to the usual

factorisation p1 : P1
π1−→ ΩA

ι1−→ P0 of the morphism p1. Note that the bottom and the
middle rows are both triangles. By an axiom of triangulated categories, there exists a

morphism Y
θ2−→ Σ−1SA. Since S(p1)cP1

xA = 0, there exists a morphism XA
θ1−→ Y

as y is a weak kernel of Sp1. The morphisms θ1 and θ2 make the entire diagram (2.1)
commute. Taking θ = θ2θ1, we show that θ is indeed an A-precover. The next steps
in our proof will consist of adding many new morphisms to diagram (2.1); the reader



38 D. Nkansah

is recommended to use diagram (2.2) below to aid their reading (the dashed arrows
in diagram (2.2) will be introduced in the following argument).

(2.2)

0 XA CP1
CP0

B

Σ−1§P0 Y §P1 §P0

B

Σ−1§P0 Σ−1§A §ΩA §P0

xA

θ1

Cp1

cP1
cP0

b1

b

b1

y

θ2

§p1

§π1

b3

b2

b3

wb2

−Σ§p0 w §ι1

First, we show that θ1 is anA-precover. LetB
b−→ Y be a morphism with the object B

in A. As cP1
is a strong A-precover, there exists a unique morphism B

b1−→ CP1

such that yb = cP1
b1. We have the following equalities: cP0

Cp1
b1 = S(p1)cP1

b1 =
S(p1)yb = 0, where the last equality holds as consecutive morphisms in a triangle
vanish. Then Cp1b1 = 0 as cP0 is a strong A-cover. As xA is the kernel of Cp1 , there

exists a unique morphism B
b1−→ XA such that b1 = xAb1. We have the following

equalities: yb = cP1
b1 = cP1

xAb1 = yθ1b1, which gives y(b − θ1b1) = 0. As y is a
weak kernel of Sp1, the morphism b−θ1b1 factors through a morphism in the k-vector
space T (B,Σ−1SP0). But T (B,Σ−1SP0) ∼= D T (P0,ΣB) = 0, where the isomorphism
is given by Serre duality and where the equality holds as P0 is a projective object
in A (see [15, Theorem on p. 1]). Hence, we are done.

It now suffices to show that the map T (B, Y )
T (B,θ2)−−−−−→ T (B,Σ−1SA) is an epimor-

phism for each object B in A. To this end, let B
b2−→ Σ−1SA be a morphism with B

in A. By Serre duality, we have the following commutative diagram:

T (B, SP1) D T (P1, B)

T (B, SΩA) D T (ΩA,B)

∼=

T (B,Sπ1) D T (π1,B)

∼=

As π1 is an epimorphism, the map D T (π1, B) is an epimorphism and hence so is

the map T (B, Sπ1). Therefore, there exists a morphism B
b3−→ SP1 such that wb2 =

S(π1)b3. We have the following equalities: S(p1)b3 = S(ι1)S(π1)b3 = S(ι1)wb2 = 0,
where the last equality holds as consecutive morphisms in a triangle vanish. As y is a

weak kernel of Sp1, there exists a morphism B
b3−→ Y such that b3 = yb3. We have the

following equalities: wb2 = S(π1)b3 = S(π1)yb3 = wθ2b3, which gives w(b2−θ2b3) = 0.
As w is a weak kernel of Sι1, the morphism b2 − θ2b3 factors through a morphism
in the k-vector space T (B,Σ−1SP0). However T (B,Σ−1SP0) ∼= D T (P0,ΣB) = 0,
where the isomorphism is given by Serre duality and where the equality holds as P0

is a projective object in A (see [15, Theorem on p. 1]). Hence, we are done.
Suppose that A is a non-projective object in A. By [15, Theorem on p. 1], there

exists an object T in A with T (A,ΣT ) ̸= 0. Then the k-vector space D T (A,ΣT ) is
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also non-zero and we have T (T,Σ−1SA) ∼= D T (A,ΣT ) ̸= 0, where the isomorphism

holds by Serre duality. Therefore, we can pick a non-zero morphism T
t−→ Σ−1SA.

As θ is an A-precover, the non-zero morphism t must factor through θ, resulting in θ
necessarily being non-zero.

(2) is dual to (1).

3. Nakayama functors on proper abelian subcategories

3.1. Construction and fundamental properties.

Setup 3.1. We fix A to be an extension-closed k-linear proper abelian subcategory
of T and assume T (A,Σ−1A) = 0.

Proposition 3.2. Let A be a category with Setup 3.1. For P a projective object in A
and I an injective object in A, the following hold:

(1) Each A-cover in T of the form CP
cP−→ SP is a strong A-cover in T .

(2) Each A-envelope in T of the form S−1I −→ EI is a strong A-envelope in T .

Proof: Let A
a−→ CP be a morphism in A such that cPa = 0. In order to show that

cP is a strong A-cover in T we need a = 0. Suppose a is a monomorphism in A.

As A is a proper abelian subcategory, there is a short triangle A
a−→ CP

v−→ B
in T with B an object in A. As cPa = 0 and v is a weak cokernel of a, there

exists a morphism B
b−→ SP such that cP = bv. As cP is an A-cover, there exists a

morphism B
b−→ CP such that b = cP b. The situation is depicted in the following

diagram:

A CP B

SP

a

0

v

cP
b

b

We have the following equalities: cP = bv = cP bv. As cP is right minimal, bv is an
automorphism. As the composition of consecutive morphisms in a triangle vanishes,
we have bva = 0. It follows that a = 0.

Now suppose a is arbitrary. We choose a factorisation a : A
ae−→ D

am−→ CP in A,
where ae is an epimorphism and am is a monomorphism. It suffices now to show am =

0. As A is a proper abelian subcategory, there is a short triangle A
ae−→ D

d−→ ΣB
with B an object in A. As cPamae = cPa = 0 and d is a weak cokernel of ae, there

exists a morphism ΣB
b1−→ SP such that cPam = b1d. The situation is depicted in

the following diagram:

A D ΣB

CP

SP

ae

0

a

d

am

b1
cP

The morphism b1 lies in the k-vector space T(ΣB, SP ). But T(ΣB, SP )∼=DT(P,ΣB)=
0, where the isomorphism is given by Serre duality and where the equality holds as
P is a projective objective in A (see [15, Theorem on p. 1]). Hence, b1 = 0 and so
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cPam = 0. As am is a monomorphism in A, the previous argument tells us that am =
0, as required.

(2) is dual to (1).

Proposition 3.3. Let A be a category with Setup 3.1. Let X be an object in A. Then
the following hold:

(1) If CX −→ SX is an A-cover in T , then CX is an injective object in A.
(2) If S−1X −→ EX is an A-envelope in T , then EX is a projective object in A.

Proof: (1) Appealing to the dual of [15, Theorem on p. 1], we will show that
T (A,ΣCX)=0 for each object A in A. To this end, let A be an object in A and com-
plete the morphism CX −→SX to a short triangle CX −→SX−→Z. By properties of
triangulated categories, the sequence of k-vector spaces T (A,Z) −→ T (A,ΣCX) −→
T (A,ΣSX) is exact. The triangulated Wakamatsu’s lemma [26, Lemma 2.1] ensures
T (A,Z) = 0. By Serre duality we have T (A,ΣSX) ∼= D T (X,Σ−1A) = 0, where the
latter k-vector space vanishes since T (A,Σ−1A) = 0. It follows that T (A,ΣCX) = 0
by the exactness of the aforementioned sequence.

(2) is dual to (1).

Theorem 3.4. Let A be a category with Setup 3.1. Then the following hold:

(1) If for each projective object P in A there is an A-cover in T of the form

νP SP,αP

then the assignment P 7−→ νP augments to an additive functor ProjA ν−→ InjA
such that the induced diagram

νP SP

νP ′ SP ′

νp

αP

Sp
αP ′

is commutative for each morphism P
p−→ P ′ in ProjA.

(2) If for each injective object I in A there is an A-envelope in T of the form

S−1I ν−I,
βI

then the assignment I 7−→ ν−I augments to an additive functor InjA ν−

−→ ProjA
such that the induced diagram

S−1I ν−I

S−1I ′ ν−I ′

βI

S−1i ν−i

βI′

is commutative for each morphism I
i−→ I ′ in InjA.

Moreover, if the conditions from both (1) and (2) are satisfied, then the functors ν
and ν− are mutual quasi-inverses.



Nakayama functors on proper abelian subcategories 41

Proof: (1) The existence of a functor ProjA −→ A given by the assignment P 7−→ νP
is guaranteed by Lemma 2.3 and Proposition 3.2. Proposition 3.3 assures that this

assignment is a well-defined additive functor ProjA ν−→ InjA.

(2) is dual to (1).

We now show that ν and ν− are mutual quasi-inverses. As both ν and ν− are
additive functors, it suffices to first construct a collection of isomorphisms

{I −→ νP | with P = ν−I and I an indecomposable injective object in A}

natural in I, and then to construct a collection of isomorphisms

{ν−J −→ Q | with J = νQ and Q an indecomposable projective object in A}

natural in Q. To this end, let I be an indecomposable injective object of A and set

P = ν−I. We have an A-envelope S−1I
βI−→ P which is automatically a strong

A-envelope by Proposition 3.2. As S is an autoequivalence, we get a strong SA-enve-

lope γI : I ∼= SS−1I
SβI−−→ SP . We first prove that γI is also a strong A-cover.

Let A be an object in A. By Serre duality, we have the following commutative
diagram:

(3.1)

T (SP,SA) D T (A,SP )

T (I, SA) D T (A, I)

T (γI ,SA)

∼=

D T (A,γI)

∼=

As γI is a strong SA-envelope, the map T (γI ,SA) is an isomorphism. By the com-
mutativity of diagram (3.1), so too is D T (A, γI) an isomorphism and therefore γI is
a strong A-cover as required.

Notice that the object P is projective in A using (2) and the definition of P .

Furthermore, the A-cover νP
αP−→ SP is a strong A-cover by Proposition 3.2. We now

construct the morphism I −→ νP .

By the uniqueness of (strong) A-covers, we get a (unique) isomorphism I
γI−→ νP

such that γI = αP γI . We now show that γI is natural. Let I
i−→ J be a morphism be-

tween indecomposable injective objects of A. We denote the morphism ν−I
ν−i−−→ν−J

in A by P
p−→ Q. Then we get unique morphisms γI and γJ such that γI = αP γI

and γJ = αQγJ hold. By definition of ν−, we have βJS−1i = pβI and therefore, after
applying S to this equation and using the natural isomorphism 1 −→ SS−1, we get
γJ i = S(p)γI . We obtain the diagram:

I νP

SP

J νQ

SQ

γI

γI

i

αP

νp

Sp
γJ

γJ αQ



42 D. Nkansah

As the right-facing square commutes by the definition of νP , we have that all but
the back-most square with vertices I, J , νQ, and νP commute. By the application
of Lemma 2.2, we are done. Similarly, we construct the collection of natural isomor-
phisms ν−J −→ Q. This proves that ν and ν− are mutual quasi-inverses.

Remark 3.5. Because we work in a Krull–Schmidt setting, every A-precover can be
made into an A-cover by removing direct summands from the source object of the
A-precover (see [26, Lemma 4.1]). As the dual situation is also true, the assumptions
in Theorem 3.4 may be relaxed.

Definition 3.6. Let A be a category with Setup 3.1 such that the following hold:

• For each projective object P in A there is an A-cover in T of the form

νP SP.αP

• For each injective object I in A there is an A-envelope in T of the form

S−1I ν−I.
βI

Then we call the functors ProjA ν−→ InjA and InjA ν−

−→ ProjA obtained from Theo-
rem 3.4 the Nakayama functors on A (obtained via approximations) and we say that
A has a Nakayama functor.

Proposition 3.7. Let A be a category with Setup 3.1. Let X and P be objects in A
with P projective. Then the following three statements are equivalent:

(1) There is an A-cover in T of the form X
αP−→ SP .

(2) There is a strong A-cover in T of the form X
αP−→ SP .

(3) There is a natural isomorphism of the form DA(P,−) ∼= A(−, X) of func-
tors Aop −→ modk, i.e. the object X represents the functor DA(P,−).

Dually, let Y and I be objects in A with I injective. Then the following three state-
ments are equivalent:

(1’) There is an A-envelope in T of the form S−1I −→ Y .
(2’) There is a strong A-envelope in T of the form S−1I −→ Y .
(3’) There is a natural isomorphism of the form DA(−, I) ∼= A(Y,−) of func-

tors A −→ modk, i.e. the object Y represents the functor DA(−, I).

Proof: (1) ⇔ (2): This follows from Proposition 3.2.

(2) ⇔ (3): This follows from Lemma 2.5.

(2) is dual to (1).

Theorem 3.8. Let A be an essentially small category that has a Nakayama functor
(see Definition 3.6). If A has enough projectives and enough injectives, then A is a
dualising k-variety.

Proof: We first show that the induced functor (ModA)
op D−→ ModAop restricts to a

functor (modA)
op −→ modAop . To this end, let Aop F−→ Modk be an object in modA.

Firstly, assume F = A(−, I) for I an injective object in A. Then we have D(F ) =
DA(−, I) ∼= T (S−1I,−)|A ∼= A(ν−I,−), where the first isomorphism holds since it
holds pointwise by Serre duality and the second isomorphism holds as βI is a strong
A-envelope (see Proposition 3.2). Hence, D(F ) lies in modAop .

Secondly, assume F = A(−, A) for A an object in A. Then choose an injective
copresentation A −→ I0 −→ I1 of A. As the Yoneda embedding A −→ ModA is
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left exact, the sequence A(−, A) −→ A(−, I0) −→ A(−, I1) is left exact. Using the
exactness of D, the sequence DA(−, I1) −→ DA(−, I0) −→ DA(−, A) = D(F ) is right
exact. As modAop is closed under cokernels (see [2, Proposition on p. 41]) D(F ) lies
in modAop .

Lastly, assume F is arbitrary in modA. Then there is a right exact sequence of the
formA(−, Y )−→A(−, X)−→F . As D is exact, the sequence D(F ) −→ DA(−, X) −→
DA(−, Y ) is left exact. As modAop is closed under kernels (see [2, Proposition on

p. 41]) D(F ) lies inmodAop . Moreover, the fact that the functorModAop
D−→ (ModA)

op

restricts to a functor modAop
D−→ (modA)

op follows by a dual argument to the one
given above.

Remark 3.9. The inclusion of points (3) and (3’) in Proposition 3.7 was inspired by
ongoing work by Nan Gao, Julian Külshammer, Sondre Kvamme, and Chrysostomos
Psaroudakis presented at the Homological Algebra and Representation Theory confer-
ence (Karlovasi, Samos, 2023). They used the existence of the representations in both
points (3) and (3’) to define the notion of an abelian category admitting a Nakayama
functor. This inspiration was instrumental in facilitating the proof of Theorem 3.8.

3.2. Proper abelian length subcategories.

Theorem 3.10. Let A be a category that has a Nakayama functor (see Definition 3.6)
and assume each object of A is of finite length. Then A has enough projectives if and
only if A has enough injectives.

Proof: (⇒) Assume A has enough projectives and let A be a simple object in A. By

assumption, there is a non-zero epimorphism P
p−→ A in A with P a projective object

in A. We first show that the composition νP
αP−→ SP Sp−→ SA is non-zero. Assume

the contrary and complete αP to a short triangle νP
αP−→ SP g−→ Z. As S(p)αP = 0

and as g is a weak cokernel of αP , we have that Sp factors through a morphism in
the k-vector space T (Z,SA). But T (Z,SA) ∼= D T (A,Z) = 0, where the isomorphism
holds by Serre duality and the latter k-vector space vanishes by the triangulated
Wakamatsu’s lemma [26, Lemma 2.1]. Hence, we get Sp = 0 and therefore p = 0, a
contradiction.

We now have that the composition νP
αP−→ SP Sp−→ SA is non-zero. By Serre

duality, the existence of a non-zero morphism A
a−→ νP is ensured. Therefore, each

simple object in A admits a non-zero morphism to an injective object in A (see
Proposition 3.3), and by Lemma 2.6, A has enough injectives.

(⇐) Dual to the previous argument.

4. Auslander–Reiten translates on proper abelian subcategories

4.1. Construction and fundamental properties.

Setup 4.1. Throughout this section, fix a category A that has a Nakayama functor
(see Definition 3.6) and assume that each object in A has a projective cover and an
injective envelope.

For each indecomposable non-projective object A inA and for each indecomposable
non-injective object B in A we fix

P1 P0 A
p1 p0

and B I0 I1i0 i1
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to be a minimal projective presentation of A and a minimal injective copresentation
of B, respectively. For each indecomposable projective object P in A and for each
indecomposable injective object I in A, we fix

0 P P1 and I I 01

to be a minimal projective presentation of P and a minimal injective copresentation
of I, respectively. Furthermore, we extend to general objects of A by taking direct
sums.

Definition 4.2. Let C be an object in A. We define the Auslander–Reiten trans-

late τC of C as τC = Ker(νQ1
νq1−−→ νQ0), where Q1

q1−→ Q0
q0−→ C is the fixed mini-

mal projective presentation of C. Similarly, we define the (inverse) Auslander–Reiten

translate τ−C of C as τ−C = Coker(ν−J0 ν−j1−−−→ ν−J1), where C
j0−→ J0 j1−→ J1 is

the minimal injective copresentation of C.

Proposition 4.3. Let A be a category with Setup 4.1 and let A and A′ be indecom-
posable objects in A. Then the following hold:

(1) τ(A⊕A′) ∼= τA⊕ τA′.
(2) The object A is projective in A ⇐⇒ τA = 0.
(3) If A is a non-projective object in A, then τA is a non-injective object in A.

(4) If A is a non-projective object in A, then the sequence τA
kA−→ νP1

νp1−−→ νP0 is
a minimal injective copresentation of τA.

(5) If A is a non-projective object in A, then τ−τA ∼= A.
(6) If A is a non-projective object in A, then τA is indecomposable.
(7) If A and A′ are non-projective objects in A, then A ∼= A′ ⇐⇒ τA ∼= τA′.

Proof: (1) We have minimal projective presentations P1
p1−→ P0

p0−→ A and P ′
1

p′
1−→

P ′
0

p′
0−→ A′ of A and A′ respectively and therefore P1⊕P ′

1

p1⊕p′
1−−−−→ P0⊕P ′

0

p0⊕p′
0−−−−→ A⊕A′

is the fixed minimal projective presentation of A ⊕ A′. By the application of ν, we
arrive at the following solid commutative diagram:

0 τ(A⊕A′) ν(P1 ⊕ P ′
1) ν(P0 ⊕ P ′

0)

0 τA⊕ τA′ νP1 ⊕ νP ′
1 νP0 ⊕ νP ′

0

∼=

ν(p1⊕p′
1)

∼= ∼=

νp1⊕νp′
1

where the vertical solid morphisms are the canonical isomorphisms induced by the ad-
ditivity of ν (see Theorem 3.4). The dashed morphism exists by the universal property
of the kernel of νp1 ⊕ νp′1 and the Five lemma ensures it is an isomorphism.

(2) (⇒) Assume A is a projective object in A. Then 0 −→ A
1−→ A is the fixed

minimal projective presentation of A. As 0 = ν0 −→ νA is a monomorphism, it
follows that τA = 0.

(⇐) Assume τA = 0. Then νP1
νp1−−→ νP0 is a monomorphism in A with νP1 an injec-

tive object in A. Therefore, νp1 is a section. As ν is an equivalence, the morphism p1
must also be a section. Hence, we have P0

∼= P1 ⊕A and therefore A is projective.

(3) Assume that A is a non-projective object in A. By Lemma 2.7, there is a non-

zero A-precover of the form τA
θ−→ Σ−1SA (notice that τA is XA in the statement

of Lemma 2.7). Showing that τA is not an injective object in A amounts to finding
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an object C in A with T (C,ΣτA) ̸= 0 (see dual of [15, Theorem on p. 1]). Choosing
C = A and using Serre duality, we have T (A,ΣτA) ∼= D T (τA,Σ−1SA), where the last
k-vector space is non-vanishing since the non-zero morphism θ lies in T (τA,Σ−1SA).

(4) It is clear the sequence is an injective copresentation of τA. As ν is an additive
equivalence (see Theorem 3.4), Lemma 2.1 tells us that νp1 is a radical morphism
as, by [33, Proposition 3.10], p1 is a radical morphism. The fact that kA is an in-
jective envelope follows from the dual of [33, Proposition 3.10]. As ν(p1)kA = 0,
the universal property of the cokernel of kA ensures the existence of a unique mor-

phism Ω−1τA
ι1−→ νP0 making the following diagram commutative:

0 τA νP1 νP0

Ω−1τA

kA νp1

π1 ι1

Here, Ω−1τA is the cosyzygy of τA and π1 is the cokernel of kA. By diagram chasing,
ι1 is a monomorphism, so it suffices to show that ι1 is an injective envelope.

To this end, we choose an injective envelope I of Coker νp1 extending the injective
copresentation of τA:

0 τA νP1 νP0 I

Ω−1τA

kA νp1

π1

f

ι1

By the dual of [33, Proposition 3.10], Lemma 2.1, and the fact that ν and ν− are mu-

tual quasi-inverses (see Theorem 3.4), it suffices to show that the morphism g : P0

∼=−→
ν−νP0

ν−f−−−→ ν−I is a radical morphism. As gp1 = 0 and p0 is the cokernel of p1, there

exists a unique morphism A
a−→ ν−I such that the following diagram is commutative:

P1 P0 A 0

ν−I

p1 p0

g
a

But p0 must be a radical morphism as A is a non-projective indecomposable object.
Hence, g = ap0 is a radical morphism.

(5) Assume A is a non-projective object in A. By (4), τA −→ νP1
νp1−−→ νP0 is a min-

imal injective copresentation of τA. Therefore, as minimal injective copresentations
are unique up to isomorphism, we get the following commutative diagram:

0 τA νP1 νP0

0 τA I0 I1

νp1

∼= ∼=

i0
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where the bottom row is our fixed injective copresentation of τA. Applying ν−, we
get the following solid commutative diagram:

P1 P0 A 0

ν−νP1 ν−νP0 C 0

ν−I0 ν−I1 τ−τA 0

p1

∼=

p0

∼= ∼=

ν−νp1

∼=

ν−νp0

∼= ∼=

ν−i1

where C is the cokernel of ν−νp1. Then the dashed morphisms exist by the universal
property of the cokernel and the Five lemma ensures that they are isomorphisms.

(6) Suppose A is a non-projective object in A and assume, for a contradiction, we
have τA ∼= X ⊕ Y , for non-zero objects X and Y in A. We first show that both X
and Y are non-injective objects in A.

For a contradiction, assume Y is a non-zero injective object in A. As s : Y −→
τA

kA−→ νP1 is a monomorphism, where Y −→ τA is the canonical inclusion mor-
phism, s must be a section. As ν(p1)s = 0, the object Y is isomorphic to a direct
summand of νP1 that lies in the kernel of νp1. By applying ν−, we get a section ν−s
with ν−(ν(p1)s) = 0. Similarly, the object ν−Y is isomorphic to a direct summand
of ν−νP1 that lies in the kernel of ν−νp1. As ν and ν− are mutual quasi-inverses (see
Theorem 3.4), there is a non-zero direct summand of P1 contained in the kernel of p1.
Using that the projective cover P1 −→ ΩA is unique up to isomorphism, we get a
contradiction to the dual of [34, Corollary 1.4].

Now, we have A ∼= τ−τA ∼= τ−X ⊕ τ−Y by (5) and the dual of (1). By the dual
of (2), both objects τ−X and τ−Y are non-zero, a contradiction as A is indecompos-
able.

(7) (⇒) Assuming A ∼= A′, the result follows by the uniqueness of minimal projective
presentations, the universal property of kernels and the Five lemma.

(⇐) Conversely, assume τA ∼= τA′. By (5), we have A ∼= τ−τA and A′ ∼= τ−τA′. Then
by (6) and (3), τA and τA′ are indecomposable non-injective objects in A. Therefore,
the dual argument of the “(⇒)” implication of (7) gives us τ−τA ∼= τ−τA′.

We state the dual version of the above result for completeness.

Proposition 4.4. Let A be a category with Setup 4.1 and let B and B′ be indecom-
posable objects in A. Then the following hold:

(1) τ−(B ⊕B′) ∼= τ−B ⊕ τ−B′.

(2) The object B is injective in A ⇐⇒ τ−B = 0.

(3) If B is a non-injective object in A, then τ−B is a non-projective object in A.

(4) If B is a non-injective object in A, then the sequence ν−I0 −→ ν−I1 −→ τ−B
is a minimal projective presentation of τ−B.

(5) If B is a non-injective object in A, then ττ−B ∼= B.

(6) If B is a non-injective object in A, then τ−B is indecomposable.

(7) If B and B′ are non-injective objects in A, then B ∼= B′ ⇐⇒ τ−B ∼= τ−B′.
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Corollary 4.5. Let A be a category with Setup 4.1. There is a bijective correspondence
between the following:

(1) Isomorphism classes of indecomposable non-projective objects A in A.
(2) Isomorphism classes of indecomposable non-injective objects B in A.

The bijective correspondence is given by the assignments A 7−→ τA and B 7−→ τ−B.

4.2. The existence of Auslander–Reiten sequences in proper abelian sub-
categories.

Remark 4.6. In [26, Theorem 3.1], the triangulated categories are assumed to be
essentially small. This assumption can be dropped due to [25, Proposition 5.15].

Theorem 4.7. Let A be a category with Setup 4.1. Then the following hold:

(1) For each indecomposable non-projective object C in A, there exists an Auslander–
Reiten sequence in A of the form

0 τC EC C 0.

(2) For each indecomposable non-injective object A in A, there exists an Auslander–
Reiten sequence in A of the form

0 A FA τ−A 0.

Proof: (1) By Lemma 2.7, there exists a non-zero A-precover of the form τC −→
Σ−1SC. But τC is an indecomposable object in A by Proposition 4.3 and hence by the
dual of [32, Lemma 2.4] τC −→ Σ−1SC is an A-cover. The existence of the required
Auslander–Reiten sequence is ensured by [26, Theorem 3.1] (see also Remark 4.6).

(2) is dual to (1).

5. Application to the module category
of a finite-dimensional algebra

In this section, we recover the standard Nakayama functors associated with the
category of finite-dimensional modules over a finite-dimensional algebra and give a
new proof of the existence of Auslander–Reiten sequences in such a category. The
following setup applies throughout this section.

Setup 5.1. Let A be a finite-dimensional k-algebra and let modA denote the cat-
egory of finite-dimensional right modules over A. We also let projA denote the full
subcategory of finitely generated projective A-modules and let injA denote the full
subcategory of finitely generated injective A-modules.

Remark 5.2. In [36, Theorem I.2.4], the ground field is assumed to be algebraically
closed. This assumption can be dropped due to [25, Theorem 3.6].

By [36, Proposition I.1.4] and [36, Proposition I.2.3] (see also Remark 5.2), we can
associate to the Serre functor S and the collection of natural isomorphisms

{T (X,Y ) D T (Y, SX) | for X and Y objects in T }
ηX,Y

a collection of linear forms

{T (Z,SZ) k
∣∣ for Z an object in T and ηZ := ηZ,Z(1Z)}

ηZ

satisfying ηZ(hZ) ̸=0 for each connecting homomorphism hZ in an Auslander–Reiten

triangle of the form Σ−1SZ−→Y −→Z
hZ−→ SZ. Then for each morphism X

f−→ Y we
have ηX,Y (f)(−) = ηX(−◦f) as linear forms on T (Y, SX). It will also be useful to note
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that, for X and Y objects in T , the morphism T (X,SY )
ev−→ D2 T (X,SY )

D(ηY,X)−−−−−→
D T (Y,X) is given by g 7−→ ηY (g ◦ −), where ev is the evaluation map isomorphism.

Remark 5.3. Similarly to Serre duality, the standard Nakayama functor N(−) =
−⊗AD(A) on modA exhibits a duality as follows. For each finitely generated A-mod-
ule M and for each finitely generated projective A-module P , we have the following
composition of natural isomorphisms:

HomA(P,M) D(P ⊗A D(M)) D(P ⊗A HomA(M,D(A)))

D(HomA(M,N(P )).

Here, the first isomorphism uses the evaluation isomorphism M ∼= D2(M) and the
tensor-Hom adjunction, the second isomorphism uses the canonical isomorphism M ∼=
M ⊗A A and the tensor-Hom adjunction and the third isomorphism follows by the
tensor evaluation isomorphism (a reference for these isomorphisms can be found in [12,
Section I.1]). We will denote this composition by

HomA(P,M) DHomA(M,N(P )).
εP,M

The isomorphism εP.M is natural in both P and M . We will refer to this as Nakayama
duality.

5.1. Recovering the standard Nakayama functors on the module category.

Theorem 5.4. Let modA be a k-linear subcategory of T . Let N(−) = −⊗AD(A) and
let N−(−) = HomA(D(A),−) be the standard Nakayama functors on modA. Then the
following hold:

(1) For each indecomposable finitely generated projective A-module P , there is a

strong modA-cover of the form N(P )
αP−→ SP such that the diagram

N(P ) SP

N(Q) SQ

αP

N(p) Sp

αQ

is commutative for each A-module homomorphism P
p−→ Q between indecom-

posable finitely generated projective A-modules. Moreover, the system of strong

modA-covers {N(P )
αP−→ SP} given above gives rise to a functor projA

ν−→ injA
by Theorem 3.4. The restricted Nakayama functor proj

N−→ injA is naturally
isomorphic to ν.

(2) For each indecomposable finitely generated injective A-module I, there is a strong
modA-envelope of the form S−1I −→ N−(I) such that the diagram

S−1I N−(I)

S−1J N−(J)

S−1i N−(i)

is commutative for each A-module homomorphism I
i−→J between indecompos-

able finitely generated injective A-modules. Moreover, the system of strong modA-

envelopes {S−1I −→ N−1(I)} given above gives rise to a functor injA
ν−

−→ projA

by Theorem 3.4. The restricted functor injA
N−

−→ projA is naturally isomorphic
to ν−.
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Proof: (1) Construction of αP . Using Remark 5.3, we have a natural isomorphism:

γ
(−)
P : HomA(−,N(P )) DHomA(P,−) T (−,SP ).

D(εP,−)◦ev (D(ηP,−)◦ev)−1

Let αP := γ
N(P )
P (1N(P )), where γ

N(P )
P is the component of the natural isomorphism γP

at N(P ).

αP is a strong modA-cover. By definition, the morphism αP is a strong modA-cover
if and only if for each finitely generated A-module M , the k-linear map

HomA(M,N(P )) T (M, SP )
T (M,αP )

is an isomorphism. As γ
(−)
P is a natural isomorphism, it therefore suffices to show,

for each finitely generated A-module M , that the invertible component γM
P coin-

cides with HomA(M,N(P ))
T (M,αP )−−−−−−→ T (M,SP ). To this end, let M

m−→ N(P ) be an
A-module homomorphism. By naturality, the following diagram is commutative:

HomA(N(P ),N(P )) T (N(P ),SP )

HomA(M,N(P )) T (M,SP )

γ
N(P )
P

HomA(m,N(P )) T (m,SP )

γM
P

The equality γM
P (m)=T (M,αP )(m) is obtained by chasing the identity 1N(P ) through

this diagram.

The commutativity of the induced diagram. Let P
p−→ Q be a morphism between

indecomposable finitely generated projective A-modules. We want to show that the
diagram

(5.1)

N(P ) SP

N(Q) SQ

αP

N(p) Sp

αQ

is commutative. Using the naturality of γ in both components, the following diagram
is commutative:

(5.2)

HomA(N(P ),N(P )) DHomA(P,N(P )) T (N(P ),SP )

HomA(N(P ),N(Q)) DHomA(Q,N(P )) T (N(P ),SQ)

HomA(N(Q),N(Q)) DHomA(Q,N(Q)) T (N(Q),SQ)

HomA(N(P ),N(p))

∼= ∼=

T (N(P ),Sp)

∼= ∼=

HomA(N(p),N(Q))

∼= ∼=

T (N(p),SQ)

Commutativity of (5.1) is equivalent to the validity of the equation

T (N(P ),Sp)(αP ) = T (N(p),SQ)(αQ)

and this, by commutativity of (5.2), is equivalent to the validity of the equation

HomA(N(P ),N(p))(1N(P )) = HomA(N(p),N(Q))(1N(Q)),

which indeed holds.
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The construction of ν is naturally isomorphic to N. As any finitely generated projec-
tive A-module P is a finite direct sum of indecomposable finitely generated projective
A-modules and as the finite direct sum of strong covers is again a strong cover, we
have strong modA-covers of the form N(P ) −→ SP , where P is a finitely generated

projective A-module. Theorem 3.4 therefore gives rise to a functor projA
ν−→ injA.

The fact that the functors ν and the restricted Nakayama functor projA
N−→ injA are

naturally isomorphic follows from Lemma 2.4.

(2) This follows by a similar dual argument to (1).

5.2. Recovering the existence of Auslander–Reiten sequences in module
categories.

Proposition 5.5. Let modA be an extension-closed proper abelian k-linear subcate-
gory of T and assume T (modA,Σ

−1 modA)=0. Let N(−)=−⊗AD(A) and N−(−) =
HomA(D(A),−) be the standard Nakayama functors on modA and let t and t− denote
the standard Auslander–Reiten translates in modA. Then the following hold:

(1) If P1
p1−→ P0

p0−→ M is a projective presentation of a non-projective inde-
composable finitely generated A-module M , then there is a modA-cover of the
form t(M) −→ Σ−1SM in T , where t(M) −→ N(P1) is the kernel of the induced
A-module homomorphism N(P1) −→ N(P0) in modA.

(2) If L −→ I0 −→ I1 is an injective copresentation of a non-injective indecom-
posable finitely generated A-module L, then there is a modA-envelope of the
form ΣS−1L −→ t−(L) in T , where N−(I1) −→ t−(L) is the cokernel of the
induced A-module homomorphism N(I0) −→ N(I1) in modA.

Proof: (1) By Theorem 5.4 and Lemma 2.7, there is a non-zero modA-precover of

the form τM
θ−→ Σ−1SM , where τM −→ νP1 is the kernel of the induced mor-

phism νP1
νp1−−→ νP0 in modA. We have left exact sequences τM −→ νP1

νp1−−→ νP0

and t(M) −→ N(P1)
N(p1)−−−→ N(P0). By the equivalence ν ∼= N in Theorem 5.4 and by

the universal property of the kernel of N(p1), we get a commutative diagram

0 τM νP1 νP1

0 t(M) N(P1) N(P0)

f

νp1

∼= ∼=

N(p1)

where the right two vertical A-module homomorphisms are isomorphisms. The Five
lemma ensures that the leftmost A-module homomorphism is also an isomorphism.

Hence, t(M)
f−1

−−→ τM
θ−→ Σ−1SM is a modA-precover. Finally, the minimality of

the non-zero modA-precover θf
−1 follows as t(M) is indecomposable (see the dual of

[32, Lemma 2.4]).

(2) is dual to (1).

Proposition 5.6. Let modA be an extension-closed proper abelian k-linear subcate-
gory of T and assume T (modA,Σ

−1 modA) = 0. Let t and t− denote the standard
Auslander–Reiten translates in modA. Then the following hold:

(1) For each indecomposable finitely generated non-projective A-module M , there is
an Auslander–Reiten sequence in modA of the form

0 t(M) EM M 0.
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(2) For each indecomposable finitely generated non-injective A-module L, there is
an Auslander–Reiten sequence in modA of the form

0 L FL t−(L) 0.

Proof: (1) By Proposition 5.5, there exists a modA-cover of the form t(M) −→
Σ−1SM . The existence of the required Auslander–Reiten sequence is ensured by [26,
Theorem 3.1] (see Remark 4.6).

(2) is dual to (1).

The following were defined in [24, pp. 351–352] and [22, Chapter II.2.1] (see also

[21]): let Â denote the repetitive algebra of A, let modÂ denote the module category

of finitely generated modules over Â and let modÂ denote the stable module category

of Â. We now recover the existence of Auslander–Reiten sequences in modA.

Theorem 5.7. Let M be an indecomposable finitely generated non-projective A-mod-
ule and let L be an indecomposable finitely generated non-injective A-module. Let t
and t− denote the standard Auslander–Reiten translates in modA and let N−(−) =
HomA(D(A),−) be the standard Nakayama functor on modA. Then the following hold:

(1) There is an Auslander–Reiten sequence in modA of the form

0 t(M) EM M 0.

(2) There is an Auslander–Reiten sequence in modA of the form

0 L FL t−(L) 0.

Proof: (1) and (2): By [22, Theorem on p. 16 and Lemma on p. 62], the categorymodÂ
is a triangulated category. We denote the suspension functor of modÂ by Σ. By [22,
Proposition on p. 67], modA is the heart of a t-structure on modÂ and hence by [8,
Theorem 1.3.6 on p. 31], modA is an extension-closed k-linear proper abelian subcat-
egory of modÂ. By [22, Lemma on p. 63], we have isomorphisms HomÂ(M,ΣiL) ∼=
ExtiA(M,L) for all i in Z and therefore HomÂ(modA,Σ

−1 modA) = 0. It was known
in [24, Lemma on p. 354], that modÂ has Auslander–Reiten sequences. Later, in [22],
it was stated that modÂ has the so-called Auslander–Reiten triangles (one can use [25,
Proposition 5.11], for example). Then by [36, Theorem I.2.4] (see also Remark 5.2),
the triangulated category modÂ has a Serre functor. As modÂ is Hom-finite, so is
modÂ. To show that modÂ is Krull–Schmidt, it suffices to show that each idempotent
in modÂ splits (see [37, p. 52], [22, p. 26], [11, Corollary A.2], [33, Section 4], and
[38, Theorem 6.1]).

Let us first show that each idempotent in modÂ splits. Following [22, p. 60], we let

M=(Mi,mi)i∈Z be a finitely generated Â-module. That is, Mi is a finitely generated

A-module with finitely many Mi being non-zero and Mi
mi−→ N−(Mi+1) is an A-mod-

ule homomorphism such that N−(mi+1)mi = 0. Let M
e=(ei)i∈Z−−−−−−→ M be an Â-module

endomorphism. That is, Mi
ei−→ Mi is an A-module homomorphism such that

Mi N−(Mi+1)

Mi N−(Mi+1)

mi

ei N−(ei+1)

mi

commutes for each i in Z. Assume that e is an idempotent in EndÂ(M). Then for

each i in Z, the A-module homomorphism Mi
ei−→ Mi is an idempotent in EndA(Mi).
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Hence, for each i in Z, there exists a factorisation ei : Mi
ri−→ Xi

si−→ Mi of ei such
that ri and si are A-module homomorphisms satisfying the equation 1Xi = risi. We

define an A-module homomorphism Xi
xi−→ N−(Xi+1) as the following composition:

xi : Xi Mi N−(Mi+1) N−(Xi+1).
si mi N−(ri+1)

It is not hard to check that the pair (Xi, xi)i∈Z defines a finitely generated Â-module

and that the sequences r = (ri)i∈Z and s = (si)i∈Z define Â-module homomorphisms
such that e = sr and 1M = rs. Hence, e splits. By [14, Proposition 5.9], the stable
module category modÂ has split idempotents and therefore is Krull–Schmidt. Both
parts of the theorem now follow from Proposition 5.6.
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