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Abstract: Action operads and cloning systems are, respectively, the main ingredients in Thumann’s
and Witzel-Zaremsky’s approaches for axiomatically constructing Thompson-like groups. In this
paper, we prove that action operads are equivalent to cloning systems that admit a certain extra
structure, and which we call restricted operadic cloning systems. In addition, we describe their
relationship with crossed interval groups and product categories.
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1. Introduction

The umbrella term Thompson-like groups makes reference to a vast family of groups
that are in some way reminiscent of one of the classical groups F, T, and V of
R. Thompson [7]. Apart from these three groups, prominent examples of Thompson-
like groups include Stein’s groups of PL homeomorphisms [20]; Guba—Sapir’s dia-
gram groups [16]; Brin’s higher-dimensional Thompson groups [5]; Belk—Forrest’s
rearrangement groups of fractals [4]; the braided Thompson group of Brin [6] and
Dehornoy [9]; Wahl’s ribbon Thompson group [22]; the asymptotic mapping class
groups of surfaces and higher-dimensional manifolds [12, 13, 14, 2, 1, 15], etc.

As may be appreciated from the above list of examples, Thompson-like groups
arise in a variety of different ways. With this motivation, the independent results of
Witzel-Zaremsky [23] and Thumann [21] offer unified frameworks for constructing
Thompson-like groups. Witzel-Zaremsky achieve this in terms of cloning systems,
which provide a recipe for “twisting” a direct limit of groups into a Thompson-like
group. In turn, Thumann ([21]) uses the theory of operads in order to construct
Thompson-like groups, which in this setting arise as the fundamental group of a
certain category associated to a braided (resp. (non-)symmetric) operad (cf. [11]).

The purpose of this paper is to establish a dictionary between cloning systems and
certain algebraic objects called action operads ([27, 8, 25, 24]), which are operads
with a compatible, group-theoretical structure. Our first result is the following:

Theorem 5.2. Every action operad gives rise to a cloning system.

In fact, we precisely determine to what extent a converse to the above theorem
holds; more concretely, we will prove that every action operad comes from a cloning
system that admits a certain extra structure, and that we call a restricted operadic
cloning system; see Section 2 and Proposition 6.2. We stress that many of the known
cloning systems are, in fact, operadic and bilateral; see Section 2 for examples and
non-examples. In this language, our main results may be summarized as follows:

Theorem 6.3. There is an explicit bijective correspondence between action operads
and restricted operadic cloning systems.
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As will become apparent, our methods actually yield the equivalence of the cate-
gories of restricted operadic cloning systems and action operads, respectively.

There is a wider class of cloning systems that yield operads: the operadic cloning
systems. In fact, operads that arise from these cloning systems comply with all the
roles of action operads (i.e., operads that support the equivariance of other operads).
These will be defined in Section 3 with the name general action operads.

Further results. Action operads have been related to crossed simplicial groups
in [27] and to crossed interval groups in [25]. In Section 7, we review this relationship
and we extend it to cloning systems. Finally, in Section 8 we introduce a third con-
struction using PROs (product categories) which also yields operadic cloning systems.
The following diagram summarizes the relationships between all of these results:

. Theorem 6.3  restricted operadic  Theorem 8.8 restricted
action operads +—————~— . — .
l cloning systems cloning PROs
eneral operadic .
g Theorem 6.3 'p Theorem 8.8 Clomng PROs
action operads cloning systems
inert crossed Proposition 7.11 bilateral .
.. . —— > cloning systems
demi-interval groups cloning systems

Future work. This is the first of two papers devoted to the relationship between
operads and Thompson groups. In a forthcoming paper we will show that, if A is an
action operad and C' is its associated cloning system, then the fundamental group of
a certain A-operad is isomorphic to the Thompson group of the cloning system C.

Plan of the paper. In Section 2 we give a brief introduction to cloning systems,
and give some examples. Section 3 offers an abridged overview of action operads.
Section 4 is devoted to the proof of Theorem 6.3 in the special case of braid groups.
These ideas are then generalized in Sections 5 and 6. Finally, in Sections 7 and 8, we
will give further interpretations of our results in terms of crossed interval groups and
PROs, respectively.

2. Cloning systems

In this section we offer a brief introduction to Witzel-Zaremsky’s cloning sys-
tems [23], and define their bilateral counterparts; we refer the interested reader
to [23, 26] for a detailed account on cloning systems.

We start with a specific example, which appears as Example 2.9 in [23], and that
will serve to establish some notation for the sequel. In what follows, X,, stands for
the symmetric group on n elements.

Example 2.1 (Cloning system for symmetric groups). Let ¥, = {£,},>1 be the
family of symmetric groups. For every n > 1, let A,,: 3, — X,41 be the injective
homomorphism obtained by fixing the last element, that is,

A(0)(@) =0(i) for 1 <i<mnand \,(c)(n+1)=n-+1,



CLONING SYSTEMS AND ACTION OPERADS 81

for every o € 3,,. Forevery n > 1and 1 < j <mn, let ¢t Xp — Xy be the injective
map given by, thinking of permutations pictorially as strand diagrams, “repeating”
the j-th strand; that is,

o() ifi <jando(i) <o(j),
(o) (i) = o(i)+1 ifi < jand o(i) > o(j),
I o(i—1) ifi>j+1and o(i—1) < a(j),

o(i—1)+1 ifi>j+1and o(i—1) > o(j),

for every o € 3,. Notice that ¢} is not a group homomorphism. As shown in [23,
Example 2.9], the families of morphisms A and ¢ interact with each other, and satisfy
certain obvious compatibility properties, detailed in [23, Proposition 2.6]. The cloning
system for the family of symmetric groups is the triple (X, A, ¢), subject to these
compatibility conditions.

The maps ¢} above are called cloning maps, for obvious reasons. The notion of a
cloning system is a generalization of the above example to arbitrary families of groups.

Definition 2.2. A cloning system is a quadruple (G, ¢, k, 7), where
o G, ={G,}p>1 is a family of groups,
o .= {i,: G, = Gpt1}n>1 is a family of homomorphisms,
o k={kr": Gy = Gui1}n>1,1<<n 18 a family of maps, called cloning maps, and
o m={m,: G, = X, }n>1 is a family of homomorphisms,
subject to the following compatibility conditions:
(i) Tpa1 0ty = Ay oMy, for all n > 1;
(i) (mn+1(s7(9)))(0) = (c}(mn(9)))(i), foralln > Tand all 1 < j < mn, alli # j,j+1,

all g € Gy;
(iii) tpy1 0 K} = /1?"‘1 Otp, foralln>1and all 1 <j<n;
n+1 n+1

(iv) ki ok =k ok}, forallmand all | < j <m;

(v) Kj(g-h)= n:n(h)(j)(g) - k7 (h), for all n, all g,h € G, and all j <n.

Remark 2.3. It is important to note some differences between Definition 2.2 and the
definition of a cloning system in [23, 26]. First, we use a functional convention for
composition of maps, that is, the composition of two functions f: X - Y andg: Y —
Z is denoted by gof, defined as (gof)(z) = g(f(x)). Moreover, all our figures represent
compositions from top to bottom. Second, the definition of a cloning system in [26]
requires injective homomorphisms ¢y, m: G, — G, for every m > n > 1. First, the
equivalence between Definition 2.2 and this one implies that it suffices to consider
injective maps tp ny1 = tp for all n > 1. And second, the injectivity condition is not
essential, and hence we may remove this assumption altogether (cf. Remark 7.14).

Witzel and Zaremsky observe that cloning systems often satisfy the following
strengthened version of these axioms.

: n+1 n _ .n+l n . .
(iv+) Kijp oKy =Ky oky, forall1 <j<mn;

(Vi) tpt1 0ty = HZi% oLy, forall n > 1.
Remark 2.4. Condition (vii) was part of the original definition of a cloning system:
In [23, Definition 2.18] the cloning maps x are required to be a family of cloning
maps, which must satisfy two conditions presented at the beginning of page 309 in
that paper. These two conditions correspond to conditions (iii) and (vii) in this article.
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In [23, p. 308] (see also [6]) the hedge monoid H is introduced, together with a
surjective map F — H from the monoid of forests to the monoid of hedges. The
colimit of the groups in a cloning system comes with an action of F. Condition (iv+)
in this article is equivalent to requiring that that action factors through the hedge
monoid (which holds for most examples; see Observation 2.11 and paragraph before
Observation 2.19 in [23]).

We now introduce the notion of a bilateral cloning system. In a nutshell, in the same
way that the maps ¢ of Definition 2.2 informally correspond to “adding elements on
the right”, a bilateral cloning system comes equipped with a family of “dual” maps ¢
that correspond to “adding elements on the left”.

We now proceed to formalize this idea. For the family of symmetric groups, we
denote by p,: 3, — X,4+1 the injective homomorphism that fixes the first element,
that is,

pn(0)i)=0c(i—1)+1for2<i<n+1and p,(0)(1) =1,

for every o € %,.

Definition 2.5. A bilateral cloning system is a quintuple (G,t,(, K, 7), where
(Ge, t, k, ) is a cloning system satisfying conditions (iv+) and (vii), and (={¢,: G,, —
Gi4n}n>1 is an additional family of homomorphisms satisfying the following condi-
tions (see Figures 2 and 3):
(") Tpt10Cn = pp © Ty, for all n > 1;

(iii") Cn o} = H;Ill oy, foralln>1andall 1 <j<n;

(vi) Cnt109tn = tnt10 Gy, for all n > 1;

(Vi) Cng10Cn = fi?“ 0¢,, for all n > 1.

A bilateral cloning system is called restricted if it additionally satisfies the following
condition:

(ii+) mpp10k) =cfom,, foralln>1andall 1 <j <n.

For our last notion in this section, we introduce the following maps, whose moti-
vation will become clear in Remark 5.1.

Notation 2.6. Let (G,,¢,(, %, m) be a bilateral cloning system. We will define some
maps and exemplify them in the case of the cloning system of symmetric groups.
For that, recall that each partition of {1,...,n + r} into n blocks yields a homomor-
phism ¥,, — ¥,,4, that sends a permutation of n elements to the permutation of the

n blocks. For example, the partition of {1,2,3,4,5} yields a map X3 — 35,
and the image of the permutation (2,1, 3) is the permutation (2,3, 1,4, 5).

e 1,(r): G, = Gy, is defined as the composition ¢, (r) = tpqr—1 0+ 0Ly, for
all n,r > 1. If G = X, then ,(r)(g) is obtained from ¢,(g) and the block

decomposition
‘nl(n—l—l)(n—&—r)‘

e (,(l): G, — Gyip, is defined as the composition (,(l) = (pii—1 0+ 0 (p,
for all n,I > 1. If G = X, then (,(I)(g) is obtained from (,(g) and the block
decomposition

(1] [+
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° K?(m): G, = Gppm—1 is defined as /f}‘(m) = H?erfz o---ok?, foralln,m>1
and all 1 < j < n. If G =%, then £} (m)(g) is obtained from g and the block

decomposition

...‘(jfl)lj...(jerfl)l(jer)‘...‘(ner—l)‘.

e vP(m): G, = Gpim—1 is defined as v}'(m) = (uin—j(j — 1) 0 tn(m — j) =
tntj—1(m—=7)oCu(j—1), forallm,n>1and 1 < j <m. If G =%, then v} (m)

is obtained from (41 o ¢, (g) and the block decomposition

1 G- [G+n-D]G+n) . +m-1)].

Note that the morphisms ¢, (I) and v} (m) only make sense for bilateral cloning

systems and that, by convention, we consider ¢, (0) = (,(0) = x7(1) = idg,.
Definition 2.7. An operadic cloning system is a bilateral cloning system for which
the following conditions are satisfied (see Figures 4 and 5):
(vii) £i'(m)(g) - vi"(n)(h) = v @y (n)(R) - &7 (m)(g), for all m,n > 1 and all g € Gy,
and h € G,;
(ix) tn(m)(g) - Cm(n)(h) = Cn(n)(h) - tn(m)(g), for all myn > 1 and all g € G,, and
h € G,,.

In order to get a grip on the intuition behind the definitions above, we next describe
perhaps the primordial example of a (bilateral) cloning system, namely that of braid
groups; we refer the reader to [23] for details.

Example 2.8 (Braid groups). Let Br,, denote the braid group on n strands. For ev-
ery n > 1 there is a canonical surjective group homomorphism m,, : Br,, — X, by send-
ing each braid to its underlying permutation. We also have inclusion maps ¢, : Br, —
Bry,41 corresponding to “adding one strand on the right”, and cloning maps

lﬁ:?: Br, — Bry+1

given by duplicating the j-th strand into two parallel strands (commonly known as
cabling in the literature); see Figure 1 for an example, and [26, Example 3.3] for
details. Recall that we always draw braids and compositions from top to bottom.

F \K - W \K
1M 1]
FIGURE 1. Cloning map H% on Bry.

Together, the three families of maps defined above endow the collection of all braid
groups Br, = {Br, }»>1 with the cloning system structure Br = (Br,, ¢, &, 7); see [23]
for a proof.

Moreover, in analogy with the maps ¢,,, we can also define inclusion maps (, : Br,, —
Br,41 that informally correspond to “adding one strand on the left”. Equipped with
these maps, one readily checks that Br = (Br,, ¢, (, k, 7) is a restricted bilateral cloning
system. Moreover, it is an operadic cloning system. For illustrative purposes, Figures 2
to 5 depict particular instances of some of the conditions of the bilateral cloning sys-
tem structure of Bre,.
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FIGURE 2. Condition (vii), k3ot =1 0.
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F1GUurg 3. Condition (vi), to¢ = (o

=

! \/KA v2(4)(f) P/%Jl ) E\ﬁﬁ #2(3)(9)
g ﬁ\ﬁ #2(3)(9) ﬁ ﬁ /gi\m n@)(f)
h \QA ¢@(h) UH\\?A ) ﬁ\gm U3)(9)
i =4

FIGURE 5. Condition (ix).

Example 2.9 (Signed symmetric groups). Let X denote the signed symmetric
group, that is, the set of permutations g of the set {1,—1,2,—2,...,n,—n} such
that g(i) = —g(—i); see [26]. First of all, the morphism 7, : ¥} — ¥, is determined
by m.(g9)(¢) = |g(¢)|. The structure map ¢, is determined by (,(g)(n+1) =n+1, and
¢n(9)(@) = g(i) when 1 <4 < n. The maps ¢, are defined analogously, by inserting a
fixed first element instead of a last one. Finally, the maps «7 are defined as follows:

g(1) if1<i<y,

(4) it i =j and g(i) > 0,
(i)+1 ifi=j+1and g(i) >0,
g(i)—1 ifi=jand g(i) <0,

(7) ifi=7+1and g(i) <0,
(i—1) ifj+l<i<n+l.
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Equipped with these maps, ¥* = (XF,,(, s, 7) is a bilateral cloning system, which
is not restricted. Moreover, it is an operadic cloning system.

Other examples of families of groups admitting a bilateral cloning system structure
are the mock symmetric groups and the loop braid groups (also known as symmetric
automorphisms of free groups), see [23], as well as the twisted braid groups [26]. The
latter two bilateral cloning systems are not restricted.

Next, we discuss two examples of (bilateral) cloning systems from [23] and [26]
which, as we will see, are not operadic.

Example 2.10 (Direct powers). Let G be a group and denote by G™ the n-fold
direct product of G with itself. Write ¢,: G® — G"*! for the map that adds the
identity (in G) as the last entry, let m,: G® — X, be the trivial homomorphism,
and consider the map kj: G" — G™t! that duplicates the j-th entry. Then, the
quadruple ({G™}n>1,¢, T, k) is a cloning system on the set of direct powers of G.

Despite the fact that there is an obvious map ¢, : G — G™*! that adds the identity
(in G) as the first entry, one may check that the maps x and v satisfy conditions (viii)
and (ix) of the definition of an operadic cloning system iff G is abelian; e.g., take
n =m = 1 in those axioms to obtain the direct implication.

Example 2.11 (Upper triangular matrices). Let U, denote the group of invertible
n X n upper triangular matrices with real coefficients. Consider the obvious inclusion
map tp: U, — U,41 given by adding a 1 as the lowermost element on the diagonal.
There are cloning maps /{?: U, — U,+1 that informally correspond to a certain
duplication of the j-th column that preserves the upper triangular structure of the
matrix, and which becomes apparent just by giving the following particular example

(see [26] for details):

12 2 3

J(F 23 0400

10 4 5| =

00 6 00 4 5
000 6

Setting 7, : U, — X, to be the trivial homomorphism, the set Uy = {U,, }n>1 acquires
the cloning system structure U = (Us,, t, k, 7).

Observe that one could define another inclusion map (,: U, — U,41 by adding
a 1 as the uppermost element of the diagonal; however, as in the previous example,
the interaction of the maps ¢ and x does not satisfy condition (viii) of the definition
of an operadic cloning system.

3. Action operads
We start this section recalling the classical notion of an operad:

Definition 3.1. A symmetric operad E on sets is a triple(E, {o;};,id), where

o E = {E(n)}n>1 is a family of sets, and each E(n) is equipped with a right
Y.np-action, for every n > 1,

e id € E(1) is called the unit of the operad, and

e {0;}; is a family of maps

0;: E(n) x E(m) — E(n+m —1) foralln,m >1and 1 <14 <mn,
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called o;-operations or partial composition products, such that ido;,y = y and xo;
id = z for every z,y € E(n). Moreover, these o;-operations satisfy certain asso-
ciativity and equivariance axioms, which are spelled out in, for example, [19,
Definition 11].
If we forget about all the symmetric group actions on the sets E(n), we have the
notion of a non-symmetric operad.

A morphism of operads f: E — P consists of maps f,: E(n) — P(n) for n > 1,
that are compatible with the unit and o;-operations of E and P, plus the ¥,-actions
in the case of symmetric operads.

Remark 3.2. There is an alternative definition of a (non-)symmetric operad, see [19,
Definition 1], that replaces the maps o;: E(n) x E(m) — E(n + m — 1) with full-
composition products

E(n) x (E(my) x -+ x E(my)) — E(my + -+ + my).

As shown in [19, Proposition 13], both definitions are interchangeable if one considers
units, as we do. We prefer to use the version with partial composition products because
it is better suited for the results of this paper.

Remark 3.3. Note that Definition 3.1 avoids nullary operations in an operad, i.e.,
there is no E(0) in E. In this work, we will only consider operads without nullary
operations, or in other words, without constants. This choice is not essential, but it
is made to have a clearer connection between action operads and cloning systems.

Example 3.4 (Symmetric groups). The family of symmetric groups Yo = {Z), }r>1
has the structure of a non-symmetric operad on sets, with id € 3 the trivial permu-
tation of ¥;. The partial composition products o;: ¥, X ¥, = ¥,,4,—1 are defined as
follows: if 0 € ¥,, and 7 € ¥,,,, then ¢ o; 7 is the permutation of ¥, ,,—1 obtained by
“inserting” 7 in o at the ¢-th place as a block and rearranging the indices accordingly.
Figure 6 shows an example of the composition product og: ¥4 X 33 — Y.

SE I
YO

FIGURE 6. (1,3,2,4) 02 (1,3,2) = (2,3,5,4,1,6).

3.1. Action operads. We now introduce the concept of an action operad, which
essentially is a family of groups satisfying certain properties that allow one to define
operads with equivariance relative to this family; the reader is referred to [8] for a
detailed treatment of action operads and their properties. They have also been studied
under the name group operads [27, 25, 24].

Definition 3.5. An action operad without constants G, or simply an action operad,
is a quadruple (G, 7, {0;};,id), where



CLONING SYSTEMS AND ACTION OPERADS 87

(1) Go = {Gp}n>1 is a family of groups, and (G.,{o;};,id) is a non-symmetric
operad on sets, where {o,}; are the partial composition products of the operad
and id € Gy is the unit. The associativity and unitality of the partial composition
products assert that if f € G,, g € G,,,, and h € G;, then

(fojh)oipi—1g ifj<i,
(foig)ojh=19 (foj—mt1h)osg ifj>i+m,
foi(goj_ivih) ifj=i,....i+m—1,

f 04 id = f7
idoy g =g;
(2) m: Go¢ — 3, is a map of operads which is also a levelwise group homomorphism,
that is, m,: G, — X,, is a homomorphism for all n > 1;
(3) For every f, f' € G, 9,9 € G, we have that

(f-f)oilg-9) = (fomurry9) - (f oid),
with the multiplication taking place in the group G, 4m—1-

Note that the partial composition products o; are not group homomorphisms in
general, that action operads are not assumed to be symmetric operads, and that they
have no nullary operations. It follows from the axioms that the unit element id € Gy
of the operad G, is precisely the unit e; of the group G;. Analogously, we will denote
by e, the unit of the group G,,.

Notation 3.6. Observe that, both in a cloning system and in an action operad,
the group G,, acts on the set {1,...,n} via the homomorphism 7, for every n. If
these maps 7, are understood from the context, for g € G,, we will write g(¢) instead

of m,(g)().

Remark 3.7. Finally, note that an action operad with trivial 7 is the same thing as a
non-symmetric operad on groups.

3.2. General action operads. Inspired by the definition of a cloning system, we
relax as follows the definition of an action operad. Note that this relaxation does not
diminish the ability of such an operad to act on other operads (see the beginning of
Subsection 3.3). In fact, we believe that this should be the appropriate definition of
an action operad.

Definition 3.8. A general action operad G is a tuple (G,, 7, {0;};,id) satisfying con-
ditions (1) and (3) together with the following:

(2') mp: G, — X, is a group homomorphism for each n > 1 such that if g € G,, and
h € Gy, then the action of the symmetric group elements 7, (g) o; 7 (h) and
Tnt+m—1(g 0; h) coincide on

{1,2,...;n4+m—1}\{i,...,i+ m—1}.
A morphism of (general) action operads is a map of operads ¢: G — G satisfying:
(a) ¢n: Gy — Gn is a group homomorphism for any n > 1, and
(b) Tpn =y, for any n > 1.
Here is an example of a general action operad that is not an action operad. It cor-

responds to the cloning system of signed symmetric groups or to the hyperoctahedral
inert demi-interval group (see Section 7).
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Example 3.9. The signed symmetric groups ¥ from Example 2.9 can be equipped
with a general action operad structure. The composition go; h is defined as follows: if
g(7) is positive for ¢ > 1, then g o; h is obtained by cabling the signed symmetry A in
the i-th strand of the permutation g. If g(7) is negative for i > 1, then go; h is obtained
by cabling the signed symmetry A’ in the i-th strand of g, where h'(j) = —h(m—j+1)
for a positive j. A signed permutation g is determined by the pair (o, A), where o is
the underlying permutation and A is the set of positive ¢’s such that g(¢) is negative.
With this notation, the composition of (g, A) and (¢’, A’) is (go ¢’, ¢ (A)AA"), where
the symbol A denotes symmetric difference.

From the classification of inert crossed interval groups and the relationship between
action operads and crossed interval groups, it is reasonable to think that the signed
symmetric general action operad is final in the category of general action operads.
Motivated by this observation, we provide a simplification of the definition of a general
action operad which, as a byproduct, shows that this is indeed the case.

Let us note that given a general action operad G = (G, 7, {0;};,id) we can define
a family of maps 7% : G, — UF as follows: For an element g € G,,, define 77 (g) =

(mn(9), A) with A = {j [ mn11(g 0 €2) # Tn(g) 05 €2}

Lemma 3.10. Condition (2’) in the definition of a general action operad G can be
replaced by the following:

(2%) 7t Gy — 2T is a map of operads and a levelwise group homomorphism.
Moreover, condition (b) in the definition of a morphism of general action oper-
ads ¢: G — G is equivalent to requiring:

(b*) 7f¢, =7t for anyn > 1.

Proof: Suppose that 7: G, — 3, is a family of maps satisfying condition (2’). We check
that the associated family of maps 7% : G, — XF, defined right before Lemma 3.10,
satisfies condition (2%).

To check that 7 is a group homomorphism, we have that, if g,h € G,, have
images 7 (g) = (0, A), 7 (h) = (0/, A"), and 7 (g - h) = (¢", A”), then 0" = o - o’
and

(g-h)ojez=(g-h)oj(ex-e2) =(g05 ) e2) - (hojea).
The product m,+1((g - k) o; e2) is either equal to 7, (g - k) o; es or differs from it by a
twist of the entries {j,j + 1}. Inspection shows that A” = ¢'(A)AA’.

One still has to show that 7% is an operad map. By the multiplication rule it is
enough to check it for the compositions g o; e,,. Since the latter are iterated compo-
sitions of the form g o; eg, it is enough to check it in this last case, in which is true
by definition.

Finally, if 7%: G, — X7 is a family of maps satisfying condition (2%), then com-
posing them with the homomorphisms ¥ — ¥, that forget the signs yields a family
of maps satisfying (27).

In order to prove (b*), let g € G,, and let j € {1,...,n}. We have to prove that

o (0n(9)) (4) = 7 (9) (4)-
Since ¢ is a map of general action operads, we know that both sides are equal except
possibly for a sign. The sign of the right-hand side is positive if
(g Oj e2) = Tn(g) 0j €2
and negative otherwise. The sign of the left-hand side is positive if
%n((lsn(g) 0j 62) = %n(d)n(g)) 0j €2
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and negative otherwise. Since ¢, is a morphism of general action operads, both left-
hand sides agree and both right-hand sides agree, thus (b¥) holds. O

Corollary 3.11. The final object in the category of general action operads is L.

Remark 3.12. This lemma has its counterpart in the world of cloning systems. Con-
dition (ii) in the definition of a cloning system can be replaced by the following:
(ii") 7, : G, — X is a levelwise group homomorphism such that the identity , o

K?:c?own holds for alln > 1 and all 1 < j < n,

where ¢} are the cloning maps of the signed symmetric cloning system. In order to
make sense of axioms (v) and (viii), we are implicitly using the fact that ¥ acts
on {1,2,...,n} through the homomorphism ¥} — ¥,, that forgets the signs.

3.3. Fundamental groups of G-operads and unoriented ribbon braids. Fix
a (general) action operad G. Then, one may define a G-operad as in [8, Defini-
tion 1.14], [24, Definition 4.2.6, Proposition 4.3.1], or [27, Definition 2.30], i.e., as
a non-symmetric operad E with an action >: E(n) x G,, — E(n) such that the compo-
sition
E(n) x (E(m1) x -+ x E(my,)) — E(mq + -+ my)
is equivariant with respect to the map
Gp X (Gml X X Gmn) — Gy oty -

Alternatively, if one considers operads with identities, as we do, one requires the
composition o;: E(n) x E(m) — E(n +m — 1) to be equivariant with respect to the
map o;: G, X Gy, = Gpgm—1, i.e., to satisfy
(u>g)o; (u'>g') = (uogu u') > (g0 g),

for any u € E(n), v’ € E(m), and g € G,, ¢’ € G,,; notice the use of Notation 3.6.
For instance, G-operads for G = ¥ are just the symmetric operads of Definition 3.1.

Our goal in this subsection is to provide more examples of (general) action operads.
For that purpose, we briefly discuss a construction based on fundamental groups of
topological G-operads that produces (general) action operads over G.

First, observe that the forgetful functor from G-operads to non-symmetric operads
admits a left adjoint which simply adds a free right G-action,

(“)e: non-symmetric
G- operads

} — {G-operads}, P +— Pg,
where Pg(n) = P(n) x G,, and the operation o; is defined as the composition
P(;(n) X P(;(m)

%lswitch

P(n) x P(m) x G, x Gy,

J{Oi X0;

Pin+m—1) X Gppm—1

Po(n+m —1)

Of course, the same discussion applies to topological operads.
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Applying this left adjoint functor to the (non-symmetric) associative operad As,
characterized by As(n) = x for any n > 1 (and As(0) = }), we obtain Asg. A map
from Asg selects basepoints in a coherent way in a G-operad. In fact,

Definition 3.13. Let E be a topological G-operad. Then, a good G-basepoint for E
is a map of topological G-operads 7: As}é — E, where AS}GL is a topological G-operad
equipped with a operad map As’é — Asg which is a levelwise homotopy equivalence.

For any £ > 1 one can make a choice of basepoint uj € Asg(k) representing the
plain k-ary multiplication, that is, lying in the connected component correspond-
ing to (x,e;) € Asg(k). By definition, there are paths finim—1 =~ fin 0; fm in the
space As}é (n+m —1) and homotopies relating natural concatenations of those paths.
For that reason, we fix basepoints ¢, := n(ur) € E(k) for paths and loops as [27,
Section 3] in the sequel.

Now, assume that the action of G, on E(n) is a covering action (see [17, Sec-
tion 1.3]) and that E(n) is path-connected. Then, we have a homotopy fiber se-
quence G,, — E(n) — E(n)/G,,, which induces a short exact sequence of groups

(3.1) 1 —— m(E(n), 6) — m1(E(n)/Gn, [en]) =2 G, — 1,

and an isomorphism of relative homotopy groups
(3.2) m1(E(n) /Gy, [€n]) = m1(E(n); €n, € > Gy).

The left-hand side in (3.2) has a group structure given by concatenation of loops,
while the right-hand side is easily seen to form a non-symmetric operad. Altogether,
we have the following generalization of [27, Theorem 3.4]:

Proposition 3.14. Let (G,7,0;,id) be a (general) action operad, E be a topological
G-operad without constants so that:

e E is equipped with a good G-basepoint,

e E(n) is path-connected for any n > 1, and

e G acts on E via covering actions.

Then, the sequence of groups w1 (E(n)/Gn, [€n]) together with the maps
m(E(n) /G, [en]) 2 G, 25 %,

forms a (general) action operad, denoted w1 (E,G). Moreover, m1(E, G) lies over G, i.e.,
the connecting maps {0y }n>1 n (3.1) yield a morphism 9: m1(E,G) — G of (general)
action operads.

Proof: Let us check condition (3) of the definition of a (general) action operad for
m1(E, G). For this task, let us write down the explicit formulas for the group structure
and operadic composition obtained via (3.2), i.e., for v,+': [0,1] — E(n) sending 0
to €, and 1 to €, > G,,, we have the concatenation product

1
Yoy ifte {O, ],
(’Y : 'V/)t = ?
1
Yor—1 > Op[y] ifte {2, 1]
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and, for §8: [0,1] — E(m) satisfying the analogous boundary conditions, we have the
partial composition product

[ 1
03, (i) if ¢ € |0, 3}

(701 B)t := § V3t—1 i P3i—1 ift e

1
3
b5 o(B0) > Oumalyon ] ifee [3.1].

where 6,(i) is a choice of path €,1,m—1 =~ €, 0; €, coming from the good G-basepoint
of E and we abuse notation to denote [y](i) = (7,0,[7]) (7). Therefore, via (3.2), the
task is to check that the paths (y-7")o; (8-8') and (yop,) ) (7' 0; 8") are homotopic.
On the one hand, up to reparametrization, the path (y-+") o; (8- 8') is given by:

. [ 1
04 (1) ift e _O, 4},
’ ’ . 1 1
Yat—1 i Bag—1 ifte 12|
t — :1 5
(a2 > 0ul]) 4 (Bu—2> 0[5 e |55,
— n(s / / : 3
05 s{lr A1) > Buemlln ) os 58] ifte |$,1].

On the other hand, up to reparametrization, the path (yop,/;)3)-(7'0:8") is homotopic
to:

1
O4¢(7) if t € |0, } ,
| 4
. 11
Yar—1 i Bar—1 ift € 7R 2} )
t —> )
/ / . 13
(Yat—2 Oy)(i) Bat—2) > Onym—1[Y 0i 5] ift e 231l
_ ) . 3
05 ((V([1Y1(0))) > Onm—1[7 Opy71(i) B> Ongm—1[y 0 B if t € T 1} ;

where the homotopy is induced by the contraction 6([y](i)) - 6~*([y'](i)) ~ constant

and appears at time t = %

Comparing these expressions one concludes the claim. To do so, apply the following
facts:
(a) > is an action, urg>g =ur(g-¢g),
(b) the equivariance of the partial composition products on E with respect to the
G-action, (u>g) o; (u'>g') = (uogu u')> (g0 g'),
(c) the connecting maps are homomorphisms, 0s[a - o] = 9s[a] - O[],

d) the connecting maps are compatible with partial composition products, that is,
g
Onym-1[7" 0i B"] = On[7"] 0; Om[B"].
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These last two facts about the connecting morphisms {9, },>1 can be deduced from
their explicit definition via the unique path-lifting property. More specifically, for ¢ €
[3,2] we use (b) and (d), while for ¢ € [2,1] we use first (d) and (c), then that
property (3) holds for G, and finally (a).

The rest of the axioms can be checked in a similar manner. Notice that (3) is the

most involved assumption since it employs all the ingredients in the construction. [

The next two examples were considered in [22, 27, 8, 24]. The third one is a
general action operad, but not an action operad.

Example 3.15. Consider the action operad G = X, and take E to be the little 2-disks
operad Dy with its natural right G-action:

Da(n) x %, —————— Da(n)
((x1,...,20),9) — (309(1)7'-'7959(70)'

Now, observe that the little 1-disks operad D; is homotopy-equivalent to the sym-
metric operad Ass = Asy, and the inclusion D; — Dy is a good G-basepoint. The
operad Br = 71(Dq, X)) is the action operad of braid groups.

Example 3.16. The previous example remains valid if we replace the little 2-disks
operad Dy with its framed version Df ~ Dy x SO(2).! The resulting operad RBr =
71 (Df, 2) is the action operad of ribbon braid groups. Recall that

RBr; 2 Bry, x Z**,
where Z** accounts for the number of full twists on each ribbon.

Example 3.17. Consider the general action operad G = X%, and take E to be the
framed little 2-disks operad DY with the following G-action:

DY (n) x £F —————— Di(n)
((z1,...,2n), (g, A)) — (mﬁ(ly...,x;(n)),

where z! = z; for any i ¢ A and x{! is the precomposition of the embedding z;: D? —
D? with a m-rotation otherwise. Now, observe that the “unoriented little 1-disks
operad” DY" ~ D; x O(1) is homotopy-equivalent to the operad Asz+ since there

is a homotopy equivalence
DY"(k) ~ Dy (k) x O(1)**

and bijections
Asse (k) = XF = %) x {£id} <.

Hence, the inclusion D" — DI determined by the inclusion D; — Dy and the ho-
momorphism O(1) — SO(2), —id ~ €™, is a good G-basepoint. The operad uRBr =
71 (DfF, ©F) is the general action operad of unoriented ribbon braid groups. One can
identify unoriented ribbon braid groups in a similar manner to the case of plain
ribbon braids, i.e., uRBr; 2 Bry, x Z**, but now Z** accounts for the number of half-
twists on each ribbon. With such a description, the canonical morphism uRBr — %+
sends (Bg;n1,...,nE) to (7(Bk), An), where w(8)) is the underlying permutation of
the braid g and A, is given by the set of i’s so that n; is odd. See Figure 7 for an
illustration of the difference between RBr and uRBr.

INote that [22] denotes this operad by Da x SO(2) instead of Dy x SO(2). Our choice of notation
matches the consolidated convention in group theory to denote semidirect products.



CLONING SYSTEMS AND ACTION OPERADS 93

u B

o1 = LL o1

| ] | |

FIGURE 7. From left to right, the operation co17 = (03 1,0) in uURBry 2 Brox Z*?2
and o o1 7 = (0;1,0) in RBrg 2 Bry x Z*X2.

By construction, there is a commutative diagram of general action operads

Br —— RBr —— uRBr (Be;ni, .. ng) — (Br; 2n1, ..., 2ng)

(3.3) \\) l J l l
Yy n* T(B) > (7(Br),0)

Note that RBr is an action operad, while uRBr equipped with the obvious projec-
tion uRBr — X, (Bk;n1,...,ng) — m(Bk) is just a general action operad since, for
example, the square

uRBr; x uRBry —2— uRBr,

| |

21X220—1>22

does not commute. For instance, take (7,e2) = ((e1;1), (e2;0,0)) € uRBr; X uRBry
and follow the two directions to obtain es # (1,2) in 35 (see Figure 8).

Remark 3.18. Under the correspondence between general action operads and operadic
cloning systems, the unordered ribbon braided operad uRBr corresponds to the cloning
system of twisted braid groups { BYVs'},, described in [26, Example 4.2].

In [21, 3.5.3], Thumann introduces the following braided operad E: Consider first
the free braided operad generated in arity 1 by an operation 7 and in arity 2 by an
operation o. The operad E is defined as the result of quotienting this operad by the
relation 7 01 e3 = (0 01 7) 02 7. This operad is isomorphic to the underlying operad
of uRBr, and the braid action comes from the maps (3.3): the operation 7 is the half-
twist of a single ribbon, while the operation ¢ is the generator of the braid group.
The relation is depicted in Figure 8.

Il ’U ﬁ{

FIGURE 8. The relation 701 ez = (601 7) 02 7 seen in the general action operad uRBr.

4. A case study: the correspondence for braid groups

Before we embark on the proof of our main theorem in its full generality, we explain
the situation with the special case of braid groups. As will become apparent, the
general argument is an abstraction of the ideas introduced here, and will be treated
in the next two sections.

Let Br = (Br,, ) be the collection of all braid groups equipped with the canonical
projection homomorphisms 7, : Br, — %,,.
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On the one hand, recall from Example 2.8 the (bilateral) cloning system for braid
groups Br = (Br,, 7, ¢,(, k), where the maps ¢ and ¢ add one strand on the right or
the left, respectively, and x are the cloning maps given by duplicating a strand.

On the other hand, Example 3.15 endows the collection Br, with an action operad
structure with respect to the “substitution maps” o;: Br,41 X Bry, — Bry4p,, which
correspond to replacing the j-th strand of the first braid with the second braid.
Figure 12 contains a depiction of this operation; for a more detailed discussion, see
[8, Definition 1.6 and Example 1.12(2)] for details.

We now explain how to obtain one structure from the other, illustrating the main
ideas of the procedure with several pictures.

4.1. From the action operad to the (bilateral) cloning system. The mor-
phisms ¢ and the cloning maps « for the cloning system are obtained by using the
identity es € Bro and the composition products o;, as explained in Figures 9 and 10,
respectively. Thus one obtains the cloning system Br described in Example 2.8.

N N

8] —— Ql

FIGURE 9. Constructing the map ¢. Insert the given braid in the first strand of es.
i n
id x ex ‘ ( 7
1]
—_
° \
, e

FIGURE 10. Constructing the map «;. Replace the j-th strand of the given braid with es.

3
K3

In order to get a bilateral cloning system, the maps ( are defined similarly to the
maps ¢, but replacing the second strand of es instead of the first one, that is, using oq
instead of o1; see Figure 11.

é ; ¢

[H,?JT*

FIGURE 11. Constructing the map (. Insert the given braid in the second strand
of es.

>

<
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4.2. From the (operadic) bilateral cloning system to the action operad. We
now explain how to use the bilateral cloning system structure on Br in order to build
an action operad structure on Br,. To see how the composition product maps o; are
obtained, we proceed as follows. First, we replicate m times the j-th strand of the
first braid using the cloning maps, where m is the number of strands of the second
braid. Then we add, using ¢ and ¢ strands to the right and left, respectively, of the
second braid, so that it has the same number of strands as the cloned braid. Finally,
we just multiply the two braids obtained this way. Figure 12 shows an example of this

construction.
(il ] —=——
Kk2(3) x V2(4)\

It = ]

Y
A
)
T |
FIGURE 12. Constructing the substitution maps o; from the cloning system data.

One can check that the maps o; built above satisfy all the properties required for
endowing Br, with an operad structure on sets. For instance, Figures 13 and 14 show
the verification of the associativity axiom for a particular example.

r ol
Hol- 0 -8

ST

Fi1GURrE 13. First half of the associativity axiom. The colors represent the appli-
cation of ¢, ¢, and k in each step.

FIGURE 14. Second half of the associativity axiom.
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Finally, a simple computation, depicted in Figure 15, shows that the maps o; are
compatible with the underlying group structure of the braid groups. The canonical
projection maps m,: Br, — X, respect operadic and group structures, e.g., compare
Figures 6 and 12. Thus, we obtain that (Br,,m, {0;};, e1) is indeed an action operad.

!

ﬂ,

N :
4

A/
.

i

8
el

F1GUre 15. Compatibility axiom of the action operad.

5. From action operads to cloning systems

In this section, we prove one of the implications of Theorem 6.3 in full generality;
more concretely, we explain how to obtain a (restricted) operadic cloning system from
an arbitrary action operad.

Let G = (G,, 7, {0;}i,id) be an action operad, and denote by e,, € G,, the identity
element of G,. If g € G, and 7 € {1,...,n}, we denote g(i) = m,(g)(¢). From the
action operad structure, one can define the maps

’i;}:LnaCn: G, ” Gn+1

by setting

n

Ki(g) =gojez, C(alg) =e2029, and t,(g9) =ez01g.
The following observation will be useful henceforth:

Remark 5.1. Note that in an action operad we always have that e, o; e, = €ptm—1
because e, 0; €, = (en-€n) 0 (em - €m) = (en0;em) - (en0;em). Moreover, the following
hold:

vi(m)(g) =emojg and £} (m)(g) =goj;em,
where &7 (m) and v} (m) are defined as in Definition 2.7. Notice that, from the first
identity, one deduces that

t(r)(9) = ery1019 and  (u()(9) = er41 0141 g-
Theorem 5.2. Let G = (G,,m, {0;}:,id) be an action operad. Then, the quintu-
ple (Ge,t, ¢, k,7), with ¢, ¢, and k as defined above, is a restricted operadic cloning
system. If G = (Gq,m,{0;}i,id) is a general action operad, then (Ge,t,(, K, ™) is an
operadic cloning system.
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Proof: We will prove it in several steps. We will make essential use of the fact that G is
an action operad, the definition of the morphisms ¢, {, and x, and Remark 5.1. First,
we prove that the maps ¢ and ( are homomorphisms; indeed,

Uf-g)=ez01(fg)=(e2-e2)o1(f g)=(e201f) (e2019)=1(f)tlg),
C(frg)=e202(f-9)=(e2-€e2) 02 (f-g) = (e202 f)(e2029) =C(f)C(9)
We now show that the quadruple (G,, ¢, %, 7) is a cloning system by checking that it

satisfies properties (i)—(v) of Definition 2.2.

(i) Tpt1 0 tn = Ap 0 my,. For every g € G,, we have that

7Tn+1(Ln(9)) = Tpy1(e2019) = 772(62) O1 7rn(g) = €201 Wn(g) = )‘n(ﬁn(g))~

(ii+) mpq10k] =cl om,. For every g € G, and all 1 < j < n we have that

Tnt1 (K7 (9)) = Tni1(g 0j €2) = Tn(g) 0 m2(e2) = mn(g) 0j €2 = ¢ (mn(9))-

(iil) tpy1 0 K} = H;H_l oty,. For every g € G,, and all 1 < j < n we have that

tnt1 0 K5 (9) = tny1(g 05 €2) = ez 01 (g 0; €2)

= (82 o5} g) Oj €y = Ln(g) Oj €y = Iﬁ};—H_l(Ln(g)).

(iv) nl"'H oK} = /{?_tll o k}'. For every g € G,, and all [ < j < n we have that

KPR (9)) = K[ (g oj e2) = (g oj ea) oren
= (gore2) 0541 €2 = K[ (g) 0541 €2 = K1 (K7 (9))-

(v) £3(g-h) = K} (9) - &5 (h) for every g,h € Gy. For all j < n we have that

Kj(g-h)=(g-h)ojea=(g-h)oj(ez-e2)
= (g on(j) €2) - (hojez) = ”Z(j)(g) : K?(h)-
Finally, we prove that (G,,¢,(, k,7) is a restricted operadic cloning system by check-
ing properties ('), (iii’), (vi), (vii), (vii’), (iv+) of Definition 2.5, and (viii), (ix) of
Definition 2.7. First, properties (i’), (iii’), and (vii’) are proved as properties (i), (iii),
and (vii) simply by replacing o; with oy and ¢ with (.

(vi) Cnt19tn = tnt1 0. For every g € G, and all n > 1 we have that

Cat1(tn(g)) = €202 (e201 g) = (€202 €2) 02 g =e€302 g
= (eg01€2) 029 = €301 (€202 9) = tny1(Cn(9))-

(Vi) tpa1 0ty = n;’ﬁ oty. For every g € G,, and all n > 1 we have that
tnt1(tn(g)) = €201 (e201g) = (e201€2) 01 g =e€301 g,
Hﬁﬂ(bn(g)) = (e2019)ony1 €2 = (e202€3)01 g =e301g.
(iv+) m;’ill o /{;—l = m?+1 o K;L. For all g € G,, and all 1 < j < n we have that

/‘5?111("6?(9)) =(g 0j e2) Ojt1 €2 =go; (e 00 €3) = goges

=goj(ez01e2) = (g0 e2) 05 ea = wj T (K] (9))-
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(vii) 7 (m)(g) -vj"(n)(h) = vit; (n)(h) - K} (m)(g) for every g € G, and h € Gy,. For

all m,n > 1 we have that
w5 (m)(g) - vi"(n)(h) = (g o;j em) - (en 05 h)

=(g-en) o5 (em - h)
= (en-9g)oj (h-em)
= (en0g(j) h) - (g9 05 €m)
=vy(jn)(h) -k ( )( )-

()
(ix) tn(m)(g) - Gn(n)(h) = ¢u(n)(h) - tn(m)(g) for every g € G, and h € G,,. For
all m,n > 1 we have that
tn(m)(g) - CGm(n)(h) = (em+101 9) - (én+1 on+1 h)
= (em+1019) - ((e2 01 €n) ot h)
(emt1019) - ((e2 02 h) o1 ep)
= (em+1- (202 h)) o1 (g-€n)
= ((e202 h) - emy1) 01 (en - 9)
((e2 09 h) - (€2 02 1)) 01 (en - g)
= ((e202 h) o1 €n) - ((e2 02 €m) 01 g)
((e2 01 €n) ont1 h) - ((emt1) 01 9)
= ((en+1) ont1 h) - ((€m+1) 01 9)

= Cm(n)(R) - tn(m)(g)-

Therefore, (Ga, ¢, (, &, 7) is a restricted operadic cloning system as we wanted to show.
If (G, ¢, (, K, m,id) were a general action operad, then the proof of condition (ii+)
would restrict instead to a proof of condition (ii). O

6. From cloning systems to action operads

We now explain how to construct (general) action operads from an operadic cloning
system. Let G = (G, ¢, (, k,m) be an operadic cloning system. The following identities
can be derived from the identities in the definition of an operadic cloning system (recall
from Notation 2.6 the construction of the maps 7' (m) and v}*(m)):

(6.1) ,Qn+m—1(l)onn(m){K?(m+l_1) ifj<i<j+m,
. 7 J - nt+l—1 n if 4 ;
nj+l_1(m)oni (1) ifi<y,
V?H—l(m)onj i () ifi<j <i+n,
(6.2) n;-”rm*l(l) oy(m)= v, (m+1-1) if j <1,
v m+1-1) if j >i+n,

(6.3) vt () o v (m) = vty (m+ 1= 1),

(6.4) s7(m)(f - 9) = kg (mM)(f) - w7 (m)(g) i1 <j<n,

(6.5) ué(n +m—1)(g)-vii_1(n+1-1)(h)
= (n+1=1)(h)-vin+m—1)(g) ifj<i.
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Note that ©/}*(m) is a group homomorphism, that " (m)(g) acts trivially on all j < ¢
and all j > i +m through 7,4 m—1, and that & (m)(e,) = €ptm—1, because
ki (en) = K (en - en) = K (en) - K7 (en)
and therefore 7 (e,) = €p41.

Remark 6.1. In order to deduce the previous identities one uses:
(6.1) & (iv)/(iv+),
(6.2) e~ (iil)/(iil’), (vii)/(vil’), and (vi),
(6.3) «o (i),
(6.4) e~ (v),
(6.5) «~ (ix).
In order to define an action operad structure on G, and since we already have a

map 7: Gg — X, it is enough to define the partial composition products {o;};, which
we do as follows. The map

0;: Gn X Gm, — Gn+m,—1

is the composition

Kk (m)xv™(n)

Gn X Gm Gn+m71 X Gn+m71 —_— Gnerfly

that is, f o; g := &I(m)(f) - v/"(n)(g), for every f € G,, and g € G,,; see Figure 12.
We also set id := e; € Gy.

Proposition 6.2. Let G = (G,,t,(,k,7) be a restricted operadic cloning system.
Then the quadruple (Ge,m,{0;};,id), with {o;}; as defined above, is an action operad.
If the restricted condition is dropped, then we obtain a general action operad.

Proof: First, we check that e; is indeed a unit for the partial composition product.
For every f € G,, and every g € G,,, use the observations below (6.5) to obtain

foier:==rI(W)(f)-vi(n)(er) = f-en=f,
e1019:=ri(m)(er) - vi*(1)(g) =em-g=g.

Second, we show the associativity for the partial composition product. Let f € G,,
g € Gy, and h € G;. Then, using condition (v) of the definition of a cloning system,

(foig)ojh:= (ki (m)(f) - vi"(n)(g)) oj h
(6.6) =R (67 () (f) - v (n)(9) - vi(n +m = 1)(R)
= (kg T O ) () (7T O (0)(9)) - (v (nt-m=1) (R)),

where we denote g* = 1" (n)(g). Depending on the indices ¢ and j, we have to consider

the following three cases.

Case 1. Suppose first that j < i. In this case g*(j) = j and we have that

K1) 0 R m) = KIS ) 0 K20,

RPN o v (n) = vl (n+ 1= 1)
by (6.1) and (6.2). Then (6.6) becomes

(ki m) (55 (D)) - 1 (1= 1)(9)) - (v(n +m = 1)(h)).
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On the other hand, again by (v), we have that
(f 05 h) 011 g = (K} (D)(f) - vj(n)(h)) o
= w1 m) (R (O (f) - Vi () (R) - vy (n 4+ 1= 1)(g)
= (s (M) (5] () - (555 m) () () (1)
(Wi (n+1-1)(9)),
where h* = vt(n)(h). Now, (6.6) and (6.7) are equal by (6.5) and since
e i+1-1)=vim)(h)(i+l-1)=i+1-1

i+l—-19

(6.7)

and
i m) (i (n) (R)) = v (n + m — 1) (h).
The last equalities hold by (6.2) because j < ¢ and therefore ¢ +1—1 > j 4 1.
Case 2. Suppose now that j > i+ m. Again ¢*(j) = j and we have that
KT o w7 (m) = w7 m) o KT (D),
R0 v (n) = vt (n 41— 1)

by (6.1) and (6.2). The first equality holds because j > i+m and therefore ¢ < j—m+1.
Then (6.6) becomes

(&7 M) (K as D)) - (" (0 + 1= 1)(g)) - (vj(n+m — 1) ().
On the other hand, using (v), we get
(foj—m+1h)0ig := (K] _ i1 (D(F) - Vj_ i1 (n)(h)) o;
= w1 m) (K7 (D(F) - V5 m+1( n)(h)) - vi" (n+1-1)(g)
(ﬁZfé) Hm) (K] s (D)) - (677 7Hm) (v g1 (0) (R)))
(V" (n+1=1)(9)),

where h* = vt . (n)(h). But (6.6) and (6.8) are equal by (6.5) since h*(i) = i and
KT m) (V) (0) () = vi(n+m = 1)(h).

The last equality holds by (6.2) because j > ¢ +m and therefore i + m — 1 < j.

(6.8)

Case 3. Suppose that i < j < i+ m. In this case, i < g*(j) < i +m and we have that
RN 0) o w2 (m) = K m 41— 1),
R0 0 5 () = v (n) 0 KL (1)
by (6.1) and (6.2). Then (6.6) becomes
(57 (m+1=1)(f) - @ ) (8741 (D(9)) - (v (n+m — 1)(h)).
On the other hand, using (v), we obtain
foilgoj_itih) = foi (kI (D(g) - Vi iy (m)(h))
(6.9) = w7 (m+1=1)(f) - " 1( )(%”_m(l)(g) Vi_ipa(m)(h))
' = (K} (m +1=1)() - (" - )
(T ) (i (M) ().
Again (6.6) and (6.9) are equal since, by (6.3),

v ) W (M) () = v = 1) ().
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Regarding condition (2’), it is clear that from axiom (ii) we obtain a levelwise
homomorphism 7 to the family of symmetric groups as in the definition of a general
action operad. From axiom (ii+) we obtain an operad map 7 fulfilling condition (2)
in the definition of an action operad.

Finally, in order to prove the product rule for the action operad, i.e., condition (3),
let f, f' € G, and g, g’ € G- Then we have that

(f oy 9) - (f 0 g)i= (5. (m)(f) - Vi) (n)(9) - (K7 (m)(f) - v (n)(g"))
Ky (m)(f) - &7 (m) () - (" (n)(g) - v (n)(9))

= (
= (si(m)(f - £1) - " (n)(g - 9'))
=(f-f)oilg-9),
where we have applied: Condition (viii) in the definition of an operadic cloning system

(second line), and (6.4) together with the fact that v/*(n) is a group homomorphism
(third line). O

Theorem 6.3. There is an explicit bijective correspondence between action operads
and restricted operadic cloning systems. There is an explicit bijective correspondence
between general action operads and operadic cloning systems.

Proof: The constructions given in Theorem 5.2 and Proposition 6.2 are inverses
of each other. Let (G,,¢,(,k,m) be a restricted operadic cloning system, and let
((AS.,Z,QC , K, ) be the restricted operadic cloning system that arises from the action
operad associated to it. It is clear that C. = G, and that # = 7. For the maps ¢ we
have that

in(g) = e2 019 = ri(n)(e2) - 11(2)(9) = ens1 - ta(1)(9) = tnlg),

and in the same way, we obtain that ,(g) = ¢n(g). For the cloning maps, we have

that
n 2

R7(9) = goj ea = w7 (2)(g) - vj(n)(e2) = KT (2)(9) - eny1 = K7 (9)-

Conversely, let (G,, 7, {6;}:,id) be the action operad associated to the restricted
operadic cloning system obtained from an action operad (G, 7, {0;};,id). It is clear
that G, = G,, @ = 7, and id = id. Regarding the partial composition products, let
f € G, and g € G,;,. Then we have that

foig = wil(m)(f)-vi"(n)(g)
= (foiem)-(enoig)
= (fen)oi(em - 9)
= foig,
where we have used Remark 5.1 for the second equality and the product rule of the

action operad for the third.
The second statement is proved analogously. O

Remark 6.4. As mentioned in Section 2, most of the known examples of cloning
systems are bilateral and even operadic. Consequently, for all those examples, we
have identified a general action operad structure on them. However, a natural question
arises: Is it possible to interpret the remaining Examples 2.10 and 2.11 in operadic
terms? The answer is yes. Both examples have in common that their structural map m
is trivial (see Remark 3.7) and that the only condition that fails for them to be
operadic bilateral cloning systems is axiom (viii).
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Repeating the construction of Proposition 6.2 for these examples, and noticing that
axiom (viii) is only applied to show the compatibility of the group multiplication with
the o; products, one gets the structure of a non-symmetric operad on sets (see Defi-
nition 3.5). The reason why they are not operadic is that an operadic cloning system
with 7 trivial has an associated non-symmetric operad on groups via Theorem 6.3.

7. Cloning systems as crossed groups

Action operads have a close relationship with crossed simplicial groups [27, 25].
In this section we review this relationship, and explain the relationship with cloning
systems. As we will see, cloning systems satisfying (iv+) can be interpreted as “crossed
interval groups”, while cloning systems satisfying (iv+) without maps ¢ are the same
as crossed simplicial groups.

Let (Ge, 7, ¢, ) be a cloning system. If we forget all the structure except the cloning
maps, we can interpret the pair (G,, k) as a diagram

— K1 e
G1 — K1 G2 SR G3 — K2~
— K3 -

which resembles the diagram representing a simplicial set X, but considering only the
degeneracy operations

— 50> — S0 —> — 51 — 51—
X[0] —s0» X[1] Z 07 X[2] -z X[3] Z . X4 -2
— 83 — 54 >
Let us formalize this viewpoint. Let [n] = {0,1,...,n} be the finite ordinal of cardi-

nality n + 1.

Definition 7.1. The simplicial category A has objects the non-empty finite ordinals
and morphisms the order-preserving maps between them. There are two distinguished
families of morphisms

0f:[n=1 —[n], of:[n+1] —[n], 0<j<n,

called cofaces and codegeneracies, respectively, and defined as
. i<, ' . if i< ;.
ORI A (O R R P
i+1 ifi>j, i—1 ifi>j.
These morphisms satisfy the following relations, called cosimplicial identities:
dj00; =0;00;1, 1 <7,
diooj_1, 1<},
Ujo§i: Id, Z:_j,]—l-l,
dj—1005, i>74+1,
gjoo;=0j_100;, 1<}],

and generate all the morphisms in the category in the sense that every morphism can
be expressed as a composite of cofaces and codegeneracies.

Definition 7.2. Let Agy,j C A be the category of non-empty finite ordinals with
order-preserving surjections between them. It is the subcategory of A generated by
the maps o7'.
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Definition 7.3. Let Set be the category of sets and functions. A simplicial set X is
a functor X : A°? — Set. The maps X (6F") are called faces and denoted d? and the
maps X (o) are called degeneracies and denoted s?. A demi-simplicial set> X is a
functor X : AP . — Set.

surj

Faces and degeneracies satisfy the so-called simplicial identities which are the dual
of the cosimplicial identities mentioned above. In the particular case of the relation
involving only degeneracies, we get the identity

(71) 0j00; =0j-1004, ZS]

In what follows, when we refer to conditions in Roman numerals, we mean the con-
ditions satisfied by cloning systems and bilateral cloning systems from Definition 2.2
and Definition 2.5.

Observe that (7.1) is exactly the same relation satisfied by the maps K} with the
extra condition (iv+) except that the subindices are shifted by one (the first map
is K1, not k). Therefore we have the following consequence.

Lemma 7.4. A demi-simplicial set with values in groups is the same as a family of
groups Ge = {Gy, }n>1 equipped with maps k = {n?: G = Gpg1tn>1,1<j<n satisfying
condition (iv+). O

7.1. The demi-simplicial set of symmetric groups. Let us build the demi-
simplicial set associated to the cloning system of symmetric groups. Note that an
order-preserving surjection f: [n] — [m] is completely determined by the cardinality
of the preimages f~1(0),..., f~1(m). Every permutation h € %,,41 of [m] induces a
permutation of the preimages f=1(0),..., f~*(m), and therefore a block permutation
on [n], that we denote by ®(f)(h) € ¥41. This defines a functor ®: A, — Set
with &([n]) = Sp1.

Definition 7.5. Define an action
Ym1 X Asurj([n]v [m]) — Asurj([n]a [m])

(gaf)§ fga

where f,: [n] — [m] is the unique order-preserving surjection such that the cardinality
of f,7'(g(i)) is equal to the cardinality of f~1(4).

Observe now that the map ®(f): ¥,,11 — Xp41 is not a group homomorphism
but satisfies that
(f)(g-9) = 2(fy)(9) - 2(f)(d),

which applied to degeneracies is the same as condition (v) in a cloning system

D(03)(g-9") = (og(i))(9) - ®lo3)(g")-
The functor ®, defined on order-preserving surjections between ordinals, can be ex-
tended to any order-preserving map between ordinals. Indeed, since every map factors
uniquely as an order-preserving surjection followed by an order-preserving injection,
it is enough to define it on injections, which we can do as follows. Note that to give
an order-preserving injective function f: [n] — [m] is equivalent to specifying the
complement of the image A = [m]\ f([n]).

2t seems these objects have not been considered previously in the literature. Since simplicial sets
without degeneracies are called semi-simplicial sets, we have chosen to replace the prefix semi- with
its French version demi-. Additionally, the first letter of each prefix specifies whether we are removing
degeneracies or face maps.
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Definition 7.6. Define an action
Eimt1 X Aii([n], [m]) — Aigi([n], [m])
(97 f) ' fg ,

where fy: [n] — [m] is the unique order-preserving injection for which the following

holds [m] \ fy([n]) = [m] \ g(f([m])).

Observe that, by the unique factorization of any map in A mentioned above, the
actions given in Definitions 7.5 and 7.6 combine to yield an action

Tt x A[n], [m]) — A([n], [m])

(9, f) —————— 1y

Thus, for a permutation g € X,,+1 of [m], we set ®(f)(g) = fg’1 ogo f. This defines a
functor ®: A°P — Set, and hence a simplicial set. Observe that if f: [n] — [m] is any
map, then the map ®(f): X,,11 — X, 41 is not a group homomorphism but satisfies

(f)(g-9") = 2(for)(9) - 2()(g)-

7.2. Crossed simplicial groups and crossed interval groups. The following
definition of crossed simplicial groups is a characterization taken from [10, Proposi-
tion 1.7], where ® denotes the simplicial set constructed above.

Definition 7.7. A crossed simplicial group is a simplicial set U: A°? — Set with
objectwise values on groups together with a levelwise group morphism 7: ¥ — &
such that

((m o W(0i))(9)) () = ((2(o3) o 7)(9))(4)
for all j #14,i4+ 1 and

U(oi)(g-9") = (oxg)@)(9) - ¥(oi)(g'),
W(:)(g-9") = W(dx(g)i))(g) - ¥(:)(g).

A crossed demi-simplicial group is defined in the same way, replacing the category A
with the category Agyr.

The result below follows immediately from the previous discussion and the defini-
tion of a crossed demi-simplicial group.

Lemma 7.8. Let Go = {G,,}n>1 be a family of groups, m = {m,: G, = Zp}n>1 a
family of group homomorphisms, and k = {/{?: Gn = Guyitn>1,1<i<n @ family of
maps. A triple (G, 7, k) satisfying conditions (ii), (iv+), and (v) is the same as a
crossed demi-simplicial group. ]

Now we would like to incorporate the homomorphisms ¢ into the picture. We will
incorporate the morphisms ¢ at the same time.

Definition 7.9. For each n > 1, the n'" interval is the set (n) = {—o0,1,...,n,00}.
The interval category I is the category whose objects are all intervals and whose
morphisms are order-preserving maps that preserve —oo and co. The subcategory Igur;
has the same objects as I and its morphisms are the order-preserving surjective maps
that preserve —oo and oo.

The interval category can be introduced as the Joyal dual of the simplicial cat-
egory ([18]) or as the image of the faithful embedding a: I — A that sends (n) =
{—00,1,...,n,00} to [n+1] = {0,1,...,n+1}, and an interval map yields a simplicial
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map by interpreting —oo as 0 and oo as n + 1. Here we are interested in the second
description, and we will blur the difference between maps in I and their images under
the embedding «. Therefore, from now on we will write simply ® for the crossed
interval group ® o a.

Definition 7.10. An inert crossed interval group is a presheaf U: I°? — Set with
values on groups together with a levelwise group morphism 7: ¥ — & such that

((m o W(04))(9))(5) = (2(0s) o) (9)) ()
for all j #4,i+ 1 and

U(oi)(g-9") = U (on(eyi))(9) - ¥(oi)(g"),

U(0:)(g-9") = U(dr(gny)(9) - T(:)(g")-

An inert crossed demi-interval group is defined in the same way, by replacing I
with Hsurj~

Observe now that if ® is an inert crossed demi-interval group, the maps ®(sg)
and ®(s,11) are group homomorphisms. In fact, we can interpret bilateral cloning

systems as inert crossed demi-interval groups by setting 7' = sf“, Cn = sg“, and

by = sZﬁ Thus, we have the following result.
Proposition 7.11. A quintuple (Go,m,t,(, k) satisfying all the conditions of a bilat-
eral cloning system is the same as an inert crossed demi-interval group.

Remark 7.12. Every action operad with constants gives rise to a crossed simplicial
group. This is carefully developed in [27, 2.4]. This construction is different from ours,
and does not allow one to recover the composition products of the operad structure
from the simplicial structure.

Remark 7.13. Crossed interval groups have been studied in [3] and [25]. The adjective
inert corresponds to any of the two equivalent properties defined in [25, Lemma 4.3].
From our viewpoint, the adjective inert implies that the composite m, o ¥(o;) is the
identity permutation when ¢ = 0,n, and therefore ¥(o;) is a group homomorphism
in those cases. This condition is automatic from our definition of the crossed interval
group ®.

In that paper, Yoshida studied the relationship between crossed interval groups and
action operads with constants (operations of arity 0). He established that every action
operad with constants determines a crossed interval group, and found three properties
that characterize the crossed interval groups that come from an action operad with
constants: operadicness, tameness, and “factoring through the symmetric group”.
Under the above lemma, tameness corresponds to property (ix), while operadicness
corresponds to property (viii) plus being inert, and “factoring through the symmetric
group” corresponds to (ii4). Dropping the constants, one obtains the vertical maps
of the diagram of the introduction.

We note that Examples 3.1 and 3.4 in [26], which do not come from an action
operad, do come from an inert crossed demi-interval group (with trivial homomor-
phisms 7).

Remark 7.14. In their initial definition of a cloning system, Witzel and Zaremsky
request the homomorphisms ¢ to be injective. This is not necessary for their con-
structions, but it is often satisfied in practice. We think the following is a possible
reason for this: In a crossed interval group ¥ the maps ¥(o;) are always injective
by the simplicial identity o; o §; = id. Similarly, in an action operad with constants
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the maps g — g o; es and g — eq o; g are injective, because the maps g — g o; eg
and g — ey o; g are left inverses of them.

Most of the operadic cloning systems considered correspond to action operads
without constants that can be obtained by forgetting the constants from an action
operad with constants. For example, the action operad of braid groups comes from
an action operad with constants: The group of constants Brg is the trivial group and
if g € Bry, is a braid, then g o; g € Br,,_1 is the braid obtained from g by forgetting
the i-th strand.

8. Cloning systems and PROs

In this section, we present another viewpoint for cloning systems in terms of PROs
(product categories) that will be used in a forthcoming piece of work about the con-
struction of Thompson groups. We begin by recalling the definition of a PRO.
Definition 8.1. A PRO O is a quadruple (9, ®, ®,id) where:

e O is a collection of sets (O[,]), .,

e ( is an associative product (vertical product) with two-sided unit id

o] <ol ol weof].

e ® is an associative product (horizontal product)

©: 0" | xo || L o|MmTm
' mi mo mi+mel|’

Moreover, the vertical and horizontal product are required to satisfy the interchange
law

(fegopeg=(fop)®(goaq),
whenever it makes sense, and id,, ® id,,, = id, 4, for all n,m > 1.

More abstractly, a PRO £ is a strict (non-unital) monoidal category equipped with
a strict monoidal functor (N>1,+) — (O, ®) which is an isomorphism on objects. We
do not consider monoidal units, that is, units for ®, because they will create nullary
operations that we are avoiding.

Example 8.2 (Symmetric groups). The family of symmetric groups {3, },>1 yields
a very simple PRO by setting

> {n} )X if n=m,
m| 10  ifn#m.
The vertical product ® is just the group structure of the symmetric groups and the
horizontal product ® is the block product of permutations (see Figure 16).

FIGURE 16. Block product of (1 4)(2 3) and (1 2 3).

We denote by > the PRO of symmetric groups. Additionally, we consider that X
is equipped with cloning maps for any n-tuple of positive integers (mgi,...,my,),
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c(mi,...,my): B[1] = B[] obtained by replacing the -th strand with m;

mi+t-tmy

strands for all 1 < i < n.

Example 8.3 (Signed symmetric groups). The family {~*},>; of signed symmetric
groups provides a slightly more complicated PRO. First, define

st (7] Yt ifn=m,

m 1] if n # m.
The vertical product ® is just the group structure of the signed symmetric groups
and the horizontal product ® is the block product of signed permutations, which

is defined analogously to the block product of ordinary permutations. We denote
by ¥* the PRO of signed symmetric groups. Additionally, we consider that %%

is equipped with cloning maps for any n-tuple of positive integers (mi,...,m,),
c(ma,...,mp): SE[] —» 5* miiiz“}, obtained by “plumbing” m; strands in the

i-th component for 1 < i < n subject to the rules: given g € X%,

e if g(7) is positive, the new m; strands in ¢(my, ..., m,)(g) are plumbed with the
identity permutation;

e if (i) is negative, the new m; strands are plumbed with the permutation

1 2 mi—l m;
m; m,»—l 2 1 ’
++ + +4++++ ++
0(1,4,2)
e
+ + - +4++ -——-

FIGURE 17. Cloning map on X%,

We will also need the concept of a morphism of PROs f: O — ©’, which consists
of maps fnm: O[] = O[] for every n,m > 1 that preserve the PRO structure.

Next, we define two special types of PROs, by adding some extra structure, which
will turn out to be equivalent to operadic cloning systems and their restricted coun-

terparts.
Definition 8.4. A cloning PRO consists of the following data:
e a PRO (G,®,®,id) such that the vertical product on G[};] admits inverses, that
is, G[1] is a group for every n, and G[.] =0 if n # m,
e a morphism of PROs 7: G — £,

e cloning maps x(m): G[] — G[Ziiizw} for every n > 1 and every n-tuple

m = (mi,...,my,) with m; > 1, satisfying x(1, ™, 1) = idg, , and the associa-
tivity condition

r(rt U Ur™) o k(m) :H<ZT]1<1,...7ZT?n),
J1 Jn

where r* = (ri,...,rb, Jand r' U L™ = (rg,..orh T ).

ryimq Y may,
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Moreover, the PRO structure is compatible with 7 and  as stated by the following
conditions:

(1) 7 commutes with k: 7o k(m) = c¢(m) o .
(2) Identities and x: x(m)(id,) = idm; 4 +m,, -

(3) Horizontal composition and k:

k(m)(f) ® k(n)(g) = k(mUn)(f @ g).
(4) Vertical composition and k:
K(m)(h ® g) = K(Mr(g))(h) © K(m)(g),
where my(g) = (Mx(g)V)]>-- +» MUr(g)(m)])-
(%) Twisted interchange law:
K(m)(f) © (1@ @ gn) = (Gr(H() @ @ Gin(H)(n)]) © K(m)(f)-

A morphism of cloning PROs f: (G,®,®,id,m, k) — (G, o, &, id, 7' x') is
morphism of PROs over ¥ ¥ which is compatible with the cloning maps, i.e., fox(m)
k(m) o f for any m.

a

Definition 8.5. A cloning PRO (G, ®,®,id, 7, k) is said to be restricted if the mor-
phism of cloning PROs 7: G — X% factors through the cloning PRO of symmetric
groups X, which sits inside % as positive permutations.

After these definitions, we prove that every (restricted) operadic cloning system
gives rise to a (restricted) cloning PRO. More concretely:

Proposition 8.6. A (restricted) operadic cloning system (Ge,t,(, &, 7) defines a (re-
stricted) cloning PRO (G, ®, ®,id, 7, k) in a functorial way.

Proof: Set G[;,] = Gy, the vertical product ® to be the group multiplication and id,, =
en. Define the cloning maps

k(m) = k(my,...,my) = Kk1(my) o0 ky(my),
and the horizontal product ®

20 G {Z} < G [z] L) x¢n) - [n—l—m} e [n—l—m} G {n—I—m}

n+m n+m n+m
We now check that (G, ®, ®,id, 7, k) is a (restricted) cloning PRO by verifying all
the axioms. Let f € G,,, g € G,,,, and h € G,.
e Associativity of ®:

(f®g)@h=1u(r)((m)(f)-C(n)(g)) - C(n+m)(h)
=u(r+m)(f) - ur)(C(n)(g)) - C(n +m)(h)
=f®(geh),
by condition (vi) of bilateral cloning systems and since ¢ and ¢ are homomor-

phisms. Also, id, ® id,, = id,+., since ¢(m) and ((n) preserve identities and
en+m 1s idempotent.
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e Interchange law for ® and ®:

(f@g)o(eq) = (m)(f) ¢(n)g))-
= 1(m)(f) - t(m)(p) - {(n)(g) - ¢(n)(q)
=(fop)®(oqg),

2
=
S
=
s
—
S
=
—~
S
=
=

by condition (ix) and since ¢ and ¢ are homomorphisms.

e 1: G — YT (resp. 7: G — X) is a morphism of PROs, since 7 commutes with ¢,
and it consists of group homomorphisms (see Remark 3.12).

e Associativity conditions for x hold by conditions (iv) and (iv+) (axioms for
compositions of x’s for operadic/bilateral cloning systems).

e Commutation of x and 7 holds by the analogous axiom for (restricted) operadic
cloning systems, i.e., (ii’) (resp. (ii+)).

e x acting on identities. Since k;(7)(em) = Kk;(r)(em) - £;(r)(em) (see the obser-
vation after (6.5)), it follows that x;(r)(em) = €mtr—1-

e Relation between k and ®. By iterating condition (v) we get

s(m)(f ©p) = k1(ma) oo ky(my)(f - p)
= (Kp(1)(m1) o -+ 0 Kyiny (M) (f)) - (K1(ma) 0+ 0 Ky (mn)(p))
= k(my,)(f) © k(m)(p),

where we have adopted Notation 3.6.

e Relation between k and ®. Let us analyze what happens for x;(r) instead of
a general x(m! LU m?), because the general case will follow by combining these
simple cases by conditions (iv) and (iv+).

Case 1: (1 <j <n).

ki (r)(f ® g)

|
X
<
—
=
—
—
~
B
=
~
N~—
CA
—
S
=
—
<
N~—
S—

We have applied conditions (v), (iii), (vii’), and that {(n)(g) is constant over
{1,...,n}.

Case 2: (n <j<m+n).

i (r)(f @ 9) = Kngg(i) (r)((m)(f)) - £5(r)(C(n)(9))
=um+7)(f) - C(n)(k;(r)(9))
= f®r;(r)(g).

We have applied conditions (v), (iii’), (vii), and that {(n)(g)(j) in this case
is n + g(j), which is strictly bigger than n (recall that we are always assuming
that elements in G,, or ©& act on {1,...,m} through their canonical map
into 3,).
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e Twisted interchange law. Let us just check the case f € Gy (n = 2) and g; € Gy,
since the general case follows from the same ideas.

K(m1,m2)(f) © (91 ® g2) = (K1(ma) o k2(m2))(f) - (¢(m2)(g1) - C(m1)(g2))
)

—

a

= (k1(m1)(k2(m2)(f)) - vi(m2)(g1)) - ((m1)(g2
= (v1)(ma)
D 1y (ma)(g1) - (ma) (k2 (ma) (f) - va(1)(g

d

D 1) (m2)(g1) - k1. (M) (v52) (1)(g2) - 52 (ma) (£))
(e)

= vpa)(m2)(g1) - ve)(m1)(g2) - £(ma, m2)(f)

—

(91) - k1 (ma) (ra(m2)(f))) - C(m1)(g2)
2))

= (9r) ® 95(2)) © £(m1, m2)(f).

In the above equalities, we have applied: (a) definition of v; (b) condition (viii);
(c) conditions (v), (vii’), and definition of v; (d) condition (viii); and (e) condi-
tions (v), (vii), and (iv+). O

Next, we prove that (restricted) operadic cloning systems come from (restricted)
cloning PROs:

Proposition 8.7. A (restricted) cloning PRO (G,®,®,id,7,x) determines a (re-
stricted) operadic cloning system (G, t,C, k,T) in a functorial way.

Proof: Set G,, =G m, the product - = @, and e, = id,. Define
rjm)=k(1,...,1,m9 1,...,1), «f)=f®@id, and ((f)=id® f.

The only non-straightforward axioms to check are the following:

e . is a homomorphism of groups. We have that

(f-9)=(fog®id = (f®id) © (g®@id1) = ¢(f) - (g)

by the interchange law and since id; is idempotent. A similar argument proves
that ¢ is also a homomorphism of groups.

o Axioms (iii) and (vii). We have that
v L)) @ida = ), () 1< <,
1 m)(f) {f ®idmir—1 =tim+7r—1)(f) otherwise,

where f € G[;]. The corresponding conditions (iii") and (vii’) for ¢ can be
deduced in the same way.
e Axiom (vi). We have that

¢(m)(e(n)(f)) = idm @ f @idy = 1(n)(C(m)(f))
by the associativity of the horizontal product ®.
e Axiom (viii). We have that

ki (m)(f) - vi(n)(g) = k(1,...,mP L 1)(F) @ (dj-1 @ g @idn_j41)
= (ids(j)-1 ® g ®idp_f(jy+1) @ K(L,...,mP L 1)(f)

= vy (n)(9) - K5 (m)(f),
by the twisted interchange law and the identity id, ® ids = id, .
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e Axiom (ix). We have that
um)(f) - ¢(n)(g) = (f ®idm) © (idy @ g)
=(f®id ) ® (idp ® g)
(idn © f) ® (9 © idm)
(Idn 9)© (f ®idy)
¢(n)(g) - Llm)(f),

by the interchange law and since id, is an identity for (G[],®). O

T

Finally, we have the following theorem, which ties together the results in this
section:

Theorem 8.8. The functorial constructions of Propositions 8.6 and 8.7 induce iso-
morphisms of categories

{(restricted} opemdic} ~ { (restricted) }

cloning systems cloning PROs

Proof: Let us first check that
{(restricted) operadic} R { (restricted) } R {(restricted) operadic}

cloning systems cloning PROs cloning systems

is the identity. Let (G,,t,(,,7) be a (restricted) operadic cloning system, and let
(G., i, ¢k, 7) be the image of the previous (restricted) operadic cloning system under
the composition of functors. By definition, G=Gas groups and @ = «. For £, we have
that

i(g) =g®@id=1(1)(g) - ¢(n)(e1) = t(g) - €nt1 = 1(g)-

The maps ¢ behave similarly, and

Ri(g) = K(1,..., 29, 1)(g) = (ka(1) o+~ 0 kj(2) 0+ 0 Rn(1))(9) = #;(9)-
Conversely, let (G,®,®,id, 7,k) be a (restricted) cloning PRO and let the tu-
ple (G O, ®,id, #, k) denote the i image of it under the other composmon of functors.

It is clear that G = G, & = &, id = id, # = w, and & = k. Finally, regarding the
horizontal product we have that

f&g = um)(f)-¢(n)(g) = (f ®idp) © (id, @ g)
= (foid,) ® (idn, ©g) = f®g. O
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