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LOCALISED VARIANTS OF MULTILINEAR RESTRICTION
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Abstract: We revisit certain localised variants of the Bennett—Carbery—Tao multilinear restriction
theorem, recently proved by Bejenaru. We give a new proof of Bejenaru’s theorem, relating the
estimates to the theory of Kakeya—Brascamp-Lieb inequalities. Moreover, the new proof allows for
a substantial generalisation, exploiting the full power of the Kakeya—Brascamp—Lieb theory.
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1. Introduction

1.1. Background. For 1 < d < n,let X: U — R"™ be a parametrisation of a smooth
d-dimensional submanifold S of R™. That is, U € R? is an open, connected neighbour-
hood of the origin, ¥: U — R™ is a smooth, injective, regular map, and S = X(U).
In particular, ¥ € C*°(U) and /\;.l:1 %(u) # 0 for all u € U. By an abuse of nota-
tion, we shall often simply refer to S, with the tacit understanding that our analysis
depends on a choice of parametrisation.

Given a € C°(U) satisfying 0 < a(u) < 1 for all u € U, we define the extension
operator Eg associated to S (or, more precisely, 3: U — R™) by

(1.1) Esf(z):= / T2 f(u)a(u)du, f e LY(S), z € R™

U
Here and below, again by an abuse of notation, we write L”(S) in place of LP(U)
for 1 < p < oco. Werefer to a as the amplitude of Eg and let p(FEg) := diamsuppa > 0.

For { = X(u) €S, where u € U, the tangent space T¢S is the d-dimensional subspace

of R™ spanned by the vectors é%(u), cee 8672(1(”)’ and the normal space NS is the
orthogonal complement of 7¢S in R™. For 1 < j < k, let V; be a vector subspace
of R" of dimension d; and {v;,1,...,v;4,} be a choice of orthonormal basis of V;. We
define

[ViA- AV =

ko dj
A\ Avia).

j=11=1

noting that this quantity is independent of the choice of orthonormal bases.

Definition 1.1. Fix 2 < k < nand for 1 < j < k let S = X£,(U;) be a smooth
hypersurface in R™. Further, let q := (qk);?:1 = (qk,---,qr), where q = % We
say & = ((S;)h_1,qx) is a transverse ensemble if

k
/\ NEJ‘SJ‘

j=1

Ng = >0, where éj = EJ(O) S S] for 1 < 7 < k.
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A fundamental result in modern Fourier analysis is the celebrated Bennett—Car-
bery—Tao theorem. Here and below, Qg := [-R, R]™ for R > 0.

Theorem 1.2 (Bennett-Carbery-Tao [9, §5]). Let 2 <k < n and & = ((S;)*_,, qx)
be a transverse ensemble in R™. There exists ps > 0 such that for max; p(Es;) < ps
the following holds. For all € > 0, there exists a constant Cg . > 1 such that

k k
(1.2) /Q TT1Es, 551 < Co R T 155 185s,
j=1

R j=1
holds for all R > 1 and f; € L*(S;), 1 <j <k.

Here we investigate localised variants of Theorem 1.2 where some of the functions f;
are assumed to be supported in thin sets. Under such hypotheses, we can hope to gain
in the size of the constant appearing on the right-hand side of (1.2). This phenomenon
was observed in recent papers of Bejenaru [1, 3|, and we begin by describing the
existing results.

Let S = X(U) be a d-dimensional submanifold of R™, as above. For 1 < d' <
d, we say 8" C S is a d'-dimensional submanifold of S (or a codimension d — d’
submanifold of S) if S’ = X(M) for M = (U’) a d’-dimensional submanifold of R¢
with parametrisation v: U’ — U, where we always assume that v(U’) is compactly
contained in U and v(0) = 0. In this case, we write codim(S’|S) := d — d’. Note
that S’ is also a d’-dimensional submanifold of R", with S’ = ¥'(U’) for ¥’ := X oy
satisfying
(1.3) ¥(0) = X(0).

Continuing to abuse notation, given > 0 we say f € L(S) is supported in N,,S’, or

supp f C NS, if f is essentially supported in N, M, where N,,M C R is the (open
Euclidean) p-neighbourhood of M.

Definition 1.3. Fix2 < k <nandfor 1 < j < klet S; be a smooth hypersurface and
S5 = ¥(U}) be a smooth submanifold of S;. Further, let qy, := (qk);?:l = (qks -, k),
where ¢ := % We say & = ((S;, 5})?21,%) is a transverse ensemble in R™ if

k

/\ Ng;SJ/-‘ >0, where & :=X%(0) € S} for 1 <j <k

Jj=1

(1.4) Ng =

We say & has codimension (m;)"

i_1, where m; := codim(S5}[S;) for 1 < j < k.

With the above definition, the local version of Theorem 1.2 reads as follows.

Theorem 1.4 (Bejenaru [3]). Let2 < k <n and & = ((S;,5))5_,,ar) be a transverse
ensemble in R™ of codimension (mj);?:l. There exists a constant pe > 0 such that for
max; p(Es;) < pe the following holds. For all € > 0, there exists a constant Cg o > 1

such that for any 0 < p; < 1 the inequality

k k k
m;qk 2
(1.5) /Q | | |Es, f;]% < Cg,ERsHMj ax/ H 1fill T2 s,
j=1 j=1

R j=1

holds for all R > 1 and f; € L*(S;) satisfying supp f; C N, S’

Hi=g
An earlier (and more restricted) version of this result appeared in [1]. We remark
that it is possible to take m; = 0 in Theorem 1.4; in particular, if m; = --- =my =0,
then we recover Theorem 1.2. Note that in this case the support condition is vacuous.
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We also note that the constant Cg . blows up as the value of Ng in (1.4) goes to 0.
Thus, the new content of Theorem 1.4 over Theorem 1.2 comes when 0 < p; < 1
and Ng ~ 1 (or small depending on some quantity unrelated to our choice of p; in
applications).

Theorem 1.4 has recently found two distinct applications:

e In [2], Theorem 1.4 is combined with a variant of Guth’s polynomial partitioning
method [11] to establish a sharp (n — 1)-linear restriction estimate under a
curvature hypothesis (see also [16]).

e More recently, in [4], a special case of Theorem 1.4 (under a low regularity
hypothesis) was used to prove LP — L9 estimates for the maximal function
associated to dilates of a helix in R3.

One aim of this note is to give a new proof of Theorem 1.4. For this, we follow
the standard induction-on-scales framework of [6, 9], which perhaps provides a more
contextualised approach than that of [1, 3]. In particular, we clarify the relationship
between (1.5) and Kakeya-type inequalities. In [1, p. 1588] the author raises the
question of whether (1.5) has a multilinear Kakeya counterpart. Here we show that the
corresponding geometric estimates are Kakeya—Brascamp—Lieb inequalities of the type
studied in, for instance, [6, 19] and their discretised/regularised variants, as studied
n [14, 20]. Moreover, the new approach leads to our main result (Theorem 1.6),
which is a substantial generalisation of Theorem 1.4, making full use of the Kakeya—
Brascamp—Lieb theory.

1.2. Regularised Brascamp—Lieb inequalities. In order to state the main result,
we briefly recall some elements of Brascamp—Lieb theory. For 2 < k < n and 1 <
nj < n for 1 < j <k, a Brascamp-Lieb datum is a pair (L,p) := ((L;)¥_,, (p;)¥_))
where L;: R" — R™ are linear surjective maps and p; € (0,1]. We let BL,eg(L, p)
denote the best constant C' > 0 for which the inequality

(1.6) /H fioL; pJ<CH</n )pj

holds for all non-negative functions f; € L'(R"™) that are constant on cubes in the
unit cube lattice Q™ := [0,1)™ +Z"i. The inequalities (1.6) are typically referred to
as regularised Brascamp-Lieb inequalities and were first introduced in [8]. Moreover,
in [8] it was shown that

k
(1.7) BLyog(L,p) < 00 <= dim(V Z ;dim(L;V)  for all V < R™

Here the notation V' < R"™ denotes that V' is a linear subspace of R™. An advantage
of regularised Brascamp-Lieb inequalities is that the characterisation (1.7) for the
finiteness of BL,eg (L, p) does not involve the scaling condition Z§:1 pjn; = n, which
is necessary in the standard Brascamp-Lieb theory [7].

1.3. Main result. Our main theorem generalises Theorem 1.4 in three directions.
First, rather than just considering hypersurfaces S;, we allow the S; to be of ar-
bitrary dimension. Secondly, rather than considering a single submanifold S;- cS;
for each 1 < j < k, we consider nested families. The nested setup naturally arises
in recent polynomial partitioning approaches to multilinear restriction and Kakeya;
see [10, 12, 13, 18]. Finally, rather than work with the transversality condition (1.4),
we formulate our transversality hypothesis in terms of regularised Brascamp—Lieb
constants, as defined above. This Brascamp—Lieb formulation greatly relaxes the con-
straints on the permissible codimensions.
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We first explain the nested setup. Suppose S; is a di-dimensional submanifold of
a dp-dimensional submanifold Sy = Xo(Up) of R™, as in §1.1. Recall that S is also a
submanifold of R™ with parametrisation ¥ := ¥ o 77 for some map ~;: U; — U,
where U; C R% . Tt therefore makes sense to consider a dy-dimensional submanifold S,
of S7, which itself is a submanifold of R™ with parametrisation Yo := ¥; 0 75 =
30 © 71 ©¥2 for some map o : Uy — Uy, where Uy C Ré2, Continuing in this way, we
can construct a whole nested sequence of submanifolds.

To describe the setup precisely, we say S = (So, (S¢)j_,) is a nested family of sub-
manifolds of R™ if Sy = X¢(Up) C R™ is a submanifold of R™ and S; is a submanifold
of Sp_q for 1 < ¢ < r. Thus, if dy = dim(S¢) for 1 < ¢ < r, then we have a family
of open neighbourhoods U, C R% of the origin and parametrisations v,: Uy — Uy_;
with 4,(Uy) compactly contained in Uy_1 and 7¢(0) = 0 such that

(1.8) S =X¢(Up), where ¥y :=Xgo00y for op:=710---07.

In this case, each set My :=0y(Uy) is a dy-dimensional submanifold of R% and S, =
Yo(My). Given p = (ue)y_; C (0,1], we shall say f € L?(S) is supported in NS,
or supp f C NS, if supp f C N, S for all 1 < ¢ < r, in the sense defined above: that
is, supp f C N, My, where N, M, C R? is the (open Euclidean) j,-neighbourhood
of M,;. We also assume that d. < --- < dy < dy since this is the configuration of
interest for our main theorem; in particular, r < n.
Definition 1.5. Fix 2 < k < n and suppose & = ((Sj);?’:l,q)7 where the S; =
(Sj0,(Sje)y-,) are nested families of submanifolds and q = (qj)§:1 C (0,2] is a se-
quence of exponents. Define the Brascamp—Lieb datum
(1.9) (L(&),p) = (Li (&)1, ()-1)
by setting

Lj(&) == 0s%jr, 0)7T:R" - R%"  and pji=g¢q;/2 forl1<j<k,

where d;,, := dim(S;,,) and S;,, = ;. (Uj,,), with ¥;, parametrisations con-
structed as in (1.8). Here and in the sequel we use the symbol 95 to denote the Jacobian
with respect to the variable s, and given a matrix A, we denote its transpose by AT.

(a) We say & is a transverse ensemble in R™ if
BL,eg (L(&), p) < 0.
(b) We say & has codimension (m(j,¢));e, where m(j,¢) := codim(S;¢|S;.e—1)

for 1< <rjand1<j <k
(0,1] is a compatible family of

() Finally, we say (u,)f_y, where u; = (5,02, € (0,
scales for & if 0 < pjy <+ S pj,, <lfor1<j<k.

With the above definitions, the main theorem reads as follows.

Theorem 1.6. Let2 <k <nand & = ((Sj)?zl,q) be a transverse ensemble in R™ of
codimension (m(j,¢));.e, with S; = (S;,(Sj.0)s,). There exists pg > 0 such that for
max; p(Es;) < pe the following holds. For all e > 0, there exists a constant Cg o > 1
such that if (,uj)?:l s any compatible family of scales for &, then the inequality

k k T k
B m(j,£)q;/2 j
a0y [ TDEs s < Cocr [T TT s,
j=1

Rj=1 j=1¢=1

holds for all R > 1 and all f; € L*(S;) satisfying supp f; C N”ij.
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Recall that we are tacitly working with a fixed choice of parametrisations for the S}
and S; ¢, and the constant C. will depend (amongst other things) on this choice. If
¥j: Uj = R"and ¥; .. : Uj ., — R™ are our fixed parametrisations for S; and S ., as
submanifolds of R™, then, as discussed in (1.8) and (1.3), we always assume X . :=
Yjor10--- 0,y for intermediate parametrisations v;¢, and ¥, (0) = £;(0).

Remark 1.7. To contextualise the result, we make the following remarks.

(a) Let 2 < k < mn. A prototypical application of our theorem is a k-linear estimate
for the (n — 1)-dimensional paraboloid in which one of the functions is localised to an
anisotropic box. More precisely, let U := (—1,1)""! and S := %(U), where X(u) :=
(u,|ul?). Let 0 < 6 < 1and Bs CR* ! bethel x---x1x4§x6%x---x 0" F box
centred at the origin pointing along the directions of the standard basis in R™~!. Let
Uy, ..., up—1 € U satisfy

M (uy, —1)
(1.11) L L ANep A Aey| >1/2.
A T
If Uy,...,Ux_1 are sufficiently small neighbourhoods of the points uy,...,u;_1 and

Uy is a sufficiently small neighbourhood of the origin, then for all £ > 0 there exists
a constant C, > 1 such that

k n—k)(n—k+1 k 2

(1.12) / [ 1Bs 17 < CRe " 5 T 16050,
Qr j=1 j=1

for all R > 1 and all f; € L?(U;) for 1 < j < k with supp f, C Bs.

To see how this follows from Theorem 1.6, define Uy ¢ := (—1,1)""1=¢ and ;¢ :
Uke = Ukg—1 by Yie(s) == (5,0) for 1 < ¢ < n —k, with Ugo = U. It is then
clear that supp fy C N, Sk, where p, = (3" *1=07F and S, = (S, (Sk.0)}=])
for Sk.e = X ¢(Uk,e) and X p ;==X o1 0- -0y, Foralll <j <k—1, one can
centre U; at the origin by a change of variables, giving rise to a neighbourhood U’
and an extension operator Eg; with S; = ¥;(U) and ¥;(u) = (u + uj, [u + u;[?).
Considering the ensemble & = ((Sj);?:l,qk), where S; = (S;) for 1 <j <k —1and
aQr = (qk);?:l = (qk,-..,qx) for g = %, we have that ker L;(&) = (2u;,—1)T for
all 1 <j <k—1and ker Ly(&) = span{eg, ..., e,}. One can show that (1.11) implies
that the condition (1.7) holds with p; = 1 (see, for instance, Corollary 2.3), and thus
& is a transverse ensemble. Consequently, the claimed multilinear inequality (1.12)
follows from Theorem 1.6.

(b) Taking S; = (S;,5%) for S; C R™ a hypersurface and S} a submanifold of S,

for 1 <j<k,and px = (pk)le = (pk,...,px) for px = ﬁ, we recover the localised
multilinear estimates of Theorem 1.4. Indeed, this follows from the observation

k
A\ Ne,S;

j=1

where the ¢ are as defined in (1.4); see §2 for details.

>0 <= BLy(L(&), pPr) < 00,

(c) Suppose r; = 0 for all 1 < j < k, so that S; = (5;) and there is no nesting. If
we further suppose that the scaling condition 2?21 p; dim(S;) = n is satisfied, then
Theorem 1.6 amounts to the restriction-Brascamp-Lieb estimates of [6, Theorem 1.3].
If we drop the scaling condition, then the corresponding estimates are not documented
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in the literature, but can be deduced from the Kakeya—Brascamp-Lieb estimates
in [14, 20] (see Theorem 2.6 below) by the argument in [6, 9].

(d) As discussed in §2.3, the hypothesis BL,es (L(&'), p) < 00 of Theorem 1.6 implies
(1.13) BLicg ((05%;(0) ")y, p) < 0.
By the argument of [6] (cf. item (c) above), the condition (1.13) implies the multilinear

estimates i i
[ TLiEs 5l < Cocte [T,
Qr j=1 j=1
The relevance of our theorem is therefore the improvement given by the factor
H?Zl I, u;&(j’@qﬂz under the hypotheses supp f; C N,Lj §;. Since the constant Cg .
blows up as the left-hand side of (1.13) goes to co, one should think of this quantity
as being O(1) (or small depending on some other admissible parameters unrelated to
our choice of p;) in order to take advantage of the p;-gains in the inequality (1.10).

(e) Finally, we note that the definition of transverse ensemble only requires the finite-
ness of the Brascamp—Lieb constant for the datum associated with the innermost
submanifolds in the ensemble. However, this condition also implies the finiteness of
the Brascamp—Lieb constant for data associated with any intermediate submanifolds;
see Proposition 2.4. This plays a key role in our argument and comes into play most
prominently in §4.2 and §4.3. In this sense, the nesting structure is an essential geo-
metric feature of our proof.

1.4. Proof sketch. We describe the main ideas in the simpler setting of Theo-
rem 1.4. We remark that, due to the local nature of the desired estimates, we may
assume without loss of generality that max; u; < pe for some pg > 0 depending only
on &. Under the hypotheses of Theorem 1.4, it is possible to bound

(1.14) Bsfi@ < [ [Bsynfin, (@)l dn,

[—mj,pi]™

where each Eg/ is an extension operator associated to a submanifold S%(n;) of S;

(n;)
of codimension ﬂéj; see §3.2 for details. Moreover, (1.4) and continuity imply that,
for p; sufficiently small, the submanifolds (S;-(nj))?:l satisfy certain transversality
conditions uniformly over all choices of n; € [—p;, ;)™ . For each index j, we plug the
bound (1.14) into the left-hand side of (1.5). If one were then able to switch the order
of the LI -norm and the Li}]j -norms, for instance using Minkowski’s integral inequality,
then the multilinear restriction estimates of [6] (or certain regularised variants) would
apply directly to give, together with an application of the Cauchy—Schwarz inequality,
Theorem 1.4. However, Minkowski’s integral inequality requires ¢q; > 1, which is only
valid for k = 2 or k = 3. See [4, Appendix A] for an example of this strategy in the
k = 3 case.

A similar issue with the exponent ¢ < 1 arises when passing between the equivalent
‘neighbourhood’ and ‘extension’ formulations of the Bennett—Carbery—Tao restriction
theorem in [9]. One strategy to deal with this is to use a vector-valued extension
of the multilinear restriction estimates, derived from the Marcinkiewicz—Zygmund
theorem; see [17, Appendix] for details. The present situation is somewhat more
complicated than that in [9, 17], since the operators ES;(,,J,) typically have a non-
trivial dependence on n; (in the context of [9, 17], the analogous extension operators
are independent of n7,). This means that the Marcinkiewicz—Zygmund theorem cannot
be applied directly to obtain the desired vector-valued extension.
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The above strategy does work, however, when u; < R~!. Since the z-integration
is localised to g, in this case uncertainty principle considerations ensure that
Egi(n,)[im; 1s essentially constant in n; € [—4;,u;]™ . This allows for an applica-
tion of the Marcinkiewicz—Zygmund theorem as in [17, Appendix]; see Lemma 4.1 for
details. On the other hand, when p; > R~ it is possible to apply Kakeya-Brascamp—
Lieb inequalities to reduce the scale R, following an induction-on-scales procedure
similar to that used in [6, 9] (but adapted to take into account the localisation of the
supports of the f;). Combining these two observations, one may formulate a refined
induction-on-scales procedure, which takes into account the relative sizes of the p;
and R™!; see Lemma 4.2. As in [6, 9], the induction-on-scales procedure yields the
desired estimate.

1.5. Notational conventions. We shall say a constant is admissible if it depends
either only on a choice of dimension n or a choice of ensemble &. In particular, any
admissible constant is independent of parameters such as R > 1 or the p;, > 0. We
will frequently let C' denote a choice of admissible constant, whose value may change
from line to line. Given a list of objects L and real numbers A, B > 0, we write A <y B
or B 2 Atoindicate A < C B for some constant C'r, which depends only items in the
list L and either a choice of dimension n or a choice of ensemble &. We write A ~;, B
to indicate A <y B and B < A. Given d € N we let I denote the d x d identity
matrix, and given m,n € N, we denote the transpose of a matrix M € Mat(R,n x m)
by M7, and the inverse of its transpose by M~ = (M T)~L

2. Kakeya—Brascamp—Lieb theory

2.1. Regularised Brascamp-Lieb revisited. Let 2 < £ < n, 1 < n; < n for
1<j <k, and (L,p) a Brascamp-Lieb datum as in §1.2. Given R > 1 and 0 < A <
R dyadic, we let BLy r(L, p) denote the best constant C' > 0 for which the associated
generalised Brascamp—Lieb inequality

(2.1) / T[th oL < CH(/ fj)pj

Qr j=1 j=1

holds for all non-negative functions f; € L*(R™) that are constant on cubes of side
length A in the fixed dyadic grid [0,A)™ + AZ"™ . Inequalities of this form were first
introduced in [7] and can be seen as a generalisation of the classical scale-invariant
Brascamp-Lieb inequalities, which correspond to taking A — 0, R — oco. Regarding
the latter, we let BL(L,p) denote the classical Brascamp-Lieb constant, which is
the best constant C' > 0 for which (2.1) holds for all R > 1 and all non-negative
functions f; € L'(R™) (without any local constancy hypothesis).

The case A = 1 of the above is often referred to as regularised. Note that if 0 <
A < R < o0, one can always reduce to the case A = 1 by the scaling relation

BLy r(L,p) = AP P BLy gx-1(L, p).
Maldague ([14, Theorem 1.1]) recently showed that
k
(2.2) BLy z(L,p) ~Lp R*TP) for «oL,p):= sup (dim(V)—ij dim(LjV))
V<Rn ;

= j=1

Note that the constant BL,eg (L, p) introduced in §1.2 satisfies
BLreg(La p) = sup BLl,R(La p)a
R>1

in particular, one can recover (1.7) from the characterisation (2.2) for BL; g(L, p).
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We remark that the classical Brascamp-Lieb constant BL(L, p) is finite if and only if
a(L,p) =0 and 2?21 pjn; = n; see [7]. In this case, we in fact have

BLreg (L7 p) = BL(Lv p)

as a consequence of a simple limiting argument.

2.2. Regularised Brascamp—Lieb and transversality conditions. Here we com-
pare the hypotheses of Theorem 1.6 and Theorem 1.4 and, in particular, address the
comments made in Remark 1.7(b).

Proposition 2.1. Let py = (pk)?:1 = (pk,---,Pr), where pp = q/2 = k—il, and
suppose that Lj: R — R, 1 < j <k, are linear surjections. Then the following are
equivalent:

(a) BLreg(Lypk) < 005
k

/\ ker(L;)

j=1

> 0.

(b)

Proof: For V< R"™, we first note that

(2.3) dim(L;(V)) = dim(V) — dim(V Nker(L;)),

by the rank-nullity theorem applied to the restriction L;|y, 1 < j < k. We define the
subspace W := ker(Ly) + - - - + ker(Ly).

(a) = (b). Assume (b) fails. Applying (2.3) to W as defined above, we deduce that
(2.4) dim(L;(W)) = dim(W) — dim(ker(L;)),

since ker(L;) < W for all 1 < j < k. The failure of (b) implies that dim(W) <
25:1 dim(ker(L;)) and applying this to (2.4) yields

k k
Z dim(L;(W)) = k dim(W) — Z dim(ker(L;)) < (k — 1) dim(W).

This means that W violates the finiteness characterisation (1.7) for the datum (L, pg),
implying that (a) fails.

(b) = (a). Assume that (b) holds, so that W = @5:1 ker(L;). Given V' < R™, we
have @le(V Nker(L;)) <V NW and therefore

k k
> dim(V Nker(Ly)) = dim <EB 148 ker(Lj)> < dim(V nW).
j=1 j=1
Combining the above inequality with (2.3), we obtain

k k
> dim(L;V) = (dim(V) — dim(V Nker(L;))

> kdim(V) — dim(V N W)
> (k—1)dim(V).

Since V' < R™ was arbitrary, the characterisation (1.7) implies that (a) holds. O
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Remark 2.2. Suppose the maps L; are orthogonal projections. By invoking [5, Propo-
sition 1.2], one may deduce that

BLreg L Pk

which is a quantitative variant of Proposition 2.1. Since in this paper we only need the
finiteness of such transversality quantities, we leave the proof of this more quantitative
result to the interested reader.

Corollary 2.3. Let2 <k <n, & = ((5;, 5" )] 1,9k) be a transverse ensemble in R™.
Then

k

/\NE}SJ

j=1

(2.5) BLieg(L(&), Pr) < 00 <= > 0.

Here the & are as defined in (1.4). In particular, Theorem 1.6 implies Theorem 1.4.

Proof: For each 1 < j <k, let X;: U; — R™ be the parametrisation of S;, and let
M; C U; be a submanifold of RYM(S5) | parametrised by V4 Uj’. — Uj, such that
¥;(Mj) = S}. Define ¥} := ¥; 0;: U — R". Then, by the definition of L(&") we
have that L;(&) = 0s;(0)". Since ker(9,3%(0)7) = N%,S’;, we then see that the
equivalence (2.5) is merely a rephrasing of Proposition 2.1 for this particular choice
of Brascamp-Lieb datum. O

2.3. Brascamp—Lieb constants and subensembles. Fix 2 < k < n and let
& = ((Sj)§:1a q) be a transverse ensemble in the sense of Definition 1.5, with S; =

(S5, (Sj.e)7ly) and q = (q7)5; € (0,2]. We say that F = ((S;)k_,,q) is a subensem-
ble of & if SN'J = (S}, (Sj.0),2,) with 7; < r;. Recall that we allow values 7; = 0, in

which case S; consists only of ;.

Proposition 2.4. Let & be a transverse ensemble in R™. Then any subensemble &
of & is also a transverse ensemble.

Proof: It suffices to verify that BL,eg(L(.%),p) < co with L(.%) as in (1.9). In view
of (1.8), for each 1 < j < k we have that

Bjiry = i © Viigory  OT Vi 1= Vw41 00 0 Ve
here, for the case 7; = r;, we simply have v; ;.. . 1= Id. Thus,
Lj(&) = 0:%52,(0)" = (0sj.7,.r,(0)) T (95557, (0) T = (0571.7,., (0)) T L (F),

)
where we have used that ~, (0) =0 for all 1 <¢<r;. It is then clear that dim(L;(&)V)<
dim(L;(%)V) for any V <R™ and, in view of the characterisation (1.7) for BL e, (L, p)
we conclude that the finiteness of BLycg (L(&), p) implies that of BLyeg (L(.#),p). O

Remark 2.5. Similarly to Remark 2.2, if the linear surjections L;(&) and L;(.%) are
orthogonal projections for 1 < j < k, then one can show that BL,eg(L(#),p) <
BL,eg (L(&), p), where the implicit constant does not depend on the choice of ensem-
ble. This refined quantitative result is not required for our purposes, and so we leave
the proof to the interested reader.
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2.4. Kakeya—Brascamp—Lieb inequalities. Here we are interested in a class of
Kakeya—Brascamp—Lieb inequalities, which can be thought of as perturbed variants
of the regularised Brascamp—Lieb inequalities introduced above. The following result
is due to Maldague [14].

Theorem 2.6 (Kakeya—Brascamp-Lieb [14, Theorem 1.2]). Let (L,p) be a Bras-
camp-Lieb datum such that BLyeg (L, p) < co. Then there exists v > 0 such that the
following holds. For all € > 0, there exists a constant C. > 1 such that the inequality

k P; k Pj
[ IS | <cmnTI( 3 len)
Qr j=1l1;€T, J=1 My €eT,
holds for all R > 1 and 0 < XA < R, whenever the T; are countable collections of
infinite slabs of width A whose core n;-dimensional planes are, modulo translations,
within a distance v > 0 (in the Grassmannian sense) from the fized subspace X; =
ker Lj, and (cr,)r,er, € (1(T;) for 1 <j <k.

We let ||oo := maxi<g<m || for x = (z1,...,2,) € R™, and we say T' C R" is
an infinite slab of width r > 0 if

T={zxeR":|Lr —v|w <1}

for some linear surjective map L: R” — R™ and v € R™. In this case, the affine
subspace V := {z € R" : Lz = v} is called the core plane of T. We note that endpoint
variants of Theorem 2.6 can be found in [19, 20]. The case in which dimker L; =1
for all 1 < j < k corresponds to the k-linear Kakeya inequality from [9, Theorem 5.1].

We remark that there are some differences between the statement of Theorem 2.6
and that of [14, Theorem 1.2].

e Theorem 2.6 is a rescaled version of [14, Theorem 1.2]. The parameter ¢ in [14,
Theorem 1.2] corresponds to A/R in Theorem 2.6.

e The coefficients (cr;)r,et, are taken to all be 1 in [14, Theorem 1.2]. How-
ever, the result for general coefficients follows from a standard approximation
argument; see [9].

e Theorem 2.6 is stated in terms of BL,eg (L, p) whilst [14, Theorem 1.2] is stated
in terms of the exponent

V<Rn

k
a(L,p) := sup <dim(V) - ij dim(ij)>,
j=1
where m;: R" — R" is the orthogonal projection onto the subspaces (Xj)J-
for 1 < j < n. To relate the former to the latter, one observes that the hypoth-
esis BLyeg (L, p) < oo implies &(L,p) = 0. Indeed, kerm; = X; = ker L; and,
given any V' < R”, it follows from rank-nullity as in (2.3) that dim;(V) =
dim L;(V) for all 1 < j < n. Consequently, &(L,p) = a(L, p) and the desired
implication follows from the characterisation (2.2).

3. Fourier extension preliminaries

3.1. Parametrising the neighbourhoods. Let S = (Sy, (S;)j_;) be a nested fam-
ily of submanifolds of R™, with Sy = 3¢(Uy) a do-dimensional submanifold of R™. As
in §1.3, we have a family of open neighbourhoods U, C R% of the origin, with dy, =
dim(Sy) satisfying d, < --- < di < dp, and parametrisations vp: Uy — Up—_q for 1 <
¢ < r satisfying 7,(0) = 0 such that

S¢ =3¢(Uyp), where ¥y :=Xgoay for op:=~;0---07.
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Each set My := 0,(U,) is a dy-dimensional submanifold of R% and S, = ¥o(M;). We
define

my = codim(Sy|Se—1) = dp—1 —dy and ¢ := codim(S;|Sy) = do — dy

for 1 < £ < r. Often we drop the subscript 0 and write S := Sy, d := dg, ¥ := Yo,
and U := Uy.

We begin with some (unfortunately rather technical) definitions which allow us to
work inductively with the nested framework of Theorem 1.6. With the above setup,
we may define

Mk,[ = ’Yk,Z(UZ) C Ui, where Yl = V410 OYp fork+1<¢<r,

so that each My is a smooth d,-dimensional submanifold of R4 . Recall that the
support conditions in Theorem 1.6 are defined in terms of neighbourhoods of the
submanifolds M, and note that M, = My, with the above notation. In order to
argue inductively, we shall work more generally with neighbourhoods of the M ,
for0<k</.

To describe the neighbourhoods of the Mj, ¢, we introduce a family of parametrising
maps @, o. Given 1 < ¢ <r, welet Gy: Uy — Mat(R, dg—1 x my) denote a (dg—1 xmy)-
matrix-valued function such that the columns of Gy(sg) form an orthogonal basis
for Ny, (s,)Me—1,0 C Up—1. Let [io > 0 be an admissible parameter, chosen sufficiently
small for the purposes of the forthcoming argument. Given 1 < k < ¢ < r, throughout
the following we write

14

Vie =[] (=fosie)™ and my = (asa,. - me) for my g € Vis.
t=k+1

For fixed 1 < ¢ < r, we recursively define maps ® ¢: Uy x Vi o — Uy for 0 < k < ¢,
where we interpret U, x V¢ as Uy, by setting ®,: Uy — U, to be the identity map
and then defining

(3.1) Dp_10(se:Mp_1.0) =Tk © Pre(56: My o) + Gr © P (503 My )i

for 1 < k < ¢, where here n;,_; , = (x,M,) and 1, , is a null variable. Since each
set vx(Ug) is, by hypothesis, compactly contained in Uy_1, provided fi, > 0 is chosen
sufficiently small, the maps @, ¢ are well defined and indeed map into Uy. By a simple
induction argument,

(3.2) . 0(50;0) = Yr,e(50),

where vy := Idy,.
We may equivalently write (3.1) as

(3.3) Pr—1,0(503Mp—1,0) = Pr—1,k(Pr,e (65 My 0)5 M)
Iterating the above observation, we shall derive the following formula.
Lemma 3.1. For all0 <k <{<r, s, €Uy, and ny, € Vi, we have
(3.4) @y (81 nk,r) = Oy o(Prr(5r; W,r)§ m,e%

where we have written ny . = (M. 4, My,.)-

Proof: The case when k = £ = r is trivial. Now assume, by way of induction, that
(3.4) holds for some 1 < k <r and all £ € N such that k < ¢ <.
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We shall show that

(3.5) Pr1,0 (83 Mp—1,0) = Pr1,0(Per (51510, )5 Mi—1,0)

holds for all k — 1 < £ < r. If £ = k — 1, then this result is a trivial consequence of
the definitions, so we assume k& < ¢ < r. By (3.3), we deduce that

(3.6) q)k—l,r(sr;"?kfl,r) = Qp—1,k(Pr,r (513 "lk,r)§77k)'
Our induction hypothesis then implies that
(3.7) Cr 1 (5riM—1.0) = Pt b (Pt (Lo (75100 )3 M) M) -

Applying (3.3) again, here with s, = @y ,.(s,;1,,.), then yields

(3.8) Qp—1 k(P (Lo (57310, ): M 0)s k) = Pre—1,e (P (Sr5 700, )i M 1,0)-
Combining (3.6), (3.7), and (3.8), we obtain (3.5), which closes the induction. O

For each 1 < k < r, the derivative s, Pr—1,1(5; k) [ne=0 = [0s7%(s) Gr(s)] has
full rank over all of Uy. By the inverse function theorem, provided i, > 0 is sufficiently
small, there exist open neighbourhoods of the origin Wi, C Ui, 1 < k < r, such
that the restricted maps ®p_1 : Wi X (—fio, fio)™ — Wjy_; are diffeomorphisms.
Note that the sets W; appear in both the domain and codomain of these restricted
mappings. This ‘compatibility’ can be achieved by repeatedly pruning the sets arising
from direct application of the inverse function theorem; we leave the details to the
dedicated reader. By iterating (3.3), the same is true of the restrictions

(3.9) Dy o0 Wy x Vk,é = Wi, 0<k</i<nr

We later refer to these restricted mappings as the diffeomorphism chain for S.

Let C, > 1 be an admissible constant, chosen sufficiently large for the forthcoming
purposes of the argument, and define p, := Co o/ 8/20. We later refer to this quantity
as the threshold width for S. Given p = (u1, . . ., ) with maxi<p<, pte < Cofto, define

the set
¢
. k() =Pp o(WexXEg ())& Wi, where g (]):= - ggﬂta gglit
(3.10) Qo o(p) 1= Ppo o (WixPy ¢(p)) C Wi, where Py (i) [—CY 8, Y8
t=k+1

The following lemma tells us that the ®j, ¢ can indeed be thought of as parametrising
the (anisotropic) neighbourhoods of the submanifolds M ;.

Lemma 3.2. Provided C, > 1 is chosen sufficiently large,

14 £
(3.11) m ./\/’kaJﬂWk - QI@Z(N) - ﬂ NCoka7tﬂWk
t=k+1 t=k+1

holds for 1 <k <{<r and = (b1, ..., pe) such that 0 < g < -+ < pp < Copto-
When k = ¢, the left- and right-hand sides of (3.11) are understood to equal Wj.
For p > 0, it is convenient to write

J4

(3.12) Ne(psp) == (1) Nop Mrp N Wi,
t=k+1

so that the left- and right-hand sets in (3.11) correspond to My, ¢(; 1) and N ¢ (g5 Co ).
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Proof of Lemma 3.2: For the purpose of this proof, we shall rescale p and temporarily
redefine Py o(p) = Hf:k+1[—pt,yt]m‘. Let C > 1 be a fixed constant, chosen to
satisfy the forthcoming requirements of the proof. Fixing 1 < ¢ < r, we shall show
that, under the modified definition,

(3.13) Mo ) € Qo) € Ny o(ps; pr)  for  py := CF
holds for all 1 < k < £, using induction on k. Once this is established, we may simply
take C, > C®" and replace p with Ci/ gu to conclude the desired result. The claim

holds vacuously for k = ¢, which acts as the base case. Now let 2 < k < ¢ and suppose
(3.13) holds for this value of k. It suffices to show

(3.14) M 1,0(15C ) € Qemre(p) € Mi,e(s; Cpi).-
For p > 0, define the auxiliary sets

14

Nieo1o(psp) = My 1k 0 () Nope Mi—10 0 Wiy
t=k+1

The proof of (3.14) can be reduced to showing
(3.15) M—r,e(1:2C ") € () € Mo (p3 27 Copye).

We establish this reduction in two stages.

Assuming the first inclusion in (3.15), we show the first inclusion in (3.14). Let
rE€Np_1.0(1; C‘lpgl) and note, since € Wj_1, that there exists se Wy and i, _, , =
(k> Mke) € Vi—1,0 such that

(3.16) &= @p_10(8iM_1,0) = T © Pre(5574 ) + G © L1 )01
where we have used the recursive definition (3.1). Observe that:
o 0 := 7,0 Ppp(s;mp ) € Mi—11 and zg = Pp—1.0(5;(0,my 4)) € Wi_1;
LIRS J\/‘C,lpzlka,l’t for k <t <¢;

o & —xg=GroPr(s;my )1 € NogMp—1,-

We therefore conclude that |z —zo| = |[nx| < C~1p; " pg. By the ordering g < -+ < .
and the triangle inequality, xo € NQC,lpzlka,l’t for each k < t < ¢, and hence

S ‘jvtk,l’g(u;20’1p,:1). The first inclusion in (3.15) therefore implies that zg €
Vi (. e(p)). By the definition of zy and the injectivity of 7y, we therefore deduce
that @, ¢(s;my0) € Qe(p). By the injectivity of @, and the definition of €, ,(u),
we further deduce that 1, , € Py ¢(pt). Since we have already shown |nx| < g, we
conclude that n;,_; , € Py ¢(pt). Thus, (3.16) implies 2 € Q4,1 ¢(pt), as required.

Assuming the second inclusion in (3.15), we show the second inclusion in (3.14). Let
x € Qp_1,0(p), so that x = @y _q ¢(s;m,_1 ) for some s € Wy and ny,_; , € Pr_1,¢(p).
For xo := 7 o @y ¢(s;my,,) as before, we automatically have |z — zo| = |nx] < g
Furthermore, zy € 74(Qk,¢) and so (3.15) implies that z¢ € Y?tk_u(pl;Q_lC'pk). By
the ordering of p and the triangle inequality, provided C' is chosen sufficiently large
we have z € My_1 ¢(p; Cpy), as required.

It remains to verify (3.15). Let = € ‘)N’tk,l,g(u; 20’1p;1). Since z € My_1 xNWi_1,
there exists some s, € Wy, such that © = 7y, (sg). On the other hand, fixing k+1 <t <
¢, there exists some & € Mjy_1 4 such that |z — Z| < 2C_1p,;1,ut. Moreover, & = v, (5k)
for some 5 € M. We therefore have |vi(sx) — v.(8k)| < 2C*1p;1ut. Since the
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parametrisations vy, are regular, provided that C' > 1 is chosen sufficiently large, it
follows that |s, — 5| < p,?l,ut. This implies that s; € Np; ., Mp,+. Since this holds
for all £+ 1 <t </, we have shown

Mi—1,0(12: 20 Lo ) € (Mo (1t 05 ) S e (D (),

where the last inequality is due to the induction hypothesis (3.13).

Now suppose = € v, (Q¢(p)). Using the induction hypothesis (3.13) again, there
exists some s, € Ny o (15 Cprt1) = Nk e (5 pi) such that & = v, (sx). Fixing k+1 <
t < ¢, it follows that s € N, ,,, My N W}, and so there exists § € My ¢+ such that
|skg — 8| < prpt- By the mean value theorem, provided C' > 1 is sufficiently large,
|7k (sk) — vk (Sk)| < 27 Cprpur. Since yx(Sk) € My_1,4NWjy_1, it therefore follows that
T € N2—1Cpkka71,t N Wy_1. Since this holds for all £+ 1 <t < ¢, we have shown

Vi (e (18)) S Y (Mo (15 1)) € M1, (p5 27 Cpie),
which concludes the proof of (3.15). O

i

Define My, ¢(p) := M o(pe3 1) and N, () := Ny ¢ (p; Cs), where Cs is the constant
appearing in the statement of Lemma 3.2.

Corollary 3.3. Let 0 < k < { <r, and define the sets
Qe (1) = Pp oMo (1) X Pro(p))  and  Qp, (1) i= Pp oM, (1) X Pro(p))-
Then
(3.17) M () €y () and Qg () SO (1)
for all = (p1,...,pe) such that 0 < pg < -+ < pp < Colio.
Proof: The formula (3.4) implies that
Qe (1) = Pre,e(Qe,r (1) X P e(p))-

The set inclusions (3.17) then follow from several applications of Lemma 3.2. In par-
ticular,

Mo (1) € Qi (1) = P o (e (1) X Pro()) S o (N, (1) X Pree(p)) = Q4. (1),

and similarly

Qe (1) = Pree(Ner (1) X Pre(p)) C Pre(Qur (1) X Proe(p)) = Qe () S 9, (1),

as required. O

3.2. Slice formula. Continuing with the setup from §3.1, let Es be an extension
operator associated to S with amplitude a € C2°(U) chosen to have support in the
open set W := W,. Suppose f € L?(S) satisfies supp f C NS so that, by Lemma 3.2,
we have supp(f - a) € Mo e(p) C Qoe(p) for 1 < ¢ < r. Applying the change of
variables

[OPRES ‘I)()’g: W, x Vo’g — VV7

and setting Py(p) := Py e(p), we obtain
(318) Bsfe) =0 [ g g oy (@) dn
e

where fyn(s) := f o ®4(s;n) and Eg, ) is an extension operator associated to the
d¢-dimensional submanifold Se(n) := X ,(W;) for

Tom(s) =Zo0®(s;m) —Xo®e(0;m) for s € Wy and n € Po(p).
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In particular,

(3.19) Es,n)9(x) :(/‘ e Een(S) g(s)ap n(s) ds

We

for agp(s) == ao ®y(s;n)C~1J,(s), where Jp(s) denotes the Jacobian factor arising
from the change of variables and C' > 1 is an admissible constant, chosen to ensure 0 <
agm(s) <1 forall s € Wy.

By Corollary 3.3, we have supp(f - a) C 9M¢(pt) C Q&’T(u), and so

(3.20) supp(fe,n - aem) ‘JIZT(/J,) for each m € Pp(p).

We refer to (3.18) as the slice formula for Eg f. We observe the following properties
of the slice formula:
e Si(0) =X o0,(Wy) C Sy is a codimension 0 submanifold of S,.
e Since f € L?(S), we have that f,, € L?(S;) for almost every n € Py(u). Fur-
thermore, by (3.20), we have

(3.21) supp(fe,n - @em) € Nmin{CoppopoySe forall £4+1 <k <r,

where the minimum is guaranteed provided p(Eg) is sufficiently small.

Here we are using the support (abuse of) notation introduced in §1.1.

3.3. Local constancy of the slices. Inequalities such as (1.5) are local in the sense
that the left-hand L% -norm is localised to the cube Qg := [—R, R]". Consequently,
by the uncertainty principle, we should expect our functions to be locally constant at
scale R~! in frequency space. In particular, continuing with the setup of the previous
subsection, it should be possible to remove the dependence on 1 in the Sy(n) when
n € Py(p) for p= (p;)i_q with 0 < pg <--- < pp < R7L

To implement the locally constant property rigorously, we go back to our formula
for Eg,(,) from (3.19) and suppose jy = max;<g t; < min{R~', Copo}. The phase is
given by

T Ypp(s) = Spo(s) +a-E(s;m),

where, by the mean value theorem, &£(s,n) satisfies |€(s;1)| S [N]oo S R~ forall s €
suppag,, and all § € Py(u). Thus, for x € Qg, the function e €(sin) ig essentially
non-oscillatory and can therefore be removed. More precisely, letting C' > 1 denote a
large, admissible constant, by power series expansion

(s (iICR txj)% , aj
girelsm) — 5 H (CR™ z;)% (C 'RE;(s3m))*

aeNg j=1
For = € QRr, we may therefore write
(3'22> ES@ Z B ESZ ](aj)v
aeNy

where, provided C' > 1 is chosen sufficiently large,

n

ap(s) = arq(s H C~'RE;(s;m))™

j=1
satisfies |ag(s)| < 1, and

ﬁ (iICR™! ,Tj and by — ﬁ O

a;!
j=1 j=1 7
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satisty |Ba ()| < by, so that ZaeN{; |Bo(t)] < e™C. Here the extension operator Eg,

is defined as in (1.1), with an implicit amplitude a chosen so that (3.22) holds. In
particular, we choose this amplitude such that it is identically 1 on the support of ag
and with support contained in Wy. Thus, by Cauchy—Schwarz,

(3.23) |Esym9(@)* S Y balEs,lapg)(@)]?, =€ Qr.
aeNg

Since the sequence b, decreases rapidly, (3.23) effectively bounds |Eg, ) g(x)| by
|Es,g(x)|, and therefore is a rigorous interpretation of the locally constant property.

3.4. Wavepacket decomposition. Here we construct a variant of the classical
wavepacket decomposition adapted to our nested geometry.

The derivative of ®,. We first compute the differential D®|,.q), which is a d x
d matrix. By first applying the chain rule to the recursive formula (3.1), we have

) = DVklvyo o) D®Pr el (5:04.0) <

foralll < k< (<7, s¢eUy,v € R¥ and Wi—1,0 = (W, Wge) € R x R,
Here we have used (3.2).

Let 050¢(s) denote the Jacobian matrix of oy at s and By ¢(s) € Mat(R,d x my)
denote the composition of matrices

Uy
WEi—1,0

Ve
Wk,e

(3:24) DOi1 flwon 1 ) ( )+Gk<vk,e<s>>wk

Bk,e(s) L= D71|'y1,z(8) 0---0 D,yk—1|7k—1,£(5) o Gk(vk,@(s))
= 050k —1(Vk—1,0(8)) G (Vk,e(5)),

for 1 < k < ¢, where here By 4(s) := G1 071 ,4(s) and the second equality is due to the
chain rule. Furthermore, let By(s) € Mat(R, d X ¢¢) denote the block matrix

(3.25) Bg(s) = [BLg(S) 3274(8) Bg}g(s)] .
With these definitions, repeated application of (3.24) yields

¢
(3.26) Doy (5,0 (:\é) = Oso0(8)ve + Z By, o(s)wi, = 0s0¢(s)ve + By(s)wy
k=1

for s € Uy, vy € R%, and w, € R¥9 Let b;¢(s) denote the jth column of By(s)
and Vi ¢(s) :=span {b1 ¢(s), ..., b, ¢(s)} for 1 < k < /. By the non-degeneracy of the
parametrisations,

(3.27) 2L (bie(s)l 1, [Vie(s) Aoy Mi| 21

forall 1 <k</l<r 1<j<c,andseU.

Anisotropic decomposition. We continue with the nested family S = (S, (S¢)j_,)
from §3.1. Let R > 1 and suppose p = (1, ..., ) with R71 < py <o+ < iy < plo.
Note that the upper bound is slightly stronger than that appearing in the setup in
previous subsections, whilst the lower bound corresponds to the regime in which we
do not have access to the local constancy property (3.23). Set

minﬁRl/z’” —1 if £R1/2 7&@,

£R1/27N::{1 <e<r: ,UZ>R_1/2} and ﬂRl/Q,H:: {’I’ otherwise
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so that if Lpi/2,, # (0, then Lpij,, = {(Rm# +1,...,r}. For ease of notation in
this section, we set £, := lg1/2 ,,. We define a d x d diagonal matrix
pl,, - 0 0
DRl/z = K : : s
e 0 SRTT 0
0 e 0 R121,.

where d, = d — Zﬁ;l me = dim(Se, ). Finally, for B,(s) as in (3.25), define the
d x d matrices

0
(3.28) Ay(s) = |:B@(s) E;;(S)] ., s€ Wy,
which, by (3.27), are invertible for 1 < ¢ <r, and let
CY2A, (s)o D if1<t, <r,
(3.29) Aru(s) =14 "1, t.(s)oDpijzy, i1 <L <7
C./*R™Y2], if ¢, =0,

noting that Dpi/2 , = R™/21, in the ¢, = 0 case.
Define a grid of points
Lru(S) = RT22% 09y, . (1;2Cs),

where My, - (p;2C;) is as defined in (3.12) and C, > 1 is an admissible constant,
chosen large enough so that the conclusion of Lemma 3.2 holds. We form a covering
of

N (p) :=Nor () =Ny MiN---NN, M, "W
by parallelepipeds. Let ©r ,(S) denote the family of all parallelepipeds of the form
(3.30) 0 =ug + Ap([~1,1]%), where ug := oy, (sg) and Ag := Ag ,.(s6)
for sg € I'r,u(S). Here og :=1d.
Lemma 3.4. Provided C, > 1 is sufficiently large, the following properties hold:
(a) The collection O ,(S) forms a cover of M, ().
(b) The scaled parallelepipeds {4-0 : 60 € Or ,(S)} are finitely overlapping.
(c) 4-0NW CN.(C2p) for all € Op ,(S).

Proof: If ¢, = 0, then the Og ,(S) is a standard covering by R'/? cubes, and the
desired properties are immediate. We therefore assume 1 < £, < r.

(a) By Corollary 3.3, it suffices to show that © g ,(S) forms a cover of QJ@,r(“)' Fix
x € Qg’e*’r(u) so that

x=Doy,(s;m) = Py, (s;m) for some s € ‘ﬁzyr(u) and n € Py, () = Pr, (p).

Since M (1) = Ny, (115 Cs), there exists some sy € T, (S) such that |s — 55| <
R~'/2. The problem is therefore reduced to showing ®,, (s;1) € 6, provided C, > 1
is sufficiently large.
For ug := 0y, (s9) = Py, (s9;0), write
Dy, (s5m) —ug = By, (so)n + 9500, (s0)(s — s9) + Eg(s3m),

where

(3.31) Eo(s;m) == Py, (53m) — 00, (s0) — 0500, (50)(s — s0) — B, (s9)7-
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By combining the definitions (3.28), (3.29), and (3.30), we have
Oy, (55m) —up = Ag(€+¢),  where ¢ :=(Ag)™ Eg(s5m)
and
—1/2 _
&:=C, / (DRl/Q’”) 1 [s T,s(,] € [—1/2,1/2]d;

here we are assuming that /8 > 2 and using the definition of Py, (). Since py <

R™Y2 for 1 <k < £,, by (3.26), (3.2), and Taylor’s theorem, we have
(3.32) [Eo(sim)| S Is = sol’s + Infe < /PR

Thus, since we also have py, > R~! for 1 < k < /,, we can ensure that ¢ € [~1/2, 1/2}d
provided that C, > 1 is sufficiently large.

Combining the above observations, ®;, (s;1) = ug+Ag(£+C), where £€+¢ € [—1,1]¢
and so @y, (s;m) € 0, as required.

(b) The finite overlap property is immediate. Indeed, if 61,6, € O ,,(S) are such that
4-61N4-60y # 0, then it follows that the corresponding centres ug, = oy, (sg,) satisfy
[ug, — tgy|oo < R™Y/2. Since oy, maps diffeomorphically onto its image, we conclude
that |sg, —59,]00 < R™'/2. But for 6, fixed, this is only possible for O(1) choices of 6y
since the sp, lie on R~1/2 separated points.

(c) Fix 0 € O ,(S) with centre ug = oy, (s9) for some sg € I'r ,(S).

Let £, +1 <t < r so that sy € Naoc,u, My, +. Thus there exists some sg¢ € My, ¢
with |sg—sg.¢| < 2C5p. Consequently, |ug—ug | S Copte, where ug ¢ := oy, (Sg.1) € My
and so dist(ug, M;) < Copy. On the other hand, it is clear from the definition that

4-0 lies in a ball of radius O(Ci/QR*I/Q) centred at ug. Since ji; > R™/2 we conclude
that

(3.33) 4-0C () Nez M,
t=L,+1

provided C, > 1 is chosen sufficiently large.
We now consider 1 < k < ¢,. Suppose u € 4-0NW, so that, by the definitions (3.28),
(3.29), and (3.30), we can write
u =By, (s9)n + 0500, (s9)(s — s6) + 00, (s9)
for some 0 € Py, (AC* ) and s — sp € [—4C2/*R=1/2 4CY/* R=1/2]4 | Thus,

u= (s;m) — Ey(s:m),

where £ (s;n) is as defined in (3.31). Arguing as in (3.32), we have |E(s;n)| < CoR™1.
Since @y, : Wy, x Vy, — W is a bijection, we can write u = &, (8;7) for some § €
We, and np € Vy, := Vp o, . Taking inverses,

(5= sin—m) = ;. (Pe, (55m) — Eo(s:m)) — @y (e, (5:m)),
and therefore, by the mean value theorem, |7 — 1o < CoR™!. Since pup > R7!
forl<k<randne P, (4C§/Su), we have ) € Py, (Cop), provided Cs > 1 is chosen
sufficiently large. By the definition (3.10), we have u = ®,,(5,1) € Qoe, (Copt). Our
hypotheses ensure that Copy < -+ < Copyr < Copto, and so we may apply Lemma 3.2
to deduce that u € N (Cop) = Ny, (C2p). Thus,
(3.34) 4-0NW C Ny, (C%u)

and combining (3.33) and (3.34) concludes the proof. O
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Definition of the wave packets. Let ¢ €~C§°(Rd) satisfy 0 <4 < 1; ¢(u) = 1 if
|u|oo < 1 and ¢(u) =0 if |u|eo > 2. Define ¢(u) := 1p(u/2), so that i) = . Given
0 € Oru(S), let

Vo) = (Mg (u—up)) and  y(u) = D(AG" (u = up)).
Thus, ¥y(u) = 1 if u € 0, suppipy C 2- 0, suppthy C 4 -0, and Yoty = 1. By
Lemma 3.4(a) and (b), we have

1< Z Yo(u) <1 for all u € N, ().
0€OR,L(S)

Now suppose f € L?(S) is smooth and satisfies supp f C N,S. This abuse of
notation translates as f € C°(U) with supp f C N, (u), provided we also assume
supp f € W. Under these conditions, we may write

f= Y fove, where f € C(U) satisfy |fo(u)| < |f(u)] for all u € U.
0€OR, . (S)

Letting A, ' (Z%) := {A; "m :m € Z?}, define
Tru(S) = Oru(S) x Ay (Z%) and Tru(S;0) := {0} x A, " (Z%)

for all 6 € O ,(S). By rescaling and applying a Fourier series decomposition,

fy=" > foulw) and (fovo)w)= > foulu)
(0,v)ETR,u(S) (0,0)ETR,u(S;0)
for each 6 € O ,(S), where
fo.0(u) = (2m) % det No| ™ (foro)~(v)e™ “tg ().

Here (fo1g)~(v) = [a €™ (foto)(u) du is the Fourier transform of faipg evaluated
at v.

Basic properties of the wave packets. We identify three key properties of the
above decomposition:

Orthogonality. Parseval’s identity for Fourier series and Lemma 3.4(b) give

2
Z f@,v

O0)eT

S D Iewllieee S 1172
L2RY)  (pv)eT

for any collection 7 C Tg u(S).

Spatial localisation. Recall Xy, :=% o gy, and Sy, =Xy, (Up, ). Given € >0, let &5 :=
€/(100n) and define the slabs

(3.35) Ty :={x € R : (020, )(s0) " @ + |00 < RY?T50},  wp := (D500, )(59) v

for all (0,v) € Tr,u(S). Let ug be as defined in (3.30). Observe that, by the chain rule
formula

(0550, )(0) = (0uX)(ug) o (9s0¢,)(s0)
and the definition of Ag, we have Ty, C Tj ., where
(3.36) Ty = {2 € Qr : |A] ((0u3)(ug) @ + v < R%}.
Denote the collection of all slabs of the form (3.35) by
(3.37) Tru(S) ={Tpu:(0,v) € Tru(S)}
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and, for each T'= Ty, € Tg u(S), write fr := fp . A standard integration-by-parts
argument then shows that

|Es fr(2)| Sne | Bs fr(@)xr(@) + RN fll 2w
for all z € Qg and all N € Ny, where Eg has amplitude a supported in the open

set W. Indeed, we have a stronger estimate with xr replaced with x 7 for T" as defined
in (3.36), but, for our purposes, we only require localisation to the larger slab T.

Preservation of support. With the above setup, for C2p = (C2pu,)y_,, we have
(3.38) supp fr "W CM,.(C2p) for all T € Tr ,u(S).

Indeed, this follows from Lemma 3.4(c) after unravelling the notation and noting that
supp 1;9 C 4 - 6. The localisation (3.38) is the key advantage of the above anisotropic
wave packet decomposition, as opposed to the regular wave packet decomposition
used, for instance, in [9, 6], and is crucial for the forthcoming induction-on-scales
argument.

4. The recursive scheme

Throughout this section, we fix 2 < k < n and
¢ =((S)j=1-a) with 8= (S;,(Sj.0¢L,)

a transverse ensemble in R™ of codimension (m(j,));.. We apply the observations
of §3 to each of the nested families of submanifolds &;. In particular, for 1 < j < k
we let <I>§€] %: Wg(j ) % Vk(]@) — W,Ej ) denote the diffeomorphism chain and ugj ) > 0 be
the threshold width for S;, as defined in (3.9) and on page 144, respectively. We let

e mind,, @) (k)
to :=min{ue 'y ..., us '} > 0.
4.1. A reformulation. Given R > 1 and u:(uj)g?:l with p; := (1j,0)y, a com-
patible family of scales for &, set

Lru(j) ={1<<rj:pje >R}
and
N min L, (j) =1 if Lr () # 0,
ER,;L(J) T .
T otherwise,

so that if Lg ,(j) # 0, then Lg ,(j) = {€ru(j) +1,...,7;}. We then set
(4.1) Sij = SjJ?R,u(j) and Uj’R = Uj,éR,u(j)v 1< <k,
where S0 := S; and U; o := U;; note that S; r and Uj r also depend on p, but we
suppress this for notational simplicity. Consider also the restricted nested family of
submanifolds S; r := (S r, (Sj.0)eecn () for 1 <j <k

We let p, > 0 be a constant, chosen sufficiently small for the purposes of the

forthcoming argument. In particular, we assume B(0, po) C Wéj ) for 1 < j < k. For
all R > 1 and p as above, let S(R; ) denote the smallest constant C' > 1 for which
the inequality

k k
(4.2) /Q 1 1Es, . fil% < CCrlw) H1 1£ill 2w, )
i

R j=1

holds for

(4.3) Cr(p) ;:H H (1g.0) 0% /2

Jj=1 £€£R,;L(j)
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whenever p(Es, ) < p?ieR"‘(j) for 1 < j < k and the f; € L?(S; r) are smooth,
compactly supported and satisfy

supp f; € Ny, ,Sj¢ forall £ € Lg u(7).

Since f; € L?(S; r), the reference manifolds here are S; g, and we understand Mjﬁe(Sj,g)
as the neighbourhood in R4™(%5.7) of the submanifold Vjlrpujy+1 OO Y5,0(Uje). If
Lr.(5) = 0, then the product over £ € Lp ,(j) in (4.3) is interpreted as equal to 1.
We also define
R(R) == sup NR(R;p),
Mg e <po

where the supremum is taken over all compatible families of scales p = () ?:1 for &
with p; = (,U,jyg)Zil satisfying 0 < pj, < po for 1 <€ <r;, 1 <j<k.

Our goal is to show that, for all € > 0, the bound R(R) <. R holds for all R > 1.
From this we shall deduce Theorem 1.6; see §4.3. We further reformulate our goal
as follows. Let pu be a compatible family of scales for &. We first observe a trivial
estimate for R(R; i), by bounding the left-hand side of (4.2) in terms of the L>°-norms
of the |Es; . fj| and applying a Riemann-Lebesgue-type argument to arrive at an
expression involving the L' norms of the fj- We can then pass to L? norms using
Cauchy-Schwarz, taking advantage of the localisation of the supp f;, to deduce that

(4.4) R(R; pu) S R for all p compatible with &, and so R(R) < R".
Thus, the upper exponent
. log R(R)
4.5 < i= limsup ————~
(4.5) Texp = im sup =2
is a well-defined real number which satisfies 7exp < n. To prove Theorem 1.6, it shall

suffice to show 7exp < 0.

2. Uncertainty principle reduction. As a manifestation of the uncertainty
principle, (R; p) automatically bounds a wider variety of multilinear expressions.
In what follows, we let C'; > 1 be an admissible constant, chosen sufficiently large
for the purposes of the forthcoming argument and so that the conclusions of §3 hold.
Let p = (uj);?:l be a compatible family of scales for &, with p; = (15,0)7-, and
0 < pje <o for 1 <€ <7y, 1 <5< k. We define i = ([l,j)";:l with fi; = (ﬂjyz)zil
for fije := min{CZpj e, pio}, 1 <€ <75, 1< j<k.

Lemma 4.1. Let R > 1 and Lr x(j) € L£*(j) € {1,...,r;} for 1 < j < k. Suppose
that whenever £ € L*(j) and £ < ¢ <r;, we have I’ € L*(j). Define

. min £*(5) — 1 4f L*(j) # 0,
() =
T otherwise,
so that if L*(j) # 0, then L£*(j) :{E*(' +1,...,7;}. Set
S5 =8 and U Gy for1<j<k.
If p(Es:) < pb "9 for 1 < j <k, then

(4.6) / H |Es: £ < R(R; 1) H H (g, 0)™ Z)WH [FEl e

Qr j=1 J=1eelx(j
holds whenever the f; € LQ(S;) are smooth, compactly supported, and
(4.7) supp f; € Ny, ,Sje for all £ € L*(j).
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Proof: Let Jrp :={1 < j <k :0(j) =Llru(j)} and J* := {1,...,k} \ Jg, so that
Sy = S; g for all j € Jr and £*(j) < €gr,p(j) for j € J*. Provided p, > 0 is chosen
sufficiently small, we can apply the slice formula (3.18) to the pairs S} and S; r(n)
for 5 € J* and we have, by Cauchy—Schwarz,

(48) /. [L1es: 5o < T1 T (0095 2108 ),

Qr j=1 JET* LEm;
where m; = {*(j) +1,...,¢r (j)} and
a;/2
)= [T 1Esun@ I1 ([ iBsumbn@Pan)
R jeTr jegr N Pilk;

for
Pi(py) = [ =C e, O3 ¥y ™30 for j € J*.
femj
Here, for an appropriate map ®7 satisfying ®3(0;0) = 0, we have

fim(s) == fjo @;(s;n) for j € J*.
Explicitly,
(4) (4) @) (4)
7= Py ) Wenat) X VoGt 7 We Gy
Observe that £*(j ) = Lri(j) Umy for 1 < j < k, where the union is disjoint and
; = () whenever j € Jg.
leg € J* so that *(j) <{g z(j). By the definition and the ordering of the (4;,¢);”,,
we have
{(1<e<rj: e <R} ={1,... . lra(i)}
and so ;¢ < fij o < R~ for all £ € m;. Consequently, given g€ C°(U; ), from (3.23)
we have
(49) B baii)| s, alagy 0@, n € Pi(w;), o € Q
: SJ R("T Ot[]] SJ R 777 g ) n J iu’] , L R
j1eNg

where the aj GCOO( i, R) satisfy |aa[] (s)] <1 and by := [, 2[7] for an admis-

sible constant C>1.
For each 1 < j < k, define the Hilbert space H; := LQ(Pj(uj)) and consider the
Hj-valued operator Eg, ,, given by the mapping

Es, »8;(%) == (Es; z9jm(2))n, M€ Pj(u;), z €R",
where g; := (9j,n)n € L*(Uj r; H;). Observe that, by Fubini’s theorem, for any x € R"
and h; € H;, we have
<ESj,jo (x)’ hj>Hj = ES_;’,R(<gj(')v hJ>H7)($)
Hence Eg, , coincides with the Hj-valued extension of Fg, ., as described in the
appendix. Letting x := #J*, we write o = (a[j])jes- for a € (Ng)"~, £ := (f5%,)n

with f7%, = Q[J]fJ,, Using this notation, and applying (4.9), we have
) q;/2
1w 5 [T Bsutior (X balBsatwlh,)
(410) R jeTn JET* NaljleNn

s > Il WQ/ I1 1Bs, o f5@)® [T IBs, o£7 @)1, dr.

aE(N")"]EJ* R jeTr JET*

Here the last inequality follows by the nesting of the ¢2/% and ¢' norms for 2/q; > 1.
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If j € J*, then, provided p, > 0 is chosen sufficiently small, we have p(Es; ;) <
s 1,D(Es;). Our hypotheses therefore ensure

p(Es; 0) < pston "V < om0 for je g7,

since 0 < po < 1 and lg 5(j) > £*(j) + 1. Note also that L 5(j) € L*(j) and that,
by (3.21), the functions f;,, are in L*(S;r) for almost every n € Pj(u;) and are
supported in Ny, ,S;¢ for all £ € Lg (7).

In light of the preceding discussion, we can apply the inequality (4.2) featured in
the definition of R(R; f1) to the extension operators Eg; , and the functions (f;);je7x,
(fﬁ‘nj)jej* as defined above. Moreover, the inequality (4.2) can be lifted to a vector-
valued variant using a multilinear extension of the Marcinkiewicz-Zygmund theorem
(see Proposition A.1). Combining these observations,

/Q H |E5j,Rfj(x)|qj H HESj’Rff(x)”(Zj dz
R

JEITR JjET*
(4.11) b
R [T I (w99 1T 1605 TT IIE L 119
J=10eLpr 5(j) JEIR JET*

Here we have used the fact that fij, < C2u; for all 1 < j <k and £ € Lg z(j)-
alj]

By the pointwise bound for the a] -

and a change of variables,

1/2
||||f;‘||Hj|2=(/ T zdm) <fille forje g
Pj(p;)

Combining this with (4.11), we obtain

/Q I 1Bsnfi@l® T 1Es, £ @I, d
R

JE€EIR JjET*
H I (e m”“J/QHHfJn

j=1¢eLlp u(])
We apply (4.12) to bound the right-hand side of (4.10), noting that the se-

quence (bgf/ 2)a€N6L is (absolutely) summable. Combining the resulting inequality
with (4.8), we deduce the desired bound. O

4.3. Recursive step. Let p; := ¢;/2 and 1 < j < k. For R > 1, let R(R) be the
smallest constant C' > 1 for which the inequality

/Q H S erxn| <CR”/2H<Z |CT)

R j=11T;eT, T, €T,

(4.12)

holds whenever, for each 1 < j < k, there exists some 1 < ¢; < r; such that T; is a
countable set of slabs of the form

(4.13) T; = {x € R" : [(0s%;,)(s) @ —v| < RY?},

where 5,0 € R% with |s|o < po for d; = dim(S;,) and (cp,)1,er, € £1(T)).

Let p = (uj)le be a compatible family of scales for &, with p,; = (Mj’g);;;l and
0 < pje < po for 1 <€ < r;, 1 < 5 < k. Recall the constant C, > 1 and the
definition of fi from §4.2. Let fi denote the compatible family of scales which result
from applying the operation g — fi twice to p. Provided C, > 1 is chosen sufficiently
large, the following holds.
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Lemma 4.2. For alle >0, R > C%, and p compatible with &, we have
R(R; p) Se REAR(RY?; B)A(R).
Once Lemma 4.2 is established, Theorem 1.6 may be deduced as follows.

Proof of Theorem 1.6: We work with the fixed ensemble & introduced at the begin-
ning of the section. Without loss of generality, we may assume that our compatible
family of scales p = (p,j);?:l with p; = (115,0) 52, satisfies 0 < pj o < po for 1 < £ <rj,
1 < j < k. Indeed, otherwise we can pass to a (strict) subensemble .# of & (consisting
precisely of those S}, for which 0 < p1; ¢ < po holds) and the analysis is simpler. This
reduction can be formalised using an induction on the number of submanifolds in the
ensemble.

In view of (4.4), we can assume R is sufficiently large, namely R > C8. By the
hypothesis BLyeg (L(&"), p) < 0o and Proposition 2.4, we have that BL,eg(L(F), p) <
oo for all subensembles % of &. For € > 0, let v > 0 and C'# . > 1 be the constants
appearing in Theorem 2.6 for each datum (L(.%#), p), and set

Vg := min{rg : F subensemble of &} > 0,
Cg. :=max{Cgx . : F subensemble of &} < .

Provided p, > 0 is sufficiently small, the slabs (4.13) have core planes which are,
modulo translations, within distance 7¢ of the fixed subspaces ker 9,3; ¢, (0)T. Since,
by (3.2), any (9s%;,¢, (O)T);?:1 = ((9s04¢; (0))—'—(832]-(0))—'—)?:1 corresponds to L(.%)
for some subensemble .# of &, it then follows from Theorem 2.6, taking A = R/2,
that for every e > 0 we have &(R) < Cg R° for all R > 1. Combining this with
Lemma 4.2, for all € > 0 we have

(4.14) R(R; ) <c RER(RY?; 1) for all R > CS.

Recall the definition of the upper exponent 7ex, from (4.5), which, by (4.4), is a
well-defined real number. The inequality (4.14) implies that fexp < Nexp/2 and so
Nexp < 0. Thus, for all € > 0, we have R(R) <. R®. Let £L*(j) = {1,...,7;}, so that
*(4) =0, for 1 < j < k. Applying Lemma 4.1 with these £*(j) together with the
above estimate for R(R), the desired bound follows with pg := pZ. O

We turn to the proof of Lemma 4.2, which is a variant of an argument from [6, 9].

Proof of Lemma 4.2: Let € > 0 and, recalling (3.37), set
Tj:=Tru(Sir), 1<j<k

Using the notation in (4.1), the slabs in T; have width R'/2+%¢ where ¢, := £/(100n),
and their core planes are normal to the tangent plane to S; gi/2 = %; gi/2(U; gi/2)
at X; gi/2(s) for some s € U; gi/2: that is, they are of the type (4.13). Provided po > 0

is sufficiently small,

n_eR,u(j)_l

|s|so < p5 ' p(Es, ») < po < po, sincelp,(j)+1<r<n-—1

This observation will allow for an application of the bound £(R).
Let Qpi/2 denote a cover of Qi := [—R, R|™ by essentially disjoint cubes of side
length R'/2, so that

k k
(4.15) /QHESJ,Rfjqu'< > /H|Esj,Rfj|%.

R j—1 Q€Q, 12 7@ j=1
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Fix Q € Qpi/2. Provided p, > 0 is chosen sufficiently small, we can perform the wave
packet decomposition from §3.4. By the spatial localisation property,

|Bs, nfi (@)l Sne |Bs, wfiq@)| + RV fill2 for all N € No and z € Q,

where
S fir for T;[Qi={T € T; : TNQ+0}.
T;€T;(Q]

Thus,
k k k
[ TLBs il 5 [ 111 afsol® + B TL 1513
Q@ j=1 Q@ j=1 j=1

For each T' € T}, we have supp fjr, € B(0,po + 4 - R=/?). Thus, for large R, we
can guarantee that supp fj o C W(] ) By the preservation of support property (3.38),
provided C, > 1 is chosen sufﬁmently large, each f; o satisfies supp fj,o C Ncguj S;
Moreover, by the support properties of our amplitude functions, we may assume
without loss of generality that supp f;,o € Nz ;S for fi; as defined in §4.2.

Define £*(j) := Lg,u(j) and, since ;¢ > C fije > R7Y2[i; ,, note that

Lpe=(G) CLG)C (L., for L<j<h

RY/2,p

From the observations of the previous paragraph, the f; o satisfy the hypothesis (4.7)
of Lemma 4.1 with p replaced with 1. We may therefore apply Lemma 4.1 to deduce
that

(4.10 /] H|Es ral® SRR e TT el

j=1

where Cgr(p) is as defined in (4.3). Observe that, for our choice of £*(j) and p re-
placed with fi, the factors on the right-hand side of (4.6) satisfy

H (ﬁjvé)m(jl)qjﬂs H (um)m(j,l?)q]-/27

LeL*(j) teLp,u(d)

justifying the appearance of Cr () in (4.16). Here we have also used the translation
invariance of the estimates to recentre @@ at the origin.

Taking the sum over Qpi/» on both sides of (4.16) and combining the resulting
estimate with (4.15), we deduce that

(4.17) / T[ 155, 5l < AR ACHw S Lol

Qr j=1 QEQL1/2 j=1

holds up to the inclusion of a rapidly decaying error term. It remains to estimate the
right-hand sum in (4.17).
By the orthogonality properties of the wave packets,

f[lnfm H( > Ihml3):

Jj=1 “;€T;(Q]



158 D. BELTRAN, J. DUNCAN, J. HICKMAN

Furthermore, if 7 € T,[Q], then it follows that @ C T°, where T,° denotes the slab
with the same core plane as T; but with width scaled by a factor of 2. Consequently,

k ‘ 1 k
. G < _—
I Isal? 2 a L1

j=1
Summing this inequality over all Q € Qpgi/2 and combining the resulting estimate
with (4.17), we obtain

(4.18) /Q

up to the inclusion of a rapidly decaying error term, where we recall p;:=g¢;/2 for 1 <
J<k.
By the definition of the constant £(R) and the orthogonality of the wave packets,

> iz l3 - xre

T;€T;

) 4;/2
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Note that the slabs featured in the above displays (whose geometry coincides with
that of the slabs defined in (3.35)) are slightly wider (by a factor of R, where
€0 := €/(100n)) than those appearing in the definition of K(R). This discrepancy can
be dealt with using a simple covering argument, which accounts for the additional
R? factor on the right-hand side of the above inequality.

Combining (4.19) with (4.18), we obtain

k k
/Q T 155, f51® <o RERRY2 AR Crln) [ 112
j=1

R j=1

and therefore, by definition, R(R; p) <. RER(RY?; 1) R(R), as required. O

Appendix A. A multilinear Marcinkiewicz—Zygmund theorem

Let H be a separable complex Hilbert space and {e, }4c.4 be a choice of orthonormal
basis for H, where A is a countable set. Given any g € H, we may write

1/2
5= lge where Lol = (3 loca))
acA acA
Let (2,%, 1) and (', %, 1) be measure spaces. We say that £: Q' — H is ¥'-mea-
surable if (f, g) is a ¥'-measurable function for all g € H. Let T be a linear mapping
sending Y'-measurable functions on ' to X-measurable functions on 2. We define the
vector-valued extension T to be the operator mapping H-valued measurable functions
on Q' to H-valued measurable functions on  given by

(Tf(z),eq) :=T({f,e,))(z) forall f: Q' — H measurable and all a € A.

This uniquely defines the operator T, which is linear.
The classical Marcinkiewicz—Zygmund inequality [15] for separable Hilbert spaces
has the following multilinear counterpart.
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Proposition A.1 (Multilinear Marcinkiewicz—Zygmund theorem). Let (2, %, 1) and
(Q),%5, uy) for 1 < j <m be o-finite measure spaces. For1 < j <m, let T; be linear
mappings sending X;-measurable functions on §1; to X-measurable functzons on §2.
Let 0 < pj,q; < 0o for 1 < j <k and further suppose that there exists some M > 0
such that

/ H|T fi()|® dp(x <MHHfJ Z%5 0,9

holds for all Ej-measumble functions f;, 1 <j § k.
Let H; be separable complex Hilbert spaces and let T; denote the vector-valued
extensions of Tj, 1 < j < k. Then the inequality

k

k
| TLIE 1%, duto) Soa M T8 1, 130,00
Q0

j=1

holds for all ¥;-measurable functions £;: Q; — H;, 1 <j <k.

If the Hilbert spaces H; are finite-dimensional, the result follows from a standard
Khintchine’s inequality argument and the Fubini—Tonelli theorem. The extension to
separable spaces follows from Fatou’s lemma. We omit the details.
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