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Abstract: Any power series with nonnegative coefficients has an associated family of probability
distributions supported on the nonnegative integers. There is a close connection between the function
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1. Introduction

Every power series f(z) = >~ a,2", with nonnegative coefficients and radius
of convergence R >0, generates a family (X;);c(o,z) of probability distributions sup-
ported on the nonnegative integers by defining random variables X; via
a,t"
f@)’
The systematic study of these power series distributions appears to have originated
with Kosambi [16] in 1949 and Noack [20] in 1950, as a unifying model for several dis-
crete distributions arising in statistics. See Section 2.2 in [14] and references therein.

We will restrict our study to the class K of nonconstant power series with nonneg-
ative coefficients, positive radius of convergence, and with ag > 0. With this, we avoid
the inconvenient case where f is a monomial, or a constant.

We will refer to the family of random variables (X¢)¢c(o, ) associated to f in K as
the Khinchin family of f, a term and a whole framework which originates in the work
of Rosenbloom [26]; see also [30].

This paper deals with the beautiful interplay between function theoretic properties
of the holomorphic function given by f and certain probabilistic properties of the
family (X;) as ¢t T R, in particular, the behaviour as t 1 R of the mean m(t) = E(X,),
of the variance 0? (t) = V(X;), or, in general, of the moments E(X?), for p > 0.

For instance, in Subsection 3.3 we will provide simple proofs, of a probabilistic na-
ture, of some lower bounds and asymptotic lower bounds of o4(t), as ¢ T R, quantifying
Hadamard’s three-lines theorem, due to Hayman [12], Boicuk and Gol’dberg [7], Abi-
Khuzam [2], and others. Later, see Theorem 5.1 and Proposition 5.3, we will show,
for entire functions f in KC, how the growth of the mean m¢(t) and, in general, of
the moments E(X?), with p > 0, and of the quotient 0'}% (t)/my(t), relate to the order
of f, generalizing some results of Pélya and Szegd, and of Baez-Duarte.

X0=0, P(X;=n)= for t € (0,R) and n > 0.
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We say that f € K with radius of convergence R < oo is a clan (and also that the
associated family (X¢)¢cjo,r) is a clan) if limyr oy (t)/my(t) = 0 or, equivalently, if
limyr g E(X?)/E(X;)? = 1. For clans, X; concentrates around its mean as ¢ 1 R, in the
sense that the normalized variable X; /E(X;) tends to the constant 1 in probability. As
a matter of fact, being a clan was already considered, not with this name, by Hayman
in [11] as a property enjoyed by what are nowadays called Hayman (admissible)
functions; clans also appear at least in Pélya—Szeg6 (see items 70 and 71 in [25]), and
in work of Simié¢ [31, 32].

Section 4 contains a detailed study of clans from a function theoretic point of
view. It turns out (see Theorem 4.18) that for clans, limyg E(X7)/E(X;)P =1, for
any p > 0. For instance, the partition function P(z) = [[;—, 1/(1-2") is a clan,
and for the family (X;);s0 associated to P we obtain readily, for any p > 0, that
E(XP) ~ C(2)P/(1— 1), as 1 1 1.

For entire functions in K, Pdlya and Szegd ([25]) showed that entire functions
with nonnegative coefficients of finite order p such that lim;_, . In f(t)/t* exists and
is positive are clans; we show, more generally, see Theorem 5.9 in Section 5, that
entire functions in K of regular growth (in a precise sense) are clans.

The entire gap series with nonnegative coefficients presented in Subsection 5.2
furnish the basic examples of entire functions of any order p, with 0 < p < +4o0,
which are not clans. A classical result of Pfluger and Pélya ([23]) ensures that these
entire gap series have no Borel exceptional values. We show in Theorem 5.10 that
entire functions in K with one Borel exceptional value are always clans.

Finally, some open questions are discussed in Section 6.

Notation. Generically, throughout this paper, we use E(Z) and V(Z) to denote
expectation and variance of a random variable Z, and P(A4) to denote probability of
the event A (in the appropriate probability space).

For positive functions f(t) and g(¢), defined in an interval [0, R), with 0 < R < 400,
the notation f(t) ~ g(t) as t T R means that limy g f(¢)/g(t) = 1, while f(t) = o(g(t))
as t T R means that limyg f(t)/g(t) = 0. We write f(t) = O(g(t)) as t T R if
f(t) < Cy(t) for a certain constant C' > 0 and for ¢ close enough to R; and f(t) =< g(t)
ast T R if cg(t) < f(t) < Cyg(t) for certain constants ¢,C' > 0 and for ¢ close enough
to R.

2. Khinchin families and power series distributions

Keeping the notation and definitions of [9], we denote by K the class of nonconstant

power series
(o)
f(z)= Z anz"
n=0

with positive radius of convergence R < oo, which have nonnegative Taylor coeffi-
cients, and with ag > 0. Thus, one coefficient of the power series f other that a is
also nonzero. Notice that f(¢) > 0 for each ¢ € [0, R). We shall resort occasionally to
the fact that for f in K we have that

(2.1)  max{|f(2)|: |z| <t} =max{|f(2)|: |z| =t} = f(t), foreveryt € [0,R).

To any power series f in K, we may associate a whole family of probability distribu-
tions supported on the nonnegative integers {0, 1, ...}, indexed in the interval [0, R),
by specifying a family of random variables (X;);c[o,z) With values in {0,1,...} and
with probability mass functions given by

a,t"

P(X;=n)= 0k for each n > 0 and t € (0, R),
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and with Xy = 0. Since f has at least two coefficients which are not zero, each
variable X, for ¢ € (0, R), is a nonconstant random variable.

The family (X¢)iejo,r) is the family of probability distributions associated to the
power series f. For general background on power series probability distributions, we
refer the reader to Section 2.2 of [14].

The terminology of Khinchin families for (Xt),c(0,r) is used in this paper to em-
phasize that the focus is placed on the behaviour as t T R of the variables (X;) and
of the function f(¢), and in the connection between the probabilistic and the function
theoretic aspects.

The framework of Khinchin families arises in work of Hayman [11], Rosen-
bloom [26], Bdez-Duarte [4], and others. It has been pursued recently by the au-
thors in [9] and [10]. The main aim of that framework has been to study, in a uni-
fied manner, asymptotic formulas for the coefficients of generating power series, like
the Hardy—Ramanujan asymptotic formula for the number of partitions of numbers
with P(z) = [[,2, 1/(1—2"), the Moser-Wyman asymptotic formula for the number
of partitions of sets with B(z) = e ', and many others.

The presentation of this paper is independent of the papers above. For the general
theory of Khinchin families, we refer the reader to [9] (and also to [10]). The summary
of a few relevant notions follows.

2.1. Basic families. The most basic examples of Khinchin families (X¢):e[o,r) as-
sociated to power series f € K are

e the Bernoulli family, associated to f(z) = 1+ z, where for each ¢t > 0, the
variable X; is a Bernoulli variable with parameter p = ¢/(1 + t);

e the geometric family, associated to f(z) = 1/(1 — z), where for each t € (0, 1),
the variable X; follows a geometric distribution with parameter p =1 —¢;

e for integer N > 1, the binomial family, associated to f(z) = (1 + 2), where
for each t > 0, the variable X; follows a binomial distribution of parameters N
and p =t/(1+41t);

e for integer N > 1, the negative binomial family, associated to f(z) = 1/(1—2)",
where for each ¢t € (0, 1), the variable X; follows a negative binomial distribution
of parameters N and p=1—¢;

e and the Poisson family, associated to f(z) = e, where for each t > 0, the
variable X; follows a Poisson distribution of parameter ¢.

We mention also the families associated to

e the (ordinary) generating function of partitions of integers: P(z)=[]~,1/(1-="),
for |z| < 1,

e and the (exponential) generating function of the Bell numbers (number of par-
titions of sets): B(z) = e ~!, which is an entire power series.

2.2. Moments. Let f be a power series in K, with radius of convergence R > 0,
and let (X¢);eo,r) be its associated Khinchin family. For ¢ € [0, R), the mean and
variance of X; will be denoted by my(t) = E(X;) and 0 (t) = V(X;), respectively.
In terms of f itself, we may write

0
{0

(2.2) m(t) =t(Inf)'(t) and o7(t) =tm}(t), forte[0,R).
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More generally, for 3 > 0 and t € [0, R), the moment E(X]) of exponent 8 of X,
may be written in terms of the power series f as

' f@)
We shall be particularly interested in the comparison of the moment E(Xf ) of expo-
nent § with the mean my(t) = E(X,), which acts as a sort of unit, as t T R.
Occasionally, we shall resort to factorial moments of the X;. For integer k > 0,
we denote 7% := z(x — 1)---(x — k + 1), the k-th falling factorial of the number z.
For k = 0, it is agreed that % = 1. The k-th factorial moment of X; is defined as

E(Xf) = E(Xy(X; — 1) (Xs —k+1),

with the convention that E(th) = 1. Observe that the random variable XtE given
by XtE =Xy (Xy —1)--- (Xy — k4 1) takes values in {0, 1, ...}, and that E(XtE) >0,
for any k > 0.

In terms of the power series f itself, the k-th factorial moment is given by

n=0

P S NP 4 did (O N
(2.3) E(Xt)_f(t)g( D (n—k+1apt" = O for t € [0, R).

Stirling numbers of the second kind S(n, j) relate powers with falling factorials of
a number z:

k
R ZS(k,j)xi, for k> 1.
j=0

This translates into the following relation between moments and factorial moments
(see, for instance, equation (11) of [24]):

k .
(2.4) E(X[) = S(k,j)E(X}), for any integer k > 1 and t € (0, R).
j=0

Recall that S(k, k) =1, for any k& > 1.
We shall resort a couple of times to the following basic inequalities for moments of
random variables.
Lemma 2.1. Let Y be a positive random variable with E(Y') = 1.
(a) For1 < q<np,
1 <EYY) <E(Y?).
(b) For g e (0,1] andp > 1,
1> E(Y?) > E(Y?) 1.
Proof: Monotonicity of moments gives
(2.5) E(YA)YP <1 <E(Y)Y1 <E(YP)V/P.
For part (a), we get from (2.5) that E(Y?) > 1 and thus, as ¢/p < 1, we learn that
E(Y?)9/P < E(Y?). Raising (2.5) to the power ¢ gives the result.
For part (b), write 1 = uf + (1 — u)p; explicitly, u = (p—1)/(p — B) € (0, 1]. Now,
Holder’s inequality (for 1 =u + (1 —w)) yields
1=E(Y)=EY". .yl <EYP)“E(YP) ",
and so,
u— —1
E(Y?) > E(Y?)*T = E(Y?)r .
This and (2.5) end the proof. O



MOMENTS AND GROWTH OF POWER SERIES DISTRIBUTIONS 165

Next we describe the moments and asymptotics of the moments of the most basic
families.

2.2.1. Moments of geometric and negative binomial variables.
Proposition 2.2. If N > 1 and (X¢)ic[0,1) 5 the Khinchin family of the func-
tion f(z) =1/(1 — 2)N, then

t ) t

and for any B > 0, we have that

forte0,1),

i E(X]) T(B+N)
i B(X,)?  T(N)NB "

This comparison of moments is a direct consequence of the following asymptotic
formula (valid for any 8 > 0):

1

;nﬂiltn ~ F(ﬁ)m, ast T 1,

which in turn follows from the binomial expansion and Stirling’s formula.

2.2.2. Moments of Bernoulli and binomial variables. For the Khinchin fam-
ily (X¢)i>0 of a polynomial f of degree N, we have that X, tends in distribution to
the constant N as t — oo, and also that for 5 > 0,

; By _ NB — 1; B
tlggoE(Xt)_N —tgrch(Xt) ’

Particular instances of this polynomial case are the Bernoulli and the binomial
families, which are associated, respectively, to f(z) = 1 4+ z (of degree 1) and to
f(z) = (1+ 2)N (of degree N).

2.2.3. Moments of Poisson variables. The Poisson family (X;);>¢ is associated
to the exponential function e*. For ¢ > 0, the variable X} is a Poisson variable with
parameter ¢, and thus E(X;) =t and V(X;) = t.

For 8 > 0 and ¢t > 0, the moment of exponent 3 of X; is given by

B s ﬂtneit
E(X/)=> n o
n=0 :

Proposition 2.3. For the family (X;);>0 associated to f(z) = e*, and for any 8 > 0,
we have

E(X]) ~t° =E(X,)?, ast— oo.

An application of Jensen’s inequality will allow us to reduce the proof of Proposi-
tion 2.3 to the case of integer exponents.

Lemma 2.4. Let 0 < R < oo, and let (Uy)iecjo,r) be a family of nonnegative random
variables such that for some p > 1,

E(U?Y) ~E(Uy)?, ast?R.
Then, for any B € (0, p),
E(U) ~EU)’, asttR.
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Proof: Write Y; = U;/E(U;), and observe that Y; is nonnegative and that E(Y;) = 1.
In these terms, the hypothesis is that

ImE(Y?P) =1, f 1
lin (YP)=1, forsomep>1,

and we want to prove that

mE(Y?) =1, for all <.
linn (Y/)=1, foral0<pg<p

For 1 < 8 < p, this follows from part (a) of Lemma 2.1. Part (b) of the same lemma
proves the case § € (0,1). O

Proof of Proposition 2.3: As f(t) = e, it follows from (2.3) that the factorial mo-
ments of X; are given by E(th) = tJ, for any integer j > 0 and any ¢ > 0. On

account of (2.4), we have that, for each integer k > 1,

E(Xf) =Y S(k,j)t.

j=

Since S(k, k) =1, for k > 1, we obtain that for each integer k > 1,

k
0

E(XF) ~tF  ast — oo,
Lemma 2.4 finishes the proof. O

2.2.4. Mean and variance of the partition function and of the Bell function.
Beyond the most basic families, consider now the partition function P(z) given by
the infinite product

o0 1 o0 N
P(z) = H T Zp(n)z , for|z| <1
k=1 n=0

The coefficient p(n) is the number of partitions of the integer n.

The mean mp(t) and the variance o%(t) are given, on account of (2.2), by

0 n > 24m
nt n“t
mp(t) = E 1_¢n and U%(t) = E m, for t € [O, 1)
n=1 n=1

By Euler summation, one may obtain convenient asymptotic formulas describing their
behaviour as t 1 1:

¢(2)
(1—1)?

2¢(2)
(1—1¢)3’

(2.6) mp(t) ~ and o5 (t) ~ ast 1 1.
See, for instance, Section 6.1 of [9].

We will see later on, see Subsection 4.1.1, that P is a clan. Thus Theorem 4.18
would claim, for the family (X;) associated to the partition function P, that for

any > 0 we have that E(X/) ~ E(X;)?, as ¢ 1 1, and therefore that

2)6
B!~ o wtL

for any 5 > 0.
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The exponential generating function B(z) of the Bell numbers B, is given by
o) zn
_ef—=1 __ <
B(z)=e _ZB"n!’ for z € C.
n=0

The coefficient B,, is the number of partitions of the set {1,...,n}. In this case, the
mean and variance admit simple formulas:

(2.7) mp(t) =te! and o%(t) =t(t+1)e', fort > 0.

The Bell function is also a clan: for the moments of the family (X;) associated to
the Bell function we have, for any 5 > 0, that

E(X]) ~ 1P, ast — oo

2.2.5. Mean and variance of some canonical products. Let (by)r>1 be a se-
quence of positive numbers increasing to oo in such a way that Z?;l 1/b, < +o0.
The canonical product f given by

oo

(2.8) =11 (1 + bi) for z € C,

k=1

is an entire function in &, whose set of zeros is {—bg, k > 1}. By Hadamard’s factor-
ization theorem, these are all the entire functions of genus 0 with only negative (real)
zeros, normalized so that f(0) = 1. See, for instance, Chapter 4 of [6].

For the mean and variance functions of f, we have, from (2.2), that

oo

bt

m, fOI'tZO

o t
2_ = _— 2 =
(2.9) my(t) ,;:1 . and  o%(t) 2

These canonical products provide interesting examples of the behaviour of 0]20 (1),

as we discuss now, and they will be used in forthcoming arguments (see Subsec-
tions 3.3.1 and 5.4). Denote by

Nt)y=#{k>1:b,<t}, fort>0,

the counting function of zeros of f. Thus N(t) counts the number of zeros of f in the
closure of the disk D(0, ).

The mean and variance functions of f are readily comparable.
Lemma 2.5. For functions f as in (2.8), we have
(2.10) J]%(t) <my(t) < 20?(t) + N(t), foranyt> 0.
Proof: On the one hand, observe that

byt t
< )
(t+0br)? t4by

On the other hand,

t t bt
<1 for all t > 0, but also <2 k 5
t+ by t+by T (t+ i)

The statement follows from these estimates and the formulas in (2.9). O

for any t > 0 and any k > 1.

if by >t > 0.

We follow the lead of Hayman in Theorem 4 of [12], and show next how o of these
canonical products depend upon the log spacing of the by.
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Lemma 2.6. Consider a canonical product as in (2.8), and assume further that the
sequence (by)k>1 satisfies

(2.11) bri1 > 2bg, for any k > 1.

For each n > 2, we let I, denote the interval

= [\/bnflbnv \/bnbn+1] .

Then, for any n > 2,

—_

— + 4max{ /by /bnt1, v/ bn—1/bn},

sup Uf( ) <
tel,

Ny

(2.12)

tlenlf af ) > - mm{\/b /bni1s \/bo—1/bn }.

Proof: Consider the positive function

T
5 for z > 0,

p(z) = m

which attains a maximum value of 1/4 at x = 1, and satisfies

1 1
(2.13) % <p(x) <z, forze(0,1), and o< plx) <=, forz>1.
T x

In terms of ¢, we may express UJ% as

i Z‘P t/by), for any t > 0.

k:l

Fixn > 2. If t < b, 41, we have, using (2.13) and the growth condition (2.11), that

> =t A 1 2
Z p(t/br) < Z a< Z ok—(n+1) :

b
k=n-+1 k=n-+1 k=n+1 n+1

Analogously, if t > b,,_1,

n—1 n—1 n—1

bk n 1 1 2bn71
Z t/bk < Z 7 Z on—1—k < t :
k=1 k=1 k=1

We then have, for n > 2, that for any t € I,,

> (t/br) < 2y/by/buy1 and i<p(t/bk)<2\/bn,1/bn.
k=n-+1 k=1

For n > 2, it follows then that, if t € I,,,

p(t/ba) < () < (t/b,) + Amax{\/bfbs1, /b1 [on }.

The bounds in (2.12) now follow by observing that ¢(z) decreases whenever & moves
away from 1. O




MOMENTS AND GROWTH OF POWER SERIES DISTRIBUTIONS 169

2.3. Derivative power series Dy and its family. Let f(z) = Y. a,2" be
a power series in K, with radius of convergence R > 0, and let (X¢)¢cjo,r) be its
associated family. We now consider the power series Dy given by

Di(z) =zf'(z) = Z na,z", for |z| < R.
n=1

This power series D has radius of convergence R, but it is not in I, as D;(0) = 0.
In any case, we denote by (W;),c(o,r) the associated family of random variables.

Observe that for ¢ € (0, R) and n > 1 we have that
na,t" 1 napt™ n
P W =n)= = =
W= =3p® = s 10 my©

Thus, for ¢t € (0, R), we have that

1 oo E(X?)  EX7)
ey (t) = BV) = my(t) nz::ln PlXe=m = my(t)  E(X)
If the power series f has only two nonzero coefficients, ag and ay, with N > 1, then
the random variables W, are constant, and E(X?)/E(X;) = N, for any t € (0,00)
(in this special case, f is a polynomial and R = 400). Otherwise (if f has at least
three nonzero coefficients), the quotient E(X?)/E(X;) is monotonically increasing in
the interval (0, R).
In general, we have that

(2.14) E(W}) = WE(X{DH), for any p > 0 and any ¢ € (0, R).
!

The quotient
mp,) _ B(X}) _ o}
(2.15) L2 = = +1
me(t)  E(X)?  mi(t)

plays a relevant role in what follows.

3. Growth of the moments of power series distributions

Let f be a power series in K with radius of convergence R > 0 and with associated
famlly (Xt)tE[O,R) .
3.1. Growth and range of the mean my. Since X; is not constant for any ¢ €
(0, R), we have that o%(t) > 0, for any t € (0, R), and hence, because of (2.2), m(t) is
strictly increasing in [0, R), though, in general, o (¢) is not increasing.
We denote
M, =1i (t).
5 = limmy(t)

As recorded in the following result, it is the case that My = oo, other than in some
exceptional instances.

Lemma 3.1 (Lemma 2.2 of [9]). For f(z) =Y ", a,2" in K with radius of conver-
gence R > 0, we have My < oo in just the following two cases:
(a) if R < oo and y,°  na, R™ < oo,
(b) and if R = o0 and f is a polynomial.
In the first case, we have My = (307 na,R")/ (30" ,anR™). For a polyno-
mial f € K, we have My = deg(f).

As an incremental quotient, my(¢) and In f(¢) are related as in the following result.
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Lemma 3.2 (Simié, [32]). For A > 1 and ¢t > 0, with A\t < R, we have

my(t)In A < ln<f()\t)) <myg(At)In A

f(t)
Lemma 3.2 follows directly from the expression (2.2) and the fact that my is in-
creasing.

3.2. Relative growth of moments. We now are comparing, in the case My = 400,
the growth of moments of different exponents and also the growth of the factorial
moments and the moments of the Xj; this is covered, respectively, by Corollaries 3.3
and 3.4. The basic tool is the following inequality, that can be easily deduced by
taking ¥; = X;/E(X};) in part (a) of Lemma 2.1: for 1 < o < §3,

E(X?) _ E(X/)
E(X)> ~ E(Xy)#’

From (3.1), we deduce the following two corollaries.

(3.1) for any t € (0, R).

Corollary 3.3. Assume My = +oo. If 1 < a < (3, then
E(X?)

1m 3
R BE(XY)

Proof: From (3.1), we have that

The statement follows since limy g mys(t) = +o00 and o — 5 < 0. O

Corollary 3.4. Assume M; = +oo. For any integer k > 1, we have that

k
E(Xy)
1m =
ttr E(XF)

Proof: From Corollary 3.3, we deduce that
J

hm E(Xt )

TR B(XF)

=0, for0<j<k.

The statement follows by expanding E(X}) as E(XF) plus a linear combination of
the moments E(X}) with 0 < j < k. O

3.3. Growth and range of the variance 0'?. Some of the results below concern-
ing O'?(t) will depend on the gaps among the indices of the power series. Next we
introduce some convenient notation.

Let (ng)r>1 be the increasing sequence of indices so that a,, # 0, for each k > 1,
and a, =0, if n ¢ {ng : k£ > 1}. Thus the (a,,) are the nonzero Taylor coefficients
of f, and the random variables (X}) take exactly the values (nj). Observe that ny = 0,
and that for a polynomial f, the sequence (ny)xr>1 is finite. Define gap(f) and gap(f)
as

gap(f) = ilill)(nkﬂ —ng) and gap(f) = limsup(ng1 — nk).

k—o0
It is always the case that gap(f) > gap(f) > 1, for any f € K which is not a
polynomial. For polynomials, we still have gap(f) > 1, and we can define gap(f) = 0.
We divide the discussion on variance growth depending on whether R is infinite or
finite.
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3.3.1. Entire functions, R = oco.

Lower bounds for sup,~q 07(t) and for limsup,_, . 07 (t).

The (universal) lower bounds on oy that we are about to discuss originate with
Hayman’s results in [12] quantifying Hadamard’s three-lines theorem for entire func-
tions (not necessarily in K). See also [2] and [15].

Theorem 3.5 (Boicuk—Gol'dberg, [7]). If f € K is entire, then

upot) > un(? (=)

t>0 — 4

If, moreover, f is transcendental, then

limsupaﬁ(t) > %ng(f)2 <> 1).

t—o00

Recall that an entire function f is termed transcendental if it is not a polynomial.

This result is Theorem 2 of [7]. See also Theorem 1 in [1] and Lemma 2.5 in [22].
The probabilistic argument below is simpler than the original proof; it uses the dis-
creteness of the random variables X;.

Proof of Theorem 3.5: Let (nx)Y_, be the indices of the nonzero coefficients of f,
with N < +o00.

Fix k < N and take t* > 0 so that ms(t*) = (ng4+1 + nx)/2, i.e., the midpoint of
the interval [ng, ng41]. Such t* exists because my(t) is a continuous (and increasing)
function, my(0) = 0, and My = oo or My = deg(f) if f is a polynomial (recall
Lemma 3.1).

As X takes the values nq,no,..., clearly | Xy — my(t*)| > %(nk_H — ng) with
probability 1. This gives

oF(t7) = B((Xpe —mp(t*))?) = (ner — ).

e

The statements now follow by taking sup and lim sup in the inequality above and
appealing to the definitions of gap and gap. O

In fact, the very same argument shows, for the centred moments, that if f € K is
entire, then
1
sup E(1X, — my(t)}") > — gap(f)?, for any p >0,
t>0 2p
and, moreover, that if f is transcendental, then

1
limsup E(| X; — my(t)|P) > 2—p@(f)p, for any p > 0.

t—o0
As for the sharpness of the sup part of Theorem 3.5, consider the case f(z) = a+bz,
with a,b > 0, for which X} is a Bernoulli variable with success probability b¢/(a 4+ bt).
In this case, one has o7 (t) = abt/(a + bt)?, which takes its maximum value of 1/4
at t = a/b.
In fact, the converse is also true.

Theorem 3.6 (Abi-Khuzam, [1]). For f € K entire, sup,~ O'JQc(t) = 1/4 if and only
if f(2) =a+ bz, with a,b > 0.

This result is Theorem 3 of [1]. See also Lemma 2.5 in [22]. The probabilistic
argument below is again simpler than the original proof.
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Proof of Theorem 3.6: The ‘if’ part has been discussed above.

Assume that f € K is entire and that sup,.,07(t) = 1/4. Theorem 3.5 gives that
gap(f) = 1. Let a, and a,+1 be any two nonzero consecutive coefficients of f, and
let t* be such that ms(t*) = n+1/2 (observe that, in any case, My > n+1). We have
that | X¢ — my(t*)| > 1/2. By hypothesis, E((Xy — mg(t*))?) = J?(t*) < 1/4, and
thus | Xy — my(t*)| = 1/2 with probability 1, which means that X« only takes the
values n and n+1, and thus f(z) = a,2" +a, 112", Since f(0) > 0, because f € K,
it must be the case that n =0 and f(z) = a + bz, with a,b > 0. O

For the sharpness of the lim sup part of Theorem 3.5, consider a canonical product h
given by the infinite product

z
we=11(1+5)
where (by,)n>1 i a sequence of positive numbers increasing to +oo so that (2.11) holds
and, in fact, such that lim,, o by41/b,, = +00; in particular, >, -, 1/bx < 400 holds.
Obviously, gap(h) = 1 and gap(h) = 1. It follows directly from the estimates (2.12)
that limsup,_, ., 02 (t) = 1/4; this is Hayman’s example in Theorem 4 of [12]. If & is
multiplied by a polynomial p in such a way that f = ph € I, then it is still the case
that limsup,_, ., 07(t) = 1/4.

As it turns out, Abi-Khuzam has characterized (see Theorem 2 in [2] and its
proof) the entire functions f € K with limsup,_, . ojzc(t) = 1/4 as precisely those
entire functions f € K which factorize as

1) =) ] (1+5).

n=1
where the b,, are as in Hayman’s example, and where p is a polynomial.
Limit of a?(t) as t — oo.
Regarding the existence and possible limits of aj% (t) as t — o0, the following holds.

(i) Polynomials. Polynomials f € K are characterized, among the entire functions
in KC, by
. 2 .
(3.2) tlggo o (t) =0.
A direct calculation with the formulas (2.2) shows that for polynomials, (3.2)

holds; in fact, J?(t) = O(1/t), as t — oo. The converse follows, for instance,
from Theorem 3.5.
(ii) Transcendental functions. As shown by Hilberdink in [13], for a transcendental

entire function it is never the case that limy_,o 0 (t) exists and it is finite.

However, there are entire functions f € K for which limsup,_, 0}% (t) < +o0
and liminf;_, aj%(t) > 0. To see this, just consider a canonical product f as
in (2.8), with b, = 2", and apply (2.12).

It is also possible to have lim;_,o, o(t) = 0o, as shown, for instance, by the
exponential function f(z) = e, where UJ% (t)=t, fort > 0.

We emphasize that for f € IC entire, if lim;_, a?(t) exists, then that limit
is 0 (just for polynomials) or +oo.
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Boundedness of 0]20 (t).

We now discuss when, if ever,
(3.3) supof(t) < +oo

>0

does hold for an entire function f € K.

For polynomials f € IC, (3.3) holds since, in fact, in this case, lim;_, o¢(t) = 0.

In general, if (3.3) holds, then the order p(f) of f must be zero. (See Section 5 for
details about the order of an entire function f in K.)

To see this, observe that, since tm/(t) = J]% (t), integrating, we deduce that m(t) =
O(Int), as t — oco. A further integration, using (2.2), shows that

(3.4) In f(t) = O((Int)?), ast — oo.
This gives that p(f) = 0; see (5.1).
Alternatively, Proposition 5.3 below shows that
1
< (sup o%(t)) —.

) < (sp ()
If f is a polynomial, then p(f) = 0; and if f is transcendental, M; = oo, and thus
p(f) = 0.

However, p(f) = 0, or even the stronger condition (3.4), are not enough to ensure
the boundedness of ¢7(t).
Consider the canonical product

[e'S) . k
= 1 _—
6(2) H(+m),

k=1
where (bg)r>1 is a sequence of positive numbers increasing to oo satisfying (2.11) and
such that Y ;- | k/b, < +oo. For each k > 1, —by, is a zero with multiplicity k of the
entire function g € K.

Additionally, we assume also that for some constant H > 0, the by satisfy

k H

E kb, < Hb,, and E — < —, foreachn>2.
b — by

k<n k>n

In this case,

2 c- t
o, (t) = I;Imp(bk), for any ¢t > 0,

where ¢(z) = z/(1+ ).
Let C' denote a generic positive constant. With the notations of Subsection 2.2.5
and estimating as in there, we obtain

n<p<bt> < aﬁ(t) < n—l—C’nmaX{\/bn_l/bn, \/bn/an}7 fort € I,, and n > 2,

n

where I,, = [\/bn_lbn, \/bnbn+1]. It follows, in particular, since ag(bn) > n/4, that
limsup,_, ., 02(t) = +00, and also that

sup U;(t) < Chn.
tel,
From (2.10), we see that

3.5 my(t) < Cn+ k< Cn? foranytel, andn > 2.
9
k<n
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Consider now the specific sequence by, = eek, k > 1, which satisfies the requirements
above. In this case, (3.5) translates into
my(t) < C(lnlnt)?, fort > 2.
Integrating, this gives, for this example, that
Ing(t) = O(Int(Inlnt)?), ast — oo,

which implies p(g) = 0. Notice that for any function ®(¢) slowly increasing to oo,
the sequence (bg)r>1 can be chosen so that lng(t) = O(®(t)Int) just by making
by increase fast enough. This is the best that can be expected, because if an entire
function h in K grows as In h(t) = O(Int) as t — oo, then h is a polynomial.

3.3.2. Finite radius: R < oco. We now turn to functions f € K with finite radius R
of convergence. We have the following results on the behaviour of U]% (t). We divide
the discussion according to whether M/ is finite or not.

Case My = +o0.
In this case,
(3.6) sup OJ%(t) = 400,

te(0,R)

and also limsupyp 03 (t) = 4-0c. To verify (3.6), assume that sup,c (o gy 07(t) = S <
+00. Thus tm/y(t) < 5, for t € [0, R). Integrating between /2 and t € (R/2, R), we
would have that

2t
my(t) <myp(R/2) + Sln(R), for t € (R/2, R),
which implies, by letting ¢t T R < +o0, that My < my(R/2)+ SIn2 < +o0.

Case My < +o00.
If My < 400, then Y7 na, R™ < +00, see Lemma 3.1, and in fact,

% = lim o%(t) = LnzoMran " (ZZ:;O nanR")z
tTR Do anl2" Do Onl2"

It is always the case that limupr O'ch(t) > 0, since X is the variance of the ran-
dom variable Z that takes, for each integer n > 0, the value n with probabil-
ity anR"/(ZZiO akRk), and Z is a nonconstant variable since f is in K.

But there is no absolute positive lower bound for lim4 g 0']20 (t). For e > 0, the power
series f(z) = 14+ -, 2"/n is in K and has radius of convergence R = 1. We have

=((3) o2 =(2) €3 Y
=m0 - s - (D)
which tends to 0 as ¢ J 0.
The example f(z) = 772" /(14 n)? shows that limyz 07 (t) = 0o may happen.

3.4. Growth of the quotient oy/my and gaps. Let f € K, not a polynomial,
have radius of convergence R > 0. As in Subsection 3.3, we denote by (nj)s2, the
increasing sequence of indices of the nonzero coefficients of f. We define G(f) by
(3.7) G(f) = limsup £+,

k— o0 k

Clearly, G(f) > 1. If for a given f we had liminfy_ o, ngs+1/ng > 1, then f would
be the sum of a polynomial and a power series with Hadamard gaps; but notice that
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G(f) calls for a “lim sup”. Observe that the definition of G(f) involves the quo-
tients nyy1/nk, and not the differences ny41 —ny as is the case in gap(f) and gap(f).

Theorem 3.7. Assume that f € K, with radius of convergence R > 0, is not a
polynomial and that My = +oo. Then

s 2 o G —1
! or m(?) - G(f)+1

The proof below mimics our proof of Theorem 3.5.

Proof: Since My = +o00, we have that my(¢) is a homeomorphism from [0, R) onto
[0,+00), and thus for any integer k there is ¢ € (0, R) so that

NE + Nkt

my(ty) = 5

For the random variable X3, , we have that | Xy, — my(tx)| > (ng41 — nx)/2 with
probability 1, and thus

o3 (0) = BU(Xe, =y (0))) 2 (01 = 10)?,

and also
o7 (te) _ (ne — n)®
m%(ty) = (g1 +np)?

The result follows. O

Similarly, for the general centred moments of the family of functions f € K as in
the statement of Theorem 3.7, we have that

E(X —mOF) @Eg . 1)17 for any p > 0.

lim sup
ttR my(t)P

3.5. Zero-free region and oy. A function f in K does not vanish on the inter-
val [0, R) and, in fact, its zeros must lie away from that segment.

The following result shows how the variance function of f determines a specific
zero-free region for f € K containing the interval [0, R).

Proposition 3.8. Let f € K have radius of convergence R > 0. If for somet € [0, R)
and some 0 € [—m, 7| we have f(te') =0, then

0] -of(t) >

B

Thus, f € K does not vanish in the region

— — 10 . T
Qf{zte :t€[0,R) and |0|<20f(t)}'

For the proof, we may use the following lemma.

Lemma 3.9 (Sakovic, [29]). Let Y be a random variable and let 0 € R. If E(e*Y) =

0, then

2

2 >7
V() >
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The bound on Lemma 3.9 is sharp. Simply consider the random variable Z which
takes values 41 with probability 1/2; then V(Z) = 1 and E(e**?) = cos §, which van-
ishes at 7/2. (Actually, equality in Lemma 3.9 only happens for this simple symmetric
random variable Z.)

The result of Sakovi¢ appeared in [29]. As presented in the more accessible refer-
ence [27], Lemma 3.9 follows most ingeniously as follows.

Proof of Lemma 3.9 following Rossberg [27]: Consider the function

4 it
t)=1t>—1+ —cos —
(1) + —cos o,

which happens to be positive for all t € R, except for ¢ = +1, where ¢(t) = 0.
(A misprinted sign in the definition of ¢ in [27] has been corrected.) Assume that
E(e’Y) = 0. Consider W =Y — E(Y), so that E(e’") = 0, and thus RE(e*") =
E(cos(8W)) = 0. This yields

2 4 4
0§E<¢<0W>> =0*SEW?) -1=0"=5V(Y)-1 O
™ ™ ™

A more direct proof of Lemma 3.9, but with a weaker constant, appears, for in-
stance, in Proposition 7.8 of [3] (see also Lemma 2.3 of [9]).

Proof of Proposition 3.8: It follows from Lemma 3.9 and from observing that if
f(te) =0, then E(e’X+) = f(te'?)/f(t) = 0. O

Alternatively, to verify Proposition 3.8, we may use Lemma 1 of [1], which gives
that for f € K,

f)? —|f(te”)? < 4Sin2(9/2)f(t)20'12:(t), for t € (0,R) and 6 € [—m,7].

If f(te'?) = 0, then 1 < 2[sin(0/2)|o¢(t), and thus ||of(t) > 1. This gives a weaker re-
sult with the constant 7/2 replaced by 1. Lemma 1 of [1] is stated for entire functions,
but it is valid for general f € K.

Remark 3.10 (On Boichuk—-Gol’dberg’s Theorem 3.5). From Sakovi¢’s Lemma 3.9,
we may deduce Boichuk—Gol’dberg’s Theorem 3.5 in the weaker form, that is,
sup o (t) > 1/4,
>0
for any entire function f € KC. To see this, we may assume that sup,. ajzc(t) < +o0.
As discussed in Subsection 3.3.1, this yields that the entire function f is of order 0,
and Hadamard’s factorization theorem gives that f is an infinite canonical product or
a polynomial (nonconstant and not a monomial, since f € K). (This is the starting

point of Hayman’s proof of Theorem 3 of [12].) In any case, f vanishes at some zo # 0.
Write zg = roe’®, with o > 0 and |6o| < 7. Lemma 3.9 gives that

™
7T0'f(7’0) > 57

and thus, that o7(rg) > 1/2, and, in particular, that sup,. O'J%(t) >1/4.
This same reasoning also gives that if f is not a polynomial, then

lim sup 0]% (t) > 1/4.
t—o0



MOMENTS AND GROWTH OF POWER SERIES DISTRIBUTIONS 177

4. Clans

In previous sections, we have compared the growth of E(X,@B) with that of E(X;)?,
as t T R, for the basic examples of Khinchin families. Motivated by Hayman [11] (see
Remark 4.19), next we introduce a particular kind of Khinchin families which we shall
call clans, for which E(X?) ~ E(X;)? as t T R. Concretely,

Definition 4.1. Let f in K have radius of convergence R < oco. We say that f is a
clan (and also that the associated family (X;).c[o,r) is a clan) if

_og(t)
(4.1) o @)

For a clan, the normalized variables V; = X;/E(X;), for t € (0,R), converge
in probability to the constant 1 as ¢t T R, since its variance V(Y;) = 0]%(75)/mf(t)2
converges to 0 as t T R.

This clan condition is equivalent to

E(X?

lim 7( ) =
1R E(X;)?

In terms of just the mean my, being a clan, see (2.15), is equivalent to

tm's (t)

)

iR my(t)2

while in terms of the derivative power series Dy, the condition for being a clan becomes

me (t)
im =1.
ttR my(t)
Alternatively, if we define
f@) (@)
(42) Lf(t) = W7 fOI' te (0, R),
and since
E(X?) 1
4. = L(t
) B2 w0
we have that f is a clan if and only if
(4.4) %iTIIIQILf(t)Zl—l/Mf.

4.1. Some examples.

4.1.1. Examples of clans. The Poisson family associated to f(z) = e® is a clan,
since in this case m(t) = t and 0}(t) = t, and the radius of convergence is R = oo.

The Bernoulli and binomial families are also clans. In fact, all polynomials f are
clans, since for them o¢(t) — 0, while m(t) — deg(f), as t = co. Further, we have
the following.

Lemma 4.2. Let f € K be a clan. Then My < 400 if and only if f is a polynomial.

Proof: Polynomials in K are clans and have M/ finite; in fact, M coincides with its
degree.

To show the converse, let f(z) = Y .2 a,z™ be in K, not a polynomial, and
with My <oo. Then, due to Lemma 3.1, we have that R < oo and 22021 na, R™ <+o0.
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Then since

E(XP) _ (Zaion?ant”) (Eioant") (0.R)

E(X;)? (X2, nant)?
and since f is a clan, taking the limit as ¢ T R, we obtain that
(ZZO:O nQ%Rn) (ZZO:O aan)
S 2
(ano Tlaan)
If we now set b, = a,R"/(372,a;R7), for each n > 0, which satisfy >0° b, = 1,
then the identity above becomes
oo o] 2
S b, = (Z nbn) |
n=0 n=0
This means that b, = 0, for each n > 0 except for one value of n, which would imply
that f is a monomial: a contradiction. O
The partition function P(z) = [[4—; 1/(1— 2*) and the Bell function B(z) = ¢ !
are also clans. This follows immediately from (2.6) and (2.7).

In Subsection 4.1.3, we exhibit an ample class of functions, that includes the gen-
erating function of the partitions and its variants, which are clans.

=1

4.1.2. Clans and Ly. The characterization of a clan given in (4.4) using the func-
tion L; immediately gives the following.

Lemma 4.3. Let f be a power series in K with radius of convergence R < 400 and
such that My = +oo. Then f is a clan if and only if

4. lim L;(t) = 1.

(4.5) lin Ly (1)

In particular, if f is an entire transcendental function in /C, then f is a clan if and
only if (4.5) holds.

Recall, from Lemma 3.1, that entire transcendental functions in K have M; = oo.
For any transcendental entire function, it is always the case that

(4.6) htrgloglfo(t) > 1.

This follows from Lemma 3.1 and the general identity (4.3). This has been pointed
out by Simié¢ on page 682 of [31]. But, in fact, we have the following.

Lemma 4.4. For any transcendental entire function f in IC,

(4.7) htrr_1>1£fo(t) =1.

Proof: Since f is trascendental, we have that M =4o00. Let ¢ be such that my(c) = 1.

From the identity
1 li
Li(s)=1{s(1-— , fors>0,
o= ({1 7))

we deduce, since My = +o0, that

t 1 )
L¢i(s)ds=tl{1———=|, fort>c,
[uas=(1-2 0

1 t
lim — [ Ly(s)ds=1.

t—oo t ¢

This implies, given (4.6), that (4.7) holds. O

and so, that
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4.1.3. Hayman class, strong Gaussianity, and clans. Let f be in K with radius
of convergence R > 0, and let (X¢);c[o,r) be the associated family. Write X; for the
normalized random variable

¥ Xy —my(t
%, = Xz mt)

o(t)
The characteristic function of Xt is

E(e’”v(") = B(eW0Xe/or0)e=Wms (/o5 (1) for ¢ € (0, R) and 0 € R.

for t € (0, R).

As introduced by Béez-Duarte in [4], a power series f € K and its family (X¢);c[o,r)
are termed strongly Gaussian if

limoy(t) = 400, and lim |E(e“9)u(t) - 6702/2‘ do = 0.

iR R |6 <mo (1)
Every strongly Gaussian function is Gaussian, that is, its normalized Khinchin family,
(Xt)te[o, R), converges in distribution, as ¢ T R, to the standard normal variable or,
equivalently,

lim E(ew}?f) =e /2 for each § € R.
1R

See [9] for definitions and proofs. The main interest of strong Gaussianity is that if a
power series f(z) =), <, anz" in K is strongly Gaussian, then

f(tn)

4.8 Ap ~ —F—————, aS N — 00
(4.8) " Jantnorin), ;
where t,, is the unique value such that my(t,) = n.

All (Hayman) admissible functions, in the terminology of [11] (see Definition on
pages 68-69) or functions in the Hayman class, are strongly Gaussian. See, for in-
stance, Theorem 3.8 in [9].

The exponential f(z) = e* is strongly Gaussian. In [9] and [10], some criteria are
given to check when a power series in K is strongly Gaussian, and these criteria are
applied to find asymptotic estimations on the growth of the coefficients of generating
functions of combinatorial interest.

For admissible functions, Hayman proved (but the proof also works for strongly
Gaussian functions) the following central limit theorem (see [11] and [9] for more
details).

Theorem 4.5 (Hayman’s local central limit theorem). If f(z) =Y.~ anz" in K is
strongly Gaussian, then
)=

lim <Sup

Gl fora(t) — e~(nme (/2o @)
TR \nez t

ft)

where for n < 0 it is understood that a, = 0.

As a corollary of this theorem, we obtain the following.

Corollary 4.6. If f € K is strongly Gaussian, then f is a clan.

Proof: Restricting the supremum of Theorem 4.5 to n = —1, we get
t) +1)?
lmexp( — O DTN
R 20(t)?

Since limygof(t) = +oo, because f is strongly Gaussian, we deduce that f is a
clan. O
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This corollary shows that a large collection of functions ranging from f(z) = e*
to the generating functions of partitions J[,-,(1 — 29)71 |z| < 1, are clans; see [9]
and [10] for these and other interesting examples.

Notice that there are clans in C which are not strongly Gaussian. For instance, if
g € K is strongly Gaussian, then f(z) = g(z"), with N € N, is a clan, but it is not
strongly Gaussian since a,, = 0 when n is not a multiple of N, and hence (4.8) cannot
hold.

4.1.4. Some power series that are not clans. The geometric and negative bino-
mial families are not clans, since for f(z) = 1/(1 — 2z)~, see Proposition 2.2, we have
that limgy of(t)/my(t) = 1/VN.

In fact, for each o > 0, the function f(z) = 1/(1—2)®, which is in £, is not a clan,
because limq o (t)/my(t) = 1/y/c

Even further, for the function f(z) =14 In(1/(1—z)), which is in K, it holds that
limgy o (t) /m s (t) = +o00.

Many other examples of power series in L which are not clans are provided by the
following immediate corollary of Theorem 3.7.

Corollary 4.7. Let f be in K. If My = +o00 and G(f) > 1, then f is not a clan.

For instance, power series with radius of convergence R = 1, like 1+ > "7, 2% or

entire power series like 1+ Y77 zzk/(2k)!, are in I but they are not clans.
Observe that for f(z) = 1/(1 — z), which is not a clan, we have M; = 400 and

a) =1

4.2. Some basic properties of clans. We now register a few properties of power
series in IC that are clans, that is, functions in I, with radius of convergence R > 0,
and satisfying the limit condition given in (4.1).

e It follows from Chebyshev’s inequality that if (X¢)icjo,r) is a clan, then for
Xy

any € > 0,
lim P =0
O ( ECG) | 6) :

and thus that X;/E(X;) converges in probability to the constant 1 as ¢ T R: the
random variable X; concentrates about its mean my(t) as t T R.
e By Lemma 2.4, we have that if f is a clan, then

E(X?
i E((Xtt)z’ =1, foranyp e (0,2].
Theorem 4.18 below will show that if f is a clan, then this limit result actually
holds for any p > 0.

e If f is a clan (with at least three nonzero coefficients), then Dy = zf’(z) is also
a clan. This will be proved right after Theorem 4.18. (The condition of three
nonzero coefficients excludes the case in which the variables associated to Dy
are constant.)

e If g is a clan, then for any integer N > 1, f(z) = g(z") is also a clan, since
for t € [0,RYN), my(t) = Nmy(tV) and o4(t) = Noy(tV), where my, o7,
and my, O'JQ‘- denote the mean and variance functions of the Khinchin families
of g and f.

o If f and g are clans with the same radius of convergence R > 0, then their
product h = fg is also a clan. For we have mj, = ms +m, and o7 = 0'}2(- +o02 =

o(m?c +m?2) as t T R, and thus o, = o(my,) as t T R. In particular, if f is a clan

-1

and N > 1 is an integer, then f% is also a clan.
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e Finally, if f and g are entire functions which are clans, then the composition fog
is a clan. This is clear if both f and g are polynomials. Otherwise, this follows
from the identity

Ly(t)

Lyog(t) = Ly(g(t) + g0’

and by combining Lemma 4.3 and the fact that, for a polynomial A in I of
degree N, we have that lim; o, Lp(t) =1 — 1/N, while lim;_, o mp(t) = N.
In particular, if g is an entire function which is a clan, then €9 is a clan.

for any t > 0,

4.3. Weak clans. We say that f € K is a weak clan if

E(X?)
lim inf
imin E(X,)?

Of course, clans are weak clans.

t
=1, or, equivalently, if liminf os(t) = 0.
ttR - my (t)

Proposition 4.8. Fvery entire function f in K is a weak clan.

As a consequence of this result, for entire functions f € K which are not clans, the
quotient o¢(t)/my(t) must oscillate and has no limit as ¢t — oo.

In contrast, power series f € K with finite radius of convergence need not be weak
clans. Recall, for instance, the examples f(z) = 1/(1—2) and f(2) = 14+1In(1/(1-2)),
for which limyqq o¢(t)/mys(t) is 1 and +oo, respectively.

Proof of Proposition 4.8: Polynomials are clans. For a transcendental entire func-
tion f € K we have, because of Lemma 4.2, that My = 4+o00. That f is a weak clan
then follows from combining (4.7) with (4.3). O

Remark 4.9. In fact, more is true. The following argument is based on Rosenbloom’s
proof in [26] of the Wiman—Valiron theorem.

For a transcendental entire function f, we are going to show that, for every n > 0
and € > 0, there exists a set G. C (0, R) of logarithmic measure not exceeding ¢, such
that

0]
(4.9) A = O
tgq. ot
which, in particular, implies that
o3(t
liminf ———— f( ) =0.
t—oo myg(t)+n

(
For a > 0, consider H, = {z > a : Jf(.’l,') > my(x)' /%), For x € H,, we have

that .
mf(x)
my(a)Hn/2
and thus, using that M; = 400, we deduce that

/ dzx 2
Pt G
H, © ~ nmg(a)n/?

Let a = a(e) be such that 2/m(a)"/? < ne. Then, for G = H,(.), we have that G, has
logarithmic measure at most ¢, and for t ¢ G., we conclude that

oF(t) < my ()2,
Since My = +oo, this gives (4.9).

1
Z*a
x
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4.4. On the mean function of a clan. Hayman showed in Lemmas 2 and 3 of [11]
that the mean m () of functions f € K in the Hayman class cannot grow too slowly.
Recall, from Subsection 4.1.3, that the Hayman class is a subclass of the class of
strongly Gaussian functions, and thus, by Corollary 4.6, functions in the Hayman class
are clans. Next, building upon Hayman’s approach, we present a characterization of
clans in terms of my alone.
Observe that as a first-order approximation we have that
t a3(t)

mp(t+t/mp(t) ~ my(t) +m}(t)m =my(t) + e

and thus that
gl +t/mp(0) | o3
my(t) my(t)*
This suggests that clans, for which limy g of(t) /m 7(t) = 0, may be characterized in
terms of the behaviour of the quotient my(t + t/mf(t))/mf( ) as t T R. This is the
content, of Theorem 4.10.
Also, as a second-order approximation we have, using (2.2) that

t t2

In f(t+t/my(t)) = In f(t) = (In f)'(8) = + 5 (1 ")

! my (1) my(1)?
1o3(t) 1 1
2m @7 2y (1)
which in turn suggests that clans, at least when My = +o00, may be characterized in
terms of the behaviour of the difference In f(t +¢t/m¢(t)) — In f(t), as t T R. This is
the content of Theorem 4.16.

(4.10)
=1+

Theorem 4.10. Let f € K have radius of convergence 0 < R < co.
If R = oo, the power series f is a clan if and only if
(4.11) i /M (1)
TR my(t)
If R < o0, the power series f is a clan if and only if (4.11) holds, and besides,
(4.12) £1TIII%1(R —t)my(t) = oo.
Remark 4.11. The classical Borel lemma, see for instance Chapter 9 of [28], claims

that for any function u(t) continuous and increasing in [T, 0o) for some T', and if a > 1,
there exists an exceptional set E of logarithmic measure at most a/(a — 1) so that

p(t+t/p@) <ap(t), foranyte [T,+o00)\ E.

Proof of Theorem 4.10: If f is a polynomial, then lim;_,o m¢(t) = deg(f), and thus
(4.11) holds. We may assume thus that f is not a polynomial.

For the direct part, we assume that f is a clan and not a polynomial, and thus
that My = +oo. Consider ¢ € (0, R), and denote by A(¢) the supremum

o} (s)
A(t) = sup —2.
s€[t,R) T f (s)?
Since f is a clan, limy g A(t) = 0. Now, take 0 < t <r < s < R. Since O'J%(T) = rm’s(r),
we have that o
1) _A®)

f(?")2 o
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After integration in the interval (¢,s) and using that Iny < y—1, for any y > 1, we
get that

BRSNS L5 Al
@) mp(e) S SOy S =m0,

If R < oo, by taking the limit as s 1 R, and using that My = 400, we get that

(4.14) L AWy fete.R),
my(t) t
and since lim;+ g A(t) = 0, we deduce that (4.12) holds.

If R is finite, from (4.14) and because lim;4g A(t) = 0, there exists T' € (0, R) such
that ¢t +t/m(t) < R for every t € (T, R); this, of course, is also true if R = +o0.
In (4.13), take t € (T, R) and s =t + t/my(t) < R and multiply by my(¢) > 0 on
both sides to get

(4.13)

my(t)
0<1— ———— < A(?).
@+ tfmg@) =
Then (4.11) follows since limyr A(t) = 0.

Next, the converse part of the statement.

Notice first that we have that M; = +oc0. For R = 400, this follows since f is not
a polynomial. For R < 400, this follows from the assumption (4.12).

Observe that, no matter whether R is finite or not, we always have that t +
t/mys(t) < Rfort € [T, R), for appropriate T' € (0, R), and thus that my(t+t/m(t))
is well defined.

Denote A(t) = 14+1/my(t). Consider the power series Dy. From Lemma 3.2 applied
to Dy, we have that

Dy (A)t)
Dy(t)
Since D¢(t) = my(t)f(t), for ¢t € [0, R), appealing again to Lemma 3.2, but now

to f itself, we have that, for ¢ € [T, R),

(4.16) In DrA®Y) _ mpADD)  FAG))

(4.15) mp, () InA(t) <In for t € [T, R).

) O

Dy(1) my(t) f@) my (1)
Combining inequalities (4.15) and (4.16), dividing by m¢(¢) In A(¢), and using equa-
tion (2.15), we obtain that

+mp(AE)E) In ().

E(X2)  mp, () W™EE )
1< t2: < ! + , fortel[T,R).
E(Xy)?  myp(t) = mp(@) @) my(t)
Since limy g myp(A(t)t)/ms(t)=1, by (4.11), and lim;gr my(¢) In A(¢)=1, because
limpr g mg(t) = oo, we deduce that limyp E(X7?)/E(X:)? = 1, and thus that f is a
clan. O

4.5. On the quotient f(At)/f(t). Let f be in K, with radius of convergence R <
+oo. For A > 1, we consider the quotient f(At)/f(¢). Bounds for this quotient ap-
peared already in Lemma 3.2 of Simi¢.

Lemma 4.12. If f is a power series in K with radius of convergence R < 400, then
for X\ > 1, the function f(At)/f(t) is increasing for t € (0, R/\).

Proof: Fix A > 1. Consider the function g(t) = In f(A\t)—1n f(¢), for t € (0, R/A). The
derivative of g multiplied by ¢ is m s (At) —m(t), which is always positive, since my is
strictly increasing in (0, R). O
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Lemma 4.13. Let f be an entire power series in KC and let A > 1. If f is a polynomial
of degree d, then f(At)/f(t) is bounded for t € (0,00); in fact, lim;_,o f(A)/f(t) =
X, If f is transcendental, then lim;_ o f(A)/f(t) = +oo0.

Proof: By Lemma 4.12, we have that lim;_,o f(At)/f(t) = sup,so f(A)/f(t) == H,
which could be +oo.

If H < 400, we have, in particular, that f(A") < H" f(1), for each n > 1 and thus
that f is a polynomial of degree at most In H/In A. For if aj is the k-th coefficient
of f, then, by Cauchy estimates of coefficients, we have that 0 < aj, < f(\")/A"* <
f(OH™/A"F for any n > 1, and so a;, = 0 for any k > In H/In \. Conversely, if
f € K is a polynomial of degree d, then lim; ., f(\t)/f(t) = A% O

Regarding Lemma 4.13, see [25, item 24], and compare with Lemma 3.2.

Lemma 4.14. Let f be an entire power series in K. Assume that for a continuous
function A(t) defined in (0,400) with values in (1,4+00) we have that f(N(t)t)/f(t) is
bounded for t € (0,+00). Then

A) =1+0(1/mys(t)), ast— oo.
Proof: Assume first that f is not a polynomial, and thus that My = +o0. Let J >0
be such that f(A\(t)t)/f(t) < e/, for every t > 0. Lemma 3.2 gives us that
(4.17) my(t)InA(t) < J, fort > 0.
Define §(t) := A(t) — 1. Because of (4.17), we have that
mp(t)o(t) < (e7/™1® —1)ymg(t), for t > 0.

And so
limsupm ()8 (t) < limsup(e?/™ O — 1)ms(t) = J.
t—o0

t—o00

The equality on the right holds because M; = +oo0.

For a polynomial f, if f(A(¢)t)/f(t) is bounded for t € (0,+00), then it follows
immediately that A(¢) must be bounded. This is consistent with the conclusion of the

lemma, since limy_,oc m¢(t) = deg(f). O
The discussion above leads us to consider most naturally the case A\(t) = 1 +
1/mg(t).

Lemma 4.15. Let f € K with radius of convergence R < co. Assume that
(4.18) there exists T € (0, R) such that t +t/my(t) < R, for any t € [T, R).
Then

(4.19) M Z kl X) i foranyt e (T,R)

and, in particular,

Jt+t/ms(t) 1 B(XE)
Jo T HEX)E

The condition (4.18) in Lemma 4.15 is satisfied whenever f is a clan. To see this,
observe first that if R = 400, then (4.18) is obvious. Now, if R < 400, and f is a
clan, then (4.12) of Theorem 4.10 gives, in particular, that (R —t)ms(t) > R > t, for
any t € [T, R), for some T € (0, R), and thus that ¢ +¢t/my(¢t) < R, for t € [T, R),
which is (4.18).

(4.20)

for any k > 0.
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Proof of Lemma 4.15: Fix t € [T, R). The radius of convergence of the Taylor expan-
sion of f around ¢ exceeds t/m(t), and this gives that

— 1 ")

ft+1t/my(t)) = 2 DR

Dividing by f(¢) and appealing to the expression (2.3) of the factorial moments of
the (X¢) in terms of f, we obtain (4.19). The inequalities in (4.20) follow since all the
summands in (4.19) are nonnegative. O

In the next result, as suggested by the second-order approximation (4.10), clans
are characterized as in Theorem 4.10, but involving In f(t) instead of my(t).

Theorem 4.16. Let f € K with radius of convergence R < co. Assume that M; =
+oo. Then f is a clan if and only if condition (4.18) holds and

: fa+t/me(@) _
(4.21) %rgln(lm) =1.

Concerning the hypothesis My = 400 of Theorem 4.16, observe that for any poly-
nomial f € IC of degree N, we have that

et/ mp) (N
i B = (14 ) <

Proof: Assume first that f is a clan.

We have observed after the statement of Lemma 4.15 that condition (4.18) is
satisfied by clans. To verify (4.21), denote A(t) := 14+1/m(t), for t € (0, R). Observe
that since limy g my(t) = My = 400, we have that

(4.22) %iTrgmf(t) InA(t) = 1.

From Lemma 3.2, we have, for T' € (0, R) as in condition (4.18), that
FOWY _ myA0)
f@&) = my(t)
Using (4.22) and (4.11) of Theorem 4.10, the limit (4.21) follows.

my(t)InA(t) <In (myg(t)InA(t)), foranyte [T,R).

For the converse implication, assuming now that (4.18) and (4.21) hold, we will
verify that f is a clan. It is enough to show that

: E(X?)
lim su <1,
R P E(X;)? —
or, because of Corollary 3.4 and the hypothesis My = 400, that
E(X?)
4.23 lim su i< .
(4.23) LD B S

Using hypothesis (4.18) and Lemma 4.15 we obtain that

Ft+t/ms() _ <=1 B(X7)
0 = 2 HEX,)E for t € [T, R).

Fix an integer N > 3. Since the summands above are all nonnegative, we may
bound
k
E(X})
VE(X;)k’

| —

for t € [T, R).

o

FlEHt/me(t) &
o 2
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We split the sum on the right separating the summands corresponding to £ < 2 and
those with 3 < k£ < N:

flt+t/ms@) o 1 E 1 E
f(t) - 2E <K E

For 3 < k < N, we have that

2 N

B B B(XY)
4.24 lim inf L = liminf ——* L>1
(424) YRR B(X)F AR E(XF)B(X)F =
since Jensen’s inequality gives that E(XF) > E(X;)* and limp E(Xtﬁ)/E(th) =
because of Corollary 3.4 and the hypothesis My = +oo.
Now fix 7 € (0,1). Because of (4.24), there exists S = S(N,7) € [T, R) so that

E(XE)/E(X)* > 7, for any t € [S, R) and any 3 < k < N. Thus, we have that

ft+t/ms(t) 1 B(X?)
O 2B(X,)?

Al |
Tkzm, for t € [S, R).
=3

From this inequality and the hypothesis (4.21), we deduce that

>1+1 —1
c Tt mtls%uPEXt Zkl

Now letting 7 1 1, and then N — oo, we obtain that
E(X2) < 1)
e>1+1+7hmsu Lo le—1—-1—=),
2 'R P E(X ) 2

and conclude that (4.23) holds. O

In terms of the moment-generating function of X, clans are characterized as fol-
lows.

Corollary 4.17. Let f € K with radius of convergence R < co. Assume that My =
+oo. Then f is a clan if and only if condition (4.18) holds and

i (Xe=mp(0))v()y —
(4.25) grlr%l E(e ) =1,

where v¢(t) :=1In(1+ 1/m¢(t)) fort > 0.

Proof: The results follows from the expression

E(eXe—me @)y — f(t“/mf@))( 1 )"”f“)
f(t) mf(t)
and Theorem 4.16. -

Observe that, for polynomials in &, (4.25) holds.

4.6. Moments of clans. Our next result shows that for a clan f, any moment, not
just the second one, is asymptotically equivalent, as ¢t 1 R, to the corresponding power
of my(t).

Theorem 4.18. If f € K with radius of convergence R < oo is a clan with associated
family (Xi)icpo,r), then

E(X?

lim ( t )
ttR E(X;)P

(4.26) =1, for everyp>0.
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As a consequence of Theorem 4.18, we can now prove that, as anticipated in Sub-
section 4.2, if f is a clan (with at least three nonzero coefficients), then Dy = zf/(z) is
also a clan. Let (X¢)¢e(o,r) and (W;)ieo,r) denote, respectively, the Khinchin families
of f and of Dy.

As observed in (2.14), the moments of the families (W}) and (X;) are related by

1
EW!) = WE(X,?H), for any p > 0 and any ¢ € (0, R).

Thus,

EW?) _EX}) me(t)® _ BX}) (ms()?*)’

E(W:)2  my(t) B(X7)?  my(t)? (E(X?)>
Since f is a clan, both fractions on the far right tend towards 1 as ¢ T R and,
consequently, Dy is, as claimed, also a clan.

As another consequence, which we have also anticipated, observe that since the
partition function P(z) = [[7—, 1/(1 — z*) is a clan, Theorem 4.18 and (2.6) give for
the moments of its associated family (X;) that, for any p > 0,

¢(2)P
(1—t)%’
Remark 4.19. Hayman, in Theorem IIT of [11], shows that the successive derivatives
of Hayman (admissible) functions satisfy t* f(¥)(¢)/f(t) ~ m;(t)*, as t 1+ R, which
is equivalent to the conclusion of Theorem 4.18, i.e., limyr E(XF)/E(X;)" = 1
for k > 1 integer. Our probabilistic proof below shows that this conclusion is valid
under the simple and more general notion of clan.

E(X?) ~ E(X})? ~ astt1.

Proof of Theorem 4.18: Due to Lemma 2.4, it is enough to prove (4.26) for any inte-
ger k> 1.
If f is a polynomial of degree N, we have that lim; ., E(X}F) = N* for any
integer k£ > 1. In particular,
E(X} Nk
lim (X¢) = —
t—o0 E(Xt)k Nk
We assume now that f is not a polynomial and, consequently, that M; = +oo.
We first check that

=1.

E(XF)
4.27 lim su t < ekl
(4.27) LD R S
Corollary 3.4, using that My = 400, gives that the inequality (4.27) is equivalent to
e BCD)
lim su ek!,
1R P E(X,)F ~

which follows from (4.20) and Theorem 4.16.
Denote V; := X;/E(X}), for t € (0, R), so that, for any integer k> 1 and any t €
(0,R),
E(X}) k
——— =E(V").
E(Xt)k ( t )
We aim to show that, for a clan, limy g E(V}¥) = 1 for any integer k > 1. For k =1,
we have that E(V;) = 1, for any ¢ € (0, R), and the case k = 2 is just the definition
of clan.
By (4.27), for any integer k > 1, the moments of V; satisfy that
(4.28) lim sup E(V;2¥) < e(2k)!.
'R
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Fix an integer k > 3. Consider a constant w > 0 and apply the Jensen, Cauchy—
Schwarz, and Chebyshev inequalities:

1=EW)* <E(V}F) = EV 1y, —1501) + BV Ly, -1<0)

t) 1
S E(‘/;Qk)l/QP(“/; _ 1| > w)l/Q + (1 +w)k S E(‘/;Qk:)l/Q Uf( ) ~ 4 (1 +(/J)k7
my(t) w
where by 14 we denote the indicator function of the event A. Since f is a clan,
limy g of(t)/ms(t) = 0, and this and the bound in (4.28) combine to imply that

1 <limsup E(V/) < (14 w)¥,
TR

for any w > 0. Therefore, limsup,z E(V/*) = 1. Now since k > 1, we have that
E(VF) > E(V,)* =1 for any t € (0, R), and we get, as desired, that

ltlTIII%l E(VF) =1, for every integer k > 1. O

Remark 4.20. Theorem 4.18 does not hold for general families or sequences of random
variables, i.e., if (V,,)n,>1 is a sequence of nonnegative random variables, then the
condition lim,, o, E(V,?)/E(V;,)? = 1 does not imply that lim,, ;.. E(V?)/E(V,,)? =1
for p > 2 (although this would be the case for p < 2, because of Lemma 2.4).

Indeed, for n > 1, define V,, taking the value v/n/In(n+1) with probability 1/(n+1)
and the value 2((n+1) — /n/In(n + 1)) with probability n/(n + 1).

For this sequence of random variables, we have that E(V,,) =1 for any n > 1 and
lim, . E(VP) =1, if p < 2, but lim,,_, E(V?) = +00, if p > 2.

5. Order of entire functions and power series distributions

In this section, we deal with entire functions f in . In particular, we shall be in-
terested in the relation between the order (of growth) of f and the growth of the
mean my(t) = E(X;), of the variance 0%(t) = V(X;), and of moments E(XY),
with p > 0, of the associated family of probability distributions.

Recall that the order p(f) of an entire function f in K is given by

(5.1) p(f) == limsup InInmaxp. - {|f(2)[} _ lim sup 2SO

t—00 Int t—00 Int

)

where we have used (2.1) in the second expression. On the other hand, for any entire
function f(z) = Y., anz", Hadamard’s formula (see Theorem 2.2.2 in [6]) gives p(f)
in terms of the coefficients of f:

(5:2) p(f) = lim sup m(n11/r|1:|)

5.1. The order of f entire and the moments E(X?F). We can express the
order of an entire function f € K in terms of the mean my(t) and, in fact, of any
moment E(X?), as follows.

Theorem 5.1. Let f € K be an entire function of order p(f) < +oo. Then

(5.3) lim sup w

= > 1.
msup = = p(f), for any p >

The case p = 1 of Theorem 5.1, i.e., limsup, ,, Inm(¢)/Int = p(f), appears in
item 52 on page 9 of [25].
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Proof: We abbreviate and write
In[E(X})Y/r
A, = tim sup ECT) )

, forp>0.
t—00 Int b

Observe that A, < Ay if 0 < p < ¢, by Jensen’s inequality.

First we show that
A, < p(f), forany p>0.
Fix p > 0. The inequality holds trivially if p(f) = 400, so we may assume p(f) < +o0.
Let w > p(f) and take 7 = (w + p(f))/2. If f(z) = >0 gan2", for z € C, then
Hadamard’s formula (5.2) gives N = N; > 0 such that

afng lf’I’LZN

1
For t such that t™ > N, we have

FOEX?) = i nPa,t" = Z nPa,t" + Z nPa,t"
n=1

n<tw n>tw

1
SHEF() + Yt = 7 f (1) + C,

n>1
where C' = C(w, p(f),p) < +o00. Thus,
E(XP) <t +C/f(t), ift" >N,
and so A, < w, for every w > p(f), which implies, as desired, that A, < p(f) for
p > 0 fixed above.

To finish the proof, it is enough to show that p(f) < Aj, because A; < A, forp > 1,
and this, combined with the fact that A, < p(f), for any p > 0, would give (5.3).
We may assume that A; < 400, since otherwise there is nothing to prove. We
observe first that, for any w > Ay, there exists T' = T, such that
my(t) =E(Xy) <t*, fort>T,
which, recall (2.2), can be written in terms of f as
f'(t)
f(t)

Upon integration, the above inequality gives that

<t*7l fort>T.

In £(£) = In f(T) < %(t“ 1), it T,

which implies, by the very definition (5.1) of order, that p(f) < w. From this, we
deduce, as desired, that p(f) < A;. O

Remark 5.2. We mention that, if p(f) is finite, then (5.3) holds also for p € (0,1).
To see this, fix p € (0,1). We just need to show that p(f) < A,. We are going to
interpolate A, between A, and As.
Let u=1/(2 —p) € (1/2,1), so that

1=pu+2(1—u).
By Holder’s inequality, we have that
E(X;) = E(XP' X ') < B(XP)“E(X?)'", for any ¢ > 0,

and thus,
Ay <pulp,+2(1—u)ls.
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By (5.3), A1 = As = p(f) < 400, so

p(f) < pubyp+2(1 —u)p(f).
This, substituting the value of u, gives that p(f) < A,.

5.2. Entire gap series, order, and clans. Recall, from Definition 4.1, that an
entire function f in K is a clan if

op(t)

t=oo my(t)

We shall now exhibit examples of entire functions in IC of any given order p, 0 <
p < oo, which are not clans. These (counter)examples will be used in forthcoming
discussions.

Fix 0 < p < +00.

Consider the increasing sequence of integers given by ny = 0, no = 1, and ngy =
kny, for any k > 2, and let

=1
FR) =14 2™
k=2 "
Recall the gap parameter G(f) given in (3.7), and observe that, in this case, G(f)
lim sup;,_, o k = 400, so from Theorem 3.7 we deduce that

t
(5.4) lim sup os(t) >1
t—oo My (t)
holds, and, in particular, that f is not a clan.
With the same specification of the sequence ny, the power series g and h in /C given
by

The function f is entire and belongs to K. Hadamard’s formula (5.2) gives p(f) = p.

1

00 1 0o
kz::z nph kz;; T

are entire, of respective orders p(g) = 0 and p(h) = 400, and are such that (5.4) holds,
and so, in particular, they are not clans.

The examples above of entire power series which are not clans are based on the
seminal examples of Borel [8], see also [37] of Whittaker, of entire functions whose
lower order does not coincide with the order.

5.3. The order of f entire and the quotient 0']% (t)/myg(t). The next result
compares the order of the entire function with the quotient cr]%(t)/mf(t) as t — oo.

Proposition 5.3. Let f € K be an entire function of order p(f) < oo. Then
2

o5 (t
lim inf f( ) < lim infM < liminfM
t=oo myg(t) T toee Int mint—
In t ! t a2 (t
TSI O .V O — U
t—o0 Int t—00 Int PR mf(t)

The equality statements in the middle of the comparisons of Proposition 5.3 are
the very definition of order and the case p = 1 of Theorem 5.1. On the other hand,
Béez-Duarte shows in Proposition 7.7 of [3] that
ai(t o2 (t

19 () < timsup L
i=oe my(t) t—oo My(t)
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Proof of Proposition 5.3: We will check first that

Inln f(¢ 1 t o3(t
(5.5) lim sup Inln f(t) < lim sup Inm; (1) < limsup 7 .
t—00 In t—00 Int t—s00 Mf(t)

Of course, we already know that the first two lim sup coincide with the order p(f).
For the inequality on the right of (5.5), let us denote

a2 (t
L = limsup ﬁ
t—oo Mf(1)
and assume that L < 400, since otherwise there is nothing to prove. Recall that
o3 (t) _ tm/y (t)
mg(t)  mg(t)
Take w > L. Then there exists T > 0 such that
tm’, (t
f() <w, foranyt>T,
my (1)
and, by integration, for ¢t > T,
Inmg(t) —Inm;(T) <w(nt—1InT),

and thus
1 t 1 t
lim sup M < w, and consequently, limsup M <L
t—o0 Int t—00 Int
The proof of the inequality on the left of (5.5),
Inl 1
msup PO o gup 20
t—o0 Int t—00 Int
follows as above using that
t(In f(t))" = my(t).
The proof of the inequalities for the lim inf,
o3(t | Inl
lim inf f( ) < liminfm < 1iminfo(t),
t—o00 mf(t) t—o0 Int t—o0 Int
is analogous. O

Concerning Proposition 5.3, a few observations are in order.

(i) The three lim inf in the statement, in general, do not give the order of f, since the
third one is the lower order of f, which, for instance, and again by Borel [8], does not
have to coincide with the order.

(ii) As for the third lim sup in the second line: as pointed out by Béez-Duarte (see [3,
p. 100]), in general, the order p(f) is not given by limsup,_, . U?p(t)/mf(t)7 as pro-
posed by Kosambi in Lemma 4 of [17]. The example of Baéz-Duarte is the canonical
product f given by

e} n2
(5.6) i =11 (1 ¥ )

n=1 n
which is an entire function in IC. Borel’s theorem (see, for instance, Theorem 2.6.5
in [6]) tells us that the order p(f) of any canonical product coincides with the exponent
of convergence of its zeros. The zeros of f have exponent of convergence 3/4, and thus
f has order p(f) = 3/4. From the case p = 1 of Theorem 5.1, we see that f satisfies
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that, say, ms(t) < Ct7/%, for some C' > 0 and every ¢t > 1. As f(n4e“‘/”2) =0, we
obtain from Lemma 3.9 that

Ufc(n‘l) > —nt, foranyn>1,

| =

and thus that o
op(n®) _ 1
f 1/2

o () > En / , forany n>1.
So, for this particular function f, we have that limsup,_, ., 0%(t)/my(t) = +oo, but
liminf; o 0%(t)/my(t) < p(f) = 3/4.

Alternatively, and more generally, recall that, for any p € [0, +00], we have exhib-
ited in Subsection 5.2 an entire transcendental function f € K, with order p(f)=p, and
such that limsup,_, ., o (t)/my(t) > 1, and thus such that limsup,_, ., 07(t)/my(t) =

+oo. Also, liminf; J?(t)/mf(t) < p(f) < 400, because of Proposition 5.3.

(iii) On the other hand, as a consequence of Proposition 5.3, for an entire function f €
KC, we have that if the limit lim; oo 07 (t)/my(t) exists (including the possibility of
being o0), then the order p(f) of f is precisely

o7(t)
= uam ! .

In Béez-Duarte’s example (5.6), the limit of aj%(t)/mf(t) as t — oo does not exist,
and (5.7) does not hold. In general, (5.7) does not hold for any entire function f in K
for which the lower order does not coincide with the order.

For the class of entire functions in K of genus 0 which we are to discuss in Subsec-
tion 5.4 below, the identity (5.7) holds (see the comments after Proposition 5.4).

The identity (5.7) also holds for the class of nonvanishing entire functions in K
of finite order. To see this, let f(z) = e9(*) € K, where g is entire (not necessarily
in ). We may assume that ¢g(t) € R for ¢ > 0, and further that, for some T > 0,
g(t)>0for t > T. Assume that f has finite order. Hadamard’s factorization theorem
gives that ¢ is a polynomial, say of degree N. Thus p(f) = N, by (5.1). If the leading
coefficient of the polynomial g is b, then

my(t) =tf'(t)/f(t) =tg'(t) ~ DNV, as t — o0,
o7 (t) = tm)s(t) = tg'(t) + t?¢" (t) ~ BN?tV, ast — occ.
Therefore, (5.7) holds.

5.4. Entire functions of genus 0 with negative zeros. We consider again the
entire transcendental functions f in K of genus 0 (and thus of order < 1) whose zeros
are all real and negative which we have considered in Subsection 2.2.5. Recall that,
if normalized so that f(0) = 1, they are the canonical products of the form

o0
(5.8) flz)= H <1 + Z), for z € C,

i=1 bi
and (b;);>1 is an increasing sequence of positive real numbers with Z;’il 1/b; < 0.
The zeros —by, —ba, —bs3, ... of f all lie on the negative real axis.

We keep the notation N(t) for the counting function of the zeros of f:

N(@t)=#{j>1:b; <t}, fort>0,

which is a nondecreasing function such that N(t) — co as t — oo.
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Recall also that Borel’s theorem tells us that the order p(f) of the canonical prod-
uct coincides with the exponent of convergence of its zeros, which, in turn (see The-
orem 2.5.8 in [6]), is given by

In N (¢
lim sup n N () = p(f).

t— o0 Int

The function In f(t), for ¢ € (0,400), may be expressed in terms of the counting
function N(t); concretely, by integration by parts, one obtains

& t\ (™ tN(z) [ N(ty)
(5.9) mf(t)—j;ln(lﬂ,j)—/o md“/o MOESVRY

This representation (5.9) of In f(¢) in terms of the counting function N (t) comes from
Valiron; see [36].

From precise asymptotic information on the counting function N (t) of f, one may
obtain asymptotic information on the mean and variance function of the family asso-
ciated to f.

Proposition 5.4. Let f be an entire function of genus 0 with only negative zeros,
and given by (5.8). Assume that for p € (0,1) we have

(5.10) N(t) ~CtP, ast— oc.
Then
Crm
~ P
(a) In f(¢) Sn(p) tP,  ast — oo,
Crp ,
(b) my(t) ~ Sn(rp) t’,  ast — oo,
Crmp?
2 ~ P
(c) o%() Sn(rp) P, ast — oo.

Conversely, if (a), (b), or (c) holds, then (5.10) holds.

It follows that for entire functions of genus 0 given by formula (5.8), and whenever
N(t) ~ CtP as t — oo, with p € (0,1), then

as was pointed out (but left unproved) by Béez-Duarte in Proposition 7.9 of [3], and
also that equality holds in Proposition 5.3. Furthermore, it follows that the entire
functions of Proposition 5.4 are clans; but see Proposition 5.7 for a more general
statement.

Proof: That (c) = (b) = (a) follows immediately by integration, since my(t) =
t(In f)'(t) and aj%(t) = tm’s(t); recall the formulas (2.2).
That (a) implies (5.10) is a classical Tauberian theorem; see [36] and [33, 34].
The proof of the direct part of Proposition 5.4 follows from the representation (5.9)
and the following standard identity for the Euler Beta function:

T
sin(7n)

(o] y'yy
(5.11) / ﬁdy:Beta(l—i—n,l —-n) =
0

, for any n €[0,1).
) yne€l,1)
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The representation (5.9) gives that
*_y" Nty
In f(t) = t° / S dy.
& o Yly+1) (ty)
Since N(ty)/(ty)? — C ast — oo and y”/(y(y + 1)) is integrable in [0, o),

o0 P
Jim (0 :c/ B
t—oo  tP o yly+1)

Integrating by parts, using that p < 1 and (5.11), we obtain that

[y [y
o yly+1) Y pJo (y+1)2 Y sin(mp)’

That is,
Cr

sin(mp)
For the mean and the variance, we have the representations
e P N(t CyP(y—1) N(t
my(t) = t”/ v 1 27( yp) dy and UJ%(t) = t"/ yw—-o) (v . 3) ( yp) dy.
o (y+1)* (ty) o (W+1)?* (ty)
Arguing as above, (b) and (c) follow from (5.10). O

In f(t) ~

t?, ast— oo.

Remark 5.5. For general canonical products f of genus p > 0 with only negative
zeros, there is a representation of In f(¢) analogous to (5.9), which is the case p =0
(see, for instance, Theorem 7.2.1 in [5]):

t/z)Pt

I f(t) = (1) / o ().

1+t/z x

This expression means in particular that for p odd, the canonical product f is bounded
by 1, for t € (0,00), and thus shows that f is not in K. Observe, in any case, that for
a primary factor E,(z), which for |z| < 1 is E,(z) = exp(— Y iepit 27/7), we have
that its (2p + 2)-coefficient is —p/(2(p + 1)?), and therefore E,(—z/a) with a > 0,
which vanishes at —a, is not in K, if p > 1; in general, thus, canonical products of
nonzero genus with only negative zeros are not in K.

Remark 5.6. For entire functions f of genus 0 and only negative zeros, if the number
of zeros is comparable to a power t* with p € (0,1) (N(t) < t?, as t — 00), so are
the mean and variance of its Khinchin family. This follows most directly from the
representation (5.9).

Entire functions of genus 0 with only negative zeros are always clans.

Proposition 5.7. Every entire function f in K defined by (5.8) with » .5, 1/b; <
+o0 is a clan. -

Proof: Assume that f is not a polynomial. For f given by (5.8), we have, recall-
ing (2.10), that
af(t) <myg(t),

alnd thus o7 (t)/m3(t) < 1/my(t). Since my(t) — oo as t — oo, we obtain that f isDa
clan.
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5.5. Entire functions, proximate orders, and clans. For p > 0, a prozimate
p-order p(t) is a continuously differentiable function defined in (0, +00) and such that

. o . ’ _
tlif’élo p(t)=p and tlg]élop (t)tlnt = 0.

Traditionally, proximate orders are allowed to have a discrete set of points where
they are not differentiable, but have both one-sided derivatives at those points; see
Section 7.4 in [5].
If for a proximate p-order p(t) we write V(t) = t?)) for ¢t > 0, then (see, for
instance, Lemma 5 in Section 12, Chapter I, of [18]) for every A > 0 we have that
V(At)

1 — \P
(5.12) Jlim 0] =\

In other terms, the function V(t)/t* is a slowly varying function.

Theorem 5.8 (Valiron’s proximate theorem for K). If f is an entire function in K
of finite order p > 0, then there is a proximate p-order p(t) such that

lim sup In 7(£)
t—o0 tp(t)
See Theorem 7.4.2 in [5]; the smoothness which we require in our definition of prox-
imate p-order p(t) is provided by Proposition 7.4.1 and Theorem 1.8.2 (the smooth
variation theorem) in [5].
We have the following.

=1.

Theorem 5.9. Let [ be an entire function in K of finite order p > 0, let p(t) be a
prozimate p-order, and let T > 0. Then

(5.13) lim 2 ()

b ()

if and only if

(5.14) lim "0 _

t—o0 tp(t)

If either (5.13) or (5.14) holds, then f is a clan.

Observe that in both (5.13) and (5.14) a ‘lim’ is assumed, and not a ‘lim sup’ as
in Valiron’s Theorem 5.8, which encompasses all finite-order entire functions. Con-
dition (5.13) of Theorem 5.9 concerns entire functions that are said to have regular
growth.

Comparing with Valiron’s theorem, the limit 7 instead of 1 amounts to no extra
generality, since replacing p(t) with p*(t) = p(¢) +In7/Int, we have that p*(¢) is also
a proximate p-order and

lim w =1
t—00 tl’*(t)

That (5.14) implies that f is a clan is due to Simié, [32]. In [32], see also [31], it
is claimed, in the terminology of the present paper, that any entire function of finite
order in K is a clan, which is not the case; see, for instance, Subsection 5.2. The
error in the argument originates in a misprint in the statement of Theorem 2.3.11 on
page 81 of [5]: the lim sup appearing in that statement should be a lim inf (which is
what is actually proved in [5]). See also page 101 of [19] for a similar warning. The
argument of [32] shows precisely that (5.14) implies that f is a clan.

As for the implication (5.13) = (5.14), compare with Lemma 3.1 in [21].

For constant proximate p-order, (p(t) = p, for t > 0) that (5.13) implies (5.14)
and then that f is a clan is due to Pélya and Szeg6 with an argument involving some
delicate estimates: combine items 70 and 71, on page 12, of their [25].
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Proof: Fix A > 1. Lemma 3.2 gives us that
my(t)In A <In f(At) —In f(t) <mp(At)InA, fort >0,
and thus dividing by V (t) = tP®),
my(t) 1 [Inf(A) V(X))  Inf(t) myg(At) V(At)
V(t) InA| V() V(¢) V(t) V(at) V(t)

We first prove that (5.13) = (5.14). From (5.12), (5.13), and (5.15), and letting t —
00, we deduce that

for t > 0.

Y R s SRR Pr)
< <\
sup e =Ty <A IR

Letting A | 1, equation (5.14) follows.

We now prove that (5.14) = (5.13). Assume first that

i In f(t)
(5.16) lu;ri)s;jp 200

If (5.16) holds, then from the first inequality of (5.15), and using (5.14), we deduce

< +00.

e In f(1) In £(1)
n f(t nf(t
. PRI
oI+l inl G < A i inl G
while the second inequality of (5.15) gives
. Inf(t) _ .. In f(2)
P P
A h?isogp O < hirisogp PO) + 7pA In .
Writing the two inequalities above as
A =1 . Inf(t) AP =1 In f(t) 0
T < ) hgg)lf o) and ) hiri)bog o) < TpA?,
and by letting A | 1, we get that
In f(¢ In f(t
7 < liminf nft) and limsup nf(t) <rT
t—oo  tP(t) oo tP(®)

so (5.13) follows.
To show that (5.16) holds, we first observe that
d
gs"(s) = (slns-p'(s) + p(s))s”&~1 for s > 0,
and from the defining properties of the proximate orders, we deduce that, for appro-

priately large A > 0,

d p
1 —sP8) > Dgpls)=1 g h s> A.
(5.17) dss > 25 , for each s >

From (5.14), by incrementing A if necessary, we deduce that
d d
—Inf(s) = mf7(8) < 2Tps”(5)*1 < 47—5”(5), for s > A,
ds s ds
where (5.17) was used in the last inequality. We thus have that
In f(t) <Inf(A) 447 t*® —4747A  for t > A,

from which we obtain that

) In f(t)
<
imoup S < o

as wanted.
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This argument shows in fact that

1 t 1 t 1 t 1 t
p t—oo tr(t) t5oo  tP(t) oo P D oo o(t)

For another proof of this last chain of inequalities, see, for instance, Theorem 4 in [35].

Finally, we prove that (5.14) = f is a clan. From (5.12) and (5.14), and taking
into account that p > 0, we deduce that
my(At)

(5.18) )

=M, forany A > 0,

and thus that the mean my is a regularly varying function; see Section 1.4 of [5].

To show that f is a clan, we may assume that f is not a polynomial, and thus that
limy 00 my(t) = +o0.

Now, (5.18) implies that for any function A(¢) such that A(t) > 1 and such that
lim; o A(t) = 1, we have that

i IO

(5.19) Jm =

=1.

To see this, fix € > 0. Then we have that 1 < A(t) < 1+ ¢, for ¢ > t.. Therefore,

m 01 _ my((1+2)1)
Tomg(t) T mg(t)

Thus, limsup,_, . ms(A(t)t)/ms(t) < (1 +¢€)?, and thus (5.19) holds.

, fort>t..

Applying (5.19) with A(t) = 1+ 1/mys(t) and appealing to Theorem 4.10, we
conclude that f is a clan. O

5.6. Exceptional values and clans. The entire gap series of Subsection 5.2, which
are our basic examples of entire functions in L which are not clans, have no Borel
exceptional values. This follows, for instance, from a classical result of Pfluger and
Pélya [23]. Next we show that, in general, entire functions which are not clans have
no Borel exceptional values.

Recall that, by definition, a is a Borel exceptional value of an entire function f
of finite order if the exponent of convergence of the a-values of f (i.e., the zeros
of f(z) —a = 0) is strictly smaller than the order of f; a theorem of Borel claims that
a nonconstant entire function of finite order can have at most one Borel exceptional
value.

Theorem 5.10. If the entire function f € K has finite order and has one Borel
exceptional value, then f is a clan.

Proof: Let p be the order of f. Assume that a € C is the Borel exceptional value
of f. Denote by s the exponent of convergence of the zeros of f(z) — a. Thus s < p,
since a is a Borel exceptional value of f.

Let f(2) = a4+ P(2)e?) be the Hadamard factorization of f — a, where P is the
canonical product formed with the zeros of f — a, and @ is a polynomial of degree d
and leading coefficient ¢ # 0. The order of P is s, and thus the order p of f must be
the integer d.

Now,

If(t) —a| = |P@)[e®P® and  In|f(t) —a| = In|P(t)] + RQ(t), for ¢t > 0.



198 A. CANTON, J. L. FERNANDEZ, P. FERNANDEZ, V. J. MACIA

Take s’ € (s,d). For a certain ¢’ depending on s’, we have for t > ¢’ that In|P(z)| <
|z]*", if |2| = ¢. Besides,

RQ(t)

td

1
:§Rc+0<t>, as t — oo.

We conclude that
i 2O =l g

t—o00 td
and therefore that
li In F(t) = Re.
t—o00 td
Observe that if e = 0, then RQ(t) = O(t?"1) as t — oo, and that would mean
that |
t
liinsup nt];( ) =0,
— 00

for some h such that (s <)h < d, and thus, in particular, that f would be of order at
most h, which is not the case.
Thus Re > 0, and condition (5.13) of Theorem 5.9 holds, so f is a clan. O

For an entire function, not necessarily of finite order, a Picard exceptional value is
a value that is taken just a finite number of times. For Picard exceptional values and
clans, we have the following result, which came out in a conversation of one of the
authors with Walter Bergweiler.

Proposition 5.11. If f = Pe9 is in IC, where P is a polynomial and g is an entire
function in IC of finite order, then f is a clan.

The value 0 is Picard exceptional for f = Pe9. It is not assumed that P is in IC,
but it is assumed that g is in IC. Observe also that the assumption is that g is of finite
order; if e9 were of finite order, that f is a clan would follow from Theorem 5.10.

Proof: The entire function f is transcendental, since g € K is not a constant. From
Lemma 4.3, we have that f is a clan if and only if lim; o, Lf(t) = 1. To show that
this limit holds, we verify first that g satisfies
1
t
(5.20) lim 9,7() =0
t—o0 g (t)2

Condition (5.20) clearly holds if g is a polynomial.

Assume thus that g is not a polynomial. From the case p = 1 of Theorem 5.1
applied to the derivative g’, which is also of finite order, it follows that for some finite
constant S > 0 and radius R; > 0 we have that

1"
g /(t) <15
g'(t)
Besides, since ¢ is not a polynomial, we have, for some radius Ry, that ¢(t) > tt1,

for t > Ry. And thus (5.20) holds.
Next, a calculation, recall (4.2), gives that

(P 1 P 1 ¢t Plt) 1 .
Lf(“‘(P(t) PO TOW TORIOE “>/ (P(t) 70 “) o fort>0.

Since P is a polynomial, we have that P’(t)/P(t) and P”(t)/P(t) tend to 0 as t — oo.
Besides, since g € IC, we have that lim;_, o, ¢’(t) = +00. Using now (5.20), it is deduced
that limg oo Lf(t) = 1. O

for t > R;.
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6. Some questions

Question 1. If f € K has radius of convergence R < oo and its Khinchin fam-
ily (X¢)tejo,r) satisfies for some value of p > 2 that
E(X?)
6.1 lim ——- =1
(6.1) HEE(X )P

then f is a clan. This follows directly from Lemma 2.4. Assume that (6.1) is satisfied
for some value p € (1,2). Is this enough to deduce that f is a clan?

Question 2. Is it the case that, for every entire function f in K,
2l

li g
im su
t—>oop myg(t) —

Question 3. If g is an entire function in K (not necessarily of finite order), it is
natural to ask whether f = e9 is always a clan or not. This is the case if g is a clan
or if g has finite order, as we have seen in Subsection 4.2 and in Proposition 5.11.
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