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1. Introduction

Every power series f(z) =
∑∞

n=0 anz
n, with nonnegative coefficients and radius

of convergence R>0, generates a family (Xt)t∈[0,R) of probability distributions sup-
ported on the nonnegative integers by defining random variables Xt via

X0 ≡ 0, P(Xt = n) =
ant

n

f(t)
, for t ∈ (0, R) and n ≥ 0.

The systematic study of these power series distributions appears to have originated
with Kosambi [16] in 1949 and Noack [20] in 1950, as a unifying model for several dis-
crete distributions arising in statistics. See Section 2.2 in [14] and references therein.

We will restrict our study to the class K of nonconstant power series with nonneg-
ative coefficients, positive radius of convergence, and with a0 > 0. With this, we avoid
the inconvenient case where f is a monomial, or a constant.

We will refer to the family of random variables (Xt)t∈[0,R) associated to f in K as
the Khinchin family of f , a term and a whole framework which originates in the work
of Rosenbloom [26]; see also [30].

This paper deals with the beautiful interplay between function theoretic properties
of the holomorphic function given by f and certain probabilistic properties of the
family (Xt) as t ↑ R, in particular, the behaviour as t ↑ R of the mean mf (t) = E(Xt),
of the variance σ2

f (t) = V(Xt), or, in general, of the moments E(Xp
t ), for p > 0.

For instance, in Subsection 3.3 we will provide simple proofs, of a probabilistic na-
ture, of some lower bounds and asymptotic lower bounds of σf (t), as t ↑ R, quantifying
Hadamard’s three-lines theorem, due to Hayman [12], Bŏıčuk and Gol’dberg [7], Abi-
Khuzam [2], and others. Later, see Theorem 5.1 and Proposition 5.3, we will show,
for entire functions f in K, how the growth of the mean mf (t) and, in general, of
the moments E(Xp

t ), with p > 0, and of the quotient σ2
f (t)/mf (t), relate to the order

of f , generalizing some results of Pólya and Szegő, and of Báez-Duarte.
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We say that f ∈ K with radius of convergence R ≤ ∞ is a clan (and also that the
associated family (Xt)t∈[0,R) is a clan) if limt↑R σf (t)/mf (t) = 0 or, equivalently, if

limt↑R E(X2
t )/E(Xt)

2 = 1. For clans, Xt concentrates around its mean as t ↑ R, in the
sense that the normalized variableXt/E(Xt) tends to the constant 1 in probability. As
a matter of fact, being a clan was already considered, not with this name, by Hayman
in [11] as a property enjoyed by what are nowadays called Hayman (admissible)
functions; clans also appear at least in Pólya–Szegő (see items 70 and 71 in [25]), and
in work of Simić [31, 32].

Section 4 contains a detailed study of clans from a function theoretic point of
view. It turns out (see Theorem 4.18) that for clans, limt↑R E(Xp

t )/E(Xt)
p = 1, for

any p > 0. For instance, the partition function P (z) =
∏∞

k=1 1/(1−zk) is a clan,
and for the family (Xt)t>0 associated to P we obtain readily, for any p > 0, that
E(Xp

t ) ∼ ζ(2)p/(1− t)2p, as t ↑ 1.
For entire functions in K, Pólya and Szegő ([25]) showed that entire functions

with nonnegative coefficients of finite order ρ such that limt→∞ ln f(t)/tρ exists and
is positive are clans; we show, more generally, see Theorem 5.9 in Section 5, that
entire functions in K of regular growth (in a precise sense) are clans.

The entire gap series with nonnegative coefficients presented in Subsection 5.2
furnish the basic examples of entire functions of any order ρ, with 0 ≤ ρ ≤ +∞,
which are not clans. A classical result of Pfluger and Pólya ([23]) ensures that these
entire gap series have no Borel exceptional values. We show in Theorem 5.10 that
entire functions in K with one Borel exceptional value are always clans.

Finally, some open questions are discussed in Section 6.

Notation. Generically, throughout this paper, we use E(Z) and V(Z) to denote
expectation and variance of a random variable Z, and P(A) to denote probability of
the event A (in the appropriate probability space).

For positive functions f(t) and g(t), defined in an interval [0, R), with 0 < R ≤ +∞,
the notation f(t) ∼ g(t) as t ↑ R means that limt↑R f(t)/g(t) = 1, while f(t) = o(g(t))
as t ↑ R means that limt↑R f(t)/g(t) = 0. We write f(t) = O(g(t)) as t ↑ R if
f(t) ≤ Cg(t) for a certain constant C > 0 and for t close enough to R; and f(t) ≍ g(t)
as t ↑ R if cg(t) ≤ f(t) ≤ Cg(t) for certain constants c, C > 0 and for t close enough
to R.

2. Khinchin families and power series distributions

Keeping the notation and definitions of [9], we denote by K the class of nonconstant
power series

f(z) =

∞∑
n=0

anz
n

with positive radius of convergence R ≤ ∞, which have nonnegative Taylor coeffi-
cients, and with a0 > 0. Thus, one coefficient of the power series f other that a0 is
also nonzero. Notice that f(t) > 0 for each t ∈ [0, R). We shall resort occasionally to
the fact that for f in K we have that

(2.1) max{|f(z)| : |z| ≤ t} = max{|f(z)| : |z| = t} = f(t), for every t ∈ [0, R).

To any power series f in K, we may associate a whole family of probability distribu-
tions supported on the nonnegative integers {0, 1, . . . }, indexed in the interval [0, R),
by specifying a family of random variables (Xt)t∈[0,R) with values in {0, 1, . . . } and
with probability mass functions given by

P(Xt = n) =
ant

n

f(t)
, for each n ≥ 0 and t ∈ (0, R),
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and with X0 ≡ 0. Since f has at least two coefficients which are not zero, each
variable Xt, for t ∈ (0, R), is a nonconstant random variable.

The family (Xt)t∈[0,R) is the family of probability distributions associated to the
power series f . For general background on power series probability distributions, we
refer the reader to Section 2.2 of [14].

The terminology of Khinchin families for (Xt)t∈[0,R) is used in this paper to em-
phasize that the focus is placed on the behaviour as t ↑ R of the variables (Xt) and
of the function f(t), and in the connection between the probabilistic and the function
theoretic aspects.

The framework of Khinchin families arises in work of Hayman [11], Rosen-
bloom [26], Báez-Duarte [4], and others. It has been pursued recently by the au-
thors in [9] and [10]. The main aim of that framework has been to study, in a uni-
fied manner, asymptotic formulas for the coefficients of generating power series, like
the Hardy–Ramanujan asymptotic formula for the number of partitions of numbers
with P (z) =

∏∞
n=1 1/(1−zn), the Moser–Wyman asymptotic formula for the number

of partitions of sets with B(z) = ee
z−1, and many others.

The presentation of this paper is independent of the papers above. For the general
theory of Khinchin families, we refer the reader to [9] (and also to [10]). The summary
of a few relevant notions follows.

2.1. Basic families. The most basic examples of Khinchin families (Xt)t∈[0,R) as-
sociated to power series f ∈ K are

• the Bernoulli family, associated to f(z) = 1 + z, where for each t > 0, the
variable Xt is a Bernoulli variable with parameter p = t/(1 + t);

• the geometric family, associated to f(z) = 1/(1 − z), where for each t ∈ (0, 1),
the variable Xt follows a geometric distribution with parameter p = 1− t;

• for integer N ≥ 1, the binomial family, associated to f(z) = (1 + z)N , where
for each t > 0, the variable Xt follows a binomial distribution of parameters N
and p = t/(1 + t);

• for integer N ≥ 1, the negative binomial family, associated to f(z) = 1/(1−z)N ,
where for each t ∈ (0, 1), the variable Xt follows a negative binomial distribution
of parameters N and p = 1− t;

• and the Poisson family, associated to f(z) = ez, where for each t > 0, the
variable Xt follows a Poisson distribution of parameter t.

We mention also the families associated to

• the (ordinary) generating function of partitions of integers: P (z)=
∏∞

n=11/(1−zn),
for |z| < 1,

• and the (exponential) generating function of the Bell numbers (number of par-
titions of sets): B(z) = ee

z−1, which is an entire power series.

2.2. Moments. Let f be a power series in K, with radius of convergence R > 0,
and let (Xt)t∈[0,R) be its associated Khinchin family. For t ∈ [0, R), the mean and

variance of Xt will be denoted by mf (t) = E(Xt) and σ2
f (t) = V(Xt), respectively.

In terms of f itself, we may write

(2.2) mf (t) =
tf ′(t)

f(t)
= t(ln f)′(t) and σ2

f (t) = tm′
f (t), for t ∈ [0, R).
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More generally, for β ≥ 0 and t ∈ [0, R), the moment E(Xβ
t ) of exponent β of Xt

may be written in terms of the power series f as

E(Xβ
t ) =

∞∑
n=0

nβ ant
n

f(t)
.

We shall be particularly interested in the comparison of the moment E(Xβ
t ) of expo-

nent β with the mean mf (t) = E(Xt), which acts as a sort of unit, as t ↑ R.
Occasionally, we shall resort to factorial moments of the Xt. For integer k ≥ 0,

we denote xk := x(x − 1) · · · (x − k + 1), the k-th falling factorial of the number x.
For k = 0, it is agreed that x0 = 1. The k-th factorial moment of Xt is defined as

E(X
k
t ) = E(Xt(Xt − 1) · · · (Xt − k + 1)),

with the convention that E(X
0
t ) = 1. Observe that the random variable X

k
t given

by X
k
t := Xt(Xt − 1) · · · (Xt − k+ 1) takes values in {0, 1, . . . }, and that E(X

k
t ) ≥ 0,

for any k ≥ 0.
In terms of the power series f itself, the k-th factorial moment is given by

(2.3) E(X
k
t ) =

1

f(t)

∞∑
n=k

n(n− 1) · · · (n− k + 1)ant
n =

tkf (k)(t)

f(t)
, for t ∈ [0, R).

Stirling numbers of the second kind S(n, j) relate powers with falling factorials of
a number x:

xk =

k∑
j=0

S(k, j)xj , for k ≥ 1.

This translates into the following relation between moments and factorial moments
(see, for instance, equation (11) of [24]):

(2.4) E(Xk
t ) =

k∑
j=0

S(k, j)E(X
j

t ), for any integer k ≥ 1 and t ∈ (0, R).

Recall that S(k, k) = 1, for any k ≥ 1.
We shall resort a couple of times to the following basic inequalities for moments of

random variables.

Lemma 2.1. Let Y be a positive random variable with E(Y ) = 1.

(a) For 1 ≤ q ≤ p,
1 ≤ E(Y q) ≤ E(Y p).

(b) For β ∈ (0, 1] and p > 1,

1 ≥ E(Y β) ≥ E(Y p)−
1−β
p−1 .

Proof: Monotonicity of moments gives

(2.5) E(Y β)1/β ≤ 1 ≤ E(Y q)1/q ≤ E(Y p)1/p.

For part (a), we get from (2.5) that E(Y p) ≥ 1 and thus, as q/p ≤ 1, we learn that
E(Y p)q/p ≤ E(Y p). Raising (2.5) to the power q gives the result.

For part (b), write 1 = uβ + (1− u)p; explicitly, u = (p− 1)/(p− β) ∈ (0, 1]. Now,
Hölder’s inequality (for 1 = u+ (1− u)) yields

1 = E(Y ) = E(Y uβ · Y (1−u)p) ≤ E(Y β)uE(Y p)1−u,

and so,

E(Y β) ≥ E(Y p)
u−1
u = E(Y p)

β−1
p−1 .

This and (2.5) end the proof.



Moments and growth of power series distributions 165

Next we describe the moments and asymptotics of the moments of the most basic
families.

2.2.1. Moments of geometric and negative binomial variables.

Proposition 2.2. If N ≥ 1 and (Xt)t∈[0,1) is the Khinchin family of the func-

tion f(z) = 1/(1− z)N , then

mf (t) = N
t

1− t
and σ2

f (t) = N
t

(1− t)2
, for t ∈ [0, 1),

and for any β ≥ 0, we have that

lim
t↑1

E(Xβ
t )

E(Xt)β
=

Γ(β +N)

Γ(N)Nβ
.

This comparison of moments is a direct consequence of the following asymptotic
formula (valid for any β > 0):

∞∑
n=1

nβ−1tn ∼ Γ(β)
1

(1− t)β
, as t ↑ 1,

which in turn follows from the binomial expansion and Stirling’s formula.

2.2.2. Moments of Bernoulli and binomial variables. For the Khinchin fam-
ily (Xt)t≥0 of a polynomial f of degree N , we have that Xt tends in distribution to
the constant N as t → ∞, and also that for β ≥ 0,

lim
t→∞

E(Xβ
t ) = Nβ = lim

t→∞
E(Xt)

β .

Particular instances of this polynomial case are the Bernoulli and the binomial
families, which are associated, respectively, to f(z) = 1 + z (of degree 1) and to
f(z) = (1 + z)N (of degree N).

2.2.3. Moments of Poisson variables. The Poisson family (Xt)t≥0 is associated
to the exponential function ez. For t > 0, the variable Xt is a Poisson variable with
parameter t, and thus E(Xt) = t and V(Xt) = t.

For β > 0 and t > 0, the moment of exponent β of Xt is given by

E(Xβ
t ) =

∞∑
n=0

nβ t
ne−t

n!
.

Proposition 2.3. For the family (Xt)t≥0 associated to f(z) = ez, and for any β > 0,
we have

E(Xβ
t ) ∼ tβ = E(Xt)

β , as t → ∞.

An application of Jensen’s inequality will allow us to reduce the proof of Proposi-
tion 2.3 to the case of integer exponents.

Lemma 2.4. Let 0 < R ≤ ∞, and let (Ut)t∈[0,R) be a family of nonnegative random
variables such that for some p > 1,

E(Up
t ) ∼ E(Ut)

p, as t ↑ R.

Then, for any β ∈ (0, p],

E(Uβ
t ) ∼ E(Ut)

β , as t ↑ R.
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Proof: Write Yt = Ut/E(Ut), and observe that Yt is nonnegative and that E(Yt) = 1.
In these terms, the hypothesis is that

lim
t↑R

E(Y p
t ) = 1, for some p > 1,

and we want to prove that

lim
t↑R

E(Y β
t ) = 1, for all 0 < β ≤ p.

For 1 ≤ β ≤ p, this follows from part (a) of Lemma 2.1. Part (b) of the same lemma
proves the case β ∈ (0, 1).

Proof of Proposition 2.3: As f(t) = et, it follows from (2.3) that the factorial mo-

ments of Xt are given by E(X
j

t ) = tj , for any integer j ≥ 0 and any t > 0. On
account of (2.4), we have that, for each integer k ≥ 1,

E(Xk
t ) =

k∑
j=0

S(k, j)tj .

Since S(k, k) = 1, for k ≥ 1, we obtain that for each integer k ≥ 1,

E(Xk
t ) ∼ tk, as t → ∞.

Lemma 2.4 finishes the proof.

2.2.4. Mean and variance of the partition function and of the Bell function.
Beyond the most basic families, consider now the partition function P (z) given by
the infinite product

P (z) =

∞∏
k=1

1

1− zk
=

∞∑
n=0

p(n)zn, for |z| ≤ 1.

The coefficient p(n) is the number of partitions of the integer n.
The mean mP (t) and the variance σ2

P (t) are given, on account of (2.2), by

mP (t) =

∞∑
n=1

ntn

1− tn
and σ2

P (t) =

∞∑
n=1

n2tn

(1− tn)2
, for t ∈ [0, 1).

By Euler summation, one may obtain convenient asymptotic formulas describing their
behaviour as t ↑ 1:

(2.6) mP (t) ∼
ζ(2)

(1− t)2
and σ2

P (t) ∼
2ζ(2)

(1− t)3
, as t ↑ 1.

See, for instance, Section 6.1 of [9].
We will see later on, see Subsection 4.1.1, that P is a clan. Thus Theorem 4.18

would claim, for the family (Xt) associated to the partition function P , that for

any β > 0 we have that E(Xβ
t ) ∼ E(Xt)

β , as t ↑ 1, and therefore that

E(Xβ
t ) ∼

ζ(2)β

(1− t)2β
, as t ↑ 1,

for any β > 0.
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The exponential generating function B(z) of the Bell numbers Bn is given by

B(z) = ee
z−1 =

∞∑
n=0

Bn
zn

n!
, for z ∈ C.

The coefficient Bn is the number of partitions of the set {1, . . . , n}. In this case, the
mean and variance admit simple formulas:

(2.7) mB(t) = tet and σ2
B(t) = t(t+ 1)et, for t > 0.

The Bell function is also a clan: for the moments of the family (Xt) associated to
the Bell function we have, for any β > 0, that

E(Xβ
t ) ∼ tβeβt, as t → ∞.

2.2.5. Mean and variance of some canonical products. Let (bk)k≥1 be a se-
quence of positive numbers increasing to ∞ in such a way that

∑∞
k=1 1/bk < +∞.

The canonical product f given by

(2.8) f(z) =

∞∏
k=1

(
1 +

z

bk

)
, for z ∈ C,

is an entire function in K, whose set of zeros is {−bk, k ≥ 1}. By Hadamard’s factor-
ization theorem, these are all the entire functions of genus 0 with only negative (real)
zeros, normalized so that f(0) = 1. See, for instance, Chapter 4 of [6].

For the mean and variance functions of f , we have, from (2.2), that

(2.9) mf (t) =

∞∑
k=1

t

t+ bk
and σ2

f (t) =

∞∑
k=1

bkt

(t+ bk)2
, for t ≥ 0.

These canonical products provide interesting examples of the behaviour of σ2
f (t),

as we discuss now, and they will be used in forthcoming arguments (see Subsec-
tions 3.3.1 and 5.4). Denote by

N(t) = #{k ≥ 1 : bk ≤ t}, for t > 0,

the counting function of zeros of f . Thus N(t) counts the number of zeros of f in the
closure of the disk D(0, t).

The mean and variance functions of f are readily comparable.

Lemma 2.5. For functions f as in (2.8), we have

(2.10) σ2
f (t) < mf (t) < 2σ2

f (t) +N(t), for any t > 0.

Proof: On the one hand, observe that

bkt

(t+ bk)2
<

t

t+ bk
, for any t > 0 and any k ≥ 1.

On the other hand,

t

t+ bk
< 1 for all t > 0, but also

t

t+ bk
< 2

bkt

(t+ bk)2
if bk > t > 0.

The statement follows from these estimates and the formulas in (2.9).

We follow the lead of Hayman in Theorem 4 of [12], and show next how σf of these
canonical products depend upon the log spacing of the bk.
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Lemma 2.6. Consider a canonical product as in (2.8), and assume further that the
sequence (bk)k≥1 satisfies

(2.11) bk+1 ≥ 2bk, for any k ≥ 1.

For each n ≥ 2, we let In denote the interval

In :=
[√

bn−1bn,
√
bnbn+1

]
.

Then, for any n ≥ 2,

(2.12)

sup
t∈In

σ2
f (t) ≤

1

4
+ 4max

{√
bn/bn+1,

√
bn−1/bn

}
,

inf
t∈In

σ2
f (t) ≥

1

4
min

{√
bn/bn+1,

√
bn−1/bn

}
.

Proof: Consider the positive function

φ(x) =
x

(1 + x)2
, for x > 0,

which attains a maximum value of 1/4 at x = 1, and satisfies

(2.13)
x

4
< φ(x) < x, for x ∈ (0, 1), and

1

4x
< φ(x) <

1

x
, for x > 1.

In terms of φ, we may express σ2
f as

σ2
f (t)=

∞∑
k=1

bkt

(t+ bk)2
=

∞∑
k=1

φ(t/bk), for any t > 0.

Fix n ≥ 2. If t ≤ bn+1, we have, using (2.13) and the growth condition (2.11), that

∞∑
k=n+1

φ(t/bk) <

∞∑
k=n+1

t

bk
<

t

bn+1

∞∑
k=n+1

1

2k−(n+1)
=

2t

bn+1
.

Analogously, if t ≥ bn−1,

n−1∑
k=1

φ(t/bk) <

n−1∑
k=1

bk
t

<
bn−1

t

n−1∑
k=1

1

2n−1−k
<

2bn−1

t
.

We then have, for n ≥ 2, that for any t ∈ In,

∞∑
k=n+1

φ(t/bk) < 2
√
bn/bn+1 and

n−1∑
k=1

φ(t/bk) < 2
√
bn−1/bn.

For n ≥ 2, it follows then that, if t ∈ In,

φ(t/bn) ≤ σ2
f (t) ≤ φ(t/bn) + 4max

{√
bn/bn+1,

√
bn−1/bn

}
.

The bounds in (2.12) now follow by observing that φ(x) decreases whenever x moves
away from 1.
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2.3. Derivative power series Df and its family. Let f(z) =
∑∞

n=0 anz
n be

a power series in K, with radius of convergence R > 0, and let (Xt)t∈[0,R) be its
associated family. We now consider the power series Df given by

Df (z) = zf ′(z) =

∞∑
n=1

nanz
n, for |z| < R.

This power series Df has radius of convergence R, but it is not in K, as Df (0) = 0.
In any case, we denote by (Wt)t∈[0,R) the associated family of random variables.

Observe that for t ∈ (0, R) and n ≥ 1 we have that

P(Wt = n) =
nant

n

tf ′(t)
=

1

mf (t)

nant
n

f(t)
=

n

mf (t)
P(Xt = n).

Thus, for t ∈ (0, R), we have that

mDf
(t) = E(Wt) =

1

mf (t)

∞∑
n=1

n2P(Xt = n) =
E(X2

t )

mf (t)
=

E(X2
t )

E(Xt)
.

If the power series f has only two nonzero coefficients, a0 and aN , with N ≥ 1, then
the random variables Wt are constant, and E(X2

t )/E(Xt) = N , for any t ∈ (0,∞)
(in this special case, f is a polynomial and R = +∞). Otherwise (if f has at least
three nonzero coefficients), the quotient E(X2

t )/E(Xt) is monotonically increasing in
the interval (0, R).

In general, we have that

(2.14) E(W p
t ) =

1

mf (t)
E(Xp+1

t ), for any p > 0 and any t ∈ (0, R).

The quotient

(2.15)
mDf (t)

mf (t)
=

E(X2
t )

E(Xt)2
=

σ2
f (t)

m2
f (t)

+ 1

plays a relevant role in what follows.

3. Growth of the moments of power series distributions

Let f be a power series in K with radius of convergence R > 0 and with associated
family (Xt)t∈[0,R).

3.1. Growth and range of the mean mf . Since Xt is not constant for any t ∈
(0, R), we have that σ2

f (t) > 0, for any t ∈ (0, R), and hence, because of (2.2), mf (t) is

strictly increasing in [0, R), though, in general, σf (t) is not increasing.
We denote

Mf = lim
t↑R

mf (t).

As recorded in the following result, it is the case that Mf = ∞, other than in some
exceptional instances.

Lemma 3.1 (Lemma 2.2 of [9]). For f(z) =
∑∞

n=0 anz
n in K with radius of conver-

gence R > 0, we have Mf < ∞ in just the following two cases:

(a) if R < ∞ and
∑∞

n=0 nanR
n < ∞,

(b) and if R = ∞ and f is a polynomial.

In the first case, we have Mf =
(∑∞

n=0 nanR
n
)
/
(∑∞

n=0 anR
n
)
. For a polyno-

mial f ∈ K, we have Mf = deg(f).

As an incremental quotient, mf (t) and ln f(t) are related as in the following result.
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Lemma 3.2 (Simić, [32]). For λ > 1 and t > 0, with λt < R, we have

mf (t) lnλ ≤ ln

(
f(λt)

f(t)

)
≤ mf (λt) lnλ.

Lemma 3.2 follows directly from the expression (2.2) and the fact that mf is in-
creasing.

3.2. Relative growth of moments. We now are comparing, in the case Mf = +∞,
the growth of moments of different exponents and also the growth of the factorial
moments and the moments of the Xt; this is covered, respectively, by Corollaries 3.3
and 3.4. The basic tool is the following inequality, that can be easily deduced by
taking Yt = Xt/E(Xt) in part (a) of Lemma 2.1: for 1 < α < β,

(3.1)
E(Xα

t )

E(Xt)α
≤ E(Xβ

t )

E(Xt)β
, for any t ∈ (0, R).

From (3.1), we deduce the following two corollaries.

Corollary 3.3. Assume Mf = +∞. If 1 < α < β, then

lim
t↑R

E(Xα
t )

E(Xβ
t )

= 0.

Proof: From (3.1), we have that

E(Xα
t )

E(Xβ
t )

≤ E(Xt)
α

E(Xt)β
= mf (t)

α−β , for any t ∈ (0, R).

The statement follows since limt↑R mf (t) = +∞ and α− β < 0.

Corollary 3.4. Assume Mf = +∞. For any integer k ≥ 1, we have that

lim
t↑R

E(X
k
t )

E(Xk
t )

= 1.

Proof: From Corollary 3.3, we deduce that

lim
t↑R

E(Xj
t )

E(Xk
t )

= 0, for 0 ≤ j < k.

The statement follows by expanding E(X
k
t ) as E(Xk

t ) plus a linear combination of

the moments E(Xj
t ) with 0 ≤ j < k.

3.3. Growth and range of the variance σ2
f . Some of the results below concern-

ing σ2
f (t) will depend on the gaps among the indices of the power series. Next we

introduce some convenient notation.
Let (nk)k≥1 be the increasing sequence of indices so that ank

̸= 0, for each k ≥ 1,
and an = 0, if n /∈ {nk : k ≥ 1}. Thus the (ank

) are the nonzero Taylor coefficients
of f , and the random variables (Xt) take exactly the values (nk). Observe that n1 = 0,
and that for a polynomial f , the sequence (nk)k≥1 is finite. Define gap(f) and gap(f)
as

gap(f) = sup
k≥1

(nk+1 − nk) and gap(f) = lim sup
k→∞

(nk+1 − nk).

It is always the case that gap(f) ≥ gap(f) ≥ 1, for any f ∈ K which is not a
polynomial. For polynomials, we still have gap(f) ≥ 1, and we can define gap(f) = 0.

We divide the discussion on variance growth depending on whether R is infinite or
finite.
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3.3.1. Entire functions, R = ∞.

Lower bounds for supt>0 σ
2
f (t) and for lim supt→∞ σ2

f (t).

The (universal) lower bounds on σf that we are about to discuss originate with
Hayman’s results in [12] quantifying Hadamard’s three-lines theorem for entire func-
tions (not necessarily in K). See also [2] and [15].

Theorem 3.5 (Bŏıčuk–Gol’dberg, [7]). If f ∈ K is entire, then

sup
t>0

σ2
f (t) ≥

1

4
gap(f)2

(
≥ 1

4

)
.

If, moreover, f is transcendental, then

lim sup
t→∞

σ2
f (t) ≥

1

4
gap(f)2

(
≥ 1

4

)
.

Recall that an entire function f is termed transcendental if it is not a polynomial.

This result is Theorem 2 of [7]. See also Theorem 1 in [1] and Lemma 2.5 in [22].
The probabilistic argument below is simpler than the original proof; it uses the dis-
creteness of the random variables Xt.

Proof of Theorem 3.5: Let (nk)
N
k=1 be the indices of the nonzero coefficients of f ,

with N ≤ +∞.
Fix k < N and take t⋆ > 0 so that mf (t

⋆) = (nk+1 + nk)/2, i.e., the midpoint of
the interval [nk, nk+1]. Such t⋆ exists because mf (t) is a continuous (and increasing)
function, mf (0) = 0, and Mf = ∞ or Mf = deg(f) if f is a polynomial (recall
Lemma 3.1).

As Xt⋆ takes the values n1, n2, . . . , clearly |Xt⋆ − mf (t
⋆)| ≥ 1

2 (nk+1 − nk) with
probability 1. This gives

σ2
f (t

⋆) = E((Xt⋆ −mf (t
⋆))2) ≥ 1

4
(nk+1 − nk)

2.

The statements now follow by taking sup and lim sup in the inequality above and
appealing to the definitions of gap and gap.

In fact, the very same argument shows, for the centred moments, that if f ∈ K is
entire, then

sup
t>0

E(|Xt −mf (t)|p) ≥
1

2p
gap(f)p, for any p > 0,

and, moreover, that if f is transcendental, then

lim sup
t→∞

E(|Xt −mf (t)|p) ≥
1

2p
gap(f)p, for any p > 0.

As for the sharpness of the sup part of Theorem 3.5, consider the case f(z) = a+bz,
with a, b > 0, for which Xt is a Bernoulli variable with success probability bt/(a+ bt).
In this case, one has σ2

f (t) = abt/(a + bt)2, which takes its maximum value of 1/4

at t = a/b.
In fact, the converse is also true.

Theorem 3.6 (Abi-Khuzam, [1]). For f ∈ K entire, supt>0 σ
2
f (t) = 1/4 if and only

if f(z) = a+ bz, with a, b > 0.

This result is Theorem 3 of [1]. See also Lemma 2.5 in [22]. The probabilistic
argument below is again simpler than the original proof.
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Proof of Theorem 3.6: The ‘if’ part has been discussed above.
Assume that f ∈ K is entire and that supt>0 σ

2
f (t) = 1/4. Theorem 3.5 gives that

gap(f) = 1. Let an and an+1 be any two nonzero consecutive coefficients of f , and
let t⋆ be such that mf (t

⋆) = n+1/2 (observe that, in any case, Mf ≥ n+1). We have
that |Xt⋆ −mf (t

⋆)| ≥ 1/2. By hypothesis, E((Xt⋆ −mf (t
⋆))2) = σ2

f (t
⋆) ≤ 1/4, and

thus |Xt⋆ −mf (t
⋆)| = 1/2 with probability 1, which means that Xt⋆ only takes the

values n and n+1, and thus f(z) = anz
n+an+1z

n+1. Since f(0) > 0, because f ∈ K,
it must be the case that n = 0 and f(z) = a+ bz, with a, b > 0.

For the sharpness of the lim sup part of Theorem 3.5, consider a canonical product h
given by the infinite product

h(z) =

∞∏
n=1

(
1 +

z

bn

)
,

where (bn)n≥1 is a sequence of positive numbers increasing to +∞ so that (2.11) holds
and, in fact, such that limn→∞ bn+1/bn = +∞; in particular,

∑
k≥1 1/bk < +∞ holds.

Obviously, gap(h) = 1 and gap(h) = 1. It follows directly from the estimates (2.12)
that lim supt→∞ σ2

h(t) = 1/4; this is Hayman’s example in Theorem 4 of [12]. If h is
multiplied by a polynomial p in such a way that f = ph ∈ K, then it is still the case
that lim supt→∞ σ2

f (t) = 1/4.

As it turns out, Abi-Khuzam has characterized (see Theorem 2 in [2] and its
proof) the entire functions f ∈ K with lim supt→∞ σ2

f (t) = 1/4 as precisely those
entire functions f ∈ K which factorize as

f(z) = p(z)

∞∏
n=1

(
1 +

z

bn

)
,

where the bn are as in Hayman’s example, and where p is a polynomial.

Limit of σ2
f (t) as t → ∞.

Regarding the existence and possible limits of σ2
f (t) as t → ∞, the following holds.

(i) Polynomials. Polynomials f ∈ K are characterized, among the entire functions
in K, by

(3.2) lim
t→∞

σ2
f (t) = 0.

A direct calculation with the formulas (2.2) shows that for polynomials, (3.2)
holds; in fact, σ2

f (t) = O(1/t), as t → ∞. The converse follows, for instance,
from Theorem 3.5.

(ii) Transcendental functions. As shown by Hilberdink in [13], for a transcendental
entire function it is never the case that limt→∞ σf (t) exists and it is finite.

However, there are entire functions f ∈ K for which lim supt→∞ σ2
f (t) < +∞

and lim inft→∞ σ2
f (t) > 0. To see this, just consider a canonical product f as

in (2.8), with bn = 2n, and apply (2.12).
It is also possible to have limt→∞ σf (t) = ∞, as shown, for instance, by the

exponential function f(z) = ez, where σ2
f (t) = t, for t ≥ 0.

We emphasize that for f ∈ K entire, if limt→∞ σ2
f (t) exists, then that limit

is 0 (just for polynomials) or +∞.
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Boundedness of σ2
f (t).

We now discuss when, if ever,

(3.3) sup
t>0

σf (t) < +∞

does hold for an entire function f ∈ K.
For polynomials f ∈ K, (3.3) holds since, in fact, in this case, limt→∞ σf (t) = 0.
In general, if (3.3) holds, then the order ρ(f) of f must be zero. (See Section 5 for

details about the order of an entire function f in K.)
To see this, observe that, since tm′

f (t) = σ2
f (t), integrating, we deduce thatmf (t) =

O(ln t), as t → ∞. A further integration, using (2.2), shows that

(3.4) ln f(t) = O((ln t)2), as t → ∞.

This gives that ρ(f) = 0; see (5.1).
Alternatively, Proposition 5.3 below shows that

ρ(f) ≤ (sup
t>0

σ2
f (t))

1

Mf
.

If f is a polynomial, then ρ(f) = 0; and if f is transcendental, Mf = ∞, and thus
ρ(f) = 0.

However, ρ(f) = 0, or even the stronger condition (3.4), are not enough to ensure
the boundedness of σ2

f (t).
Consider the canonical product

g(z) =

∞∏
k=1

(
1 +

z

bk

)k

,

where (bk)k≥1 is a sequence of positive numbers increasing to ∞ satisfying (2.11) and
such that

∑∞
k=1 k/bk < +∞. For each k ≥ 1, −bk is a zero with multiplicity k of the

entire function g ∈ K.
Additionally, we assume also that for some constant H > 0, the bk satisfy∑

k<n

kbk < Hbn and
∑
k>n

k

bk
≤ H

bn
, for each n ≥ 2.

In this case,

σ2
g(t) =

∞∑
k=1

k φ

(
t

bk

)
, for any t > 0,

where φ(x) = x/(1 + x)2.
Let C denote a generic positive constant. With the notations of Subsection 2.2.5

and estimating as in there, we obtain

nφ

(
t

bn

)
≤ σ2

g(t) ≤ n+ C nmax
{√

bn−1/bn,
√

bn/bn+1

}
, for t ∈ In and n ≥ 2,

where In =
[√

bn−1bn,
√
bnbn+1

]
. It follows, in particular, since σ2

g(bn) ≥ n/4, that

lim supt→∞ σ2
g(t) = +∞, and also that

sup
t∈In

σ2
g(t) ≤ Cn.

From (2.10), we see that

(3.5) mg(t) ≤ Cn+
∑
k≤n

k ≤ Cn2, for any t ∈ In and n ≥ 2.
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Consider now the specific sequence bk = ee
k

, k ≥ 1, which satisfies the requirements
above. In this case, (3.5) translates into

mg(t) ≤ C(ln ln t)2, for t ≥ 2.

Integrating, this gives, for this example, that

ln g(t) = O(ln t(ln ln t)2), as t → ∞,

which implies ρ(g) = 0. Notice that for any function Φ(t) slowly increasing to ∞,
the sequence (bk)k≥1 can be chosen so that ln g(t) = O(Φ(t) ln t) just by making
bk increase fast enough. This is the best that can be expected, because if an entire
function h in K grows as lnh(t) = O(ln t) as t → ∞, then h is a polynomial.

3.3.2. Finite radius: R < ∞. We now turn to functions f ∈ K with finite radius R
of convergence. We have the following results on the behaviour of σ2

f (t). We divide
the discussion according to whether Mf is finite or not.

Case Mf = +∞.

In this case,

(3.6) sup
t∈(0,R)

σ2
f (t) = +∞,

and also lim supt↑R σ2
f (t) = +∞. To verify (3.6), assume that supt∈(0,R) σ

2
f (t) = S <

+∞. Thus tm′
f (t) ≤ S, for t ∈ [0, R). Integrating between R/2 and t ∈ (R/2, R), we

would have that

mf (t) ≤ mf (R/2) + S ln

(
2t

R

)
, for t ∈ (R/2, R),

which implies, by letting t ↑ R < +∞, that Mf ≤ mf (R/2) + S ln 2 < +∞.

Case Mf < +∞.

If Mf < +∞, then
∑∞

n=0 nanR
n < +∞, see Lemma 3.1, and in fact,

Σ := lim
t↑R

σ2
f (t) =

∑∞
n=0 n

2anR
n∑∞

n=0 anR
n

−
(∑∞

n=0 nanR
n∑∞

n=0 anR
n

)2

.

It is always the case that limt↑R σ2
f (t) > 0, since Σ is the variance of the ran-

dom variable Z that takes, for each integer n ≥ 0, the value n with probabil-
ity anR

n/
(∑∞

k=0 akR
k
)
, and Z is a nonconstant variable since f is in K.

But there is no absolute positive lower bound for limt↑R σ2
f (t). For ε > 0, the power

series f(z) = 1+ε
∑∞

n=1 z
n/n4 is in K and has radius of convergence R = 1. We have

Mf =
εζ(3)

1 + εζ(4)
and lim

t↑1
σ2
f (t) =

εζ(2)

1 + εζ(4)
−

(
εζ(3)

1 + εζ(4)

)2

,

which tends to 0 as ε ↓ 0.

The example f(z) =
∑∞

n=0 z
n/(1 + n)3 shows that limt↑R σ2

f (t) = ∞ may happen.

3.4. Growth of the quotient σf/mf and gaps. Let f ∈ K, not a polynomial,
have radius of convergence R > 0. As in Subsection 3.3, we denote by (nk)

∞
k=1 the

increasing sequence of indices of the nonzero coefficients of f . We define G(f) by

(3.7) G(f) = lim sup
k→∞

nk+1

nk
.

Clearly, G(f) ≥ 1. If for a given f we had lim infk→∞ nk+1/nk > 1, then f would
be the sum of a polynomial and a power series with Hadamard gaps; but notice that
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G(f) calls for a “lim sup”. Observe that the definition of G(f) involves the quo-
tients nk+1/nk, and not the differences nk+1−nk as is the case in gap(f) and gap(f).

Theorem 3.7. Assume that f ∈ K, with radius of convergence R > 0, is not a
polynomial and that Mf = +∞. Then

lim sup
t↑R

σf (t)

mf (t)
≥ G(f)− 1

G(f) + 1
.

The proof below mimics our proof of Theorem 3.5.

Proof: Since Mf = +∞, we have that mf (t) is a homeomorphism from [0, R) onto
[0,+∞), and thus for any integer k there is tk ∈ (0, R) so that

mf (tk) =
nk + nk+1

2
.

For the random variable Xtk , we have that |Xtk − mf (tk)| ≥ (nk+1 − nk)/2 with
probability 1, and thus

σ2
f (tk) = E((Xtk −mf (tk))

2) ≥ 1

4
(nk+1 − nk)

2,

and also
σ2
f (tk)

m2
f (tk)

≥ (nk+1 − nk)
2

(nk+1 + nk)2
.

The result follows.

Similarly, for the general centred moments of the family of functions f ∈ K as in
the statement of Theorem 3.7, we have that

lim sup
t↑R

E(|Xt −mf (t)|p)
mf (t)p

≥
(
G(f)− 1

G(f) + 1

)p

, for any p > 0.

3.5. Zero-free region and σf . A function f in K does not vanish on the inter-
val [0, R) and, in fact, its zeros must lie away from that segment.

The following result shows how the variance function of f determines a specific
zero-free region for f ∈ K containing the interval [0, R).

Proposition 3.8. Let f ∈ K have radius of convergence R > 0. If for some t ∈ [0, R)
and some θ ∈ [−π, π] we have f(teıθ) = 0, then

|θ| · σf (t) ≥
π

2
.

Thus, f ∈ K does not vanish in the region

Ωf =

{
z = teıθ : t ∈ [0, R) and |θ| < π

2σf (t)

}
.

For the proof, we may use the following lemma.

Lemma 3.9 (Sakovič, [29]). Let Y be a random variable and let θ ∈ R. If E(eıθY ) =
0, then

θ2V(Y ) ≥ π2

4
.
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The bound on Lemma 3.9 is sharp. Simply consider the random variable Z which
takes values ±1 with probability 1/2; then V(Z) = 1 and E(eıθZ) = cos θ, which van-
ishes at π/2. (Actually, equality in Lemma 3.9 only happens for this simple symmetric
random variable Z.)

The result of Sakovič appeared in [29]. As presented in the more accessible refer-
ence [27], Lemma 3.9 follows most ingeniously as follows.

Proof of Lemma 3.9 following Rossberg [27]: Consider the function

φ(t) = t2 − 1 +
4

π
cos

πt

2
,

which happens to be positive for all t ∈ R, except for t = ±1, where φ(t) = 0.
(A misprinted sign in the definition of φ in [27] has been corrected.) Assume that
E(eıθY ) = 0. Consider W = Y − E(Y ), so that E(eıθW ) = 0, and thus ℜE(eıθW ) =
E(cos(θW )) = 0. This yields

0 ≤ E

(
φ

(
2θ

π
W

))
= θ2

4

π2
E(W 2)− 1 = θ2

4

π2
V(Y )− 1.

A more direct proof of Lemma 3.9, but with a weaker constant, appears, for in-
stance, in Proposition 7.8 of [3] (see also Lemma 2.3 of [9]).

Proof of Proposition 3.8: It follows from Lemma 3.9 and from observing that if
f(teıθ) = 0, then E(eıθXt) = f(teıθ)/f(t) = 0.

Alternatively, to verify Proposition 3.8, we may use Lemma 1 of [1], which gives
that for f ∈ K,

f(t)2 − |f(teıθ)|2 ≤ 4 sin2(θ/2)f(t)2σ2
f (t), for t ∈ (0, R) and θ ∈ [−π, π].

If f(teıθ) = 0, then 1 ≤ 2|sin(θ/2)|σf (t), and thus |θ|σf (t) ≥ 1. This gives a weaker re-
sult with the constant π/2 replaced by 1. Lemma 1 of [1] is stated for entire functions,
but it is valid for general f ∈ K.

Remark 3.10 (On Bŏıchuk–Gol’dberg’s Theorem 3.5). From Sakovič’s Lemma 3.9,
we may deduce Bŏıchuk–Gol’dberg’s Theorem 3.5 in the weaker form, that is,

sup
t>0

σ2
f (t) ≥ 1/4,

for any entire function f ∈ K. To see this, we may assume that supt>0 σ
2
f (t) < +∞.

As discussed in Subsection 3.3.1, this yields that the entire function f is of order 0,
and Hadamard’s factorization theorem gives that f is an infinite canonical product or
a polynomial (nonconstant and not a monomial, since f ∈ K). (This is the starting
point of Hayman’s proof of Theorem 3 of [12].) In any case, f vanishes at some z0 ̸= 0.
Write z0 = r0e

ıθ0 , with r0 > 0 and |θ0| ≤ π. Lemma 3.9 gives that

πσf (r0) ≥
π

2
,

and thus, that σf (r0) ≥ 1/2, and, in particular, that supt>0 σ
2
f (t) ≥ 1/4.

This same reasoning also gives that if f is not a polynomial, then

lim sup
t→∞

σ2
f (t) ≥ 1/4.
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4. Clans

In previous sections, we have compared the growth of E(Xβ
t ) with that of E(Xt)

β ,
as t ↑ R, for the basic examples of Khinchin families. Motivated by Hayman [11] (see
Remark 4.19), next we introduce a particular kind of Khinchin families which we shall
call clans, for which E(X2

t ) ∼ E(Xt)
2 as t ↑ R. Concretely,

Definition 4.1. Let f in K have radius of convergence R ≤ ∞. We say that f is a
clan (and also that the associated family (Xt)t∈[0,R) is a clan) if

(4.1) lim
t↑R

σf (t)

mf (t)
= 0.

For a clan, the normalized variables Yt = Xt/E(Xt), for t ∈ (0, R), converge
in probability to the constant 1 as t ↑ R, since its variance V(Yt) = σ2

f (t)/mf (t)
2

converges to 0 as t ↑ R.
This clan condition is equivalent to

lim
t↑R

E(X2
t )

E(Xt)2
= 1.

In terms of just the mean mf , being a clan, see (2.15), is equivalent to

lim
t↑R

tm′
f (t)

mf (t)2
= 0,

while in terms of the derivative power series Df , the condition for being a clan becomes

lim
t↑R

mDf
(t)

mf (t)
= 1.

Alternatively, if we define

(4.2) Lf (t) :=
f(t)f ′′(t)

f ′(t)2
, for t ∈ (0, R),

and since

(4.3)
E(X2

t )

E(Xt)2
=

1

mf (t)
+ Lf (t),

we have that f is a clan if and only if

(4.4) lim
t↑R

Lf (t) = 1− 1/Mf .

4.1. Some examples.

4.1.1. Examples of clans. The Poisson family associated to f(z) = ez is a clan,
since in this case mf (t) = t and σ2

f (t) = t, and the radius of convergence is R = ∞.
The Bernoulli and binomial families are also clans. In fact, all polynomials f are

clans, since for them σf (t) → 0, while mf (t) → deg(f), as t → ∞. Further, we have
the following.

Lemma 4.2. Let f ∈ K be a clan. Then Mf < +∞ if and only if f is a polynomial.

Proof: Polynomials in K are clans and have Mf finite; in fact, Mf coincides with its
degree.

To show the converse, let f(z) =
∑∞

n=0 anz
n be in K, not a polynomial, and

with Mf <∞. Then, due to Lemma 3.1, we have that R<∞ and
∑∞

n=1 nanR
n<+∞.
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Then since

E(X2
t )

E(Xt)2
=

(∑∞
n=0 n

2ant
n
)(∑∞

n=0 ant
n
)(∑∞

n=0 nant
n
)2 , for t ∈ (0, R),

and since f is a clan, taking the limit as t ↑ R, we obtain that(∑∞
n=0 n

2anR
n
)(∑∞

n=0 anR
n
)(∑∞

n=0 nanR
n
)2 = 1.

If we now set bn = anR
n/

(∑∞
j=0 ajR

j
)
, for each n ≥ 0, which satisfy

∑∞
n=0 bn = 1,

then the identity above becomes
∞∑

n=0

n2bn =

( ∞∑
n=0

nbn

)2

.

This means that bn = 0, for each n ≥ 0 except for one value of n, which would imply
that f is a monomial: a contradiction.

The partition function P (z) =
∏∞

k=1 1/(1−zk) and the Bell function B(z) = ee
z−1

are also clans. This follows immediately from (2.6) and (2.7).
In Subsection 4.1.3, we exhibit an ample class of functions, that includes the gen-

erating function of the partitions and its variants, which are clans.

4.1.2. Clans and Lf . The characterization of a clan given in (4.4) using the func-
tion Lf immediately gives the following.

Lemma 4.3. Let f be a power series in K with radius of convergence R ≤ +∞ and
such that Mf = +∞. Then f is a clan if and only if

(4.5) lim
t↑R

Lf (t) = 1.

In particular, if f is an entire transcendental function in K, then f is a clan if and
only if (4.5) holds.

Recall, from Lemma 3.1, that entire transcendental functions in K have Mf = ∞.
For any transcendental entire function, it is always the case that

(4.6) lim inf
t→∞

Lf (t) ≥ 1.

This follows from Lemma 3.1 and the general identity (4.3). This has been pointed
out by Simić on page 682 of [31]. But, in fact, we have the following.

Lemma 4.4. For any transcendental entire function f in K,

(4.7) lim inf
t→∞

Lf (t) = 1.

Proof: Since f is trascendental, we have thatMf =+∞. Let c be such thatmf (c) = 1.
From the identity

Lf (s) =

(
s

(
1− 1

mf (s)

))′

, for s > 0,

we deduce, since Mf = +∞, that∫ t

c

Lf (s) ds = t

(
1− 1

mf (t)

)
, for t > c,

and so, that

lim
t→∞

1

t

∫ t

c

Lf (s) ds = 1.

This implies, given (4.6), that (4.7) holds.
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4.1.3. Hayman class, strong Gaussianity, and clans. Let f be in K with radius
of convergence R > 0, and let (Xt)t∈[0,R) be the associated family. Write X̆t for the
normalized random variable

X̆t =
Xt −mf (t)

σf (t)
, for t ∈ (0, R).

The characteristic function of X̆t is

E(eıθX̆t) = E(eıθXt/σf (t))e−ıθmf (t)/σf (t), for t ∈ (0, R) and θ ∈ R.

As introduced by Báez-Duarte in [4], a power series f ∈ K and its family (Xt)t∈[0,R)

are termed strongly Gaussian if

lim
t↑R

σf (t) = +∞, and lim
t↑R

∫
|θ|<πσf (t)

|E(eıθX̆t)− e−θ2/2| dθ = 0.

Every strongly Gaussian function is Gaussian, that is, its normalized Khinchin family,
(X̆t)t∈[0,R), converges in distribution, as t ↑ R, to the standard normal variable or,
equivalently,

lim
t↑R

E(eıθX̆t) = e−θ2/2, for each θ ∈ R.

See [9] for definitions and proofs. The main interest of strong Gaussianity is that if a
power series f(z) =

∑
n≥0 anz

n in K is strongly Gaussian, then

(4.8) an ∼ f(tn)√
2πtnnσf (tn)

, as n → ∞,

where tn is the unique value such that mf (tn) = n.
All (Hayman) admissible functions, in the terminology of [11] (see Definition on

pages 68–69) or functions in the Hayman class, are strongly Gaussian. See, for in-
stance, Theorem 3.8 in [9].

The exponential f(z) = ez is strongly Gaussian. In [9] and [10], some criteria are
given to check when a power series in K is strongly Gaussian, and these criteria are
applied to find asymptotic estimations on the growth of the coefficients of generating
functions of combinatorial interest.

For admissible functions, Hayman proved (but the proof also works for strongly
Gaussian functions) the following central limit theorem (see [11] and [9] for more
details).

Theorem 4.5 (Hayman’s local central limit theorem). If f(z) =
∑∞

n=0 anz
n in K is

strongly Gaussian, then

lim
t↑R

(
sup
n∈Z

∣∣∣∣antnf(t)

√
2πσf (t)− e−(n−mf (t))

2/(2σ2
f (t))

∣∣∣∣) = 0,

where for n < 0 it is understood that an = 0.

As a corollary of this theorem, we obtain the following.

Corollary 4.6. If f ∈ K is strongly Gaussian, then f is a clan.

Proof: Restricting the supremum of Theorem 4.5 to n = −1, we get

lim
t↑R

exp

(
− (mf (t) + 1)2

2σf (t)2

)
= 0.

Since limt↑R σf (t) = +∞, because f is strongly Gaussian, we deduce that f is a
clan.
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This corollary shows that a large collection of functions ranging from f(z) = ez

to the generating functions of partitions
∏

j≥1(1 − zj)−1, |z| < 1, are clans; see [9]

and [10] for these and other interesting examples.
Notice that there are clans in K which are not strongly Gaussian. For instance, if

g ∈ K is strongly Gaussian, then f(z) = g(zN ), with N ∈ N, is a clan, but it is not
strongly Gaussian since an ≡ 0 when n is not a multiple of N , and hence (4.8) cannot
hold.

4.1.4. Some power series that are not clans. The geometric and negative bino-
mial families are not clans, since for f(z) = 1/(1− z)N , see Proposition 2.2, we have

that limt↑1 σf (t)/mf (t) = 1/
√
N .

In fact, for each α > 0, the function f(z) = 1/(1− z)α, which is in K, is not a clan,
because limt↑1 σf (t)/mf (t) = 1/

√
α.

Even further, for the function f(z) = 1 + ln(1/(1−z)), which is in K, it holds that
limt↑1 σf (t)/mf (t) = +∞.

Many other examples of power series in K which are not clans are provided by the
following immediate corollary of Theorem 3.7.

Corollary 4.7. Let f be in K. If Mf = +∞ and G(f) > 1, then f is not a clan.

For instance, power series with radius of convergence R = 1, like 1 +
∑∞

k=1 z
2k , or

entire power series like 1 +
∑∞

k=1 z
2k/(2k)!, are in K but they are not clans.

Observe that for f(z) = 1/(1 − z), which is not a clan, we have Mf = +∞ and

G(f) = 1.

4.2. Some basic properties of clans. We now register a few properties of power
series in K that are clans, that is, functions in K, with radius of convergence R > 0,
and satisfying the limit condition given in (4.1).

• It follows from Chebyshev’s inequality that if (Xt)t∈[0,R) is a clan, then for
any ε > 0,

lim
t↑R

P

(∣∣∣∣ Xt

E(Xt)
− 1

∣∣∣∣ > ε

)
= 0,

and thus that Xt/E(Xt) converges in probability to the constant 1 as t ↑ R: the
random variable Xt concentrates about its mean mf (t) as t ↑ R.

• By Lemma 2.4, we have that if f is a clan, then

lim
t↑R

E(Xp
t )

E(Xt)p
= 1, for any p ∈ (0, 2].

Theorem 4.18 below will show that if f is a clan, then this limit result actually
holds for any p > 0.

• If f is a clan (with at least three nonzero coefficients), then Df = zf ′(z) is also
a clan. This will be proved right after Theorem 4.18. (The condition of three
nonzero coefficients excludes the case in which the variables associated to Df

are constant.)
• If g is a clan, then for any integer N ≥ 1, f(z) = g(zN ) is also a clan, since
for t ∈ [0, R1/N ), mf (t) = Nmg(t

N ) and σf (t) = Nσg(t
N ), where mg, σ2

g ,

and mf , σ
2
f denote the mean and variance functions of the Khinchin families

of g and f .
• If f and g are clans with the same radius of convergence R > 0, then their
product h ≡ fg is also a clan. For we have mh = mf +mg and σ2

h = σ2
f + σ2

g =

o(m2
f +m2

g) as t ↑ R, and thus σh = o(mh) as t ↑ R. In particular, if f is a clan

and N ≥ 1 is an integer, then fN is also a clan.
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• Finally, if f and g are entire functions which are clans, then the composition f ◦g
is a clan. This is clear if both f and g are polynomials. Otherwise, this follows
from the identity

Lf◦g(t) = Lf (g(t)) +
Lg(t)

mf (g(t))
, for any t > 0,

and by combining Lemma 4.3 and the fact that, for a polynomial h in K of
degree N , we have that limt→∞ Lh(t) = 1− 1/N , while limt→∞ mh(t) = N .

In particular, if g is an entire function which is a clan, then eg is a clan.

4.3. Weak clans. We say that f ∈ K is a weak clan if

lim inf
t↑R

E(X2
t )

E(Xt)2
= 1, or, equivalently, if lim inf

t↑R

σf (t)

mf (t)
= 0.

Of course, clans are weak clans.

Proposition 4.8. Every entire function f in K is a weak clan.

As a consequence of this result, for entire functions f ∈ K which are not clans, the
quotient σf (t)/mf (t) must oscillate and has no limit as t → ∞.

In contrast, power series f ∈ K with finite radius of convergence need not be weak
clans. Recall, for instance, the examples f(z) = 1/(1−z) and f(z) = 1+ln(1/(1−z)),
for which limt↑1 σf (t)/mf (t) is 1 and +∞, respectively.

Proof of Proposition 4.8: Polynomials are clans. For a transcendental entire func-
tion f ∈ K we have, because of Lemma 4.2, that Mf =+∞. That f is a weak clan
then follows from combining (4.7) with (4.3).

Remark 4.9. In fact, more is true. The following argument is based on Rosenbloom’s
proof in [26] of the Wiman–Valiron theorem.

For a transcendental entire function f , we are going to show that, for every η > 0
and ε > 0, there exists a set Gε ⊂ (0, R) of logarithmic measure not exceeding ε, such
that

(4.9) lim
t→∞
t/∈Gε

σ2
f (t)

mf (t)1+η
= 0,

which, in particular, implies that

lim inf
t→∞

σ2
f (t)

mf (t)1+η
= 0.

For a > 0, consider Ha = {x ≥ a : σ2
f (x) ≥ mf (x)

1+η/2}. For x ∈ Ha, we have
that

m′
f (x)

mf (x)1+η/2
≥ 1

x
,

and thus, using that Mf = +∞, we deduce that∫
Ha

dx

x
≤ 2

ηmf (a)η/2
.

Let a = a(ε) be such that 2/mf (a)
η/2 ≤ ηε. Then, forGε = Ha(ε), we have thatGε has

logarithmic measure at most ε, and for t /∈ Gε, we conclude that

σ2
f (t) ≤ mf (t)

1+η/2.

Since Mf = +∞, this gives (4.9).
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4.4. On the mean function of a clan. Hayman showed in Lemmas 2 and 3 of [11]
that the mean mf (t) of functions f ∈ K in the Hayman class cannot grow too slowly.
Recall, from Subsection 4.1.3, that the Hayman class is a subclass of the class of
strongly Gaussian functions, and thus, by Corollary 4.6, functions in the Hayman class
are clans. Next, building upon Hayman’s approach, we present a characterization of
clans in terms of mf alone.

Observe that as a first-order approximation we have that

mf (t+ t/mf (t)) ≈ mf (t) +m′
f (t)

t

mf (t)
= mf (t) +

σ2
f (t)

mf (t)
,

and thus that
mf (t+ t/mf (t))

mf (t)
≈ 1 +

σ2
f (t)

mf (t)2
.

This suggests that clans, for which limt↑R σf (t)/mf (t) = 0, may be characterized in
terms of the behaviour of the quotient mf (t + t/mf (t))/mf (t) as t ↑ R. This is the
content of Theorem 4.10.

Also, as a second-order approximation we have, using (2.2), that

ln f(t+ t/mf (t))− ln f(t) ≈ (ln f)′(t)
t

mf (t)
+

1

2
(ln f)′′(t)

t2

mf (t)2

= 1 +
1

2

σ2
f (t)

mf (t)2
− 1

2

1

mf (t)
,

(4.10)

which in turn suggests that clans, at least when Mf = +∞, may be characterized in
terms of the behaviour of the difference ln f(t + t/mf (t)) − ln f(t), as t ↑ R. This is
the content of Theorem 4.16.

Theorem 4.10. Let f ∈ K have radius of convergence 0 < R ≤ ∞.
If R = ∞, the power series f is a clan if and only if

(4.11) lim
t↑R

mf (t+ t/mf (t))

mf (t)
= 1.

If R < ∞, the power series f is a clan if and only if (4.11) holds, and besides,

(4.12) lim
t↑R

(R− t)mf (t) = ∞.

Remark 4.11. The classical Borel lemma, see for instance Chapter 9 of [28], claims
that for any function µ(t) continuous and increasing in [T,∞) for some T , and if a > 1,
there exists an exceptional set E of logarithmic measure at most a/(a− 1) so that

µ(t+ t/µ(t)) ≤ aµ(t), for any t ∈ [T,+∞) \ E.

Proof of Theorem 4.10: If f is a polynomial, then limt→∞ mf (t) = deg(f), and thus
(4.11) holds. We may assume thus that f is not a polynomial.

For the direct part, we assume that f is a clan and not a polynomial, and thus
that Mf = +∞. Consider t ∈ (0, R), and denote by ∆(t) the supremum

∆(t) = sup
s∈[t,R)

σ2
f (s)

mf (s)2
.

Since f is a clan, limt↑R ∆(t) = 0. Now, take 0 < t ≤ r ≤ s < R. Since σ2
f (r) = rm′

f (r),
we have that

m′
f (r)

mf (r)2
≤ ∆(t)

r
.
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After integration in the interval (t, s) and using that ln y ≤ y−1, for any y > 1, we
get that

(4.13)
1

mf (t)
− 1

mf (s)
≤ ∆(t) ln

s

t
≤ ∆(t)

t
(s− t).

If R < ∞, by taking the limit as s ↑ R, and using that Mf = +∞, we get that

(4.14)
1

mf (t)
≤ ∆(t)

t
(R− t), for t ∈ [0, R),

and since limt↑R ∆(t) = 0, we deduce that (4.12) holds.
If R is finite, from (4.14) and because limt↑R ∆(t) = 0, there exists T ∈ (0, R) such

that t + t/mf (t) < R for every t ∈ (T,R); this, of course, is also true if R = +∞.
In (4.13), take t ∈ (T,R) and s = t + t/mf (t) < R and multiply by mf (t) > 0 on
both sides to get

0 ≤ 1− mf (t)

mf (t+ t/mf (t))
≤ ∆(t).

Then (4.11) follows since limt↑R ∆(t) = 0.

Next, the converse part of the statement.
Notice first that we have that Mf = +∞. For R = +∞, this follows since f is not

a polynomial. For R < +∞, this follows from the assumption (4.12).
Observe that, no matter whether R is finite or not, we always have that t +

t/mf (t) < R for t ∈ [T,R), for appropriate T ∈ (0, R), and thus that mf (t+ t/mf (t))
is well defined.

Denote λ(t) = 1+1/mf (t). Consider the power series Df . From Lemma 3.2 applied
to Df , we have that

(4.15) mDf
(t) lnλ(t) < ln

Df (λ(t)t)

Df (t)
, for t ∈ [T,R).

Since Df (t) = mf (t)f(t), for t ∈ [0, R), appealing again to Lemma 3.2, but now
to f itself, we have that, for t ∈ [T,R),

(4.16) ln
Df (λ(t)t)

Df (t)
= ln

mf (λ(t)t)

mf (t)
+ ln

f(λ(t)t)

f(t)
≤ ln

mf (λ(t)t)

mf (t)
+mf (λ(t)t) lnλ(t).

Combining inequalities (4.15) and (4.16), dividing by mf (t) lnλ(t), and using equa-
tion (2.15), we obtain that

1 ≤ E(X2
t )

E(Xt)2
=

mDf
(t)

mf (t)
≤

ln
mf (λ(t)t)

mf (t)

mf (t) lnλ(t)
+

mf (λ(t)t)

mf (t)
, for t ∈ [T,R).

Since limt↑R mf (λ(t)t)/mf (t)=1, by (4.11), and limt↑R mf (t) lnλ(t)=1, because
limt↑R mf (t) = ∞, we deduce that limt↑R E(X2

t )/E(Xt)
2 = 1, and thus that f is a

clan.

4.5. On the quotient f(λt)/f(t). Let f be in K, with radius of convergence R ≤
+∞. For λ > 1, we consider the quotient f(λt)/f(t). Bounds for this quotient ap-
peared already in Lemma 3.2 of Simić.

Lemma 4.12. If f is a power series in K with radius of convergence R ≤ +∞, then
for λ > 1, the function f(λt)/f(t) is increasing for t ∈ (0, R/λ).

Proof: Fix λ > 1. Consider the function g(t) = ln f(λt)−ln f(t), for t ∈ (0, R/λ). The
derivative of g multiplied by t is mf (λt)−mf (t), which is always positive, since mf is
strictly increasing in (0, R).
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Lemma 4.13. Let f be an entire power series in K and let λ > 1. If f is a polynomial
of degree d, then f(λt)/f(t) is bounded for t ∈ (0,∞); in fact, limt→∞ f(λt)/f(t) =
λd. If f is transcendental, then limt→∞ f(λt)/f(t) = +∞.

Proof: By Lemma 4.12, we have that limt→∞ f(λt)/f(t) = supt>0 f(λt)/f(t) := H,
which could be +∞.

If H < +∞, we have, in particular, that f(λn) ≤ Hnf(1), for each n ≥ 1 and thus
that f is a polynomial of degree at most lnH/ lnλ. For if ak is the k-th coefficient
of f , then, by Cauchy estimates of coefficients, we have that 0 ≤ ak ≤ f(λn)/λnk ≤
f(1)Hn/λnk, for any n ≥ 1, and so ak = 0 for any k > lnH/ lnλ. Conversely, if
f ∈ K is a polynomial of degree d, then limt→∞ f(λt)/f(t) = λd.

Regarding Lemma 4.13, see [25, item 24], and compare with Lemma 3.2.

Lemma 4.14. Let f be an entire power series in K. Assume that for a continuous
function λ(t) defined in (0,+∞) with values in (1,+∞) we have that f(λ(t)t)/f(t) is
bounded for t ∈ (0,+∞). Then

λ(t) = 1 +O(1/mf (t)), as t → ∞.

Proof: Assume first that f is not a polynomial, and thus that Mf = +∞. Let J > 0
be such that f(λ(t)t)/f(t) ≤ eJ , for every t > 0. Lemma 3.2 gives us that

(4.17) mf (t) lnλ(t) ≤ J, for t > 0.

Define δ(t) := λ(t)− 1. Because of (4.17), we have that

mf (t)δ(t) ≤ (eJ/mf (t) − 1)mf (t), for t > 0.

And so
lim sup
t→∞

mf (t)δ(t) ≤ lim sup
t→∞

(eJ/mf (t) − 1)mf (t) = J.

The equality on the right holds because Mf = +∞.

For a polynomial f , if f(λ(t)t)/f(t) is bounded for t ∈ (0,+∞), then it follows
immediately that λ(t) must be bounded. This is consistent with the conclusion of the
lemma, since limt→∞ mf (t) = deg(f).

The discussion above leads us to consider most naturally the case λ(t) = 1 +
1/mf (t).

Lemma 4.15. Let f ∈ K with radius of convergence R ≤ ∞. Assume that

(4.18) there exists T ∈ (0, R) such that t+ t/mf (t) < R, for any t ∈ [T,R).

Then

(4.19)
f(t+ t/mf (t))

f(t)
=

∞∑
k=0

1

k!

E(X
k
t )

E(Xt)k
, for any t ∈ (T,R)

and, in particular,

(4.20)
f(t+ t/mf (t))

f(t)
≥ 1

k!

E(X
k
t )

E(Xt)k
, for any k ≥ 0.

The condition (4.18) in Lemma 4.15 is satisfied whenever f is a clan. To see this,
observe first that if R = +∞, then (4.18) is obvious. Now, if R < +∞, and f is a
clan, then (4.12) of Theorem 4.10 gives, in particular, that (R− t)mf (t) > R > t, for
any t ∈ [T,R), for some T ∈ (0, R), and thus that t + t/mf (t) < R, for t ∈ [T,R),
which is (4.18).
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Proof of Lemma 4.15: Fix t ∈ [T,R). The radius of convergence of the Taylor expan-
sion of f around t exceeds t/mf (t), and this gives that

f(t+ t/mf (t)) =

∞∑
k=0

1

k!

tkf (k)(t)

mf (t)k
.

Dividing by f(t) and appealing to the expression (2.3) of the factorial moments of
the (Xt) in terms of f , we obtain (4.19). The inequalities in (4.20) follow since all the
summands in (4.19) are nonnegative.

In the next result, as suggested by the second-order approximation (4.10), clans
are characterized as in Theorem 4.10, but involving ln f(t) instead of mf (t).

Theorem 4.16. Let f ∈ K with radius of convergence R ≤ ∞. Assume that Mf =
+∞. Then f is a clan if and only if condition (4.18) holds and

(4.21) lim
t↑R

ln

(
f(t+ t/mf (t))

f(t)

)
= 1.

Concerning the hypothesis Mf = +∞ of Theorem 4.16, observe that for any poly-
nomial f ∈ K of degree N , we have that

lim
t→∞

f(t+ t/mf (t))

f(t)
=

(
1 +

1

N

)N

< e.

Proof: Assume first that f is a clan.
We have observed after the statement of Lemma 4.15 that condition (4.18) is

satisfied by clans. To verify (4.21), denote λ(t) := 1+1/mf (t), for t ∈ (0, R). Observe
that since limt↑R mf (t) = Mf = +∞, we have that

(4.22) lim
t↑R

mf (t) lnλ(t) = 1.

From Lemma 3.2, we have, for T ∈ (0, R) as in condition (4.18), that

mf (t) lnλ(t) ≤ ln
f(λ(t)t)

f(t)
≤ mf (λ(t)t)

mf (t)
(mf (t) lnλ(t)), for any t ∈ [T,R).

Using (4.22) and (4.11) of Theorem 4.10, the limit (4.21) follows.

For the converse implication, assuming now that (4.18) and (4.21) hold, we will
verify that f is a clan. It is enough to show that

lim sup
t↑R

E(X2
t )

E(Xt)2
≤ 1,

or, because of Corollary 3.4 and the hypothesis Mf = +∞, that

(4.23) lim sup
t↑R

E(X
2
t )

E(Xt)2
≤ 1.

Using hypothesis (4.18) and Lemma 4.15 we obtain that

f(t+ t/mf (t))

f(t)
=

∞∑
k=0

1

k!

E(X
k
t )

E(Xt)k
, for t ∈ [T,R).

Fix an integer N ≥ 3. Since the summands above are all nonnegative, we may
bound

f(t+ t/mf (t))

f(t)
≥

N∑
k=0

1

k!

E(X
k
t )

E(Xt)k
, for t ∈ [T,R).
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We split the sum on the right separating the summands corresponding to k ≤ 2 and
those with 3 ≤ k ≤ N :

f(t+ t/mf (t))

f(t)
≥ 1 + 1 +

1

2

E(X
2
t )

E(Xt)2
+

N∑
k=3

1

k!

E(X
k
t )

E(Xt)k
.

For 3 ≤ k ≤ N , we have that

(4.24) lim inf
t↑R

E(X
k
t )

E(Xt)k
= lim inf

t↑R

E(X
k
t )

E(Xk
t )

E(Xk
t )

E(Xt)k
≥ 1,

since Jensen’s inequality gives that E(Xk
t ) ≥ E(Xt)

k and limt↑R E(X
k
t )/E(Xk

t ) = 1,
because of Corollary 3.4 and the hypothesis Mf = +∞.

Now fix τ ∈ (0, 1). Because of (4.24), there exists S = S(N, τ) ∈ [T,R) so that

E(X
k
t )/E(Xt)

k ≥ τ , for any t ∈ [S,R) and any 3 ≤ k ≤ N . Thus, we have that

f(t+ t/mf (t))

f(t)
≥ 1 + 1 +

1

2

E(X
2
t )

E(Xt)2
+ τ

N∑
k=3

1

k!
, for t ∈ [S,R).

From this inequality and the hypothesis (4.21), we deduce that

e ≥ 1 + 1 +
1

2
lim sup

t↑R

E(X
2
t )

E(Xt)2
+ τ

N∑
k=3

1

k!
.

Now letting τ ↑ 1, and then N → ∞, we obtain that

e ≥ 1 + 1 +
1

2
lim sup

t↑R

E(X
2
t )

E(Xt)2
+

(
e− 1− 1− 1

2

)
,

and conclude that (4.23) holds.

In terms of the moment-generating function of Xt, clans are characterized as fol-
lows.

Corollary 4.17. Let f ∈ K with radius of convergence R ≤ ∞. Assume that Mf =
+∞. Then f is a clan if and only if condition (4.18) holds and

(4.25) lim
t↑R

E(e(Xt−mf (t))ν(t)) = 1,

where νf (t) := ln(1 + 1/mf (t)) for t > 0.

Proof: The results follows from the expression

E(e(Xt−mf (t))ν(t)) =
f(t+ t/mf (t))

f(t)

(
1 +

1

mf (t)

)−mf (t)

and Theorem 4.16.

Observe that, for polynomials in K, (4.25) holds.

4.6. Moments of clans. Our next result shows that for a clan f , any moment, not
just the second one, is asymptotically equivalent, as t ↑ R, to the corresponding power
of mf (t).

Theorem 4.18. If f ∈ K with radius of convergence R ≤ ∞ is a clan with associated
family (Xt)t∈[0,R), then

(4.26) lim
t↑R

E(Xp
t )

E(Xt)p
= 1, for every p > 0.
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As a consequence of Theorem 4.18, we can now prove that, as anticipated in Sub-
section 4.2, if f is a clan (with at least three nonzero coefficients), then Df = zf ′(z) is
also a clan. Let (Xt)t∈[0,R) and (Wt)t∈[0,R) denote, respectively, the Khinchin families
of f and of Df .

As observed in (2.14), the moments of the families (Wt) and (Xt) are related by

E(W p
t ) =

1

mf (t)
E(Xp+1

t ), for any p > 0 and any t ∈ (0, R).

Thus,

E(W 2
t )

E(Wt)2
=

E(X3
t )

mf (t)

mf (t)
2

E(X2
t )

2
=

E(X3
t )

mf (t)3

(
mf (t)

2

E(X2
t )

)2

.

Since f is a clan, both fractions on the far right tend towards 1 as t ↑ R and,
consequently, Df is, as claimed, also a clan.

As another consequence, which we have also anticipated, observe that since the
partition function P (z) =

∏∞
k=1 1/(1− zk) is a clan, Theorem 4.18 and (2.6) give for

the moments of its associated family (Xt) that, for any p > 0,

E(Xp
t ) ∼ E(Xt)

p ∼ ζ(2)p

(1− t)2p
, as t ↑ 1.

Remark 4.19. Hayman, in Theorem III of [11], shows that the successive derivatives
of Hayman (admissible) functions satisfy tkf (k)(t)/f(t) ∼ mf (t)

k, as t ↑ R, which
is equivalent to the conclusion of Theorem 4.18, i.e., limt↑R E(Xk

t )/E(Xt)
k = 1

for k ≥ 1 integer. Our probabilistic proof below shows that this conclusion is valid
under the simple and more general notion of clan.

Proof of Theorem 4.18: Due to Lemma 2.4, it is enough to prove (4.26) for any inte-
ger k ≥ 1.

If f is a polynomial of degree N , we have that limt→∞ E(Xk
t ) = Nk for any

integer k ≥ 1. In particular,

lim
t→∞

E(Xk
t )

E(Xt)k
=

Nk

Nk
= 1.

We assume now that f is not a polynomial and, consequently, that Mf = +∞.
We first check that

(4.27) lim sup
t↑R

E(Xk
t )

E(Xt)k
≤ ek!.

Corollary 3.4, using that Mf = +∞, gives that the inequality (4.27) is equivalent to

lim sup
t↑R

E(X
k
t )

E(Xt)k
≤ ek!,

which follows from (4.20) and Theorem 4.16.
Denote Vt :=Xt/E(Xt), for t ∈ (0, R), so that, for any integer k ≥ 1 and any t ∈

(0, R),
E(Xk

t )

E(Xt)k
= E(V k

t ).

We aim to show that, for a clan, limt↑R E(V k
t ) = 1 for any integer k ≥ 1. For k = 1,

we have that E(Vt) = 1, for any t ∈ (0, R), and the case k = 2 is just the definition
of clan.

By (4.27), for any integer k ≥ 1, the moments of Vt satisfy that

(4.28) lim sup
t↑R

E(V 2k
t ) ≤ e(2k)!.
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Fix an integer k ≥ 3. Consider a constant ω > 0 and apply the Jensen, Cauchy–
Schwarz, and Chebyshev inequalities:

1 = E(Vt)
k ≤ E(V k

t ) = E(V k
t 1{|Vt−1|>ω}) +E(V k

t 1{|Vt−1|≤ω})

≤ E(V 2k
t )1/2P(|Vt − 1| > ω)1/2 + (1 + ω)k ≤ E(V 2k

t )1/2
σf (t)

mf (t)

1

ω
+ (1 + ω)k,

where by 1A we denote the indicator function of the event A. Since f is a clan,
limt↑R σf (t)/mf (t) = 0, and this and the bound in (4.28) combine to imply that

1 ≤ lim sup
t↑R

E(V k
t ) ≤ (1 + ω)k,

for any ω > 0. Therefore, lim supt↑R E(V k
t ) = 1. Now since k ≥ 1, we have that

E(V k
t ) ≥ E(Vt)

k = 1 for any t ∈ (0, R), and we get, as desired, that

lim
t↑R

E(V k
t ) = 1, for every integer k ≥ 1.

Remark 4.20. Theorem 4.18 does not hold for general families or sequences of random
variables, i.e., if (Vn)n≥1 is a sequence of nonnegative random variables, then the
condition limn→∞ E(V 2

n )/E(Vn)
2 = 1 does not imply that limn→∞ E(V p

n )/E(Vn)
p = 1

for p > 2 (although this would be the case for p < 2, because of Lemma 2.4).
Indeed, for n ≥ 1, define Vn taking the value

√
n/ ln(n+1) with probability 1/(n+1)

and the value 1
n ((n+ 1)−

√
n/ ln(n+ 1)) with probability n/(n+ 1).

For this sequence of random variables, we have that E(Vn) = 1 for any n ≥ 1 and
limn→∞ E(V p

n ) = 1, if p ≤ 2, but limn→∞ E(V p
n ) = +∞, if p > 2.

5. Order of entire functions and power series distributions

In this section, we deal with entire functions f in K. In particular, we shall be in-
terested in the relation between the order (of growth) of f and the growth of the
mean mf (t) = E(Xt), of the variance σ2

f (t) = V(Xt), and of moments E(Xp
t ),

with p > 0, of the associated family of probability distributions.
Recall that the order ρ(f) of an entire function f in K is given by

(5.1) ρ(f) := lim sup
t→∞

ln lnmax|z|=t{|f(z)|}
ln t

= lim sup
t→∞

ln ln f(t)

ln t
,

where we have used (2.1) in the second expression. On the other hand, for any entire
function f(z) =

∑∞
n=0 anz

n, Hadamard’s formula (see Theorem 2.2.2 in [6]) gives ρ(f)
in terms of the coefficients of f :

(5.2) ρ(f) = lim sup
n→∞

n lnn

ln(1/|an|)
.

5.1. The order of f entire and the moments E(Xp
t ). We can express the

order of an entire function f ∈ K in terms of the mean mf (t) and, in fact, of any
moment E(Xp

t ), as follows.

Theorem 5.1. Let f ∈ K be an entire function of order ρ(f) ≤ +∞. Then

(5.3) lim sup
t→∞

ln[E(Xp
t )

1/p]

ln t
= ρ(f), for any p ≥ 1.

The case p = 1 of Theorem 5.1, i.e., lim supt→∞ lnmf (t)/ ln t = ρ(f), appears in
item 52 on page 9 of [25].
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Proof: We abbreviate and write

Λp := lim sup
t→∞

ln[E(Xp
t )

1/p]

ln t
, for p > 0.

Observe that Λp ≤ Λq if 0 < p ≤ q, by Jensen’s inequality.

First we show that
Λp ≤ ρ(f), for any p > 0.

Fix p > 0. The inequality holds trivially if ρ(f) = +∞, so we may assume ρ(f) < +∞.
Let ω > ρ(f) and take τ = (ω + ρ(f))/2. If f(z) =

∑∞
n=0 anz

n, for z ∈ C, then
Hadamard’s formula (5.2) gives N = Nτ > 0 such that

an ≤ 1

nn/τ
, if n ≥ N.

For t such that tτ > N , we have

f(t)E(Xp
t ) =

∞∑
n=1

npant
n =

∑
n≤tω

npant
n +

∑
n>tω

npant
n

≤ tpωf(t) +
∑
n≥1

np 1

nn/τ
nn/ω = tpωf(t) + C,

where C = C(ω, ρ(f), p) < +∞. Thus,

E(Xp
t ) ≤ tpω + C/f(t), if tτ > N,

and so Λp ≤ ω, for every ω > ρ(f), which implies, as desired, that Λp ≤ ρ(f) for
p > 0 fixed above.

To finish the proof, it is enough to show that ρ(f) ≤ Λ1, because Λ1 ≤ Λp for p ≥ 1,
and this, combined with the fact that Λp ≤ ρ(f), for any p > 0, would give (5.3).

We may assume that Λ1 < +∞, since otherwise there is nothing to prove. We
observe first that, for any ω > Λ1, there exists T = Tω such that

mf (t) = E(Xt) ≤ tω, for t ≥ T,

which, recall (2.2), can be written in terms of f as

f ′(t)

f(t)
< tω−1, for t ≥ T.

Upon integration, the above inequality gives that

ln f(t)− ln f(T ) ≤ 1

ω
(tω − Tω), if t ≥ T,

which implies, by the very definition (5.1) of order, that ρ(f) ≤ ω. From this, we
deduce, as desired, that ρ(f) ≤ Λ1.

Remark 5.2. We mention that, if ρ(f) is finite, then (5.3) holds also for p ∈ (0, 1).
To see this, fix p ∈ (0, 1). We just need to show that ρ(f) ≤ Λp. We are going to

interpolate Λ1 between Λp and Λ2.
Let u = 1/(2− p) ∈ (1/2, 1), so that

1 = pu+ 2(1− u).

By Hölder’s inequality, we have that

E(Xt) = E(Xpu
t X

2(1−u)
t ) ≤ E(Xp

t )
uE(X2

t )
1−u, for any t > 0,

and thus,
Λ1 ≤ puΛp + 2(1− u)Λ2.
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By (5.3), Λ1 = Λ2 = ρ(f) < +∞, so

ρ(f) ≤ puΛp + 2(1− u)ρ(f).

This, substituting the value of u, gives that ρ(f) ≤ Λp.

5.2. Entire gap series, order, and clans. Recall, from Definition 4.1, that an
entire function f in K is a clan if

lim
t→∞

σf (t)

mf (t)
= 0.

We shall now exhibit examples of entire functions in K of any given order ρ, 0 ≤
ρ ≤ ∞, which are not clans. These (counter)examples will be used in forthcoming
discussions.

Fix 0 < ρ < +∞.
Consider the increasing sequence of integers given by n1 = 0, n2 = 1, and nk+1 =

knk, for any k ≥ 2, and let

f(z) = 1 +

∞∑
k=2

1

n
nk/ρ
k

znk .

The function f is entire and belongs to K. Hadamard’s formula (5.2) gives ρ(f) = ρ.
Recall the gap parameter G(f) given in (3.7), and observe that, in this case, G(f) =

lim supk→∞ k = +∞, so from Theorem 3.7 we deduce that

(5.4) lim sup
t→∞

σf (t)

mf (t)
≥ 1

holds, and, in particular, that f is not a clan.
With the same specification of the sequence nk, the power series g and h in K given

by

g(z) = 1 +

∞∑
k=2

1

n
n2
k

k

znk and h(z) = 1 +

∞∑
k=2

1

n
nk/

√
lnnk

k

znk

are entire, of respective orders ρ(g) = 0 and ρ(h) = +∞, and are such that (5.4) holds,
and so, in particular, they are not clans.

The examples above of entire power series which are not clans are based on the
seminal examples of Borel [8], see also [37] of Whittaker, of entire functions whose
lower order does not coincide with the order.

5.3. The order of f entire and the quotient σ2
f(t)/mf(t). The next result

compares the order of the entire function with the quotient σ2
f (t)/mf (t) as t → ∞.

Proposition 5.3. Let f ∈ K be an entire function of order ρ(f) ≤ ∞. Then

lim inf
t→∞

σ2
f (t)

mf (t)
≤ lim inf

t→∞

lnmf (t)

ln t
≤ lim inf

t→∞

ln ln f(t)

ln t

≤ lim sup
t→∞

ln ln f(t)

ln t
= lim sup

t→∞

lnmf (t)

ln t
= ρ(f) ≤ lim sup

t→∞

σ2
f (t)

mf (t)
.

The equality statements in the middle of the comparisons of Proposition 5.3 are
the very definition of order and the case p = 1 of Theorem 5.1. On the other hand,
Báez-Duarte shows in Proposition 7.7 of [3] that

lim inf
t→∞

σ2
f (t)

mf (t)
≤ ρ(f) ≤ lim sup

t→∞

σ2
f (t)

mf (t)
.



Moments and growth of power series distributions 191

Proof of Proposition 5.3: We will check first that

(5.5) lim sup
t→∞

ln ln f(t)

ln t
≤ lim sup

t→∞

lnmf (t)

ln t
≤ lim sup

t→∞

σ2
f (t)

mf (t)
.

Of course, we already know that the first two lim sup coincide with the order ρ(f).
For the inequality on the right of (5.5), let us denote

L = lim sup
t→∞

σ2
f (t)

mf (t)

and assume that L < +∞, since otherwise there is nothing to prove. Recall that

σ2
f (t)

mf (t)
=

tm′
f (t)

mf (t)
.

Take ω > L. Then there exists T > 0 such that

tm′
f (t)

mf (t)
≤ ω, for any t ≥ T,

and, by integration, for t > T ,

lnmf (t)− lnmf (T ) ≤ ω(ln t− lnT ),

and thus

lim sup
t→∞

lnmf (t)

ln t
≤ ω, and consequently, lim sup

t→∞

lnmf (t)

ln t
≤ L.

The proof of the inequality on the left of (5.5),

lim sup
t→∞

ln ln f(t)

ln t
≤ lim sup

t→∞

lnmf (t)

ln t
,

follows as above using that
t(ln f(t))′ = mf (t).

The proof of the inequalities for the lim inf,

lim inf
t→∞

σ2
f (t)

mf (t)
≤ lim inf

t→∞

lnmf (t)

ln t
≤ lim inf

t→∞

ln ln f(t)

ln t
,

is analogous.

Concerning Proposition 5.3, a few observations are in order.

(i) The three lim inf in the statement, in general, do not give the order of f , since the
third one is the lower order of f , which, for instance, and again by Borel [8], does not
have to coincide with the order.

(ii) As for the third lim sup in the second line: as pointed out by Báez-Duarte (see [3,
p. 100]), in general, the order ρ(f) is not given by lim supt→∞ σ2

f (t)/mf (t), as pro-

posed by Kosambi in Lemma 4 of [17]. The example of Baéz-Duarte is the canonical
product f given by

(5.6) f(z) =

∞∏
n=1

(
1 +

zn
2

n4n2

)
,

which is an entire function in K. Borel’s theorem (see, for instance, Theorem 2.6.5
in [6]) tells us that the order ρ(f) of any canonical product coincides with the exponent
of convergence of its zeros. The zeros of f have exponent of convergence 3/4, and thus
f has order ρ(f) = 3/4. From the case p = 1 of Theorem 5.1, we see that f satisfies
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that, say, mf (t) ≤ C t7/8, for some C > 0 and every t ≥ 1. As f(n4eiπ/n
2

) = 0, we
obtain from Lemma 3.9 that

σ2
f (n

4) ≥ 1

4
n4, for any n ≥ 1,

and thus that
σ2
f (n

4)

mf (n4)
≥ 1

4C
n1/2, for any n ≥ 1.

So, for this particular function f , we have that lim supt→∞ σ2
f (t)/mf (t) = +∞, but

lim inft→∞ σ2
f (t)/mf (t) ≤ ρ(f) = 3/4.

Alternatively, and more generally, recall that, for any ρ ∈ [0,+∞], we have exhib-
ited in Subsection 5.2 an entire transcendental function f ∈K, with order ρ(f)=ρ, and
such that lim supt→∞ σf (t)/mf (t) ≥ 1, and thus such that lim supt→∞ σ2

f (t)/mf (t) =

+∞. Also, lim inft→∞ σ2
f (t)/mf (t) ≤ ρ(f) < +∞, because of Proposition 5.3.

(iii) On the other hand, as a consequence of Proposition 5.3, for an entire function f ∈
K, we have that if the limit limt→∞ σ2

f (t)/mf (t) exists (including the possibility of

being ∞), then the order ρ(f) of f is precisely

(5.7) ρ(f) = lim
t→∞

σ2
f (t)

mf (t)
.

In Báez-Duarte’s example (5.6), the limit of σ2
f (t)/mf (t) as t → ∞ does not exist,

and (5.7) does not hold. In general, (5.7) does not hold for any entire function f in K
for which the lower order does not coincide with the order.

For the class of entire functions in K of genus 0 which we are to discuss in Subsec-
tion 5.4 below, the identity (5.7) holds (see the comments after Proposition 5.4).

The identity (5.7) also holds for the class of nonvanishing entire functions in K
of finite order. To see this, let f(z) = eg(z) ∈ K, where g is entire (not necessarily
in K). We may assume that g(t) ∈ R for t > 0, and further that, for some T > 0,
g(t)>0 for t ≥ T . Assume that f has finite order. Hadamard’s factorization theorem
gives that g is a polynomial, say of degree N . Thus ρ(f) = N , by (5.1). If the leading
coefficient of the polynomial g is b, then

mf (t) = tf ′(t)/f(t) = tg′(t) ∼ bN tN , as t → ∞,

σ2
f (t) = tm′

f (t) = tg′(t) + t2g′′(t) ∼ bN2 tN , as t → ∞.

Therefore, (5.7) holds.

5.4. Entire functions of genus 0 with negative zeros. We consider again the
entire transcendental functions f in K of genus 0 (and thus of order ≤ 1) whose zeros
are all real and negative which we have considered in Subsection 2.2.5. Recall that,
if normalized so that f(0) = 1, they are the canonical products of the form

(5.8) f(z) =

∞∏
j=1

(
1 +

z

bj

)
, for z ∈ C,

and (bj)j≥1 is an increasing sequence of positive real numbers with
∑∞

j=1 1/bj < ∞.
The zeros −b1,−b2,−b3, . . . of f all lie on the negative real axis.

We keep the notation N(t) for the counting function of the zeros of f :

N(t) = #{j ≥ 1 : bj ≤ t}, for t > 0,

which is a nondecreasing function such that N(t) → ∞ as t → ∞.
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Recall also that Borel’s theorem tells us that the order ρ(f) of the canonical prod-
uct coincides with the exponent of convergence of its zeros, which, in turn (see The-
orem 2.5.8 in [6]), is given by

lim sup
t→∞

lnN(t)

ln t
= ρ(f).

The function ln f(t), for t ∈ (0,+∞), may be expressed in terms of the counting
function N(t); concretely, by integration by parts, one obtains

(5.9) ln f(t) =

∞∑
j=1

ln

(
1 +

t

bj

)
=

∫ ∞

0

tN(x)

x(x+ t)
dx =

∫ ∞

0

N(ty)

y(y + 1)
dy.

This representation (5.9) of ln f(t) in terms of the counting function N(t) comes from
Valiron; see [36].

From precise asymptotic information on the counting function N(t) of f , one may
obtain asymptotic information on the mean and variance function of the family asso-
ciated to f .

Proposition 5.4. Let f be an entire function of genus 0 with only negative zeros,
and given by (5.8). Assume that for ρ ∈ (0, 1) we have

(5.10) N(t) ∼ Ctρ, as t → ∞.

Then

(a) ln f(t) ∼ Cπ

sin(πρ)
tρ, as t → ∞,

(b) mf (t) ∼
Cπρ

sin(πρ)
tρ, as t → ∞,

(c) σ2
f (t) ∼

Cπρ2

sin(πρ)
tρ, as t → ∞.

Conversely, if (a), (b), or (c) holds, then (5.10) holds.

It follows that for entire functions of genus 0 given by formula (5.8), and whenever
N(t) ∼ Ctρ as t → ∞, with ρ ∈ (0, 1), then

lim
t→∞

σ2
f (t)

mf (t)
= ρ,

as was pointed out (but left unproved) by Báez-Duarte in Proposition 7.9 of [3], and
also that equality holds in Proposition 5.3. Furthermore, it follows that the entire
functions of Proposition 5.4 are clans; but see Proposition 5.7 for a more general
statement.

Proof: That (c) ⇒ (b) ⇒ (a) follows immediately by integration, since mf (t) =
t(ln f)′(t) and σ2

f (t) = tm′
f (t); recall the formulas (2.2).

That (a) implies (5.10) is a classical Tauberian theorem; see [36] and [33, 34].
The proof of the direct part of Proposition 5.4 follows from the representation (5.9)

and the following standard identity for the Euler Beta function:

(5.11)

∫ ∞

0

yη

(1 + y)2
dy = Beta(1 + η, 1− η) =

πη

sin(πη)
, for any η ∈ [0, 1).
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The representation (5.9) gives that

ln f(t) = tρ
∫ ∞

0

yρ

y(y + 1)

N(ty)

(ty)ρ
dy.

Since N(ty)/(ty)ρ → C as t → ∞ and yρ/(y(y + 1)) is integrable in [0,∞),

lim
t→∞

ln f(t)

tρ
= C

∫ ∞

0

yρ

y(y + 1)
dy.

Integrating by parts, using that ρ < 1 and (5.11), we obtain that∫ ∞

0

yρ

y(y + 1)
dy =

1

ρ

∫ ∞

0

yρ

(y + 1)2
dy =

π

sin(πρ)
.

That is,

ln f(t) ∼ Cπ

sin(πρ)
tρ, as t → ∞.

For the mean and the variance, we have the representations

mf (t) = tρ
∫ ∞

0

yρ

(y + 1)2
N(ty)

(ty)ρ
dy and σ2

f (t) = tρ
∫ ∞

0

yρ(y − 1)

(y + 1)3
N(ty)

(ty)ρ
dy.

Arguing as above, (b) and (c) follow from (5.10).

Remark 5.5. For general canonical products f of genus p ≥ 0 with only negative
zeros, there is a representation of ln f(t) analogous to (5.9), which is the case p = 0
(see, for instance, Theorem 7.2.1 in [5]):

ln f(t) = (−1)p
∫ ∞

0

(t/x)p+1

1 + t/x
N(x)

dx

x
.

This expression means in particular that for p odd, the canonical product f is bounded
by 1, for t ∈ (0,∞), and thus shows that f is not in K. Observe, in any case, that for
a primary factor Ep(z), which for |z| < 1 is Ep(z) = exp

(
−
∑∞

j=p+1 z
j/j

)
, we have

that its (2p + 2)-coefficient is −p/(2(p + 1)2), and therefore Ep(−z/a) with a > 0,
which vanishes at −a, is not in K, if p ≥ 1; in general, thus, canonical products of
nonzero genus with only negative zeros are not in K.

Remark 5.6. For entire functions f of genus 0 and only negative zeros, if the number
of zeros is comparable to a power tρ with ρ ∈ (0, 1) (N(t) ≍ tρ, as t → ∞), so are
the mean and variance of its Khinchin family. This follows most directly from the
representation (5.9).

Entire functions of genus 0 with only negative zeros are always clans.

Proposition 5.7. Every entire function f in K defined by (5.8) with
∑

j≥1 1/bj <
+∞ is a clan.

Proof: Assume that f is not a polynomial. For f given by (5.8), we have, recall-
ing (2.10), that

σ2
f (t) < mf (t),

and thus σ2
f (t)/m

2
f (t) ≤ 1/mf (t). Since mf (t) → ∞ as t → ∞, we obtain that f is a

clan.
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5.5. Entire functions, proximate orders, and clans. For ρ ≥ 0, a proximate
ρ-order ρ(t) is a continuously differentiable function defined in (0,+∞) and such that

lim
t→∞

ρ(t) = ρ and lim
t→∞

ρ′(t)t ln t = 0.

Traditionally, proximate orders are allowed to have a discrete set of points where
they are not differentiable, but have both one-sided derivatives at those points; see
Section 7.4 in [5].

If for a proximate ρ-order ρ(t) we write V (t) = tρ(t), for t > 0, then (see, for
instance, Lemma 5 in Section 12, Chapter I, of [18]) for every λ > 0 we have that

(5.12) lim
t→∞

V (λt)

V (t)
= λρ.

In other terms, the function V (t)/tρ is a slowly varying function.

Theorem 5.8 (Valiron’s proximate theorem for K). If f is an entire function in K
of finite order ρ ≥ 0, then there is a proximate ρ-order ρ(t) such that

lim sup
t→∞

ln f(t)

tρ(t)
= 1.

See Theorem 7.4.2 in [5]; the smoothness which we require in our definition of prox-
imate ρ-order ρ(t) is provided by Proposition 7.4.1 and Theorem 1.8.2 (the smooth
variation theorem) in [5].

We have the following.

Theorem 5.9. Let f be an entire function in K of finite order ρ > 0, let ρ(t) be a
proximate ρ-order, and let τ > 0. Then

(5.13) lim
t→∞

ln f(t)

tρ(t)
= τ

if and only if

(5.14) lim
t→∞

mf (t)

tρ(t)
= τρ.

If either (5.13) or (5.14) holds, then f is a clan.

Observe that in both (5.13) and (5.14) a ‘lim’ is assumed, and not a ‘lim sup’ as
in Valiron’s Theorem 5.8, which encompasses all finite-order entire functions. Con-
dition (5.13) of Theorem 5.9 concerns entire functions that are said to have regular
growth.

Comparing with Valiron’s theorem, the limit τ instead of 1 amounts to no extra
generality, since replacing ρ(t) with ρ⋆(t) = ρ(t)+ ln τ/ ln t, we have that ρ⋆(t) is also
a proximate ρ-order and

lim
t→∞

ln f(t)

tρ⋆(t)
= 1.

That (5.14) implies that f is a clan is due to Simić, [32]. In [32], see also [31], it
is claimed, in the terminology of the present paper, that any entire function of finite
order in K is a clan, which is not the case; see, for instance, Subsection 5.2. The
error in the argument originates in a misprint in the statement of Theorem 2.3.11 on
page 81 of [5]: the lim sup appearing in that statement should be a lim inf (which is
what is actually proved in [5]). See also page 101 of [19] for a similar warning. The
argument of [32] shows precisely that (5.14) implies that f is a clan.

As for the implication (5.13) ⇒ (5.14), compare with Lemma 3.1 in [21].
For constant proximate ρ-order, (ρ(t) = ρ, for t > 0) that (5.13) implies (5.14)

and then that f is a clan is due to Pólya and Szegö with an argument involving some
delicate estimates: combine items 70 and 71, on page 12, of their [25].
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Proof: Fix λ > 1. Lemma 3.2 gives us that

mf (t) lnλ ≤ ln f(λt)− ln f(t) ≤ mf (λt) lnλ, for t > 0,

and thus dividing by V (t) = tρ(t),

(5.15)
mf (t)

V (t)
≤ 1

lnλ

[
ln f(λt)

V (λt)

V (λt)

V (t)
− ln f(t)

V (t)

]
≤ mf (λt)

V (λt)

V (λt)

V (t)
, for t > 0.

We first prove that (5.13) ⇒ (5.14). From (5.12), (5.13), and (5.15), and letting t →
∞, we deduce that

lim sup
t→∞

mf (t)

tρ(t)
≤ τ

λρ − 1

lnλ
≤ λρ lim inf

t→∞

mf (t)

tρ(t)
.

Letting λ ↓ 1, equation (5.14) follows.

We now prove that (5.14) ⇒ (5.13). Assume first that

(5.16) lim sup
t→∞

ln f(t)

tρ(t)
< +∞.

If (5.16) holds, then from the first inequality of (5.15), and using (5.14), we deduce
that

τρ lnλ+ lim inf
t→∞

ln f(t)

tρ(t)
≤ λρ lim inf

t→∞

ln f(t)

tρ(t)
,

while the second inequality of (5.15) gives

λρ lim sup
t→∞

ln f(t)

tρ(t)
≤ lim sup

t→∞

ln f(t)

tρ(t)
+ τρλρ lnλ.

Writing the two inequalities above as

τρ ≤ λρ − 1

lnλ
lim inf
t→∞

ln f(t)

tρ(t)
and

λρ − 1

lnλ
lim sup
t→∞

ln f(t)

tρ(t)
≤ τρλρ,

and by letting λ ↓ 1, we get that

τ ≤ lim inf
t→∞

ln f(t)

tρ(t)
and lim sup

t→∞

ln f(t)

tρ(t)
≤ τ,

so (5.13) follows.
To show that (5.16) holds, we first observe that

d

ds
sρ(s) = (s ln s · ρ′(s) + ρ(s))sρ(s)−1, for s > 0,

and from the defining properties of the proximate orders, we deduce that, for appro-
priately large A > 0,

(5.17)
d

ds
sρ(s) ≥ ρ

2
sρ(s)−1, for each s ≥ A.

From (5.14), by incrementing A if necessary, we deduce that

d

ds
ln f(s) =

mf (s)

s
≤ 2τρ sρ(s)−1 ≤ 4τ

d

ds
sρ(s), for s ≥ A,

where (5.17) was used in the last inequality. We thus have that

ln f(t) ≤ ln f(A) + 4τ tρ(t) − 4τAρ(A), for t ≥ A,

from which we obtain that

lim sup
t→∞

ln f(t)

tρ(t)
≤ 4τ,

as wanted.
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This argument shows in fact that

1

ρ
lim inf
t→∞

mf (t)

tρ(t)
≤ lim inf

t→∞

ln f(t)

tρ(t)
≤ lim sup

t→∞

ln f(t)

tρ(t)
≤ 1

ρ
lim sup
t→∞

mf (t)

tρ(t)
.

For another proof of this last chain of inequalities, see, for instance, Theorem 4 in [35].

Finally, we prove that (5.14) ⇒ f is a clan. From (5.12) and (5.14), and taking
into account that ρ > 0, we deduce that

(5.18) lim
t→∞

mf (λt)

mf (t)
= λρ, for any λ > 0,

and thus that the mean mf is a regularly varying function; see Section 1.4 of [5].
To show that f is a clan, we may assume that f is not a polynomial, and thus that

limt→∞ mf (t) = +∞.
Now, (5.18) implies that for any function λ(t) such that λ(t) > 1 and such that

limt→∞ λ(t) = 1, we have that

(5.19) lim
t→∞

mf (λ(t) t)

mf (t)
= 1.

To see this, fix ε > 0. Then we have that 1 < λ(t) ≤ 1 + ε, for t ≥ tε. Therefore,

1 ≤ mf (λ(t) t)

mf (t)
≤ mf ((1 + ε)t)

mf (t)
, for t ≥ tε.

Thus, lim supt→∞ mf (λ(t) t)/mf (t) ≤ (1 + ε)ρ, and thus (5.19) holds.

Applying (5.19) with λ(t) = 1 + 1/mf (t) and appealing to Theorem 4.10, we
conclude that f is a clan.

5.6. Exceptional values and clans. The entire gap series of Subsection 5.2, which
are our basic examples of entire functions in K which are not clans, have no Borel
exceptional values. This follows, for instance, from a classical result of Pfluger and
Pólya [23]. Next we show that, in general, entire functions which are not clans have
no Borel exceptional values.

Recall that, by definition, a is a Borel exceptional value of an entire function f
of finite order if the exponent of convergence of the a-values of f (i.e., the zeros
of f(z)−a = 0) is strictly smaller than the order of f ; a theorem of Borel claims that
a nonconstant entire function of finite order can have at most one Borel exceptional
value.

Theorem 5.10. If the entire function f ∈ K has finite order and has one Borel
exceptional value, then f is a clan.

Proof: Let ρ be the order of f . Assume that a ∈ C is the Borel exceptional value
of f . Denote by s the exponent of convergence of the zeros of f(z)− a. Thus s < ρ,
since a is a Borel exceptional value of f .

Let f(z) = a+ P (z)eQ(z) be the Hadamard factorization of f − a, where P is the
canonical product formed with the zeros of f − a, and Q is a polynomial of degree d
and leading coefficient c ̸= 0. The order of P is s, and thus the order ρ of f must be
the integer d.

Now,

|f(t)− a| = |P (t)|eℜQ(t) and ln |f(t)− a| = ln |P (t)|+ ℜQ(t), for t > 0.
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Take s′ ∈ (s, d). For a certain t′ depending on s′, we have for t ≥ t′ that ln |P (z)| ≤
|z|s′ , if |z| = t. Besides,

ℜQ(t)

td
= ℜc+O

(
1

t

)
, as t → ∞.

We conclude that

lim
t→∞

ln |f(t)− a|
td

= ℜc,

and therefore that

lim
t→∞

ln f(t)

td
= ℜc.

Observe that if ℜc = 0, then ℜQ(t) = O(td−1) as t → ∞, and that would mean
that

lim sup
t→∞

ln f(t)

th
= 0,

for some h such that (s <)h < d, and thus, in particular, that f would be of order at
most h, which is not the case.

Thus ℜc > 0, and condition (5.13) of Theorem 5.9 holds, so f is a clan.

For an entire function, not necessarily of finite order, a Picard exceptional value is
a value that is taken just a finite number of times. For Picard exceptional values and
clans, we have the following result, which came out in a conversation of one of the
authors with Walter Bergweiler.

Proposition 5.11. If f = Peg is in K, where P is a polynomial and g is an entire
function in K of finite order, then f is a clan.

The value 0 is Picard exceptional for f = Peg. It is not assumed that P is in K,
but it is assumed that g is in K. Observe also that the assumption is that g is of finite
order; if eg were of finite order, that f is a clan would follow from Theorem 5.10.

Proof: The entire function f is transcendental, since g ∈ K is not a constant. From
Lemma 4.3, we have that f is a clan if and only if limt→∞ Lf (t) = 1. To show that
this limit holds, we verify first that g satisfies

(5.20) lim
t→∞

g′′(t)

g′(t)2
= 0.

Condition (5.20) clearly holds if g is a polynomial.
Assume thus that g is not a polynomial. From the case p = 1 of Theorem 5.1

applied to the derivative g′, which is also of finite order, it follows that for some finite
constant S > 0 and radius R1 > 0 we have that

g′′(t)

g′(t)
≤ tS , for t > R1.

Besides, since g′ is not a polynomial, we have, for some radius R2, that g
′(t) > tS+1,

for t > R2. And thus (5.20) holds.
Next, a calculation, recall (4.2), gives that

Lf (t) =

(
P ′′(t)

P (t)

1

g′(t)2
+ 2

P ′(t)

P (t)

1

g′(t)
+

g′′(t)

g′(t)2
+ 1

)/(
P ′(t)

P (t)

1

g′(t)
+ 1

)2

, for t > 0.

Since P is a polynomial, we have that P ′(t)/P (t) and P ′′(t)/P (t) tend to 0 as t → ∞.
Besides, since g∈K, we have that limt→∞ g′(t) = +∞. Using now (5.20), it is deduced
that limt→∞ Lf (t) = 1.
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6. Some questions

Question 1. If f ∈ K has radius of convergence R ≤ ∞ and its Khinchin fam-
ily (Xt)t∈[0,R) satisfies for some value of p ≥ 2 that

(6.1) lim
t↑R

E(Xp
t )

E(Xt)p
= 1,

then f is a clan. This follows directly from Lemma 2.4. Assume that (6.1) is satisfied
for some value p ∈ (1, 2). Is this enough to deduce that f is a clan?

Question 2. Is it the case that, for every entire function f in K,

lim sup
t→∞

σf (t)

mf (t)
≤ 1?

Question 3. If g is an entire function in K (not necessarily of finite order), it is
natural to ask whether f = eg is always a clan or not. This is the case if g is a clan
or if g has finite order, as we have seen in Subsection 4.2 and in Proposition 5.11.
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