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Abstract: In this paper we describe how to compute a Saito basis of a cusp, a plane curve with only
one Puiseux pair. Moreover, the 1-forms of the Saito basis that we obtain are characterized in terms

of their divisorial orders associated to the “cuspidal” divisor of the minimal reduction of singularities
of the cusp. We also introduce a new family of analytic invariants for plane curves computed in terms

of Saito bases.
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1. Introduction

Let C be a plane curve in (C2,0) and consider the OC2,0-module Ω1
C2,0[C] of holo-

morphic 1-forms which have the curve C invariant. In [13], K. Saito proved that
Ω1

C2,0[C] is a free module of rank 2 and a basis of Ω1
C2,0[C] is called a Saito basis for

the curve C. The objective of this paper is to compute a Saito basis for a curve C
with only one Puiseux pair. Moreover, the 1-forms of the Saito basis that we compute
are characterized in terms of their critical values. Let us clarify the statements.

Consider an irreducible plane curve C in (C2,0) and let φ(t) be a primitive
parametrization of C. Given h ∈ OC2,0, we denote νC(h) = ordt(h(φ(t))). Recall
that the semigroup Γ of C, defined as

Γ = {νC(h) : h ∈ OC2,0},

is equivalent to the equisingularity data of the curve C. Given a 1-form ω ∈ Ω1
C2,0, we

denote νC(ω) = ordt(α(t)) + 1 with φ∗(ω) = α(t) dt. The set of differential values Λ
of the curve C, defined as

Λ = {νC(ω) : ω ∈ Ω1
C2,0},

is a Γ-semimodule and Λ is an analytic invariant of the curve C. There exists a basis
of Λ, that is, a strictly increasing sequence B = (λ−1, λ0, λ1, . . . , λs) of elements of Λ,
with s minimal, such that

Λ =

s⋃
i=−1

(λi + Γ).

A set of 1-forms (ω−1, ω0, ω1, . . . , ωs) such that νC(ωi) = λi, for −1 ≤ i ≤ s, is called
a minimal standard basis of the curve C.

Assume now that C is a cusp, that is, an irreducible curve with a single Puiseux
pair (n,m), with 2 ≤ n < m and gcd(n,m) = 1. In this situation, the semigroup of
the curve C is equal to Γ = nZ≥0 + mZ≥0, and we say that Γ is cuspidal and that
Λ is a cuspidal semimodule. Let us introduce some structural values associated to Λ.
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The basis of the semimodule Λ allows us to define a chain Λ−1 ⊂ Λ0 ⊂ Λ1 ⊂ · · · ⊂
Λs = Λ with Λi =

⋃i
k=1(λk + Γ), for i = −1, 0, 1, . . . , s, such that λi 6∈ Λi−1 for

i = 0, 1, . . . , s. The axes uni , umi , ui, and ũi of Γ are defined as

uni = min{λi−1 + n` ∈ Λi−2 : ` ≥ 1}, umi = min{λi−1 +m` ∈ Λi−2 : ` ≥ 1},
ui = min{uni , umi }, ũi = max{uni , umi },

with 1 ≤ i ≤ s + 1, and the critical values tni , tmi , ti, t̃i are given by t−1 = λ−1 = n,
t0 = λ0 = m, and

tni = ti−1 + uni − λi−1, tmi = ti−1 + umi − λi−1,

ti = min{tni , tmi }, t̃i = max{tni , tmi },

for 1 ≤ i ≤ s+1. Note that the semimodule Λ of a cusp is increasing, which means that
λi > ui for 1 ≤ i ≤ s (see [5]). In a previous work [4], we have proved that these values
allow us to characterize the elements of an extended standard basis of the curve C,
that is, a set of 1-forms E = (ω−1, ω0, ω1, . . . , ωs, ωs+1) such that ω−1, ω0, ω1, . . . , ωs
is a minimal standard basis of C and ωs+1 is a 1-form with C as an invariant curve
(νC(ωs+1) =∞) and divisorial order with respect to the cuspidal divisor equal to ts+1.

Let us recall the notion of a divisorial order. Consider any sequence π : M →
(C2,0) of point blow-ups and let D ⊂ π−1(0) be an irreducible component of the
exceptional divisor. Given a point Q ∈ D, we can take coordinates (u, v) at Q such

that D = (u = 0) and, for any h ∈ OC2,0, we can write f ◦ π = uβh̃, locally at Q,

such that u does not divide h̃. We define the divisorial order νD(h) with respect to
the divisor D by νD(h) = β. Given a 1-form ω ∈ Ω1

C2,0, that can be written as ω =

a(x, y) dx+ b(x, y) dy, where (x, y) are coordinates in (C2,0), we define the divisorial
order νD(ω) of ω with respect to the divisor D by νD(ω) = min{νD(xa), νD(yb)}.

If C is a cusp, we can consider the minimal reduction of singularities πC : M →
(C2,0) and we denote by DC the “cuspidal divisor”, that is, the only irreducible com-
ponent of π−1

C (0) such that the strict transform of C intersects DC . In this situation, if
(x, y) are adapted coordinates for C, the divisorial order with respect to the divisorDC

is a monomial order since it can be computed as νDC
(h) = min{ni + mj : hij 6= 0}

where h(x, y) =
∑
i,j≥0 hijx

iyj .
Now we can state the main result of this article.

Theorem 1.1. Let C be a curve in (C2,0) with only one Puiseux pair and B =
(λ−1, λ0, λ1, . . . , λs) be the basis of the semimodule Λ of differential values for C.
There exist two 1-forms ωs+1, ω̃s+1 having C as an invariant curve and such that

νDC
(ωs+1) = ts+1, νDC

(ω̃s+1) = t̃s+1,

where ts+1 and t̃s+1 are the last critical values of Λ.
Moreover, for any pair of 1-forms as above, the set {ωs+1, ω̃s+1} is a Saito basis

for C.

The proof of the existence of the 1-forms in the theorem above is done in a con-
structive way.

The notion of a divisorial order with respect to a divisor allows us to introduce a
new analytic invariant of any plane curve (which is not necessarily a cusp). Given a
divisor D as above, we define the pair (sD(C), s̃D(C)) of Saito multiplicities at D by

sD(C) = min{νD(ω); ω belongs to a Saito basis of C},
s̃D(C) = max{νD(ω); ω belongs to a Saito basis of C}.
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Then the pair (sD(C), s̃D(C)) is an analytic invariant of any plane curve C in (C2,0).
In [6, pp. 8–9], Y. Genzmer introduces an analytic invariant of a curve C directly
related to the pair (sD1(C), s̃D1(C)) associated to the divisor D1 which appears after
one blow-up. More precisely, he proves that the pair of multiplicities (ν0(ω), ν0(ω̃)),
where {ω, ω̃} is a Saito basis for C, with ν0(ω) ≤ ν0(ω̃) and such that ν0(ω) + ν0(ω̃)
is maximal, is an analytic invariant for the curve C. Note that the multiplicity at the
origin of a 1-form ω can also be computed as ν0(ω) = νD1(ω)− 1.

The pair (sDC
(C), s̃DC

(C)) is determined in terms of the critical values of the
semimodule. More precisely,

Theorem 1.2. Let C be a cusp in (C2,0). Then we have

(sDC
(C), s̃DC

(C)) = (ts+1, t̃s+1),

where ts+1 and t̃s+1 are the last critical values of the semimodule of differential values
of the curve C.

However, we give an example of two cusps C1 and C2 with the same semimodule
of differential values but with (sD1(C1), s̃D1(C1)) 6= (sD1(C2), s̃D1(C2)).

The structure of the semimodule Λ of differential values of a plane curve plays a key
role in the proofs of the results of this article. In [15], O. Zariski pointed out the im-
portance of the semimodule Λ in the analytic classification of plane curves. The work
of Zariski was based on the computation of the simplest possible parametrizations of
irreducible plane curves. Following these ideas, C. Delorme described the structure of
the semimodule of differential values for a curve with only one Puiseux pair (see [5]).
The complete analytic classification of irreducible plane curves was given by A. Hefez
and M. E. Hernandes in 2011 ([10], see also [11]). Recently, M. E. Hernandes and
M. E. R. Hernandes have given the analytic classification of plane curves in the general
case ([12]).

Some analytic invariants of a plane curve can be computed from the semimod-
ule Λ. For instance, the Milnor µ(C) and Tjurina number τ(C) of an irreducible
plane curve C can be computed as µ(C) − τ(C) = ](Λ \ Γ) (see [3, 14]). In [9],
Y. Genzmer and M. E. Hernandes compute the difference µ(C) − τ(C) for an irre-
ducible plane curve C when C admits a Saito basis of a special kind called a good
Saito basis. In some recent works, Y. Genzmer describes invariants associated to the
Saito module to compute the generic dimension of the moduli space of a curve C
(see [6, 7, 8]).

The article is organized as follows. In Section 2, we describe the structure of a
cuspidal increasing semimodule extending some results obtained in [4]. In Section 3,
we generalize the decomposition given by Delorme in [5] (see also [4]) of the elements
of a minimal standard basis of a cusp.

The proof of the main result of the paper is given in Section 4. We introduce
the notion of a standard system (E ,F) for a cusp which is the data of an extended
standard basis E = (ω−1, ω0, ω1, . . . , ωs, ωs+1) and a family F = (ω̃1, ω̃2, . . . , ω̃s, ω̃s+1)
of 1-forms with divisorial order νDC

(ω̃k) = t̃j and such that C is an invariant curve
of each ω̃j , 1 ≤ j ≤ s+ 1. Given a standard system (E ,F), we have that the set T =
{ωs+1, ω̃1, ω̃2, . . . , ω̃s+1} is a generator system of the Saito OC2,0-module Ω1

C2,0[C]

(see Proposition 4.8). We show the existence of 1-forms ωs+1, ω̃s+1 having C as an
invariant curve and with divisorial values νDC

(ωs+1) = ts+1 and νDC
(ω̃s+1) = t̃s+1.

Then, given two 1-forms ωs+1 and ω̃s+1 as above, we prove that it is possible to
construct a special standard system that contains ωs+1 and ω̃s+1, that is, a standard
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system such that the 1-forms ω̃i, 1 ≤ i ≤ s, can be written in terms of ωs+1 and ω̃s+1

(see Proposition 4.9). Finally, we prove that the generator system T of Ω1
C2,0[C] can

be reduced to obtain a basis with the properties given in Theorem 1.1.
The last section of the paper is devoted to introducing the analytic invariants given

by the pair of Saito multiplicities at a divisor and we prove Theorem 1.2. Finally, we
describe the examples which show that the Saito pairs of multiplicities with respect
to the first divisor are not determined by the semimodule of differential values of the
curve.

2. Structure of cuspidal semimodules

In this section we extend the description given in [4] of the structure of a cuspidal
increasing semimodule.

Take Γ ⊂ Z≥0 an additive numerical semigroup, that is, Γ is a monoid generated

by 〈β0, β1, . . . , βg〉 with gcd(β0, . . . , βg) = 1. A set Λ ⊂ Z≥0 is a Γ-semimodule if
γ + λ ∈ Λ for all γ ∈ Γ and λ ∈ Λ. The basis of a Γ-semimodule Λ is the only
increasing sequence

B = (λ−1, λ0, λ1, . . . , λs)

satisfying that Λ =
⋃s
i=−1(λi + Γ) and that λj /∈ Λj−1, for any j = 0, 1, . . . , s, where

Λi =
⋃i
k=−1(λk+Γ), for i = −1, 0, 1, . . . , s. The basis induces the decomposition chain

of Λ:

Γ + λ−1 = Λ−1 ⊂ Λ0 ⊂ Λ1 ⊂ · · · ⊂ Λs = Λ,

where each Λi is a semimodule with basis Bi=(λ−1, λ0, λ1, . . . , λi), for i = −1, 0, . . . , s.
When λ−1 = 0, we say that Λ is a normalized semimodule. The number s above is
called the length of the semimodule Λ.

Denote n = min(Γ \ {0}). Given the basis B = (λ−1, λ0, λ1, . . . , λs), we have that
λi 6= λj mod n. Hence, the length s is bounded by n− 2.

We say that a numerical semigroup Γ is cuspidal if it is generated by two coprime
integer numbers n, m, with 2 ≤ n < m. A Γ-semimodule Λ is cuspidal when Γ is
cuspidal. From now on, we fix a cuspidal semigroup Γ, and we denote by n < m its
generators.

Any cuspidal semimodule Λ has an element cΛ ∈ Λ which is the minimum one
satisfying the property that for every integer k ≥ cΛ we have that k ∈ Λ. The
element cΛ is called the conductor of Λ. In the case Λ = Γ, the conductor takes the
value cΓ = (n−1)(m−1). Furthermore, since Λi ⊂ Λi+1, then cΛi

≥ cΛi+1
. Note that

if Λ is normalized, we have that Λ−1 = Γ and in this case we have that cΛ ≤ cΓ.

2.1. Axes, limits, and critical values. Let us introduce here some structural
values for a cuspidal semimodule Λ with basis B = (λ−1, λ0, λ1, . . . , λs).

For 1 ≤ i ≤ s+ 1, we define the axes uni , umi , ui, and ũi of Λ as follows:

• uni = min{λi−1 + n` ∈ Λi−2; ` ≥ 1}. We write uni = λi−1 + n`ni .

• umi = min{λi−1 +m` ∈ Λi−2; ` ≥ 1}. Similarly, we put umi = λi−1 +m`mi .

• ui = min{uni , umi } and ũi = max{uni , umi }.
The numbers `ni and `mi are called limits of Λ.

Remark 2.1. If we consider the semimodule Λ′ = Λ−λ, the new basis and the axes are
shifted by λ and we obtain the same limits as for Λ. This is particularly interesting
when λ = λ−1 and hence Λ′ is a normalized semimodule.
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Remark 2.2. Let us note that 1 ≤ `mi < n and that 1 ≤ `ni < m. To see this we
can suppose that Λ is normalized and thus cΛj ≤ cΓ = (n − 1)(m − 1) for any j =
−1, 0, 1, . . . , s. Assume that `mi ≥ n; we have

λi−1 +m(`mi − 1) ≥ (n− 1)m ≥ cΓ ≥ cΛi−2 .

Then λi−1 +m(`mi − 1) ∈ Λi−2, in contradiction with the minimality of `mi . A similar
argument proves that `ni < m.

Remark 2.3. Notice that uni 6= umi for each index 1 ≤ i ≤ s+ 1. Indeed, if uni = umi ,
then n`ni = m`mi and, since n and m are coprime, we must have `ni = mk for a positive
integer k and hence `ni ≥ m, which is a contradiction.

Lemma 2.4. Let Λ be a cuspidal semimodule of length s. Take 1 ≤ i ≤ s + 1. If
λi−1 + na+mb ∈ Λi−2 with a, b ∈ Z≥0, then either a ≥ `ni or b ≥ `mi .

Proof: (See also [4, Lemma 6.9].) By definition, we have

λi−1 + na+mb = λr + nc+md, r < i− 1,

where c, d are nonnegative integers. We proceed by induction on α = ac + bd ≥ 0.
If α = 0, then ac = bd = 0. This implies that ab = 0, otherwise, ab 6= 0 and hence
c = d = 0, that is,

λi−1 + na+mb = λr,

which is a contradiction because λr < λi−1. Now if a = 0, we end by the minimality
of `mi and, similarly, if b = 0, we end by the minimality of `ni .

Assume that α > 0. Then ac 6= 0 or bd 6= 0. If ac 6= 0, let us put a′ = a − 1 ≥ 0
and c′ = c− 1 ≥ 0. We have

λi−1 + na′ +mb = λr + nc′ +md,

and we finish by the induction hypothesis. We apply a similar argument if bd 6= 0.

For −1 ≤ i ≤ s + 1, we define inductively the critical values tni , tmi , ti, and t̃i,
for −1 ≤ i ≤ s+ 1 by putting t−1 = λ−1 and t0 = λ0 and

tni = ti−1 + n`ni , tmi = ti−1 +m`mi ,

ti = min{tni , tmi }, t̃i = max{tni , tmi },
1 ≤ i ≤ s+ 1.

Remark 2.5. Noting that n`ni = uni − λi−1 and m`mi = umi − λi−1, we see that:

tni = ti−1 + (uni − λi−1), tmi = ti−1 + (umi − λi−1),

ti = ti−1 + (ui − λi−1), t̃i = ti−1 + (ũi − λi−1).

Definition 2.6. We say that the cuspidal semimodule Λ is increasing if λi > ui for
any 1 ≤ i ≤ s.

Notice that if Λ is increasing, then each Λi is also increasing for 1 ≤ i ≤ s. The
notion of an increasing semimodule was introduced in [1].

Lemma 2.7. Let Λ be an increasing cuspidal semimodule. For any index 1 ≤ i ≤ s,
we obtain λi − λj > ti − tj for −1 ≤ j < i.

Proof: (See also [4, Lemma 7.10].) By a telescopic argument, it is enough to prove
the following statements:

• λr − λr−1 > tr − tr−1 for 1 ≤ r ≤ s.
• λ0 − λ−1 ≥ t0 − t−1.
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The second statement is straightforward since t−1 = λ−1 and t0 = λ0. Let us prove
that λr − λr−1 > tr − tr−1 for 1 ≤ r ≤ s.

The inequality λr − λr−1 > tr − tr−1 is equivalent to

tr = tr−1 + ur − λr−1 > tr + ur − λr.

This last inequality is equivalent to λr > ur. Hence, we get the result since Λ is
increasing.

Corollary 2.8. Let Λ be an increasing cuspidal semimodule. For any 1 ≤ i ≤ s, we
have

uni+1 > tni+1 and umi+1 > tmi+1.

Proof: Recalling that tni+1 = uni+1 − (λi − ti), it is enough to prove that λi − ti > 0.
In view of Lemma 2.7 and putting j = −1, we have that λi− ti > λ−1− t−1 = 0.

Remark 2.9. The property of being increasing is true for cuspidal semimodules cor-
responding to the differential values of analytic branches of cusps (see [5, Lemme 12]
and [4, Theorem 7.13]). Note that the semimodule of a branch with more than one
Puiseux pair (that is, with genus greater than or equal to 2) is not increasing in gen-
eral. For these reasons, we mainly consider increasing cuspidal semimodules in this
paper.

2.2. Circular intervals. The circular intervals we describe here are useful for un-
derstanding the distribution of the elements of an increasing cuspidal semimodule.
The notion of a circular interval was introduced in [4]. We are going to consider the
unit circle S1 ⊂ C as a clock with n-hours as we explain below.

Let ε : R→ S1 be the map given by

ε(t) = exp

(
−2πt

√
−1

n

)
.

We define the n-clock S1
n to be S1

n = ε(Z). Note that there is a bijection

c : Z/nZ −→ S1
n

given by c(k + nZ) = ε(k). More than that, the bijection c is an isomorphism of
abelian groups, where S1

n ⊂ C has the induced multiplicative structure coming from
the complex numbers C. Note that

c((k + nZ) + (k′ + nZ)) = ε(k)ε(k′).

In particular c(k + 1 + nZ) = ε(k)ε(1).

Notation 2.10. In order to visualize better the arithmetic of the abelian multiplica-
tive group S1

n, we introduce the following notations:

ε(k) = kε, ε(k)ε(k′) = kε + k′ε.

Note that there is no confusion possible with the addition in C. For instance, we have
(−1)ε = (n− 1)ε, (k + 1)ε = kε + 1ε, and (k − 1)ε = kε − 1ε = kε + (n− 1)ε.

Let us consider two points P,Q ∈ S1
n. There are α ∈ Z and an integer number β

with 0 ≤ β ≤ n− 1 such that P = ε(α) and Q = ε(α+ β). This number β, with 0 ≤
β ≤ n − 1, does not depend on the chosen α such that P = ε(α) and we call it the
separation S(P,Q) from P to Q. That is, if P = ε(α), we have thatQ = ε(α+S(P,Q)).
We have that S(P, P ) = 0 and that

S(P,Q) + S(Q,P ) = n, if Q 6= P.
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We define the circular interval 〈P,Q〉 to be

〈P,Q〉 = {ε(α+ k); k = 0, 1, . . . , S(P,Q)} ⊂ S1
n.

Note that if P 6= Q, we get

〈P,Q〉 ∪ 〈Q,P 〉 = S1
n, 〈P,Q〉 ∩ 〈Q,P 〉 = {P,Q}.

Remark 2.11. Given three points P,Q,R ∈ S1
n with P 6= Q and such that

R ∈ 〈P,Q〉,
we have that S(P,Q) = S(P,R) + S(R,Q) ≤ n− 1.

Consider a list B = (z−1, z0, z1, . . . , zs) of two by two distinct points zj ∈ S1
n,

with s ≥ 0. For any index 0 ≤ i ≤ s, we define the i-left bound b`i(B) and the i-right
bound bri (B) of B to be integer numbers with

−1 ≤ b`i(B), bri (B) ≤ i− 1

and such that the following holds:

• If k = b`i(B), then S(zk, zi) ≤ S(zq, zi), for any − 1 ≤ q ≤ i− 1.

• If k̃ = bri (B), then S(zi, zk̃) ≤ S(zi, zq), for any − 1 ≤ q ≤ i− 1.

Remark 2.12. Denote k = b`i(B) and k̃ = bri (B). The bounds are the integer num-

bers k, k̃ with −1 ≤ k, k̃ ≤ i− 1 defined by the two following properties:

(a) zi ∈ 〈zk, zk̃〉.
(b) If zj ∈ 〈zk, zk̃〉 with −1 ≤ j ≤ i, then j ∈ {i, k, k̃}.

2.3. Circular intervals in a cuspidal semimodule. Let us recall that Γ is the
semigroup generated by n, m, with 2 ≤ n < m, and n, m are without common factors.

Let ρ : Z → Z/nZ be the quotient map, which we also denote by ρ(k) = k. Since
(n,m) = 1, the class m is a unit in Z/nZ, thus, we have a ring isomorphism

ξ : Z/nZ −→ Z/nZ, ξ(k) =
k

m
.

Throughout this paper, we consider the map ζ : Z→ S1
n defined by ζ(k) = (c◦ξ◦ρ)(k).

Let us note that ζ(k + an) = ζ(k) and that ζ(mk) = ε(k) = kε.
Consider the intervals Iq = {nq, nq + 1, . . . , nq + n − 1} ⊂ Z, with q ∈ Z. For a

set S ⊂ Z, we define the q-level set Rq(S) by

Rq(S) = ζ(S ∩ Iq) ⊂ S1
n.

Remark 2.13. If S ⊂ Z satisfies the property that n+S ∩ Iq−1 ⊂ S ∩ Iq, we have that
Rq−1(S) ⊂ Rq(S). This is the case of cuspidal semimodules.

Let us consider a cuspidal semimodule Λ of length s ≥ 0 with basis

B = (λ−1, λ0, λ1, . . . , λs).

We see the basis B in the clock S1
n as B = ζ(B) = (z−1, z0, z1, . . . , zs), where we have

that zj = ζ(λj), for j = −1, 0, 1, . . . , s.
Note that zi 6= zj if i 6= j. Indeed, saying that zi = zj means that λi − λj ∈ nZ,

which is not possible in view of the definition of a basis.
Take an index 1 ≤ i ≤ s + 1. We define the tops qni and qmi of Λ by the property

that uni ∈ Iqni and umi ∈ Iqmi . We also define the tops qi and q̃i to be such that ui ∈ Iqi
and ũi ∈ Iq̃i . Recall that

{uni , umi } = {ui, ũi}.
As a consequence, we have that {qni , qmi } = {qi, q̃i}. Note that qi ≤ q̃i, since ui < ũi.
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We also need to consider the integers vi that indicate the first levels Rvi(Λ) such
that zi ∈ Rvi(Λ). In other words, each vi is defined by the property that λi ∈ Ivi , for
i = −1, 0, 1, . . . , s.

The following statements concern the properties of being circular intervals for the
levels of Λ and some derived properties of the conductor.

Lemma 2.14 ([4, Lemma A.3]). Given µ ∈ Z, the set Rq(µ+Γ) is a circular interval
for all q ∈ Z (up to considering the empty set as a circular interval).

Proposition 2.15 ([4, Proposition A.5]). Assume that Λ is normalized (that is,
λ−1 = 0) and that Rq(Λs−1) is a circular interval for anyq ≥ vs. We have

(a) 〈0ε, zs − 1ε〉 ⊂ Rq(Λs−1), for q ≥ qns+1 − 1.

(b) 〈zs, (n− 1)ε〉 ⊂ Rq(Λ), for q ≥ qms+1 − 1.

In particular, we obtain that Rq(Λ) = S1
n for any q ≥ q̃s+1 − 1.

Proposition 2.16 ([4, Proposition A.6]). Assume that Λ is normalized and increas-
ing. Then Rq(Λ) is a circular interval for any q ≥ qs+1.

Corollary 2.17. Assume that Λ is normalized and increasing. Then ũs+1 ≥ cΛ + n,
where cΛ is the conductor of Λ.

Proof: (See also [4, Corollary A.7].) First, let us show that Rq(Λs−1) is a circular
interval for q ≥ vs.

If s = 0, we have that Λs−1 = Λ−1 = Γ, and we apply Lemma 2.14 by taking
µ = 0. Assume now that s ≥ 1. By Proposition 2.16, we know that Rq(Λs−1) is
a circular interval for any q ≥ qs. Moreover, we have that λs > us since Λ is an
increasing semimodule. This implies that vs ≥ qs, hence we get that Rq(Λs−1) is a
circular interval for any q ≥ vs, as desired.

We end the proof as follows. By Proposition 2.15, we have that Rq(Λ) = S1
n for

any q ≥ q̃s+1 − 1. This implies that we have k ∈ Λ for any k ≥ nq̃s+1 − n, and hence
nq̃s+1 − n ≥ cΛ. Finally, by definition of the tops, we have ũs+1 ≥ nq̃s+1 and we get
the result.

Remark 2.18. Notice that Propositions 2.15 and 2.16 and Corollary 2.17 are also true
for increasing cuspidal semimodules such that λ−1 is a multiple nk of n. Indeed, in
this case, we obtain the desired statements by applying the propositions to Λ− nk.

2.4. Distribution of the elements of the basis. Throughout this section, we
consider a cuspidal semimodule Λ of length s ≥ 0 with basis B, that we read in the
clock S1

n as B = ζ(B) as in the previous section. We are going to describe a pattern
for the distribution of the points zi in

B = (z−1, z0, z1, . . . , zs)

by computing the bounds b`i(B) and bri (B) of B in terms of the axes uni+1 and umi+1.

Lemma 2.19. For any 0 ≤ i ≤ s, there are unique integer numbers kni and kmi such
that

(a) −1 ≤ kni , kmi ≤ i− 1.

(b) There is bi+1 ≥ 0 such that uni+1 = λi + n`ni+1 = λkni +mbi+1.

(c) There is ai+1 ≥ 0 such that umi+1 = λi +m`mi+1 = λkmi + nai+1.
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Proof: The existence of kni and kmi comes from the definition of axes and limits. Let
us show their uniqueness. Assume that there is another k 6= kni with −1 ≤ k ≤ i− 1
and a natural number b such that

uni+1 = λi + n`ni+1 = λkni +mbi+1 = λk +mb.

Then either λk ∈ (λkni + Γ) or λkni ∈ (λk + Γ), in contradiction with the definition of
a basis. The uniqueness of kmi is shown in the same way.

The numbers bi+1 and ai+1 are the colimits of Λ.

Notation 2.20. We denote by ki and k̃i the following numbers:

ki =

{
kni , if ui+1 = uni+1,

kmi , if ui+1 = umi+1;
k̃i =

{
kni , if ũi+1 = uni+1,

kmi , if ũi+1 = umi+1.

Remark 2.21. Note that 1 ≤ bi+1 < n. To see this, it is enough to consider the case
of a normalized Λ. Indeed, if bi+1 ≥ n, we have

λi + n(`ni+1 − 1) = λkni +mbi+1 − n ≥ (m− 1)n ≥ cΓ ≥ cΛi−1
.

Thus λi + n(`ni+1 − 1) ∈ Λi−1, in contradiction with the minimality of `ni+1. Now, as
a consequence, we have that the separation S(zkni , zi) is given by S(zkni , zi) = bi+1.
Recalling that 1 ≤ `mi+1 < n, see Remark 2.2, we have that the separation S(zi, zkmi )
is given by S(zi, zkmi ) = `mi+1.

Example 2.22. Take the semimodule Λ = Γ \ {0}. The basis of Λ is B = (n,m).
Note that λ−1 = n and λ0 = m, and thus we have Λ−1 = n+Γ and Λ0 = Λ = Γ\{0}.

The limit `n1 is the smallest positive integer such that

m+ n`n1 = λ0 + n`n1 ∈ Λ−1 = n+ Γ.

After solving the equation m+n`n1 = n+mb1, we obtain that `n1 = 1 = b1. Moreover,
we have un1 = n+m = tn1 .

In the same way, in order to compute `m1 , we solve m+m`m1 = n+ na1, obtaining
`m1 = n− 1 and a1 = m− 1. Therefore, um1 = nm = tm1 .

We conclude that u1 = un1 = n + m, ũ1 = um1 = nm, t1 = tn1 , and t̃1 = tm1 . As
expected, we have that kn0 = km0 = −1, which are the 0-bounds of the list

B = (0ε, 1ε) = (z−1, z0)

(note that ζ(m) = 1ε).
Any cuspidal semimodule Λ with basis (n,m, . . . ) has the same first axes, first

critical values, first limits, first colimits, and 0-bounds as the ones computed above,
since their computation depends only on Λ0 = Γ \ {0}.

Lemma 2.23. Consider 0 ≤ i ≤ s and take integer numbers −1 ≤ k, k′ ≤ i − 1
with k 6= k′. Assume that we have the following equalities:

(1) λi + ne = λk +mb; λi + ne′ = λk′ +mb′,

where e, e′ ∈ Z and 0 ≤ b, b′ < n. Then we have that e < e′ if and only if b < b′.

Proof: Equations (1) lead us to

λk = λk′ + n(e− e′) +m(b′ − b),
λk′ = λk + n(e′ − e) +m(b− b′).

Note that λk /∈ λk′ + Γ and λk′ /∈ λk + Γ since λk and λk′ are different elements of
the basis of Λ. We conclude that b < b′ if and only if e < e′.
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Proposition 2.24. Consider 0 ≤ i ≤ s and take integer numbers −1 ≤ k, k′ ≤ i− 1,
with k 6= k′. We have

(a) Assume that λi + ne = λk + mb, λi + ne′ = λk′ + mb′, where e, e′ ∈ Z and
0 ≤ b, b′ < n. Then e < e′ ⇔ λi + ne < λi + ne′ ⇔ S(zk, zi) < S(zk′ , zi). In
particular, taking k = kni , we have S(z

kn
i
, zi) < S(zk′ , zi).

(b) Assume that λi + mf = λk + na, λi + mf ′ = λk′ + na′, where a, a′ ∈ Z and
0 ≤ f, f ′ < n. Then f < f ′ ⇔ λi +mf < λi +mf ′ ⇔ S(zi, zk) < S(zi, zk′). In
particular, taking k = kmi , we have S(zi, zkm

i
) < S(zi, zk′).

Proof: Notice that S(zi, zk) = f and S(zi, zk′) = f ′; this proves the second state-
ment. For the first statement, we apply Lemma 2.23, by noting that S(zk, zi) = b
and S(zk′ , zi) = b′.

Corollary 2.25. We have that kni = b`i(B) and kmi = bri (B) for 0 ≤ i ≤ s.

Remark 2.26. Take an integer number λ ∈ Z. Then B′ = λ+B is the basis of Λ′ = λ+Λ
and B′ = ζ(B′) = B + λε. Thus, the bounds of B′ are the same ones as the bounds
of B. Anyway, the axes for Λ′ are the ones of Λ shifted by λ; this implies also that
bounds, limits, and colimits coincide for both semimodules.

For the particular case when the semimodule Λ is increasing, we can give a more
accurate description of the bounds, as shown in the next proposition:

Proposition 2.27. Assume that Λ is increasing and take 1 ≤ i ≤ s. We have

(a) If ui = uni , then kni = i− 1 and kmi = kmi−1.

(b) If ui = umi , then kni = kni−1 and kmi = i− 1.

Proof: In view of Remark 2.26, it is enough to consider the normalized case λ−1 = 0.
Let us do the proof of (a); the proof of (b) is similar and we do not explicate it. Thus,
we take the assumption that ui = uni .

First, let us suppose that i = 1. By considering the bounds in the list (z−1, z0, z1),
we deduce that kn0 = km0 = −1 and either z1 ∈ 〈z−1, z0〉 or z1 ∈ 〈z0, z−1〉. Let us show
that we actually have that z1 ∈ 〈z0, z−1〉; this gives kn1 = 0 and km1 = −1 as desired.

Since Λ−1 = Γ, we have that Rq(Λ−1) is a circular interval for q ≥ 0, due to
Lemma 2.14. Recall that un1 = u1 ∈ Iq1 . Noting that z−1 = 0ε and applying Proposi-
tion 2.15, we have

〈z−1, z0 − 1ε〉 ⊂ Rq(Λ−1), q ≥ qn1 − 1 = q1 − 1.

On the other hand, we have that z0 ∈ Rq(Λ0) for any q ≥ q1 since λ0 < u1 and hence
v0 ≤ q1. Thus, we have 〈z−1, z0〉 ⊂ Rq1(Λ0). Note that λ1 > u1, since Λ is increasing;
this implies that z1 /∈ Rq1(Λ0) and thus we necessarily have that z1 ∈ 〈z0, z−1〉.

Now, assume that i > 1. Our first step is to show that zi ∈ 〈zkni−1
, zkmi−1

〉. By

Proposition 2.16, we have that Rq(Λi−2) is a circular interval for q ≥ qi−1. Since zkni−1

and zkmi−1
belong to Rqi−1(Λi−2), we have

either 〈zkni−1
, zkmi−1

〉 ⊂ Rqi−1
(Λi−2) or 〈zkmi−1

, zkni−1
〉 ⊂ Rqi−1

(Λi−2).

Noting that zi−1 /∈ Rqi−1
(Λi−2) and zi−1 ∈ 〈zkni−1

, zkmi−1
〉, we conclude

〈zkmi−1
, zkni−1

〉 ⊂ Rqi−1
(Λi−2).

Noting also that zi /∈ Rqi−1(Λi−2), we obtain that zi ∈ 〈zkni−1
, zkmi−1

〉, as desired.
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Thus, we have zi, zi−1 ∈ 〈zkni−1
, zkmi−1

〉 and hence there are two possibilities: either

zi ∈ 〈zkni−1
, zi−1〉 or zi ∈ 〈zi−1, zkmi−1

〉. Let us show that zi ∈ 〈zi−1, zkmi−1
〉 holds, which

ends the proof. By Proposition 2.15, we have

〈0ε, zi−1 − 1ε〉 ⊂ Rqi−1(Λi−2) ⊂ Rqi−1(Λi−1).

Since zi−1 ∈ Rqi(Λi−1), we have that 〈0ε, zi−1〉 ⊂ Rqi(Λi−1). Recalling that kni−1 =

b`i−1(B), we necessarily have that zkni−1
∈ 〈0ε, zi−1〉, noting that 0ε = z−1. Hence, we

have
〈zkni−1

, zi−1〉 ⊂ Rqi(Λi−1).

Since zi /∈ Rqi(Λi−1), we obtain that zi ∈ 〈zi−1, zkmi−1
〉 as desired.

Remark 2.28. Note that Proposition 2.27 implies the following statements:

(a) If kni = i− 1, then ui = uni .

(b) If kmi = i− 1, then ui = umi .

Indeed, we have that i−1 ∈ {kni , kmi }; if kni = i−1, then necessarily kmi 6= i−1 (note
that i ≥ 1) and we are in the situation of the first statement of Proposition 2.27. A
similar argument applies when kmi = i− 1.

2.5. Relations between parameters. Let Λ be an increasing cuspidal semimodule
with basis B = (λ−1, λ0, λ1, . . . , λs) and let us denote

B = ζ(B) = (z−1, z0, z1, . . . , zs).

In this section we describe inductive features of axes, limits, and colimits of Λ.

Lemma 2.29. Take 1 ≤ k < i ≤ s+ 1. We have:

(a) The axes and the critical values ui, ti satisfy that ui > uk and ti > tk.

(b) The axes and the critical values ũi, t̃i satisfy that ũi < ũk and t̃i < t̃k.

Proof: It is enough to consider the case k = i− 1.
Let us prove property (a). By definition of the axes, we have that ui > λi−1. Since

the semimodule is increasing, we have that λi−1 > ui−1. We get that ui > ui−1.
Moreover, by Remark 2.5, we see that

ti = ti−1 + (ui − λi−1) > ti−1.

This ends the proof of property (a).

Let us prove property (b). We do it for the case that ũi = uni = λi−1 + n`ni ; the
proof for the case ũi = umi is done in a similar way. By Proposition 2.27, there are
two cases: either kni−1 = i− 2 or kmi−1 = i− 2. We shall see that ũi < ũi−1 and that

t̃i < t̃i−1 simultaneously in each of the cases above.

Case kni−1 = i− 2. By Remark 2.28, we see that ui−1 = uni−1 and ũi−1 = umi−1. Hence
we can write:

ũi = uni = λi−1 + n`ni = λi−2 +mbi,(2)

ũi−1 = umi−1 = λi−2 +m`mi−1 = λk + nai−1, with k < i− 2.(3)

In order to see that ũi < ũi−1, we need to show that bi < `mi−1. To do this, we are
going to exclude the possibility bi ≥ `mi−1:

• If `mi−1 = bi, we deduce that ũi−1 = ũi from equations (2) and (3). Hence, we
have

ũi = λi−1 + n`ni = λk + nai−1 = ũi−1, k < i− 2.

Then ρ(λi−1) = ρ(λk) ∈ Z/nZ, contradicting the fact that B is a basis.
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• If `mi−1 < bi, by equation (2) and Corollary 2.17, we have

ũi − n = λi−1 + n(`ni − 1) = λi−2 +mbi − n ≥ λi−2 +m`mi−1 +m− n
= ũi−1 +m− n ≥ cΛi−2

+m > cΛi−2
.

We get that λi−1 + n(`ni − 1) > cΛi−2 and thus λi−1 + n(`ni − 1)∈Λi−2, contra-
dicting the minimality of `ni .

We conclude that bi < `mi−1 and then we have that ũi < ũi−1, in the case kni−1 = i−2.

Let us see now that t̃i < t̃i−1 in this case kni−1 = i− 2. From equations (2) and (3),
using the fact that ũi < ũi−1 and the increasing semimodule property, we have

λi−2 +m`mi−1 = ũi−1 > ũi = λi−1 + n`ni > ui−1 + n`ni .

Consequently, m`mi−1 > ui−1 − λi−2 + n`ni and

t̃i−1 = ti−2 +m`mi−1 > ti−2 + ui−1 − λi−2 + n`ni = ti−1 + n`ni = t̃i.

This ends the proof that t̃i < t̃i−1 in this case.

Case kmi−1 = i − 2. Note that ũi−1 = uni−1 and kni−1 = kni−2 in view of Remark 2.28
and Proposition 2.27. Thus, we can write

ũi = uni = λi−1 + n`ni = λk +mbi, with k = kni−1 = kni−2 < i− 2,(4)

ũi−1 = uni−1 = λi−2 + n`ni−1 = λk +mbi−1, with k = kni−2 < i− 2.(5)

Let us proceed in a similar way as before to show that bi−1 > bi:

• Assume that bi−1 = bi. Then ρ(λi−1) = ρ(λi−2), which is not possible.
• Assume that bi−1 < bi. Then, we have

ũi − n = λi−1 + n(`ni − 1) = λk +mbi − n
> λk + (bi − 1)m = ũi−1 + (bi − bi−1 − 1)m

≥ ũi−1 ≥ n+ cΛi−2
.

Then λi−1 + n(`ni − 1) ∈ Λi−2, in contradiction with the minimality of `ni .

We conclude that bi−1 > bi and thus ũi−1 > ũi.
Let us see now that t̃i < t̃i−1 in this case kmi−1 = i− 2. From equations (4) and (5),

using the fact that ũi < ũi−1 and the increasing semimodule property, we have

λi−2 + n`ni−1 = ũi−1 > ũi = λi−1 + n`ni > ui−1 + n`ni .

Consequently, n`ni−1 > ui−1 − λi−2 + n`ni and

t̃i−1 = ti−2 + n`ni−1 > ti−2 + ui−1 − λi−2 + n`ni = ti−1 + n`ni = t̃i.

This ends the proof.

Corollary 2.30. Let Λ be a cuspidal increasing semimodule with basis

B = (λ−1, λ0, λ1, . . . , λs)

such that λ−1 = n and λ0 = m. We have that t̃1 = nm and the following holds:

tni+1 < t̃1 = nm and tmi+1 < t̃1 = nm,

for any 1 ≤ i ≤ s.

Proof: It is enough to recall that t̃1 = nm in view of Example 2.22.

We end this section with a proposition that connects the limits and the colimits.

Proposition 2.31. Consider 1 ≤ i ≤ s. We have

(a) If kni = i− 1, then `ni+1 + ai+1 = ai and `mi+1 + bi+1 = `mi .

(b) If kmi = i− 1, then `ni+1 + ai+1 = `ni and `mi+1 + bi+1 = bi.
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Proof: Notice that shifting the semimodule any integer number does not change the
value of the limits and the colimits. Therefore, we can assume without loss of generality
that Λ is normalized and thus λ−1 = 0.

Let us prove statement (a). By hypothesis, we have that kni = i − 1. In view of
Remark 2.28 and Proposition 2.27, we also have that kmi = kmi−1. Let us write:

uni+1 = λi + n`ni+1 = λi−1 +mbi+1,(6)

umi+1 = λi +m`mi+1 = λkmi + nai+1,(7)

umi = λi−1 +m`mi = λkmi−1
+ nai = λkmi + nai.(8)

From equations (6) and (7) we obtain that

(9) n`ni+1 + nai+1 + λkmi = mbi+1 +m`mi+1 + λi−1.

By equation (8) we can substitute λkmi = λi−1 +m`mi −nai in equation (9) to obtain

(10) n(`ni+1 + ai+1 − ai) = m(`mi+1 + bi+1 − `mi ).

Since n and m have no common factor, we have that n divides `mi+1 + bi+1 − `mi .
Let us see that `mi+1 + bi+1 − `mi = 0 and hence `mi+1 + bi+1 = `mi as desired. If

`mi+1 + bi+1 − `mi 6= 0, we are in one of the following three cases:

(i) |`mi+1 + bi+1 − `mi | ≥ 2n; (ii) `mi+1 + bi+1 − `mi = −n; (iii) `mi+1 + bi+1 − `mi = n.

Let us see that each of these cases leads to a contradiction.
Assume first that we are in case (i). Noting that `mi+1, bi+1, `

m
i ≥ 1, there is at least

one of them that is strictly bigger than n. Let us consider the three possibilities:

• If `mi+1 > n, we have that m`mi+1>nm and then λi + m`mi+1>nm. This implies
that λi+m(`mi+1−1) > (n−1)m ≥ cΓ ≥ cΛi−1

. Then, we obtain λi+m(`mi+1−1) ∈
Λi−1, contradicting the minimality of `mi+1.

• If `mi > n, we apply the same argument as before.

• If bi+1 > n, we have that λi + n`ni+1 = λi−1 +mbi+1 > nm and then

λi + n(`ni+1 − 1) > (m− 1)n ≥ cΓ ≥ cΛi−1 .

Then λi + n(`ni+1 − 1) ∈ Λi−1 and this contradicts the minimality of `ni+1.

Assume that we are in case (ii), that is, `mi+1 + bi+1 − `mi = −n. This implies that
`mi > n and we use the same argument as before to obtain a contradiction.

Assume that we are in case (iii), that is, `mi+1 + bi+1 − `mi = n. We have that
`mi+1 + bi+1 > n. By Remark 2.21 we see that the separation S(zi−1, zi) is given
by S(zi−1, zi) = bi+1 (recall that kni = i − 1) and that the separation S(zi, zkmi ) is
given by S(zi, zkmi ) = `mi+1. Noting that zi ∈ 〈zi−1, zkmi 〉 and zi−1 6= zkmi , we conclude
that

n > S(zi−1, zi) + S(zi, zkmi ) = bi+1 + `mi+1.

This contradicts bi+1 + `mi+1 > n. The proof of the equality `mi+1 + bi+1 = `mi is
ended. Moreover, since `mi+1 + bi+1 − `mi = 0, by equation (10), we conclude that
`ni+1 + ai+1 = ai, as desired.

The proof of statement (b) runs in a similar way to the above arguments.

The next corollary will be useful in our computation of Saito bases:
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Corollary 2.32. Consider 2 ≤ j + 1 < q ≤ s+ 1. Then

`mj+1 − (`mj+2 + `mj+3 + · · ·+ `mq ) = bq > 0,

under the assumption that t̃j+1 = tmj+1 and t̃` = tn` , for j+2 ≤ ` ≤ q−1. Symmetrically
we have

`nj+1 − (`nj+2 + `nj+3 + · · ·+ `nq ) = aq > 0,

under the assumption that t̃j+1 = tnj+1 and t̃` = tm` , for j + 2 ≤ ` ≤ q − 1.

Proof: We prove the first assertion; the second one is similar. Let us consider the
difference

`mj+1 − `mj+2.

Since t̃j+1 = tmj+1, by Proposition 2.27, we have that knj+1 = j. By Proposition 2.31,
we conclude that

`mj+1 − `mj+2 = bj+2.

Now, let us study the difference bj+2 − `mj+3. Since tj+2 = tmj+2, we have that kmj+2 =
j + 1. By Proposition 2.31, we conclude

bj+2 − `mj+3 = bj+3.

Continuing in this way, we obtain

`mj+1 − (`mj+2 + `mj+3 + · · ·+ `mq ) = bq > 0,

as desired.

3. Cuspidal standard bases

3.1. Semigroup and semimodule of an analytic branch. Let us consider the
local ring OC2,0 of the analytic space C2 at the origin. Denote by x, y the coordinates
of C2, that we consider as elements x, y ∈ OC2,0. We recall that there is an identifica-
tion OC2,0 = C{x, y} between the local ring OC2,0 and the ring of convergent power
series in x, y with complex coefficients. By definition, an analytic plane branch C at
the origin of C2 is a principal prime ideal C ⊂ OC2,0. Any generator f of C is called
an equation of C. It is known that there is a morphism

ϕ : OC2,0 −→ C{t}

such that C = kerϕ. Such morphisms are given in terms of convergent series by

ϕ(g(x, y)) = g(a(t), b(t)), a(t), b(t) ∈ C{t}.

We call them parametrizations of C. The subset

Γϕ = {ordt(ϕ(g)); g ∈ OC2,0} ⊂ Z≥0

is a semigroup of Z≥0. A parametrization ϕ is called primitive if and only if the
following equivalent properties hold:

• The semigroup Γϕ has a conductor, that is, there is cΓϕ
∈ Z minimal with the

property that n ∈ Γϕ for any n ≥ cΓϕ
.

• There is no series ψ(t) 6= 0 with ordt(ψ(t)) ≥ 2 such that

ϕ(g(x, y)) = g(a(t), b(t)),

where a(t)= ã(ψ(t)) and b(t)= b̃(ψ(t)). Thus, we have another parametrization ϕ̃

given by ϕ̃(g(x, y)) = g(ã(t), b̃(t)).
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There are always primitive parametrizations. If ϕ and ϕ′ are primitive parametriza-
tions of the plane branch C, we have that

ordt(ϕ(g)) = ordt(ϕ
′(g)), g ∈ OC2,0.

We denote νC(g) = ordt(ϕ(g)). We also conclude that Γϕ = Γϕ′ and we call this
semigroup the semigroup ΓC of the plane branch C.

We say that C is a plane cusp if the semigroup ΓC is generated by two integer
numbers 2 ≤ n < m without common factors. In this paper we mainly deal with
plane cusps.

Let C be a plane cusp. We know that, after an appropriate coordinate change, we
can choose coordinates and a primitive parametrization

x = tn, y = b(t), ordt b(t) = m,

where 2 ≤ n < m and n, m are without common factors. These coordinates are
called adapted coordinates and the above parametrization is a Puiseux parametrization
associated to the adapted coordinates.

Remark 3.1. Zariski’s equisingularity theory concerns all the plane branches, but we
are paying special attention to the cusps, which are the branches with a single Puiseux
pair (n,m).

Let us denote by Ω1
C2,0 the OC2,0-module of germs of holomorphic differential

1-forms at the origin of C2. We know that Ω1
C2,0 is a free rank-two OC2,0-module

generated by dx and dy. Similarly, we denote by Ω1
C,0 the OC,0-module of germs

of holomorphic differential 1-forms at the origin of C. We also denote by Ω2
C2,0 the

OC2,0-module of germs of holomorphic differential 2-forms at the origin of C2; in this
case it is a free module of rank 1 generated by dx ∧ dy.

An element α ∈ Ω1
C,0 is written as α = ψ(t) dt. The order of α is by definition the

order of ψ(t). More precisely, we write

ordt(α) = ordt(ψ(t)).

Given a primitive parametrization ϕ of an analytic plane branch C, we have a
“pull-back” application

ϕ∗ : Ω1
C2,0 −→ Ω1

C,0

ω 7−→ ϕ∗ω

defined by the properties that ϕ∗(ω + ω′) = ϕ∗(ω) + ϕ∗(ω′), ϕ∗(hω) = ϕ(h)ϕ∗(ω),
and

ϕ∗(dx) =
∂ϕ(x)

∂t
dt, ϕ∗(dy) =

∂ϕ(y)

∂t
dt.

The set

ΛC = {ordt(ϕ
∗ω) + 1; ω ∈ Ω1

C2,0)} \ {∞} ⊂ Z≥0

is the so-called semimodule of differential values for C. This set is independent of the
chosen primitive parametrization and also of the analytic class of C, where two ana-
lytic plane branches are analytically equivalent when they correspond to one another
via an automorphism of the local ring OC2,0.

We take the notation νC(ω) = ordt(ϕ
∗(ω)) + 1 and we call it the differential value

of ω with respect to C.
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Remark 3.2. The set ΛC is a semimodule over the semigroup ΓC , that is, we have

νC(h) + νC(ω) = νC(hω).

Moreover, if νC(h) > 0, we have that νC(dh) = νC(h), where the notation dh stands
for the differential

dh = (∂h/∂x) dx+ (∂h/∂y) dy.

This means that ΓC \ {0} ⊂ ΛC and cΛC
≤ cΓC

.

Consequently, there is a basis B = (λ−1, λ0, λ1, . . . , λs) for ΛC . A set of differential
forms

S = (ω−1, ω0, ω1, . . . , ωs)

such that νC(ωi) = λi, for i = −1, 0, 1, . . . , s, will be called a minimal standard basis
of differential 1-forms for the analytic plane branch C.

3.2. Minimal standard bases. From now on, we consider a plane cusp C with
Puiseux pair (n,m), where 2 ≤ n < m, without common factors. We denote its
semigroup by Γ = ΓC = 〈n,m〉 and its semimodule of differential values by Λ = ΛC .
We fix the notation

B = (λ−1, λ0, . . . , λs)

for the basis of Λ. We recall that Γ \ {0} ⊂ Λ and we have that λ−1 = n, λ0 = m.
We also set adapted coordinates (x, y) and a Puiseux parametrization

x = tn, y = b(t), ordt b(t) = m.

Note that νC(x) = νC(dx) = n and νC(y) = νC(dy) = m.

3.2.1. Divisorial order. Let πC : M → (C2,0) be the minimal reduction of the
singularities of the cusp C. That is, the morphism πC is the minimal finite composition
of blow-ups centered at points in the successive strict transforms of C in such a way
that the strict transform C ′ of C by πC in M has normal crossings with the total
exceptional divisor E = π−1(0). Let us denote by DC the only irreducible component
of E such that C ′ ∩DC 6= ∅.

Lemma 3.3. Let C, C̃ be two cusps with the same Puiseux pair (n,m). The following
statements are equivalent:

(a) The cusps C and C̃ have the same minimal reduction of singularities.

(b) Given a local coordinate system (x, y) of (C2,0), we have that (x, y) is adapted

to C if and only if (x, y) is adapted to C̃.

Proof: We leave this proof to the reader.

Denote D = DC and π = πC . Let us define the divisorial order νD as follows.
Given an adapted coordinate system (x, y) and a point Q ∈ D, there are local coor-
dinates (u, v) centered at Q such that D = (u = 0) locally at Q. Consider h ∈ OC2,0.
Let us write the germ (h ◦ π)Q of h at Q as

(h ◦ π)Q = (u)βh′,

where u does not divide h′. Then, we define νD(h) = β. In a similar way, given a
1-form ω ∈ Ω1

C2,0, let us write the germ (π∗ω)Q as

(π∗ω)Q = (u)β
{
a′
du

u
+ b′ dv

}
,

where u does not divide the pair (a′, b′). Then, we define νD(ω) = β.
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The above definition of a divisorial order depends neither on the chosen adapted
coordinates nor on the particular point Q ∈ D. We also call νD the monomial order
in view of the next statement:

Lemma 3.4. Let (x, y) be an adapted coordinate system for C and consider h ∈
OC2,0 = C{x, y}, which we write as

h =
∑
i,j≥0

hijx
iyj .

Then we have that νD(h) = min{ni + mj; hij 6= 0} = min{νC(xiyj); hij 6= 0}. Simi-
larly, take ω ∈ Ω1

C2,0, which we write as

ω =
∑
i,j≥0

xiyj
{
λij

dx

x
+ µij

dy

y

}
,

where (λij , µij) ∈ C. Then, we have that νD(h) = min{ni+mj; (λij , µij) 6= (0, 0)}.
Proof: Left to the reader (see [4]).

Remark 3.5. Take ω = ny dx−mxdy = xy(ndx/x−mdy/y); note that

νD(ω) = n+m < νC(ω).

Let us also note that if ω = a dx+ b dy, then νD(ω) = min{νD(xa), νD(yb)}.
Remark 3.6. For the case of functions as well as for differential 1-forms, we have that
νC(h) ≥ νD(h) and νC(ω) ≥ νD(ω).

3.2.2. Initial parts. Here, we fix a coordinate system (x, y) adapted to the cusp C.
Given a function h =

∑
i,j hijx

iyj ∈ OC2,0 = C{x, y} with νD(h) = p, we define the

initial part Inx,yn,m(h) by

Inx,yn,m(h) =
∑

ni+mj=p

hijx
iyj .

If there is no confusion, we write In(h) = Inx,yn,m(h). In a similar way, given a 1-differ-

ential form ω ∈ Ω1
C2,0, with p = νD(ω), which we write as

ω =
∑

ni+mj≥p

xiyj
(
λij

dx

x
+ µij

dy

y

)
,

we define the initial part In(ω) by

In(ω) =
∑

ni+mj=p

xiyj
(
λij

dx

x
+ µij

dy

y

)
.

Remark 3.7. Assume that νD(ω) = p < nm. Then there are unique α, β ∈ Z≥0,
with (α, β) 6= (0, 0), such that nα + mβ = p and hence the initial part is a single
differential monomial

In(ω) = xαyβ
(
λ
dx

x
+ µ

dy

y

)
.

We can employ a similar argument for the case of a function h ∈ OC2,0.

Let ω = a dx + b dy be a differential 1-form in Ω1
C2,0 such that νD(ω) < nm. If

νC(ω) > νD(ω), then the initial part In(ω) is given by

In(ω) = µxαyβ
(
m
dx

x
− ndy

y

)
,

where µ 6= 0, and α, β ≥ 1 are such that νD(ω) = nα + mβ < nm. Any differential
1-form as above will be called a resonant differential 1-form.



220 F. Cano, N. Corral, D. Senovilla-Sanz

Given two differential 1-forms ω and η, we say that η is reachable from ω if there
is a monomial µxαyβ such that

In(η) = µxαyβ In(ω).

3.2.3. Semimodule versus minimal standard bases. Let us consider a minimal
standard basis S = (ω−1, ω0, ω1, . . . , ωs) of the cusp C. Recall that νC(ωi) = λi, for
i = −1, 0, 1, . . . , s.

Lemma 3.8. We have that λ−1 = n and λ0 = m. More precisely, the initial parts
of ω−1 and ω0 are respectively given by In(ω−1) = λ dx, with λ 6= 0, and In(ω0) = µdy,
with µ 6= 0.

Proof: Note that νC(a dx) = νC(a) + νC(dx), νC(b dy) = νC(b) + νC(dy) and

νC(a dx+ b dy) ≥ min{νC(a dx), νC(b dy)}.
Since νC(dx) = n and νC(dy) = m, with n < m, we conclude that n = min Λ = λ−1.
We also have that νC(ω−1) = n. Let us write

ω−1 = λ dx+ η, η = xη1 + yη2 + h dy.

We have that νD(η) > n and hence νC(η) ≥ νD(η) > n. The only possibility to have
that νC(ω−1) = n is that λ 6= 0 and, in this case, we see that In(ω−1) = λ dx.

Let us show that λ0 = m and that In(ω0) = µdy. Let k ≥ 1 be the integer number
defined by the property that kn < m < (k+ 1)n. Take a differential 1-form ω that we
write as

ω = (c1 + c2x+ c3x
2 + · · ·+ ckx

k−1) dx+ η, η = xkη1 + yη2 + h dy.

We have that m ≤ νD(η) ≤ νC(η). If (c1, c2, . . . , ck) 6= (0, 0, . . . , 0), taking the first j
such that cj 6= 0 we conclude that

νC(ω) = jn ∈ λ−1 + Γ.

Thus, the next differential value λ0 is given by a differential 1-form η written as η =
xkη1 + yη2 + h dy. Let us decompose

η = µdy + η̃, η̃ = xkη1 + yη2 + (xh1 + yh2) dy.

We obtain that m < νD(η̃) ≤ νC(η̃). Thus, if µ 6= 0, we get m = νD(η) = νC(η). The
desired result follows.

Assume that s ≥ 1 and let us describe the initial part In(ω1) of the element ω1 in
the minimal standard basis S. Take ω such that νC(ω) /∈ Λ0 = Γ \ {0}; the value λ1

is the minimum of the differential values νC(ω) for such 1-forms ω. The first remark
is that νC(ω) < nm, since cΓ = (n − 1)(m − 1) and hence νD(ω) < nm; the second
remark is that ω is resonant. In view of Remark 3.7, we can write

In(ω) = xαyβ
{
λ
dx

x
+ µ

dy

y

}
, nα+mβ = νD(ω) < nm.

If λn+ µm 6= 0, we have that νC(ω) = νD(ω) = nα +mβ ∈ Λ0. Then, the 1-form ω
is necessarily resonant, that is,

In(ω) = µxαyβ
{
m
dx

x
− ndy

y

}
.

Assume now that νC(ω) = λ1 (this property is satisfied by ω1), let us show that
α = β = 1 (note that we necessarily have that α ≥ 1 and β ≥ 1). Let us reason by
contradiction, assuming that nα+mβ > n+m. We start with the differential 1-form

η = my dx− nx dy.
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We know that νD(η) = n+m < νC(η). If νC(η) = a1n+ b1m ∈ Λ0 and νC(η) < nm,
there is µ1 6= 0, such that

νC(η + µ1d(xa1yb1)) > νC(η).

Put η1 = η + µ1d(xa1yb1) and start the procedure again with η1. In this way, we
obtain a differential 1-form η̃ with the following properties:

• Either νC(η̃) /∈ Λ0 or νC(η̃) > nm.

• In(η̃) = η = my dx− nx dy and hence νD(η̃) = n+m.

Now, we compare η̃ with ω as follows. We know that λ1 ≤ νC(η̃). Moreover, there is
a constant µ 6= 0 such that

νD(ω − µxα−1yβ−1η̃) > νD(ω) = αn+ βm.

Put ω1 = ω − µxα−1yβ−1η̃. We have that νC(ω1) = λ1, since νC(xα−1yβ−1η̃) > λ1.
We restart with ω1. Repeating the procedure, we can get ω̃ such that

νD(ω̃) > nm, νC(ω̃) = λ1.

Since λ1 = νC(ω̃) ≥ νD(ω̃) > nm, this should imply that λ1∈Λ0, which is a contra-
diction.

As a consequence, we have that In(ω1) = µ(my dx− nx dy) as desired. The above
arguments are generalized in [4, Proposition B.1] to obtain the following statement:

Theorem 3.9. For each 1 ≤ i ≤ s, we have the following statements:

(a) λi = sup{νC(ω); ω ∈ Ω1
C2,0, with νD(ω) = ti}.

(b) If νC(ω) = λi, then νD(ω) = ti.

(c) For each 1-form ω with νC(ω) /∈ Λi−1, there is a unique pair a, b ≥ 0 such that
νD(ω) = νD(xaybωi). Moreover, we have that νC(ω) ≥ λi + na+mb.

(d) Let k = λi+na+mb; then k /∈ Λi−1 if and only if for all ω such that νC(ω) = k
we have that νD(ω) ≤ νD(xaybωi).

(e) We have that λi > ui.

Let us note that the critical values ti of Λ correspond exactly to the divisorial
values of the elements ωi of any minimal standard basis. Let us also note that the
semimodule of differential values Λ is an increasing cuspidal semimodule.

Corollary 3.10. For each 1 ≤ i ≤ s, the 1-forms ωi are resonant. In particular,
taking an adapted coordinate system (x, y), the initial parts can be written as

In(ωi) = µix
eiyfi

(
m
dx

x
− ndy

y

)
, nei +mfi = νD(ωi) = ti < nm.

Proof: Applying Lemma 2.7, since Λ is increasing, we have

νD(ωi) = ti < λi = νC(ωi) < nm.

The statement follows from these inequalities.

3.3. Generalized Delorme’s decomposition. In this subsection, we state and
prove a decomposition result for 1-forms which generalizes Delorme’s decomposi-
tion [5] and Theorem 8.5 in [4]. Throughout this subsection, we fix a cusp C with
semimodule Λ and basis B = (λ−1, . . . , λs). We consider a minimal standard ba-
sis S = (ω−1, ω0, . . . , ωs) of C. We also fix an element ∗ ∈ {n,m} (that is, ∗ is equal
either to n or to m). Let us recall that we denote by

ki, 0 ≤ i ≤ s,
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the bounds corresponding to the axes ui+1, as introduced in Section 2. In the same
way, we denote by k∗i the bounds corresponding to the axes u∗i+1. That is, we have

ki =

{
kni , if ui+1 = uni+1,

kmi , if ui+1 = umi+1;
k∗i =

{
kni , if u∗i+1 = uni+1,

kmi , if u∗i+1 = umi+1.

Theorem 3.11. Consider indices 0 ≤ j ≤ i ≤ s and let ω be a 1-form such that
νD(ω) = t∗i+1 and νC(ω) > u∗i+1. Then there is a decomposition of the 1-form ω given
by

ω =

j∑
`=−1

f ij` ω`,

such that the following properties hold. Let v∗ij be defined by v∗ij = νC(f ijj ωj). Then
we obtain

(a) v∗ij = min{νC(f ij` ω`); −1 ≤ ` < j}.
(b) v∗ij = λj+t

∗
i+1−tj. In particular, if j = i, we have that v∗ii = λi+t

∗
i+1−ti = u∗i+1.

(c) If j < i, we have that νC(f ij` ω`) = v∗ij for ` = kj, and νC(f ij` ω`) > v∗ij for
any ` 6= kj and −1 ≤ ` < j.

(d) If j= i, we have that νC(f ii` ω`)=v∗ii for `=k∗j , and νC(f ii` ω`)>v
∗
ii for any ` 6= k∗j

and −1 ≤ ` < j.

Remark 3.12. Let E = (ω−1, ω0, ω1, . . . , ωs, ωs+1) be an extended standard basis for C,
that is, (ω−1, ω0, ω1, . . . , ωs) is a minimal standard basis of C and ωs+1 is a 1-form
with νD(ωs+1) = ts+1 and C is invariant for ωs+1 (see Section 4). Notice that Theo-
rem 3.11 can be used to write ωi+1 in terms of ω−1, ω0, . . . , ωi for 0 ≤ i ≤ s. Indeed,
let us choose ∗ ∈ {n,m} such that u∗i+1 = ui+1, and hence t∗i+1 = ti+1. We have that
νD(ωi+1) = ti+1 and

νC(ωi+1) =

{
λi+1 > ui+1, if i ≤ s− 1,

∞ > us+1, if i = s.

Now, by a direct application of Theorem 3.11, if we fix j with 0 ≤ j ≤ i, we have an
expression

ωi+1 = f ijj ωj + f ijj−1ωj−1 + · · ·+ f ij0 ω0 + f ij−1ω−1,

such that λj+ti+1−tj=νC(f ijj ωj)=νC(f ijkjωkj )<νC(f ij` ω`) for any ` 6= kj , with −1 ≤
` ≤ j − 1.

Before starting the proof of Theorem 3.11, we state the following lemma, whose
proof follows closely the proof of [4, Lemma C.1].

Lemma 3.13. Consider 0 ≤ i ≤ s. Given a 1-form η with νC(η) > u∗i+1 and νD(η) >
t∗i+1, we have

(a) If νD(η) < nm, there is a 1-form α such that:

(i) νD(η − α) > νD(η).

(ii) There is a decomposition α =
∑i
`=−1 g`ω`, where νC(g`ω`) > u∗i+1 and

νD(g`ω`) > t∗i+1, for any −1 ≤ ` ≤ i.
(b) If νD(η) ≥ nm, there is a decomposition η =

∑i
`=−1 h`ω`, where each term

satisfies that νC(h`ω`) > u∗i+1.

Proof: Let us first prove statement (b). Since {ω−1, ω0} is a basis of Ω1
(C2,0), we can

write in a unique way

(11) η = g−1ω−1 + g0ω0.
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Moreover, since In(ω−1) = λ dx and In(ω0) = µdy, we have

νD(η) = min{νD(g−1ω−1), νD(g0ω0)}.

Noting that νD(η) ≥ nm, we have that νD(g−1ω−1) ≥ nm and νD(g0ω0) ≥ nm. By
Lemma 2.29, we have that ũi+1 < ũ1, besides u∗i+1 ≤ ũi+1, hence

u∗i+1 ≤ ũi+1 < ũ1 = nm.

We conclude that νC(g`ω`) ≥ νD(g`ω`) ≥ nm > u∗i+1, for ` = −1, 0. Then the
decomposition in equation (11) satisfies the required properties.

Let us now prove statement (a). By Remark 3.7, the initial part of η is equal to

In(η) = xayb
(
µ−1

dx

x
+ µ0

dy

y

)
, νD(η) = na+mb.

There are two possibilities: η is either resonant or not. If η is not resonant, we have
that νC(η) = νD(η) = na+mb. Let us consider

(12) α = In(η) = g−1 In(ω−1) + g0 In(ω0), g−1 =
µ−1

λ
xa−1yb, g0 =

µ0

µ
xayb−1.

We have that νD(η − α) > νD(η). Moreover, we have that νD(α) = νD(η) > u∗i+1.
Since

νD(α) = min{νD(g−1ω−1), νD(g0ω0)},
we conclude that νC(g`ω`) ≥ νD(g`ω`) ≥ νD(α) > u∗i+1, for ` = −1, 0. In view of
Corollary 2.8, we have that u∗i+1 > t∗i+1. Hence, we also get that νD(g`ω`) > t∗i+1,
for ` = −1, 0. Thus, the expression in equation (12) satisfies the desired properties.

Now, let us assume that η is resonant. Up to multiplying η by a non-null scalar,
we have

In(η) = xayb
(
m
dx

x
− ndy

y

)
, νD(η) = na+mb > t∗i+1.

Let us define the index k := max{` ≤ i : η is reachable by ω`}. Since η is res-
onant, then k ≥ 1. By definition of k, there exists a monomial µxcyd such that
νD(µxcydωk) = νD(η) and

νD(η′) > νD(η), where η′ = η − µxcydωk.

The desired decomposition will be given just by the expression α = µxcydωk. Since
νD(α) = νD(η) > t∗i+1, we only need to verify that νC(xcydωk) > u∗i+1.

First, let us assume that k = i and hence α = µxcydωi. Write

νD(α) = nc+md+ ti = νD(η) > t∗i+1.

Recalling that t∗i+1 = ti + u∗i+1 − λi, we obtain that nc+md+ λi > u∗i+1. Hence, we
conclude by noting that

νC(xcydωi) = nc+md+ λi > u∗i+1.

Now, let us consider the case when 1 ≤ k ≤ i − 1. Assume by contradiction that
νC(xcydωk) ≤ u∗i+1 < νC(η). Taking into account that η′ = η − µxcydωk, we see the
following:

νD(η′) > νD(xcydωk) = nc+md+ tk;

νC(η′) = νC(xcydωk) = nc+md+ λk.
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By statement (d) in Theorem 3.9, we have that nc + md + λk ∈ Λk−1. In view of
Lemma 2.4, this implies that either c ≥ `nk+1 or d ≥ `mk+1. There are four possibilities:

uk+1 = λk + n`nk+1 and c ≥ `nk+1; uk+1 = λk + n`nk+1 and d ≥ `mk+1;

uk+1 = λk +m`mk+1 and c ≥ `nk+1; uk+1 = λk +m`mk+1 and d ≥ `mk+1.

The cases from the first line behave similarly to those in the second one, therefore,
we will only show what happens in the first two cases.

Case uk+1 = unk+1 = λk+n`nk+1 and c ≥ `nk+1. In this case we have that η is reachable

from x`
n
k+1ωk. If we show that x`

n
k+1ωk is reachable from ωk+1, we contradict the

maximality of k, as desired. In view of Corollary 3.10, noting that both ωk+1 and ωk
are resonant, it is enough to show that

νD(x`
n
k+1ωk) = νD(ωk+1).

We have that νD(ωk+1)= tk+1 and νD(x`
n
k+1ωk) = tk + n`nk+1. Let us see that tk+1 =

tk + n`nk+1 in our case. In a general way, we have that tnk+1 = tk + n`nk+1; moreover,
the fact that uk+1 = unk+1 implies also that tk+1 = tnk+1 and we finish.

Case uk+1 = unk+1 = λk + n`nk+1 and d ≥ `mk+1. By Lemma 2.29, we see that

nc+md+ λk ≥ λk +m`mk+1 = ũk+1 ≥ ũi > u∗i+1.

This ends the proof.

Proof of Theorem 3.11: Let us take a 1-form ω such that νD(ω) = t∗i+1 and νC(ω) >
u∗i+1 as in the statement. We will consider three cases:

(i) i = 0; (ii) i > 0, j = i; (iii) i > 0, 0 ≤ j < i.

Case (i): i = 0. Since {ω−1, ω0} is a basis of Ω1
C2,0, the 1-form ω can be written as

ω = f00
−1ω−1 + f00

0 ω0.

Looking at the computations in Example 2.22, we see that t∗1 = u∗1 ≤ nm and k∗0 = −1.
Therefore, we need to prove that νC(f00

−1ω−1) = νC(f00
0 ω0) = u∗1.

Recall that, up to constant, we have that In(ω−1) = dx and In(ω0) = dy. Hence,
one of the following cases occurs:

(I) νD(f00
0 ω0) = t∗1 and νD(f00

−1ω−1) ≥ t∗1.

(II) νD(f00
−1ω−1) = t∗1 and νD(f00

0 ω0) ≥ t∗1.

Assume that we are in case (I). Since νD(f00
0 ) + νD(ω0) ≤ nm, we have

νD(f00
0 ) < nm.

This implies that νD(f00
0 ) = νC(f00

0 ) (left to the reader). Therefore, we can write

νC(f00
0 ω0) = νC(f00

0 ) + νC(ω0) = νD(f00
0 ) + νD(ω0) = νD(f00

0 ω0) = t∗1 = u∗1.

Moreover, since νD(f00
−1ω−1) ≥ t∗1 = u∗1, we have

νC(f00
−1ω−1) ≥ νD(f00

−1ω−1) ≥ t∗1 = u∗1.

Noting that νC(f00
−1ω−1 + f00

0 ω0) > u∗1, that νC(f00
0 ω0) = u∗1, and that νC(f00

0 ω0) ≥
u∗1, we conclude that νC(f00

−1ω−1) = νC(f00
0 ω0) = u∗1.

We apply a similar argument in the case that νC(f00
−1ω−1) = t∗1.

Case (ii): i > 0 and j = i. We use the proof in the case ∗ = n; the case ∗ = m runs
in a similar way. Note that

νD(ω) = tni+1 < nm, νD(ω) = tni+1 < uni+1 < νC(ω),
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in view of Corollary 2.30 and Corollary 2.8. We deduce that the 1-form ω is resonant.
Since ωi is also resonant and we have

νD(ω) = νD(x`
n
i+1ωi) (recall that tni+1 = ti + n`ni+1),

we deduce that there is a non-null scalar µ 6= 0 such that

In(ω) = µ In(x`
n
i+1ωi) = µx`

n
i+1 In(ωi).

Thus, the 1-form η1 = ω − µx`
n
i+1ωi satisfies the following two properties:

νD(η1) > tni+1, νC(η1) = νC(x`
n
i+1ωi) = uni+1 (recall that uni+1 = λi + n`ni+1).

The second one comes from the fact that νC(ω) > uni+1. Take the bound k = kni and
the colimit b = bi+1. We recall that

uni+1 = λi + n`ni+1 = λk +mb.

Hence, the 1-form ybωk satisfies that νC(ybωk) = uni+1. On the other hand, the divi-

sorial value νD(ybωk) is given by

νD(ybωk) = mb+ tk.

Let us show that νD(ybωk) > tni+1 = νD(ω). We have

tni+1 < mb+ tk ⇐⇒ ti + n`ni+1 < tk +mb

⇐⇒ ti − tk < mb− n`ni+1 = mb− n`ni+1 + uni+1 − uni+1

⇐⇒ ti − tk < (uni+1 − n`ni+1)− (uni+1 −mb) = λi − λk.

We conclude, since ti − tk < λi − λk in view of Lemma 2.7.
Take η2 = η1−µ2y

bωk such that νC(η2) > uni+1. Note that νD(η2) > tni+1. Applying
Lemma 3.13, we get a decomposition

η2 = ω − µx`
n
i+1ωi − µ2y

bωk =

i∑
`=−1

h`ω`, νC(h`ω`) > uni+1, νD(h`ω`) > tni+1,

having the desired properties.

Case (iii): i > 0, 0 ≤ j < i. Let us reason by inverse induction on j, recalling that we
have the result when j = i. By the induction hypothesis, we can decompose ω as:

(13) ω =

j+1∑
`=−1

f ij+1
` ω`,

where v∗ij+1 = νC(f ij+1
j+1 ωj+1) = min{νC(f ij+1

` ω`); −1 ≤ ` < j + 1}. Notice that in

the case (ii) we have proved the case where j+ 1 = i. In view of Remark 3.12, we can
apply case (ii) to ωj+1 to obtain a decomposition:

(14) ωj+1 =

j∑
`=−1

f jj` ω`,

where uj+1 = νC(f jjj ωj) = min{νC(f jj` ω`); ` < j}, and the minimum is only reached

at the bound k = kj . If we substitute the expression of ωj+1 given in (14) into the
expression of ω given in (13), we obtain

(15) ω =

j∑
`=−1

(f ij+1
` + f ij+1

j+1 f
jj
` )ω`.
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Let us show that equation (15) gives the desired decomposition. In order to do this,
we only have to show that

(I) νC((f ij+1
j + f jjj f

ij+1
j+1 )ωj) = νC((f ij+1

k + f jjk f
ij+1
j+1 )ωk) = v∗ij .

(II) νC((f ij+1
` + f jj` f

ij+1
j+1 )ω`) > v∗ij for ` 6= j, k.

Recall that v∗ij+1 = λj+1 + t∗i+1− tj+1 and v∗ij = λj + t∗i+1− tj . Hence, by Lemma 2.7,
we have that v∗ij < v∗ij+1. Moreover, by the properties of the decomposition given in
equation (13), we get that:

νC(f ij+1
j+1 ) = v∗ij+1 − λj+1;(16)

νC(f ij+1
` ω`) ≥ v∗ij+1 > v∗ij , for ` < j + 1.(17)

Using the expression given in (16) and the properties of the decomposition given
in (14), it follows that

νC(f ij+1
j+1 f

jj
` ω`) = νC(f ij+1

j+1 ) + νC(f jj` ω`)

= v∗ij+1 − λj+1 + νC(f jj` ω`)

≥ v∗ij+1 − λj+1 + uj+1,

where the last inequality is an equality just for ` = j, k. Now, taking into account
that uj+1 = λj + tj+1 − tj and that v∗ij+1 = t∗i+1 + λj+1 − tj+1, we obtain that

v∗ij+1 − λj+1 + uj+1 = λj + t∗i+1 − tj = v∗ij .

Finally, since νC(f ij+1
` ω`) > v∗ij for ` < j + 1, by expression (17), we get that

νC((f ij+1
` + f jj` f

ij+1
j+1 )ω`) ≥ v∗ij ,

where, again, we have an equality just for ` = j, k.

Corollary 3.14. Consider 1 ≤ i ≤ s and let ω be a 1-form such that νD(ω) = t∗i+1

and νC(ω) > u∗i+1. For any decomposition

ω =

j∑
`=−1

f ij` ω`, 1 ≤ j ≤ i,

satisfying the stated properties in Theorem 3.11, we have that In(ω) = In(f ijj ωj).

Proof: We only need to show that νD(f ijj ωj) < νD(f ij` ω`) for ` < j. We know that

νC(f ijj ωj) ≤ νC(f ij` ω`) for ` < j. Besides, νD(ω) = t∗i+1<nm, because i≥ 1. There-

fore, we have that nm> νD(f ijj ) and consequently the monomial order and the dif-

ferential value coincide: νD(f ijj ) = νC(f ijj ). Furthermore,

νC(f ij` ω`) = νC(f ij` ) + λ` ≥ νC(f ijj ωj) = νC(f ijj ) + λj .

By Lemma 2.7, we have that λj − λ` > tj − t`, thus

νC(f ij` ) + t` > νC(f ijj ωj) = νC(f ijj ) + tj .

If νC(f ij` ) ≥ nm, then its monomial order is at least nm. Hence, we have

νD(f ij` ω`) > t∗i+1 = νD(f ijj ωj).

Indeed, if νC(f ij` ) < nm, we get that νC(f ij` ) = νD(f ij` ). With this, we conclude that

νD(f ij` ω`) = νD(f ij` ) + t` > νD(f ijj ) + tj = νD(f ijj ωj).
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Proposition 3.15. Let ω be a 1-form such that νD(ω) = t∗1 and νC(ω) > u∗1. Let us
write ω (in a unique way) as

ω = f−1ω−1 + f0ω0,

then

(a) if t∗1 = t1, we have that In(ω) = µ(my dx− nx dy), where µ 6= 0;

(b) if t∗1 = t̃1, we have that In(ω) = µ(In(df)), where f = 0 is a reduced equation of
the cusp C and µ 6= 0.

In particular, we have that In(ω) = In(f−1ω−1) + In(f0ω0).

Proof: If t∗1 = t1, since t1 = n+m, we see that In(ω) can be written as

In(ω) = µ−1y dx− µ0x dy.

Moreover, we have that t1 = u1 = n + m and hence νC(ω) > νD(ω). Hence ω is
resonant and we finish.

If t∗1 = t̃1 = nm, we also have that ũ1 = nm. The initial part In(ω) has the form

In(ω) = µ−1x
m−1 dx+ µ0y

n−1 dy.

If this initial part is not a multiple of In(df), we get that νC(ω) = nm, which contra-
dicts the hypothesis.

4. Standard systems and Saito bases

4.1. Standard systems. Consider a minimal standard basis S=(ω−1, ω0, ω1, . . . , ωs)
of C. In [4], we have found differential 1-forms ωs+1 with the following properties:

• νD(ωs+1) = ts+1.

• The cusp C is invariant for ωs+1, that is, νC(ωs+1) =∞.

We call an extended standard basis of C any sequence

E = (ω−1, ω0, ω1, . . . , ωs, ωs+1),

such that S = (ω−1, ω0, ω1, . . . , ωs) is a minimal standard basis and ωs+1 satisfies the
above properties.

In the next definition we present systems of differential 1-forms, where the axes ũs+1,
instead of us+1, are essential in their construction.

Definition 4.1. A standard system (E ,F) for a cusp C is the data of an extended
standard basis E = (ω−1, ω0, ω1, . . . , ωs, ωs+1) and a family F = (ω̃1, ω̃2, . . . , ω̃s, ω̃s+1)
of 1-forms satisfying that

νD(ω̃j) = t̃j , νC(ω̃j) =∞, 1 ≤ j ≤ s+ 1.

We say that a standard system (E ,F) for C is a special standard system if there are
expressions ω̃j = hjωs+1 + fjω̃s+1, where hj , fj ∈ OC2,0 for any 1 ≤ j ≤ s.

4.2. Saito bases. Let C be a cusp. Let us denote by Ω1
C2,0[C] the OC2,0-submodule

of Ω1
C2,0 given by the 1-forms ω such that C is invariant for ω, that is, νC(ω) =∞.

It is known that Ω1
C2,0[C] is isomorphic to the OC2,0-module Ω1

C2,0[logC] of log-
arithmic meromorphic 1-forms having poles along C. It is also known that these
modules are free OC2,0-modules of rank 2 (see [13]). A basis of Ω1

C2,0[C] will be called
a Saito basis for C. The rest of this section is devoted to prove the main result of this
paper (Theorem 1.1 in the introduction) which shows the existence of a Saito basis
for C. Let us state it.
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Theorem 4.2. Let C be a cusp and let B = (λ−1, λ0, λ1, . . . , λs) be the basis of the
semimodule Λ of differential values for C. Denote by ts+1 and t̃s+1 the last critical
values of Λ. Then there are two 1-forms ωs+1, ω̃s+1 having C as an invariant curve
and such that νD(ωs+1) = ts+1 and νD(ω̃s+1) = t̃s+1. Moreover, for any pair of
1-forms as above, the set {ωs+1, ω̃s+1} is a Saito basis for C.

We prove Theorem 4.2 in several steps:

(a) We prove Theorem 4.2 in the case s = 0.
(b) We show the existence of ωs+1, ω̃s+1 having C as an invariant curve and such

that νD(ωs+1) = ts+1 and νD(ω̃s+1) = t̃s+1.
(c) We show that F∪{ωs+1} generates the OC2,0-module Ω1

C2,0[C], for any standard

system (E ,F) that includes ωs+1 and ω̃s+1.
(d) We show that any pair of 1-forms ωs+1, ω̃s+1 having C as an invariant curve

and such that νD(ωs+1) = ts+1 and νD(ω̃s+1) = t̃s+1 are included in at least
one special standard system (E ,F).

(e) We conclude as follows. We start with {ωs+1, ω̃s+1} and we consider a special
standard system (E ,F) containing them. By statement (c), any 1-form ω in the
Saito module Ω1

C2,0[C] is a combination

ω = hωs+1 +

s+1∑
`=−1

f`ω̃`.

Since (E ,F) is a special standard system, each 1-form ω̃` is a combination
of ωs+1, ω̃s+1, for any ` = −1, 0, 1, . . . , s. In this way, we find a writing ω =
fωs+1 + gω̃s+1, as desired.

In the next subsections we prove Theorem 4.2 following the above steps.

4.3. The quasi-homogeneous case. The statement of Theorem 4.2 when s = 0 is
well known; see for instance [13]. Let us show it, for the sake of completeness. From
Zariski’s introduction of the Zariski invariant, we know that the cusp C is analytically
equivalent to the curve f = 0, where f = yn − xm. We can take

ω1 = nx dy −my dx, ω̃1 = df = −mxm−1 dx+ nyn−1 dy.

Let us use the Saito criterion [13], which states that two 1-forms ω, ω̃ in Ω1
C2,0[C]

give a Saito basis if and only if

ω ∧ ω̃ = uf dx ∧ dy,
where u is a unit. Then ω1 and ω̃1 provide a Saito basis. Take now ω, ω̃ in Ω1

C2,0[C]
to be such that

νD(ω) = t1 = n+m, νD(ω̃) = t̃1 = nm.

Write
ω = Aω1 +Bω̃1, ω̃ = Ãω1 + B̃ω̃1.

Since n+m < nm, we see that A is a unit. It is also obvious that Ã is not a unit. If
we show that B̃ is a unit, the determinant AB̃ − BÃ is a unit and hence {ω, ω̃} is a
Saito basis. Note that

νD(Ãω1) 6= nm.

Indeed, if νD(Ãω1) = νD(Ã) + n+m = nm, we conclude that

νD(Ã) = nm− n−m = cΓ − 1 ∈ Γ.

This is a contradiction. Then, we have

νD(ω̃) = nm = νD(B̃ω̃1) = νD(B̃) + nm,

which implies that B̃ is a unit. This finishes the proof.
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4.4. Existence of 1-forms with the last critical values. In the next proposition
we show the existence of ωs+1, ω̃s+1 with respective divisorial values ts+1 and t̃s+1

and such that C is invariant for both 1-forms. The proof follows the one in [4, Propo-
sition 8.3].

Proposition 4.3. Let C be a cusp and Λ be its semimodule of differential values
with basis B = (λ−1, λ0, λ1, . . . , λs). Assume that s ≥ 1. There are two 1-forms ωs+1

and ω̃s+1 having C as an invariant curve such that νD(ωs+1) = ts+1 and νD(ω̃s+1) =
t̃s+1.

Proof: Let us select a minimal standard basis S = (ω−1, ω0, ω1, . . . , ωs) of the cusp C.
As we have already done, let us denote by ∗ a chosen element ∗ ∈ {n,m}. We have
to find ω∗s+1 ∈ Ω1

C2,0[C] such that νD(ω∗s+1) = t∗s+1.
We provide the detailed proof for ∗ = n. The case ∗ = m runs in a similar way.

Then, we have to find ωns+1 ∈ Ω1
C2,0[C] such that νD(ωns+1) = tns+1.

Let us recall that uns+1 = λs + n` = λk + mb, where we denote ` = `ns+1, k = kns ,
and b = bs+1. Recall that k < s. Consider the 1-forms

η0 = x`ωs, η1 = ybωk.

Note that νD(η0) = tns+1 = ts + n` and νD(η1) > tns+1. Indeed, we have

νD(η1) = bm+ tk > νD(η0) = ts + n`

⇐⇒ ts − tk < bm− n` = (uns+1 − λk)− (uns+1 − λs) = λs − λk
and note that ts − tk < λs − λk by Lemma 2.7. Moreover, the differential values
coincide:

νC(η0) = νC(η1) = uns+1.

Thus, there is a constant µ 6= 0 such that, if we take θ1 = η0 − µη1, we get that

νD(θ1) = tns+1, νC(θ1) > νC(η0) = νC(η1) = uns+1.

We consider three cases:

(i) νC(θ1) =∞. In this case we finish taking ωns+1 = θ1.
(ii) νC(θ1) ≥ nm.

(iii) νC(θ1) < nm.

Assume that we are in case (ii) and let ϕ be a primitive parametrization of C. We
have that ϕ∗(θ1) = ψ(t) dt, with ordt(ψ(t)) ≥ nm − 1 > cΓ. In view of the classical
theory of equisingularity [15], there is a function h(x, y) such that ϕ∗(dh) = ψ(t) dt. If
we take ωns+1 = θ1−dh, we have that νC(ωns+1) =∞. In order to finish, we have to see

that νD(dh) > tns+1. Since tns+1 < t̃1 = nm (see Lemma 2.29), it is enough to see that
νD(dh) ≥ nm. If νD(dh) < nm, we obtain that νC(dh) = νD(dh), in contradiction
with the fact that νC(dh) ≥ nm.

Assume now that we are in case (iii). Write νC(θ1) = λi + αn+ βm > uns+1, for a
certain index −1 ≤ i ≤ s. Consider the 1-form η2 given by

η2 = xαyβωi, νD(η2) = ti + nα+mβ.

Let us see that νD(η2) > tns+1 = ts + `n = νD(θ1). Assume first that i = s; we know
that uns+1 = λs + n` < νC(η2) = λs + αn + βm, hence nα + mβ > `n as desired.
Assume now that i < s. We have

νC(η2) = λi + αn+ βm > uns+1 = λs + `n =⇒ αn+ βm− `n > λs − λi > ts − ti
=⇒ ti + nα+mβ > ts + `n.
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On the other hand, we have that νC(η2) = νC(θ1). Hence, there is a constant µ 6= 0
such that if we take θ2 = θ1 − µη2, we obtain that

νD(θ2) = νD(θ1) = tns+1, νC(θ2) > νC(θ1).

We start the procedure again with θ2; since the differential value is strictly increasing,
in a finite number of steps we arrive at case (ii) or case (i) and we finish.

4.5. Generators of the Saito module. Let us consider a standard system (E ,F)
of C, given by

E = (ω−1, ω0, ω1, . . . , ωs, ωs+1), F = (ω̃1, ω̃2, . . . , ω̃s, ω̃s+1).

In Proposition 4.8 we describe a generator system of the Saito module Ω1
C2,0[C].

Our arguments run by first considering the initial forms and finally by applying
Artin’s approximation theorem. Moreover, we work in an ordered way in terms of the
divisorial values of the forms. In order to do this, we just need the concept of a partial
standard system.

Consider an index 0 ≤ j ≤ s. A j-partial standard system associated to the extended
standard basis E is a pair (E ,F j), where F j is a list

F j = (ω̃j+1, ω̃j+2, . . . , ω̃s+1),

such that νD(ω̃`) = t̃` and ω` ∈ Ω1
OC2,0

[C], for j + 1 ≤ ` ≤ s+ 1.

We start with a lemma concerning the structure of critical values:

Lemma 4.4. Let Λ be an increasing cuspidal semimodule of length s ≥ 1. Assume
that the basis B = (λ−1, λ0, λ1, . . . , λs) satisfies that λ−1 = n and λ0 = m. Consider
the set

T = {ts+1, t̃2, t̃3, . . . , t̃s+1},
where tj, t̃j are the critical values of Λ corresponding to the index j. Then, there are
two nonnegative integer numbers p, q ∈ Z≥0 such that

{pn+ n+m, qm+ n+m} ⊂ T.

Moreover, we have that p < m− 2 and q < n− 2.

Proof: We know that one of the following mutually exclusive properties holds:

(i) t̃2 = t1 + n`n2 = n+m+ n`n2 .

(ii) t̃2 = t1 +m`m2 = n+m+m`m2 .

Let us show the proof in case (i); case (ii) has a similar proof. We can write t̃2 =
n + m + pn ∈ T , where p = `n2 . Thus, it is enough to find an element of T of the
form n+m+ qm.

Assume first that s = 1. Then ts+1 = t2 = t1+m`m2 = n+m+m`m2 . Taking q = `m2 ,
we have that ts+1 = n+m+ qm ∈ T .

Assume now that s > 1. There are two cases:

(I) For any 2 ≤ i ≤ s, we have that ti+1 − ti = m`mi+1.

(II) There is an index (that we take to be the minimum one) with 2 ≤ i ≤ s such
that ti+1 − ti = n`ni+1.

Assume we are in case (I). Recall that t2 = t1 + m`m2 , since t̃2 = t1 + n`n2 . By a
telescopic computation, we see that ts+1 ∈ T may be written as

ts+1 = t1 +

(
s+1∑
`=2

`m`

)
m = n+m+ qm.
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Assume we are in case (II). For any 2 ≤ j ≤ i, we have that tj = tj−1 + m`mj . By a

telescopic computation, we obtain that ti = t1 + qim. The element t̃i+1 ∈ T is given
by t̃i+1 = ti +m`mi+1 and hence we have

t̃i+1 = t1 + (qi + `mi+1)m = n+m+ qm,

as desired. This ends the proof.

Remark 4.5. As a consequence of Lemma 4.4, we have the following property. Assume
that Λ is the semimodule of differential values of a cusp C and (E ,F) is a standard
system, where

E = (ω−1, ω0, ω1, . . . , ωs, ωs+1), F = (ω̃1, ω̃2, . . . , ω̃s, ω̃s+1).

Consider the set T = {ωs+1, ω̃2, . . . , ω̃s, ω̃s+1}. Assuming that (x, y) is a system of
adapted coordinates with respect to the cusp C, there are two 1-forms η1, η2 ∈ T
such that

In(η1) = µ1x
p(my dx− nx dy), In(η2) = µ2y

q(my dx− nx dy),

where µ1 6= 0 6= µ2 and p, q ∈ Z≥0.

The next lemma is the key argument for finding our generator system of the Saito
module. It will also be important in order to find the Saito bases we are looking for.

Lemma 4.6. Let us consider a standard system (E ,F) and a 1-form ω ∈ Ω1
OC2,0

[C].

Assume that (x, y) is a system of adapted coordinates with respect to C. Then the
initial form In(ω) is a combination, with quasi-homogeneous coefficients, of the initial
forms

In(ω̃1), . . . , In(ω̃s+1), In(ωs+1).

Proof: The initial form W = In(ω) has the invariant curve C1 given by yn−εxm = 0,
for a certain ε 6= 0 (we leave this property to the reader). Let us invoke the result of
Theorem 4.2 for the case of length zero established in Subsection 4.3. In this case we
consider the two 1-forms

W1 = nx dy −my dx, W̃1 = nyn−1 dy − εmxm−1 dx,

that give a Saito basis {W1, W̃1} of C1. This gives a decomposition

W = HW1 + G̃1W̃1,

where we can take H, G̃1 to be quasi-homogeneous with respect to the weights n, m.
By statement (b) of Proposition 3.15 and up to multiplying ω̃1 by a constant, we have

In(ω̃1) = W̃1.

Now, we are going to show the existence of a decomposition

HW1 = Gs+1Ws+1 +

s+1∑
`=2

G̃`W̃`, where W̃` = In(ω̃`), Ws+1 = In(ωs+1),

with all the coefficients Gs+1 and G̃` being quasi-homogeneous.
Let δ = νD(HW1). Since H is a quasi-homogeneous polynomial, we can write

HW1 =
∑

αn+βm=δ

Wαβ , Wαβ = µxαyβ
(
n
dy

y
−mdx

x

)
, α, β ∈ Z≥1.

Now, it is enough to show that each of the 1-forms Wαβ is reachable by one of the
1-forms in the set

T = {ωs+1, ω̃2, . . . , ω̃s+1}.
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We consider two cases:

(i) There is a differential 1-form Wαβ 6= 0 such that α ≥ m or β ≥ n.
(ii) For any Wαβ 6= 0 we have that α < m and β < n.

Assume we are in case (i). By a straightforward verification, we see that all the 1-
forms Wαβ 6= 0 satisfy the condition that either α ≥ m or β ≥ n. In view of Lemma 4.4
and Remark 4.5, we see that each Wαβ 6= 0 is reachable by an element of T .

Assume now that we are in case (ii). Then, there is only one term Wαβ 6= 0 and
hence we have

HW1 = µxα−1yβ−1(my dx− nx dy), 1 ≤ α < m, 1 ≤ β < n.

Moreover, we have that G̃1W̃1 = 0. Indeed, we know that

G̃1W̃1 = G̃1(nyn−1 dy − εmxm−1 dx)

and, if this expression is nonzero, it contributes to terms corresponding to case (i),
which is not possible. We conclude that

In(ω) = W = HW1 = µxα−1yβ−1(my dx− nx dy) = µ′xα−1yβ−1ω1.

Note that ω is then reachable by ω1. Let q be the maximum index 1 ≤ q ≤ s+ 1 such
that ω is reachable by ωq. If q = s+ 1, we obtain the result. Assume that 1 ≤ q ≤ s.
Write

η = ω − µ′′xaybωq, νD(η) > νD(ω).

We have that νC(η) = νC(xaybωq). We can invoke property (d) in Theorem 3.9 to
obtain that νC(η) ∈ Λq−1, that is,

λq + na+mb ∈ Λq−1.

By Lemma 2.4, we have that either a ≥ `nq+1 or b ≥ `mq+1. Assume that a ≥ `nq+1. If
uq+1 = unq+1, then ω is reachable by ωq+1, which contradicts the maximality of q. If
uq+1 = umq+1, we obtain that ω is reachable by ω̃q+1 and we get the result. We can
use similar arguments for the case that b ≥ `mq+1. This ends the proof.

Remark 4.7. Let (E ,F j), with F j = (ω̃j+1, ω̃j+2, . . . , ω̃s+1), be a j-partial standard
system, with j ≥ 1, and take a 1-form ω ∈ Ω1

C2,0[C] such that νD(ω) < t̃j . By the

same arguments as in the preceding lemma, noting that t̃j < t̃j−1 < · · · < t̃1, we see
that there is a combination

In(ω) = Gs+1Ws+1 +

s+1∑
`=j+1

G̃`W̃`, where W̃` = In(ω̃`), Ws+1 = In(ωs+1),

all the coefficients being quasi-homogeneous of the corresponding degree.

Proposition 4.8. The set T = {ωs+1, ω̃1, ω̃2, . . . , ω̃s+1} is a generator system of the
Saito OC2,0-module Ω1

C2,0[C].

Proof: Take ω ∈ Ω1
C2,0[C]. We know the existence of a decomposition

In(ω) = Gs+1Ws+1 +

s+1∑
`=1

G̃`W̃`, where W̃` = In(ω̃`), Ws+1 = In(ωs+1),

with all the coefficients Gs+1 and G̃` being quasi-homogeneous. We restart the pro-
cedure of Lemma 4.6 with

ω′ = ω −

(
Gs+1ωs+1 +

s+1∑
`=1

G̃`ω̃`

)
.
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In this way, we obtain a formal expression ω = ĝs+1ωs+1 +
∑s+1
`=1

̂̃g`ω̃`. By a direct
application of Artin’s approximation theorem [2], we obtain the desired convergent
expression

ω = gs+1ωs+1 +

s+1∑
`=1

g̃`ω̃`.

4.6. Existence of special standard systems. This subsection is devoted to pro-
viding a proof of the following result.

Proposition 4.9. Assume that the length s of the semimodule Λ of differential values
of the cusp C is s ≥ 1. Take two 1-forms ωs+1 and ω̃s+1 in Ω1

C2,0[C] such that

νD(ωs+1) = ts+1 and νD(ω̃s+1) = t̃s+1. Then there is a special standard system (E ,F)
for C containing ωs+1, ω̃s+1 in the sense that

E = (ω−1, ω0, ω1, . . . , ωs, ωs+1), F = (ω̃1, ω̃2, . . . , ω̃s, ω̃s+1).

The proof of the above proposition follows directly from the next result.

Proposition 4.10. Assume that the length s of the semimodule Λ of differential
values of the cusp C is s ≥ 1. Take two 1-forms ωs+1 and ω̃s+1 in Ω1

C2,0[C] such

that νD(ωs+1) = ts+1 and νD(ω̃s+1) = t̃s+1. For any index 1 ≤ j ≤ s there are

functions fj, f̃j such that

νD(fjωs+1 + f̃jω̃s+1) = t̃j .

Note that the 1-forms in F will be the 1-forms ω̃j = fjωs+1 + f̃jω̃s+1 for 1 ≤ j ≤ s.
Throughout the whole proof, we consider an extended standard basis

E = (ω−1, ω0, ω1, . . . , ωs, ωs+1)

ending at ωs+1. The proof of Proposition 4.10 is quite long. In order to make the
arguments clear, we provide it in two steps:

Step 1: case j = s. That is, we find ω̃s ∈ Ω1
C2,0[C] such that νD(ω̃s) = t̃s.

Step 2: The general case.

4.6.1. Existence of special standard systems. First case. This subsection is
devoted to the proof of Proposition 4.10 when j = s. Hence, we are going to prove
that there is a combination

ω̃s = f̃sω̃s+1 + fsωs+1

such that νD(ω̃s) = t̃s.
There are two possible cases: ts+1 = ts +n`ns+1 and ts+1 = ts +m`ms+1. Both cases

work in a similar way. We assume from now on that ts+1 = ts + n`ns+1 and hence we

have t̃s+1 = ts +m`ms+1. Let us write Delorme’s decompositions of ω̃s+1 and ωs+1 as
follows:

ω̃s+1 = µ̃1y
`ms+1ωs + µ̃2x

as+1ωkms + η̃, η̃ =

s∑
`=−1

h̃`ω`,

ωs+1 = µ1x
`ns+1ωs + µ2y

bs+1ωkns + η, η =

s∑
`=−1

h`ω`,(18)

where we have the following properties:

• In(ωs+1) = µ1 In(x`
n
s+1ωs). Recall that ts+1 = ts + n`ns+1.

• In(ω̃s+1) = µ̃1 In(y`
m
s+1ωs). Recall that t̃s+1 = ts +m`ms+1.
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• νC(µ1x
`ns+1ωs+µ2y

bs+1ωkns ) > νC(µ1x
`ns+1ωs) = νC(µ2y

bs+1ωkns ) = uns+1 = us+1.
Recall that uns+1 = λs + n`ns+1 = λkns +mbs+1.

• νC(µ̃1y
`ms+1ωs+µ̃2x

as+1ωkms )>νC(µ̃1y
`ms+1ωs)=νC(µ̃2x

as+1ωkms ) = ums+1 = ũs+1.
Recall that ums+1 = λs +m`ms+1 = λkms + nas+1.

• For any −1 ≤ ` ≤ s, we have that νC(h`ω`) > uns+1 and νC(h̃`ω`) > ums+1.

Let us consider the 1-form θ0 ∈ Ω1
C2,0[C] defined by

θ0 = µ1x
`ns+1 ω̃s+1 − µ̃1y

`ms+1ωs+1 = ξ + ζ0,

where ξ = µ̃3x
`ns+1+as+1ωkms − µ3y

`ms+1+bs+1ωkns , with µ̃3 = µ1µ̃2, µ3 = µ̃1µ2 and such

that ζ0 =
∑s
`=−1 g

0
` ω`. In a more general way, given a pair of functions f̃ , f ∈ OC2,0,

we write

θf̃ ,f = θ0 + f̃ ω̃s+1 + fωs+1 = ξ + ζf̃ ,f ∈ Ω1
C2,0[C],

where ζf̃ ,f = ζ0 + f̃ ω̃s+1 + fωs+1. We also write ζf̃ ,f =
∑s
`=−1 g

f̃ ,f
` ω`. Let us note

that θ0 = θ0,0, ζ0 = ζ0,0, and g0` = g0,0
` , for −1 ≤ ` ≤ s.

In order to prove the desired result, we are going to show the existence of a pair f̃ , f
such that νD(θf̃ ,f ) = t̃s.

We have two options: us = uns and us = ums . Both cases work in a similar way.
We fix the case that us = uns . Hence, we have ts = tns , ũs = ums , and t̃s = tms . By
Proposition 2.27, we know that kns = s− 1 and kms = kms−1.

Lemma 4.11. νD(ξ) = t̃s.

Proof: By Proposition 2.31, the colimits as+1 and bs+1 satisfy that bs+1 + `ms+1 = `ms
and as+1 + `ns+1 = as. Hence, we have

ξ = −µ3y
`ms ωkns + µ̃3x

asωkms = −µ3y
`ms ωs−1 + µ̃3x

asωkms−1
.

Let us show that νD(ξ) = t̃s. Note that νD(y`
m
s ωs−1) = m`ms + ts−1 = tms = t̃s.

Thus, it is enough to show that νD(xasωkms−1
) > t̃s = tms . We have νD(xasωkms−1

) =

nas + tkms−1
. Since ums = m`ms + λs−1 = nas + λkms−1

, then

nas −m`ms = λs−1 − λkms−1
> ts−1 − tkms−1

=⇒ nas + tkms−1
> t̃s = ts−1 +m`ms ,

by Lemma 2.7. We conclude that νD(ξ) = t̃s.

The problem is reduced to finding f̃ , f such that νD(ζf,f̃ ) > t̃s.

We say that a pair of functions f̃ , f is a good pair if and only if we have that

νC(gf̃ ,f` ω`) > ũs, for any ` = −1, 0, . . . , s.
We end the proof as a direct consequence of the following lemmas:

Lemma 4.12. The pair f̃ = 0, f = 0 is a good pair.

Lemma 4.13. If f̃ , f is a good pair, then νD(gf̃ ,f` ω`) > t̃s for −1 ≤ ` ≤ s − 1 and

νD(gf̃ ,fs ωs) 6= t̃s.

Corollary 4.14. Assume that f̃ , f is a good pair. Then we have that either νD(θf̃ ,f ) =

t̃s or νD(θf̃ ,f ) = νD(gf̃ ,fs ωs) < t̃s.

Lemma 4.15. If f̃ , f is a good pair and νD(θf̃ ,f ) < t̃s, then there is another good

pair f̃1, f1 such that νD(gf̃1,f1s ωs) > νD(gf̃ ,fs ωs).
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Indeed, by Lemma 4.12, there is at least one good pair. By Lemmas 4.13 and 4.11 we

obtain Corollary 4.14. Now, we apply Lemma 4.15 repeatedly to get that νD(gf̃ ,fs ωs) ≥
t̃s. Hence, in view of Lemmas 4.11 and 4.12, we get that νD(gf̃ ,fs ωs) > t̃s and
νD(θf̃ ,f ) = t̃s as desired.

The rest of this subsection is devoted to proving the above three Lemmas 4.12,
4.13, and 4.15.

Proof of Lemma 4.12: We have to prove that

νC(g0` ω`) > ũs, for any ` = −1, 0, . . . , s.

Note that ζ0 = µ1x
`ns+1 η̃− µ̃1y

`ms+1η. Then, we have that g0` = µ1x
`ns+1 h̃`− µ̃1y

`ms+1h`,
for any ` = −1, 0, . . . , s. Now, it is enough to show that

νC(x`
n
s+1 h̃`ω`) > ũs and νC(y`

m
s+1h`ω`) > ũs.

We have that

νC(x`
n
s+1 h̃`ω`) = n`ns+1 + νC(h̃`ω`) > n`ns+1 + ums+1 = n`ns+1 + ũs+1

= n`ns+1 + nas+1 + λkms = n(`ns+1 + as+1) + λkms−1

= nas + λkms−1
= ums = ũs,

νC(y`
m
s+1h`ω`) = m`ms+1 + νC(h`ω`) > m`ms+1 + uns+1 = m`ms+1 + us+1

= m`ms+1 +mbs+1 + λkns = m(`ms+1 + bs+1) + λs−1

= m`ms + λs−1 = ums = ũs.

This ends the proof of Lemma 4.12.

Proof of Lemma 4.13: Throughout the proof of this lemma, we just write gf̃ ,f` = g`,
in order to simplify the notation.

Let us first show that νD(g`ω`) > t̃s, for any −1 ≤ ` ≤ s−1. Recall that νC(g`ω`) >
ũs and write

νC(g`ω`) = νC(g`) + λ` > ũs = ums = λs−1 +m`ms .

Noting that λs−1 − λ` ≥ ts−1 − t`, in view of Lemma 2.7, we have

νC(g`) + λs−1 > λs−1 + ts−1 − t` +m`ms

and thus we have νC(g`) + t` > ts−1 +m`ms = tms = t̃s.
There are two cases: when νD(g`) < nm, then νC(g`) = νD(g`). The other possi-

bility is νD(g`) ≥ nm, but we have that t̃s ≤ nm. In both cases, we conclude

νD(g`ω`) = νD(g`) + t` > t̃s,

as desired.
Let us show that νD(gsωs) 6= t̃s. Assume by contradiction that νD(gsωs) = t̃s.

Recalling that ts = tns , t̃s = tms , tns = ts−1 + n`ns , and tms = ts−1 +m`ms , we have

νD(gsωs) = t̃s =⇒ νD(gs) + ts = t̃s =⇒ νD(gs) + tns = tms

=⇒ νD(gs) + ts−1 + n`ns = ts−1 +m`ms

=⇒ m`ms = νD(gs) + n`ns .

This implies that m`ms ∈ Γ is written in two different ways as a combination of n, m
with nonnegative integer coefficients. This is not possible, since m`ms < nm, in view
of Remark 2.2. The proof of Lemma 4.13 is ended.
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Proof of Lemma 4.15: Assume that f̃ , f is a good pair with νD(θf̃ ,f ) < t̃s. Let us

find another good pair f̃1, f1 such that νD(gf̃1,f1s ωs) > νD(gf̃ ,fs ωs).
Since νD(ξ) = t̃s, θf̃ ,f = ξ + ζf̃ ,f , and νD(θf̃ ,f ) < t̃s, we know that In(θf̃ ,f ) =

In(ζf̃ ,f ). In particular νD(ζf̃ ,f ) = νD(θf̃ ,f ). Applying Lemma 4.13, we get that

In(θf̃ ,f ) = In(ζf̃ ,f ) = In(gf̃ ,fs ωs) = In(gf̃ ,fs ) In(ωs).

Noting that νD(θf̃ ,f ) < t̃s ≤ nm and νC(θf̃ ,f ) = ∞, we have that θf̃ ,f is a resonant

1-form and, by the results in Subsection 3.2.2, there is a monomial µxayb such that

In(θf̃ ,f ) = µxayb
(
m
dx

x
− ndy

y

)
, a, b ≥ 1, na+mb = νD(θf̃ ,f ).

We conclude that there are 0 ≤ a′ < a, 0 ≤ b′ < b and µ′µ′′ = µ such that

In(gf̃ ,fs ) = µ′xa
′
yb
′
, In(ωs) = µ′′xa−a

′
yb−b

′
(
m
dx

x
− ndy

y

)
.

Let us consider the decomposition

θf̃ ,f = µ′xa
′
yb
′
ωs + η′, νD(η′) > νD(xa

′
yb
′
ωs).

Noting that νC(θf̃ ,f ) =∞, we have that νC(η′) = νC(µ′xa
′
yb
′
ωs) = na′+mb′+λs. Let

us apply Theorem 3.9, statement (d), to the integer number k = λs+na′+mb′. Since

there is η′ such that νC(η′)=k and νD(η′) > νD(xa
′
yb
′
ωs), we conclude that k ∈ Λs−1.

By Lemma 2.4, we know that one of the following properties holds:

a′ ≥ `ns+1 or b′ ≥ `ms+1.

Let us show that θf̃ ,f is reachable from ωs+1 or from ω̃s+1. Assume that a′ ≥ `ns+1,
then we have

νD(θf̃ ,f ) = an+ bm = (a− a′)n+ (b− b′)m+ a′n+ b′m

= ts + n`ns+1 + (a′ − `ns+1)n+ b′m = tns+1 + (a′ − `ns+1)n+ b′m.

Noting that ts+1 = tns+1, we have that θf̃ ,f and xa
′−`ns+1yb

′
ωs+1 have the same initial

parts (up to a constant) and thus θf̃ ,f is reachable from ωs+1. In the same way, if we

assume that b′ ≥ `ms+1, we have

νD(θf̃ ,f ) = an+ bm = (a− a′)n+ (b− b′)m+ a′n+ b′m

= ts +m`ms+1 + a′n+ (b′ − `ms+1)m = tms+1 + a′n+ (b′ − `ms+1)m

= t̃s+1 + a′n+ (b′ − `ms+1)m.

We conclude as above that θf̃ ,f is reachable from ω̃s+1.

Assume now that a′ ≥ `ns+1 and hence θf̃ ,f is reachable from ωs+1. Thus, there is
a constant µ3 6= 0 such that

νD(θf̃ ,f − µ3x
a′−`ns+1yb

′
ωs+1) > νD(θf̃ ,f ).

Let us put f̃1 = f̃ and f1 = f − µ3x
a′−`ns+1yb

′
. Note that

θf̃1,f1 = θf̃ ,f − µ3x
a′−`ns+1yb

′
ωs+1

and hence νD(θf̃1,f1) > νD(θf̃ ,f ).
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Let us verify that f̃1, f1 is a good pair. Let us write

xa
′−`ns+1yb

′
ωs+1 =

s∑
`=−1

g′`ω`,

coming from the decomposition of ωs+1 in equation (18). Noting that

ζf̃1,f = ζf̃ ,f − µ3x
a′−`ns+1yb

′
ωs+1,

we see that f̃1, f1 is a good pair if νC(g′`ω`) > ũs, for ` = −1, 0, . . . , s. Let us show
that this is true. Since the terms g′`ω`, for −1 ≤ ` ≤ s, come from the decomposition
of ωs+1 times a monomial, we can apply Remark 3.12 to see that

νC(g′sωs) ≤ νC(g′`ω`), for − 1 ≤ ` ≤ s.

Hence, it is enough to show that νC(g′sωs) > ũs. Notice that

In(ζf̃ ,f ) = In(gf̃ ,fs ωs) = µ3 In(xa
′−`ns+1yb

′
ωs+1) = µ3 In(g′sωs),

where the last equality comes from Corollary 3.14. Thus, we have

νD(gf̃ ,fs ωs) = νD(g′sωs) < t̃s ≤ nm.

Therefore, νD(gf̃ ,fs ) = νD(g′s) < nm. This implies that

νD(gf̃ ,fs ) = νC(gf̃ ,fs ) = νC(g′s) = νD(g′s).

Since f̃ , f is a good pair, we conclude that νC(g′sωs) = νC(gf̃ ,fs ωs) > ũs. If b′ ≥ `ms+1,
then θf̃ ,f is reachable by ω̃s+1 and we proceed in a similar way. This ends the proof
of Lemma 4.15.

4.6.2. Existence of special standard systems. Induction step. This subsection
is devoted to the proof of Proposition 4.10 when 1 ≤ j < s, assuming that the result
is true for j + 1, j + 2, . . . , s. Consequently, we are going to prove that there is a
combination

ω̃j = f̃jω̃s+1 + fjωs+1

such that νD(ω̃j) = t̃j , under the assumption that for any j + 1 ≤ ` ≤ s there is a

combination ω̃` = f̃`ω̃s+1 + f`ωs+1 such that νD(ω̃`) = t̃`.
The proof is very similar to the case j = s. Recall that νD(ω̃j+1) = t̃j+1. There

are two options: either t̃j+1 = tnj+1 or t̃j+1 = tmj+1. In both cases, the proof works in

a similar way. We fix from now on the option t̃j+1 = tmj+1.
Let us define the number q ∈ {j + 2, . . . , s+ 1} as follows:

q =

{
s+ 1, if t̃` = tn` , for ` = j + 2, j + 3, . . . , s+ 1,

min{` : t̃` = tm` , j + 2 ≤ ` ≤ s+ 1}, otherwise,

and define the 1-form ω̂q as follows:

ω̂q =

{
ωs+1, if t̃` = tn` , for ` = j + 2, j + 3, . . . , s+ 1,

ω̃q, otherwise.

Let us note that νD(ω̂q) = tmq in both cases.
Now, we proceed as follows:

• First, we find a combination θ0 of ω̃j+1 and ω̂q such that νD(θ0) ≤ t̃j . Note
that θ0 should be a combination of ω̃s+1 and ωs+1, in view of the induction
hypothesis.
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• Next, we find a 1-form ω̃j − θ0 which is a combination of

ω̃j+1, ω̃j+2, . . . , ω̃s+1, ωs+1,

in such a way that νD(ω̃j) = t̃j .

Consider Delorme’s decompositions of ω̃j+1 and ω̂q as introduced in Theorem 3.11,
which we write as follows:

ω̃j+1 = µ̃1y
`mj+1ωj + µ̃2x

aj+1ωkmj + η̃, η̃ =

j∑
`=−1

h̃`ω`,

ω̂q = Mωj +Nωknj + η, η =

j∑
`=−1

h`ω`,

where M , N are monomials in such a way that we have the following properties:

• In(ω̃j+1) = µ̃1 In(y`
m
j+1ωj) = µ̃1y

`mj+1 In(ωj). Recall that t̃j+1 = tj +m`mj+1.

• νC(µ̃1y
`mj+1ωj + µ̃2x

aj+1ωkmj ) > νC(y`
m
j+1ωj) = νC(xaj+1ωkmj ) = umj+1 = ũj+1.

Recall that umj+1 = λj +m`mj+1 = λkmj + naj+1.

• νC(h̃`ω`) > ũj+1 = umj+1, for ` = −1, 0, 1, . . . , j.

• In(ω̂q) = In(Mωj) = M In(ωj).

• νC(Mωj +Nωknj ) > νC(Mωj) = νC(Nωknj ) = λj + tmq − tj = vmq−1,j .

• νC(h`ω`) > λj + tmq − tj = vmq−1,j , for ` = −1, 0, 1, . . . , j.

Let us compute the monomials M and N . We have

tmq = νD(ω̂q) = νD(M) + νD(ωj) =⇒ νD(M) = tmq − tj .
By a telescopic argument, we obtain

tmq − tj = tmq − tj+1 + (tj+1 − tj)
= tmq − tj+1 + n`nj+1

= tmq − tj+2 + (tj+2 − tj+1) + n`nj+1

= tmq − tj+2 +m`mj+2 + n`nj+1

= tmq − tj+3 + (tj+3 − tj+2) +m`mj+2 + n`nj+1

= tmq − tj+3 +m(`mj+3 + `mj+2) + n`nj+1

· · ·
= tmq − tq−1 +m(`mq−1 + · · ·+ `mj+3 + `mj+2) + n`nj+1

= m(`mq + `mq−1 + · · ·+ `mj+3 + `mj+2) + n`nj+1.

This implies that M = µ1x
ayb, where

a = `nj+1, b = `mq + `mq−1 + · · ·+ `mj+3 + `mj+2.

Let us now compute the monomial N . We know that

νC(Nωknj ) = νD(N) + λknj = νC(Mωj) = λj + na+mb.

Then, we get
νD(N) = λj − λknj + na+mb.

Recalling that unj+1 = λj + n`nj+1 = λknj +mbj+1, we obtain

νD(N) = λj − λknj + na+mb

= mbj+1 − n`nj+1 + na+mb = m(bj+1 + b).

This implies that N = µ2y
bj+1+b.
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Let us note that b < `mj+1, in view of Corollary 2.32. More precisely, we have that
`mj+1 − b = bq. Now, we consider the 1-form θ0 given by

θ0 = µ1x
aω̃j+1 − µ̃1y

bq ω̂q = µ1x
`nj+1 ω̃j+1 − µ̃1y

bq ω̂q.

We write θ0 = ξ + ζ0, where

ξ = µ1µ̃2x
a+aj+1ωkmj − µ̃1µ2y

bq+b+bj+1ωknj

= µ1µ̃2x
`nj+1+aj+1ωkmj − µ̃1µ2y

`mj+1+bj+1ωknj

and ζ0 =
∑j
`=−1 g

0
` ω` =

∑j
`=−1(µ1x

`nj+1 h̃` − µ̃1y
bqh`)ω`.

In a more general way, given a list of functions f̃ , f in OC2,0, where

f̃ = (f̃j+1, f̃j+2, . . . , f̃s+1),

we write

θf̃ ,f = θ0 +

s+1∑
`=j+1

f̃`ω̃` + fωs+1 = ξ + ζf̃ ,f ∈ Ω1
C2,0[C],

where ζf̃ ,f = ζ0 +
∑s+1
`=j+1 f̃`ω̃` + fωs+1. We also write ζf̃ ,f =

∑s
`=−1 g

f̃ ,f
` ω`. Let us

note that θ0 = θ0,0, ζ0 = ζ0,0, and g0` = g0,0` , for −1 ≤ ` ≤ s.
In order to prove the desired result, we are going to show the existence of a list f̃ , f

such that νD(θf̃ ,f ) = t̃j .
We have two options: uj = unj and uj = umj . Both cases work in a similar way. We

consider the case that uj = unj . Hence, we have tj = tnj , ũj = umj , and t̃j = tmj . By
Proposition 2.27, we know that knj = j − 1 and kmj = kmj−1. We will show that

Lemma 4.16. νD(ξ) = t̃j.

Then, the problem is reduced to finding a list (f̃ , f) such that νD(ζf̃ ,f ) > t̃j .

We say that a list of functions (f̃ , f) is a good list if and only if we have that

νC(gf̃ ,f` ω`) > ũj , for any ` = −1, 0, . . . , j.
We end the proof as a direct consequence of the following lemmas:

Lemma 4.17. The list (f̃ , f) = (0, 0) is a good list.

Lemma 4.18. If (f̃ , f) is a good list, then νD(gf̃ ,f` ω`) > t̃j for −1 ≤ ` ≤ j − 1 and

νD(gf̃ ,fj ωj) 6= t̃j.

Corollary 4.19. Assume that (f̃ , f) is a good list. Then we have that either νD(θf̃ ,f ) =

t̃j or νD(θf̃ ,f ) = νD(gf̃ ,fj ωj) < t̃j.

Lemma 4.20. If (f̃ , f) is a good list and νD(θf̃ ,f ) < t̃j, then there is another good

list (f̃1, f1) such that νD(gf̃
1,f1

j ωj) > νD(gf̃ ,fj ωj).

Indeed, by Lemma 4.17, there is at least one good list. By Lemma 4.18 and
Lemma 4.16 we obtain Corollary 4.19. Now, we apply Lemma 4.20 repeatedly to

get that νD(gf̃ ,fj ωj) ≥ t̃j . Hence, in view of Lemmas 4.16 and 4.17, we get that

νD(gf̃ ,fj ωj) > t̃j and νD(θf̃ ,f ) = t̃j as desired.
The rest of this subsection is devoted to proving the above four Lemmas 4.16, 4.17,

4.18, and 4.20.
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Proof of Lemma 4.16: By Proposition 2.31, the colimits aj+1 and bj+1 satisfy that
bj+1 + `mj+1 = `mj and aj+1 + `nj+1 = aj . Then, we have

ξ = µ1µ̃2x
`nj+1+aj+1ωkmj − µ̃1µ2y

`mj+1+bj+1ωknj

= µ1µ̃2x
ajωkmj−1

− µ̃1µ2y
`mj ωj−1.

Note that νD(y`
m
j ωj−1) = m`mj + tj−1 = tmj = t̃j . Thus, it is enough to show that

νD(xajωkmj−1
) > t̃j = tmj . We have νD(xajωkmj−1

) = naj + tkmj−1
. Since umj = m`mj +

λj−1 = naj + λkmj−1
, in view of Lemma 2.7, we have

naj −m`mj = λj−1 − λkmj−1
> tj−1 − tkmj−1

,

which implies that

νD(xajωkmj−1
) = naj + tkmj−1

> t̃j = tj−1 +m`mj .

We conclude that νD(ξ) = t̃j .

Proof of Lemma 4.17: We have to prove that

νC(g0` ω`) > ũj , for any ` = −1, 0, . . . , j.

Note that g0` ω` = (µ1x
`nj+1 h̃` − µ̃1y

bqh`)ω`. Then, it is enough to show that

νC(x`
n
j+1 h̃`ω`) > ũj and νC(ybqh`ω`) > ũj .

We have

νC(x`
n
j+1 h̃`ω`) = n`nj+1 + νC(h̃`ω`) > n`nj+1 + umj+1 = n`nj+1 + ũj+1

= n`nj+1 + naj+1 + λkmj = n(`nj+1 + aj+1) + λkmj−1

= naj + λkmj−1
= umj = ũj .

Let us now consider νC(ybqh`ω`). We have

νC(ybqh`ω`) > mbq + λj + tmq − tj .
Let us show that mbq +λj + tmq − tj = ũj . Recall that ũj = umj = λj−1 +m`mj . Thus,
we have to prove that

mbq + λj + tmq − tj − λj−1 −m`mj = 0.

Note that knj = j − 1 and then λj − λj−1 = −n`nj+1 +mbj+1. Then we have to verify
that

mbq − n`nj+1 +mbj+1 + tmq − tj −m`mj = 0.

Recalling that tmq − tj = na + mb = n`nj+1 + mb and that bq = `mj+1 − b, we have to
verify that

m(`mj+1 − b)− n`nj+1 + n`nj+1 +mb+mbj+1 −m`mj = 0.

We have to see that bj+1 + `mj+1 = `mj , and this follows from Proposition 2.31.

Proof of Lemma 4.18: Throughout the proof of this lemma, we just write gf̃ ,f` = g`,
in order to simplify the notation.

Let us first show that νD(g`ω`) > t̃j , for any −1 ≤ ` ≤ j−1. Recall that νC(g`ω`) >
ũj and write

νC(g`ω`) = νC(g`) + λ` > ũj = umj = λj−1 +m`mj .

Noting that λj−1 − λ` ≥ tj−1 − t`, in view of Lemma 2.7, we have

νC(g`) + λj−1 > λj−1 + tj−1 − t` +m`mj

and thus we have νC(g`) + t` > tj−1 +m`mj = tmj = t̃j .
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Recall that νC(g`) = νD(g`) when νD(g`) < nm. Noting that t̃j ≤ nm, we conclude
that

νD(g`ω`) = νD(g`) + t` > t̃j ,

as desired.
Let us show that νD(gjωj) 6= t̃j . Assume by contradiction that νD(gjωj) = t̃j .

Recalling that tj = tnj , t̃j = tmj , tnj = tj−1 + n`nj , and tmj = tj−1 +m`mj , we have

νD(gjωj) = t̃j =⇒ νD(gj) + tj = t̃j =⇒ νD(gj) + tnj = tmj

=⇒ νD(gj) + tj−1 + n`nj = tj−1 +m`mj

=⇒ m`mj = νD(gj) + n`nj .

This implies that m`mj ∈ Γ is written in two different ways as a combination of n, m
with nonnegative integer coefficients. This is not possible, since m`mj < nm, in view
of Remark 2.2.

Proof of Lemma 4.20: Assume that f̃ , f is a good list with νD(θf̃ ,f ) < t̃j . Let us find

another good list f̃1, f1 such that

νD(gf̃
1,f1

j ωj) > νD(gf̃ ,fj ωj).

Let us note that νD(θf̃ ,f ) = νD(gf̃ ,fj ωj) < t̃j and, more precisely, we have

W = In(gf̃ ,fj ωj) = In(θf̃ ,f ).

In view of Remark 4.7, there is a decomposition

W = Gs+1Ws+1 +

s+1∑
`=j+1

G̃`W̃`,

where the coefficients are quasi-homogeneous. Moreover, all the 1-forms W , Ws+1, W̃`,
for j + 1 ≤ ` ≤ s + 1 are resonant with divisorial value < nm. We conclude that all
those 1-forms are given by the product of a monomial and the 1-form

m
dx

x
− ndy

y
.

Up to multiplying some of the terms by an appropriate scalar number, we can assume
without loss of generality that all the coefficients Gs+1, G̃j+1, G̃j+2, . . . , G̃s+1 are zero
except exactly one of them. Hence, we have

W = Gs+1Ws+1 or there is `0 such that W = G̃`0W̃`0 .

Let us write S = Ws+1 in the first case and S = W̃`0 in the second one. Then we have

that W = GS, where G = Gs+1 in the first case and G = G̃`0 in the second one.

Now we define the list (f̃1, f1) by

(f̃1
j+1, f̃

1
j+1, . . . , f̃

1
s+1, f

1) = (f̃ , f)− (G̃j+1, G̃j+2, . . . , G̃s+1, Gs+1).

It is a straightforward verification that νD(gf̃
1,f1

j ωj) > νD(gf̃ ,fj ωj).

We just have to verify that (f̃1, f1) is a good list. We do so in the case that
S = Ws+1; the other cases work in a similar way. Note that

ζf̃1,f1 = ζf̃ ,f −Gs+1ωs+1 =

j∑
`=−1

gf̃
1,f1

` ω`.
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Let us consider a Delorme’s decomposition of ωs+1 given by ωs+1 =
∑j
`=−1 c`ω`,

where we know that

• In(ωs+1) = In(cjωj).

• νC(cjωj) ≤ νC(c`ω`), for ` = −1, 0, 1, . . . , j.

Note that gf̃
1,f1

` = gf̃ ,f` −Gs+1c`, for ` = −1, 0, 1, . . . , j. Then, in order to show that
we have a good list, it is enough to show that νC(Gs+1cjωj) > ũj .

We know that νD(gf̃ ,fj ωj) = νD(Gs+1cjωj) < nm, since they share the initial part.
Noting that the divisorial values are under nm, we have

νD(gf̃ ,fj ) = νC(gf̃ ,fj ), νD(Gs+1cj) = νC(Gs+1cj).

We conclude that νC(Gs+1cjωj) = νC(gf̃ ,fj ωj) > ũj , as desired.

5. New discrete analytic invariants

Let π : M → (C2, 0) be the minimal reduction of singularities of a cusp with Puiseux
pair (n,m). We know that π is the composition

π = π1 ◦ π2 ◦ · · · ◦ πN
of blow-ups πj : Mj → Mj−1 centered at points Pj−1 ∈ Mj−1, for j = 1, 2, . . . , N ,
where P0 = 0 ∈ C2. Hence M0 = (C2,0) and MN = M . We also know that each
infinitely near point Pj belongs to the divisor

Dj = π−1
j (Pj−1), j = 1, 2, . . . , N − 1.

We also put D = DN the last divisor of π. Let us denote by Cπ the set of all cusps C
such that π is the minimal reduction of singularities of C.

Remark 5.1. For any Saito basis ω, ω′ of a cusp C ∈ Cπ, we have

νDj (ω) + νDj (ω′) ≤ νDj (xyf), j = 1, 2, . . . , N,

where f = 0 is a reduced equation of the cusp C. Indeed, since ω, ω′ is a Saito basis,
we have

ω ∧ ω′ = uf dx ∧ dy = uxyf

(
dx

x
∧ dy
y

)
,

where u is a unit. The property follows from the fact that

νDj
(ω) + νDj

(ω′) ≤ νDj
(ω ∧ ω′).

Given a divisor Dj , for j = 1, 2, . . . , N , and a cusp C ∈ Cπ, we define the
pair (sDj

(C), s̃Dj
(C)) of Saito multiplicities at Dj by

sDj
(C) = min{νDj

(ω); ω belongs to a Saito basis of C},
s̃Dj (C) = max{νDj (ω); ω belongs to a Saito basis of C}.

Note that sDj
(C) is equal to the minimal divisorial order of the elements of any Saito

basis, whereas s̃Dj
(C) does not follow directly from a given Saito basis.

The pair of Saito multiplicities is an analytic invariant of the cusp C. In [6], the
author introduces an invariant directly related to the first pair (sD1(C), s̃D1(C)).

A natural question is to know if the pairs of Saito multiplicities may be deduced
from the knowledge of the semimodule of differential values. The answer is positive
for the last pair (sD(C), s̃D(C)). On the other hand, we present here an example of
two cusps in Cπ having the same semimodule of differential values such that the first
pairs of Saito multiplicities do not coincide.
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Theorem 5.2. Take C ∈ Cπ, then (sD(C), s̃D(C)) = (ts+1, t̃s+1), where ts+1 and t̃s+1

are the last critical values of the semimodule of differential values of C.

Proof: We know that ωs+1 and ω̃s+1 are a Saito basis of C and

νD(ωs+1) = ts+1 < t̃s+1 = νD(ω̃s+1).

This proves that sD(C) = ts+1 and t̃s+1 ≤ s̃D(C). Now, let ω, ω′ be another Saito
basis, with νD(ω) = ts+1 and νD(ω′) ≥ νD(ω̃s+1) = t̃s+1. Let us write

ω = hωs+1 + h̃ω̃s+1, ω′ = gωs+1 + g̃ω̃s+1,

where δ = hg̃ − gh̃ is a unit in OC2,0. By taking into consideration the divisorial
order νD, we have that νD(h) = 0 and νD(g) > 0; hence h is a unit and g is not a
unit. Since δ is a unit, we have that g̃ is a unit. If νD(ω′) > t̃s+1 = νD(ω̃s+1), we
necessarily have that

νD(gωs+1) = νD(g̃ω̃s+1) = νD(ω̃s+1) = t̃s+1.

Let us see that this is not possible. Assume that ts+1 = ts + n`ns+1 and hence t̃s+1 =
ts +m`ms+1 (the case ts+1 = ts +m`ms+1 is similar). We have

νD(g) + ts+1 = t̃s+1 ⇒ νD(g) + n`ns+1 = m`ms+1.

Noting that νD(g) ∈ Γ, we obtain two different ways of writing m`ms+1 < nm as a linear
combination of n, m with nonnegative integer coefficients. This is a contradiction.

We are now going to present the example of two cusps C1 and C2 corresponding
to the Puiseux pair (7, 36), such that the (common) semimodule of differential values
has a basis B = (7, 36, 123) and such that the Saito pairs of multiplicities with respect
to the first divisor D1 are different for C1 and C2.

Remark 5.3. Let us note that for any 1-form ω, we have

ν0(ω) = νD1
(ω)− 1,

where ν0 means the minimum of the multiplicity of the coefficients of ω.

First example. Consider the cusp C1 invariant for the 1-form

ω = 36x3(7x dy − 36y dx)− 560y3 dy,

with a parametrization φ1(t) = (t7, t36 + t116 + 28
9 t

196 + h.o.t.). The basis of the
semimodule of differential values of C1 is (7, 36, 123), with a minimal standard basis
given by

S = (ω−1 = dx, ω0 = dy, ω1 = 7x dy − 36y dx).

We have un2 = λ1 + n`n2 = λ0 +mb2, that is, 123 + 7`n2 = 36 + 36b2; we obtain that

`n2 = b2 = 3, un2 = 144.

Similarly, we find that

um2 = 231 = 123 + 36`m2 = 7 + 7a2, `m2 = 3, a2 = 32.

Hence u2 = un2 and ũ2 = um2 . Moreover, we have

t2 = tn2 = t1 + n`n2 = 43 + 7 · 3 = 64, t̃2 = tm2 = t1 +m`m2 = 43 + 36 · 3 = 151.

We see that νD(ω) = t2 = 64. Hence we can take ω2 = ω to obtain an extended
standard basis and as being one of the generators of a Saito basis of C1. Notice
that νD1(ω) = 4, since ν0(ω) = 3. We can take ω̃2 to be a 1-form with divisorial
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order νD(ω̃2) = t̃2 = 151 and C1 to be invariant by ω̃2. By Delorme’s decomposition
in Theorem 3.11, we can write ω̃2 as

ω̃2 = y3ω1 + µx32 dx+ η2; η2 = f−1 dx+ f0 dy + f1(7x dy − 36y dx),

for an appropriate constant µ and such that νC1
(f`ω`) > ũ2 = 231, for ` = −1, 0, 1.

Let us compute νD1
(ω̃2). Assume that we have νD1

(f`ω`) > 5, for ` = −1, 0, 1,
then we obtain that νD1(ω̃2) = 5. In view of Remark 5.1, we know that

sD1
(C1) + s̃D1

(C1) ≤ νD1
(xyf) = 7 + 2 = 9.

Thus, we have (sD1
(C1), s̃D1

(C1)) = (4, 5) since the Saito basis ω, ω̃2 gives the maxi-
mal pair (4, 5).

It remains to show that νD1
(f`ω`) > 5, for ` = −1, 0, 1. We consider two situations:

νD(f`) ≥ nm and νD(f`) < nm. In the first situation, we have

ν0(f`) ≥ n = 7.

In the case that νD(f`) < nm, we have

νD(f`) = νC1(f`) > 231− λ`.
Moreover, looking at the monomials in the expression of f`, we obtain

νD(f`) ≤ ν0(f`)m = 36ν0(f`).

Thus, we have

νD1
(f`ω`) =



ν0(f−1) + 1 ≥ νD(f−1)

36
+ 1 >

231− λ−1

36
+ 1 =

260

36
≥ 5, ` = −1,

ν0(f0) + 1 ≥ νD(f0)

36
+ 1 >

231− λ0

36
+ 1 =

231

36
≥ 5, ` = 0,

ν0(f1) + 2 ≥ νD(f1)

36
+ 2 >

231− λ1

36
+ 2 =

180

36
= 5, ` = 1.

Second example. Take the cusp C2 with Puiseux pair (7, 36) invariant by the 1-form

ω′ = 36x3(7x dy − 36y dx)− 560y3 dy + y(7x dy − 36y dx)

and defined by a parametrization as follows:

φ2(t) =

(
t7, t36 + t116 − 4

171
t131 +

1

1782
t146 − 1

72900
t161 + h.o.t.

)
.

The basis of the semimodule of differential values is (7, 36, 123). We can take

S = (ω−1 = dx, ω0 = dy, ω1 = 7x dy − 36y dx)

as a minimal standard basis for C2 (thus, it is the same one as for C1). We repeat
the arguments used for the curve C1. We can take ω′2 = ω′ as one of the genera-
tors of a Saito basis of C2, with νD(ω′) = t2. Again, we obtain a partial standard
system (ω−1, ω0, ω1, ω

′
2 = ω′, ω̃′2), where ω̃′2 can be written as

ω̃′2 = y3ω1 + µ′x32 dx+ η′2; η′2 =

1∑
`=−1

f ′`ω`,

with µ′ being an appropriate constant and νC2
(f ′`ω`) > 231. Thus, again we find that

νD1(f ′`ω`) > 5. We have that νD1(ω̃′2) = 5.
Now, we have

(νD1
(ω′), νD1

(ω̃′2)) = (3, 5).

This implies that sD1(C2) = 3 < 4 = sD1(C1). Hence the Saito pairs of multiplicities
for C1 and C2 are different.
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Moreover, the pair (3, 5) is not maximal yet: the 1-form η = ω̃′2 − y2ω′2 satisfies
that {η, ω′2} is a Saito basis and νD1(η) = 6. Hence the Saito pair of multiplicities for
the first divisor and the cusp C2 is equal to (sD1(C2), s̃D1(C2)) = (3, 6).

Remark 5.4. Given a plane curve S ⊂ (C2,0) and a finite sequence of blow-ups

σ : M −→ (C2,0)

with last exceptional divisor D, we can define in a similar way the Saito pair of
multiplicities (sD(S), s̃D(S)). In this way we have infinitely many analytic invariants
of S. An interesting question would be to describe the set of these invariants as a
subset of the moduli of plane curves given in [10].
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