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SAITO BASES AND STANDARD BASES FOR PLANE CURVES
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Abstract: In this paper we describe how to compute a Saito basis of a cusp, a plane curve with only
one Puiseux pair. Moreover, the 1-forms of the Saito basis that we obtain are characterized in terms
of their divisorial orders associated to the “cuspidal” divisor of the minimal reduction of singularities
of the cusp. We also introduce a new family of analytic invariants for plane curves computed in terms
of Saito bases.
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1. Introduction

Let C be a plane curve in (C?,0) and consider the O¢z g-module Q}CQ’O[C] of holo-
morphic 1-forms which have the curve C invariant. In [13], K. Saito proved that
Q<1c2,0[0] is a free module of rank 2 and a basis of Qf. ([C] is called a Saito basis for
the curve C. The objective of this paper is to compute a Saito basis for a curve C
with only one Puiseux pair. Moreover, the 1-forms of the Saito basis that we compute
are characterized in terms of their critical values. Let us clarify the statements.

Consider an irreducible plane curve C in (C2,0) and let ¢(¢) be a primitive
parametrization of C'. Given h € Og¢z o, we denote vo(h) = ord.(h(4(t))). Recall
that the semigroup I' of C, defined as

T = {vo(h) : h € O 0},

is equivalent to the equisingularity data of the curve C. Given a 1-form w € Qéz 0> We
denote vo(w) = ords(a(t)) + 1 with ¢*(w) = a(t) dt. The set of differential values A
of the curve C, defined as

A={vc(w):we Q(lcz’oh

is a I'-semimodule and A is an analytic invariant of the curve C. There exists a basis
of A, that is, a strictly increasing sequence B = (A_1, Ag, A1, ..., As) of elements of A,

with s minimal, such that
S

A= J+D).
i=—1
A set of 1-forms (w_1,wp, w1, .. .,ws) such that vo(w;) = A, for —1 < i < s, is called
a minimal standard basis of the curve C.

Assume now that C' is a cusp, that is, an irreducible curve with a single Puiseux
pair (n,m), with 2 < n < m and ged(n,m) = 1. In this situation, the semigroup of
the curve C is equal to I' = nZ>¢ + mZx>o, and we say that I' is cuspidal and that
A is a cuspidal semimodule. Let us introduce some structural values associated to A.
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The basis of the semimodule A allows us to define a chain A_; CAg C A C---C
As = A with A; = Uy (M + 1), for i = —1,0,1,...,s, such that \; € A;_; for
i =0,1,...,s. The azes u, u", u;, and u; of I' are defined as

up =min{A;_1+nleN_2:£>1}, u* =min{\_1+mleN;_o:¢>1},

7

w; = minfuf', "}, i, = max{ul’, u}"},

with 1 <4 < s+ 1, and the critical values t7', t7", t;, t; are given by t_1 = A_; = n,
to = Ap = m, and

th =tic1tud — N1, =ttt — A,

t; = min{¢!', t"}, t; = max{t!, ™

1Y% S

for 1 < i < s+1. Note that the semimodule A of a cusp is increasing, which means that
Ai > u; for 1 < i < s (see [5]). In a previous work [4], we have proved that these values
allow us to characterize the elements of an extended standard basis of the curve C,
that is, a set of 1-forms & = (w_1,wp, w1, .- .,ws,ws+1) such that w_1,wp, w1, ...,ws
is a minimal standard basis of C' and w1 is a 1-form with C' as an invariant curve
(vo(wsy1) = o0) and divisorial order with respect to the cuspidal divisor equal to s 1.

Let us recall the notion of a divisorial order. Consider any sequence w: M —
(C2%,0) of point blow-ups and let D C 7~1(0) be an irreducible component of the
exceptional divisor. Given a point € D, we can take coordinates (u,v) at @ such
that D = (u = 0) and, for any h € O¢z2 9, we can write fon = uPh, locally at Q,
such that u does not divide k. We define the divisorial order vp(h) with respect to
the divisor D by vp(h) = 8. Given a l-form w € Q(%:270, that can be written as w =
a(z,y) dx + b(x,y) dy, where (z,y) are coordinates in (C2,0), we define the divisorial
order vp(w) of w with respect to the divisor D by vp(w) = min{vp(za),vp(yb)}.

If C is a cusp, we can consider the minimal reduction of singularities 7¢: M —
(C2%,0) and we denote by D¢ the “cuspidal divisor”, that is, the only irreducible com-
ponent of 7' (0) such that the strict transform of C intersects D¢ . In this situation, if
(z,y) are adapted coordinates for C, the divisorial order with respect to the divisor Do
is a monomial order since it can be computed as vp. (k) = min{ni +mj : h;; # 0}
where h(z,y) =3, ;5o hijaiyl.

Now we can state the main result of this article.

Theorem 1.1. Let C be a curve in (C?,0) with only one Puiseuz pair and B =
(A—1, X0, A1, .-, As) be the basis of the semimodule A of differential values for C.

There exist two 1-forms wsi1, Ws1 having C' as an invariant curve and such that

VDo (Wst1) = tst1s VDo (@st1) = tst1,

where to1 and tyy 1 are the last critical values of A.
Moreover, for any pair of 1-forms as above, the set {ws11,0s+1} 45 a Saito basis

for C.

The proof of the existence of the 1-forms in the theorem above is done in a con-
structive way.

The notion of a divisorial order with respect to a divisor allows us to introduce a
new analytic invariant of any plane curve (which is not necessarily a cusp). Given a
divisor D as above, we define the pair (sp(C),5p(C)) of Saito multiplicities at D by

sp(C) = min{rp(w); w belongs to a Saito basis of C'},
5p(C) = max{vp(w); w belongs to a Saito basis of C'}.
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Then the pair (sp(C),5p(C)) is an analytic invariant of any plane curve C in (C?,0).
In [6, pp. 8-9], Y. Genzmer introduces an analytic invariant of a curve C directly
related to the pair (sp, (C),5p, (C)) associated to the divisor D; which appears after
one blow-up. More precisely, he proves that the pair of multiplicities (vo(w), vo(@)),
where {w,®} is a Saito basis for C, with vy(w) < vo(@) and such that vo(w) + v (@)
is maximal, is an analytic invariant for the curve C. Note that the multiplicity at the
origin of a 1-form w can also be computed as vy(w) = vp, (w) — 1.

The pair (sp.(C),5p,(C)) is determined in terms of the critical values of the
semimodule. More precisely,

Theorem 1.2. Let C be a cusp in (C?,0). Then we have
(5Dc (O)ngc (C)) = (ts—&-lafs-‘rl))

where ts11 and t~5+1 are the last critical values of the semimodule of differential values
of the curve C.

However, we give an example of two cusps C7 and Cy with the same semimodule
of differential values but with (sp,(C1),8p,(C1)) # (sp, (C2),5p, (C2)).

The structure of the semimodule A of differential values of a plane curve plays a key
role in the proofs of the results of this article. In [15], O. Zariski pointed out the im-
portance of the semimodule A in the analytic classification of plane curves. The work
of Zariski was based on the computation of the simplest possible parametrizations of
irreducible plane curves. Following these ideas, C. Delorme described the structure of
the semimodule of differential values for a curve with only one Puiseux pair (see [5]).
The complete analytic classification of irreducible plane curves was given by A. Hefez
and M. E. Hernandes in 2011 ([10], see also [11]). Recently, M. E. Hernandes and
M. E. R. Hernandes have given the analytic classification of plane curves in the general
case ([12]).

Some analytic invariants of a plane curve can be computed from the semimod-
ule A. For instance, the Milnor p(C) and Tjurina number 7(C) of an irreducible
plane curve C can be computed as u(C) — 7(C) = #(A\T) (see [3, 14]). In [9],
Y. Genzmer and M. E. Hernandes compute the difference pu(C) — 7(C) for an irre-
ducible plane curve C' when C admits a Saito basis of a special kind called a good
Saito basis. In some recent works, Y. Genzmer describes invariants associated to the
Saito module to compute the generic dimension of the moduli space of a curve C
(see [6, 7, 8]).

The article is organized as follows. In Section 2, we describe the structure of a
cuspidal increasing semimodule extending some results obtained in [4]. In Section 3,
we generalize the decomposition given by Delorme in [5] (see also [4]) of the elements
of a minimal standard basis of a cusp.

The proof of the main result of the paper is given in Section 4. We introduce
the notion of a standard system (€, F) for a cusp which is the data of an extended
standard basis £ = (w_1, wo, w1, .. .,ws,ws+1) and a family F = (&1, Dg, . .., Os, Ds11)
of 1-forms with divisorial order vp, (&%) = ¢; and such that C is an invariant curve
of each @, 1 < j < s+ 1. Given a standard system (€, F), we have that the set T =
{wst1,@1,@2,..., D541} is a generator system of the Saito Ogz g-module Q(1C270[O]
(see Proposition 4.8). We show the existence of 1-forms wsi1, @s41 having C' as an
invariant curve and with divisorial values vp, (wsy1) = ts11 and vp, (@sr1) = tsy1-
Then, given two 1-forms wsy1 and wsy1 as above, we prove that it is possible to
construct a special standard system that contains wsy1 and wsy1, that is, a standard



206 F. CaNo, N. CORRAL, D. SENOVILLA-SANZ

system such that the 1-forms @;, 1 <i < s, can be written in terms of w1 and @511
(see Proposition 4.9). Finally, we prove that the generator system T of Q%:270[C’] can
be reduced to obtain a basis with the properties given in Theorem 1.1.

The last section of the paper is devoted to introducing the analytic invariants given
by the pair of Saito multiplicities at a divisor and we prove Theorem 1.2. Finally, we
describe the examples which show that the Saito pairs of multiplicities with respect
to the first divisor are not determined by the semimodule of differential values of the
curve.

2. Structure of cuspidal semimodules

In this section we extend the description given in [4] of the structure of a cuspidal
increasing semimodule.

Take I' C Z>o an additive numerical semigroup, that is, I" is a monoid generated
by <BO7Bl7"'7Bg> with gcd(Bo,...,Bg) = 1. A set A C Zxq is a I'-semimodule if
Y+ A€ AforalyeTI and A € A. The basis of a I'-semimodule A is the only
increasing sequence

B = ()\—1; A07 >‘17 RN )\9)
satisfying that A = J;__,(A\; + ') and that A\; ¢ A,;_q, for any j =0,1,...,s, where

A= UZ=_1(/\I€+F)7 fori = —1,0,1,...,s. The basis induces the decomposition chain
of A:

F-f—)\,l:A,lCA()CAlC"'CAS:A,

where each A; is a semimodule with basis B; = (A_1, Ao, A1,..., A;), fori = —1,0,...,s.
When A_; = 0, we say that A is a normalized semimodule. The number s above is
called the length of the semimodule A.

Denote n = min(I" \ {0}). Given the basis B = (A_1, Ag, A\1,...,As), we have that
Ai #7 A; mod n. Hence, the length s is bounded by n — 2.

We say that a numerical semigroup I' is cuspidal if it is generated by two coprime
integer numbers n, m, with 2 < n < m. A I'-semimodule A is cuspidal when I is
cuspidal. From now on, we fix a cuspidal semigroup I', and we denote by n < m its
generators.

Any cuspidal semimodule A has an element ¢y € A which is the minimum one
satisfying the property that for every integer k& > cp, we have that k € A. The
element ¢y is called the conductor of A. In the case A = I', the conductor takes the
value cr = (n—1)(m —1). Furthermore, since A; C Aj;1, then ¢y, > ca,.,. Note that
if A is normalized, we have that A_; = I" and in this case we have that ¢y < cr.

2.1. Axes, limits, and critical values. Let us introduce here some structural
values for a cuspidal semimodule A with basis B = (A_1, Ao, A1, -+, As)-
For 1 <i < s+ 1, we define the azes u}', u*, u;, and @; of A as follows:
o ul =min{\;_1 +nl € A;_o; £ >1}. We write ul! = ;1 + nl?.
o u" =min{\;_1 +ml € A;_5; £ > 1}. Similarly, we put u” = \;_1 + me}™.
o u; = min{u?, v} and @; = max{ul’, ul"}.

The numbers ¢;' and ¢;* are called limits of A.
Remark 2.1. If we consider the semimodule A’ = A— )\, the new basis and the axes are

shifted by A and we obtain the same limits as for A. This is particularly interesting
when A = A_; and hence A’ is a normalized semimodule.
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Remark 2.2. Let us note that 1 < /" < n and that 1 < £ < m. To see this we
can suppose that A is normalized and thus cy;, < cr = (n —1)(m — 1) for any j =
—1,0,1,...,s. Assume that ¢]* > n; we have

Aic1+mr—1)>(n—1)m>cr >cap,_,.
Then A;_1 +m(€f* —1) € A;_, in contradiction with the minimality of ¢/*. A similar
argument proves that £ < m.

Remark 2.3. Notice that u]' # u]* for each index 1 <4 < s+ 1. Indeed, if u]’ = u]",
then nf} = mf" and, since n and m are coprime, we must have ¢} = mk for a positive
integer k and hence £} > m, which is a contradiction.

Lemma 2.4. Let A be a cuspidal semimodule of length s. Take 1 < i < s+ 1. If
Ai—1 +na+mb e Ao with a,b € Z>q, then either a > £} or b > £,

Proof: (See also [4, Lemma 6.9].) By definition, we have
Aic1+na+mb=X\.+nc+md, r<i-—1,

where ¢, d are nonnegative integers. We proceed by induction on o = ac + bd > 0.
If a = 0, then ac = bd = 0. This implies that ab = 0, otherwise, ab # 0 and hence
c=d =0, that is,
Ni—1 +na+mb= A\,

which is a contradiction because A\, < \;_1. Now if a = 0, we end by the minimality
of /" and, similarly, if b = 0, we end by the minimality of £}

Assume that @ > 0. Then ac # 0 or bd # 0. If ac # 0, let us put @’ =a—1>0
and ¢ =c—1> 0. We have

Xi—1 +na’ +mb= X\ +nc +md,
and we finish by the induction hypothesis. We apply a similar argument if bd # 0. O

For -1 <4 < s+ 1, we define inductively the critical values t}, t7*, t;, and i,
for =1 <i<s+1 by putting t_; = A_; and ty = A9 and

t? =t;_1+ né?, tzm =t;_1+ mK{”,

t; = min{t?, ¢}, {; = max{t?, t"},

1<1<s+ 1.

Remark 2.5. Noting that nf]' = u} — \;_; and mf® = u]” — \;_1, we see that:

t =t + (u —Ni—1), "=t + (v — Xi—1),

ti=ti—1+ (ui —Ni—1),  ti=ti1 + (U — Ni—1)-

Definition 2.6. We say that the cuspidal semimodule A is increasing if A; > u; for
any 1 <7 <s.

Notice that if A is increasing, then each A; is also increasing for 1 < i < s. The
notion of an increasing semimodule was introduced in [1].

Lemma 2.7. Let A be an increasing cuspidal semimodule. For any index 1 <1i < s,
we obtain A\ — X\j > t; —t; for =1 < j <.
Proof: (See also [4, Lemma 7.10].) By a telescopic argument, it is enough to prove
the following statements:

o N\, — N1 >t —t_1forl1<r<s.

L] )\0 — )\,1 > to —1_.
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The second statement is straightforward since t_1 = A_1 and tg = Ag. Let us prove
that A, — A1 >t —t,_1 for 1 <r <s.
The inequality A\, — A\._1 > t, — t,._1 is equivalent to

tr =t 1+ Ur — Ap1 > tp + U — Ay

This last inequality is equivalent to A, > wu,. Hence, we get the result since A is
increasing. O

Corollary 2.8. Let A be an increasing cuspidal semimodule. For any 1 < i < s, we
have

n n m m
up g >ty and uiyy, >t .

Proof: Recalling that ¢}, = u,; — (\; —t;), it is enough to prove that A\; —t; > 0.
In view of Lemma 2.7 and putting j = —1, we have that \; —¢; > A1 —t_1 =0. O

Remark 2.9. The property of being increasing is true for cuspidal semimodules cor-
responding to the differential values of analytic branches of cusps (see [5, Lemme 12]
and [4, Theorem 7.13]). Note that the semimodule of a branch with more than one
Puiseux pair (that is, with genus greater than or equal to 2) is not increasing in gen-
eral. For these reasons, we mainly consider increasing cuspidal semimodules in this
paper.

2.2. Circular intervals. The circular intervals we describe here are useful for un-
derstanding the distribution of the elements of an increasing cuspidal semimodule.
The notion of a circular interval was introduced in [4]. We are going to consider the
unit circle St € C as a clock with n-hours as we explain below.

Let e: R — S' be the map given by

(1) = exp <M)

n
We define the n-clock S} to be SL = £(Z). Note that there is a bijection
c: Z/nZ — S}
given by c(k + nZ) = e(k). More than that, the bijection ¢ is an isomorphism of
abelian groups, where S, C C has the induced multiplicative structure coming from
the complex numbers C. Note that
c((k +nZ) + (K +nZ)) = e(k)e(k).
In particular ¢(k + 1+ nZ) = e(k)e(1).
Notation 2.10. In order to visualize better the arithmetic of the abelian multiplica-
tive group S}, we introduce the following notations:
e(k) =ke, e(k)e(k') =ke+ kL.
Note that there is no confusion possible with the addition in C. For instance, we have

(-D)e=(n—-1)e, (k+1)c=k.+1and (k—1)c =ke —1c = ke + (n — 1)..

Let us consider two points P,@Q € SL. There are o € Z and an integer number 3
with 0 < 8 < n —1 such that P = ¢(«) and @ = e(a + (). This number S, with 0 <
B < n —1, does not depend on the chosen « such that P = («) and we call it the
separation S(P, Q) from P to Q. That is, if P = e(a), we have that Q = e(a+S(P,Q)).
We have that S(P, P) = 0 and that

S(P,Q)+5(Q,P)=n, ifQ#P.
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We define the circular interval (P, Q) to be
(P,Q) ={e(a+k); k=0,1,...,S(P,Q)} CS}.
Note that if P # Q, we get
(P,Q)U(Q.P)=S,, (P,Q)N(Q.P)={P,Q}.
Remark 2.11. Given three points P,Q, R € S} with P # @Q and such that
Re(P,Q),
we have that S(P,Q) = S(P,R) + S(R,Q) <n—1.

Consider a list B = (z_1, 20, 21, . .., 2s) of two by two distinct points z; € S},
with s > 0. For any index 0 < i < s, we define the i-left bound b%(B) and the i-right
bound b} (B) of B to be integer numbers with

~1<bi(B),bj(B) <i—1
and such that the following holds:
o If k= bi(B), then S(zk,2;) < S(zq,2i), for any —1<gq <i— 1.
o If k = bj(B), then S(z;,2;) < S(2i,24), forany —1<g<i—1.

Remark 2.12. Denote k = b%(B) and k = b/ (B). The bounds are the integer num-
bers k, k with —1 < k,k < i — 1 defined by the two following properties:

(a) z € (zk,25)- )

(b) If z; € (zk,2;) with —1 < j <, then j € {i,k, k}.

2.3. Circular intervals in a cuspidal semimodule. Let us recall that I is the
semigroup generated by n, m, with 2 <n < m, and n, m are without common factors.

Let p: Z — Z/nZ be the quotient map, which we also denote by p(k) = k. Since
(n,m) =1, the class 7 is a unit in Z/nZ, thus, we have a ring isomorphism

-k
§:Z/n7 — Z/nZ, E(k)=—.
m

Throughout this paper, we consider the map (: Z — S} defined by ((k) = (cofop)(k).
Let us note that ((k + an) = ((k) and that ((mk) = (k) = k..

Consider the intervals I, = {ng,ng+ 1,...,ng +n — 1} C Z, with ¢ € Z. For a
set S C Z, we define the g-level set R,(S) by

R,(S) = ¢(SN1,) C Sl

Remark 2.13. If S C Z satisfies the property that n+SN1I,_; C SNI,, we have that
Ry_1(S) C Ry(S). This is the case of cuspidal semimodules.

Let us consider a cuspidal semimodule A of length s > 0 with basis
B=(A_1,20,A1,--.,As).
We see the basis B in the clock S as B = ((B) = (2_1, 20, 21, - - - , 2s), where we have
that z; = ((\;), for j = —-1,0,1,...,s.

Note that z; # z; if i # j. Indeed, saying that z; = z; means that A\; — \; € nZ,
which is not possible in view of the definition of a basis.

Take an index 1 < ¢ < s+ 1. We define the tops ¢* and ¢]* of A by the property
that ui' € Ip» and uj™ € Igm. We also define the tops g; and ¢; to be such that u; € I,
and @; € Ig,. Recall that

{uf wi"t = {ui, 0}

As a consequence, we have that {¢7", ¢} = {q, ¢ }. Note that ¢; < §;, since u; < ;.
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We also need to consider the integers v; that indicate the first levels R,, (A) such
that z; € Ry, (A). In other words, each v; is defined by the property that A; € I,,, for
i=-1,0,1,...,s.

The following statements concern the properties of being circular intervals for the
levels of A and some derived properties of the conductor.

Lemma 2.14 ([4, Lemma A.3]). Given u € Z, the set Ry(u+1T") is a circular interval
for all g € Z (up to considering the empty set as a circular interval).

Proposition 2.15 ([4, Proposition A.5]). Assume that A is normalized (that is,
A1 =0) and that Rq(As_1) is a circular interval for anyg > vs. We have

(a) <05725_15> CRq(A371)7 fOT’Qquﬂ -1
(b) <st(n_1)8> CRQ(A)7 fOTQquJLrl_l-
In particular, we obtain that Ry(A) =S} for any ¢ > gs+1 — 1.

Proposition 2.16 ([4, Proposition A.6]). Assume that A is normalized and increas-
ing. Then Rq(A) is a circular interval for any q > qs41.

Corollary 2.17. Assume that A is normalized and increasing. Then sy > cp +n,
where cp is the conductor of A.

Proof: (See also [4, Corollary A.7].) First, let us show that R,(As_1) is a circular
interval for g > vs.

If s = 0, we have that A;_; = A_; =T, and we apply Lemma 2.14 by taking
p = 0. Assume now that s > 1. By Proposition 2.16, we know that R,(As_1) is
a circular interval for any ¢ > ¢,. Moreover, we have that Ay > us since A is an
increasing semimodule. This implies that vs > g5, hence we get that Ry(As—1) is a
circular interval for any ¢ > v, as desired.

We end the proof as follows. By Proposition 2.15, we have that R,(A) = S}, for
any ¢ > §s+1 — 1. This implies that we have k € A for any k > ngs4+1 — n, and hence
ngs+1 — n > cp. Finally, by definition of the tops, we have ts41 > ngs+1 and we get
the result. O

Remark 2.18. Notice that Propositions 2.15 and 2.16 and Corollary 2.17 are also true
for increasing cuspidal semimodules such that A_; is a multiple nk of n. Indeed, in
this case, we obtain the desired statements by applying the propositions to A — nk.

2.4. Distribution of the elements of the basis. Throughout this section, we
consider a cuspidal semimodule A of length s > 0 with basis B, that we read in the
clock S} as B = ((B) as in the previous section. We are going to describe a pattern
for the distribution of the points z; in

B = (2-1,20,21--+,2s)
by computing the bounds b{(B) and b} (B) of B in terms of the axes u?, ; and uf},.
Lemma 2.19. For any 0 < i < s, there are unique integer numbers k' and k" such
that
(a) —1 < kP k™ <i—1.
(b) There is bit1 > 0 such that uj,; = X\i +nl | = A\gn + mbiy 1.
(c) There is ajr1 > 0 such that ujy; = N\j +mly} ) = Agm + najqg.
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Proof: The existence of k}' and k] comes from the definition of axes and limits. Let
us show their uniqueness. Assume that there is another k # k' with —1 <k <i—1
and a natural number b such that

’LL?+1 =\ + n€?+1 = )\k? + mbi+1 = A\ + mb.
Then either A\, € (A\g» +T) or A\gn € (A +1T'), in contradiction with the definition of
a basis. The uniqueness of k" is shown in the same way. O

The numbers b; 1 and a;11 are the colimits of A.

Notation 2.20. We denote by k; and ,Z;'Z the following numbers:

n o — n n i — n
b {kzl ;o ifup =g, . {kl , il = u g,
(. (A

m 3 J— m . m 3 7 — m
kv ifugpr = uig ko if G = iy,

Remark 2.21. Note that 1 < b; 11 < n. To see this, it is enough to consider the case
of a normalized A. Indeed, if ;11 > n, we have

Ai +n(li, —1) = Agn +mbip —n > (m—1)n>cr >ca,_,.
Thus \; +n (£, — 1) € A;_1, in contradiction with the minimality of £}, ;. Now, as
a consequence, we have that the separation S(zxy, 2;) is given by S(zkr,2i) = biy1.
Recalling that 1 < £]}; < n, see Remark 2.2, we have that the separation S(z;, zk;n)
is given by S(z;, zkm) = €]} 4.

Example 2.22. Take the semimodule A = I"\ {0}. The basis of A is B = (n,m).
Note that A_; = n and A\g = m, and thus we have A_; = n+T and Ag = A =T\ {0}.

The limit ¢} is the smallest positive integer such that

m+nly =Xo+nlf € Ay =n+T.

After solving the equation m+nf} = n-+mb;, we obtain that {7 =1 = b;. Moreover,
we have uf =n+m = t7.

In the same way, in order to compute ¢1*, we solve m + mf{* = n + na;, obtaining
7 =mn—1and a; = m — 1. Therefore, u* = nm = ¢". .

We conclude that uqy = ul = n+m, 41 = uf* = nm, t; = t}, and t; = t7*. As
expected, we have that k' = ki = —1, which are the 0-bounds of the list

B = (067 18) = (Z—lazo)

(note that ¢(m) = 1.).

Any cuspidal semimodule A with basis (n,m,...) has the same first axes, first
critical values, first limits, first colimits, and 0-bounds as the ones computed above,
since their computation depends only on Ag =T\ {0}.

Lemma 2.23. Consider 0 < i < s and take integer numbers —1 < k, k' <1 —1
with k # k'. Assume that we have the following equalities:

(1) Xi +ne =X, +mb; X\ +ne =\ +mb,
where e, e’ € Z and 0 < b, b’ < mn. Then we have that e < €' if and only if b < V'.
Proof: Equations (1) lead us to

Ak = M +nle—é') +m(b —b),

M = Mg + (e —e) +m(b—1b).

Note that A\ ¢ A\ + T and Apr ¢ A\ + T since A\, and Ay are different elements of
the basis of A. We conclude that b < b if and only if e < ¢’. O
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Proposition 2.24. Consider 0 < ¢ < s and take integer numbers —1 < k, k' <1—1,
with k # k'. We have
(a) Assume that \; + ne = A + mb, \; + ne’ = Ay + mb’, where e,e’ € Z and
0<bb <n. Thene <e < N\ +ne< X +ne & Sz, 2) < S(zir,z). In
particular, taking k = k', we have S(z,,,2;) < S(zw, 2;).
(b) Assume that A\; + mf = A\ + na, X; + mf' = A\ + nd’, where a,a’ € Z and
0L f,f'<n. Then f < f' e X +mf <\i+mf < S(z,21) < S(zi,210). In

particular, taking k = k", we have S(2;,2,,,) < S(2i, 21 ).

Proof: Notice that S(z;,2r) = f and S(z;,2x) = f'; this proves the second state-
ment. For the first statement, we apply Lemma 2.23, by noting that S(z,2;) = b
and S(zp,2;) =V O

Corollary 2.25. We have that kI' = b¢(B) and k™ = b (B) for 0 <i < s.

Remark 2.26. Take an integer number A € Z. Then B’ = A\+B is the basis of A’ = A\+A
and B’ = ((B') = B + A.. Thus, the bounds of B’ are the same ones as the bounds
of B. Anyway, the axes for A’ are the ones of A shifted by \; this implies also that
bounds, limits, and colimits coincide for both semimodules.

For the particular case when the semimodule A is increasing, we can give a more
accurate description of the bounds, as shown in the next proposition:

Proposition 2.27. Assume that A is increasing and take 1 <1i < s. We have
(a) Ifu; =ul, then kP =i —1 and k* = k.
(b) Ifu; = ul™, then kI = kI | and k" =i — 1.

Proof: In view of Remark 2.26, it is enough to consider the normalized case A_; = 0.
Let us do the proof of (a); the proof of (b) is similar and we do not explicate it. Thus,
we take the assumption that u; = u}.

First, let us suppose that i = 1. By considering the bounds in the list (z_1, 20, 21),
we deduce that &} = kJ' = —1 and either z; € (z_1, z9) or 21 € (20, 2-1). Let us show
that we actually have that z; € (z0,2_1); this gives k7 = 0 and k7" = —1 as desired.

Since A_; = I', we have that R,(A_1) is a circular interval for ¢ > 0, due to
Lemma 2.14. Recall that u} = u; € I;,. Noting that z_; = 0. and applying Proposi-
tion 2.15, we have

(z-1,20 = 1) CRy(Ay), q¢>2qf —1=q — 1

On the other hand, we have that zp € R;(Ag) for any ¢ > ¢1 since A\g < w1 and hence
vg < ¢1. Thus, we have (z_1, z0) C Rq, (Ag). Note that A; > uy, since A is increasing;
this implies that 21 ¢ Ry, (Ao) and thus we necessarily have that z; € (29, 2_1).

Now, assume that ¢ > 1. Our first step is to show that z; € <Zk?;1vz’f?il>' By
Proposition 2.16, we have that R, (A;_2) is a circular interval for ¢ > ¢;—1. Since 2k,
and zpm  belong to Ry, _, (Ai—2), we have

either <Zk;1172k511> C Ry, ,(Aj—2) or <Zk;11,zk;;1> C Ry, (Miss).
Noting that z;—1 ¢ Ry,_,(Ai—2) and z;_1 € (zx» , 2k, ), we conclude
<Zkfzril7zk?71> - quﬂ (Ai—2)-

Noting also that z; ¢ R,,_, (A;—2), we obtain that z; € (zxr ,2zgm ), as desired.
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Thus, we have z;,2;_1 € <Zk?_1 ) 2k 1} and hence there are two possibilities: either
2 € {zgn |, 2i—1) or z; € (2i—1,2km ). Let us show that z; € (2,1, zxm ) holds, which
ends the proof. By Proposition 2.15, we have

(0c,2i-1 — 1) C Ry, —1(Ai—2) C Ry —1(Ai—1).
Since #z;—1 € Rg;(Ai—1), we have that (0, z;—1) C Ry, (Ai—1). Recalling that k' ; =
b¢_,(B), we necessarily have that zgn | € (0c, 2;1), noting that 0. = z_;. Hence, we
have
<Zk17171 R Zi_1> C qu (Ai—l)-

Since z; ¢ Ry, (Ai—1), we obtain that z; € (z,_1, zk£1> as desired. O

Remark 2.28. Note that Proposition 2.27 implies the following statements:
(a) If kI =i —1, then u; = ul.
(b) If " =i —1, then u; = u™.
Indeed, we have that i — 1 € {kI', k" }; if kI = ¢ — 1, then necessarily k™ # i — 1 (note

that ¢ > 1) and we are in the situation of the first statement of Proposition 2.27. A
similar argument applies when k" =14 — 1.

2.5. Relations between parameters. Let A be an increasing cuspidal semimodule
with basis B = (A_1, Ao, A\1,...,As) and let us denote

B =((B) = (z-1,20,21, .- - 2s).

In this section we describe inductive features of axes, limits, and colimits of A.

Lemma 2.29. Take 1 <k <i<s+1. We have:
(a) The azes and the critical values u;, t; satisfy that u; > up and t; > ty.
(b) The azves and the critical values ii;, t; satisfy that @; < @y and t; < ty.

Proof: It is enough to consider the case k =17 — 1.

Let us prove property (a). By definition of the axes, we have that u; > A;_1. Since
the semimodule is increasing, we have that \;_; > wu;—1. We get that u; > wu;_1.
Moreover, by Remark 2.5, we see that

ti=ti1+ (ui — Nic1) > ti1.
This ends the proof of property (a).

Let us prove property (b). We do it for the case that @; = ul = \;_1 + nl?; the
proof for the case #; = u}"* is done in a similar way. By Proposition 2.27, there are
two cases: either k' ; =4 — 2 or k], =i — 2. We shall see that 4; < %;—; and that
t; < t;_; simultaneously in each of the cases above.

Case k' | =i —2. By Remark 2.28, we see that u;_1 = u}* ; and %;—1 = u}" ;. Hence
we can write:

(2) ﬂl = U;ﬂ = )\i,1 + TLKZZ = )\i,Q —+ mbi,

(3) Uj—q = u?ﬁl =\_9o+ méi’il = Ap +na;_1, with k<i—2.

In order to see that u; < @;_1, we need to show that b; < ;" ;. To do this, we are
going to exclude the possibility b; > £ :

o If /™, = b;, we deduce that @;—; = @; from equations (2) and (3). Hence, we

have
Uy = N—1 —l—nﬁ?:)\k—&—nai,l =Ui_1, k<i—2.
Then p(Ai—1) = p(Ax) € Z/nZ, contradicting the fact that B is a basis.
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o If /1", < b;, by equation (2) and Corollary 2.17, we have
U—n=XN_1+nl —1)=X_a+mb—n>X_o+ml, +m—n
=Uj_1+m—n>cp,_,+m>cp, ,.
We get that A\j_1 +n(f —1) > ca
dicting the minimality of ¢}
We conclude that b; < £, and then we have that @; < #;_1, in the case k' { =i —2.

Let us see now that ¢; < £;_; in this case kT ; =14 —2. From equations (2) and (3),
using the fact that @; < 4;_; and the increasing semimodule property, we have

i—2

and thus \;_1 +n(¢f — 1) € A;_o, contra-

Aico +ml = U1 > Uy = Ni—1 +nll > ui—1 +nly.

Consequently, m€* | > u;—1 — A\j—2 + nf} and

tiig=tio+mlly >tio+ui 1 — Nig+nll =t | +nll =1,
This ends the proof that t; < t;_1 in this case.
Case k" | =i — 2. Note that @;_1 = u}’ | and k' | = k' , in view of Remark 2.28
and Proposition 2.27. Thus, we can write
(4) Uy = up = Xi—1 +nll = A\ + mb;, with k =k | = k' o <i-—2,
(5)  Ui—1 =uiq =Ni—o+nly | =Xy +mbi—1, withk=4k', <i—2.
Let us proceed in a similar way as before to show that b;_1 > b;:

e Assume that b;_; = b;. Then p(\;_1) = p(Ai—2), which is not possible.
e Assume that b;_1 < b;. Then, we have

U —n=XN_1+nl} —1)=X g +mb, —n
> M+ (b —1)m=1a;—1+ (b —bi—1 — 1)m
> Uim1 Z N+ A,y
Then A;—1 +n(f} — 1) € A;,_5, in contradiction with the minimality of £}
We conclude that b;—1 > b; and thus @;—1 > ;.

Let us see now that #; < #;_ in this case k™, = i — 2. From equations (4) and (5),
using the fact that @; < @;—; and the increasing semimodule property, we have

Aico +nll | = Uj—q > Uy = Nj—1 +nll > u;—1 + nly.
Consequently, nf}* | > u;—1 — Aj_2 + nf} and
tici =tico+nll | >ti_g+ui—1— N—2 +nll =t;_1 +nll =1,.
This ends the proof. O

Corollary 2.30. Let A be a cuspidal increasing semimodule with basis
B=(A_1,20,A1,-.-,As)
such that A_1 = n and \g = m. We have that t; = nm and the following holds:
ting < ti =nm and tiv, < t1 = nm,
forany 1l <i<s.
Proof: Tt is enough to recall that t; = nm in view of Example 2.22. O
We end this section with a proposition that connects the limits and the colimits.

Proposition 2.31. Consider 1 <1i <s. We have

(a) Ifkj =i—1, then 07 | + aiy1 = a; and £}, + b1 = €.

(b) Ifki* =i —1, then £} | + ajy1 = €} and ]} + b1 = b;.
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Proof: Notice that shifting the semimodule any integer number does not change the
value of the limits and the colimits. Therefore, we can assume without loss of generality
that A is normalized and thus A_; = 0.

Let us prove statement (a). By hypothesis, we have that kI = ¢ — 1. In view of
Remark 2.28 and Proposition 2.27, we also have that k" = k[ ;. Let us write:

(6) u g = N+l = Nio1 +mbiya,
(7) uity = N +mly = Mg 4 naig,
(8) ’LL;W = >\i71 + m@” = )‘k;'il +na; = )\kqm + na;.

From equations (6) and (7) we obtain that

(9) nliq +nait1 + A = mbipr +mebl 4+ A1

By equation (8) we can substitute Agm = A\;—1 +m{]" —na; in equation (9) to obtain
(10) n(liy + aiv1 — ai) = m(y + bip — 7).

Since n and m have no common factor, we have that n divides £]7} | + b;11 — £7".
Let us see that £, + b;y1 — £ = 0 and hence £} | + b;11 = £]* as desired. If
C7 ) + by — 47 # 0, we are in one of the following three cases:

(@) 16y +bivr =G =20 (i) 65 + b — 6" = —n;y (ii]) 45 + b — 6" = n.

Let us see that each of these cases leads to a contradiction.
Assume first that we are in case (i). Noting that ]}, b;11,£;" > 1, there is at least
one of them that is strictly bigger than n. Let us consider the three possibilities:

o If /71 > n, we have that ml} | >nm and then A\; + m/f]}; >nm. This implies
that A\j+m(€];—1) > (n—1)m > cp > cp,_,. Then, we obtain A\j+m(¢};—1) €
A;_1, contradicting the minimality of £} .

o If /" > n, we apply the same argument as before.

e If biy1 > n, we have that A\; + nf,; = A\;_1 +mb;11 > nm and then

Xi+n(ll,—1)>(m—-1)n>cr>ca,_,.

Then X\; + (¢}, — 1) € A;,_; and this contradicts the minimality of ¢, ;.

Assume that we are in case (ii), that is, £7%, + bj41 — ;" = —n. This implies that
2" > n and we use the same argument as before to obtain a contradiction.

Assume that we are in case (iii), that is, €]} + bip1 — €] = n. We have that
07y + biy1 > n. By Remark 2.21 we see that the separation S(z;_1,2;) is given
by S(zi-1,2i) = bit1 (recall that k' = i — 1) and that the separation S(z;, zxm) is
given by S(z;, zx) = £} ,. Noting that z; € (z;_1, z,m) and 2,1 # zm, we conclude
that

This contradicts b1 + £%; > n. The proof of the equality ¢]%, 4+ bip1 = £* is
ended. Moreover, since £j%; + b;y1 — £;* = 0, by equation (10), we conclude that
021 + aiy1 = a;, as desired.

The proof of statement (b) runs in a similar way to the above arguments. O

The next corollary will be useful in our computation of Saito bases:
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Corollary 2.32. Consider2<j+1<qg<s+1. Then
Ol — (U + 0+ +47") = by >0,
under the assumption that tj+1 =1t and te = ty, for j4+2 <€ < g—1. Symmetrically
we have
Oy — (s + s+ +ly) =a, >0,
under the assumption that fj+1 = t?+1 and t; = ty, forj+2<0<q—1.

Proof: We prove the first assertion; the second one is similar. Let us consider the

difference

m _ gm
j+1 j+2-

Since tJH = t7%, by Proposition 2.27, we have that £7';, = j. By Proposition 2.31,
we conclude that
J+1 £J+2 =bjy2.

Now, let us study the difference b;i2 — €77 5. Since tj12 = 17" 5, we have that k7, =

j + 1. By Proposition 2.31, we conclude
bjta — €3 = bjys.
Continuing in this way, we obtain
01— (g + G g+ -+ L5") = bg > 0,
as desired. O

3. Cuspidal standard bases

3.1. Semigroup and semimodule of an analytic branch. Let us consider the
local ring Oz ¢ of the analytic space C? at the origin. Denote by z, y the coordinates
of C?, that we consider as elements z,y € Ocz,0. We recall that there is an identifica-
tion O¢2 9 = C{z,y} between the local ring O¢2 ¢ and the ring of convergent power
series in z, y with complex coefficients. By definition, an analytic plane branch C at
the origin of C? is a principal prime ideal C C O¢z . Any generator f of C is called
an equation of C. It is known that there is a morphism

QDI O(CQ,O — C{t}
such that C' = ker ¢. Such morphisms are given in terms of convergent series by

e(9(z,y)) = g(a(t),b(t)), a(t),b(t) € C{t}.

We call them parametrizations of C'. The subset

o = {ord(p(9)); g € Oc2 0} C Z>o

is a semigroup of Z>¢. A parametrization ¢ is called primitive if and only if the
following equivalent properties hold:
e The semigroup I', has a conductor, that is, there is cr, € Z minimal with the
property that n € I'y, for any n > cr,-
e There is no series 9(t) # 0 with ord;(¢(¢)) > 2 such that

p(9(2,9)) = 9(a(t), b(1)),
)) and b(t) =b(1(t)). Thus, we have another parametrization

(w(t =
,y)) = g(a(t),b(t)).

where a(t)

t)=a
given by @(g(
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There are always primitive parametrizations. If ¢ and ¢’ are primitive parametriza-
tions of the plane branch C, we have that

ord; (¢(g)) = ords(¢'(9)), g € Oc2 0.

We denote vo(g) = ordi(p(g)). We also conclude that T', =T'yy and we call this
semigroup the semigroup I'c of the plane branch C.

We say that C' is a plane cusp if the semigroup I'¢ is generated by two integer
numbers 2 < n < m without common factors. In this paper we mainly deal with
plane cusps.

Let C be a plane cusp. We know that, after an appropriate coordinate change, we
can choose coordinates and a primitive parametrization

x=1t", y=>5b(t), ord;db(t)=m,

where 2 < n < m and n, m are without common factors. These coordinates are
called adapted coordinates and the above parametrization is a Puiseux parametrization
associated to the adapted coordinates.

Remark 3.1. Zariski’s equisingularity theory concerns all the plane branches, but we
are paying special attention to the cusps, which are the branches with a single Puiseux
pair (n,m).

Let us denote by Q%:Z,o the Oc2 g-module of germs of holomorphic differential
1-forms at the origin of C2. We know that Q<1c2,0 is a free rank-two Og2 g-module
generated by dr and dy. Similarly, we denote by inc,o the Oc o-module of germs
of holomorphic differential 1-forms at the origin of C. We also denote by Q%?,o the

Ocz o-module of germs of holomorphic differential 2-forms at the origin of C?; in this
case it is a free module of rank 1 generated by dz A dy.

An element o € Qf,  is written as o = t)(t) dt. The order of a is by definition the
order of 1 (t). More precisely, we write

ordy(a) = ord¢ (¢ (t)).

Given a primitive parametrization ¢ of an analytic plane branch C, we have a
“pull-back” application

91 Q2o — Qo
wr— P*w
defined by the properties that *(w + w') = p*(w) + ¢*(W'), ¢*(hw) = p(h)p*(w),

and

©*(dx) = &'g(tx) dt, ¢*(dy) = ngy) dt.

The set
Ao = {ordi(¢*w) +1; w € Qpz o)} \ {00} C Zxo

is the so-called semimodule of differential values for C. This set is independent of the
chosen primitive parametrization and also of the analytic class of C, where two ana-
lytic plane branches are analytically equivalent when they correspond to one another
via an automorphism of the local ring O¢: ¢.

We take the notation vo(w) = ords(¢*(w)) + 1 and we call it the differential value
of w with respect to C.
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Remark 3.2. The set A is a semimodule over the semigroup I'¢, that is, we have
I/C(h) + Vc(w) = Vc(hw).
Moreover, if ve(h) > 0, we have that vo(dh) = ve(h), where the notation dh stands
for the differential
dh = (Oh/0z) dx + (Oh/0y) dy.
This means that I'c \ {0} C A¢ and cp. < epg.

Consequently, there is a basis B = (A_1, Ao, A1, ..., As) for Ac. A set of differential
forms
S = (w—17w07w1; s aws)
such that vo(w;) = A, for i = —1,0,1,...,s, will be called a minimal standard basis
of differential 1-forms for the analytic plane branch C.

3.2. Minimal standard bases. From now on, we consider a plane cusp C' with
Puiseux pair (n,m), where 2 < n < m, without common factors. We denote its
semigroup by I' = I'c = (n,m) and its semimodule of differential values by A = A¢.
We fix the notation
B=(A_1,X0,---5s)
for the basis of A. We recall that I\ {0} C A and we have that A\_y =n, A\g = m.
We also set adapted coordinates (z,y) and a Puiseux parametrization

x=t", y=>b(t), ordidb(t)=m.
Note that va(z) = ve(dz) = n and ve(y) = ve(dy) = m.

3.2.1. Divisorial order. Let m7¢: M — (C2%,0) be the minimal reduction of the
singularities of the cusp C. That is, the morphism 7¢ is the minimal finite composition
of blow-ups centered at points in the successive strict transforms of C' in such a way
that the strict transform C’ of C' by 7¢ in M has normal crossings with the total
exceptional divisor E = 771(0). Let us denote by D¢ the only irreducible component
of E such that C' N D¢ # 0.

Lemma 3.3. Let C, C be two cusps with the same Puiseus pair (n,m). The following
statements are equivalent:
(a) The cusps C and C' have the same minimal reduction of singularities.

(b) Given a local coordinate system (x,y) of (C2%,0), we have that (x,y) is adapted
to C if and only if (x,y) is adapted to C.

Proof: We leave this proof to the reader. O

Denote D = D¢g and m = wo. Let us define the divisorial order vp as follows.
Given an adapted coordinate system (x,y) and a point @ € D, there are local coor-
dinates (u, v) centered at @ such that D = (u = 0) locally at Q). Consider h € O¢z2 g.
Let us write the germ (hom)g of h at @ as

(hom)g = (u)H,

where u does not divide h’. Then, we define vp(h) = 5. In a similar way, given a
I-form w € Qs 4, let us write the germ (7*w)q as

(T*w)g = (u)” {a? + dv} ,

where u does not divide the pair (a’,4"). Then, we define vp(w) = .
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The above definition of a divisorial order depends neither on the chosen adapted
coordinates nor on the particular point ) € D. We also call vp the monomial order
in view of the next statement:

Lemma 3.4. Let (z,y) be an adapted coordinate system for C and consider h €
Ocz2 o = C{z,y}, which we write as

h = Z hijl'iyj.
4,520
Then we have that vp(h) =min{ni + mj; h;; # 0} = min{ve(z'y?); hij # 0}. Simi-
larly, take w € Q(1C2,07 which we write as

o dz d

where (Nij, pij) € C. Then, we have that vp(h) = min{ni + myj; (Xij, pi;) # (0,0)}.
Proof: Left to the reader (see [4]). O
Remark 3.5. Take w = nydx — ma dy = zy(ndx/x — mdy/y); note that

vp(w) =n+m < ve(w).
Let us also note that if w = adz + bdy, then vp(w) = min{vp(za),vp(yd)}.
Remark 3.6. For the case of functions as well as for differential 1-forms, we have that
ve(h) > vp(h) and vo(w) > vp(w).

3.2.2. Initial parts. Here, we fix a coordinate system (x,y) adapted to the cusp C.
Given a function h = Z” hijziyl € Oz o = C{z,y} with vp(h) = p, we define the
initial part Iny¥, (h) by
mpY,(h)= Y hya'y
ni+mj=p
If there is no confusion, we write In(h) = Inj’y (k). In a similar way, given a 1-differ-
ential form w € O, ,, with p = vp(w), which we write as

i dx dy

W= Z z'y’ <)\ijx -th‘jy),
ni+mj>p
we define the initial part In(w) by

o dx dy
In(w) = i (A 4 i 22 ).
nw = >,y ( i +/my>

ni+mj=p

Remark 3.7. Assume that vp(w) = p < mm. Then there are unique o, € Zxq,
with (o, 8) # (0,0), such that na + mfS = p and hence the initial part is a single

differential monomial g p
In(w) = 2%y ()\z + ,uy>.
xz Yy

We can employ a similar argument for the case of a function h € O¢2 ¢.

Let w = adz + bdy be a differential 1-form in Q}CQ’() such that vp(w) < nm. If
ve(w) > vp(w), then the initial part In(w) is given by

where p # 0, and «, 8 > 1 are such that vp(w) = na + mB < nm. Any differential
1-form as above will be called a resonant differential 1-form.
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Given two differential 1-forms w and 7, we say that 7 is reachable from w if there
is a monomial px®y® such that

In(n) = pay” In(w).

3.2.3. Semimodule versus minimal standard bases. Let us consider a minimal
standard basis S = (w_1,wp, w1, - ..,ws) of the cusp C. Recall that vo(w;) = A, for
i=-1,0,1,...,s.

Lemma 3.8. We have that A_1 = n and A\g = m. More precisely, the initial parts
of w_1 and wy are respectively given by In(w_1) = Adzx, with A # 0, and In(wy) = pdy,
with u # 0.

Proof: Note that vo(adx) = ve(a) + ve(de), ve(bdy) = ve(b) + ve(dy) and
ve(adr +bdy) > min{ve(adx),ve(bdy)}.
Since ve(dr) = n and vo(dy) = m, with n < m, we conclude that n = min A = A_;.
We also have that ve(w—1) = n. Let us write
w1 =Adx+mn, n=aan +yn+ hdy.

We have that vp(n) > n and hence ve(n) > vp(n) > n. The only possibility to have
that vo(w_1) = n is that A # 0 and, in this case, we see that In(w_1) = Adz.

Let us show that Ag = m and that In(wy) = pdy. Let k > 1 be the integer number
defined by the property that kn < m < (k+ 1)n. Take a differential 1-form w that we
write as

w=(c1 +cr+c3z® 4+t Y de +n, n=a"np +yn + hdy.
We have that m < vp(n) <ve(n). If (c1,c2,...,cr) # (0,0,...,0), taking the first j
such that c; # 0 we conclude that
vo(w) =jn € A1 +T.

Thus, the next differential value A\ is given by a differential 1-form 7 written as n =
xFn; + yna + hdy. Let us decompose

n=pdy+7n, 7=a"n+yn+ (zhi +yhs)dy.

We obtain that m < vp(7) < ve (7). Thus, if 4 # 0, we get m = vp(n) = ve(n). The
desired result follows. O

Assume that s > 1 and let us describe the initial part In(w;) of the element w; in
the minimal standard basis . Take w such that vo(w) ¢ Ag = I'\ {0}; the value A\;
is the minimum of the differential values vo(w) for such 1-forms w. The first remark
is that vo(w) < nm, since er = (n — 1)(m — 1) and hence vp(w) < nm; the second
remark is that w is resonant. In view of Remark 3.7, we can write

d d
In(w) = 2%” {)\x +,uy} , na+mf=vplw) <nm.
T Y

If An + pum # 0, we have that vo(w) = vp(w) = na+mpB € Ag. Then, the 1-form w
is necessarily resonant, that is,

d d
In(w) = pz®y” {mx - ny} .
T Y
Assume now that vo(w) = Ay (this property is satisfied by wy), let us show that

a = B =1 (note that we necessarily have that « > 1 and § > 1). Let us reason by
contradiction, assuming that na+mg > n+m. We start with the differential 1-form

n =mydx — nxdy.
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We know that vp(n) =n+m < ve(n). f ve(n) = ain+bym € Ay and ve(n) < nm,
there is u1 # 0, such that

ve(n+ pd(e®y™)) > ve(n).
Put ' = n + p1d(z*y*) and start the procedure again with n'. In this way, we
obtain a differential 1-form 7 with the following properties:
e Either vo(n) ¢ Ag or ve(77) > nm.
e In(7) = n = my dz — nz dy and hence vp () = n + m.
Now, we compare 7} with w as follows. We know that A\; < vo(7)). Moreover, there is
a constant p # 0 such that

vp(w — pz® yP=1i) > vp(w) = an + Bm.
Put w' = w — pz® 'y~ We have that vo(w!) = Ay, since vo(z®~1y%717) > A;.

We restart with w!. Repeating the procedure, we can get & such that

vp(@) >nm, veo(®) = A1
Since A1 = ve (@) > vp(@) > nm, this should imply that A\; € Ag, which is a contra-
diction.

As a consequence, we have that In(wy) = p(my dz — nz dy) as desired. The above
arguments are generalized in [4, Proposition B.1] to obtain the following statement:

Theorem 3.9. For each 1 < i < s, we have the following statements:

(a) A\ =sup{re(w); w € Qég,o, with vp(w) = t;}.

(b) If ve(w) = i, then vp(w) = t;.

(¢c) For each 1-form w with vo(w) ¢ Ai—1, there is a unique pair a,b > 0 such that
vp(w) = vp(z®ytw;). Moreover, we have that vo(w) > A + na + mb.

(d) Let k = X\i+na+mb; then k ¢ A;_1 if and only if for all w such that vo(w) = k
we have that vp(w) < vp(z2y°w;).

(e) We have that A; > u;.

Let us note that the critical values ¢; of A correspond exactly to the divisorial
values of the elements w; of any minimal standard basis. Let us also note that the
semimodule of differential values A is an increasing cuspidal semimodule.

Corollary 3.10. For each 1 < i < s, the 1-forms w; are resonant. In particular,
taking an adapted coordinate system (x,y), the initial parts can be written as

dr _dy

In(w;) = iyl (m n), ne; + mf; = vp(w;) = t; < nm.
Y

x
Proof: Applying Lemma 2.7, since A is increasing, we have

vp(w;) =t; < A = ve(w;) < nm.
The statement follows from these inequalities. O
3.3. Generalized Delorme’s decomposition. In this subsection, we state and
prove a decomposition result for 1-forms which generalizes Delorme’s decomposi-
tion [5] and Theorem 8.5 in [4]. Throughout this subsection, we fix a cusp C with
semimodule A and basis B = (A_1,...,As). We consider a minimal standard ba-

sis § = (w_1,wo, . ..,ws) of C. We also fix an element x € {n,m} (that is, % is equal
either to n or to m). Let us recall that we denote by

k‘i7 OSZSS,
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the bounds corresponding to the axes wu;11, as introduced in Section 2. In the same
way, we denote by k; the bounds corresponding to the axes uj, ;. That is, we have

n 1 — n n 3 * J— n
b — K, o ifuipn = ulg, Bt — kit, i wdy = uiy,
1 . [ y .
ko ifug = uig; ko ifui = ui.

10 10

Theorem 3.11. Consider indices 0 < j < i < s and let w be a 1-form such that
vp(w) = ti,, and vo(w) > uj, . Then there is a decomposition of the 1-form w given

by
w= Y fluw,
=-1
such that the following properties hold. Let v}; be defined by v}; = Vc(f;jwj). Then
we obtain
(a) vf; = min{ve(f/we); —1 <€ < j}.
(b) vi; = Njtti . —t;. In particular, if j =i, we have that v}; = \i+t7 1 —ti = u ;.
(¢) If j < i, we have that I/(j(feing) = vj; for £ =kj, and Z/C(fgng) > vj; for
any £ # k; and —1 <0< j.
(d) If j=1, we have that v (fi'we) =vj; for {=Fk}, and vo(fi'we) > v} for any L # k;
and —1 < /£ < j.

Remark 3.12. Let £ = (w_1,wp, w1, - - ., ws,ws+1) be an extended standard basis for C,
that is, (w_1,wp,w1,...,ws) is a minimal standard basis of C and wsy; is a 1-form
with vp(ws4+1) = ts41 and C is invariant for wsy1 (see Section 4). Notice that Theo-
rem 3.11 can be used to write w;41 in terms of w_1,wp,...,w; for 0 <i < s. Indeed,
let us choose * € {n,m} such that u;, , = u;;1, and hence 7, ; = ;1. We have that
Z/D(wi_;,_l) = ti+1 and

)\i+1 > Ui41, ifi<s— 1,

ve(wiv) = {

Now, by a direct application of Theorem 3.11, if we fix j with 0 < j <4, we have an
expression

00 > Ugt1, if i = s.

Wil = f;jwj + f;]ﬁw.j—l +oot fwo + fhwo,
such that \j+t,11—t;= Vc(f;jwj) ZUc(f]gwkj )< z/c(fzjwz) for any £ # k;, with —1 <
(<j—1.
Before starting the proof of Theorem 3.11, we state the following lemma, whose
proof follows closely the proof of [4, Lemma C.1].
Lemma 3.13. Consider 0 <i < s. Given a 1-form n with vc(n) > uf,, and vp(n) >
ti1, we have
(a) Ifvp(n) < nm, there is a 1-form a such that:
(i) voln—a) > vo(n). |
(ii) There is a decomposition o = > ,_ | gewe, where ve(gewe) > ui ., and
vp(gewe) > ti,q, for any —1 < £ <.
(b) If vp(n) > nm, there is a decomposition 1 = Y.,__ hywe, where each term
satisfies that ve (hewe) > ufy .
Proof: Let us first prove statement (b). Since {w_1,wp} is a basis of Q%CQAO), we can
write in a unique way

(11) n=g-1w—_1+ gowo-
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Moreover, since In(w_1) = Adz and In(wg) = pdy, we have

vp(n) = min{vp(g-1w-1), ¥p(gowo)}-

Noting that vp(n) > nm, we have that vp(g_1w—_1) > nm and vp(gowp) > nm. By
Lemma 2.29, we have that ;1 < @1, besides uj,; < i;41, hence

* - -
Uiy < Uiy < Up =N

We conclude that vo(gewe) > vp(gewe) > nm > uj,y, for £ = —1,0. Then the
decomposition in equation (11) satisfies the required properties.
Let us now prove statement (a). By Remark 3.7, the initial part of 5 is equal to

dx d
tu(o) =" (s 40 ), o) = na-t

There are two possibilities: 77 is either resonant or not. If i is not resonant, we have
that vo(n) = vp(n) = na + mb. Let us consider

:,u—l a—1,b :@wa

(12) a=In(n) =g-1In(w_1) +goIn(wo), g-1 LY 9 b=l

Y

We have that vp(n — «) > vp(n). Moreover, we have that vp(a) = vp(n) > uj, ;.
Since

vp(a) = min{vp(g9-1w_1),vp(gowo)},

we conclude that vc(gewe) > vp(gewr) > vp(a) > ujy 4, for £ = —1,0. In view of
Corollary 2.8, we have that u,, > t;,,. Hence, we also get that vp(gewe) > t7, 1,
for £ = —1,0. Thus, the expression in equation (12) satisfies the desired properties.

Now, let us assume that 7 is resonant. Up to multiplying 1 by a non-null scalar,
we have

d d
In(n) = 2% (mx - ny>, vp(n) =na+mb >t ;.
x y
Let us define the index k := max{¢ < i : 7 is reachable by w;}. Since 7 is res-

onant, then & > 1. By definition of k, there exists a monomial puzcy? such that
vp (ury?wy) = vp(n) and

vp(n') >vp(n), where ' =n— pzyw.

The desired decomposition will be given just by the expression o = pa®y%wy. Since
vp(a) =vp(n) > t;,,, we only need to verify that ve(z¢ywy) > uj ;.
First, let us assume that k = i and hence a = pzcy%w;. Write

vp(a) =nc+md+t; =vp(n) > t;,.

Recalling that 7, = t; + u},; — A;, we obtain that nc+ md + XA; > uj, ;. Hence, we
conclude by noting that

ve(zfytw;) = ne+md+ A > uly .

Now, let us consider the case when 1 < k < i — 1. Assume by contradiction that
ve(zéytwr) < ufy < ve(n). Taking into account that n' = n — pxcytwy, we see the
following:

vp(n') > vp(z°ytwr) = ne + md + ty;

ve(n') = ve(afytwy) = ne + md + Ay
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By statement (d) in Theorem 3.9, we have that nc + md + A\ € Ag_1. In view of
Lemma 2.4, this implies that either ¢ > £}! |, or d > £} . There are four possibilities:

k1 = Mg+ 0l and ¢ > 05 uppr = A + 0l and d > 07
U1 = A +mll and ¢ > 0 uppr = A\ +ml and d > 0.
The cases from the first line behave similarly to those in the second one, therefore,

we will only show what happens in the first two cases.

Case upy1 = uj = \p+nly, and ¢ > £} ;. In this case we have that 7 is reachable

from z%+1wy. If we show that z’*+1wj, is reachable from wk+1, we contradict the

maximality of k, as desired. In view of Corollary 3.10, noting that both wg41 and wy
are resonant, it is enough to show that
vp(xt+iwg) = vp(wei1)-

We have that vp(wgi1)=trs+1 and Z/D(xZQHwk) =ty +nly . Let us see that ty, 1 =
i +nly,, in our case. In a general way, we have that ¢}/, , = tx + nf}, ,; moreover,
the fact that ug41 = up g implies also that tx41 = {33 and we finish.

Case ugy1 = up, | = M\ + 0l and d > {7 . By Lemma 2.29, we see that
nc+md+ A > )\k+m£k+1 = U1 > U; > u;‘+1
This ends the proof. O

Proof of Theorem 3.11: Let us take a 1-form w such that vp(w) = t7,; and vo(w) >
u;, 1 as in the statement. We will consider three cases:

(i)i=0; (i)i>0,j=14 (1i)i>0,0<7<i.
Case (i): i = 0. Since {w_1,wp} is a basis of Qéz o> the 1-form w can be written as

w= Oow 1—|—f0 wg.

Looking at the computations in Example 2.22, we see that t] = u] < nmand kj = —1.
Therefore, we need to prove that vo(f%w_ 1) = vo (f3%i0) = uj.
Recall that, up to constant, we have that In(w_;) = dz and In(wy) = dy. Hence,
one of the following cases occurs:
(D) vp(fPwo) =t; and vp(fQw_1) > t;.
(I1) vp(f2w-1) =t} and vp(fg°wo) > t}.

Assume that we are in case (I). Since vp(fJ°) + vp(wo) < nm, we have

vp(f3?) < nm.

39 = v (f9°) (left to the reader). Therefore, we can write

This implies that vp(
ve(fg'wo) = ve(fs°) +ve(wo) = vp(fs°) +vp(wo) = vp(fg°wo) = 1 = uj.

Moreover, since vp(f%w_1) > ti = u}, we have

vo(fAw-1) 2 vp(fAw-1) > ] = uj.

Noting that vo(fOw_1 + fwo) > uf, that vo(fwy) = uf, and that ve(fws) >
u}, we conclude that ve(fPw_1) = ve(fwo) = ul.

We apply a similar argument in the case that vo(f%w_1) = ;.

Case (ii): i > 0 and j = i. We use the proof in the case * = n; the case * = m runs
in a similar way. Note that

vp(w) =t} <nm, vp(w)="1ty, <ui, <vec(w),
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in view of Corollary 2.30 and Corollary 2.8. We deduce that the 1-form w is resonant.
Since w; is also resonant and we have

vp(w) = vp(zfitiw;)  (recall that ting =ti +nli ),
we deduce that there is a non-null scalar p # 0 such that
In(w) = pIn(zf1w;) = pabi+ In(w;).
Thus, the 1-form 7, = w — pa’i+1w; satisfies the following two properties:
vp(m) > ti, velm)= ve(zhitiw;) = uiy  (recall that ui',;, = X\j +nli, ).
The second one comes from the fact that vo(w) > uf, . Take the bound k = ki and
the colimit b = b; 1. We recall that
iy = A F 0l = A+ mb.
Hence, the 1-form y’wy, satisfies that ve(ywy) = u, ;. On the other hand, the divi-
sorial value vp(y®wy) is given by
VD(ybwk) =mb + t.
Let us show that vp(y’wy) > t7,, = vp(w). We have
tivg <mb+ty = t; + 0l <tp+mb
=t —tp <mb—nll, =mb—nll +u —u,
=t =t < (uiy —nl) — (Ul —mb) = A — Ak
We conclude, since t; — tp < A\; — Mg in view of Lemma 2.7.

Take 7y = 11— 2y wy, such that ve(ng) > u?, . Note that vp(n2) > ¢}, ;. Applying
Lemma 3.13, we get a decomposition

o b
N = w — pxitiw; — poy’wy = Z hewe,  ve(hewe) > ui g,  vp(hewe) >t 4,
t=—1

having the desired properties.
Case (iii): i > 0, 0 < j < i. Let us reason by inverse induction on j, recalling that we
have the result when j = 4. By the induction hypothesis, we can decompose w as:

J+1

(13) w= Y 7w

=1
where v}, = v (£ wir1) = min{ve (£ lwe); =1 < € < j + 1}. Notice that in
the case (ii) we have proved the case where j+ 1 = ¢. In view of Remark 3.12, we can
apply case (ii) to w;41 to obtain a decomposition:

J

=—1
where u; 1 = uc(fjjwj) = min{ve(f] Twe); € < j}, and the minimum is only reached
at the bound k = k;. If we substitute the expression of w;;; given in (14) into the
expression of w given in (13), we obtain

J

+1 1

(15) W:Z(” JFfZgH e) ¢-

=—1
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Let us show that equation (15) gives the desired decomposition. In order to do this,
we only have to show that
ij+1 jj pij+1 ij+1 jj pij+1
@) ve((f7 + [0 wi) =ve((FT + [ F350 Jwn) = vf;-
1 R i .
(I1) ve(( éﬁ + fijf;ﬂ Jwe) > Vij for £ # j, k.
Recall that v} = Aj41+ 87 —tj41 and vj; = A\; +¢7,, — ;. Hence, by Lemma 2.7,
we have that vf; <vj;,,. Moreover, by the properties of the decomposition given in
equation (13), we get that:

ij+1 *
(16) VC(fjﬂ )= Vijp1 — AjH;
(17) vo (i we) > Vi > vy, for £ <j+ 1

Using the expression given in (16) and the properties of the decomposition given
n (14), it follows that

vo(FPA P we) = ve (F200) + ve (F we)
= U?j-&-l — Aj—i—l —|— Z/C( zJCOg)
> 01 — Ajr1 T U,

where the last inequality is an equality just for £ = j, k. Now, taking into account
that wjy1 = Aj +tj41 — t; and that vf; ; =71 + A\j41 — tj41, we obtain that
Vi — At ugen = Ay i — 6 = v
Finally, since Vc(f2j+1w€) > vj; for £ < j+ 1, by expression (17), we get that
1 i .
ve (£ +fgjf;-ﬁ Jwe) > v,
where, again, we have an equality just for ¢ = j, k. O

Corollary 3.14. Consider 1 < i < s and let w be a 1-form such that vp(w) = t;‘_H
and vo(w) > ufy . For any decomposition

J
w= Y flw, 1<j<i,
=1
satisfying the stated properties in Theorem 3.11, we have that In(w) = In(f;jwj).
Proof:‘ We only nggd to show that VD(f;jwj) < vp( ijf) for £ < j. We know that
ve(fiwy) < ve(f, we) for £ < j. Besides, vp(w) = tf}; <nm, because i > 1. There-

fore, we have that nm > vp( f;j) and consequently the monomial order and the dif-

ferential value coincide: vp (fj”) = Vc(f;j). Furthermore,

vo(fywe) = vo(fy) + A 2 vo(fw)) = ve(f}) + Xy
By Lemma 2.7, we have that A\; — A\, > t; — t;, thus
ve( Zj) +te> Vc(f;jwj) = Z/C'(f;j) +t;.
If ve( féj ) > nm, then its monomial order is at least nm. Hence, we have
vp(fiwe) > iy = vp(fw)).
Indeed, if ve(f})) < nm, we get that vo(f,”) = vp(f}7). With this, we conclude that

vp(fPwe) =vp(f7) +te > vp(f) + t; = vp(fw)). O
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Proposition 3.15. Let w be a 1-form such that vp(w) = t5 and ve(w) > uf. Let us
write w (in a unique way) as

w= fo1w-1+ fowo,
then
(a) if t7 = t1, we have that In(w) = p(my dx — nx dy), where p # 0;

(b) if t; = t1, we have that In(w) = p(In(df)), where f = 0 is a reduced equation of
the cusp C and p # 0.

In particular, we have that In(w) = In(f_1w_1) + In(fowo).
Proof: If t7 = t1, since t1 = n + m, we see that In(w) can be written as
In(w) = p—1y de — pox dy.

Moreover, we have that ¢t; = u; = n + m and hence veo(w) > vp(w). Hence w is
resonant and we finish.
If t§ = t; = nm, we also have that @; = nm. The initial part In(w) has the form

In(w) = p_12™ tdx + pey™ ' dy.

If this initial part is not a multiple of In(df), we get that ve(w) = nm, which contra-
dicts the hypothesis. O

4. Standard systems and Saito bases

4.1. Standard systems. Consider a minimal standard basis § = (w_1,wo, w1, - - . ,Ws)
of C. In [4], we have found differential 1-forms w41 with the following properties:

L Z/D(ws-‘,-l) = 7(;s—‘,-1~

e The cusp C is invariant for wgy1, that is, vo(wsy1) = 0o.

We call an extended standard basis of C' any sequence
&= (wflaw()awh cee awsaws+1);

such that § = (w_1,wp,w1,...,ws) is a minimal standard basis and w1 satisfies the
above properties.

In the next definition we present systems of differential 1-forms, where the axes 41,
instead of usy1, are essential in their construction.

Definition 4.1. A standard system (€, F) for a cusp C is the data of an extended
standard basis £ = (w_1,wp, w1, ..., ws,ws+1) and a family F = (&1, @a, ..., Os, Wst1)
of 1-forms satisfying that

vp(@) =1, vo(@j) =00, 1<j<s+1.

We say that a standard system (&, F) for C is a special standard system if there are
expressions W; = hjwsy1 + fjwsy1, where hj, f; € Og2 g for any 1 < j <'s.

4.2. Saito bases. Let C be a cusp. Let us denote by Qé27O[C’] the Oc2 g-submodule
of Q%:?,o given by the 1-forms w such that C' is invariant for w, that is, v (w) = oco.

It is known that Q}CQ’O[C] is isomorphic to the Ocz g-module Qégﬁo[log C] of log-
arithmic meromorphic 1-forms having poles along C. It is also known that these
modules are free O¢2 g-modules of rank 2 (see [13]). A basis of Q(lcz,O[C] will be called
a Saito basis for C'. The rest of this section is devoted to prove the main result of this
paper (Theorem 1.1 in the introduction) which shows the existence of a Saito basis
for C. Let us state it.
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Theorem 4.2. Let C be a cusp and let B = (A_1, X0, A1,...,As) be the basis of the
semimodule A of differential values for C. Denote by tyy 1 and o1 the last critical
values of A. Then there are two 1-forms wsy1,0s+1 having C' as an invariant curve
and such that vp(wsy1) = tey1 and vp(QDsy1) = teyp1. Moreover, for any pair of
1-forms as above, the set {wsy1,@0s41} is a Saito basis for C.
We prove Theorem 4.2 in several steps:
(a) We prove Theorem 4.2 in the case s = 0.
(b) We show the existence of ws11, @st1 having C' as an invariant curve and such
that vp(ws+1) = ts+1 and vp(Ds1) = tst1-
(c) We show that FU{ws1} generates the Og2 o-module Qég’o [C], for any standard
system (€, F) that includes wsy1 and @gqq.
(d) We show that any pair of 1-forms ws41, @sy1 having C as an invariant curve
and such that vp(wsi1) = ter1 and vp(@sr1) = tsy1 are included in at least
one special standard system (&, F).
(e) We conclude as follows. We start with {ws41,0s+1} and we consider a special
standard system (&, F) containing them. By statement (c), any 1-form w in the
Saito module Qtlcao[c] is a combination

s+1
w = hws+1 + Z fodp.
f=—1
Since (€, F) is a special standard system, each 1-form @, is a combination
of wet1,Wsy1, for any ¢ = —1,0,1,...,s. In this way, we find a writing w =
fwst1 + gWsi1, as desired.
In the next subsections we prove Theorem 4.2 following the above steps.
4.3. The quasi-homogeneous case. The statement of Theorem 4.2 when s = 0 is
well known; see for instance [13]. Let us show it, for the sake of completeness. From
Zariski’s introduction of the Zariski invariant, we know that the cusp C is analytically
equivalent to the curve f =0, where f = y™ — 2™. We can take
wi =nxdy —mydr, & =df =—ma™ tdx+ny"Ldy.

Let us use the Saito criterion [13], which states that two 1-forms w, @ in Qf, ([C]
give a Saito basis if and only if

wAw=ufdxAdy,

where u is a unit. Then wy and @ provide a Saito basis. Take now w, @ in Qf, 4[C]
to be such that 7
vp(w) =t =n+m, vp(®) =t =nm.
Write
w:AlerB(I)l, (I):/le+é(:)1.
Since n +m < nm, we see that A is a unit. It is also obvious that A is not a unit. If
we show that B is a unit, the determinant AB — BA is a unit and hence {w, 0} is a
Saito basis. Note that
vp(Awy) # nm.

Indeed, if vp(Aw;) = vp(A) + n+ m = nm, we conclude that
vp(A)=nm —n—-m=cr—1€T.
This is a contradiction. Then, we have
vp(@) = nm = vp(Bin) = vp(B) + nm,

which implies that B is a unit. This finishes the proof.
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4.4. Existence of 1-forms with the last critical values. In the next proposition
we show the existence of wsy1, Wsy1 With respective divisorial values t541 and t441
and such that C is invariant for both 1-forms. The proof follows the one in [4, Propo-
sition 8.3].

Proposition 4.3. Let C be a cusp and A be its semimodule of differential values
with basis B = (A_1, Ao, A1, ..., As). Assume that s > 1. There are two 1-forms wgi1
and Wgs11 having C' as an invariant curve such that vp(wst1) = tsy1 and vp(@sy1) =
Ty
Proof: Let us select a minimal standard basis S = (w_1, wp, w1, . ..,ws) of the cusp C.
As we have already done, let us denote by * a chosen element * € {n,m}. We have
to find wi, | € Of. o[C] such that vp(wi,,) =th, .

We provide the "detailed proof for * = n. The case * = m runs in a similar way.
Then, we have to find w, | € Q<1C2,0[C] such that vp(wly ) = 0.

Let us recall that ul,; = As +nf = A + mb, where we denote £ = (7, |, k = k7,
and b = bs41. Recall that k < s. Consider the 1-forms

M =z'ws, m =y W
Note that vp(n) = t7, =ts +nl and vp(n) > 7, ;. Indeed, we have

vp(m) = bm +t, > vp(no) = ts +nl
Sty —tp <bm—nl = (uly — M) — (Ui — As) = As — Ak
and note that t; — tx < Ay — A\x by Lemma 2.7. Moreover, the differential values
coincide:
ve(m) = ve(m) = ugy,.
Thus, there is a constant p # 0 such that, if we take 1 = ng — uny, we get that
vp(th) =151y, vo(th) > velm) =ve(m) = udy,.

We consider three cases:

(i) vc(01) = co. In this case we finish taking w},, = 6;.

(il) ve(01) > nm.
(iii) ve(61) < nm.

Assume that we are in case (ii) and let ¢ be a primitive parametrization of C. We
have that ¢*(61) = ¢ (¢) dt, with ord,(¢(t)) > nm — 1 > cp. In view of the classical
theory of equisingularity [15], there is a function h(z,y) such that ¢*(dh) = ¥(t) dt. If
we take wl, | = 61 —dh, we have that vc(w?, ;) = oo. In order to finish, we have to see
that vp(dh) > 7, . Since 7, < {; = nm (see Lemma 2.29), it is enough to see that
vp(dh) > nm. If vp(dh) < nm, we obtain that vo(dh) = vp(dh), in contradiction
with the fact that vo(dh) > nm.

Assume now that we are in case (iii). Write vc(01) = A\j + an + fm > u3,,, for a
certain index —1 < i < s. Consider the 1-form 7y given by

No = xayﬁwi, vp(n2) = t; + na+mp.

Let us see that vp(n2) > 7, = ts +{n = vp(#1). Assume first that 7 = s; we know
that ul , = As +nl < vo(nz) = A + an + fm, hence na + mfB > In as desired.
Assume now that ¢ < s. We have

ve(m) =i +an+pBm>uy = A +In = an+Bm—In >\ — X\ >t —1;
= t; + na+mp >ty + In.
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On the other hand, we have that ve(n2) = ve(01). Hence, there is a constant u # 0
such that if we take 05 = 01 — uns, we obtain that

I/D(eg) = I/D(al) = t2+1, l/c(og) > VC(gl)-

We start the procedure again with 6s; since the differential value is strictly increasing,
in a finite number of steps we arrive at case (ii) or case (i) and we finish. O

4.5. Generators of the Saito module. Let us consider a standard system (£, F)
of C, given by

&= (wflaw07w17 cee 7w87ws+1)7 F = (617(1}27' .. aajsaajs+l)-

In Proposition 4.8 we describe a generator system of the Saito module Q}CQ’O[C].
Our arguments run by first considering the initial forms and finally by applying
Artin’s approximation theorem. Moreover, we work in an ordered way in terms of the
divisorial values of the forms. In order to do this, we just need the concept of a partial
standard system.
Consider an index 0 < j < s. A j-partial standard system associated to the extended
standard basis € is a pair (€, F7), where F7 is a list

FI = (@41, @42, -, Dot1),

such that vp (@) = t; and wy € Qo,, [C for j+1<l<s+1
We start with a lemma concerning the structure of critical values:

Lemma 4.4. Let A be an increasing cuspidal semimodule of length s > 1. Assume
that the basis B = (A_1, X0, A1,...,\s) satisfies that A_1 = n and \g = m. Consider
the set

T = {tes1.t2,t3,. .., tsy1},
where t;, fj are the critical values of A corresponding to the index j. Then, there are
two nonnegative integer numbers p,q € Z>0 such that

{pn+n+m,gm+n+m} CT.
Moreover, we have that p < m —2 and g < n — 2.

Proof: We know that one of the following mutually exclusive properties holds:
(i) ty = t; + by =n+m+ nty.
(ii) to = t; +mly =n+m+mly.
Let us show the proof in case (i); case (ii) has a similar proof. We can write ty =
n+m+pn € T, where p = ¢5. Thus, it is enough to find an element of 1" of the
form n + m + gm.
Assume first that s = 1. Then t,41 =t = t1+mly" = n+m+mly'. Taking g = (37,
we have that t;o1 =n+m+gmeT.
Assume now that s > 1. There are two cases:
(I) For any 2 <14 < s, we have that ;41 —t; = m{} ;.
(IT) There is an index (that we take to be the minimum one) with 2 < i < s such
that ti+1 — tl‘ = n€?+1.
Assume we are in case (I). Recall that to = t; + m/l5, since t, = t; + nly. By a
telescopic computation, we see that ¢, € T may be written as

s+1
tsr1 =t + (ZE;”) m=n-+m -+ qgm.
=2
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Assume we are in case (II). For any 2 < j <4, we have that t; =t;_; + m{*. By a
telescopic computation, we obtain that t; = t; + ¢;m. The element t;; € T is given
by ti11 = t; +mf]} | and hence we have

tiz1 =t1+ (¢ + {71 )m =n+m+gm,
as desired. This ends the proof. O
Remark 4.5. As a consequence of Lemma 4.4, we have the following property. Assume
that A is the semimodule of differential values of a cusp C and (€, F) is a standard
system, where
g = (w,l,wo,wl, - ,ws,werl), f = (@17(:)2, - ,(I)s,(:)5+1).
Consider the set T = {wst1,W2,...,W0s, W41} Assuming that (x,y) is a system of
adapted coordinates with respect to the cusp C, there are two 1-forms 71,12 € T
such that
In(n) = pmaP(mydx —nxdy), In(n) = pey?(mydx — nx dy),
where 11 # 0 # po and p, q € Zxo.

The next lemma is the key argument for finding our generator system of the Saito
module. It will also be important in order to find the Saito bases we are looking for.

Lemma 4.6. Let us consider a standard system (€,F) and a 1-form w € Qp O[C’].
Assume that (x,y) is a system of adapted coordinates with respect to C. Then the
initial form In(w) is a combination, with quasi-homogeneous coefficients, of the initial
forms
In(@1),...,In(@s41), In(ws41).
Proof: The initial form W = In(w) has the invariant curve C given by y" —ex™ = 0,
for a certain € # 0 (we leave this property to the reader). Let us invoke the result of
Theorem 4.2 for the case of length zero established in Subsection 4.3. In this case we
consider the two 1-forms
Wi =nady —mydz, Wi =ny" 'dy — emaz™ ' dx,
that give a Saito basis {Wy, W1} of Cy. This gives a decomposition
W = HW; + G1Wh,

where we can take H, G to be quasi-homogeneous with respect to the weights n, m.
By statement (b) of Proposition 3.15 and up to multiplying &; by a constant, we have

In(d}l) = Wl.
Now, we are going to show the existence of a decomposition
s+1
HWy = G 1 Wagr + Y GeWe,  where Wy = In(@), Way1 = In(way1),
(=2

with all the coefficients Gs1 and G being quasi-homogeneous.
Let 6 = vp(HW). Since H is a quasi-homogeneous polynomial, we can write

dy—mdw>, Q,BEZZ]_.

HWi= Y Was, Wap=pa®y’ (n
an+Bm=§ Yy

X

Now, it is enough to show that each of the 1-forms W,z is reachable by one of the
1-forms in the set

T: {UJ5+1,(:)2, e ,L:JS+1}.
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We consider two cases:

(i) There is a differential 1-form W,z # 0 such that & > m or 8 > n.

(ii) For any W,p # 0 we have that o < m and g < n.
Assume we are in case (i). By a straightforward verification, we see that all the 1-
forms W, 3 # 0 satisfy the condition that either « > m or f > n. In view of Lemma 4.4
and Remark 4.5, we see that each W,z # 0 is reachable by an element of 7.

Assume now that we are in case (ii). Then, there is only one term W,z # 0 and
hence we have

HW, = pz® %P Ymyde —nzdy), 1<a<m,1<B<n.
Moreover, we have that Gl Wl = 0. Indeed, we know that
GW, =G4 (ny"_1 dy — ema™ ! dz)
and, if this expression is nonzero, it contributes to terms corresponding to case (i),
which is not possible. We conclude that
In(w) =W = HW; = pz® Yy~ Ymy de — nx dy) = p'z* "1y 1w;.

Note that w is then reachable by w;. Let ¢ be the maximum index 1 < ¢ < s+ 1 such
that w is reachable by w,. If ¢ = s + 1, we obtain the result. Assume that 1 < ¢ <s.
Write

n=w—p"2% w,, vp(n) > vpW).
We have that vc(n) = ve(z%yPw,). We can invoke property (d) in Theorem 3.9 to
obtain that vc(n) € Ag—1, that is,

Ag +na+mbe Ay_.

By Lemma 2.4, we have that either a > £y, or b > (7" ;. Assume that a > £ . If
Ug+1 = Ugyq, then w is reachable by wy41, which contradicts the maximality of ¢. If
Ug+1 = Ughy, We obtain that w is reachable by w11 and we get the result. We can
use similar arguments for the case that b > ¢7" ;. This ends the proof. O

Remark 4.7. Let (£, F7), with F/ = (@41, @j42,...,@0s+1), be a j-partial standard
system, with j > 1, and take a 1-form w € Qf. 4[C] such that vp(w) < ¢;. By the
same arguments as in the preceding lemma, noting that fj < t~j,1 < oo < ty, we see
that there is a combination
s+1 o B
In(w) = Gs41Wsi1 + Z GWy, where W, = In(@y), Wey1 = In(wsy1),
t=j+1
all the coefficients being quasi-homogeneous of the corresponding degree.

Proposition 4.8. The set T = {ws41,01, W2, ...,0s41} 1S a generator system of the
Saito Ogz o-module Qf 4[C].
Proof: Take w € Q. ¢[C]. We know the existence of a decomposition

s+1
In(w) = Gs41Wsy1 + Zé@ﬁ/g, where W, = In(@¢), W1 = In(ws41),
(=1

with all the coefficients G511 and Gy being quasi-homogeneous. We restart the pro-
cedure of Lemma 4.6 with

s+1
W =w— <G5+1ws+1 + Z Ged]g).

{=1
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In this way, we obtain a formal expression w = §s41ws+1 + Zzi% gg&)g. By a direct
application of Artin’s approximation theorem [2], we obtain the desired convergent
expression
s+1
W = Gs4+1Ws+1 + Zgﬂbé- O
=1

4.6. Existence of special standard systems. This subsection is devoted to pro-
viding a proof of the following result.

Proposition 4.9. Assume that the length s of the semimodule A of differential values
of the cusp C is s > 1. Take two 1-forms wsy1 and Qsy1 in Q(l:Z olC] such that

vp(wsi1) = tsr1 and vp(@si1) = tsy1. Then there is a special standard system (€, F)
for C containing wsy1,ws11 in the sense that
&= (w—lawmwla o ,OJS,OJ3+1), F = (@17@% s awsa®s+1)~

The proof of the above proposition follows directly from the next result.

Proposition 4.10. Assume that the length s of the semimodule A of differential

values of the cusp C is s > 1. Take two 1-forms wsy1 and Dsy1 in Q%:Z olC] such
that vp(wsy1) = tsy1 and vp(@sr1) = tsp1. For any index 1 < j < s there are

functions f;, f; such that
VD(fjws+l + fja}s-i-l) = t~j'
Note that the 1-forms in F will be the 1-forms @; = fjwst1 —|—fjdzs+1 forl1 <j<s.
Throughout the whole proof, we consider an extended standard basis
E = (W_1,W0, W1, ..., Ws, Wst1)

ending at wg41. The proof of Proposition 4.10 is quite long. In order to make the
arguments clear, we provide it in two steps:

Step 1: case j = s. That is, we find @, € Q}CQ 0lC] such that vp(@s) = ts.

Step 2: The general case.

4.6.1. Existence of special standard systems. First case. This subsection is
devoted to the proof of Proposition 4.10 when j = s. Hence, we are going to prove
that there is a combination

a}s - fsajerl + fswerl
such that vp(@,) = .

There are two possible cases: t,11 = ts+nfly, | and t, 1 = ts+ml7 ;. Both cases
work in a similar way. We assume from now on that t,,1 = t; +nf},; and hence we
have ty, 1 = t, + mly, 1. Let us write Delorme’s decompositions of w,y1 and w,q as
follows:

S
~ ~ g ~ s ~ ~ 7
Wst1 = Y Hws + fiox® Vwgm +1, 1= E hewe,
l=—1

s
(18) Wsy1 = MlzZ?Jrlws + qubSJrlka + 77’ 7’ = Z hlwb
l=—1

where we have the following properties:
o In(wsy1) = p1 In(z%+1w,). Recall that t,y; = ts + nlyy .
o In(@sy1) = 1 In(y€T+1ws). Recall that f,, 1 = t, + mely .
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o vo(matsrwt oy Hwin) > vo(matriws) = v (uey’H wiy ) = Ul = usp1.
Recall that ug,q = A\ +nly = Agn + mbsi1.

o vo(ny" rws+ sz wim ) > ve iy ws) =ve (o™ wym) = ully = ligt 1.
Recall that ufy, = A\ +mly ) = Agm + nagy1.

e For any —1 </ < s, we have that vo(hewy) > vl and vo(hewe) > ugy .

Let us consider the 1-form 6 € Qé27O[C] defined by

Vi - om
Oo = 1T+ Wep1 — 1y w1 = € + Co,
where € = figz’ 1t 1 wpn — pgyt Tl with fig = pafis, g3 = fip2 and such

that (o = 5__, 99we. In a more general way, given a pair of functions f, f € Ocz g,
we write

0f ;=00 + f@s1 + fwerr = E+ (G p € ao[C),
where (; , = (o + f@ss1 + fwst1. We also write (rp = Dy gg’fwg. Let us note
that 6o = 69,0, Co = 0,0, and g9 = 92’07 for —1 < ¢<s.

In order to prove the desired result, we are going to show the existence of a pair f, f
such that vp (0 ;) = ts.

We have two options: us = uy and us = uj'. Both cases work in a similar way.
We fix the case that us = u?. Hence, we have t; = t7, 4s = ul’, and t5 = t7'. By
Proposition 2.27, we know that £ = s —1 and k" = k" ;.
Lemma 4.11. vp(€) = £,.

Proof: By Proposition 2.31, the colimits a1 and bsy1 satisfy that by 1 + €74 = £}
and a1 + ¢ | = a,. Hence, we have
§= —M3y@wk;} + 3 wpm = —p13y* w1 + faz®ewpm .

Let us show that vp(¢) = ts. Note that VD(ye;”Eus_l) =M+t =" = t,.
Thus, it is enough to show that vp(z®wgm ) > t, = t7*. We have vp(z®wpm ) =
nas + tgm . Since ug’ = mly + A\s—1 = nas + Agm |, then

nas —mely = As_1 — )\kil >tg_1 — tk;”;l
— nas + tk:il > tNS =ts_1+ mf;n,
by Lemma 2.7. We conclude that vp(§) = . O

The problem is reduced to finding f, f such that vp (Cf,f) > 1.

We say that a pair of functions f, f is a good pair if and only if we have that
I/C(gf’fwg) > Ug, for any £ = —1,0,...,s.
We end the proof as a direct consequence of the following lemmas:

Lemma 4.12. The pair f: 0, f =0 is a good pair.

Lemma 4.13. If f, [ is a good pair, then UD(glf’fW() >ty for =1 << s—1 and
vp(gffws) # .

Corollary 4.14. Assume that f, f is a good pair. Then we have that either vp (ef,f) =
ts or Z/D(Hf’f) =vp(glfw,) < ts.

Lemma 4.15. If f, f is a good pair and I/D(Gf’f) < t,, then there is another good
pair f1, fi such that vp (gl ws) > vp(glfws).
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Indeed, by Lemma 4.12, there is at least one good pair. By Lemmas 4.13 and 4.11 we
obtain Corollary 4.14. Now, we apply Lemma 4.15 repeatedly to get that vp (g5 ws) >

ts. Hence, in view of Lemmas 4.11 and 4.12, we get that vp(glfw,) > f, and
vp(; ;) = t, as desired.

The rest of this subsection is devoted to proving the above three Lemmas 4.12,
4.13, and 4.15.

Proof of Lemma 4.12: We have to prove that

vo(gdwe) > @y, for any £ = —1,0,...,s.
Note that (o = p12+17 — fiyy’*+1n). Then, we have that g9 = pa et hy — fiyteri by,
for any £ = —1,0,...,s. Now, it is enough to show that

Vc(aié?*l ﬁgwg) > s and uc(yeﬁl howp) > 1.

We have that
ve (zb+ hywy) = nly q + ve(hewe) > nll o +ult ) =nll g + ey
= nEZH + nas4+1 + )\k;n = TL(Z?_,'_l + as+1) + )\k;n—l
=nas + A\gm | = ug' = s,
Vc(yeﬁl hewe) = ml | 4+ vo(hewe) > mll +uy = mll | + usp
=mlyy +mbsi1 + Agn = m(€7 ) +bsy1) + A1
=mll' + As_1 = Uy’ = Us.
This ends the proof of Lemma 4.12. 0

Proof of Lemma 4.13: Throughout the proof of this lemma, we just write ng F = qge,

in order to simplify the notation.
Let us first show that vp(gewe) > ts, for any —1 < £ < s—1. Recall that vo(gews) >
us and write

ve(gewe) = vo(ge) + Ao > Gy = ul' = X1 +mly".
Noting that As_1 — Ay > ts_1 — tg, in view of Lemma 2.7, we have
ve(ge) + As—1 > A1 +te—1 —tg +mly’

and thus we have vo(ge) +ty > te_y +mlT =™ = £,.
There are two cases: when vp(ge) < nm, then vo(gs) = vp(ge). The other possi-
bility is vp(ge) > nm, but we have that t; < nm. In both cases, we conclude

vp(gewe) = vp(ge) + te > ts,

as desired.
Let us show that vp(gsws) # ts. Assume by contradiction that vp(gsws) = ts.
Recalling that t, =t7, ts =7, t7 =t,_1 + nl}, and t7" =t,_1 + ml7", we have

s Us
vp(gsws) = ts = vp(gs) +ts = ts = vp(gs) + 17 = tT
= vp(gs) +ts—1 +nll =ts_1 +ml
= mly" = vp(gs) + nly.
This implies that m/¢7* € I' is written in two different ways as a combination of n, m

with nonnegative integer coefficients. This is not possible, since mf}* < nm, in view
of Remark 2.2. The proof of Lemma 4.13 is ended. O
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Proof of Lemma 4.15: Assume that f, f is a good pair with VD(Hff) < t,. Let us

find another good pair fi, fi such that VD(gfl’flws) > VD(gf’fws).
Since vp(§) = ts, 07, = £+ (5o and vp(0f ;) < ts, we know that In(ff ;) =
In(Cf ;). In particular vp(Cf ;) = vp (05 ;). Applying Lemma 4.13, we get that

(07 ;) =In((f ;) = In(gf Y w,) = In(gf ) In(wy).

Noting that vp (65 ;) < ts < nm and ve(ff ;) = oo, we have that 0f ; is a resonant
1-form and, by the results in Subsection 3.2.2, there is a monomial pz®y® such that

a dx dy
In(0f ;) = pz y’ (mx - ny) a,b>1, na+mb=vp(l;,)
We conclude that there are 0 < a’ < a, 0 < b < b and p'p”’ = p such that
ra 7 ’ ! / d d
In(gl7) = p/a®y”, In(ws) = p z""*y>~" (mx - ny>
z Yy

Let us consider the decomposition
0. —=u a’ b / ’ o b
Fr=nztyws+n, vp(n')>vp(a®y ws).

Noting that v (0 ;) = oo, we have that vo (1) = vo (' e y¥ ws) = na'+mb'+\. Let
us apply Theorem 3.9, statement (d), to the integer number k = As+na’+mb’. Since
there is " such that veo(n')=k and vp(n') > vp (xa/yb/ws), we conclude that k € Ag_q.
By Lemma 2.4, we know that one of the following properties holds:

a >0y, or b >0

Let us show that 9f~f is reachable from wsy1 or from @yy 1. Assume that o’ > £ 4,
then we have

vp(0f ;) =an+bm = (a—a)n+ (b—b)m+a'n+b'm
=ts+nly  + (d = On+bm=t},+ (a — G n + b'm.
Noting that ;41 = t] |, we have that 0 and 9~ :+1y /UJ5+1 have the same initial

parts (up to a constant) and thus 9 Fopis reachable from wsy1. In the same way, if we
assume that b’ > ¢ |, we have

vp(07 ;) = an+bm = (a—a)n+ (b—b)m+adn+bm
=to+ml +an+ O -8 )m=t"+an+ 0 - )m
=t +a'n+ (0 — 62 )m.

We conclude as above that 9 Pt is reachable from @y 1.
Assume now that @’ > £7,, and hence 0; , is reachable from ws;1. Thus, there is
a constant pg # 0 such that

vp(05 ; — psa® gy ) > vp(0; f).
Let us put f1 = f and f1 = f — pgz® ~“+1y®". Note that
afhfl = ef,f — pzz® _elrlyb Ws+1

and hence vp (07, ;) > vp(07 ;).
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Let us verify that fi, f1 is a good pair. Let us write

s

a/_en b/ /

T YT Wsg1 = E GoWe,
l=—1

coming from the decomposition of ws41 in equation (18). Noting that
Cfl»f = nyf — pzz® 7Z:+1yb Ws+1,
we see that fi, fi is a good pair if ve(gpwe) > s, for £ = —1,0,...,s. Let us show

that this is true. Since the terms gjwg, for —1 < ¢ < s, come from the decomposition
of we41 times a monomial, we can apply Remark 3.12 to see that

vo(diws) < vel(gwe), for —1<0<s.

Hence, it is enough to show that v (giws) > @s. Notice that
In((f ) = In(gf M w,) = paIn(a® =5y wo 1) = i In(glws),
where the last equality comes from Corollary 3.14. Thus, we have
vp(g]7w.) = vp(giws) < Tu <mm.
Therefore, vp (gff) =vp(g,) < nm. This implies that

vp(gl) = ve(gl?) = velgl) = vp(dl).

Since f, f is a good pair, we conclude that ve(giws) = ve (gsf’fws) > . IF0 > 07,
then 6 Fir is reachable by @sy1 and we proceed in a similar way. This ends the proof
of Lemma 4.15. O

4.6.2. Existence of special standard systems. Induction step. This subsection
is devoted to the proof of Proposition 4.10 when 1 < j < s, assuming that the result
is true for j + 1,5 + 2,...,s. Consequently, we are going to prove that there is a
combination

Wj = fjwst1 + fjwst1
such that vp ((Z)J) = fj, under the assumption that for any j +1 < ¢ < s there is a
combination @, = fgdst + fows i1 such that vp (@) = L.

The proof is very similar to the case j = s. Recall that vp(@;41) = tj41. There
are two options: either t~j+1 =t or £j+1 =74, In both cases, the proof works in
a similar way. We fix from now on the option Ej+1 =t

Let us define the number g € {j +2,...,s+ 1} as follows:

s+1, ift,=1ty, for{=35+2,7+3,...,5s+1,
min{¢:t, =t j+2<¢<s+1}, otherwise,

and define the 1-form @, as follows:

- _{ws+1, iy =17, for =j+2,j+3,...,s+1,
=

Wqs otherwise.

Let us note that vp(W,) = t;" in both cases.
Now, we proceed as follows:

e First, we find a combination 0y of @, 41 and @, such that vp(fy) < ;. Note
that fp should be a combination of w41 and wsy1, in view of the induction
hypothesis.
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e Next, we find a 1-form @; — 6p which is a combination of
&}j+17a}j+27 sy a)s-‘rla Ws+1,
in such a way that vp(©;) = ¢;.

Consider Delorme’s decompositions of @;41 and &, as introduced in Theorem 3.11,
which we write as follows:

i
- - g - ) O =
D1 = fny Wy + r® g + 77, = hew,
=1

J
Wg = Mw; + Nwgn + 1, n= Z howy,
r=—1
where M, N are monomials in such a way that we have the following properties:
o In(@j41) = fir In(y"*1w;) = fiy%+ In(w;). Recall that £, =t; + mey .
o vo(fny T w; + fior®tiwpm) > vo(yitiw;) = vo(a® o) = ufy = 4.
Recall that uf, = Xj +ml}L ) = Xgm + najia.
o vo(howy) > Gijp1 = ully, for £=—1,0,1,...,].
e In(&,) = In(Mw;) = M In(w,).
o vo(Mwj + Nwin) > ve(Mwj) = vo(Nwgr) = Aj +tg" —t; = v’y ;.
o vo(howe) > Aj +1" —t; =0ty ;, for £=—-1,0,1,...,].
Let us compute the monomials M and N. We have
ty' = vp(&y) = vp(M) + vp(w;) = vp(M) = t;" — ;.
By a telescopic argument, we obtain
tg =ty =1t —tipa + (b1 — 1))
=t —ti1+nlly,
=ty —tit2 + (L2 — tiv1) + 0l
=ty —tjra +mll o +nli
=ty —tivz + (tjys — tiy2) +ml o + 0l
=ty —tiyz +m s + ) +nll

=ty —tg1+mlgy 4+ )+l

=mly + 0+ s )+l
This implies that M = j;2%°, where

a="Ll, b=L+ 00+ O+ .
Let us now compute the monomial N. We know that
ve(Nwir) =vp(N) + Aen = ve(Mw;) = Aj + na + mb.
Then, we get
vp(N) = Aj — Agn + na + mb.
Recalling that wj, = Aj +nlf ; = Apr + mjbj+1, we obtain
vp(N) =\ — /\k? 4+ na +mb
=mbji1 — b} +na+mb=m(bji1 +b).

This implies that N = poybi+1+?,
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Let us note that b < {7, in view of Corollary 2.32. More precisely, we have that
07, —b=by. Now, we consider the 1-form 6o given by

~ - b~ Vi < b~
Oo = p12Wjp1 — 1y "Wy = 1T It Wj41 — 1y Wg.
We write 0g = £ + (o, where

bq+b+bj41

— 1y oGy -
€= pafinx™ T wpn — iy Wiy

+aj41 L1 +bi

i =
= 1 fox i+t Wrm — fif2y W

and Co = Y5__; gfwe = Xj__ (ma+ihe — fuyehe)w.
In a more general way, given a list of functions f, f in Oc2 ¢, where

f': (f.j+17fj+27"‘7f8+1)’

we write
s+1

Op =00+ > frioe+ fwerr =&+ Gy € Uz o[C,
f=j+1
where Cﬁf = (o + Z;:;H fgd}g + fwsi1. We also write C?,f = Zzz_l g?fwg. Let us
note that 6y = 9,0, (o = Co,0, and g? = g?’o, for -1 </ <s.
In order to prove the desired result, we are going to show the existence of a list f, f
such that vp(0; ;) = t;.

We have two options: u; = u} and u; = uj". Both cases work in a similar way. We

consider the case that u; = u}. Hence, we have ¢; =t7, u; = uj", and fj =t". By
Proposition 2.27, we know that k7 = j — 1 and k" = £k} ;. We will show that

Lemma 4.16. vp(&) = ;.

Then, the problem is reduced to finding a list (f, f) such that vp(Ge p) > t;.

We say that a list of functions (f, f) is a good list if and only if we have that
Vc(g?f(u'g) > 4, for any ¢ = —1,0,..., 5.

We end the proof as a direct consequence of the following lemmas:

Lemma 4.17. The list (f, f) = (0,0) is a good list.

Lemma 4.18. If (f, f) is a good list, then VD(gg’fWg) >t for =1 <(<j—1 and
vp(gyTw)) # 1.

Corollary 4.19. Assume that (£, f) is a good list. Then we have that either vp(b ;) =
t; or vp(b ;) = VD(gf-’fwj) < tj.

Lemma 4.20. If (f, f) is a good list and vp(6; 7)< t;, then there is another good

list (£1, f1) such that Z/D(gfl’fle) > VD(gf’fwj).

Indeed, by Lemma 4.17, there is at least one good list. By Lemma 4.18 and
Lemma 4.16 we obtain Corollary 4.19. Now, we apply Lemma 4.20 repeatedly to
get that VD(g§’fwj) > ;. Hence, in view of Lemmas 4.16 and 4.17, we get that
VD(g;-"fUJj) > t; and vp(0s ) = t; as desired.

The rest of this subsection is devoted to proving the above four Lemmas 4.16, 4.17,
4.18, and 4.20.



240 F. CaNo, N. CORRAL, D. SENOVILLA-SANZ

Proof of Lemma 4.16: By Proposition 2.31, the colimits a;y; and b;y; satisfy that
bjt1 + 07 =47 and a;41 + £}, = a;. Then, we have
€ = pufiax’s e O g — fiy gy g

= pfizx® wim | — fir pray"T wj 1.
Note that l/D(y%‘”wj_l) =ml] +tj =t = fj. Thus, it is enough to show that
vp(xVwgm ) > t; = t". We have vp(z®wym ) = na;j + tgm . Since uj' = ml" +
Aj_1 =na; + >‘k§’11’ in view of Lemma 2.7, we have

na; — mﬁ;n = /\j_1 - /\kg_ril >t1— tk;’llv
which implies that

VD(l‘ajwk;n_I) =na; + tk;_n_l > t~j =t; 1+ mE;"

We conclude that vp(€) = ¢;. O

Proof of Lemma 4.17: We have to prove that
ve(glwe) > @ij, for any £ = —1,0,...,7.
Note that gw, = (ulmZ?H hy — fi1y%2hg)we. Then, it is enough to show that
Vc(xe?+1ilng) >4, and ve(yPahows) > ;.
We have
ve (zhi+ hywy) = nli g + ve (howe) > iy +ufyy = nli ) + G4

=nlj g +naji + e =l +aje1) + Ao

=na; + A | = uj' =1,
Let us now consider v (y%howy). We have

vo (yPrhawe) > mby + N\j + ty' — .

Let us show that mb, + A; + " —t; = ;. Recall that u; = uj* = A\j_1 + ml}". Thus,
we have to prove that

mbg + A+t —t; — Ajo1 —ml; = 0.
Note that ki = j —1 and then A; —A;—1 = —nf7,; + mb;11. Then we have to verify
that

mbg —nli  +mbjp1 + 1 —t; —ml = 0.
Recalling that 7" —t; = na +mb = nf7,, + mb and that b, = £}, — b, we have to
verify that
m(ly —b) —nliy +nli +mb+mbj —ml]" =0.

We have to see that b1 + €% = 7", and this follows from Proposition 2.31. O

Proof of Lemma 4.18: Throughout the proof of this lemma, we just write gg’f = gy,

in order to simplify the notation.
Let us first show that vp(gewe) > t;, for any —1 < ¢ < j—1. Recall that v (gewe) >
@; and write

vo(gewe) = ve(ge) + Ae >t = uf" = Aj_1 +mly".
Noting that A\;_; — A\p > t;_1 — ¢, in view of Lemma 2.7, we have
Vc(gz) + >\j—1 > >\j—1 +t1—te+ mé}”

and thus we have vo(ge) +te > tj-1 + me =t = t;.
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Recall that ve(g¢) = vp(ge) when vp(ge) < nm. Noting that t~j < mm, we conclude
that

vp(gewe) = vp(ge) +te > 1;,
as desired.
Let us show that vp(g;w;) # t;. Assume by contradiction that vp(g;w;) = t;.
Recalling that t; = t7, &; = 7, ¢ = t;_1 +nl?, and ¢ = t;_1 + mL}", we have
VD(gjwj) = {j - I/D(gj) +1t; = th - I/D(gj) + t;—L = t;ﬂ
= vp(gj) +tj-1+ nf? =tj1+ mﬁgn
= ml]" = vp(g;) +nlj.
This implies that m/{7* € I' is written in two different ways as a combination of n, m

with nonnegative integer coefficients. This is not possible, since mfj" < nm, in view
of Remark 2.2. O

Proof of Lemma 4.20: Assume that f', f is a good list with vp (60
another good list 1, f! such that

£l f1 £,
vp(gh T wi) > vp(gh w)).

£ ) < t;. Let us find

Let us note that vp (65 f) =vp (g]f»’fwj) < t; and, more precisely, we have

f
W = In(gj’fwj) = In(0z ;).
In view of Remark 4.7, there is a decomposition

s+1
W=G W1+ Y Gy,
(=j+1

where the coefficients are quasi-homogeneous. Moreover, all the 1-forms W, W1, Wy,
for j+1 < ¢ < s+ 1 are resonant with divisorial value < nm. We conclude that all
those 1-forms are given by the product of a monomial and the 1-form

dx dy
m— —n—.
€ Y
Up to multiplying some of the terms by an appropriate scalar number, we can assume
without loss of generality that all the coefficients G411, Gj41,Gj42, ..., Gsy1 are zero

except exactly one of them. Hence, we have
W = G441 W41 or there is ¢y such that W = égo Wgo.

Let us write S = Wy in the first case and S = Wgo in the ~second one. Then we have
that W = GS, where G = g5+1 in the first case and G = Gy, in the second one.
Now we define the list (f!, f1) by

( ‘;‘1+1>f]’1+17 o '7f;+1a fl) = (f7 f) - (Gj+1uéj+27 o ~7Gs+17Gs+1)-

- .
It is a straightforward verification that vp (g§ T i) > Z/D(gjf-’fwj).

We just have to verify that (f'l,fl) is a good list. We do so in the case that
S = W4 1; the other cases work in a similar way. Note that

J
FLogl
Cf.‘l’fl == C?,f - Gs+lws+1 = Z gg of we.
l=—1
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Let us consider a Delorme’s decomposition of wsiq given by wsy1 = 2%271 Ccowy,
where we know that
o In(ws41) = In(cjw;).
o vo(cjw;) < velcpws), for £ =—1,0,1,..., 7.
SN N
Note that gg A g?f — Gsyi1cp, for £ =—1,0,1,...,7. Then, in order to show that
we have a good list, it is enough to show that vo(Gspicjw;) > ;.
We know that vp (g]f’fwj) = vp(Gsticjw;) < mm, since they share the initial part.
Noting that the divisorial values are under nm, we have
£.f £.r
i)

vp(g;”) =vely vp(Gsy165) = vo(Gsy1cy).

We conclude that vo(Gsticjwj) = Vc(g;"fw]') > Uy, as desired. O

5. New discrete analytic invariants

Let m: M — (C2,0) be the minimal reduction of singularities of a cusp with Puiseux
pair (n,m). We know that 7 is the composition

T=TM107M20---0OTN

of blow-ups m;: M; — M;_; centered at points P;_; € M;_q, for j = 1,2,...,N,
where Py = 0 € C2. Hence My = (C%,0) and My = M. We also know that each
infinitely near point P; belongs to the divisor

Dj==;'(Pi-1), j=12,...,N—1

We also put D = Dy the last divisor of w. Let us denote by C, the set of all cusps C'
such that 7 is the minimal reduction of singularities of C.

Remark 5.1. For any Saito basis w, w’ of a cusp C € C,, we have
VDj(w)+VDj(w/) SVDJ(xyf)a J=12,...,N,

where f = 0 is a reduced equation of the cusp C. Indeed, since w, W’ is a Saito basis,
we have
d d
wAW =ufdxANdy =uzyf (x/\y)
T Y
where u is a unit. The property follows from the fact that

vp,(w) +vp, (W) <vp,(wAw).

Given a divisor Dj, for j =1,2,...,N, and a cusp C € Cr, we define the
pair (sp,(C),5p,(C)) of Saito multiplicities at D; by

sp,(C) = min{vp, (w); w belongs to a Saito basis of C'},
5p,(C) = max{vp,(w); w belongs to a Saito basis of C'}.

Note that sp,(C) is equal to the minimal divisorial order of the elements of any Saito
basis, whereas sp, (C) does not follow directly from a given Saito basis.

The pair of Saito multiplicities is an analytic invariant of the cusp C. In [6], the
author introduces an invariant directly related to the first pair (sp, (C),sp, (C)).

A natural question is to know if the pairs of Saito multiplicities may be deduced
from the knowledge of the semimodule of differential values. The answer is positive
for the last pair (sp(C),5p(C)). On the other hand, we present here an example of
two cusps in C, having the same semimodule of differential values such that the first
pairs of Saito multiplicities do not coincide.
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Theorem 5.2. Take C € Cy, then (sp(C),5p(C)) = (tsy1,ts11), wherets s andtsyq
are the last critical values of the semimodule of differential values of C'.

Proof: We know that wsy1 and wsy1 are a Saito basis of C' and

vp(wst1) = tst1 < tsp1 = vp(@si1).

This proves that sp(C) = ts41 and t.41 < 5p(C). Now, let w, w’ be another Saito
basis, with vp(w) = ts41 and vp(w') > vp(Dst1) = ts+1. Let us write

W= hwsp1 + hsr1, W = gusir + GDst1,
where § = h§ — gh is a unit in Oc2 0. By taking into consideration the divisorial
order vp, we have that vp(h) = 0 and vp(g) > 0; hence h is a unit and g is not a
unit. Since d is a unit, we have that g is a unit. If vp(w') > ts11 = vp(Dst1), We
necessarily have that

VD(gwerl) =VDp (§®S+1) = VD(CDerl) = £s+1'
Let us see that this is not possible. Assume that ¢, = t; 4+ nf},; and hence t~s+1 =
ts +ml, (the case ty41 =ty +ml], is similar). We have

vp(9) +tsr1 = tss1 = vplg) + nlyy =mll,.

Noting that vp(g) € I', we obtain two different ways of writing m¢} ; < nm as a linear

combination of n, m with nonnegative integer coefficients. This is a contradiction. [

We are now going to present the example of two cusps C7 and Cy corresponding
to the Puiseux pair (7,36), such that the (common) semimodule of differential values
has a basis B = (7,36, 123) and such that the Saito pairs of multiplicities with respect
to the first divisor D; are different for C7 and Cs.

Remark 5.3. Let us note that for any 1-form w, we have
Vo(w) = vp, (@) — 1,
where vg means the minimum of the multiplicity of the coefficients of w.
First example. Consider the cusp C; invariant for the 1-form
w = 3623 (7z dy — 36y dz) — 560y° dy,
with a parametrization ¢1(t) = (7,6 + ¢'16 + 224196 4 ho.t.). The basis of the
semimodule of differential values of Cy is (7,36, 123), with a minimal standard basis
given by
S = (w1 =dz,wy = dy,wy = Tx dy — 36y dx).
We have u§ = A\ +nly = Ao + mby, that is, 123 + 705 = 36 + 36by; we obtain that
5 =by =3, wuy=144.
Similarly, we find that
uy' =231 = 12343605 =7+ Tas, {5 =3, as=32.

Hence us = uy and e = uy'. Moreover, we have

to=1th =t +nly =43 +7-3 =64, fo=15 =1, +mly =43+ 36-3 = 151.
We see that vp(w) = t3 = 64. Hence we can take ws = w to obtain an extended
standard basis and as being one of the generators of a Saito basis of C;. Notice
that vp, (w) = 4, since vp(w) = 3. We can take @2 to be a 1-form with divisorial
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order vp(Ws) = to = 151 and C; to be invariant by @ws. By Delorme’s decomposition
in Theorem 3.11, we can write wWo as

Oy = yiwr + u:v?’z de+mn9; no = fordx+ fody+ f1(Txdy — 36y dx),

for an appropriate constant p and such that ve, (fewe) > g = 231, for £ = —1,0, 1.
Let us compute vp, (02). Assume that we have vp, (fewe) > 5, for £ = —1,0,1,
then we obtain that vp, (02) = 5. In view of Remark 5.1, we know that

sp, (C1) +5p,(C1) <wvp,(zyf) =7+2=09.

Thus, we have (sp, (C1),5p,(C1)) = (4,5) since the Saito basis w, @y gives the maxi-
mal pair (4,5).

It remains to show that vp, (frws) > 5, for £ = —1,0,1. We consider two situations:
vp(fe) > nm and vp(fe) < nm. In the first situation, we have
vo(fe) >n="1.

In the case that vp(fs) < nm, we have
vp(fe) = v, (fe) > 231 — A,

Moreover, looking at the monomials in the expression of f;, we obtain

vp(fe) < vo(fe)m = 36vo(fe).

Thus, we have

VD(f—l) 231 — )\_1 260
1>y g st oAy 20,
wlfa) +12 === 1> ——=r—+ 1= =5 )
y 931 — \ 231
vp, (fowe) = S wo(fo) +1 > D;g°)+1> 2 °+1:§25, (=0,
vo(f1) 231 — A 180
9> 9 g 20 _ =1
w(h)+22 == 42> —5r—+2= 35 =5,

Second example. Take the cusp Cy with Puiseux pair (7, 36) invariant by the 1-form
W' = 362%(Tx dy — 36y dx) — 560y> dy + y(Tx dy — 36y dx)
and defined by a parametrization as follows:

1 1 1
B = (7 436 4116 % s 1146 _ A61 4 ot )
20 < A i T s 720000

The basis of the semimodule of differential values is (7,36, 123). We can take
S = (w1 =dz,wy = dy,w; = Tz dy — 36y dx)

as a minimal standard basis for Cy (thus, it is the same one as for C1). We repeat
the arguments used for the curve Cj. We can take w) = w’ as one of the genera-
tors of a Saito basis of Cs, with vp(w') = t2. Again, we obtain a partial standard
system (w_1,wp,wr,wh = w’', &%), where @5 can be written as

1
@ =Py + 2 da+mh; mh =) fuwr,
r=—1
with 4/ being an appropriate constant and v, ( fywe) > 231. Thus, again we find that
vp, (fjwe) > 5. We have that vp, (05) = 5.
Now, we have
(vp, ('), vp, (@3)) = (3,5).

This implies that sp, (C2) =3 < 4 = sp, (C1). Hence the Saito pairs of multiplicities
for C7 and Cy are different.
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Moreover, the pair (3,5) is not maximal yet: the 1-form n = &) — y?w) satisfies
that {n,w}} is a Saito basis and vp, () = 6. Hence the Saito pair of multiplicities for
the first divisor and the cusp Cs is equal to (sp, (C2),5p, (C2)) = (3,6).

Remark 5.4. Given a plane curve S C (C2?,0) and a finite sequence of blow-ups
o: M — (C?,0)

with last exceptional divisor D, we can define in a similar way the Saito pair of
multiplicities (sp(S),5p(S)). In this way we have infinitely many analytic invariants
of S. An interesting question would be to describe the set of these invariants as a
subset of the moduli of plane curves given in [10].
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