Publ. Mat. 70 (2026), 247-275
DOI: 10.5565/PUBLMAT7012609
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Abstract: A b-contact structure on a b-manifold (M, Z) is a Jacobi structure on M satisfying a
transversality condition along the hypersurface Z. We show that, in three dimensions, b-contact
structures with overtwisted 3-dimensional leaves satisfy an existence h-principle that allows us to
prescribe the induced singular foliation. We give a method to classify b-contact structures on a given
b-manifold and use it to give a classification on S3 with either a 2-sphere or an unknotted torus as
the critical surface. We also discuss generalizations to higher dimensions.
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1. Introduction

Rather new on the mathematical landscape of geometric structures are the so-called
b-contact structures, introduced in [35]. These structures are the odd-dimensional
counterpart to b-symplectic structures, which are a class of non-regular Poisson man-
ifolds. The associated Poisson structure of a b-symplectic structure is non-degenerate
(and thus symplectic) outside a hypersurface, called a critical hypersurface, where it
degenerates in a transverse manner. The induced Poisson structure on the hypersur-
face yields a codimension 1 symplectic foliation. The language of differential forms over
the b-tangent bundle (first introduced by Melrose [33] and considered in a symplectic
setting in [37]) is suitable for the description and study of these Poisson structures,
called b-Poisson structures, as shown by the seminal work of Guillemin—Miranda—
Pires [22]. With this formalism come many advantages, as for instance Moser’s path
method, which still holds for b-symplectic forms. Since then, b-symplectic geometry
has become an active field of research. The topology of b-symplectic manifolds, also
called log-symplectic manifolds, has been studied by several authors [8, 23, 17, 31].
In [17] the existence problem on open manifolds is addressed using the h-principle. An-
other related class of singular symplectic structures is that of folded symplectic struc-
tures [4], whose existence, even on closed manifolds, can be established using the
h-principle [3].

On the contact side of this story, the study of the topological features of b-contact
structures was initiated in [35], followed by an analysis of their associated Reeb
dynamics [34, 36, 5]. Once more, b-contact structures on a b-manifold (M, Z) are
contact outside the hypersurface Z, and the contact condition degenerates on the
critical hypersurface. A natural way to express this degeneracy is by viewing them
as Jacobi structures, which were introduced by Lichnerowicz [30] and Kirillov [27]
as generalizations of symplectic, Poisson, and contact structures. In the case of a
b-contact form, the maximum wedge of the associated Jacobi structure necessarily
satisfies a certain transversality condition (see Subsection 2.4). The associated singu-
lar foliation yields leaves of maximal dimension outside the hypersurface where the
induced structure is contact. On the critical hypersurface, an intricate interplay takes
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place between codimension 1 locally conformally symplectic leaves and codimension 2
contact leaves. As happens with regular symplectic and contact manifolds, b-contact
structures are induced on certain hypersurfaces of b-symplectic manifolds.

In this article, we study the existence and classification of b-contact structures on
closed orientable 3-manifolds. To fix a b-manifold, we fix the ambient orientable closed
manifold M and the embedded hypersurface Z, which is always assumed to be closed
but not necessarily connected. Since we will work with orientable b-manifolds, this
immediately imposes that Z is a separating hypersurface, that is, for any connected
component Z' C Z, M\ Z' consists of two connected components (see the discussion
in Subsection 2.2). Our existence theorems for b-contact structures work for a fixed
b-manifold, which is stronger than the existence results in [35]. There, the b-manifold
cannot be fixed and it is shown that given a closed orientable surface in a closed
3-manifold M, there exists a b-contact structure having a critical surface given by
the union of two diffeomorphic copies of the surface. The second main contribution
of this article is that we give a recipe that reduces the classification of b-contact
structures on any b-manifold to ingredients from algebraic and contact topology. We
apply this recipe to classify b-contact structures on the 3-sphere with either a sphere
or an unknotted torus as the critical surface. Our classification results for singular
geometric structures can be compared with the seminal work of Radko [40], where a
classification of b-Poisson structures on closed surfaces was obtained.

Recall that contact structures in dimension 3 fall into two different classes: over-
twisted and tight. The study of the overtwisted ones is well understood. By the classi-
cal flexibility result proved by Eliashberg [11], overtwisted contact structures can be
understood purely by the homotopy theory of plane fields. In particular, this yields
existence and classification results of those structures on closed 3-manifolds. Tight
contact structures lie at the other end of the spectrum: their study turns out to be
way more intricate as they reflect the topology of the underlying manifold. They do
not satisfy the h-principle and there are examples of 3-manifolds that do not admit
tight contact structures [15]. The list of manifolds where tight contact structures are
classified is short (among others S3, R3, S x S? [12]). The classification of tight
contact structures in manifolds with boundary is for instance settled in the case of
the 3-disk [12] or the solid torus [24, 29].

A b-contact structure on a manifold M with an orientable critical hypersurface Z
is called fully overtwisted if in each component of M \ Z (which correspond to each
leaf of maximal dimension of the associated Jacobi structure; see Lemma 3.5) we get
an induced overtwisted contact structure. Similarly, a b-contact structure is tight if
in each component of M \ Z we get an induced tight contact structure. We prove
that an existence h-principle holds for fully overtwisted b-contact structures on any
fixed orientable b-manifold (M, Z), which allows us to prescribe the singular foliation
(whenever there is no obvious topological constraint for this foliation to exist).

To give a precise statement, let us introduce a bit of terminology. Given a set of
separating curves I' on an oriented surface Z, let f be a defining function for v (that
is, I" is the regular zero-level set of f). This defines a splitting Z = Z, UZ_ of surfaces
with boundary cutting open Z along I', defined as the set where f is non-negative
(respectively non-positive). If we consider the defining function — f instead, this leads
to the same decomposition of Z where Z; and Z_ are interchanged. For a given set
of curves, there are only these two possible decompositions. From now on we take the
following convention: when we speak of a set of separating curves, we mean the curves
together with a choice of Z, and Z_. Furthermore, given a rank 2 vector bundle n
over a 3-manifold, we denote by e(n) € H?(M,Z) the Euler class of n and by ez(n) its
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restriction to H2(Z,Z). A b-isotopy is just an isotopy that preserves Z, the natural
isotopies on b-manifolds, and y denotes the Euler characteristic.

Theorem A (Theorem 4.8). Let (M,Z) be a closed oriented b-manifold of dimen-
sion 3 and let n be a b-plane field. Then n is homotopic through b-plane fields to a
fully overtwisted b-contact structure whose set of 1-dimensional leaves is any collec-
tion of separating curves T in Z such that x(Z4+) — x(Z-) = {ez(n), Z). Furthermore,
if two fully overtwisted b-contact structures have isotopic 1-dimensional leaves and
are homotopic relative to Z, then they are b-isotopic.

The theorem above admits an interpretation in terms of Jacobi geometry: on a
3-manifold M with a given separating hypersurface Z, any formal b-Jacobi struc-
ture (see Definition 4.2) is homotopic to a genuine Jacobi structure (A, R) such that
AANRMO (ie. a b-Jacobi structure), vanishing exactly along Z, with prescribed sin-
gular foliation. Indeed, as we will see, the condition on the set of 1-dimensional leaves
is necessary for the existence of a b-contact structure homotopic to 7.

The proof is based on using the framework of b-geometry to apply techniques
from contact topology, starting with a semi-local study around the critical surface
of the b-manifold and an application of Eliashberg’s relative h-principle for contact
structures. Note that since the b-manifold is fixed, the singular locus of the b-contact
structure (and of the associated Jacobi structure) is fixed as well. Closely related
results are the existence h-principle for b-symplectic forms on open manifolds [17],
and the existence h-principle (on closed manifolds) for folded symplectic forms, a
geometric structure that also degenerates along a critical hypersurface, established by
Cannas da Silva [3]. In both cases, however, the singular locus cannot be prescribed,
which contrasts with the results on b-contact structures in the present paper.

To the authors’ knowledge, this is the first h-principle type existence result for Ja-
cobi structures in dimension 3 that are not transitive (i.e. different from contact struc-
tures). The simplest regular Jacobi structures are contact structures and conformally
symplectic structures, both of which satisfy an existence h-principle [2, 1]. In general,
regular Jacobi structures can be interpreted as foliations of constant rank with contact
or conformally symplectic leaves. Their flexible behavior has recently been studied by
several authors, both in open manifolds [9, 16] and in closed ones [7, 2, 19].

Using recent advances in the theory of high-dimensional convex hypersurfaces in
contact topology, we prove a weaker existence theorem for high-dimensional b-contact
structures. This one does not allow us to prescribe the singular foliation.

Theorem B (Theorem 6.1). Let (M,Z) be a closed oriented b-manifold of dimen-
sion 2n + 1 > 3 such that Z is separating. Then any formal b-contact structure is
homotopic to a fully overtwisted b-contact structure.

In this context, the “formal” initial data is not just a b-hyperplane field, but
what we call a formal b-contact structure. This formal structure exists on an odd-
dimensional b-manifold with a separating hypersurface if and only if the manifold is
stable almost complex. This implies that any stable almost complex manifold admits
a b-Jacobi structure with any critical separating hypersurface Z.

Our first two theorems tackle the existence of b-contact structures, and we con-
tinue by studying the classification of b-contact structures. This means classifying the
singular foliations associated with b-Jacobi structures, and for each foliation deter-
mining the b-isotopy classes of b-contact structures. We give a method to achieve such
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classification results on a given b-manifold and apply it in two cases. In the paradig-
matic case of S3 with a 2-sphere as the singular hypersurface, we obtain the following
classification result up to b-isotopy.

Theorem C (Theorem 5.6). The classification of positive b-contact structures in
(S3,52), endowed with some orientation, up to b-isotopy is the following.

(1) There exists only one tight b-contact structure on (S3,S?). On the critical sur-
face there is a single 1-dimensional leaf.

(2) b-contact structures that are overtwisted in one connected component of S*\ 92
but tight in the other one are determined by specifying which side of the equator
is the tight component (i.e. by a sign), and by the homotopy class of the b-
plane field in the closure of the overtwisted component relative to S? (i.e. by
an element in Z: the Hopf invariant). On the critical surface, there is a single
1-dimensional leaf.

(3) For each T isotopy class of separating closed curves in S? satisfying x(S%) =
x(S2%), fully overtwisted b-contact structures inducing I as the set of 1-dimen-
sional leaves determined by the homotopy class of the b-plane field in the closure
of each component of S3\ S? relative to S? (i.e. by an element in Z?: the Hopf
invariant of the b-plane field in each component).

It is implied in the statement that only those isotopy classes of separating curves
satisfying x(S5%) = x(5?) can arise as the set of 1-dimensional leaves of a b-contact
structure on (S3 5%), and can easily be characterized combinatorically (cf. Lemma 5.4).
A classification as above can be carried out as well when the singular locus in S? is
given by an unknotted 2-torus; see Theorem 5.9.

The proof of Theorem C is obtained by reducing the classification of b-contact
structures on a given b-manifold to algebraic topology and known results in contact
topology. Indeed, the recipe of our proof holds for any b-manifold (M, Z). The required
ingredients to classify b-contact structures on a given b-manifold are: a classification
of the admissible sets of 1-dimensional leaves, the classification of relative homotopy
classes of plane fields of the connected components of M \ Z, and the classification of
tight contact structures with convex boundary on the connected components of M\ Z
(viewed as contact manifolds with boundary). In both cases that we study, the clas-
sification of tight contact structures of the completion of the connected components
of M\ Z is available in the literature (see [12, 24, 29]). However, the classification
of tight contact structures in general is still an open question.

Last but not least, our study of the singular hypersurface of a b-contact manifold
of any odd dimension shows that it always admits a smooth family of contact sub-
manifolds of codimension 2 in M. This is interesting on its own since we show that
the Reeb vector field of any fixed b-contact form restricts to a contact Reeb vector
field in each submanifold of this family. As a corollary, we show that the Weinstein
conjecture on the existence of periodic Reeb orbits holds for compact b-contact man-
ifolds in dimension 5 along the critical hypersurface. This generalizes a 3-dimensional
result proved in [34] and can potentially give rise to new periodic orbits in problems
in celestial mechanics.

Remark 1.1. As was communicated to the authors, Alvaro del Pino and Aldo Witte
also proved the existence of these codimension 2 contact submanifolds invariant by
the b-Reeb field of any b-contact form (Theorem 6.3). They also show the R-invariance
of a b-contact structure (Proposition 3.1) using a different approach. We would like
to thank them for sharing their results before their paper [38] was available.
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Organization of the article. We start in Section 2 by giving necessary background
information on contact geometry, an introduction to the b-tangent bundle and b-con-
tact geometry, and Z-immersions. In Section 3, we study convexity on b-contact struc-
tures in greater detail and prove that any b-contact structure is convex. Section 4
contains the proof of Theorem A. The classification of b-contact structures is carried
out in Section 5. We finish the article by studying higher-dimensional b-contact man-
ifolds in Section 6. We give a weaker existence theorem of fully overtwisted b-contact
structures in higher dimensions and analyze the existence of periodic Reeb orbits on
the critical set.

2. Preliminaries

2.1. Contact topology. A contact structure £ on an orientable manifold M of di-
mension 2n + 1 is a nowhere integrable hyperplane field. We assume that the hy-
perplane field is cooriented so that £ can be expressed as the kernel of some global
1-form a € Q'(M). The non-integrability condition is equivalent to a A (da)™ # 0. In
three dimensions, an overtwisted disk is a disk embedded in a contact manifold (M, &)
such that £ is tangent to the boundary of the disk. There is also a high-dimensional
definition of an overtwisted disk whose precise definition is more involved. We will
only say that it is a codimension 1 disk with a certain germ of contact structure.
A contact manifold containing an overtwisted disk is called overtwisted, and if such
a disk does not exist, we say that the contact structure is tight. The dichotomy be-
tween overtwisted and tight contact structures has been an important landmark in the
field of contact topology. It is known that in all odd dimensions the high-dimensional
generalization of overtwisted contact structures satisfies a full h-principle [11, 2].

Given a hypersurface ¥ embedded in a contact manifold (M, &), the contact struc-
ture induces a singular 1-dimensional foliation on ¥, called the characteristic foliation
and denoted by .. In three dimensions, it is defined as £ N T3, and the singular
points of the foliation are exactly those points x € ¥ where £ is tangent to TX. For
more details concerning the characteristic foliation, we refer to [18, Section 4.6.1].
Convex surfaces are a powerful tool to study 3-dimensional contact manifolds and
were introduced in [20]. The higher-dimensional equivalent was initiated in [26]; see
also [14].

An embedded hypersurface ¥ C (M, €) in a contact manifold is convex if there
exists a contact vector field X (that is, a vector field that preserves the contact
structure) that is transverse to ¥. An equivalent characterization is that there is a
neighborhood U 2 ¥ x (—¢,¢) of ¥ where £ is defined by a contact form that is
invariant with respect to a coordinate in (—e,¢). Such a neighborhood is called R-
invariant and the contact form is called R-invariant. In dimension 3, convex surfaces
are C'*-generic, as shown by Giroux [20].

Theorem 2.1. Let ¥ C (M,&) be a surface. Then there exists a C*-small isotopy
that makes 3 conver.

The set I' C ¥ defined by I' := {z € ¥ | X, € &}, where X is the contact
vector field transverse to X, is called the dividing set of the convex contact surface. It
follows from the contact condition that I' is an embedded (closed) hypersurface and
that ¥\ T is equipped with an exact symplectic form. The dividing set contains the
contact topological information of a neighborhood around the convex hypersurface.
Let us finish by pointing out that Theorem 2.1 holds in higher dimensions if we allow
the isotopy to be C?-small only [26, 14].
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2.2. b-geometry. The language of b-differential forms was initiated by Melrose in
his famous work on the Atiyah—Patodi-Singer index theorem [33], and was later on
used in the realm of Poisson geometry by Guillemin-Miranda—Pires [22]. Here we give
a brief outline of the language of b-geometry; for more details see [33, 22]. Given a
hypersurface Z, a b-vector field is a vector field on M tangent to Z. The hypersurface
is called the critical hypersurface, or also sometimes the singular locus. The space of
b-vector fields corresponds to the space of sections of a vector bundle on M called
the b-tangent bundle and denoted by *T'M (this is a consequence of the Serre-Swan
theorem; see [33, Section 2.2]). It admits an anchor map w: *TM — TM that is an
isomorphism except along Z, where it has a 1-dimensional kernel. Over Z, the line
bundle given by this kernel has a canonical non-vanishing section ([22, Proposition 4]).
The dual of the b-tangent bundle denoted by *T*M is called the b-cotangent bundle.
Sections of the bundle A" *T* M are called b-forms and denoted by *QF (M). Given a
local defining function z of the critical set Z, that is, a function z: U — R defined in
a neighborhood U = Z x (—¢,¢) of Z whose zero-level set is regular and given by Z,
a b-form w € *QF (M) can be written in U as

d
wzoz/\—z—&—ﬁ,
z

where o € QF~1(U) and 8 € QF(U) are smooth differential forms (in particular 3 does
not have a dz term). Any smooth form defines a b-form as well. Near Z a smooth
form v can be written as y; A dz 4 2, with Loy = 0. Therefore, the smooth form ~

defines the b-form zy; A % + 2.

The differential of a b-form extends the usual exterior derivative and is defined in

a neighborhood of U by

dw :zda/\%—kdﬁ.
However, observe that in general df is a b-form, and not a smooth form. Indeed, if
B does depend on the z coordinate, the exterior derivative of 3 splits again as df =
dzB—z-BA %, where ﬁ denotes the derivative of 8 with respect to z and dz [ the
derivative in the directions tangent to Z.

We call a closed coorientable hypersurface Z (possibly with several connected com-
ponents) that splits M into two (possibly disconnected) disjoint manifolds with com-
mon boundary Z a separating hypersurface. Given a separating critical hypersurface
on an orientable manifold, there exists a non-vanishing b-form of maximal degree, a
b-volume form. Indeed, as the manifold is orientable, it admits a volume form 2 and
as the critical hypersurface is orientable, it is given by the regular zero-level set of a
smooth function f. The b-volume form is then given by the b-form £. We say that
a manifold admitting a b-volume form is an orientable b-manifold. Having fixed an
orientation of TM, in each component of M\ Z (where *T'M coincides with T M), the
b-volume form induces either the same or the opposite orientation to the one chosen
in TM, and is hence a way to think of an orientation induced by the b-volume form
of (M, Z) given by %Q, where  is a volume form on M and f is a smooth function
vanishing transversally along each connected component of Z. This thus induces a
sign on each component of M \ Z, and every two components that share a common
connected component of Z are necessarily of different sign. Since we will always work
with an orientable ambient manifold M, a b-manifold (M, Z) is orientable if and only
if Z is separating. Furthermore, we adopt the convention that the orientation on
the separating hypersurface Z induced by the b-volume form is given by the smooth
volume form 2z such that % A Qz induces the given orientation on the b-manifold.
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In general, for Z separating, we have a stable isomorphism between *T'M and TM,
see e.g. [3, Lemma 2.1] and [28, Proposition 11.1.1], which is furthermore canonical
up to homotopy [4].

Lemma 2.2. Let M be an m-dimensional manifold with separating hypersurface Z.
Then there is an isomorphism, canonical up to homotopy, of real vector bundles

TMaeR="TMaR.
We will be interested in plane fields in the b-tangent bundle of *T M.

Definition 2.3. A b-hyperplane field on a b-manifold is a corank 1 subbundle of the
b-tangent bundle.

In the 3-dimensional setup, when the critical hypersurface Z C M is separating,
the previous lemma implies that there always exist b-plane fields on M.

Proposition 2.4. Let Z C M? be a separating surface. Then

(1) *TM is isomorphic to TM.
(2) There exists a non-vanishing section of *TM and therefore also a b-plane field
on M.

In particular, in dimension 3, *T'M is parallelizable when Z is separating.

Proof: As Z is separating, °T'M is stably isomorphic to TM by Lemma 2.2. Thus by
Lemma 3.7 in [10], ®T M is isomorphic to TM. As M is of dimension 3, x(M) = 0 and
therefore there exists a non-vanishing section of TM. Thus *T'M also admits a non-
vanishing section. We obtain a b-plane field by considering the subbundle orthogonal
to such section with respect to any b-metric (a bundle metric on *TM). O

In dimension 3, by Proposition 2.4, if Z is a separating surface, then there exist
cooriented b-plane fields. However, this is not a necessary condition, as the following
example shows.

Example 2.5. Consider a 3-torus T? with coordinates (z,y,2) and choose as Z the
2-torus {T?} x {0}. The critical surface is not separating, but *T'M clearly admits
a coorientable b-plane field. Indeed, the b-vector field a% is a non-vanishing section
of ¥ T'M, so its orthogonal complement with respect to any b-metric is a b-plane field
in °TM.

2.3. Contact geometry on the b-tangent bundle. Contact geometry on b-man-
ifolds was introduced in [35], motivated by the symplectic geometry approach to
b-Poisson structures initiated in [22].

Definition 2.6. A b-contact form on (M?"+1, 7) is a 1-b-form « € *Q* (M) such that
a A (da)™ #£ 0. A b-contact structure is defined as the kernel of b-contact form.

A b-contact structure is thus a particular case of a b-plane field. One could drop the
assumption that there exists a globally defined contact form such that ker o = £, and
just require that this is satisfied locally. For simplicity, we will always assume that a
global contact form exists, which means that £ is coorientable. If we fix an orientation
of (M, Z), the b-contact structure is said to be positive if a A (da)™ induces that
given orientation. In what follows, we will only consider positive b-contact structures.
Observe that a b-contact structure defines in M \ Z a (smooth) contact structure,
since a b-form is just a smooth form in M \ Z.

Inspired by the definition of convex contact structures, convexity in the b-setting
can be defined as follows.
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Definition 2.7. A b-contact structure £ is conver if there exists a tubular neighbor-
hood U 2 Z x (—¢,¢) of Z and a b-contact form on U defining & of the form

a
a=u—+4,
z

with u € C*(Z) and 3 € QY(Z).

We will call such a b-contact form an R-invariant b-contact form. The existence
of such a b-contact form on some tubular neighborhood of Z is equivalent to the
existence, near Z, of a b-vector field that preserves the b-contact form and that is
transverse (as a section of *T'M) to Z. Notice that, whether ¢ is convex or not, given
a b-contact form « the function u restricted to Z is determined (it is a residue, in the
language of Lie algebroid forms). As we will see later, it turns out that every b-contact
structure is convex. The notion of overtwistedness also has its b-contact analog.

Definition 2.8. A b-contact structure is overtwisted along a connected component
of M\ Z if there exists an overtwisted disk embedded in that connected component.
It is fully overtwisted if every connected component of M \ Z admits an embedded
overtwisted disk. A b-contact structure that does not admit any overtwisted disk
in M\ Z is called tight.

2.4. Jacobi structures. In this section, we will briefly discuss the relationship be-
tween b-contact structures and Jacobi structures satisfying a certain transversality
condition. This is relevant to identify the classification results that we obtain with
classifications of Jacobi structures; see also Remark 2.11 below. A Jacobi structure is
a generalization of a Poisson structure, which induces on M a singular foliation by
contact and conformally symplectic leaves, and is defined as follows.

Definition 2.9. A Jacobi structure on a manifold M is given by a bivector field A €
X2(M) and a vector field R € X(M) that satisfy

[A,A]=2AAR, LrA=0.

As is shown in [35], b-contact forms can be seen as a particular case of Jacobi
structures, where A A R M 0 (here (2n + 1) is the dimension of the manifold).
Such a Jacobi structure satisfying that A™ A R th 0 is called a b-Jacobi structure. The
following proposition is a global version of [35, Proposition 6.4]. Both results combined
yield a global one-to-one correspondence between b-Jacobi structures whose singular
hypersurface is Z, and b-contact forms on (M, Z).

Proposition 2.10. Let A, R define a b-Jacobi structure, and denote by Z = (A™ A
R)~Y(0) the critical hypersurface. Then (A, R) is induced by a b-contact form defined
on the b-manifold (M, Z).
Proof: By definition, the bivector field A and the vector field R are tangent to the
characteristic leaves of the Jacobi structure that they define. In particular they are
both sections of \**T'M, such that A™ A R # 0 as sections of the b-tangent bundle.
The equations
a(R)=1, Aa,-) =0,

uniquely determine a section of *T*M, i.e. a 1-b-form. A classical fact in Jacobi
geometry ([42]) is that in W = M\ Z, where bTM|M\Z = T'W, the following relations
hold:

trda =0, B=pB(R)a—da(AB,-),) for any § € T*W.
In particular, given any v € *T*M such that y(R) = 0 we have

Y(X) = da(A(v, X), X) for any X € "TM
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at every point p outside Z. By smoothness, this holds along Z, which shows that « is
a b-contact form in (M, Z). One easily checks that the Jacobi structure induced by «
(see [35, Proposition 6.4]) corresponds to (A, R). O

Remark 2.11. The following remark was communicated to us by Alfonso Giuseppe
Tortorella. Even if the correspondence above is between pairs (A, R) and b-contact
forms, different choices of b-contact forms defining the same b-contact structure lead to
isomorphic (and even gauge-equivalent) Jacobi structures (understood as the Jacobi
bracket on C*°(M) induced by (R, A)). Hence, the classification of b-Jacobi structures
is equivalent to the classification of b-contact structures.

A b-Jacobi structure, or equivalently, a b-contact structure, has the following in-
duced singular foliation. By the transversality condition, the connected components
of M\ Z are the leaves of maximal dimension, which are (open) contact leaves. On Z,
we have a foliation by codimension 1 conformally symplectic leaves and codimen-
sion 2 contact leaves. As we will see in Lemma 3.5, the contact leaves correspond to
the connected components of the dividing set on Z that will be defined in the next
section.

In the 3-dimensional case, the critical surface of the b-Jacobi structure is a b-Pois-
son structure (structures first studied on surfaces by Radko [40]). Indeed, the re-
striction Az of A to Z (which is well defined because A is tangent to Z) satis-
fies [Az, Az] = 0 for dimensional reasons, so it is Poisson. As furthermore Az 0, it
is b-Poisson.

3. Revisiting convexity in b-contact manifolds

The observation that is fundamental for the rest of the work is that any b-contact
structure is convex, as in Definition 2.7.

Proposition 3.1. Any b-contact structure { =ker o on a b-manifold (M, Z) is convez.

Proof: In a tubular neighborhood N (Z) around Z, the b-contact form decomposes
as a = uZ 4+ B, where u € C*®°(N(Z)) and B € QY(N(Z)). The key observation is
that along Z the b-contact condition only takes into account v and S restricted to Z.
The b-contact condition is written

(3.1) a A (da)" = CLZZ A (@(dB)" + B A du A (dB)" + 2y) # 0,

where v € Q""1(N(Z)). We deduce that i*(u(dB)™ + B A du A (dB)"~1) defines a

volume form in Z, where i: Z < N(Z) is the inclusion of Z in its neighborhood. We
define the b-form & € *QY(N(Z)) as

d
a=iuZ 4B
z

It is of b-contact type by the previous discussion, and R-invariant by construction.
Consider the family of b-forms

ap=(1—-tha+ta, te][0,1].

Since o and & coincide along Z, the b-form «; is contact for all ¢ at least in a small
neighborhood of Z. We can now apply Moser’s path method for b-forms and Gray’s
stability for b-contact structures ([35, Theorem 5.13]) to find an isotopy ¢¢: N'(Z) —
N(Z) of a perhaps smaller neighborhood of Z such that ¢3¢ = ker &, proving the
proposition. O
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Remark 3.2. This proposition is of course not true for an arbitrary hypersurface on
a smooth contact manifold since there exist non-convex hypersurfaces. The difference
comes from equation (3.1): the derivation of b-forms imposes that some terms vanish
along 7, something that does not happen with the usual contact condition near an
embedded hypersurface [18, Section 2.5.4].

We now introduce the notion of a dividing set, in analogy with convex surfaces in
contact geometry.

Definition 3.3. The dividing set I' C Z of a b-contact structure & = ker « is defined
by the set {x € Z | a(v) = 0}, where v is any non-vanishing section of the canonical
line bundle ker 7|z over Z, where w: ®TM — T'M is the anchor map of the b-tangent
bundle to T'M.

Alternatively, given a splitting as in Definition 2.7, the dividing set I' C Z of a
b-contact structure £ = ker « is defined by the set {x € Z | u|z(z) = 0}.

Observe that the dividing set is well defined, i.e. does not depend on a specific
choice of defining b-contact form: any other b-contact form is of the form o’ = fa for
a non-vanishing f € C*°(M).

Corollary 3.4. The diving set of a b-contact structure is a non-empty codimension 1
embedded hypersurface.

Proof: By Proposition 3.1, we can choose an R-invariant contact form in a collar
neighborhood of Z. It is written as a = u% + B with z a defining function of Z
and u, B forms invariant by z, and observe that the dividing set is ' = {i*u=1(0)},
where i: Z — M 1is the inclusion of the critical set. The contact condition implies
that i*(u(dB)™ + B A du A (dB)"~1), and thus whenever i*u vanishes we necessarily
have di*u # 0. Furthermore, if u never vanishes, then u(d3)" + nfB A du A (d3)"~*
defines an exact volume form on Z, which is a contradiction with the fact that Z is
closed. Hence I' = u~1(0) is non-empty as claimed. O

Furthermore, given a defining convex b-contact form defining &, the dividing set has
an induced orientation: indeed, we denote Zy := {x € Z | £u(z) < 0}. The induced
orientation is given by a vector field on Z, pointing transversally out of Z, along I". As
we only consider positive b-contact structures, the orientation does not depend on the
choice of b-contact form defining &. As we saw, b-contact structures can be seen as
particular Jacobi structures. In this formulation, the dividing set coincides with the
codimension 2 leaves of the singular foliation of the associated Jacobi structure. This
follows from the local normal forms of b-contact forms [35, Theorem 5.4].

Lemma 3.5. The singular foliation of the b-Jacobi structure associated with a b-con-
tact form has the following leaves:

(1) Each connected component of M\ Z is a contact leaf of maximal dimension.

(2) Fach connected component of the dividing set I' C Z is a contact leaf of codi-
mension 2.

(3) Each connected component of Z\T is a conformally symplectic (which is in fact
symplectic) leaf of codimension 1.

Proof: The first item is trivial, as the b-Jacobi structure at any point in p € M \ Z is
of maximal possible rank since the b-contact form is contact at p. Let 2n 4+ 1 be the
dimension of M, and p € I' a point of the dividing set. By the b-Darboux theorem
([35, Theorem 5.4]), there exists a local coordinate chart (U, (z;, s, 2)), i = 1,...,n,
centered at p such that the b-contact form is given by o = dx1 + yl% + Z?:z x; dy;
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(the remaining two cases of [35, Theorem 5.4] are excluded by the assumption that
p € T'). Observe that T'NU = {y; = z = 0}. A direct computation yields that the
bivector field of the Jacobi structure in these coordinates is given by

A 0 A 0 0 A 0 i zn: 0 0 A 0
=— ANz——yp1— N — i— — .

oY1 0z o dy;  Oxy part 4 Oox1 Oz oy
The rank of A is thus 2n — 2 along I' N U, meaning that the Jacobi structure spans a
leaf of the associated foliation through p of dimension 2n — 1 with an induced contact
structure. This corresponds to the connected component of I' where p lies.

Now let p be a point in Z \ T'. Then we are in the two remaining cases of the
b-Darboux theorem ([35, Theorem 5.4]). Denote by R, the Reeb b-vector field of a.

dz -
d 1 —  dy;
<x1+( +y1)- +;x y)
dz -

where m: ®T'M — TM is the anchor map. The associated Jacobi structures are

i/\zg,(1+ )i/\£+zn: ,i, 9 /\a
oy 0z 4 Oy1 Oz s yzaml o0x; y;

if 7((Ra)p) # 0, and

, if m(Ralp) #0,

— p
alp =

, otherwise,

P

)
p

)

SR )
P dx; Oy 0z Oxy

otherwise. Furthermore, in the first case R, = 0%1 and in the second case R, vanishes
along T'Z as a b-vector field, and thus vanishes in TM|, as a b-vector field. Since A has
rank 2n but A" A R, = 0 at these points, p belongs to a codimension 2 conformally
symplectic leaf. The fact that the leaf is symplectic follows from observing that A
on Z\ T is induced by the restriction of the form df to Z, where o = u‘i—z + /3, which

is non-degenerate away from I'. O

p

Notice that in particular the singular foliation only depends on the b-contact struc-
ture, and not on the defining form. This is not surprising in view of Remark 2.11.

We can now introduce the concept of overtwistedness for b-contact structures, by
looking at each leaf of maximal dimension.

The next lemma shows that in a neighborhood of the critical set a convex b-contact
structure can be viewed as a contact structure. This lemma was used previously in [35]
for the singularization of convex contact structures and desingularization of b-contact
structures. Recall that a b-isotopy of (M, Z) is an isotopy of M preserving Z.

Lemma 3.6. Let U = Z x (—¢,¢) be a tubular neighborhood of Z. There is a one-
to-one correspondence between R-invariant b-contact forms in (U, Z) and R-invariant
contact forms in U.

Proof: Any R-invariant b-contact form is written as a = udf + 3, where z is a coor-
dinate in (—¢,€) and u € C°°(Z) and 8 € Q(Z). The correspondence is hence given
by the identification dz — %, since for R-invariant u, 3, the b-contact condition and
the contact condition are the same. O

Intuitively, the lemma asserts that results known for convex contact hypersurfaces
can be translated to b-contact structures.



258 R. CAarDONA, C. OMS

Remark 3.7. Let a be the convex b-contact form such that £ = ker o« and we write o =
udf + B3, where u € C*°(Z) and 8 € Q!(Z). In a tubular neighborhood of Z, we can
define the contact structure defined by the kernel of @ = udz + 5. The characteristic
foliation of Z (in the b-contact sense) could be defined by the characteristic foliation
(in the usual sense) of ker &. However, in contrast to the contact case, this definition
depends on the choice of b-contact form defining the b-contact structure. For this
reason, in what follows, we will work exclusively with the dividing set associated with
the b-contact structure.

Up to here, our discussion holds for b-contact manifolds of any dimension. The
following corollaries, which only make sense for 3-dimensional b-contact manifolds,
will be of interest for our classification results.

Giroux criterion for 3-dimensional b-contact manifolds. In this section, we
restrict to three dimensions. A key lemma to relate results in convex surface theory
in the contact case with the b-contact setting is the following.

Lemma 3.8. Let £ be a convexr b-contact structure on an odd-dimensional b-mani-
fold (M, Z), and let Z be a connected component of Z withT C Z being its dividing
set. Let U & Z X (—¢,¢) be a tubular neighborhood of Z where £ = kera for an
R-invariant b-contact form a. For any surface Z* = Z x {£0} with 0 < § < e,
let (N,€&|n) be the open contact manifold corresponding to the connected component
of M\ Z where Z* lies. Then Z* is a (usual) convex surface in (N,&|n) with dividing
set T' x {8}. Furthermore (V,€|y) = (N NU,Ennu) s contactomorphic to a contact
R-invariant neighborhood of Z* inside N .

Proof: Assume 6 > 0 for simplicity, the other case being analogous. Let z denote
the coordinate in a tubular neighborhood U 2 Z x (—¢,¢) around Z for which the
b-contact structure is defined by a b-form « that is R-invariant. The fact that Z* is
convex in (N,€|n) is not immediate from the existence of the R-invariant b-contact
form «, since it is not R-invariant when understood as a smooth form. Indeed, it is
written as a = % dz + 3, and notice that although u is R-invariant, the function % is
not z-independent. However, one way to see that Z* is convex is by observing that
the vector field Y = Za% defines, in a neighborhood Z x (§ — 7,0+ 7) of Z* completely
contained in N, a contact vector field transverse to Z*. Indeed, we have

Lya=diya+ ty da = du — du = 0.

Observe that the dividing set (in the usual sense of contact geometry) of the convex
surface t = § is given by ' x {6}, since a(Y) = 0 exactly when u = 0, and hence
P={pe 2" |V, €&}

Furthermore, assuming 4 is small enough, there exists some §’ € (§,¢) and time ¢* >
0 such that the flow ¢; of the transverse contact vector field ¥ = z% satisfies
o (Z % (0,0")) = Z x (0,€). This contactomorphism identifies (V,&y) with a con-
tact R-invariant neighborhood of Z*; see e.g. the proof of [18, Lemma 4.6.19]. O

The first corollary is the well-known Giroux criterion for contact structures on
3-manifolds adapted to b-contact structures on b-manifolds of dimension 3.

Corollary 3.9 (Giroux criterion for b-contact structures). Let & be a convez b-contact
structure on a 3-dimensional b-manifold (M, Z) If the dividing set I’ on a connected
component Z on contains a circle vy contractible in Z, then in a neighborhood U of Z
each connected component of U\ Z contains an overtwisted disk compactly supported

in U\ Z, unless Z = S% and T is connected.
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Proof: Let U = Z x (—¢,¢) be a neighborhood of Z with an R-invariant b-contact
form «. Let (V,&]y) be a connected component of U \ Z, understood as a contact
manifold. By Lemma 3.8, it is contactomorphic to a neighborhood of the convex
surface Z* = Z x {6} with dividing set T" x {§}. An application of the usual Giroux
criterion for convex surfaces in contact manifolds tells us that in a small neighborhood
of Z*, strictly contained in V', there is an overtwisted disk if and only if I' contains a
circle v contractible in Z and we are not in the case that Z =2 S? and T is connected.

O

Another important fact asserts that the dividing set of the b-contact structure
determines the b-contact structure in a neighborhood around the critical set Z.

Proposition 3.10. Let &y, & be two b-contact structures on (M?3,Z) with dividing
sets Ty, T'y1. Assume that there is an orientation preserving isotopy from T'y to I'y.
Then there is a b-isotopy ¢¥: N(Z) — N(Z), t € [0,1], where N(Z) is a tubular
neighborhood around Z such that 1¥1(&) = &1.

Proof: First, we can assume without loss of generality that the two b-contact struc-
tures have the same dividing set. Indeed, the isotopy from I'y to I's can be extended
to a b-isotopy ¥;: N(Z) — N(Z). The b-contact structure given by d¥; (&) and &
then have the same dividing set.

Let a;, ¢ = 0,1, be two convex b-contact forms defining the b-contact structure
(which exist due to Proposition 3.1), given in the neighborhood by

dz
a; =u— + 5,
z

where u; € C*°(Z) and B; € QY(2).

The proof of the proposition follows the proof of [18, Theorem 4.8.11]. In the
tubular neighborhood, we define the following two smooth contact forms @; = u; dz +
Bi. Both contact forms define the same dividing set, and the characteristic foliation
(as for smooth contact forms) defined by ker 3; is transverse to the dividing set. More
precisely, as in [18, Theorem 4.8.11], we may assume that we have area forms Q; €
0?(Z) and vector fields X; on Z (i = 0, 1), such that Zy = {z € Z | £divg, X; > 0}
and the divergence is zero on I'. As ); are two area forms, there exists a positive
function g: Z — R* such that Qy = ¢Q1. As gdivyo(X) = diva(gX) for g: ¥ — RT,
we know that for X} = gXo, £divg, (X{) > 0 on Z1. Abusing notation, we will thus
denote by X; the vector field gX; and by 2 the volume form €2;. Consider the family
of vector fields Xy = tXo + (1 — ¢) Xy, for ¢ € [0,1]. These vector fields will likewise
satisfy the divergence condition +divo(X;) > 0 on Zi. We thus find the family of
contact forms a; = wusdz + vx,§2. Similarly we define the path of b-contact forms
by a; := ut% + tx,92. We apply Moser’s path method for this family of b-contact
forms (see [35, Theorem 5.11]) and thus get an isotopy v:: N(Z) — N(Z) that
preserves Z and such that di;(ker oq) = ker a. O

4. Fully overtwisted b-contact structures

In this section, we will adapt the h-principle for overtwisted contact structures to
a class of b-contact structures on 3-manifolds [11]. In Section 6, we will give a weaker
statement for higher-dimensional manifolds.

4.1. Formal b-contact and b-Jacobi structures. In order to prove an h-principle
for b-contact structures, we first define the formal counterpart of b-contact structures,
and its interpretation in terms of Jacobi geometry.
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Definition 4.1. Let (M, Z) be a b-manifold of dimension 2n+1. A pair (a,w) of b-
forms a €*Q (M) and w € *Q%(M) is called an almost b-contact structure if aAw™ > 0.

By analogy with the contact case and other settings where h-principles are stud-
ied, we will sometimes refer to an almost b-contact structure as a “formal” b-contact
structure, as it plays the role of a formal solution to our problem. An almost b-con-
tact structure is hence equivalent to a corank 1 subbundle in ®*TM equipped with a
symplectic bundle structure. When the ambient manifold is 3-dimensional, an almost
b-contact structure is simply a coorientable b-plane field since any rank 2 vector bun-
dle admits a homotopically unique fiberwise symplectic structure (or equivalently a
fiberwise complex structure). By duality, there is also the formal notion of a b-Jacobi
structure in terms of multivector fields.

Definition 4.2. A formal b-Jacobi structure on a b-manifold (M,Z) of dimen-
sion (2n + 1) is a couple (A, E) where A is a b-bivector field and E is a b-vector
field such that A™ A E # 0.

Since there is the anchor map from the b-tangent bundle to the tangent bundle, one
can look at a formal b-Jacobi structure directly in the smooth tangent bundle. In this
case, it corresponds to a vector field £’ and bivector field A’ of the tangent bundle
that are tangent along Z (and hence define sections of the b-tangent bundle) and
satisfy B/ A(A)" h 0 and (E'A(A)*)~1(0) = Z. We point out that requiring only this
transversality condition does not imply that E’ and A’ define sections of the b-tangent
bundle, so this condition needs to be imposed. This condition is not new; it is already
required for the same reasons when considering formal b-Poisson structures, as in [17,
Section 3]. In the following lemma, we show that the two definitions are equivalent.

Lemma 4.3. Formal b-Jacobi structures are in correspondence with formal b-contact
structures.

Proof: The correspondence between formal b-Jacobi structures and formal b-contact
structures is given by duality on the b-tangent bundle, similarly to Proposition 2.10
and [35, Proposition 6.4]. Indeed, let (a, w) be a formal b-contact structure in (M, Z).
Define F as the vector field satisfying a(E) = 1 and tgw = 0. The b-multivector field A
is determined by A(df,dg) = w(Xy, X4), where given a function h the vector field X},
is determined by the equations

Oz(Xh) = h,
tx,w = dh(E)a — dh.

Conversely, a formal b-Jacobi structure (A, E') determines a formal b-contact structure.
The 1-b-form « is determined by «(F) = 1 and A(a,-) = 0, and the 2-b-form is
determined by the equations tpw = 0 and w(A(y,-), ) = v for any v € *TM such
that y(E) = 1. O

We can now settle the existence of a formal b-contact structure, which only depends
on the topology of the ambient manifold.

Proposition 4.4. The manifold M admits a formal b-Jacobi structure on (M,Z),
where Z is a separating hypersurface, if and only if M is stable almost complex.

Proof: First, it is easy to argue the well-known fact that M is stable almost complex if
and only if M xR admits an almost complex structure. We include it for completeness,
as we have not been able to find the complete argument set forth in detail in the
literature. Let 2m — 1 be the dimension of M. An almost complex structure in T'M X
R x C is the same as the existence of a trivial section of the associated SO(2m +
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2)/U(m~+1) bundle. Here we look at the bundle over M, but it is equivalent to looking
at it as a bundle over M x R since this space retracts to M. The obstruction to finding
such a section lies in 7,(SO(2m + 2)/U(m + 1) for ¢ up to 2m — 2 (one less than
the dimension of M). However, in the stable range of the gamma groups SO/U we
have that for a fixed ¢ and variable n, the groups m,(SO(2n)/U(n) are all isomorphic
for all n as long as ¢ < 2n — 1. In particular, we have 7,(SO(2m + 2)/U(m + 1)) =
7a(SO(2m)/U(m)) for each ¢ = 0,...,2m — 2. So the obstructions vanish either for
both bundles or for neither of them, so there exists an almost complex structure
in TM x R x C if and only if there exists one in TM x R. We conclude by applying
this observation inductively to TM @ R @ CF.

Now, assume that M admits a formal b-Jacobi structure (R, A). Consider the
b-manifold (M x R, Z x R), denote by ¢ the R coordinate and by 7: M x R — M the
projection to the first factor. The bivector field

0
D=n"RA = *A
T ot + 7
is a non-degenerate section of A2(*T(M x R)) that induces a fiberwise complex struc-
ture on *T(M x R). As vector bundles over M x R or over M, we have *T(M x R) =
TM®R = TM SR, We deduce that the latter admits an almost complex structure.

For the other implication, if TM x R admits an almost complex structure, then so
does *T (M xR), where *T (M xR) denotes the b-tangent bundle of the b-manifold (M x
R,Z x R). This is equivalent to having a non-degenerate 2-b-form w. Then (M x
{0}, Z x {0}) is a b-submanifold of (M x R,Z x R) (meaning that M x {0} is a
submanifold of M xR transverse to the critical set Z xR). The inclusion i: M x {0} <
M x R induces a canonical map

i: " TM — °T(M x R),

and %i*w defines a b-form of degree 2 of the b-manifold (M, Z) which is of maximal
rank in M. In particular, its kernel is a 1-dimensional line bundle of *T'M. Choosing
any 1-b-form « that is positive along the kernel of ®i*w, we obtain a formal b-contact
structure (a, Yi*w) and hence a formal b-Jacobi structure. O

Remark 4.5. Alternatively, Proposition 4.4 can be proved using formal b-contact struc-
tures and Lemma 2.2. Given a formal b-contact structure (a,w) on M, the Reeb
vector field R € T'(*TM) is defined by the equations a(R) = 1, tgw = 0. As w is non-
degenerate on ¢ = ker o, we can define an almost complex structure on *TM & R,
by defining it on the splitting & ® (R, d;). By Lemma 2.2, this thus shows that M is
stable almost complex. Conversely, given an almost complex structure on TM & R,
and by Lemma 2.2 on *T M ©R, we get a non-degenerate 2-form w € *Q?(M xR). The
b-forms a := i*15,w and B := i*w define a formal b-contact structure on M x {0} = M,
where i: M x {0} = M x R denotes the inclusion of the zero section.

4.2. Homological obstruction of dividing sets. Given a formal b-contact struc-
ture (&,@) on the b-manifold (M, Z), we want to show that it is homotopic to a
genuine b-contact form «, through formal b-contact structures. As a b-contact struc-
ture prints a dividing set on the critical hypersurface, the natural question arises of
which sets can be realized as the dividing set of ker a. Therefore, in this subsection,
we discuss the homological conditions that the dividing set of a b-contact structure
has to satisfy. We will then prove in the following section that given a b-plane field and
any multicurve I on Z satisfying these necessary homological conditions, the b-plane
field can be homotoped (through b-plane fields) to a b-contact structure ¢ = ker «
such that I' is the dividing set of £ along Z.
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Remark 4.6. In the 3-dimensional case, proving that a formal b-contact structure
is homotopic to a genuine b-contact structure is equivalent to proving that a coori-
entable b-plane field is homotopic to a b-contact structure through b-plane fields.
This is because the set of almost b-contact structures defining a plane field is con-
tractible. First, given a b-plane field n we can always choose a 1-b-form « such that
ker @ = 7 (and this choice is unique up to homotopy of non-vanishing 1-forms defin-
ing n). We want to prove that the set of b-forms of degree 2 that are non-degenerate
along 7 is contractible. To see this, recall first that a fiberwise non-degenerate 2-form
on 7 determines an almost complex structure on it. Furthermore, the set of fiberwise
non-degenerate 2-forms on 7 adapted to any given almost complex structure is also
contractible; see for instance [32, Proposition 2.6.4(ii)]. Extending a fiberwise non-
degenerate 2-form on 7 to a b-form of degree 2 of maximal rank in *T'M amounts
to specifying its kernel on *T'M, a choice that is unique up to homotopy. Thus, it is
enough to show that the set of fiberwise almost complex structures in 7 is contractible.
This is easily seen as follows. An almost complex structure on 7 corresponds to a sec-
tion of the associated SO(1)/U(1)-bundle over M. But SO(1)/U(1) is a point, and
thus the space of sections is contractible.

To introduce the homological obstruction of dividing sets, given a b-plane field 7
in (M, Z), let Z be a connected component of Z and denote by ez (n) € H2(Z,Z) the
Euler class of the vector bundle over Z with fiber n. Equivalently, this coincides with
the Euler class of n in M restricted to Z. Recall that if n is a b-plane field in (M, Z),
the associated Euler class ez(n) defined by 7 on Z is a homotopy invariant. Hav-
ing fixed an orientation of Z (induced by the orientation on M) and a fundamental
class [Z] € Hz(Z) C H2(M,Z), the Euler class ez(n) is determined by the inte-
ger (ez(n), [Z]). Given a set of dividing closed curves on Z, recall that by convention
(see the introduction) it comes with a choice of the decomposition Z = Z, U Z_
defined as follows. A defining function for the set of dividing curves determines Z,
(respectively Z_) as the components of Z \ T' where f is non-negative (respectively
non-positive).

Lemma 4.7. Let € be a b-contact structure in (M, Z) Let Z be a connected compo-
nent of Z and I its dividing set. Then

xX(Z+) = x(Z-) = (ez(n), Z).
This is the b-version of [25, Lemma 9.2].

Proof: Let a = udf+ be an R-invariant b-contact form defining & in a neighbor-
hood U 2 Z x (—e¢,¢), which exists by virtue of Proposition 3.1. Now the evalua-
tion {ez(n),Z) does not depend on the choice of representative of the class of Z
in Hy(M,Z), so we can choose instead a parallel copy Z* =7 x {0} of Z completely
contained in Z x (0,¢), where a defines a positive contact form. Then (ez(n), Z) =
(ez(n), Z*). Since Z* is convex in the usual sense of contact geometry (as argued in
the proof of Corollary 3.9) and its dividing set (in the sense of contact geometry)
is ' x {6}, it follows from e.g. [25, Lemma 9.2] (see also [6, Lemma 4.1] and its
discussion) that (ez(n), Z*) = x(Z+) — x(Z-), concluding the proof. O

4.3. Fully overtwisted b-contact manifolds. In this section, we establish an ex-
istence and classification theorem for b-contact structures that are fully overtwisted
(i.e. contain overtwisted disks on each component of M \ Z), on closed b-manifolds
of dimension 3. For the next statement, let us mention that if two b-contact struc-
tures &1, & in (M, Z) have isotopic dividing sets I'1, I'y along Z, then up to applying
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any b-isotopy that sends I'y to I's and a second b-isotopy using Proposition 3.10, we
can assume that the image &] of & by this b-isotopy coincides with & in a neigh-
borhood of Z. In this situation, one can require (as a hypothesis) that £] and & are
homotopic as b-plane fields relative to a neighborhood of Z. Notice that this will not
depend on the b-isotopy that we used to identify the dividing sets and the neighbor-
hoods of Z, and thus this is a hypothesis that only depends on &; and &. When this is
satisfied, we will say with a slight abuse of notation that &1, & have isotopic dividing
sets and are homotopic as plane fields relative to Z.

Theorem 4.8. Let (M, Z) be a closed oriented b-manifold of dimension 3 with Z com-
pact and let n be a b-plane field. Then 7 is homotopic through b-plane fields to a fully
overtwisted b-contact structure whose dividing set is any collection of separating curves
in Z such that x(Z1) — x(Z-) = (ez(n), Z). Furthermore, if two fully overtwisted b-
contact structures have isotopic dividing sets and are homotopic as plane fields relative
to Z, then they are contact b-isotopic.

The idea of the proof is to construct a homotopy of b-plane fields in a neighborhood
of Z that turns 7 into a b-contact structure whose dividing set is prescribed and sat-
isfies the condition that x(Z4) —x(Z-) = {(ez(n), Z). As we have seen in Lemma 4.7,
this condition is necessary. Once this homotopy is done, the result follows from Eliash-
berg’s relative h-principle. In particular, there are overtwisted disks contained in each
connected component of M \ Z. Recall that such a b-contact structure is called fully
overtwisted (see Definition 2.8).

We will now prove Theorem 4.8.

Proof: As 7 is a cooriented b-plane field, we can write n = ker a, where o € Q1 (M)
is non-vanishing. Let z be a local defining function for Z and T be a tubular neigh-
borhood around Z. Then o = u% + 8, where u € C°(T), 8 € QY(T), and L%B =0.
Lemma 4.9. Let T be any collection of separating curves in Z such that x(Z4) —
x(Z_) ={ez(n),Z). In the tubular neighborhood T around the critical set, there exists
a homotopy ay of b-forms such that

(1) the kernel of ay; defines a b-plane field.
(2) ap = «a.
(3) a1 is a convex b-contact form with dividing set T.

Proof: To prove the lemma, it is sufficient to find a smooth family (us, 8s) € C°°(T) x
QYT) with s € I =[0,1], with each s having t2 Bs =0, and such that

() (o Bo) = (. 3).
(ii) {us =0}N{Bs =0} =0 for each s € I,

(iii) (u1,B1) are such that uy € C=(2), B1 € QY(2),
(iv) w1 dB1 +dB1 ANuy # 0,

(v) the zero set of uy is T'.

Given such a family of functions and smooth forms on 7', the family of b-forms
defined by a;y = ut% + B; defines the desired homotopy: the first condition assures
that g = «, the second one assures that ker a; is a b-plane field, and the last three
ones that «; is a convex b-contact form as stated in the lemma.

To prove the existence of (usg, 35), the observation is that near Z, smooth plane
fields and b-plane fields are in correspondence, and that the contact and b-contact con-
dition coincide for R-invariant structures. This (non-canonical) identification works
as follows: We think of the pair (u, ) as a 1-form & = udz + 8 such that & # 0
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defined in a neighborhood T 2 Z x (—¢,¢) of Z, where z is as before a coordinate in
the second component of T. The 1-form defines a plane field since 7 is a b-plane field
and so

{zr €T |uy,=0and g, =0} =0.

Given any set of separating curves I' in Z such that x(Z) — x(Z-) = {ez(n), Z),
there exists a Morse function u; such that I' = ufl(O)7 which is positive in Z, nega-
tive in Z_, and that does not have any minimum with positive value nor a maximum
with negative value. This is easily seen by considering an embedding of e: I' — R3,
with coordinates (x1,x2,x2) such that

e u; = e*x3 is Morse,
e e(X)N{z3=0}=T,
e e(X)N{x3 >0} =21, e(X)Nn{xs3 <0}

see for instance [6, Figure 4]. It then follows from [6, Theorem 1.1] that there exists
an R-invariant contact form that is written &; = uy dz + 1. The Euler class of ker a;
evaluated at [Z] is given by x(Z4)—x(Z-) as per [25, Lemma 9.2] (or [6, Lemma 4.1]).
Recall that the homotopy class of a plane field defined near Z is determined by its
Euler class. Since & and @&; have the same Euler class, there is a homotopy of plane
fields 7y such that 1y = kera and 11 = ker &;. This homotopy is generated by a
smooth homotopy of defining 1-forms );, and we can easily assume that A\g = & and
A1 = @;. Writing \; as u; dz + B¢, the family (u, 8;) satisfies (i)—(v), and thus the
family of b-forms given by oy = ut% + f; satisfies the statement of the lemma. [

Given a set of separating curves in Z, we define the family of b-plane fields in T'
given by the kernel of the b-forms

dz
Qr = u'r~<p(z)7 + /87'-@(2)7 TE [Oa 1]7

where us and B, are the families obtained in Lemma 4.9, and ¢: (—e¢,e) — [0,1] is a
smooth bump function such that

w(z) =0, for z € [e — §,¢),
w(z) =1, for z € [0,9),
p(2) = ¢(=2),

for § € (0, €) small. The kernel of @, is clearly a b-plane field because {z € M | (ug), =
0 and (8s), = 0} = 0 for all s € [0,1], so the same holds for u .4y, Br.u(z) if we
choose € small enough.

On the other hand @ is b-contact in 77 = Z x (=4, ). Indeed, we have

d
ap Ndag = ?Z A (dul /\ﬂl +uy dﬁl)v

which is non-vanishing in 7’ by construction. Furthermore, the b-1-form @; agrees
with a in 7'\ T”. Hence ker &, extends to M as ker « is homotopic to ker @ and is of
b-contact type near Z. To conclude the proof of the theorem, we apply the relative
h-principle for overtwisted contact structures ([11]) to homotope the plane field given
by the restriction of ker@w to M \ T to a contact structure that agrees with kera
near T’. We hence obtain a global b-contact structure on M that is homotopic to n
and induces I' as the dividing set on Z. This proves the first part of the theorem.
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For the second part, we will use that the h-principle for overtwisted contact struc-
tures is parametric. Let &y, &1 be two b-contact structures on a closed b-manifold of
dimension 3 (M, Z), and assume they have isotopic dividing sets. By Proposition 3.10,
the b-contact structures are b-isotopic on a neighborhood U = Z x (—¢, ¢) of the crit-
ical set Z. By considering any global extension of this semi-local b-isotopy, we can
assume that & and &; coincide near Z. Let N be any connected component of M\ U’,
where U’ 22 Z x (=46, 0) for some § < e. It is a connected 3-dimensional manifold with
boundary. By assumption, the b-contact structures &y, & induce on N two contact
structures that coincide near a neighborhood V= (U \ U’) N N of ON, they both
admit some (possibly different) overtwisted disk in the interior of N, and &g, & are
homotopic through formal contact structures relative to V' (i.e. through a homotopy
fixed in U’ N N). Recall that the set of embedded disks on N is path-connected by
compactly supported isotopies in its interior. Hence, if Ay and A; are the embedded
overtwisted disks in N of &y and &; respectively, we can find a compactly supported
isotopy of N that sends Ag to A;. Hence, up to isotopy, we can assume that &y, &
both admit a fixed overtwisted disk A C N\ V. Observe that N\ V is connected, and
the fixed overtwisted disk A lies in the complement of V. This allows us to apply the
parametric version of the h-principle for overtwisted contact structures relative to a
domain [2, Theorem 1.2] (the 3-dimensional case as in [11] is enough, but we refer
to the very concrete statement in [2] for the sake of clarity). This implies that there
exists a path of contact structures & with ¢ € [0, 1] such that &y = &|y. We can ap-
ply this argument to each connected component of M \ U’, so in fact there is a global
path of contact structure & in M \ U’ that is constant near the boundary. This gives
a global path of b-contact structures since we already argued that |y = &1|yr. By
Gray’s stability for b-contact structures, we obtain a b-isotopy ¢;: (M, Z) — (M, Z)
such that (©1)«(&o) = &1, as claimed. O

Remark 4.10. It follows from the discussion in the proof of Lemma 4.9 that if there
is a b-contact structure € on (M, Z) inducing a dividing set T, then x(Z+) — x(Z-) =
(ez(£),Z). Indeed, the nearby parallel copies of Z are convex surfaces in the usual
sense of contact geometry and have the same dividing set as Z. Then the equality
above follows from the homotopical classification of convex surfaces in terms of its
dividing set [6, 25].

4.4. Tight b-contact structures. The existence of tight contact structures in 3-
manifolds is much more subtle than that of overtwisted ones: it was shown in [15] that
there exist closed 3-manifolds M that do not admit tight contact structures. Using
deep results known in contact topology, we will deduce that the existence of tight
b-contact structures on a given b-manifold is an intricate question as well.

Proposition 4.11. There exists a b-manifold (M, Z) that admits no tight b-contact
structure.

Proof: By the main result in [15], there exists a closed 3-manifold M that admits
no tight contact structure. Let B be a ball embedded in M, and Z = S? its bound-
ary. Assume that (M, Z) admits a tight b-contact structure £, and we will reach a
contradiction. First, a neighborhood of Z has to be tight, which by Corollary 3.9
implies that the dividing set of Z is connected. The connected component V = B\ Z
of M\ Z is a 3-ball, and by considering an R-invariant b-contact form near Z, we can
find a contact convex sphere in the contact manifold (Z C V,€). Since each compo-
nent of M \ Z is a tight contact manifold by hypothesis, [12, Theorem 2.1.3] implies
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that the ball U C B whose boundary is given by Z equipped with |y is contactomor-
phic to a standard Darboux ball (either positive or negative depending on the sign of
the component V). We can also find a sphere Z’ close to Z, contained in the other
connected component of M \ Z (i.e. the set M \ B), which is a (standard) convex
sphere. Let V’/ be the connected component of M \ Z’ that does not contain B. The
manifold (V’,&|y) is another tight contact manifold whose sign is the opposite of
that of V. Since the boundary Z’ is a standard convex sphere, we can fill the comple-
ment of V' by a standard Darboux ball of the same sign as £|y, obtaining a contact
structure ¢’ in M instead of a b-contact structure.

We claim that ¢’ is tight. Indeed we know that (V’,¢’) is tight, and that (M \ V', &’)
is diffeomorphic to a standard Darboux ball. Let us show that (M, ¢’) is a tight contact
manifold.

Assume that (M,¢’) is overtwisted. For any pair of Darboux balls, we know that
there exists an isotopy of contactomorphisms of (M,¢’) sending one to the other;
see for example [18, Theorem 2.6.7]. Choose as one ball M \ V’/, and as another
ball a Darboux ball By disjoint from an overtwisted disk in M. Since removing Bs
yields an overtwisted contact manifold with boundary, removing M \ V' also yields
an overtwisted contact manifold. We know that this is not the case since (V',{|y) is
tight, reaching a contradiction and proving that (M, ') is a tight contact manifold.

We have thus shown that if (M, Z) admits a tight b-contact structure, then M ad-
mits a tight contact structure. This is not the case, finishing the proof. O

Given a 3-manifold M that does not admit a tight contact structure, we merely give
the example of a hypersurface Z (diffeomorphic to 5?) such that the b-manifold (M, Z)
does not admit any tight b-contact structure neither. It would be interesting to see if
one could still construct a hypersurface on M such that it does admit a tight b-contact
structure.

Remark 4.12. Notice that to reach a contradiction in the proof of Proposition 4.11, we
construct a contact structure on M from a b-contact structure. More generally, this
can be done under the following hypotheses. Let £ be a b-contact structure in (M, Z),
and decompose M into M = M_ U M., where M_ and M, are the closure of the
components of M \ Z where £ induces a negative (respectively positive) contact struc-
ture. We can think of M, and M_ as contact manifolds with convex boundary (by
removing a small neighborhood of Z from them), and the boundary components
of My and M_ are paired according to the component of Z that they correspond
to. Each such pair has the same dividing set. If there exists a positive contact struc-
ture & in M_ that is convex along the boundary and has the same dividing set as the
boundary of M, then we can replace (M_, ) with (M_,¢") and glue it to (M, &) to
obtain a (genuine) contact structure in M. In the proof above, the manifold (M_,¢&’)
is a standard Darboux ball.

5. Classifications up to b-isotopy

Having dealt with the existence results for b-contact structures in the previous
sections, we now turn our attention to the classification of b-contact structures. More
precisely, given a b-manifold (M, Z), we study how many b-contact structures there are
equivalent up to b-isotopy. As M \N(Z) consists of a union of contact manifolds with
boundary, the existing classification results for tight contact manifolds with boundary
are relevant for the classification. The most well-known result is the following:
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Theorem 5.1 (Theorem 2.1.3 in [12]). Two tight contact structures on the 3-ball
that coincide at the boundary are isotopic (relative to the boundary).

A more recent result was obtained for the solid torus, building on previous re-
sults [24]. A dividing set in the boundary of a tight solid torus is parametrized
by (n,—p,q), where 0 < ¢ < p and ged(p,q) = 1. It means that having fixed a
longitude and a meridian of the boundary of the solid torus, the dividing set is given
by 2n curves whose homology class is given by p times the longitude S x {0} of the
solid torus and ¢ times the meridian {0} x dD? of the solid torus. Define the integer
numbers 7, s to be equal to 1 if (p,¢) = 1, and otherwise, they depend on the contin-
ued fraction expansion of —p/q as follows. Let rg,71,...,7; denote the coefficients of
the (negative) continued fraction expansion of —p/g; then

r= |(’I“0 + 1)(7"1 + 1) cee (Tk—l + 1)7“/€|,
s=1ro+1)(r1 +1)-(rp_1+1)(rg + 1)].

Then the first classification in [24] can be improved to an enumeration of the isotopy
classes.

Theorem 5.2 ([29]). Let M = S* x D? be a solid torus. Let T’ be a dividing set
on OM parametrized by (n,—p, q), where 0 < ¢ < p and ged(p, q) = 1. Let the pair of
integers (r,s) be defined as above. Then the number of isotopy classes of tight contact
structures on M with dividing set T = (n, —p, q) is precisely

N(na —Dp, q) = Cn(<r - S)n + 8)7

where C,, is the n-th Catalan number n%rl(%”)

5.1. The case of (S3,52). We will start by classifying b-contact structures in the
prototypical example of a 3-dimensional b-manifold: the 3-sphere with critical set a
2-sphere (say, the equator). We assume that the b-manifold (S3,.S?) is endowed with
an orientation, hence there is a positive and a negative hemisphere. Let us give an
example of a tight b-contact structure on (53, 52).

Example 5.3. Let (53, 52) be the b-manifold described above. Choose a neighbor-
hood U = S? x (—¢,¢) of the critical set of the b-manifold, and denote by z the
coordinate in the second factor. Consider udz + 3, where u, 3 € Q*(S?), to be an
R-invariant contact form whose diving set along S? is just a circle (an equator). Such a
form exists: just consider a convex neighborhood of an embedded sphere in a Darboux
neighborhood. By the Giroux criterion, it will have a connected dividing set.

We can endow U with the b-contact form o = u% + B. Given some positive § < g,
the complement of S? x (-4, 6) is given by two disks Dy, D_. In D, the orientation
induced by the b-contact volume form defined by « near the boundary of D, induces
the standard orientation of S3. We can fill D with the standard contact structure
in the disk with convex boundary. In D_, the b-contact volume form defined by «
induces the opposite orientation. We can fill D_ with the (negative) standard contact
structure in the disk with convex boundary. This globally defines a tight b-contact
structure in (S3,5?). As we will see in this section, it is the unique (up to b-isotopy)
positive tight b-contact structure in this b-manifold. As a b-Jacobi structure, the
singular foliation has two 3-dimensional leaves (the upper and lower hemisphere of S3),
two 2-dimensional leaves (the two hemispheres on the critical set S?), and a single
1-dimensional leaf (the connected dividing set given by the equator on the critical

set S2).
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As an intermediate step, we characterize the isotopy classes of collections of curves
in S? that can arise as dividing sets of b-contact structures in (S3,52%). Recall that
given a set of separating closed curves on a surface Z, we denote by Z,, Z_ the
(possibly disconnected) surfaces with boundary obtained by cutting open Z along the
curves.

Lemma 5.4. Isotopy classes of closed curves that are the dividing set of some b-con-
tact structure in (S3,5%) satisfy x(Zy) = x(Z—) and are in one-to-one correspon-
dence with 2-equicolored trees with even number of vertices.

Proof: Given a set of curves I' that arise as the dividing set of a b-contact structure
in (83,52), the associated tree is defined as follows: each connected component of 52\
I' defines a vertex and two vertices are related by an edge if they share a connected
component of I' as their boundary. The resulting graph is a tree as every curve in
the 2-sphere disconnects. Recall that to each connected component of S2\ T, there
is an associated sign, and thus the tree is 2-colorable. We denote the set of points
of $? \ T where the attributed sign is positive/negative by 52, and respectively S2.
Since H?(S®,7Z) = 0, the Euler class of ¢ is necessarily trivial both in S$® and when
restricted to Z = 52, and thus x(S%) = x(S2). In the associated tree, this means
that there is an equal number of positive and negative vertices and therefore the tree
is a 2-equicolored tree.

Conversely, given any 2-equicolored tree, construct a set of separating curves I'
in S? inducing this tree by the previous construction. Let 1 be any b-plane field
in (53,52); its Euler class along S? is necessarily vanishing since the b-plane field
extends to the disk defined by any of the two hemispheres of S2. By Theorem 4.8,
there exists some b-contact structure whose dividing set is T O

Remark 5.5. For n = 1,2,3,4,5, the number of 2-equicolored trees with 2n vertices
is given by 1, 1, 4, 14, 65; see [39].

We proceed now with the classification of b-contact structures in (53, 5?).

Theorem 5.6. The classification of positive b-contact structures in (S3,5?), endowed
with some orientation, up to b-isotopy is the following.

(1) There exists only one tight b-contact structure on (S3,S8%). On the critical sur-
face there is a single 1-dimensional leaf.

(2) b-contact structures that are overtwisted in one connected component of S\ S?
but tight in the other one are determined by specifying which side of the equator
is the tight component (i.e. by a sign), and by the homotopy class of the b-
plane field in the closure of the overtwisted component relative to S? (i.e. by
an element in Z: the Hopf invariant). On the critical surface, there is a single
1-dimensional leaf.

(3) For each T isotopy class of separating closed curves in S? satisfying x(S%) =
X(S?), fully overtwisted b-contact structures inducing ' as the set of 1-dimen-
sional leaves are determined by the homotopy class of the b-plane field in the
closure of each component of S\ S? relative to S? (i.e. by an element in Z2:
the Hopf invariant of the b-plane field in each component).

Note that the dividing curves that can be realized in the case where both connected
components in S\ S? are overtwisted can be combinatorically characterized; see
Lemma 5.4.

Remark 5.7. By the correspondence between b-Jacobi structures and b-contact forms
(Proposition 2.10) and Remark 2.11, Theorem 5.1 can be reinterpreted as the classi-
fication of b-Jacobi structures.
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Proof: By Proposition 3.1, we can always assume that the b-contact structure is R-in-
variant close to Z = S2. Furthermore, any isotopy class of separating curves that can
arise as the set of 1-dimensional leaves of a b-contact structure satisfies x(53) = x(S2)
by Lemma 5.4, and uniquely determines the b-contact structure near Z by Proposi-
tion 3.10. We will proceed by treating first the case where the b-contact structure is
tight, followed by the case where one of the connected components admits an over-
twisted disk. Lastly, we consider the case where the structure is fully overtwisted.

Assume first that the b-contact structure is tight. By the Giroux criterion for
b-contact structures (Corollary 3.9), the dividing set I' C Z = S? has one connected
component. Let U = Zx(—¢, ) be an R-invariant neighborhood of Z. Take § >0 smaller
than e, and consider Z5 := Z x (—0,9) C Z x (—¢,¢). Each connected component
of M\ Z;s is diffeomorphic to a closed disk endowed with a contact structure whose
boundary is, by Lemma 3.8, a convex sphere with a connected dividing set. The
orientation induced by the contact structure coincides with the orientation of S® in
one of these components, and with the opposite orientation on the other side. By
Eliashberg’s theorem (Theorem 5.1), there exists only one tight contact structure in
the disk inducing in the boundary the convex surface characterized by a connected
dividing set. Hence there is only one tight b-contact structure in (S®,.52) up to isotopy:
Example 5.3.

Assume now that one of the connected components is tight and the other one is
overtwisted. Then, by the Giroux criterion, the neighborhood around the critical set
is tight. As before, the connected component where the b-contact structure is tight
is uniquely determined by Eliashberg’s theorem (Theorem 5.1). By the classification
of overtwisted contact structures ([11]), every homotopy class of plane fields in the
other connected component, fixed near the boundary, can be homotoped to a (unique)
overtwisted contact structure. On a disk, the homotopy type of a plane field (rela-
tive to the boundary) is determined by an element in Z, the Hopf invariant (see
e.g. [18, p. 142]). Thus, there are Z overtwisted contact structures in that connected
component. There is a choice of which connected component is the tight one, so
there exist {+, —} x Z different b-contact structures that are tight in one connected
component and overtwisted in the other one.

In the last case, when the b-contact structure is fully overtwisted, the dividing set
determines the b-contact structure in a neighborhood around the critical setup to b-
isotopy (Proposition 3.10). This dividing set is determined by a 2-equicolored tree by
Lemma 5.4. Fach hemisphere can be filled by as many pair-wise distinct overtwisted
contact structures as homotopy classes of plane fields (relative to the boundary) by
Theorem 4.8. Hence, there are Z@Z different overtwisted b-contact structures inducing
that given dividing set, which concludes the proof of the theorem. O

5.2. The case of (S3,T2). We look at S® as the manifold obtained by gluing two
solid tori along their boundary, by a diffeomorphism that glues the longitude of one
boundary torus to the meridian of the other boundary torus. Let T? denote the gluing
locus, and we consider the b-manifold (53, T?) endowed with an orientation (i.e. a sign
on each solid torus). We can also think of the critical surface as the boundary of a
tubular neighborhood of an unknot on the 3-sphere.

Given any b-contact structure on (S, T?), the Euler class of ¢ is always zero,
since H2(S3) = 0. So when evaluated in T2, it is also zero. This shows that any
dividing set of b-contact structure in (S3,T?) is a family of embedded close curves
such that X(']I‘i) = x(T?). Arguing as in Lemma 5.4, these families of curves can also
be characterized in terms of graphs (and a pair of coprime integers for some of the
graphs). Indeed, any set of curves satisfying x(7%) = x(7T2) can be identified with
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a graph that might have a cycle if there are curves with non-trivial homology in the
torus. When there is a cycle, the set of separating closed curves is determined by
specifying the homology class of these curves.

Lemma 5.8. Isotopy classes of separating curves that are the dividing set of some
b-contact structure in (S3,T?) satisfy x(T%) = x(T2) and are in one-to-one corre-
spondence with pairs (G, (p, q)), where G is a 2-equicolored graph with an even number
of vertices and at most one cycle, (p,q) = (0,0) if G has no cycle and (p,q) are two
coprime integers such that 0 < g < p if G has a cycle.

We can now state the classification of b-contact structures in (S3, T?).

Theorem 5.9. The classification of positive b-contact structures in (53, T?), endowed
with some orientation, up to b-isotopy is the following, depending on the dividing set
along the critical surface.

(1) For each isotopy class of separating curves I' in T? such that x(T%) = x(T2),
fully overtwisted b-contact structures are determined by the homotopy class of
the b-plane on the closure of each overtwisted component relative to T?.

(2) For each isotopy class as above without contractible closed curves, there are 2 -
N(n,—p, q) tight b-contact structures, where (n, —p, q) parametrizes the dividing
set.

(3) For each isotopy class as above without contractible closed curves, b-contact
structures that are tight in one component and overtwisted in the other are
determined by specifying which component of S3\ T? is tight (i.e. by a sign), a
number in N(n, —p,q) that specifies the dividing set, and by the homotopy class
of the b-plane field on the closure of the overtwisted component relative to T2.

Proof: As before, by Proposition 3.1, we can always assume that any b-contact struc-
ture is R-invariant close to Z = T?2. Let I' be any isotopy class of separating curves
in T? that can be realized by a b-contact structure on (53, T?); we know it satisfies
x(T%) = x(T%) by Lemma 5.8. It uniquely determines the b-contact structure near Z
by Proposition 3.10. Let U = Z x (—¢,¢) be an R-invariant neighborhood of Z. Take
4 > 0 smaller than e, and consider Zs := Z x (—4,d) C Z x (—¢,¢). By Eliashberg’s
classification of overtwisted contact structures ([11]), there is a unique overtwisted
contact structure in each relative homotopy class of plane fields in each component
of M \ Zs whose boundary is a convex surface whose dividing set is I". Each compo-
nent of M \ Zs is diffeomorphic to a solid torus with convex boundary and dividing
set I' by Lemma 3.8.

If the b-contact structure has some tight component, then by the Giroux criterion
(Corollary 3.9) the dividing set in the boundary of any component of M \ Zs has
no contractible closed curves. Hence, this holds for the set of 1-dimensional leaves of
the b-contact structure along Z. Each component is a solid torus, so it can be filled
with N(n,—p,q) different tight contact structures or a unique overtwisted structure
for each relative homotopy class of plane fields. Hence there are 2 - N(n, —p, q) tight
b-contact structures with dividing set in the isotopy class of I'. A b-contact structure
that is overtwisted in one component and tight in the other is determined by choosing
which component is tight, one of the N (n, —p, ¢) possible tight structures filling D? x
S1, and a homotopy class of plane fields on the solid torus (which determines a unique
overtwisted contact structure). This completes the proof of the theorem. O

Let us mention that the homotopy class of a plane field (or equivalently a b-plane
field, since the b-tangent bundle is isomorphic to the tangent bundle) can be under-
stood in terms of obstruction theory; we refer to [18, Section 4.2].
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The strategy as employed in the proofs of Theorems 5.6 and 5.9 works in other
examples as well. As already mentioned, we use the classification of the homotopy
class of plane fields on each connected component of M \ Z and the classification of
tight contact structures on the connected components of M \ Z (seen as a manifold
with boundary), with a convex boundary Z. For example, one can classify following
the same scheme of proof b-contact structures in S® with Z a finite number of parallel
copies of S2.

6. Towards b-contact topology in higher dimensions

In this section, we give an existence theorem for b-contact structures in higher
dimensions and generalize results in [34] on Reeb dynamics.

6.1. Existence of fully overtwisted b-contact structures in all dimensions.
In Section 4, we gave an existence h-principle for b-contact structures in three dimen-
sions, by further prescribing the singular foliation induced by the b-Jacobi structure.
We will make use of the recent advances in higher-dimensional convex hypersurface
theory to give a weaker existence theorem in all dimensions [26, 14]. Note that in this
case we cannot prescribe the singular foliation as we did in the 3-dimensional case.

Theorem 6.1. Let (M, Z) be a closed oriented b-manifold of dimension 2n+1 > 3
such that Z is separating. Then any formal b-contact structure is homotopic to a fully
overtwisted b-contact structure.

Proof: The strategy of the proof is similar to that of Theorem 4.8, but a complete
homotopical understanding of convex hypersurface theory is not available as in the
3-dimensional case. Let (g, wp) be a formal b-contact structure. We write oy and wq
in a neighborhood U = Z x (—¢,¢) of Z as

dz dz
Qg =u0?+ﬁo, wo =0 N\ — + Ho,
where ug € C*(U), Bo,v € Q' (U), and pp € Q*(U) are such that 1o 8y = to.70 =
Lo pto = 0. We identify sections \*°T*M with sections of A¥*T*M in U via the
identification df with dz as at the beginning of the proof of Theorem 4.8. Let (&g, @o)
be the formal contact structure obtained via this identification, i.e.

&OZUOdZ-I-ﬁ(h a)():’)/o/\dz—‘rﬂo.
By Gromov’s h-principle [21], there exists a family of formal contact structures (&, @;)
with ¢ € [0, 1] such that for ¢ = 1 it defines a contact structure in U. Now using

either [26] or [14], the hypersurface Z C U is isotopic to a C-close convex hypersur-
face Z. There is a family of embeddings of

Pt - Z % (_675) —>U7

with 0 < e, such that ¢ is just the trivial inclusion of Z x (=4, ) in U and such that
(Q2,02) = ¢i(a1,w01) is an R-invariant contact structure in Z x (—4,d) C U. Hence
we obtained in Z x (—§,0) a family of formal contact structures (éy, ;) with ¢ € [0, 2]
such that for ¢t = 2 we have an R-invariant contact form. We can write this pair of
forms as
&t:UtdZ+ﬂt7 J)t:%/\dz+ut,

such that (;, v¢, us have no dz term. Furthermore, by the R-invariance near ¢ = 2,
we can assume that S2,7v2,p2 € Q*(Z). We can associate a family of pairs of b-
forms (o, w:) with ¢t € [0,2] by the identification dz — ‘i—z. That is,

dz dz
oy :ut?""ﬁty wt:’Yt/\7+Ht-
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First, we claim this family is a family of formal b-contact structures. To see this,
observe that requiring that (ay,w:) is a formal b-contact structure, i.e. that az A
(wg)™ > 0, can be written in terms of the decomposition as

dz _
o A (wy)" = patl (uwe(pe)™ + 1B Ay A ()" ~1) > 0.
On the other hand, requiring that (&, @) is a formal contact structure is written
&t N ((.th)n =dz N (ut(,ut)" + Tl,@t A Yt A (ﬂt)nil) > 0.

Since by construction p, B¢, 7+ have no dz-term, these conditions are equivalent and
simply require that w(us)™ +nB: Ay A ()™~ is non-degenerate along ker dz.
What is not clear a priori is whether (ag,ws) is a genuine b-contact form, even if
(&2,@2) is a genuine contact form. This will be the case exactly because we chose the
splitting to be R-invariant for ¢ = 2. Indeed, recall that for ¢ = 2 the forms s, V2, o
lie in Q*(Z). Since (G2,@2) is a genuine contact form, we have @y = dasy and thus:

Qo = Usdz + Bo, @ = dus Ndz + dfo,

and hence v, = duy and po = dfs. By the R-invariance of the forms wus, 82, this
immediately implies that

we = dug A % + dBs = das,

i.e. that the b-form ws exactly corresponds to the b-exterior derivative of cy. We have
thus shown that (ay,w;) is a homotopy of formal b-contact structures that is genuine
for t = 2. This family does not extend globally immediately, but we just need to use
the homotopy extension property for formal solutions ([13, 13.2.1]) to find a global
homotopy of formal b-contact structures (&:,&:),t € [0,2] on M which is constant
and equal to (ag,wp) in M \ U’ for some smaller neighborhood U’ C U of Z, and
equal to (o, w;) in an even smaller neighborhood U” C U’ of Z. The pair (&g, d9) is
thus genuine in U” and hence restricted to a connected component N of M \ Z. It
defines a formal contact structure that is genuine near V- = U"” N N. We can apply the
existence h-principle for overtwisted contact structures on N relative U” NN using [2,
Theorem 1.1]. Applying it to each connected component of M \ Z, we obtain a global
b-contact structure (o, w’) that is formally homotopic to (ag,wp). O

It follows from our discussion of the existence of formal b-contact structures that
(M, Z) admits a b-contact structure if and only if M is stable almost complex.

Corollary 6.2. Let M be a stable almost complex odd-dimensional closed manifold.
For any separating hypersurface Z, the b-manifold (M, Z) admits a fully overtwisted
b-contact manifold.

6.2. Periodic orbits on the critical set. Using the observation in Proposition 3.1,
we can show that there always exist contact leaves on the critical set of a b-contact
manifold. Furthermore, the b-Reeb field defined by any b-contact form is always tan-
gent to such submanifolds, where it is parallel to the Reeb field defined by a contact
form.

Theorem 6.3. Let £ be a b-contact structure on (M*"+1 Z). Then the following holds:

(1) There exists a one-parametric smooth family {Ws}se(—rr) of codimension 2
submanifolds contained in Z where & induces a (regular) contact structure.

(2) For any « defining £ the b-Reeb field of « is tangent to each Ws, where it
coincides with a reparametrization of the Reeb field defined by a (reqular) contact

form of W.
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Proof: Even if the first point only depends on £ and not on a fixed b-contact form,
we will fix an arbitrary a from the beginning, as this has to be done anyway to prove
the second point in the statement. Write « in a neighborhood U = Z x (—¢,¢) of Z as
a=u + B with u € C*°(U) and B € Q' (U). Even if a is not convex, the b-contact
condition still implies that on Z

w(dB)™ + nB Adu A (dB)" £ 0,

as can be seen from equation (3.1). On the set W = {x € Z | u(x) =0}, this implies
that du # 0 and thus W is a regular hypersurface in Z. Furthermore, this also
implies that ij;a = B is a contact form, where iy denotes the inclusion of W in M.
The set W is non-empty, since otherwise (d(%))n restricted to Z defines an exact
volume form. Finally, the level sets Ws = {z € Z | u(z) = ¢} are regular as well for
every 6 € (—7,7) with 7 > 0 small enough, and 4y, a also defines a contact form,
since being contact is an open condition.

It remains to show that the b-Reeb field defined by « is tangent to Ws and coincides
with the Reeb field defined by the contact form S5 = ij;, . To see this, write the
Reeb vector field of a in U as R, =g - z% + X, where g € C*°(U) and X is tangent
to the hypersurfaces Z x {z} with z € (—&,¢). Denote by i: Z — U the inclusion of
the critical set in U. The equations tp, o = 1 and tr, da = 0 evaluated in Z yield

g-u+p(X)=1,
d .
gdzu—&-bxdzﬂ—&—Lxdu/\%—i—szu (Z/\B> =0.
z

At z = 0, we deduce that tx du = 0 and that tx dz8 = —gdzu. The first equation
implies that ¢*u is a first integral of R,|z, hence R, is tangent to each Ws. Finally,
the second equation pulled back to W yields txiy, d8 = 0. Hence R.|z lies in the
kernel of 35 = iy, 3 and so is parallel to the Reeb field of 3. Indeed, f5(Ra) =
Bs(X) =1— g - u, which is close to 1 when w is close to 0. O

Remark 6.4. The contact submanifold {u = 0} contained in the critical set of a b-con-
tact manifold obtained in Theorem 6.3 corresponds to an odd-dimensional leaf of the
singular foliation of the Jacobi structure associated with the b-contact structure. Each
component of {u = 0}, as well as the one-parametric family of contact submanifolds,
is a tight contact manifold; see [38, Lemma 6.5]. The complement in Z, that is,
Z\ T, is foliated by even-dimensional leaves of the Jacobi structure, with an induced
structure that is locally conformally symplectic.

It follows that as long as the Weinstein conjecture holds in dimension dim M —2, any
b-Reeb field has infinitely many periodic orbits on Z. Since the Weinstein conjecture
is known in dimension 3 ([41]), we deduce the following result, which generalizes [34,
Proposition 6.1] to dimension 5.

Corollary 6.5. Let (M, Z) be a 5-dimensional b-manifold endowed with a b-contact
form a. The b-Reeb field defined by a admits infinitely many periodic orbits on the
critical set.
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