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Abstract: In order to circumvent a fundamental issue when studying densely defined traces on C∗-al-
gebras – which we refer to as the Trace Question – we initiate a systematic study of the set TR(A)

of self-adjoint traces on the Pedersen ideal of A. The set TR(A) is a topological vector space with
a vector lattice structure, which in the unital setting reflects the Choquet simplex structure of the

tracial states. We establish a form of Kadison duality for TR(A) and compute TR(A) for principal

twisted étale groupoid C∗-algebras. We also answer the Trace Question positively for a large class
of C∗-algebras.
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1. Introduction

This paper adds a new perspective for studying traces on non-unital C∗-alge-
bras. For unital C∗-algebras A there is no doubt what tracial invariant to consider:
the set T1(A) of tracial states. For non-unital C∗-algebras, one often considers the
set T+(A) of all densely defined lower semicontinuous tracial weights with the weak∗-
topology coming from the Pedersen ideal Ped(A) (the minimal dense ideal in A).
Equivalently, T+(A) can be identified with the set of positive linear tracial function-
als on Ped(A). The following is the fundamental problem for using T+(A) as the
primary tracial invariant, and we will refer to it as the Trace Question.

Question A (The Trace Question). Let A be a C∗-algebra. Suppose that f : T+(A) →
R is a continuous affine function with f(0) = 0. Is there a self-adjoint a ∈ Ped(A)
such that f(τ) = τ(a) for all τ ∈ T+(A)?

The Trace Question turns out to have a positive answer for many C∗-algebras,
for instance all simple C∗-algebras. This is arguably why T+(A) suffices (together
with K-theory and their pairing) for classifying simple non-unital separable nuclear
Z-stable C∗-algebras satisfying the UCT (proved independently in [8, 12, 13, 14]
and in [6]). More generally, the class of C∗-algebras for which the Trace Question has
an affirmative answer is closed under stable isomorphism, and contains all C∗-algebras
with compact primitive ideal space, all C∗-algebras for which T+(A) has a compact
base, and all commutative C∗-algebras; see Corollary 6.5.

However, we do not know if the Trace Question always has an affirmative answer.
The key point of this paper is to show that by enriching T+(A) with (seemingly
insignificant) additional structure, one obtains a better behaved invariant where the
analogous Trace Question always has an affirmative answer.

The invariant – which we denote by TR(A) – is the subspace of Ped(A)∗ consisting
of self-adjoint traces equipped with the weak∗-topology. This turns out to be the
span of T+(A) (Corollary 3.7), so it might be hard to see how this contains any
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new information compared to T+(A). However, the following observation – that the
related Trace Question for TR(A) has a positive answer – motivates considering TR(A)
instead of T+(A).

Observation B. Let A be a C∗-algebra. If f : TR(A) → R is a continuous linear
functional, then there is a self-adjoint a ∈ Ped(A) such that f(τ) = τ(a) for all τ ∈
TR(A).

The subtle difference between the Trace Question and Observation B is that while
any continuous affine function f : T+(A) → R which vanishes at 0 extends uniquely to
a linear functional on TR(A), it is not obvious that this extension is continuous. The
Trace Question has an affirmative answer exactly if such extensions are automatically
continuous.

A different approach for bypassing the Trace Question was set out by Elliott–
Robert–Santiago [9] by considering the set T (A) of all lower semicontinuous tracial
weights (not necessarily densely defined). They consider a class L(T (A)) of lower
semicontinuous functions f : T (A) → [0,∞]. It is shown in [28, Theorem 2] that
if A is stable and f ∈ L(T (A)), then there is a positive element a ∈ A such that
f(τ) = τ(a) for all τ ∈ T (A). Note however that T (A), unlike T+(A) and TR(A), does
not pair with K0(A) (see Proposition 2.10 for the pairing of K0(A) and TR(A)).

In order to systematically study TR(A) we introduce a topology on Ped(A) as
follows. Since Ped(A) is the directed union of all its C∗-subalgebras (Remark 2.3), we
equip Ped(A) with the induced locally convex inductive limit topology. The continuous
dual space Ped(A)∗ thus consists exactly of the linear functionals on Ped(A) which are
bounded when restricted to any C∗-subalgebra of Ped(A). In particular, all positive
linear functionals on Ped(A) are continuous. Formally, we define TR(A) ⊆ Ped(A)∗

as the space of continuous self-adjoint traces. This is a real topological vector space
which is ordered by the cone T+(A) of positive traces. Moreover, by utilising Jordan
decompositions of linear functionals we give a different proof (Corollary 3.8) of a result
by Pedersen [25, Theorem 3.1] that TR(A) is a vector lattice.1

We consider the continuous dual space TR(A)
∗ equipped with the compact-

open topology. In the case where A is unital, TR(A)
∗ can be canonically identified

with Aff T1(A) (the space of continuous real affine functions on the tracial state
space T1(A)), and the compact-open topology agrees with the usual norm topol-
ogy. The following is a strengthening of Observation B. In the statement, T≤1(A) de-
notes the set of positive traces of norm at most 1. The following is Theorem 4.3 and
Corollary 4.5.

Theorem C. Let A be a C∗-algebra. The canonical map Ped(A)sa → TR(A)
∗ is a

quotient map with respect to the topologies described above.
Consequently, for every f ∈ TR(A)

∗ and ϵ > 0 there is an a ∈ Ped(A)sa such that
f(τ) = τ(a) for all τ ∈ TR(A) and ∥a∥ ≤ supτ∈T≤1(A) |f(τ)|+ ϵ.

For compact convex sets K there is an important duality due to Kadison [15]
between K and AffK, where K can be recovered from AffK as the state space. We
obtain a similar duality for TR(A) and TR(A)

∗. While TR(A) is trivially isomorphic
to the space of weak∗-continuous functionals on TR(A)

∗, we emphasise that we do
not consider TR(A)

∗ with the weak∗-topology, but with the compact-open topology
(which is the quotient topology coming from Ped(A)sa). This is Proposition 4.7 and
Theorem 4.8.

1In the case where A is unital, this gives an easy proof that the set of tracial states is a Choquet
simplex. See [3] for another recent short proof of this result.
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Theorem D (Duality). Let A and B be C∗-algebras. Then TR(A) is canonically
isomorphic to the space of compact-open-continuous linear functionals on TR(A)

∗.
This induces a contravariant categorical duality, that is, a bijective correspondence
between weak∗-continuous positive linear maps TR(B) → TR(A) and compact-open-
continuous positive linear maps TR(A)

∗ → TR(B)∗.

Any ∗-homomorphism A → B induces a weak∗-continuous positive linear map
TR(B) → TR(A). In fact, we may view TR as a contravariant functor on the category
of C∗-algebras. It is often convenient to consider the covariant functor TR(−)∗ instead,
which by duality contains the exact same information as TR.

The functor TR is stable in the sense that the (1, 1)-corner inclusion A → A ⊗
K(ℓ2(N)) induces an isomorphism TR(A ⊗ K(ℓ2(N))) ∼= TR(A). More generally, if
A ⊆ B is a full hereditary C∗-algebra, then we obtain an isomorphism TR(B) ∼= TR(A)
by restriction (Corollary 5.4). The functor TR is also invariant under approximate
unitary equivalence of ∗-homomorphisms (Remark 4.9).

For any locally compact Hausdorff space X, the real trace space TR(C0(X)) is
frequently identified2 with the space of real Radon measures RadR(X) on X with the
weak∗-topology coming from Cc(X) = Ped(C0(X)), via the map sending a measure µ
to the trace f 7→

∫
X
f dµ. We study traces more generally on the C∗-algebra of an étale

groupoid G, which have been considered for instance in [21, 19, 1, 22, 7, 18]; we are
especially interested in the entire structure of the trace space, notably its topology.
Consider the set RadGR(G0) of G-invariant real Radon measures on the unit space G0

equipped with the weak∗-topology coming from Cc(G0). We show (Corollary 7.5) that

for a twisted étale groupoid (G,L) (not necessarily Hausdorff), every µ ∈ RadGR(G0)
induces a trace τµ ∈ TR(C

∗
λ(G,L)) which is uniquely determined by

τµ(f) =

∫
G0

f |G0 dµ

for compactly supported continuous3 sections f ∈ Γc(G,L) of the line bundle L →
G. Moreover, when G is Hausdorff the weak∗-topology on this set of traces coming
from Ped(C∗

λ(G,L)) agrees with the one coming from Cc(G0) (Lemma 7.8). In the
case where G is principal, this determines the entire space of traces (Corollary 7.9).

Theorem E. Let (G,L) be a principal twisted étale groupoid. Then the map

RadGR(G0) → TR(C
∗
λ(G,L)) described above is an isomorphism of ordered topological

vector spaces.

2. Continuous traces on the Pedersen ideal

In [23], Pedersen introduced an ideal – now known as the Pedersen ideal Ped(A) –
which is the unique minimal two-sided norm-dense ideal in a C∗-algebra A. The
standard examples of Pedersen ideals are Ped(K(H)) (for a Hilbert space H) which
exactly consists of the finite rank operators on H; and Ped(C0(X)) = Cc(X) for a
locally compact Hausdorff space X, where Cc(X) consists of all compactly supported
continuous functions on X.

The Pedersen ideal Ped(A) is constructed as follows: let Ped(A)0 be the set of
all positive elements a ∈ A for which there exist e ∈ A+ such that ea = a. Let
Ped(A)+ denote the hereditary cone generated by Ped(A)0, i.e. the set of positive
elements a ∈ A for which there exist a1, . . . , an ∈ Ped(A)0 such that a ≤

∑n
j=1 aj .

Then Ped(A) is the linear span of Ped(A)+.

2In fact, this is how real Radon measures on X are defined in the Bourbaki book [4, Chapter III].
3If G is not Hausdorff, these need not actually be continuous; see Section 7.
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As seen in [26, Section 5.6] it holds that Ped(A)∩A+ = Ped(A)+ and that Ped(A) is
the unique minimal two-sided norm-dense ideal in A.

We will be considering the Pedersen ideal with a locally convex structure which in
general is stronger than the usual norm topology. The starting point is the following
important result of Pedersen.

Lemma 2.1 ([26, Proposition 5.6.2]). Let X ⊆ Ped(A) be a finite set. The hereditary
C∗-subalgebra of A generated by X is contained in Ped(A).

In particular, whenever x ∈ Ped(A) then the entire C∗-algebra C∗(x) generated
by x is contained in Ped(A), so Ped(A) contains many C∗-subalgebras of A even
though it is itself not norm-closed in general. When D is a (hereditary) C∗-subalgebra
of A such that D ⊆ Ped(A) we will say (which is a slight abuse of notation) that
D ⊆ Ped(A) is a (hereditary) C∗-subalgebra.

We will need the following minor variation of the above lemma.

Proposition 2.2. Let A be a C∗-algebra, and let D1, D2, . . . , Dn ⊆ Ped(A) be C∗-sub-
algebras of the Pedersen ideal. Then the hereditary C∗-subalgebra of A generated
by D1, D2, . . . , Dn is contained in Ped(A).

Proof: Since we may iteratively construct the final hereditary C∗-subalgebra by adding
in one Dk at a time, it suffices to consider the case n = 2. Let B0 = C∗(D1, D2) and
let B be the hereditary C∗-subalgebra generated by B0. Fix x ∈ B. By Cohen’s fac-
torisation theorem (see [5, Theorem 4.6.4] for an easy proof in the case that we need it
for) we have B = B0A so we may write x = by for a b ∈ B0 and y ∈ A. Pick separable
C∗-subalgebras Cj ⊆ Dj for j = 1, 2 such that b ∈ C∗(C1, C2). As Cj is separable
and thus σ-unital we let hj ∈ Cj be strictly positive. Then h1, h2 ∈ Ped(A) and
by Lemma 2.1 the hereditary C∗-subalgebra C generated by {h1, h2} is contained
in Ped(A). Since b ∈ C∗(C1, C2) ⊆ C ⊆ Ped(A), and since Ped(A) is an ideal, it
follows that x = by ∈ Ped(A).

Remark 2.3. It follows that the Pedersen ideal is the directed union of each of the
following sets:

(1) the set of C∗-subalgebras of Ped(A);
(2) the set of separable C∗-subalgebras of Ped(A);
(3) the set of hereditary C∗-subalgebras of Ped(A); and
(4) the set of σ-unital hereditary C∗-subalgebras of Ped(A).

Definition 2.4. Let A be a C∗-algebra. We equip the Pedersen ideal Ped(A) with
the locally convex direct limit topology coming from writing Ped(A) =

⋃
DD as the

union of its C∗-subalgebras D ⊆ Ped(A).

Hence, a linear map ρ : Ped(A) → X into a locally convex space X is continuous
if and only if the restriction ρ|D is continuous for every C∗-subalgebra D ⊆ Ped(A).
As a special case, any positive linear functional Ped(A) → C is continuous even when
it is not bounded.

It is easy to see that one could have chosen any of the four directed sets from
Remark 2.3 to define the topology on Ped(A), since a map ρ : D → X from a C∗-al-
gebra D to a topological space X is continuous if and only if it is continuous on all
separable C∗-subalgebras of D.4 When considering traces, we will for instance focus
on hereditary C∗-subalgebras since these play well with the Jordan decomposition
(Proposition 3.5).

4In fact, if ρ were not continuous, we could find a sequence an ∈ D converging to a ∈ D such that
ρ(an) does not converge to ρ(a). Then D0 = C∗(an : n ∈ N) is separable and ρ|D0 is not continuous.
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Remark 2.5. This way of defining continuous functionals on Ped(A) is similar to (and
inspired by) the way in which one defines real or complex Radon measures on locally
compact spaces X. For instance, as we find in the Bourbaki book [4, Chapter III],
this is done by identifying complex Radon measures on X with linear functionals
on Cc(X) = Ped(C0(X)) (the space of compactly supported functions) which are
continuous when Cc(X) is equipped with the same locally convex inductive limit
topology as described above.

Remark 2.6. In [24], Pedersen considers a different locally convex topology on Ped(A)
which he uses to define C∗-integrals, a generalisation of traces. As we only consider
traces in this paper, we think the topology defined in Definition 2.4 is more suitable
and easier to work with.

A functional τ : Ped(A) → C is called tracial (or a trace) if τ(xy) = τ(yx) for
all x, y ∈ Ped(A). Note that if τ is a continuous trace, then so is its adjoint τ∗ (given

by τ∗(x) = τ(x∗)), and thus any continuous trace τ on Ped(A) can be written as
τ = τ1 + iτ2, where τ1 = 1

2 (τ + τ∗) and τ2 = 1
2i (τ − τ∗) are continuous self-adjoint

traces on Ped(A).

Definition 2.7. We let TR(A) denote the real vector space of continuous self-adjoint
traces on Ped(A). We equip TR(A) with the weak∗-topology. We consider TR(A) as
an ordered topological vector space with the positive cone T+(A) of positive traces.

Example 2.8. LetX be a discrete topological space. Then Ped(C0(X)) = Cc(X) and
TR(C0(X)) is canonically isomorphic to

∏
X R equipped with the product topology.

More generally, if (Ax)x∈X is a family of C∗-algebras, then Ped
(⊕

x∈X Ax

)
is

the algebraic direct sum
⊕

x∈X Ped(Ax) and TR
(⊕

x∈X Ax

)
is canonically identified

with
∏

x∈X TR(Ax) equipped with the product topology.

Pedersen showed in [23] that there is a one-to-one correspondence (given by re-
striction) between T+(A) and the set of lower semicontinuous densely defined tracial
weights on A. This will not play a significant role in this paper, although we use it
for convenience in Remark 4.9.

We often consider TR(A) as a space of functionals on the real vector space Ped(A)sa
of self-adjoint elements in Ped(A). Each τ ∈ TR(A) restricts to τ : Ped(A)sa → R
which is a tracial functional in the sense that τ(x∗x) = τ(xx∗) for all x ∈ Ped(A). It
is straightforward to see that, conversely, any linear functional τ : Ped(A)sa → R with
this tracial property extends uniquely to a self-adjoint tracial functional τ̃ on Ped(A).
The extension τ̃ is continuous if and only if τ : Ped(A)sa → R is continuous, so we
may identify the self-adjoint traces as a subspace TR(A) ⊆ (Ped(A)sa)

∗, where its
topology agrees with the weak∗-topology. This will be used often without reference.

One advantage of working with continuous traces on the Pedersen ideal is that
there is a natural trace pairing with the K-theory group K0.

Remark 2.9. Recall that because Ped(A) is dense in A and is the union of its C∗-sub-
algebras, and since K0 preserves direct limits, we get that

K0(A) = {[p]0 − [q]0 | n ∈ N, p, q ∈Mn(Ped(A)
∼), p− q ∈Mn(Ped(A))}.

For τ ∈ TR(A) and n ∈ N, let τ (n) : Mn(Ped(A)) → C denote the trace given by

τ (n)((ai,j)
n
i,j=1) =

n∑
j=1

τ(aj,j) for (ai,j)
n
i,j=1 ∈Mn(Ped(A)).
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Proposition 2.10. There is a unique bilinear pairing

ρA : K0(A)× TR(A) → R

such that for any n ∈ N, any projections p, q ∈Mn(Ped(A)
∼) with p−q ∈Mn(Ped(A))

and any τ ∈ TR(A), we have

ρA([p]0 − [q]0, τ) = τ (n)(p− q).

Moreover, ρA is continuous.

Proof: Every element of K0(A) is of the form [p]0 − [q]0 as in the statement by
Remark 2.9, so if ρA is well defined, then it is unique. Continuity also follows because
K0(A) carries the discrete topology and for each p, q as above, the map TR(A) →
R : τ 7→ τ (n)(p − q) is a linear combination of evaluation functionals. Thus we need
only show well-definedness.

Fix τ ∈ TR(A) and take n, ñ ∈ N, p, q ∈ Mn(Ped(A)
∼), and p̃, q̃ ∈ Mñ(Ped(A)

∼)
with p−q ∈Mn(Ped(A)) and p̃−q̃ ∈Mñ(Ped(A)) such that [p]0−[q]0 = [p̃]0−[q̃]0 and
note that by embedding into the larger matrix algebra we may assume ñ = n. Pick a
C∗-subalgebra D0 ⊆ Ped(A) such that p, q, p̃, q̃ ∈Mn(D

∼
0 ) and p−q, p̃− q̃ ∈Mn(D0).

Since K0 preserves direct limits, there is a C∗-subalgebra D ⊆ Ped(A) containing D0

such that [p]0− [q]0 = [p̃]0− [q̃]0 in K0(D). Thus for some k ∈ N we have p⊕ q̃⊕ 1k ∼
q⊕ p̃⊕1k inM2n+k(D̃), where 1k is the unit ofMk(D̃). The restriction τ |D : D → C is

bounded and extends to a bounded self-adjoint tracial functional τ̃ : D̃ → C (e.g. by
letting τ̃(1) = 0). Hence

τ̃ (2n+k)(p⊕ q̃ ⊕ 1k) = τ̃ (2n+k)(q ⊕ p̃⊕ 1k)

and therefore τ (n)(p− q) = τ (n)(p̃− q̃).

3. Jordan decomposition

We will show that TR(A) is a vector lattice (although not a topological vector lat-
tice). Consequently, the continuous traces on the Pedersen ideal are exactly the ones
that are a linear combination of positive traces. This was originally proved by Ped-
ersen [25, Theorem 3.1], but our approach gives a different description of the lattice
structure in terms of the Jordan decomposition of traces on hereditary C∗-subalgebras
of the Pedersen ideal, which we will use subsequently.

Recall the Jordan decomposition of self-adjoint linear functionals on C∗-algebras:
for any bounded self-adjoint linear functional ρ on a C∗-algebra D, there is a unique
pair (ρ+, ρ−) of positive linear functionals on D such that ρ = ρ+ − ρ− and ∥ρ∥ =
∥ρ+∥+ ∥ρ−∥ (see for instance [26, Theorem 3.2.5]).

Proposition 3.1. Let D be a C∗-algebra and let τ ∈ D∗
sa be a bounded self-adjoint

tracial functional with Jordan decomposition (τ+, τ−). Then:

(a) τ+ and τ− are tracial;
(b) for every d ∈ D+ and ϵ > 0 there exist c1, c2 ∈ D+ so that c1 + c2 = d and

τ+(c1) < ϵ, τ−(c2) < ϵ;

(c) τ+ is the supremum of τ and 0 in D∗
sa.

Proof: (a) If u ∈ D̃ is a unitary, then (uτ+u∗, uτ−u∗) is a Jordan decomposition
of uτu∗ = τ , so τ± = τ±(u(−)u∗) by uniqueness. Hence τ+ and τ− are tracial.
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(b) Let δ > 0 such that 1
2∥d∥δ < ϵ. Pick x ∈ Dsa with ∥x∥ ≤ 1 such that

τ+(x)− τ−(x) + δ = τ(x) + δ > ∥τ∥ = ∥τ+∥+ ∥τ−∥ = τ+(1) + τ−(1),

where we have extended τ± to the unitisation of D in the unique norm-preserving
way. Note that 1− x and 1 + x are positive and

τ+(1− x) + τ−(1 + x) < δ.

Let c1 = 1
2d

1/2(1−x)d1/2 and c2 = 1
2d

1/2(1+x)d1/2, which are positive, and c1+c2 =
d. As τ+ is positive, and is a trace by (a), we have

τ+(c1) =
1

2
τ+((1− x)1/2d(1− x)1/2) ≤ 1

2
∥d∥τ+(1− x) ≤ 1

2
∥d∥δ < ϵ,

and similarly τ−(c2) < ϵ.

(c) Clearly τ+ ≥ τ and τ+ ≥ 0. Let ρ ∈ D∗
sa such that τ ≤ ρ and 0 ≤ ρ. Let d ∈ D+

and ϵ > 0 and pick c1, c2 as in part (b). Then

τ+(c1)− ϵ ≤ 0 ≤ ρ(c1), τ+(c2)− ϵ ≤ τ+(c2)− τ−(c2) = τ(c2) ≤ ρ(c2),

and thus

τ+(d)− 2ϵ = τ+(c1) + τ+(c2)− 2ϵ ≤ ρ(c1) + ρ(c2) = ρ(d).

Hence τ+(d) ≤ ρ(d) for all d ∈ D+ and therefore τ+ ≤ ρ in D∗
sa.

Remark 3.2. Proposition 3.1(c) gives an elementary proof (assuming the existence of
Jordan decompositions of bounded self-adjoint functionals) that the set of bounded
self-adjoint tracial functionals on a C∗-algebra forms a vector lattice with join τ1∨τ2 =
(τ1 − τ2)

+ + τ2 and meet τ1 ∧ τ2 = τ1 − (τ1 − τ2)
+. In particular, the set of tracial

states on a unital C∗-algebra is a Choquet simplex.

Remark 3.3. If D is a C∗-algebra and (τi) is a bounded net of self-adjoint tracial
functionals converging weakly∗ to τ , and if (τ+i , τ

−
i ) and (τ+, τ−) are the respective

Jordan decompositions, then it is in general not true that τ+i → τ+ and τ−i → τ−

(even when we know that (τ+i ) and (τ−i ) both converge to tracial functionals).
For example, let D = C([−1, 1]) and τn = ev1/n − ev−1/n (where evt is evaluation

at t). Then τn
w∗

−−→ 0 but τ±n = ev±1/n
w∗

−−→ ev0 ̸= 0.

Lemma 3.4. Let C ⊆ D be a hereditary C∗-subalgebra and let τ ∈ D∗
sa with Jordan

decomposition (τ+, τ−). If τ is tracial, then (τ+|C , τ−|C) is the Jordan decomposition
of τ |C .

Proof: It suffices to show that ∥τ |C∥ = ∥τ+|C∥+ ∥τ−|C∥. Clearly ∥τ |C∥ ≤ ∥τ+|C∥+
∥τ−|C∥. For the other inequality, let ϵ > 0. Pick d ∈ C a positive contraction (e.g. from
an approximate identity in C) such that

∥τ+|C∥+ ∥τ−|C∥ − ϵ ≤ τ+(d) + τ−(d).

Use Proposition 3.1 to find c1, c2 ∈ D+ such that c1 + c2 = d, τ+(c1) < ϵ, and
τ−(c2) < ϵ. Then c1, c2 are positive contractions which are in C since C ⊆ D is
hereditary. Let c = c1 − c2, which is in the unit ball of C. Then

∥τ |C∥ ≥ τ(c) = τ+(c1) + τ−(c2)− τ+(c2)− τ−(c1)

> τ+(d) + τ−(d)− 4ϵ

≥ ∥τ+|C∥+ ∥τ−|C∥ − 5ϵ.

As ϵ > 0 was arbitrary it follows that ∥τ+|C∥+ ∥τ−|C∥ ≤ ∥τ |C∥.
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Proposition 3.5. If τ : Ped(A) → C is a continuous self-adjoint trace, then there are
unique positive traces τ+, τ− : Ped(A) → C such that τ = τ+−τ− and (τ+|D, τ−|D) is
the Jordan decomposition of τ |D for every hereditary C∗-subalgebra D ⊆ Ped(A).

Proof: This follows from Lemma 3.4 and Remark 2.3.

Definition 3.6. The Jordan decomposition (τ+, τ−) of a continuous self-adjoint
trace τ : Ped(A) → C is the decomposition given in Proposition 3.5.

Corollary 3.7. A tracial linear functional τ : Ped(A) → C is continuous if and only
if it is a linear combination of positive traces.

Corollary 3.8 (Pedersen). For any C∗-algebra A, TR(A) with positive cone T+(A)
is a real vector lattice.

Proof: Clearly, (TR(A), T+(A)) is an ordered vector space. For τ ∈ TR(A), τ
+ is the

supremum of τ and 0 when restricted to every hereditary C∗-subalgebra (Proposi-
tion 3.1(c)) and thus τ+ = τ ∨0. It is well known (and straightforward to verify) that
this implies that TR(A) is a vector lattice with join τ1 ∨ τ2 = (τ1− τ2)++ τ2 and meet
τ1 ∧ τ2 = τ1 − (τ1 − τ2)

+.

The following follows from Lemma 3.4.

Corollary 3.9. Let A ⊆ B be a hereditary C∗-subalgebra. Then the restriction
map TR(B) → TR(A) is a lattice homomorphism.

4. The dual trace space

When A is a unital C∗-algebra there is a duality due to Kadison [15] (see also [2,
Chapter 7]) of the Choquet simplex T1(A) of tracial states and the Archimedean order
unit space Aff T1(A) of real affine continuous functions on T1(A). The space TR(A) is
a real topological vector space, so the right dual space consists of continuous linear
functionals. We address how this relates to the space of affine functions on positive
traces in Section 6.

Definition 4.1. Let A be a C∗-algebra. We let TR(A)
∗ denote the continuous dual

space of TR(A), i.e. the space of weak∗-continuous functionals TR(A) → R. We
equip TR(A)

∗ with the compact-open topology, i.e. a net (fi)i in TR(A)
∗ converges

to f if and only if it converges uniformly on weak∗-compact subsets of TR(A). We also
equip TR(A)

∗ with a positive cone TR(A)
∗
+ consisting of the functionals f such that

f(τ) ≥ 0 for all τ ∈ T+(A).
In this way, TR(A)

∗ is an ordered topological vector space.

For every compact subset K ⊆ TR(A) we let ∥ ·∥K denote the seminorm on TR(A)
∗

given by
∥f∥K = sup

τ∈K
|f(τ)|, for f ∈ TR(A)

∗.

Clearly the compact-open topology on TR(A)
∗ is the locally convex topology induced

by the family of seminorms ∥·∥K , where K ranges over the compact subsets of TR(A).
In order to understand the compact-open topology on TR(A)

∗, we must first under-
stand (relatively) compact subsets of TR(A) as follows.

Lemma 4.2. For a subset K ⊆ TR(A) the following are equivalent:

(a) K is relatively compact (i.e. K has compact closure);

(b) every f ∈ TR(A)
∗ is bounded on K;

(c) supτ∈K |τ(a)| <∞ for all a ∈ Ped(A);

(d) supτ∈K ∥τ |D∥ <∞ for every C∗-subalgebra D ⊆ Ped(A).
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Proof: We let K denote the closure of K.

(a) ⇒ (b) f(K) ⊆ R is compact, hence bounded.

(b) ⇒ (c) It suffices to prove (c) for self-adjoint a ∈ Ped(A), and this case reduces
to (b) since τ 7→ τ(a) defines an element of TR(A)

∗.

(c) ⇒ (d) This follows from the uniform boundedness principle.

(d) ⇒ (a) Let (τi)i be an ultranet in K. Note that (c) clearly follows from (d) and
hence

sup
τ∈K

|τ(a)| = sup
τ∈K

|τ(a)| <∞

for all a ∈ Ped(A). Thus we may define a linear functional τ0 : Ped(A) → C by τ0(a) =
limi τi(a). Let D ⊆ Ped(A) be a C∗-subalgebra. By (d) τ0|D is bounded, and thus τ0 is
continuous. Hence τ0 ∈ TR(A) and by construction τi → τ0, so K is compact.

Note that there is a canonical linear map Ped(A)sa → TR(A)
∗ given by a 7→ â,

where â(τ) = τ(a) for τ ∈ TR(A). Clearly â ∈ TR(A)
∗
+ whenever a ∈ Ped(A)+. We

emphasise for the following theorem that Ped(A) is considered with the inductive limit
topology (Definition 2.4) and TR(A)

∗ is equipped with the compact-open topology.

Theorem 4.3. The map Ped(A)sa → TR(A)
∗ is a quotient map of locally convex

spaces with respect to the topology on Ped(A) given in Definition 2.4 and the compact-
open topology on TR(A)

∗.

Proof: Surjectivity is elementary; see for instance [27, Proposition 2.4.4].
Next we show continuity. By definition of the locally convex direct limit topology

on Ped(A)sa, this amounts to showing that the restrictionDsa → TR(A)
∗ is continuous

(in the norm topology on Dsa) for every C∗-subalgebra D ⊆ Ped(A). Let (ai)i be a
net in Dsa converging to a, and let S ⊆ TR(A) be a compact subset. By Lemma 4.2,
M := supτ∈S ∥τ |D∥ <∞, and thus

sup
τ∈S

|âi(τ)− â(τ)| = sup
τ∈S

|τ(ai − a)| ≤ ∥ai − a∥M → 0.

To demonstrate that TR(A)
∗ carries the quotient topology, we show that a semi-

norm ρ : TR(A)
∗ → [0,∞) for which the pre-composition ρ̃ : Ped(A)sa → [0,∞) is con-

tinuous must itself be continuous. By the Hahn–Banach theorem, for any a ∈ Ped(A)sa
we have

ρ̃(a) = sup{|τ(a)| : τ ∈ (Ped(A)sa)
∗, |τ | ≤ ρ̃}.

For τ ∈ (Ped(A)sa)
∗, the condition |τ | ≤ ρ̃ forces τ to be tracial and therefore says

precisely that τ is in the compact set K ⊆ TR(A) given by

K = {τ ∈ TR(A) : |τ(a)| ≤ ρ(â) for each a ∈ Ped(A)sa}.
Thus for each a ∈ Ped(A)sa we have

ρ(â) = ρ̃(a) = sup
τ∈K

|τ(a)| = ∥â∥K ,

and so ρ is continuous with respect to the compact-open topology.

Corollary 4.4. Let A be a C∗-algebra and let ρ : Ped(A) → [0,∞) be a seminorm
such that the restriction ρ|D is bounded for every C∗-subalgebra D ⊆ Ped(A). Let

Kρ := {τ ∈ TR(A) : |τ(a)| ≤ ρ(b) for all a, b ∈ Ped(A)sa such that â = b̂}.
Then Kρ is compact, and for every f ∈ TR(A)

∗ and every ϵ > 0 there exists an a ∈
Ped(A)sa such that â = f and ρ(a) ≤ ∥f∥Kρ + ϵ.
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Proof: Note that ρ is continuous in the locally convex inductive limit topology (Defi-
nition 2.4). Therefore, by Theorem 4.3, the induced quotient seminorm ρ̂ : TR(A)

∗ →
[0,∞) given by

ρ̂(f) = inf{ρ(a) : a ∈ Ped(A)sa such that â = f}

is continuous, and the set Kρ is the set named K (with respect to ρ̂) in the proof of
Theorem 4.3. Hence, as seen in this proof, ∥f∥Kρ

= ρ̂(f) so the result follows.

In the following, T≤1(A) ⊆ TR(A) denotes the set of contractive positive traces.
We note that τ(a) = f(τ) for all traces τ ∈ TR(A) below, not just bounded traces.

Corollary 4.5. Let A be a C∗-algebra. For any f ∈ TR(A)
∗ and any ϵ > 0 there is

an a ∈ Ped(A)sa such that f = â and ∥a∥ ≤ supτ∈T≤1(A) |f(τ)|+ ϵ.

Proof: Applying Corollary 4.4 with the usual norm ∥ ·∥ on Ped(A), it is immediate to
check that the set K∥·∥ is the set of traces of norm at most 1. As ∥ ·∥K∥·∥ = ∥ ·∥T≤1(A)

the result follows.

Remark 4.6. Suppose A is a C∗-algebra whose non-zero traces are all unbounded.
From Corollary 4.5 it follows that every f ∈ TR(A)

∗ can be realised as f = â for a
self-adjoint a ∈ Ped(A)sa with arbitrarily small norm. This is easy to see if A is stable,
but was somewhat surprising to the authors in general.

We have a duality theory for TR(A) and its dual TR(A)
∗. The following result

shows how one reconstructs TR(A) (including the topology and the positive cone)
from TR(A)

∗. Note that this would be immediate if we used the weak∗-topology
on TR(A)

∗ through the isomorphism TR(A) ∼= (TR(A)
∗, w∗)∗. Hence, for the sake of

clarity in the statement of the following proposition, we emphasise the compact-open
topology on TR(A)

∗. We consider (TR(A)
∗, c. o.)∗ as an ordered topological vector

space when equipped with the weak∗-topology and the positive cone of function-
als g ∈ (TR(A)

∗, c. o.)∗ for which g(TR(A)
∗
+) ⊆ [0,∞).

Proposition 4.7. Let A be a C∗-algebra. The canonical map TR(A) → (TR(A)
∗, c. o.)∗

is an isomorphism of ordered topological vector spaces.

Proof: Let ω : TR(A) → (TR(A)
∗, c. o.)∗ denote the canonical map (which is clearly

well defined since any net in TR(A)
∗ which converges in the compact-open topology

also converges pointwise). The functionals in TR(A)
∗ separate the points of TR(A) by

Theorem 4.3, so ω is injective. For surjectivity, when h : TR(A)
∗ → R is a continuous

functional, so is its composition with the map Ped(A)sa → TR(A)
∗ by Theorem 4.3.

This composition extends by linearity to a self-adjoint continuous trace τ on Ped(A)
satisfying ω(τ) = h, so ω is a bijection.

That ω is a homeomorphism follows straightforwardly from Theorem 4.3.
Finally, if τ ∈ T+(A), then ω(τ)(f) = f(τ) ≥ 0 for every f ∈ TR(A)

∗
+ (by definition

of TR(A)
∗
+). Hence ω(τ) is positive. Conversely, if τ ∈ TR(A) such that ω(τ) is positive,

and if a ∈ Ped(A)+, then â ∈ TR(A)
∗
+ and therefore τ(a) = ω(τ)(â) ≥ 0, so τ ∈

T+(A).

Theorem 4.8. Let A and B be C∗-algebras. Taking duals induces a one-to-one corre-
spondence between continuous linear (positive) maps TR(B) → TR(A) and continuous
linear (positive) maps TR(A)

∗ → TR(B)∗.

Proof: We will use Theorem 4.3 several times to identify elements of TR(D)∗ with
self-adjoint elements in Ped(D).
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Let γ : TR(B) → TR(A) be a continuous linear (positive) map. We claim that
γ∗ : TR(A)

∗ → TR(B)∗ given by

γ∗(â)(τB) = γ(τB)(a)

for a ∈ Ped(A)sa and τB ∈ TR(B) is well defined, continuous (and positive).
To see that it is well defined, it suffices to show for a ∈ Ped(A)sa that TR(B) →

R : τB 7→ γ(τB)(a) is weak
∗-continuous. But this is clear since γ is weak∗-weak∗-con-

tinuous.
Clearly γ∗ is linear. To see that it is continuous (with respect to the compact-

open topology on both TR(A)
∗ and TR(B)∗), let (ai)i be a net in Ped(A)sa such that

(âi)i converges uniformly on compact sets to â. Let S ⊆ TR(B) be compact. Then
γ(S) is compact by continuity of γ and thus

sup
τ∈S

|γ∗(âi − â)(τB)| = sup
τA∈γ(S)

|(âi − â)(τA)| → 0,

so γ∗ is continuous. Finally, if γ is positive and if f ∈ TR(A)
∗
+ and τB ∈ T+(B), then

γ∗(f)(τB) = f(γ(τB)) ≥ 0, so γ∗ is positive.
Now, suppose η : TR(A)

∗ → TR(B)∗ is a continuous linear (and positive) map.
We define η∗ : TR(B) → TR(A) by η∗(τB)(a) = η(â)(τB) (this is the dual map when
applying Proposition 4.7). We again check that this is well defined, continuous (and
positive).

To see that it is well defined, we clearly have that a 7→ η(â)(τB) is a trace
on Ped(A)sa, so it extends canonically to a self-adjoint trace on Ped(A). To see that
this trace is continuous, let (ai)i be a net in Ped(A)sa converging to a ∈ Ped(A)sa.
By Theorem 4.3, âi → â in TR(A)

∗ and thus η(âi) → η(â). It follows that

η(âi)(τB) → η(â)(τB)

for all τB and thus η∗(τB) ∈ TR(A) for all τB ∈ TR(B).
For continuity of η∗ let τi → τ in TR(B). For a ∈ Ped(A)sa we pick b ∈ Ped(B)sa

such that b̂ = η(â). Then

η∗(τi)(a) = τi(b) → τ(b) = η∗(τ)(a),

so η∗ is continuous.
If η is positive, and if τB ∈ T+(B) and a ∈ A+, then η(â) ≥ 0 and thus

η∗(τB)(a) = η(â)(τB) ≥ 0,

so η∗ is positive.
It is elementary to check that γ∗∗ = γ for every continuous linear map γ : TR(B) →

TR(A) and that η∗∗ = η for every continuous linear map η : TR(A)
∗ → TR(B)∗, which

finishes the proof.

It is easy to see that any ∗-homomorphism ϕ : A → B induces a continuous linear
positive map TR(B) → TR(A), and that TR is a contravariant functor. By duality
TR(·)∗ is a covariant functor, and any ∗-homomorphism induces a continuous linear
positive map.

Remark 4.9. Let ϕ, ψ : A→B be ∗-homomorphisms which are approximately Murray–
von Neumann equivalent in the sense of [11], i.e. there is a net (vi)i of contractive
multipliers of B such that limi viϕ(a)v

∗
i = ψ(a) and limi v

∗
i ψ(a)vi = ϕ(a) for all a ∈ A

(this is implied by approximate unitary equivalence). Then TR(ϕ) = TR(ψ), and so
also TR(ϕ)

∗ = TR(ψ)
∗ by duality.
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In fact, as any τ ∈ T+(B) is norm lower semicontinuous by [26, Proposition 5.6.7],
we have for any positive a ∈ Ped(A) that

τ(ψ(a)) ≤ lim inf
i

τ(viϕ(a)v
∗
i ) = lim inf

i
τ(ϕ(a)1/2v∗i viϕ(a)

1/2) ≤ τ(ϕ(a))

and similarly τ(ϕ(a)) ≤ τ(ψ(a)). As TR(B) and Ped(A) are spanned by T+(B) and
Ped(A)+ respectively, the equality TR(ϕ) = TR(ψ) follows.

5. Extending traces from subalgebras

In this section we obtain sufficient conditions for when TR(A) is completely captured
by a ∗-subalgebra D ⊆ Ped(A).

We will use the following lemma, which is a slight strengthening of the tech-
nique used in [26, Proposition 5.6.2] to show that Ped(A) contains the hereditary
C∗-subalgebra generated by any finite set in Ped(A).

Lemma 5.1. Let A be a C∗-algebra. Given a1, . . . , am∈A we set a :=
(∑m

j=1 a
∗
jaj

)1/2
.

For each j = 1, . . . ,m there is a unique contractive right A-linear map Φj : aA→ ajA
such that Φj(ab) = ajb for all b ∈ A, and these satisfy x∗y =

∑m
j=1 Φj(x)

∗Φj(y) for

all x, y ∈ aA.

Proof: Since a∗jaj ≤ a2 we have for b ∈ A that

∥ajb∥ = ∥b∗a∗jajb∥1/2 ≤ ∥b∗a2b∥1/2 ≤ ∥ab∥.

Hence the right A-linear map aA→ ajA given by ab 7→ ajb for b ∈ A extends uniquely

to a contractive right A-linear map Φj : aA→ ajA.

If x, y ∈ aA, let xn, yn ∈ A such that axn → x and ayn → y. Then x∗na
2yn =∑m

j=1 x
∗
na

∗
jajyn =

∑
j Φj(axn)

∗Φj(ayn) and thus

x∗y = lim
n→∞

x∗na
2yn = lim

n→∞

m∑
j=1

Φj(axn)
∗Φj(ayn) =

m∑
j=1

Φj(x)
∗Φj(y).

We record the following well-known lemma for later use. As we cannot find a
reference for either part, we provide proofs.

Lemma 5.2. Let A be a C∗-algebra and X ⊆ A be a subset that generates A as a
two-sided closed ideal.

(a) For every a ∈ A+ and ϵ > 0 there existm ∈ N, x1, . . . , xm ∈ X, and c1, . . . , cm ∈
A such that

∥∥a−∑m
j=1 c

∗
jx

∗
jxjcj

∥∥ < ϵ.

(b) For every a ∈ Ped(A)+ there exist m ∈ N, x1, . . . , xm ∈ X, and c1, . . . , cm ∈ A
such that a =

∑m
j=1 c

∗
jx

∗
jxjcj.

Proof: (a) Since

(u+ v)∗(u+ v) ≤ (u+ v)∗(u+ v) + (u− v)∗(u− v) = 2u∗u+ 2v∗v,

we have
(∑m

j=1 uj
)∗(∑m

j=1 uj
)
≤

∑
j 2

ju∗juj by induction. Now, as AXA spans a

dense ideal in A, a1/2 can be approximated by
∑m

j=1 bjxjdj , where xj ∈X and bj , dj ∈
A. Hence a is approximately

a0 :=

(∑
j

bjxjdj

)∗(∑
j

bjxjdj

)
≤ a1 :=

∑
j

2j∥bj∥2d∗jx∗jxjdj .
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Write a
1/2
0 = a

1/4
1 u for some u ∈ A by [26, Proposition 1.4.5]. For large n, a0 is

approximately

u∗a
1/4
1 (a1 + 1/n)−1/2a1(a1 + 1/n)−1/2a

1/4
1 u =

∑
j

c∗jx
∗
jxjcj ,

where cj = 2j/2∥bj∥dj(a1 + 1/n)−1/2a
1/4
1 u.

(b) Let a1, . . . , an ∈ Ped(A)0 such that a ≤
∑

j aj . By [26, Proposition 1.4.10]

there are v1, . . . , vn ∈ A such that vjv
∗
j ≤ aj (and in particular, vjv

∗
j ∈ Ped(A)0),

and a =
∑n

j=1 v
∗
j vj . Let ej ∈ Ped(A)+ so that ejvj = vj . By part (a) we may find

xj,k ∈ X (finitely many) and zj,k ∈ A such that ∥ej −
∑

k z
∗
j,kx

∗
j,kxj,kzj,k∥ < 1/2. By

[16, Lemma 2.2] find dj ∈ A so that
∑

k d
∗
jz

∗
j,kx

∗
j,kxj,kzj,kdj = e′j :=

(
ej − 1

2

)
+
. Then

e′jvj =
1
2vj .

5 Letting cj,k :=
√
2zj,kdjvj we get∑

j,k

c∗j,kx
∗
j,kxj,kcj,k = 2

∑
j

v∗j e
′
jvj = a.

The following proposition gives a sufficient condition under which traces on A can
be studied through a ∗-subalgebra A0 ⊆ Ped(A). We have stated the result somewhat
generally (and technically) so that it can hopefully be useful in multiple contexts,
such as when A0 is dense or a full hereditary C∗-subalgebra.

In the following, we consider a ∗-subalgebra A0 ⊆ Ped(A) with a subset X ⊆ A0

such that XA0 = A0, X generates A as a two-sided closed ideal, and xA0y
∗ is dense

in xAy∗ for all x, y ∈ X. Under these assumptions, we define TR(A0, X) as the set

{τ0 : A0 → C : τ0 self-adjoint, tracial with τ0|xA0x∗ bounded for all x ∈ X}.

Then TR(A0, X) is an ordered (real) vector space with cone of traces τ0 that are
positive in the sense that τ0(a

∗a) ≥ 0 for all a ∈ A0.
We equip TR(A0, X) with the weak topology coming from evaluation at elements

in xAx∗ for x ∈ X (which makes sense since each τ0 extends uniquely to a bounded
trace on xA0x∗ = xAx∗). Alternatively, a net (τi)i in TR(A0, X) converges to τ0 ∈
TR(A0, X) if, for every x ∈ X and sequence (an)n in A0 such that (xanx

∗)n is a
∥ · ∥-Cauchy sequence, we have

lim
i

lim
n→∞

τi(xanx
∗) = lim

n→∞
τ0(xanx

∗).

Proposition 5.3. Let A be a C∗-algebra, let A0 ⊆ Ped(A) be a ∗-subalgebra with a
subset X ⊆ A0 such that XA0 = A0, X generates A as a two-sided closed ideal, and
xA0y

∗ is dense in xAy∗ for all x, y ∈ X. Then the restriction map

TR(A) → TR(A0, X), τ 7→ τ |A0

is an isomorphism of ordered topological vector spaces.

Proof: The map is clearly well defined since any τ ∈ TR(A) is bounded on xAx∗ ⊆
Ped(A) (Lemma 2.1) for all x ∈ X by the definition of the topology on Ped(A). It is
also clearly continuous. We show that the map is bijective.

For injectivity, suppose τ1, τ2 ∈ TR(A) are such that τ1|A0
=τ2|A0

. Let a ∈ Ped(A)+.
It suffices to show that τ1(a) = τ2(a).

5In fact, if f ∈ C0((0, ∥ej∥ ]), then f(ej)vj = f(1)vj , since this can be verified when f is a polynomial

with no constant term.
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By Lemma 5.2 we pick x1, . . . , xm ∈ X and cj ∈ xjA such that a =
∑

j c
∗
jcj . As

cjc
∗
j ∈ xjAx∗j = xjA0x∗j , we pick yj,n in A0 such that xjyj,nx

∗
j → cjc

∗
j as n → ∞.

As τ1 and τ2 are bounded on xjAx∗j we get

τ1(a) =
∑
j

τ1(cjc
∗
j ) = lim

n→∞
τ1(xjyj,nx

∗
j ) = lim

n→∞
τ2(xjyj,nx

∗
j ) = τ2(a).

For surjectivity of the map, suppose τ0 : A0 → C is a self-adjoint trace such that
τ0|xA0x∗ is bounded for all x ∈ X. Hence τ0 extends canonically to xAx∗ for each x ∈
X and we denote this extension by τx0 . Note that if x, y ∈ X and r ∈ xAy∗, we have
τx0 (rr

∗) = τy0 (r
∗r). In fact, since xA0y

∗ is dense in xAy∗, we may find zn ∈ A0 such
that xzny

∗ → r, and thus

(5.1) τx0 (rr
∗) = lim

n→∞
τ0(xzny

∗yz∗nx
∗) = lim

n→∞
τ0(yz

∗
nx

∗xzny
∗) = τy0 (r

∗r).

We now construct an extension τ of τ0 to Ped(A). Let a ∈ Ped(A)+ and find
x1, . . . , xm ∈ X and cj ∈ xjA such that a =

∑
j c

∗
jcj by Lemma 5.2. We define

τ(a) =
∑

j τ
xj

0 (cjc
∗
j ).

To see that this is well defined, let y1, . . . , yn ∈ X and dj ∈ yjA such that a =∑n
k=1 d

∗
kdk. Since a =

∑
j c

∗
jcj =

∑
k d

∗
kdk there are by [26, Lemma 5.2.5] rj,k ∈ A

such that

cjc
∗
j =

∑
k

rj,kr
∗
j,k, dkd

∗
k =

∑
j

r∗j,krj,k.

Note that rj,k ∈ xjAy∗k. By (5.1) we have

m∑
j=1

τ
xj

0 (cjc
∗
j ) =

∑
j,k

τ
xj

0 (rj,kr
∗
j,k) =

∑
j,k

τyk

0 (r∗j,krj,k) =

n∑
k=1

τyk

0 (dkd
∗
k).

Hence τ : Ped(A)+ → R is well defined, and extends to a (unique) self-adjoint linear
functional τ : Ped(A) → C.

From the definition of τ it is immediate that if a ∈ Ped(A)+ and u ∈ Ã is a unitary,
then τ(u∗au) = τ(a) (by considering the definition with cju instead of cj). Hence it
follows that τ is tracial.

To see that τ |A0
= τ0 let a ∈ A0. As X · A0 = A0 we write a = b∗c for b, c ∈ A0.

Then a = 1
4

∑3
j=0 i

j(b+ ijc)∗(b+ ijc) (the polarisation identity). By considering each
term separately, we may assume that a = b∗b with b ∈ A0. As X · A0 = A0 we find
x∈X and b0∈A0 such that b = xb0. Then a = b∗0x

∗xb0 and thus τ(a) = τ0(xb0b
∗
0x

∗) =
τ0(a).

Now, to see that τ is continuous let B ⊆ Ped(A) be a σ-unital hereditary C∗-sub-
algebra. Let h ∈ B be strictly positive and find x1, . . . , xm ∈ X and cj ∈ xjA such

that h =
∑m

j=1 c
∗
jcj . By Lemma 5.1 we find contractive right A-linear maps Φj : hA→

cjA ⊆ xjA such that b∗c =
∑m

j=1 Φj(b)
∗Φ(c) for all b, c ∈ hA. For a ∈ B+

with ∥a∥ ≤ 1 we have a =
∑

j Φj(a
1/2)∗Φj(a

1/2) with Φj(a
1/2) ∈ xjA and thus

τ(a) =
∑

j τ
xj

0 (Φj(a
1/2)Φj(a

1/2)∗). Since Φj(a
1/2)Φj(a

1/2)∗ ∈ xjAx∗j is contractive

for each j and τ
xj

0 is bounded, we get

|τ(a)| ≤
m∑
j=1

|τxj

0 (Φj(a
1/2)Φj(a

1/2)∗)| ≤
m∑
j=1

∥τxj

0 ∥.
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Hence τ |B is bounded, and therefore τ is continuous. We have therefore shown that
TR(A) → TR(A0, X) is a continuous positive bijective linear map. It remains to show
that the inverse is continuous and positive.

If τ0 ∈ TR(A0, X) is positive, then it is immediate that the extensions τx0 are positive
for all x ∈ X, so it is easily seen that the trace τ constructed in the surjectivity part
of the proof is positive.

Finally, suppose (τi)i is a net in TR(A) such that τi|A0 converges to τ |A0 . Let
a ∈ Ped(A)+ and use Lemma 5.2(b) to find x1, . . . , xm ∈ X and c1, . . . , cm ∈ A so
that a =

∑m
j=1 c

∗
jx

∗
jxjcj . Then

τi(a) =
∑
j

τi|
xj

A0
(xjcjc

∗
jx

∗
j ) →

∑
j

τ |xj

A0
(xjcjc

∗
jx

∗
j ) = τ(a)

so τi → τ .

Corollary 5.4. Let A ⊆ B be a full hereditary C∗-subalgebra. The restriction
map TR(B) → TR(A) is an isomorphism of ordered topological vector spaces, and
so is the induced map TR(A)

∗ → TR(B)∗.

Proof: This follows from Proposition 5.3 (use Ped(A) as both the ∗-subalgebra andX).
The final part of the corollary follows by duality (Theorem 4.8).

In what follows we let A ⊗ B denote the spatial (also known as minimal) tensor
product of the C∗-algebras A and B. We let Ped(A) ⊙ Ped(B) denote the algebraic
tensor product of the Pedersen ideals which canonically sits inside Ped(A ⊗ B) as a
∗-subalgebra.

Corollary 5.5. Let A and B be C∗-algebras with traces τA ∈ TR(A) and τB ∈ TR(B).
Then there is a unique trace τA ⊗ τB ∈ TR(A ⊗ B) that satisfies (τA ⊗ τB)(a ⊗ b) =
τA(a)τB(b) for each a ∈ Ped(A) and b ∈ Ped(B) and is positive if both τA and τB
are positive. Moreover, for any τB ∈ TR(B) the assignment τA 7→ τA ⊗ τB : TR(A) →
TR(A ⊗ B) is continuous. If τB is the unique non-zero positive trace in TR(B) up to
scaling, then this is an isomorphism of ordered topological vector spaces.

Proof: We use Proposition 5.3 with A0 = Ped(A)⊙Ped(B) ⊆ A⊗B and X = {a⊗b |
a ∈ Ped(A), b ∈ Ped(B)}. To check that XA0 = A0, let

∑n
i=1 ai ⊗ bi ∈ A0 and apply

Cohen factorisation to C∗(a1, . . . , an) ⊆ Ped(A) and C∗(b1, . . . , bn) acting on their
nth powers to find x ∈ X and y ∈ A0 with xy =

∑
i ai ⊗ bi. The other conditions are

clear because A0 ⊆ Ped(A ⊗ B) is a dense ∗-subalgebra. Define a trace τ0 : A0 → C
by setting

τ0 :
∑
i

ai ⊗ bi 7→
∑
i

τA(ai)τB(bi).

We claim that this is bounded on xA0x
∗ for any x = a ⊗ b ∈ X. Let Da ⊆ Ped(A)

and Db ⊆ Ped(B) be the hereditary C∗-subalgebras generated by a and b. Then
xA0x

∗ ⊆ Da ⊗ Db, upon which τ0 = τA|Da
⊗ τB |Db

is bounded. We conclude by
Proposition 5.3 that there is a unique trace in TR(A⊗B) extending τ0.

Given τB ∈ TR(B), we check the continuity of τA 7→ τA ⊗ τB : TR(A) → TR(A⊗B)
against x̂ for an arbitrary x ∈ Ped(A ⊗ B)sa. By Lemma 5.2(b) we may assume
without loss of generality that x = d∗(a ⊗ b)2d for some d ∈ A ⊗ B, a ∈ Ped(A)+,
and b ∈ Ped(B)+. Then x̂ = ŷ for y = (a ⊗ b)dd∗(a ⊗ b), which is an element

of (a⊗ b)(A⊗B)(a⊗ b) = aAa⊗bBb. Using the slice map id⊗τB : aAa⊗bBb→ aAa,
we compute x̂(τA ⊗ τB) = (τA ⊗ τB)(y) = τA((id⊗τB)(y)), which is continuous inτA.
This argument also shows that τA ⊗ τB is positive if τA and τB are both positive.
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Suppose τB is the unique non-zero positive trace in TR(B) up to scaling. We
construct a continuous inverse to τA 7→ τA ⊗ τB : TR(A) → TR(A ⊗ B) as follows.
Given τ ∈ TR(A ⊗ B) and a ∈ Ped(A)sa the self-adjoint trace Ped(B) → C given
by b 7→ τ(a ⊗ b) is continuous in the topology from Definition 2.4. Therefore there
is a real scalar στ (a) such that τ(a ⊗ b) = στ (a)τB(b) for all b ∈ Ped(B). Letting
b0 ∈ Ped(B)+ such that τB(b0) = 1 we have στ (a) = τ(a⊗ b0) and thus στ ∈ TR(A),
which is positive if τ is positive. By construction we have τ = στ⊗τB and στA⊗τB = τA.
As στ = τ(−⊗ b0) it follows that τ 7→ στ is continuous.

In Section 7 we will also see applications to twisted étale groupoid C∗-algebras.

6. Affine functions on positive traces

For a convex subset K of a topological vector space we let AffK denote the affine
continuous real functions on K. If 0 ∈ K, we let Aff0K denote the subspace of AffK
of functions vanishing at 0. These have a positive cone consisting of functions f such
that f(K) ⊆ [0,∞).

We let T1(A), T≤1(A), T
b
+(A), T

b
R (A)⊆A∗ denote the convex sets of bounded traces,

which are respectively states, positive contractions, positive, and self-adjoint. We
equip each with the weak∗-topology from A∗. Note that on unbounded sets of traces
this topology (at least a priori) differs from the weak∗-topology coming from Ped(A)∗.
Each of these has a corresponding function space, Aff T1(A), Aff0 T≤1(A), Aff0 T

b
+(A),

and T b
R (A)

∗ respectively. We consider each of these as an ordered topological vector
space with the topology induced by the supremum norm with respect to the rele-
vant subset of contractive traces and positive cone of functions which are positive on
positive traces. These topologies coincide with the compact-open topology. Through
restriction there are natural linear maps

T b
R (A)

∗ → Aff0 T
b
+(A) → Aff0 T≤1(A) → Aff T1(A)

which are continuous, injective, and order-preserving. The following is well known to
experts.

Proposition 6.1. Let A be a C∗-algebra. Then the canonical maps

(6.1) T b
R (A)

∗ → Aff0 T
b
+(A) → Aff0 T≤1(A)

are isomorphisms of ordered topological vector spaces.
If T1(A) is compact, then the canonical map

T b
R (A)

∗ → Aff T1(A)

is an isomorphism of ordered topological vector spaces.

Proof: The map Aff0 T
b
+(A)→Aff0 T≤1(A) is clearly injective, and the map T b

R (A)
∗ →

Aff0 T
b
+(A) is injective by the Jordan decomposition (the Jordan decomposition of

bounded traces are again bounded traces (Proposition 3.1)). To see that the maps
in (6.1) are surjective, it suffices to show that the composition is surjective. Letting f ∈
Aff0 T≤1(A), this extends uniquely to a linear functional f̃ : T b

R (A) → R by f̃(λ1τ1 −
λ2τ2) = λ1f(τ1) − λ2f(τ2) for τ1, τ2 ∈ T1(A) and λ1, λ2 ∈ [0,∞). To see that f̃ ∈
T b
R (A)

∗ we must show that f̃ is continuous.
Let A0 = {a ∈ A : τ(a) = 0 for all τ ∈ T b

R (A)}. Then A0 ⊆ A is a closed ∗-invariant
subspace and T b

R (A)
∼= ((A/A0)sa)

∗ canonically (the dual space of the real Banach

space (A/A0)sa). By the Krein–Smulian theorem it suffices to show that f̃ is contin-
uous on the closed unit ball of ((A/A0)sa)

∗ (see for instance [20, Corollary 2.7.9]).
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Let (τi)i be an ultranet in T b
R (A) such that ∥τi∥ ≤ 1. Let (τ+i , τ

−
i ) be the Jordan

decomposition of τi. Then the nets (τ+i )i and (τ−i )i are ultranets in T≤1(A) and
hence have limits ρ+ and ρ− respectively in T≤1(A). Note that (τi)i converges to τ :=
ρ+ − ρ−. As f is continuous on T≤1(A) we get

f̃(τi) = f(τ+i )− f(τ−i ) → f(ρ+)− f(ρ−) = f(τ)

so f̃ is continuous.
It is obvious that the bijections from (6.1) are continuous and isomorphisms of

ordered vector spaces. To show that these are homeomorphisms, it suffices to show
that their composition is a homeomorphism. Let (fi)i be a net in T b

R (A)
∗ such that

(fi|T≤1(A))i converges uniformly to zero. Let S ⊆ T b
R (A) be a compact set. Arguing

as in Lemma 4.26 we pick M > 0 such that supτ∈S ∥τ∥ < M . Hence for every τ ∈ S
with Jordan decomposition (τ+, τ−) we have 1

M τ± ∈ T≤1(A). Hence

sup
τ∈S

|fi(τ)| ≤M sup
τ∈S

(∣∣∣∣fi( 1

M
(τ+)

)∣∣∣∣+ ∣∣∣∣fi( 1

M
(τ−)

)∣∣∣∣) → 0

and therefore T b
R (A)

∗ → Aff0 T≤1(A)
∗ is a homeomorphism.

Assume now that T1(A) is also compact. The map T b
R (A)

∗ → Aff T1(A) is (as
for Aff0 T≤1(A)) injective. For surjectivity we may (again as above) let f ∈ Aff T1(A)

and extend it to f̃ : T b
R (A) → R. To show that f̃ is continuous it suffices by the

previous part to show that f̃ is continuous on T≤1(A).
Let (τi)i be an ultranet in T≤1(A) with limit τ . By the definition of ultranets,

either (τi)i is eventually equal to zero, or it is eventually contained in T≤1(A)\{0}. If
(τi)i is eventually zero, then clearly limi f̃(τi) = 0, so we may assume that each τi ̸=
0. As T1(A) is compact the ultranet

(
1

∥τi∥τi
)
i
has a limit ρ ∈ T1(A). Similarly, let

M = limi ∥τi∥. Then τ =Mρ and since f is continuous on T1(A) we get

lim
i
f̃(τi) = lim

i
∥τi∥f

(
1

∥τi∥
τi

)
=Mf(ρ) = f̃(τ).

Hence f̃ is continuous on T≤1(A) and thus continuous.

Finally, for every f ∈ T b
R (A)

∗ we clearly have

sup
τ∈T≤1(A)

|f(τ)| = sup
τ∈T1(A)

|f(τ)|

and therefore T b
R (A)

∗ → Aff T1(A) is an isomorphism of ordered topological vector
spaces.

When we consider unbounded traces, it becomes less clear how to recover the infor-
mation of the entire self-adjoint trace space TR(A) from the positive trace space T+(A).
We consider Aff0 T+(A) as an ordered topological vector space with the compact-open
topology coming from T+(A).

Proposition 6.2. Let A be a C∗-algebra. Restriction from TR(A) to T+(A) defines
an embedding

TR(A)
∗ → Aff0 T+(A)

of ordered topological vector spaces.

6Since the weak∗-topology on Tb
R (A) coming from Ped(A)∗ and from A∗ differ, we cannot simply

apply Lemma 4.2, but the same argument works.
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Proof: The map is clearly continuous and maps the positive cone to the positive cone,
and it is injective by Jordan decompositions (as in the proof of Proposition 6.1). It
remains to show that the inverse map on the image is continuous.

Let (fi)i be a net in TR(A)
∗ which converges to 0 uniformly on compact subsets

of T+(A). Let S ⊆ TR(A) be compact, and let S± = {τ± : τ ∈ S}. For every C∗-subal-
gebra D ⊆ Ped(A) we have DAD ⊆ Ped(A) by Proposition 2.2. Hence by Lemma 4.2
we have

sup
τ∈S

∥τ±|D∥ = sup
τ∈S

∥τ±|DAD∥ ≤ sup
τ∈S

∥τ |DAD∥ <∞.

Therefore, the sets S+ and S− are relatively compact by Lemma 4.2, and thus
(fi)i converges uniformly to zero on both sets. Hence

sup
τ∈S

|fi(τ)| ≤ sup
τ∈S

(|fi(τ+)|+ |fi(τ−)|) → 0.

Notice that by Theorem 4.3 surjectivity of the embedding TR(A)
∗ → Aff0 T+(A)

(thus an isomorphism) is equivalent to a positive answer to the Trace Question (Ques-
tion A) for A. The Trace Question is therefore essentially a question of whether the
information of TR(A) can be recovered from T+(A).

We have a positive answer to the Trace Question for a large class of C∗-algebras.
First note that whenever Ped(A) = A the map TR(A)

∗ → Aff0 T+(A) is surjective by
Proposition 6.1. Moreover, the answer depends only on the ordered topological vector
space structure of TR(A), so by Corollary 5.4 it is stable under Morita equivalence. It is
well known (and elementary to prove) that the primitive ideal space of a C∗-algebra A
is compact if and only if A contains a full hereditary C∗-subalgebra B such that
Ped(B) = B, so this already affirms the question for any C∗-algebra with compact
primitive ideal space.

We extend this positive answer to any C∗-algebra A which exhibits compact-
ness more generally at the level of its positive trace space. A compact base for the
cone T+(A) of positive traces is a compact subset C ⊆ T+(A) not containing 0 such
that for each non-zero trace τ ∈ T+(A) there is a unique λ ∈ (0,∞) with λτ ∈ C. The
cone T+(A) has a compact base if and only if it is locally compact [2, Theorem II.2.6].7

Proposition 6.3. Let A be a C∗-algebra whose cone T+(A) of positive traces has a
compact base. Then the restriction map

TR(A)
∗ → Aff0 T+(A)

is an isomorphism of ordered topological vector spaces.

Proof: By Proposition 6.2 it suffices to show the map is surjective. Let f ∈ Aff0 T+(A)

and let f̃ : TR(A) → R be its unique linear extension. We must show that f̃ is weak∗-
continuous. Let C be a compact base for T+(A). As C does not contain 0, the open
sets {τ ∈ C | τ(e) > 1} associated to non-zero positive elements e ∈ Ped(A) cover C.
By compactness and by taking a finite sum there is a positive element e ∈ Ped(A)
such that τ(e) ≥ 1 for all τ ∈ C. Set B = eAe and let Φ: TR(A) → T b

R (B) denote the
restriction. Because e ∈ B and C is a base, the only positive trace in the kernel of Φ
is 0. As Φ is a lattice homomorphism by Corollary 3.9, it must be injective on T+(A)
and by linearity also on TR(A).

Let f̄ : Φ(TR(A)) → R be the induced linear functional f̄(τ |B) = f̃(τ) for τ ∈
TR(A). We claim that f̄ is continuous and thus so is f̃ = f̄ ◦ Φ. We show the equiva-

lent statement that ker f̄ = Φ(ker f̃) is weak∗-closed in T b
R (B). By Krein–Smulian it

7A cone P is said to be proper if P ∩ (−P ) = {0}.
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suffices to show that the unit ball of ker f̄ is weak∗-closed. Let (τi)i be an ultranet

in ker f̃ with ∥τi|B∥ ≤ 1, and let τB ∈ T b
R (B) be its limit. Taking Jordan decom-

positions τ±i of τi, there are λ±i ∈ [0,∞) and ρ±i ∈ C with λ±i ρ
±
i = τ±i and we

have τ±i |B ∈ T≤1(B). It follows that λ±i ≤ ∥e∥ for each i, and so the ultranets (λ±i )i
have limits λ±. The ultranets (ρ±i )i also have limits ρ± ∈ C by compactness and so
τ±i → λ±ρ± ∈ T+(A). As f is continuous we have

0 = lim
i
f̃(τi) = lim

i
(λ+i f(ρ

+
i )− λ−i f(ρ

−
i )) = λ+f(ρ+)− λ−f(ρ−).

In particular, we have τ = λ+ρ+ − λ−ρ− ∈ ker f̃ with τi → τ , and so τB = τ |B ∈
ker f̄ .

Proposition 6.3 covers the situation where all traces are bounded and the tracial
state space is compact.

We moreover affirm Question A for a class of C∗-algebras containing every com-
mutative C∗-algebra. These C∗-algebras satisfy a strong version of Lemma 2.1 with
closed ideals instead of hereditary C∗-subalgebras.

Proposition 6.4. Suppose that A is a C∗-algebra with the following property: for
all a1, . . . , an ∈ Ped(A), the two-sided closed ideal J ⊆ A generated by a1, . . . , an is
contained in Ped(A). Then the restriction map

TR(A)
∗ → Aff0 T+(A)

is an isomorphism of ordered topological vector spaces.

Proof: By Proposition 6.2 it suffices to show the map is surjective. Let f ∈ Aff0 T+(A)

and extend it to a linear functional f̃ : TR(A)→R which is weak∗-continuous on T+(A).
Hence we may pick a1, . . . , an ∈ Ped(A) such that

{τ ∈ T+(A) : max
1≤i≤n

|τ(ai)| < 1} ⊆ f̃−1(B1(0)),

where B1(0) is the open unit ball in C. Let J be the two-sided closed ideal generated
by a1, . . . , an. By assumption, J ⊆ Ped(A), and thus τ |J is bounded for every τ ∈
TR(A). Consequently, we get that

(6.2) |f̃(τ)| ≤ max
1≤i≤n

|τ(ai)| ≤ ∥τ |J∥ max
1≤i≤n

∥ai∥ = ∥τ |J∥M

for all τ ∈ T+(A), where M := max1≤i≤n ∥ai∥.
For any τ ∈ TR(A) with Jordan decomposition (τ+, τ−), we have by Proposition 3.5

that (τ+|J , τ−|J) is the Jordan decomposition of τ |J and thus

(6.3) |f̃(τ)| ≤ |f̃(τ+)|+ |f̃(τ−)|
(6.2)

≤ (∥τ+|J∥+ ∥τ−|J∥)M = ∥τ |J∥M.

Note that every bounded trace ρ on J extends canonically to a trace ρ̃ ∈ TR(A)
with ∥ρ̃∥ = ∥ρ∥ by composing the trace ρ∗∗ on J∗∗ with the canonical ∗-homomor-

phism A→ J∗∗. In particular, f̃ induces a linear functional f̄ : T b
R (J) → R by

(6.4) f̄(τ |J) = f̃(τ), τ ∈ TR(A).

This is well defined by (6.3). To check that this linear functional is continuous, it
suffices by Proposition 6.1 to show that it is continuous on T≤1(J). Let (ρi)i be an
ultranet in T≤1(J) with limit ρ ∈ T≤1(J). Let ρ̃i ∈ T≤1(A) be the canonical extensions
of ρi. Since T≤1(A) is weak

∗-compact, let τ ∈ T≤1(A) be the limit of the ultranet (ρ̃i)i.
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Note that τ might not be the canonical extension of ρ, but that it is an extension of ρ
nonetheless. As f̃ is continuous on T+(A) we get

lim
i
f̄(ρi) = lim

i
f̃(ρ̃i) = f̃(τ) = f̄(ρ).

Hence f̄ is continuous. By continuity of the restriction to J and (6.4), f̃ is continuous.

In summary we get the following.

Corollary 6.5. The class of C∗-algebras A for which the Trace Question has a pos-
itive answer, or equivalently the canonical map

TR(A)
∗ → Aff0 T+(A),

is an isomorphism of ordered topological vector spaces, is closed under Morita equiv-
alence, and contains every C∗-algebra A satisfying one of the following:

(a) all the tracial weights on A are bounded and T1(A) is compact; or
(b) the primitive ideal space of A is compact (e.g. if A is simple or contains a full

projection); or more generally
(c) the cone T+(A) of positive traces has a compact base (equivalently, it is locally

compact); or
(d) A is commutative.

7. Traces on groupoid C∗-algebras

An étale groupoid G is a topological groupoid such that the range map r : G → G0

(and thus also the source map) is a local homeomorphism, and we assume that the
unit space G0 is locally compact and Hausdorff. By a twist over G we mean a Fell
line bundle L → G, and we call the pair (G,L) a twisted étale groupoid. For an open
bisection U ⊆ G, we write Γc(U,L) for the space of compactly supported continuous
sections U → L. We include Γc(U,L) into the space of bounded sections G → L by
setting the value to be 0 outside U , and set Γc(G,L) to be the span of all these sections
over open bisections U . When G is Hausdorff, this is the space of compactly supported
sections, but for non-Hausdorff groupoids we warn the reader that these sections are
not necessarily continuous. We identify the space of sections Γc(G0,L) supported on
the unit space with Cc(G0), as the restriction of L to G0 is the trivial bundle whose
fibres have the structure of the C∗-algebra C. We refer to [10] for an introduction to
twisted étale groupoids from the line bundle perspective and their C∗-algebras.

Convolution defines a ∗-algebra structure on Γc(G,L). Given a faithful ∗-represen-
tation π : Γc(G,L) → B(H) we write ∥ · ∥π for the induced C∗-norm on Γc(G,L) and
we denote the completion by C∗

π(G,L). For the trivial Fell line bundle L = C× G →
G we recover the usual untwisted ∗-algebras and write Cc(G) and C∗

π(G). The re-
duced C∗-algebra C∗

λ(G,L) is the C∗-algebra defined by the left regular representa-
tion λ : Γc(G,L) → B

(⊕
x∈G0 ℓ2(Gx,L)

)
.

Lemma 7.1. Let (G,L) be a twisted étale groupoid and π : Γc(G,L) → B(H) a faithful
∗-representation. Then Γc(G,L) ⊆ Ped(C∗

π(G,L)).

Proof: Let f ∈ Γc(G,L). Then there is a compact set Y ⊆ G0 such that f(g) = 0 for
any g ∈ G with s(g) ∈ G0 \ Y , and we may find g ∈ Cc(G0) such that g(y) = 1 for
all y ∈ Y (see for instance [27, Proposition 1.7.5]). Hence g ∈ Cc(G0) ⊆ Ped(C∗

π(G,L))
and f ∗ g = f . As Ped(C∗

π(G,L)) is an ideal it follows that f ∈ Ped(C∗
π(G,L)).
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If (G,L) is a twisted étale groupoid and Y ⊆ G0 is open, we let Γc(G,L)|Y denote
the ∗-subalgebra of all f ∈Γc(G,L) for which f=0 outside of GY

Y :={g∈G : r(g), s(g) ∈
Y }. The following describes TR(C∗

π(G,L)) as an ordered vector space in terms of traces
on Γc(G,L). We note that one could also describe the topology using Proposition 5.3,
but that the topology is not obviously natural in this case.

Proposition 7.2. Let (G,L) be a twisted étale groupoid and π : Γc(G,L) → B(H) a
faithful ∗-representation. Restriction defines a one-to-one correspondence between self-
adjoint/positive continuous traces on Ped(C∗

π(G,L)) and self-adjoint/positive traces τ
on Γc(G,L) which are ∥·∥π-bounded on Γc(G,L)|Y for each relatively compact open Y ⊆
G0.

Proof: In Proposition 5.3, take A = C∗
π(G,L), A0 = Γc(G,L), and X = Cc(G0). It

then suffices to show that a tracial functional τ : Γc(G,L) → C is ∥ · ∥π-bounded
on Γc(G,L)|Y for all relatively compact open Y ⊆ G0 if and only if τ is ∥ · ∥π-bounded
on fΓc(G,L)f∗ for all f ∈ Cc(G0). If Y ⊆ G0 is relatively compact and open and
f ∈ Cc(G0) is a function which is 1 on Y , then Γc(G,L)|Y ⊆ fΓc(G,L)f∗ and thus the
“if” part follows. Similarly, if f ∈ Cc(G0), then supp(f) is contained in a relatively
compact open Y ⊆ G0 and fΓc(G,L)f∗ ⊆ Γc(G,L)|Y , hence the “only if” part follows.

Traces on groupoid C∗-algebras arise naturally from invariant real Radon measures
on the unit space. Recall that we let RadR(X) denote the ordered topological vector
space of real Radon measures on the locally compact space X.

Definition 7.3. Let G be an étale groupoid. A real Radon measure µ on G0 is G-
invariant if for every open bisection U ⊆ G and every f ∈ Cc(r(U)) we have∫

r(U)

f dµ =

∫
s(U)

f ◦ αU dµ,

where αU : s(U) → r(U) is the homeomorphism sending s(g) to r(g) for each g ∈ U .
We note that this formula clearly extends to every f ∈ L1(r(U), µ).

We let RadGR(G0) denote the ordered topological vector space of real G-invariant
Radon measures with the weak∗-topology coming from Cc(G0).

Recall that C0(G0) embeds canonically as a C∗-subalgebra of C∗
π(G,L) and hence

there is a canonical map TR(C
∗
π(G,L)) → TR(C0(G0)) ∼= RadR(G0) given by restric-

tion.

Lemma 7.4. Let (G,L) be a twisted étale groupoid, π : Γc(G,L) → B(H) a faithful
∗-representation, and let τ ∈ TR(C

∗
π(G,L)) be a trace. Then, the Radon measure on G0

obtained by restriction of τ to Cc(G0) is G-invariant.
Proof: Let U ⊆ G be an open bisection and let f ∈ Cc(r(U)). To show that τ(f) =
τ(f ◦ αU ), we may without loss of generality assume that U is relatively compact
so that τ is bounded on Cc(r(U) ∪ s(U)). Viewing Γ0(U,L) as a full left Hilbert
C0(r(U))-module, we may for any ϵ > 0 find finitely many ki, hi ∈ Γc(U,L) such that
∥f −

∑
i ki ∗ h∗i ∥ < ϵ. For g ∈ U we compute8∑

i

(h∗i ∗ ki)(s(g)) =
∑
i

h∗i (g
−1) · ki(g) =

∑
i

ki(g) · h∗i (g−1) =
∑
i

(ki ∗ h∗i )(r(g))

and therefore ∥f ◦ αU −
∑

i h
∗
i ∗ ki∥ < ϵ. Since ϵ > 0 was arbitrary and τ is bounded

on Cc(r(U) ∪ s(U)), we conclude that τ(f) = τ(f ◦ αU ).

8For a ∈ Lg and b ∈ Lg−1 the elements a · b and b · a represent the same complex number because

if b = λa∗, then both are λ∥a∥2.
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For Hausdorff groupoids we have a canonical conditional expectation E : C∗
π(G,L)→

C0(G0) extending the map Γc(G,L) → Cc(G0) given by f 7→ f |G0 . This is often used to
induce bounded traces on C∗

π(G,L) coming from bounded G-invariant measures on G0.
However, E does not map Ped(C∗

π(G,L)) into Cc(G0) = Ped(C0(G0)) in general, so
this approach cannot a priori be generalised to unbounded traces.

For instance, if (C0(G0),C∗
π(G,L))=(C0(N),K(ℓ2(N))) with standard matrix units

ej,k ∈ K(ℓ2(N)), then the rank one projection p =
∑∞

j,k=1

√
6

jkπ ej,k is in Ped(K(ℓ2(N)))
(since it is finite rank), but E(p)=

∑∞
j=1

√
6

j2π ej,j ∈C0(N), which does not have compact
support.

However, G-invariant Radon measures do nonetheless give rise to traces on C∗
π(G,L)

even when G is not Hausdorff.

Corollary 7.5. Let (G,L) be a twisted étale groupoid and let π : Γc(G,L) → B(H) be a
∗-representation which weakly contains the regular representation λ. Every G-invari-
ant real (resp. positive) Radon measure µ on G0 induces a self-adjoint (resp. positive)
continuous trace τµ on Ped(C∗

π(G,L)) which is uniquely determined by

τµ(f) =

∫
G0

f |G0 dµ, for f ∈ Γc(G,L).

Moreover, if G is principal, then every self-adjoint (resp. positive) continuous trace
on Ped(C∗

π(G,L)) is of this form.

Proof: We first define τµ only for f ∈ Γc(G,L) by

τµ(f) =

∫
G0

f |G0 dµ.

To check that τµ is tracial on Γc(G,L), it suffices to consider a, b ∈ Γc(G,L) supported
on open bisections U, V ⊆ G respectively. The open bisection W = U ∩ V −1 has
range r(W ) = UV ∩G0 and source s(W ) = V U ∩G0, and so ab|G0 ∈ L1(r(W ), µ) and
ba|G0 ∈ L1(s(W ), µ).9 For g ∈W we compute

ab(r(g)) = a(g) · b(g−1) = b(g−1) · a(g) = ba(s(g))

and thus ab|G0 = ba|G0 ◦αW . The G-invariance of µ then implies that τµ(ab) = τµ(ba).
For any relatively compact open Y ⊆ G0 and any f ∈ Γc(G,L)|Y , we have

|τµ(f)| ≤ ∥f |G0∥∞|µ|(Y ) ≤ ∥f∥λ|µ|(Y ) ≤ ∥f∥π|µ|(Y ),

and so by Proposition 7.2 τµ extends uniquely to a continuous trace on Ped(C∗
π(G,L)).

Now suppose G is principal and let τ ∈ TR(C
∗
π(G,L)). Then the composition of τ

with the inclusion Cc(G0) ↪→ Γc(G,L) defines a G-invariant Radon measure µ on G0

by Lemma 7.4. By principality we may cover G with open bisections U ⊆ G such
that either U ⊆ G0 or r(U) ∩ s(U) = ∅. Thus, by Proposition 7.2, to check τ =
τµ it suffices by linearity to check that τ(f) = τµ(f) for any f ∈ Γc(G,L) whose
support is contained in such a bisection U . This is immediate for U ⊆ G0. If instead
r(U) ∩ s(U) = ∅, take h ∈ Cc(G0), which is 1 on s(supp(f)) and 0 on r(supp(f)).
Then f ∗ h = f and h ∗ f = 0 so τ(f) = 0 = τµ(f).

Definition 7.6. Let (G,L) be a twisted étale groupoid and let π : Γc(G,L) → B(H)
be a ∗-representation which weakly contains λ. We let TG

R (C
∗
π(G,L)) ⊆ TR(C

∗
π(G,L))

denote the subspace of traces induced by real G-invariant Radon measures on G0.

9If G is Hausdorff, then these are moreover compactly supported continuous functions.
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Remark 7.7. If G is non-Hausdorff, the induced traces on C∗
λ(G,L) may not be com-

patible with the quotient C∗
ess(G,L) of C∗

λ(G,L) known as the essential C∗-algebra
(see [17] for details).

For example, if G is the “interval with two origins”, which has unit space [0, 1]
and only one non-trivial arrow g = g−1 with s(g) = r(g) = 0, the essential C∗-al-
gebra is simply C([0, 1]). The reduced algebra C∗

λ(G) is isomorphic to C ⊕ C([0, 1])
with C(G0) = C([0, 1]) sitting inside C ⊕ C([0, 1]) as the subalgebra {(f(0), f) :
f ∈ C([0, 1])}. When µ is the point mass at the origin, the induced trace on C∗

λ(G)
is τµ(z, f) =

1
2 (z + f(0)) for z ∈ C and f ∈ C([0, 1]).

For Hausdorff groupoids we can describe the structure of TG
R (C

∗
π(G,L)) more pre-

cisely. The following lemma, which makes use of the canonical conditional expectation,
is the key.

Lemma 7.8. Let (G,L) be a twisted Hausdorff étale groupoid with a ∗-representa-
tion π : Γc(G,L) → B(H) which weakly contains the regular representation λ, and
let a ∈ Ped(C∗

π(G,L))+. Then there exists a positive element f ∈ Cc(G0) such that
τµ(a) =

∫
G0 f dµ for every G-invariant real Radon measure µ on G0.

Proof: As Cc(G0) generates C∗
π(G,L) as a two-sided closed ideal, we may by Lemma 5.2

findm∈N, g1, . . . , gm∈Cc(G0), and c1, . . . , cm∈C∗
π(G,L) such that a=

∑m
j=1 c

∗
jg

∗
j gjcj .

By considering each term in this sum individually, we may assume without loss of
generality that a = c∗g∗gc for some g ∈ Cc(G0) and c ∈ C∗

π(G,L).
Let (hn)n be a sequence in Γc(G,L) converging to c. Let E : C∗

π(G,L) → C0(G0)
be the conditional expectation which extends the restriction map Γc(G,L) → Cc(G0),
f 7→ f |G0 . Define f := gE(cc∗)g∗ ∈ Cc(G0). Since E is a bounded C0(G0)-bimodule
map, we have

lim
n
(ghnh

∗
ng

∗)|G0 = lim
n
E(ghnh

∗
ng

∗) = E(gcc∗g∗) = gE(cc∗)g∗ = f.

Now, let µ ∈ RadGR(G0). As τµ is continuous, and therefore bounded on gC∗
π(G,L)g∗,

we have (by the dominated convergence theorem10)

τµ(a) = τµ(gcc
∗g∗) = lim

n
τµ(ghnh

∗
ng

∗) = lim
n

∫
G0

(ghnh
∗
ng

∗)|G0 dµ =

∫
G0

f dµ.

Corollary 7.9. Let (G,L) be a twisted Hausdorff étale groupoid and let π : Γc(G,L) →
B(H) be a ∗-representation which weakly contains the regular representation λ. Then

the map RadGR(G0) → TG
R (C

∗
π(G,L)) is an isomorphism of ordered topological vector

spaces.
In particular, for any principal twisted étale groupoid (G,L) with a ∗-representation π

weakly containing the regular representation λ, the restriction map TR(C
∗
π(G,L)) →

RadGR(G0) is an isomorphism of ordered topological vector spaces.

Proof: The map is surjective by definition, and injective since τµ|Cc(G0) = µ. The pos-
itive cones are obviously preserved, and the map is a homeomorphism by Lemma 7.8.

The final part follows from Corollary 7.5 since principal groupoids are automatically
Hausdorff.11

10One writes µ as a linear combination of positive Radon measures and uses that (ghnh∗
ng

∗)|G0 is

bounded by the function supn∈N ∥hn∥2gg∗ which is in Cc(G0) and is therefore integrable for all

positive Radon measures on G0.
11If g1, g2 ∈ G are distinct, principality implies that either s(g1) ̸= s(g2) or r(g1) ̸= r(g2), after
which the Hausdorffness of G0 can be used to separate g1 and g2 by open sets in G.
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