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SELF-ADJOINT TRACES ON THE PEDERSEN IDEAL
OF C*-ALGEBRAS

JAMES GABE AND ALISTAIR MILLER

Abstract: In order to circumvent a fundamental issue when studying densely defined traces on C*-al-
gebras — which we refer to as the Trace Question — we initiate a systematic study of the set Tr(A)
of self-adjoint traces on the Pedersen ideal of A. The set Tg(A) is a topological vector space with
a vector lattice structure, which in the unital setting reflects the Choquet simplex structure of the
tracial states. We establish a form of Kadison duality for Tr(A) and compute Tr(A) for principal
twisted étale groupoid C*-algebras. We also answer the Trace Question positively for a large class
of C*-algebras.
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1. Introduction

This paper adds a new perspective for studying traces on non-unital C*-alge-
bras. For unital C*-algebras A there is no doubt what tracial invariant to consider:
the set T7(A) of tracial states. For non-unital C*-algebras, one often considers the
set T’y (A) of all densely defined lower semicontinuous tracial weights with the weak*-
topology coming from the Pedersen ideal Ped(A) (the minimal dense ideal in A).
Equivalently, T (A) can be identified with the set of positive linear tracial function-
als on Ped(A). The following is the fundamental problem for using 7' (A) as the
primary tracial invariant, and we will refer to it as the Trace Question.

Question A (The Trace Question). Let A be a C*-algebra. Suppose that f: Ty (A) —
R is a continuous affine function with f(0) = 0. Is there a self-adjoint a € Ped(A)
such that f(7) = 7(a) for all 7 € T (A)?

The Trace Question turns out to have a positive answer for many C*-algebras,
for instance all simple C*-algebras. This is arguably why T (A) suffices (together
with K-theory and their pairing) for classifying simple non-unital separable nuclear
Z-stable C*-algebras satisfying the UCT (proved independently in [8, 12, 13, 14|
and in [6]). More generally, the class of C*-algebras for which the Trace Question has
an affirmative answer is closed under stable isomorphism, and contains all C*-algebras
with compact primitive ideal space, all C*-algebras for which 7'y (A) has a compact
base, and all commutative C*-algebras; see Corollary 6.5.

However, we do not know if the Trace Question always has an affirmative answer.
The key point of this paper is to show that by enriching T4 (A) with (seemingly
insignificant) additional structure, one obtains a better behaved invariant where the
analogous Trace Question always has an affirmative answer.

The invariant — which we denote by Tr(A) — is the subspace of Ped(A)* consisting
of self-adjoint traces equipped with the weak*-topology. This turns out to be the
span of T (A) (Corollary 3.7), so it might be hard to see how this contains any
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new information compared to 7'y (A). However, the following observation — that the
related Trace Question for Tr(A) has a positive answer — motivates considering T (A)
instead of T\ (A).

Observation B. Let A be a C*-algebra. If f: Tg(A) — R is a continuous linear
functional, then there is a self-adjoint a € Ped(A) such that f(7) = 7(a) for all 7 €
Tr(A).

The subtle difference between the Trace Question and Observation B is that while
any continuous affine function f: T (A) — R which vanishes at 0 extends uniquely to
a linear functional on Tk(A), it is not obvious that this extension is continuous. The
Trace Question has an affirmative answer exactly if such extensions are automatically
continuous.

A different approach for bypassing the Trace Question was set out by Elliott—
Robert—Santiago [9] by considering the set T'(A) of all lower semicontinuous tracial
weights (not necessarily densely defined). They consider a class L(T'(A)) of lower
semicontinuous functions f: T(A) — [0,00]. It is shown in [28, Theorem 2] that
if A is stable and f € L(T(A)), then there is a positive element a € A such that
f(1) = 7(a) for all 7 € T'(A). Note however that T'(A), unlike T (A) and Tr(A), does
not pair with Ky(A) (see Proposition 2.10 for the pairing of Ky(A) and Tg(A)).

In order to systematically study Tr(A) we introduce a topology on Ped(A) as
follows. Since Ped(A) is the directed union of all its C*-subalgebras (Remark 2.3), we
equip Ped(A) with the induced locally convex inductive limit topology. The continuous
dual space Ped(A)* thus consists exactly of the linear functionals on Ped(A) which are
bounded when restricted to any C*-subalgebra of Ped(A). In particular, all positive
linear functionals on Ped(A) are continuous. Formally, we define Tg(A) C Ped(A4)*
as the space of continuous self-adjoint traces. This is a real topological vector space
which is ordered by the cone T (A) of positive traces. Moreover, by utilising Jordan
decompositions of linear functionals we give a different proof (Corollary 3.8) of a result
by Pedersen [25, Theorem 3.1] that Tk(A) is a vector lattice.!

We consider the continuous dual space Tr(A)* equipped with the compact-
open topology. In the case where A is unital, Tg(A)* can be canonically identified
with Aff 77 (A) (the space of continuous real affine functions on the tracial state
space T1(A)), and the compact-open topology agrees with the usual norm topol-
ogy. The following is a strengthening of Observation B. In the statement, T<;(A) de-
notes the set of positive traces of norm at most 1. The following is Theorem 4.3 and
Corollary 4.5.

Theorem C. Let A be a C*-algebra. The canonical map Ped(A)sa — Tr(A)* is a
quotient map with respect to the topologies described above.

Consequently, for every f € Tr(A)* and € > 0 there is an a € Ped(A)s, such that
f(r)=7(a) for all T € Tr(A) and ||a|| < SUPrer_, (4) [f(T)] +e.

For compact convex sets K there is an important duality due to Kadison [15]
between K and Aff K, where K can be recovered from Aff K as the state space. We
obtain a similar duality for TR(A) and Tr(A)*. While Tg(A) is trivially isomorphic
to the space of weak*-continuous functionals on Tr(A)*, we emphasise that we do
not consider Tr(A)* with the weak*-topology, but with the compact-open topology
(which is the quotient topology coming from Ped(A)s,). This is Proposition 4.7 and
Theorem 4.8.

In the case where A is unital, this gives an easy proof that the set of tracial states is a Choquet
simplex. See [3] for another recent short proof of this result.
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Theorem D (Duality). Let A and B be C*-algebras. Then Tgr(A) is canonically
isomorphic to the space of compact-open-continuous linear functionals on Tgr(A)*.
This induces a contravariant categorical duality, that is, a bijective correspondence
between weak*-continuous positive linear maps Tr(B) — Tr(A) and compact-open-
continuous positive linear maps Tr(A)* — Tr(B)*.

Any %-homomorphism A — B induces a weak*-continuous positive linear map
Tr(B) = Tr(A). In fact, we may view Tk as a contravariant functor on the category
of C*-algebras. It is often convenient to consider the covariant functor T (—)* instead,
which by duality contains the exact same information as Tg.

The functor Tk is stable in the sense that the (1,1)-corner inclusion A — A ®
K(¢%(N)) induces an isomorphism Tg(A4 @ K(¢?(N))) = Tg(A). More generally, if
A C Bis a full hereditary C*-algebra, then we obtain an isomorphism Tk (B) = Tr(A)
by restriction (Corollary 5.4). The functor Tg is also invariant under approximate
unitary equivalence of *-homomorphisms (Remark 4.9).

For any locally compact Hausdorfl space X, the real trace space Tr(Co(X)) is
frequently identified? with the space of real Radon measures Radg(X) on X with the
weak*-topology coming from C,(X) = Ped(Cy(X)), via the map sending a measure
to the trace f +— [ « J du. We study traces more generally on the C*-algebra of an étale
groupoid G, which have been considered for instance in [21, 19, 1, 22, 7, 18]; we are
especially interested in the entire structure of the trace space, notably its topology.
Consider the set RadH% (QO) of G-invariant real Radon measures on the unit space G°
equipped with the weak*-topology coming from C.(G"). We show (Corollary 7.5) that
for a twisted étale groupoid (G, L) (not necessarily Hausdorff), every u € Radg(G°)
induces a trace 7, € Tr(C3 (G, £)) which is uniquely determined by

nlf) = [ lgodn

for compactly supported continuous® sections f € T'.(G, L) of the line bundle £ —
G. Moreover, when G is Hausdorff the weak*-topology on this set of traces coming
from Ped(C%(G, L)) agrees with the one coming from C.(G°) (Lemma 7.8). In the
case where G is principal, this determines the entire space of traces (Corollary 7.9).

Theorem E. Let (G,L£) be a principal twisted étale groupoid. Then the map
Radf (G%) — Tr(C%(G, L)) described above is an isomorphism of ordered topological
vector spaces.

2. Continuous traces on the Pedersen ideal

In [23], Pedersen introduced an ideal — now known as the Pedersen ideal Ped(A) —
which is the unique minimal two-sided norm-dense ideal in a C*-algebra A. The
standard examples of Pedersen ideals are Ped(K(#)) (for a Hilbert space H) which
exactly consists of the finite rank operators on H; and Ped(Cy(X)) = C.(X) for a
locally compact Hausdorff space X, where C.(X) consists of all compactly supported
continuous functions on X.

The Pedersen ideal Ped(A) is constructed as follows: let Ped(A)y be the set of
all positive elements a € A for which there exist e € A, such that ea = a. Let
Ped(A)+ denote the hereditary cone generated by Ped(A)g, i.e. the set of positive
elements a € A for which there exist aq,...,a, € Ped(A)p such that a < E?Zl a;.
Then Ped(A) is the linear span of Ped(A).

2In fact, this is how real Radon measures on X are defined in the Bourbaki book [4, Chapter III].
3If G is not Hausdorff, these need not actually be continuous; see Section 7.
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As seen in [26, Section 5.6] it holds that Ped(A)NA, = Ped(A) and that Ped(A) is
the unique minimal two-sided norm-dense ideal in A.

We will be considering the Pedersen ideal with a locally convex structure which in
general is stronger than the usual norm topology. The starting point is the following
important result of Pedersen.

Lemma 2.1 ([26, Proposition 5.6.2]). Let X C Ped(A) be a finite set. The hereditary
C*-subalgebra of A generated by X is contained in Ped(A).

In particular, whenever x € Ped(A) then the entire C*-algebra C*(x) generated
by z is contained in Ped(A), so Ped(A) contains many C*-subalgebras of A even
though it is itself not norm-closed in general. When D is a (hereditary) C*-subalgebra
of A such that D C Ped(A) we will say (which is a slight abuse of notation) that
D C Ped(A) is a (hereditary) C*-subalgebra.

We will need the following minor variation of the above lemma.

Proposition 2.2. Let A be a C*-algebra, and let D1, Dy, ..., D, C Ped(A) be C*-sub-
algebras of the Pedersen ideal. Then the hereditary C*-subalgebra of A generated
by D1, Ds, ..., D, is contained in Ped(A).

Proof: Since we may iteratively construct the final hereditary C*-subalgebra by adding
in one Dy, at a time, it suffices to consider the case n = 2. Let By = C*(Dy, D) and
let B be the hereditary C*-subalgebra generated by By. Fix z € B. By Cohen’s fac-
torisation theorem (see [5, Theorem 4.6.4] for an easy proof in the case that we need it
for) we have B = By A so we may write x = by for a b € By and y € A. Pick separable
C*-subalgebras C; C D; for j = 1,2 such that b € C*(C4,C%). As Cj is separable
and thus o-unital we let h; € C; be strictly positive. Then hi,hy € Ped(A) and
by Lemma 2.1 the hereditary C*-subalgebra C generated by {hi,h2} is contained
in Ped(A). Since b € C*(C1,C3) C C C Ped(A), and since Ped(A) is an ideal, it
follows that x = by € Ped(A). O

Remark 2.3. It follows that the Pedersen ideal is the directed union of each of the
following sets:

(1) the set of C*-subalgebras of Ped(A);

(2) the set of separable C*-subalgebras of Ped(A);

(3) the set of hereditary C*-subalgebras of Ped(A); and

(4) the set of o-unital hereditary C*-subalgebras of Ped(A).

Definition 2.4. Let A be a C*-algebra. We equip the Pedersen ideal Ped(A) with
the locally convex direct limit topology coming from writing Ped(A) = |Jp D as the
union of its C*-subalgebras D C Ped(A).

Hence, a linear map p: Ped(A) — X into a locally convex space X is continuous
if and only if the restriction p|p is continuous for every C*-subalgebra D C Ped(A).
As a special case, any positive linear functional Ped(A) — C is continuous even when
it is not bounded.

It is easy to see that one could have chosen any of the four directed sets from
Remark 2.3 to define the topology on Ped(A), since a map p: D — X from a C*-al-
gebra D to a topological space X is continuous if and only if it is continuous on all
separable C*-subalgebras of D.* When considering traces, we will for instance focus
on hereditary C*-subalgebras since these play well with the Jordan decomposition
(Proposition 3.5).

4In fact, if p were not continuous, we could find a sequence a,, € D converging to a € D such that
p(an) does not converge to p(a). Then Dg = C*(an : n € N) is separable and p|p,, is not continuous.
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Remark 2.5. This way of defining continuous functionals on Ped(A) is similar to (and
inspired by) the way in which one defines real or complex Radon measures on locally
compact spaces X. For instance, as we find in the Bourbaki book [4, Chapter III],
this is done by identifying complex Radon measures on X with linear functionals
on C.(X) = Ped(Cy(X)) (the space of compactly supported functions) which are
continuous when C.(X) is equipped with the same locally convex inductive limit
topology as described above.

Remark 2.6. In [24], Pedersen considers a different locally convex topology on Ped(A)
which he uses to define C*-integrals, a generalisation of traces. As we only consider
traces in this paper, we think the topology defined in Definition 2.4 is more suitable
and easier to work with.

A functional 7: Ped(A) — C is called tracial (or a trace) if 7(zy) = 7(yzx) for
all z,y € Ped(A4). Note that if 7 is a continuous trace, then so is its adjoint 7* (given
by 7*(z) = 7(z*)), and thus any continuous trace 7 on Ped(A) can be written as
T =T +irp, where 7y = (7 + 7*) and 7, = 5-(7 — 7*) are continuous self-adjoint

2
traces on Ped(A).

Definition 2.7. We let Tr(A) denote the real vector space of continuous self-adjoint
traces on Ped(A). We equip Tr(A) with the weak*-topology. We consider Tr(A) as
an ordered topological vector space with the positive cone T (A) of positive traces.

Example 2.8. Let X be a discrete topological space. Then Ped(Cy(X)) = C.(X) and
Tr(Cy(X)) is canonically isomorphic to [y R equipped with the product topology.

More generally, if (A;)scx is a family of C*-algebras, then Ped(@,cy As) is
the algebraic direct sum @, y Ped(A,) and Tr (P, x Az) is canonically identified
with [[,c x Tr(Az) equipped with the product topology.

Pedersen showed in [23] that there is a one-to-one correspondence (given by re-
striction) between Ty (A) and the set of lower semicontinuous densely defined tracial
weights on A. This will not play a significant role in this paper, although we use it
for convenience in Remark 4.9.

We often consider Tr(A) as a space of functionals on the real vector space Ped(A)s,
of self-adjoint elements in Ped(A). Each 7 € Tgr(A) restricts to 7: Ped(A)sa — R
which is a tracial functional in the sense that 7(z*z) = 7(x2z*) for all © € Ped(A). It
is straightforward to see that, conversely, any linear functional 7: Ped(A)s, — R with
this tracial property extends uniquely to a self-adjoint tracial functional 7 on Ped(A).
The extension 7 is continuous if and only if 7: Ped(A4)s, — R is continuous, so we
may identify the self-adjoint traces as a subspace Tr(A) C (Ped(A)sa)*, where its
topology agrees with the weak*-topology. This will be used often without reference.

One advantage of working with continuous traces on the Pedersen ideal is that
there is a natural trace pairing with the K-theory group Kj.

Remark 2.9. Recall that because Ped(A) is dense in A and is the union of its C*-sub-
algebras, and since K preserves direct limits, we get that

Ko(A) = {[plo — [dlo | n € N, p,q € My,(Ped(A)™), p — q € My (Ped(A))}.
For 7 € Tr(A) and n € N, let 7("): M,,(Ped(A)) — C denote the trace given by

r(n )( (@i;); nj= 1) ZT (aj;) for ( am)” 1 € M, (Ped(A)).
=1
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Proposition 2.10. There is a unique bilinear pairing
pa: Ko(A) x Tr(A) = R

such that for anyn € N, any projections p,q € M, (Ped(A)™) withp—q € M, (Ped(A))
and any T € Tr(A), we have

pa(lplo = [dlo, ) = 7" (p — q).
Moreover, pa is continuous.

Proof: Every element of Ky(A) is of the form [p]o — [¢g]o as in the statement by
Remark 2.9, so if p4 is well defined, then it is unique. Continuity also follows because
Ky(A) carries the discrete topology and for each p, g as above, the map Tr(A) —
R: 7 — 7" (p — q) is a linear combination of evaluation functionals. Thus we need
only show well-definedness.

Fix 7 € Tg(A) and take n,n € N, p,q € M, (Ped(A)™), and p,§ € My (Ped(A)™)
with p—q € M, (Ped(A)) and p—¢ € My (Ped(A)) such that [plo—[glo = [P]o—[q]o and
note that by embedding into the larger matrix algebra we may assume n = n. Pick a
C*-subalgebra Dy C Ped(A) such that p,q,p,G € M,(Dy) and p—q,p— ¢ € M,(Dy).
Since Ky preserves direct limits, there is a C*-subalgebra D C Ped(A) containing Dy
such that [plo — [¢lo = [lo — [¢]o in Ko(D). Thus for some k € N we have p@® G 1j, ~
qPpD1y in M2n+k(D)7 where 1;, is the unit of Mk(D) The restriction 7|p: D — Cis
bounded and extends to a bounded self-adjoint tracial functional 7: D — C (e.g. by
letting 7(1) = 0). Hence

Fer R pegely) =N geps 1)
and therefore 7" (p — q) = 7" (p — §). .

3. Jordan decomposition

We will show that Tr(A) is a vector lattice (although not a topological vector lat-
tice). Consequently, the continuous traces on the Pedersen ideal are exactly the ones
that are a linear combination of positive traces. This was originally proved by Ped-
ersen [25, Theorem 3.1], but our approach gives a different description of the lattice
structure in terms of the Jordan decomposition of traces on hereditary C*-subalgebras
of the Pedersen ideal, which we will use subsequently.

Recall the Jordan decomposition of self-adjoint linear functionals on C*-algebras:
for any bounded self-adjoint linear functional p on a C*-algebra D, there is a unique
pair (pT, p7) of positive linear functionals on D such that p = p* — p~ and ||p|| =
oIl + [lp~ ] (see for instance [26, Theorem 3.2.5]).

Proposition 3.1. Let D be a C*-algebra and let 7 € D, be a bounded self-adjoint
tracial functional with Jordan decomposition (7+,77). Then:

(a) 7% and 7~ are tracial;
(b) for every d € Dy and € > 0 there exist ¢1,co € Dy so that ¢c1 + co = d and

TT(e1) <€, T (e2) <¢
(c) 7 is the supremum of T and 0 in D,.

Proof: (a) If w € D is a unitary, then (uru*,ur"u*) is a Jordan decomposition
of uru* =7, so 7 = 7*(u(—)u*) by uniqueness. Hence 7+ and 7~ are tracial.
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(b) Let 6 > 0 such that ||d||0 < e. Pick € Dy, with ||z|| <1 such that

THa) -7t (@) +o=T@) >t =TT+ 77 =77 (1) + 77 (1),
where we have extended 7% to the unitisation of D in the unique norm-preserving
way. Note that 1 — x and 1 + x are positive and

Tl —z)+7 (1+z) <.
Let ¢; = %dl/z(l —x)dl/2 and ¢y = %dl/Q(l—i—x)dl/Q, which are positive, and c; +co =
d. As 77T is positive, and is a trace by (a), we have
1 1 1
(o) = (1~ )20~ 2)"?) < (1 - ) < Sl < e

and similarly 77 (¢2) < e.
(c) Clearly 7" > 7 and 7 > 0. Let p € D7, such that 7 < p and 0 < p. Let d € D
and € > 0 and pick ¢1, ¢2 as in part (b). Then

mH(e1) —e <0< pler), TH(e2) —e <7 (e2) — 77 (e2) = 7(c2) < plea),
and thus

7H(d) = 2¢ = 7" (c1) + 77 (c2) — 2¢ < p(er) + ple2) = p(d).

Hence 71 (d) < p(d) for all d € D, and therefore 77 < p in DZ,. O
Remark 3.2. Proposition 3.1(c) gives an elementary proof (assuming the existence of
Jordan decompositions of bounded self-adjoint functionals) that the set of bounded
self-adjoint tracial functionals on a C*-algebra forms a vector lattice with join 7 Vo =

(11 — 72)" + 72 and meet 4 ATy = 71 — (11 — 72)". In particular, the set of tracial
states on a unital C*-algebra is a Choquet simplex.

Remark 3.3. If D is a C*-algebra and (7;) is a bounded net of self-adjoint tracial
functionals converging weakly* to 7, and if (7;7,7,7) and (77, 77) are the respective

i T
Jordan decompositions, then it is in general not true that T;r — 7t and 7, = 77
(even when we know that (7;7) and (;”) both converge to tracial functionals).

For example, let D = C([-1,1]) and 7, = evy,, —ev_y/, (Where ev; is evaluation

at t). Then 7, 2% 0 but = evii/n v, evg # 0.
Lemma 3.4. Let C' C D be a hereditary C*-subalgebra and let T € D, with Jordan

decomposition (77, 77). If T is tracial, then (77|c, 77 |c) is the Jordan decomposition
Of T|C.

Proof: Tt suffices to show that ||7|c|| = ||[7T|c|| + |77 |c||- Clearly ||7]c]| < [I7T el +
|I7~|c||- For the other inequality, let € > 0. Pick d € C' a positive contraction (e.g. from
an approximate identity in C) such that

I el + 7 lell — e < 7 (d) + 77 (d).

Use Proposition 3.1 to find ¢1,¢o € Dy such that ¢; + co = d, 77(c1) < ¢, and
77 (c2) < e. Then ¢, co are positive contractions which are in C since C C D is
hereditary. Let ¢ = ¢; — ¢, which is in the unit ball of C'. Then

I7lcll > 7(c) = 7T (1) + 77 (c2) — 7T (c2) — T~ (c1)
> 71(d) + 77 (d) — 4e
> [l F|ell + 177 ]ell — 5e.

As € > 0 was arbitrary it follows that |7 |c| + |77 |c|l < |I7lc]l- O
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Proposition 3.5. If7: Ped(A) — C is a continuous self-adjoint trace, then there are
unique positive traces 77,77 : Ped(A) — C such that T = 7v—7~ and (77 |p, 77 |p) is
the Jordan decomposition of T|p for every hereditary C*-subalgebra D C Ped(A).

Proof: This follows from Lemma 3.4 and Remark 2.3. O

Definition 3.6. The Jordan decomposition (t7,77) of a continuous self-adjoint
trace 7: Ped(A) — C is the decomposition given in Proposition 3.5.

Corollary 3.7. A tracial linear functional 7: Ped(A) — C is continuous if and only
if it is a linear combination of positive traces.

Corollary 3.8 (Pedersen). For any C*-algebra A, Tr(A) with positive cone Ty (A)
is a real vector lattice.

Proof: Clearly, (Tk(A), T, (A)) is an ordered vector space. For 7 € Tr(A), 77 is the
supremum of 7 and 0 when restricted to every hereditary C*-subalgebra (Proposi-
tion 3.1(c)) and thus 77 = 7V 0. It is well known (and straightforward to verify) that
this implies that Tk(A) is a vector lattice with join 71 V75 = (71 — 72) " + 72 and meet
TIAT =71 — (11— o) T -

The following follows from Lemma 3.4.

Corollary 3.9. Let A C B be a hereditary C*-subalgebra. Then the restriction
map Tr(B) — Tr(A) is a lattice homomorphism.

4. The dual trace space

When A is a unital C*-algebra there is a duality due to Kadison [15] (see also [2,
Chapter 7]) of the Choquet simplex T3 (A) of tracial states and the Archimedean order
unit space Aff T7(A) of real affine continuous functions on T3 (A). The space Tg(A) is
a real topological vector space, so the right dual space consists of continuous linear
functionals. We address how this relates to the space of affine functions on positive
traces in Section 6.

Definition 4.1. Let A be a C*-algebra. We let Tr(A)* denote the continuous dual
space of Tr(A), i.e. the space of weak*-continuous functionals Tr(A) — R. We
equip Tr(A)* with the compact-open topology, i.e. a net (f;); in Tr(A)* converges
to f if and only if it converges uniformly on weak*-compact subsets of Tr(A). We also
equip Tr(A)* with a positive cone Tr(A)% consisting of the functionals f such that
f(r) >0 for all 7 € T, (A).

In this way, Tr(A)* is an ordered topological vector space.
For every compact subset K C Tg(A) we let || - ||k denote the seminorm on Tr(A)*
given by
fllee = sup [f()],  for f € Ta(A)".
TE

Clearly the compact-open topology on Tr(A)* is the locally convex topology induced
by the family of seminorms || -|| x, where K ranges over the compact subsets of Tg (A).
In order to understand the compact-open topology on Tr(A)*, we must first under-
stand (relatively) compact subsets of Tr(A) as follows.
Lemma 4.2. For a subset K C Tr(A) the following are equivalent:

(a) K is relatively compact (i.e. K has compact closure);

(b) every f € Tr(A)* is bounded on K;
(c) sup,cg |7(a)| < oo for all a € Ped(A);
(d) sup,cx |I7Ip|| < 0o for every C*-subalgebra D C Ped(A).
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Proof: We let K denote the closure of K.

(a) = (b) f(K) C R is compact, hence bounded.

(b) = (c) It suffices to prove (c) for self-adjoint a € Ped(A), and this case reduces
to (b) since 7+ 7(a) defines an element of Tr(A)*.

(¢) = (d) This follows from the uniform boundedness principle.

(d) = (a) Let (7;); be an ultranet in K. Note that (c) clearly follows from (d) and
hence

sup |7(a)| = sup |7(a)| < o

€K TEK
for all a € Ped(A). Thus we may define a linear functional 7o: Ped(A) — C by 19(a) =
lim; 7;(a). Let D C Ped(A) be a C*-subalgebra. By (d) m|p is bounded, and thus 7y is
continuous. Hence 7y € Tg(A) and by construction 7; — 79, so K is compact. O

Note that there is a canonical linear map Ped(A)s, — Tr(A)* given by a +— a,
where a(7) = 7(a) for 7 € Tr(A). Clearly a € Tr(A)’ whenever a € Ped(A),. We
emphasise for the following theorem that Ped(A) is considered with the inductive limit
topology (Definition 2.4) and Tr(A)* is equipped with the compact-open topology.

Theorem 4.3. The map Ped(A)sa — Tr(A)* is a quotient map of locally convex
spaces with respect to the topology on Ped(A) given in Definition 2.4 and the compact-
open topology on Tr(A)*.

Proof: Surjectivity is elementary; see for instance [27, Proposition 2.4.4].

Next we show continuity. By definition of the locally convex direct limit topology
on Ped(A)s,, this amounts to showing that the restriction Dy, — Tr(A)* is continuous
(in the norm topology on Dg,) for every C*-subalgebra D C Ped(A). Let (a;); be a
net in Dg, converging to a, and let S C Tr(A) be a compact subset. By Lemma 4.2,
M :=sup,cg||7|p|| < 0o, and thus

sup|a; (1) — a(r)| = sup|r(a; — a)| < ||la; — a||M — 0.

TES TES
To demonstrate that Tr(A)* carries the quotient topology, we show that a semi-
norm p: Tr(A)* — [0, 00) for which the pre-composition p: Ped(A)s, — [0, 00) is con-

tinuous must itself be continuous. By the Hahn-Banach theorem, for any a € Ped(A)s,
we have

pla) = sup{|7(a)| : 7 € (Ped(A)sa)”, [7] < P}
For 7 € (Ped(A)sa)*, the condition |7| < p forces 7 to be tracial and therefore says
precisely that 7 is in the compact set K C Tr(A) given by

K = {r € Tr(A) : |7(a)| < p(a) for each a € Ped(A)s,}.
Thus for each a € Ped(A)s, we have
p(a) = pla) = sup |7(a)| = [a] x,
TeEK
and so p is continuous with respect to the compact-open topology. O

Corollary 4.4. Let A be a C*-algebra and let p: Ped(A) — [0,00) be a seminorm
such that the restriction p|p is bounded for every C*-subalgebra D C Ped(A). Let

K, := {1 € Tr(A) : |r(a)| < p(b) for all a,b € Ped(A)s, such that @ = b}.

Then K, is compact, and for every f € Tr(A)* and every e >0 there exists an a €
Ped(A)sa such that a = f and p(a) < || fllx, + €.
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Proof: Note that p is continuous in the locally convex inductive limit topology (Defi-
nition 2.4). Therefore, by Theorem 4.3, the induced quotient seminorm p: Tr(A)* —
[0, 00) given by

A(f) =1inf{p(a) : a € Ped(A)s, such that & = f}

is continuous, and the set K, is the set named K (with respect to p) in the proof of
Theorem 4.3. Hence, as seen in this proof, || f||x, = p(f) so the result follows. O

In the following, T<1(A) C Tr(A) denotes the set of contractive positive traces.
We note that 7(a) = f(7) for all traces 7 € Tr(A) below, not just bounded traces.

Corollary 4.5. Let A be a C*-algebra. For any f € Tr(A)* and any € > 0 there is
an a € Ped(A)s, such that f = a and ||a|| < sup,er_, 4y |f(7)] +e

Proof: Applying Corollary 4.4 with the usual norm || - || on Ped(A), it is immediate to
check that the set K. is the set of traces of norm at most 1. As || ||, = |- Iz, a)
the result follows. 0

Remark 4.6. Suppose A is a C*-algebra whose non-zero traces are all unbounded.
From Corollary 4.5 it follows that every f € Tr(A)* can be realised as f = a for a
self-adjoint a € Ped(A)s, with arbitrarily small norm. This is easy to see if A is stable,
but was somewhat surprising to the authors in general.

We have a duality theory for TR(A) and its dual Tr(A)*. The following result
shows how one reconstructs Tg(A4) (including the topology and the positive cone)
from Tr(A)*. Note that this would be immediate if we used the weak*-topology
on Tr(A)* through the isomorphism Tr(A) = (Tr(A)*, w*)*. Hence, for the sake of
clarity in the statement of the following proposition, we emphasise the compact-open
topology on Tr(A)*. We consider (Tr(A)*,c.0.)* as an ordered topological vector
space when equipped with the weak*-topology and the positive cone of function-
als g € (Tr(A)*,c.0.)* for which g(Tr(A)%) C [0, 00).

Proposition 4.7. Let A be a C*-algebra. The canonical map Tr(A) — (Tr(A)*, c.0.)*
18 an isomorphism of ordered topological vector spaces.

Proof: Let w: Tr(A) — (Tr(A)*,c.0.)* denote the canonical map (which is clearly
well defined since any net in Tr(A)* which converges in the compact-open topology
also converges pointwise). The functionals in Tr(A)* separate the points of Tg(A) by
Theorem 4.3, so w is injective. For surjectivity, when h: Tr(A)* — R is a continuous
functional, so is its composition with the map Ped(A)sa — Tk(A)* by Theorem 4.3.
This composition extends by linearity to a self-adjoint continuous trace 7 on Ped(A)
satisfying w(7) = h, so w is a bijection.

That w is a homeomorphism follows straightforwardly from Theorem 4.3.

Finally, if 7 € Ty (A), then w(7)(f) = f(7) > 0 for every f € Tr(A)} (by definition
of Tr(A)?%). Hence w(7) is positive. Conversely, if 7 € Tk (A) such that w(r) is positive,
and if a € Ped(A)4, then a € Tr(A)% and therefore 7(a) = w(r)(a) > 0, so 7 €
T, (A). O

Theorem 4.8. Let A and B be C*-algebras. Taking duals induces a one-to-one corre-
spondence between continuous linear (positive) maps Tr(B) — Tr(A) and continuous
linear (positive) maps Tr(A)* — Tr(B)*.

Proof: We will use Theorem 4.3 several times to identify elements of Tr(D)* with
self-adjoint elements in Ped (D).
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Let v: Tr(B) — Tr(A) be a continuous linear (positive) map. We claim that
v : Tr(A)* — Tr(B)* given by

7" (@)(7B) = 7(78)(a)

for a € Ped(A)s, and 75 € Tr(B) is well defined, continuous (and positive).

To see that it is well defined, it suffices to show for a € Ped(A)s, that Tr(B) —
R: 75 — v(7B)(a) is weak*-continuous. But this is clear since v is weak*-weak*-con-
tinuous.

Clearly ~v* is linear. To see that it is continuous (with respect to the compact-
open topology on both Tr(A)* and Tr(B)*), let (a;); be a net in Ped(A)s, such that
(a;); converges uniformly on compact sets to G. Let S C Tr(B) be compact. Then
~(S) is compact by continuity of vy and thus

sup [v"(a; — a)(7p)| = sup (@ —a)(ra)| =0,

TES TAEY(S)
so v* is continuous. Finally, if v is positive and if f € Tr(A)% and 75 € T (B), then
v (f)(tB) = f(v(1B)) > 0, so v* is positive.

Now, suppose n: Tr(A)* — Tr(B)* is a continuous linear (and positive) map.
We define n*: Tr(B) — Tr(A) by n*(75)(a) = n(a)(rp) (this is the dual map when
applying Proposition 4.7). We again check that this is well defined, continuous (and
positive).

To see that it is well defined, we clearly have that a — n(a)(7g) is a trace
on Ped(A)sa, so it extends canonically to a self-adjoint trace on Ped(A). To see that
this trace is continuous, let (a;); be a net in Ped(A)s, converging to a € Ped(A)s,.
By Theorem 4.3, a; — a in Tr(A)* and thus n(a;) — n(a). It follows that

(@

n(a:)(t8) — n(a)(7s)

for all 75 and thus n*(75) € Tr(A) for all 75 € Tr(B).
For continuity of n* let 7; — 7 in Tr(B). For a € Ped(A)s, we pick b € Ped(B)sa
such that b = n(a). Then

n*(ri)(a) = 7:(b) = 7(b) = n"(7)(a),

so n* is continuous.
If 7 is positive, and if 75 € T} (B) and a € A, then n(a) > 0 and thus

n*(ms)(a) = n(a)(rs) = 0,

so n* is positive.

It is elementary to check that y** = ~ for every continuous linear map v: Tr(B) —
Tr(A) and that n** = 7 for every continuous linear map 7: Tr(A)* — Tr(B)*, which
finishes the proof. O

It is easy to see that any x-homomorphism ¢: A — B induces a continuous linear
positive map Tg(B) — Tr(A), and that Tk is a contravariant functor. By duality
Tr(-)* is a covariant functor, and any *-homomorphism induces a continuous linear
positive map.

Remark 4.9. Let ¢,v¢: A— B be x-homomorphisms which are approximately Murray—
von Neumann equivalent in the sense of [11], i.e. there is a net (v;); of contractive
multipliers of B such that lim; v;¢(a)v} = ¥ (a) and lim; v}y (a)v; = ¢(a) for alla € A
(this is implied by approximate unitary equivalence). Then Tg(¢) = Tr(¢), and so
also Tr(¢)* = Tr(¥))* by duality.
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In fact, as any 7 € T (B) is norm lower semicontinuous by [26, Proposition 5.6.7],
we have for any positive a € Ped(A) that

7(¥(a)) < liminf 7(vig(a)o]) = liminf 7(¢(a)*vjvig(a)'/?) < 7(¢(a)

and similarly 7(¢(a)) < 7(¢(a)). As Tr(B) and Ped(A) are spanned by T, (B) and
Ped(A) respectively, the equality Tr(¢) = Tr(v)) follows.

5. Extending traces from subalgebras

In this section we obtain sufficient conditions for when T (A) is completely captured
by a x-subalgebra D C Ped(A).

We will use the following lemma, which is a slight strengthening of the tech-
nique used in [26, Proposition 5.6.2] to show that Ped(A) contains the hereditary
C*-subalgebra generated by any finite set in Ped(A).

Lemma 5.1. Let A be a C*-algebra. Given ay, .. .,a, € A we seta := (Z;n 1 a;aj)l/z.

For each j =1,...,m there is a unique contractive right A-linear map ®;: aA — a]A

such that ®; (ab) = a;b for all b € A, and these satisfy z*y = Z;nzl Q;(z)*®;(y) for
all z,y € aA.

Proof: Since ajaj < a2 we have for b € A that
lajbll = [[b*aza;b|*? < |[b*a®b]|*/? < [lab].

Hence the right A-linear map a4 — a; A given by ab — a;b for b € A extends uniquely
to a contractive right A-linear map ®;: aA — a;A.
If 2,y € aA, let ,,y, € A such that ax,, — x and ay, — y. Then z}a’y, =

Yoy anaiajy, = >, ®(ax,) ®;(ay,) and thus

iy = 11_{1’010:1} a’yn, —HILII;OZ(I) axy) ®;(ayn) z;q)J O
i=

We record the following well-known lemma for later use. As we cannot find a
reference for either part, we provide proofs.

Lemma 5.2. Let A be a C*-algebra and X C A be a subset that generates A as a
two-sided closed ideal.

(a) Foreverya € Ay ande > 0 there existm € N, x1,...,2,, € X, and cq,...,cpm €
A such that Ha — J 1cJ:v xjc]H < e.

(b) For every a € Ped(A)+ there exist m €N, z1,...,2m € X, and c1,...,cn € A
such that a = Z;n:l TaiTgcs.

Proof: (a) Since
(u+v)" (w+v) < (u+v) (u+v)+ (v—v)"(u—2v) =2u"u+ 20",

we have (37, uj)*(zj 1ui) < X2, 2'utuy by induction. Now, as AXA spans a
dense ideal in A, a'/? can be approximated by >ojey bjzjd;, where z; € X and by, d; €

A. Hence a is approximately

ag = (bej ) (bej ) <a :_Z2J||b 1d; 2%



SELF-ADJOINT TRACES ON THE PEDERSEN IDEAL OF C*-ALGEBRAS 289

Write a(l)/z = a1/4u for some u € A by [26, Proposition 1.4.5]. For large n, ag is
approximately

u*a}/4(a1 + l/n)_1/2a1(a1 + l/n)_l/Qa}Mu = Zc;x;mjcj,
J

where ¢; = 2j/2||bj||dj(a1 + 1/”)_1/%}/4“'

(b) Let a1,...,an € Ped(A)o such that a < > a;. By [26, Proposition 1.4.10]
there are v1,...,v, € A such that v;07 < a; (and in particular, v;v; € Ped(A)o),
and a = Z?=1 viv;. Let e; € Ped(A)4 so that eju; = v;. By part (a) we may find
zj, € X (finitely many) and z;, € A such that |le; — >, 27 27 2 5256 <1/2. By

(16, Lemma 2.2] find d; € A so that >, djz7 27 25 2kd; = €] 1= (ej — %)+ Then

J J
/.

Lvj = v;.° Letting ¢; 5 := v/2z; xdjv; we get

* * _ * 1o
E Ci kTS T kCl ke = 2 E vj€eGv; = a. O
Jik J

€

The following proposition gives a sufficient condition under which traces on A can
be studied through a x-subalgebra 4y C Ped(A). We have stated the result somewhat
generally (and technically) so that it can hopefully be useful in multiple contexts,
such as when Ay is dense or a full hereditary C*-subalgebra.

In the following, we consider a #-subalgebra Ag C Ped(A) with a subset X C A
such that X Ag = Ap, X generates A as a two-sided closed ideal, and xAgy™ is dense
in zAy* for all z,y € X. Under these assumptions, we define Tr (Ao, X) as the set

{10: Ag — C : 719 self-adjoint, tracial with 7o|,4,.« bounded for all z € X}.

Then Tr(Ag, X) is an ordered (real) vector space with cone of traces 7y that are
positive in the sense that 79(a*a) > 0 for all a € A,.

We equip Tr(Ag, X) with the weak topology coming from evaluation at elements
in zAz* for x € X (which makes sense since each 7y extends uniquely to a bounded
trace on rAgz* = wAx*). Alternatively, a net (7;); in Tg(Ap, X) converges to 79 €
Tr(Ag, X) if, for every © € X and sequence (ay), in Ay such that (za,z*), is a
|| - [|-Cauchy sequence, we have

lim lim 7;(za,2z*) = lm 79(za,x™).
7 N—oo n—oo

Proposition 5.3. Let A be a C*-algebra, let Ag C Ped(A) be a *-subalgebra with a
subset X C Ag such that X Ag = Ag, X generates A as a two-sided closed ideal, and
xAgy™* is dense in x Ay* for all x,y € X. Then the restriction map

T]R(A) —)TR(A(),X)7 T'—)T|A0

s an isomorphism of ordered topological vector spaces.

Proof: The map is clearly well defined since any 7 € Tg(A) is bounded on zAx* C
Ped(A) (Lemma 2.1) for all x € X by the definition of the topology on Ped(A). It is
also clearly continuous. We show that the map is bijective.

For injectivity, suppose 71, 72 € Tr(A) are such that 71| 4, =72|4,. Let a € Ped(A) .
Tt suffices to show that 71(a) = 72(a).

5In fact, if f € Co((0,]|e;]|]), then f(ej)v; = f(1)v;, since this can be verified when f is a polynomial
with no constant term.
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By Lemma 5.2 we pick 1,...,2, € X and ¢; € ;4 such thatazz- *cj. As

—>cjcjasn—>oo

cjc; € a:JAx = xjon , we pick y;, in Ag such that z;y; nT;

As 7 and 7 are bounded on x; Az} we get

71(a) = Zn (cjc;) = nh_)rr;o T1<$jyj’n$;> = nh_}I{.lo Tg(a:jyj,nx;) = 79(a).
J
For surjectivity of the map, suppose 79: A9 — C is a self-adjoint trace such that
TolzAgx~ 18 bounded for all © € X. Hence 79 extends canonically to x Az* for each = €
X and we denote this extension by 7&. Note that if z,y € X and r € zAy*, we have
5 (rr*) = 78 (r*r). In fact, since zApy* is dense in xAy*, we may find z, € Ay such
that zz,y* — r, and thus

(5.1) 5 (rr*) = lIm 1o(xz,y yzia™) = lim mo(yzha*zz,y*) = 7§ (r*r).
n—oo n— oo
We now construct an extension 7 of 79 to Ped(A ) Let a € Ped(A); and find
Zi,...,Tm € X and ¢; € xJA such that a = Z cjc; by Lemma 5.2. We define
(@) = 3, 7 (). B
To see that this is well defined, let y1,...,y, € X and d; € y;A such that a =
> k=1 dpdy. Since a = 37, cic; = 3, djdy there are by [26, Lemma 5.2.5] r;; € A

such that
* ) * * * )
cje; = E T kT ks did;, = g T KTk
k J

Note that 7, € z;Ay;. By (5.1) we have

m
Dot (eies) =Y T (rwria) = YT (ri k) Z *(didy,).
Jj=1 J.k Ik

Hence 7: Ped(A)+ — R is well defined, and extends to a (unique) self-adjoint linear
functional 7: Ped(A) — C.

From the definition of 7 it is immediate that if a € Ped(A) and u € A is a unitary,
then 7(u*au) = 7(a) (by considering the definition with c;u instead of ¢;). Hence it
follows that 7 is tracial.

To see that 7|4, = 70 let a € Ag. As X - Ag = Ag we write a = b*c for b,c € Ay.
Then a = % ZZ;:O il (b+1i7¢c)*(b+1i7c) (the polarisation identity). By considering each
term separately, we may assume that ¢ = b*b with b € Ay. As X - Ag = Ag we find
x€X and by € Ag such that b = xbg. Then a = biz*zby and thus 7(a) = 79 (zbobfa™) =
T0 (a)

Now, to see that 7 is continuous let B C Ped(A) be a o-unital hereditary C*-sub-
algebra. Let h € B be strictly positive and find z1,...,2,, € X and ¢; € ;A such

that h = Z c¢jc;. By Lemma 5.1 we find contractive rlghtAhnear maps ®;: hA —
A C A such that b*c = 301, ®;(b)*®(c) for all b,c € hA. For a € By

with [la] < 1 we have a = 3, ®;(a'/?)*®;(a'/?) with ®;(a'/?) € ;A and thus
T(a) = 3, 77 (®;(aY/?)®;(a/?)*). Since ®;(a'/?)®;(a'/?)* € z; Az is contractive
for each j and Tffj is bounded, we get

I<ZIT (a'/?)®@;(a'/?)" |<ZIIT§JII
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Hence 7|p is bounded, and therefore 7 is continuous. We have therefore shown that
Tr(A) — Tr(Ao, X) is a continuous positive bijective linear map. It remains to show
that the inverse is continuous and positive.

If 7o € Tr( Ao, X) is positive, then it is immediate that the extensions 7 are positive
for all x € X, so it is easily seen that the trace 7 constructed in the surjectivity part
of the proof is positive.

Finally, suppose (7;); is a net in Tr(A) such that 7;|4, converges to 7|a,. Let
a € Ped(A4); and use Lemma 5.2(b) to find z1,...,z,, € X and ¢1,...,¢y, € A s0
that a = Z]m:1 cjzizjcj. Then

mi(a) = Y TlE, (wieieia;) = D rlF, (weieia;) = ()
J j

SO T; — T. O

Corollary 5.4. Let A C B be a full hereditary C*-subalgebra. The restriction
map Tr(B) — Tr(A) is an isomorphism of ordered topological vector spaces, and
so is the induced map Tr(A)* — Tr(B)*.

Proof: This follows from Proposition 5.3 (use Ped(A) as both the *-subalgebra and X).
The final part of the corollary follows by duality (Theorem 4.8). O

In what follows we let A ® B denote the spatial (also known as minimal) tensor
product of the C*-algebras A and B. We let Ped(A) ® Ped(B) denote the algebraic
tensor product of the Pedersen ideals which canonically sits inside Ped(A ® B) as a
x-subalgebra.

Corollary 5.5. Let A and B be C*-algebras with traces T4 € Tr(A) and 75 € Tr(B).
Then there is a unique trace T4 ® 7 € Tr(A ® B) that satisfies (T4 @ 75)(a @ b) =
Ta(a)Tp(b) for each a € Ped(A) and b € Ped(B) and is positive if both T4 and Tp
are positive. Moreover, for any 7 € Tr(B) the assignment 74 — 74 @ 75: Tr(4) —
Tr(A ® B) is continuous. If Tp is the unique non-zero positive trace in Tr(B) up to
scaling, then this is an isomorphism of ordered topological vector spaces.

Proof: We use Proposition 5.3 with Ay = Ped(4) ®Ped(B) C A® B and X = {a®b |
a € Ped(A), b € Ped(B)}. To check that XAy = Ao, let > .-, a; ® b; € Ay and apply
Cohen factorisation to C*(ay,...,a,) C Ped(A) and C*(by,...,b,) acting on their
nth powers to find z € X and y € Ay with zy =, a; ® b;. The other conditions are
clear because Ay C Ped(A ® B) is a dense x-subalgebra. Define a trace 7: A9 — C
by setting

To: Zai ®b; — ZTA(ai)TB(bi)-

We claim that this is bounded on xAgz* for any x = a®b € X. Let D, C Ped(A)
and D, C Ped(B) be the hereditary C*-subalgebras generated by a and b. Then
zApx* C D, ® Dy, upon which 70 = 74|p, ® 75|p, is bounded. We conclude by
Proposition 5.3 that there is a unique trace in Tr(A ® B) extending 7p.

Given 75 € Tr(B), we check the continuity of 74 — 74 @ 75: Tr(A) = Tr(A® B)
against & for an arbitrary z € Ped(A ® B)g. By Lemma 5.2(b) we may assume
without loss of generality that = d*(a ® b)?d for some d € A ® B, a € Ped(A),
and b € Ped(B)y. Then & = ¢ for y = (a ® b)dd*(a ® b), which is an element
of (a ® b)(A® B)(a ®b) = aAa®bBb. Using the slice map id ®7p: aAa®bBb — aAa,
we compute Z(74 @ 7) = (T4 ® 78)(y) = Ta((id ®75)(y)), which is continuous inty4.
This argument also shows that 74 ® 7 is positive if 74 and 75 are both positive.
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Suppose 7p is the unique non-zero positive trace in Tr(B) up to scaling. We
construct a continuous inverse to 74 — 74 @ 75: Tr(A) = Tr(A ® B) as follows.
Given 7 € Tr(A ® B) and a € Ped(A)sa the self-adjoint trace Ped(B) — C given
by b — 7(a ® b) is continuous in the topology from Definition 2.4. Therefore there
is a real scalar o,(a) such that 7(a ® b) = o,(a)7p(b) for all b € Ped(B). Letting
by € Ped(B)4+ such that 75(by) = 1 we have o,(a) = 7(a ® bp) and thus o, € Tr(A),
which is positive if 7 is positive. By construction we have 7 = 0,®7p and 0,05 = T4.
As o, = 7(— ®bp) it follows that 7 — o, is continuous. O

In Section 7 we will also see applications to twisted étale groupoid C*-algebras.

6. Affine functions on positive traces

For a convex subset K of a topological vector space we let Aff K denote the affine
continuous real functions on K. If 0 € K, we let Affy K denote the subspace of Aff K
of functions vanishing at 0. These have a positive cone consisting of functions f such
that f(K) C [0, 00).

We let T1(A), T<1(A), TP (A), i (A) C A* denote the convex sets of bounded traces,
which are respectively states, positive contractions, positive, and self-adjoint. We
equip each with the weak*-topology from A*. Note that on unbounded sets of traces
this topology (at least a priori) differs from the weak*-topology coming from Ped(A)*.
Each of these has a corresponding function space, Aff T; (A), Affo T<1(A), Affo T (A),
and TDS(A)* respectively. We consider each of these as an ordered topological vector
space with the topology induced by the supremum norm with respect to the rele-
vant subset of contractive traces and positive cone of functions which are positive on
positive traces. These topologies coincide with the compact-open topology. Through
restriction there are natural linear maps

TR(A)* — Affg TP (A) — Affg T<1(A) — A T1(A)

which are continuous, injective, and order-preserving. The following is well known to
experts.

Proposition 6.1. Let A be a C*-algebra. Then the canonical maps
(6.1) TR(A)* — Affg TP (A) — Affg T<1(A)

are isomorphisms of ordered topological vector spaces.
If Th(A) is compact, then the canonical map

TE(A)* — AfFTy(A)
is an isomorphism of ordered topological vector spaces.

Proof: The map Affo TP (A) — Affg T<1 (A) is clearly injective, and the map TP (4)* —
Affo T2 (A) is injective by the Jordan decomposition (the Jordan decomposition of
bounded traces are again bounded traces (Proposition 3.1)). To see that the maps
in (6.1) are surjective, it suffices to show that the composition is surjective. Letting f €
Affy T<1(A), this extends uniquely to a linear functional f: TR (A) — R by f()\ln -
A2T2) = A f(11) — Aaf(m2) for 7,72 € T1(A) and A, A2 € [0,00). To see that fe
TP (A)* we must show that f is continuous.

Let Ay ={a € A:7(a) =0 for all 7 € TE(A)}. Then Ay C A is a closed *-invariant
subspace and TR (A) = ((A/Ag)sa)* canonically (the dual space of the real Banach
space (A/Ag)sa). By the Krein-Smulian theorem it suffices to show that f is contin-
uous on the closed unit ball of ((A/Ao)sa)* (see for instance [20, Corollary 2.7.9]).
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Let (7;); be an ultranet in TR (A) such that ||7;|| < 1. Let (7;7,7,7) be the Jordan
decomposition of 7;,. Then the nets (7;%); and (7;7); are ultranets in T<;(A) and
hence have limits p; and p_ respectively in T<;(A). Note that (7;); converges to 7 :=

p+ — p—. As f is continuous on T<;(A) we get

Fm) = F(5) = f(r7) = flp+) = fp=) = f(7)
SO f is continuous.

It is obvious that the bijections from (6.1) are continuous and isomorphisms of
ordered vector spaces. To show that these are homeomorphisms, it suffices to show
that their composition is a homeomorphism. Let (f;); be a net in T (A)* such that
(filr.,(a))i converges uniformly to zero. Let S C T (A) be a compact set. Arguing
as in Lemma 4.26 we pick M > 0 such that sup,eg ||7]| < M. Hence for every 7 € §
with Jordan decomposition (7F,77) we have ;75 € T<1(A). Hence

#(370)|+ 4 (570)]) 0

and therefore TR (A)* — Affy T<1(A)* is a homeomorphism.

Assume now that Tj(A) is also compact. The map TR(A)* — AffTi(A) is (as
for Affg T<1(A)) injective. For surjectivity we may (again as above) let f € Aff T (A)
and extend it to f: TP(A) — R. To show that f is continuous it suffices by the
previous part to show that f is continuous on T<;(A).

Let (7;); be an ultranet in T<;(A) with limit 7. By the definition of ultranets,
either (7;); is eventually equal to zero, or it is eventually contained in T<1(A)\ {0}. If
(7:); is eventually zero, then clearly lim; f(7;) = 0, so we may assume that each 7; #
0. As T1(A) is compact the ultranet (ﬁn)l has a limit p € Ty (A). Similarly, let
M =lim; ||7;]|]. Then 7 = Mp and since f is continuous on T7(A) we get

i () =t (73 ) = MF) = 7o)

73l

+

sup | fi(7)| < Msup(
TES TES

Hence f is continuous on T<1(A) and thus continuous.

Finally, for every f € TR(A)* we clearly have
sup )If(T)I = sup |f(7)]

TeT<1(A TET1(A)
and therefore T (A)* — Aff Ty (A) is an isomorphism of ordered topological vector
spaces. ]

When we consider unbounded traces, it becomes less clear how to recover the infor-
mation of the entire self-adjoint trace space Tg(A) from the positive trace space T4 (A).
We consider Affy T (A) as an ordered topological vector space with the compact-open
topology coming from T (A).

Proposition 6.2. Let A be a C*-algebra. Restriction from Tr(A) to T4 (A) defines
an embedding

T‘]R(_A)}k — AH(] T+ (A)

of ordered topological vector spaces.

*

6Since the weak*-topology on TD%(A) coming from Ped(A)* and from A* differ, we cannot simply

apply Lemma 4.2, but the same argument works.
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Proof: The map is clearly continuous and maps the positive cone to the positive cone,
and it is injective by Jordan decompositions (as in the proof of Proposition 6.1). It
remains to show that the inverse map on the image is continuous.

Let (f;); be a net in Tr(A)* which converges to 0 uniformly on compact subsets
of Ty (A). Let S C Tr(A) be compact, and let S* = {7% : 7 € S}. For every C*-subal-
gebra D C Ped(A) we have DAD C Ped(A) by Proposition 2.2. Hence by Lemma 4.2
we have

sup 75| p|| = sup |7 pap|| < sup [7|pap| < co.
TES TES TES

Therefore, the sets ST and S~ are relatively compact by Lemma 4.2, and thus
(fi)i converges uniformly to zero on both sets. Hence

sup | f;(7)| < sup(|fi(r ")+ [ fi(77)]) = 0. B
TES TES

Notice that by Theorem 4.3 surjectivity of the embedding Tr(A)* — Affq T (A)
(thus an isomorphism) is equivalent to a positive answer to the Trace Question (Ques-
tion A) for A. The Trace Question is therefore essentially a question of whether the
information of Tr(A) can be recovered from T (A).

We have a positive answer to the Trace Question for a large class of C*-algebras.
First note that whenever Ped(A4) = A the map Tr(A)* — Affo T (A) is surjective by
Proposition 6.1. Moreover, the answer depends only on the ordered topological vector
space structure of Tg (A4), so by Corollary 5.4 it is stable under Morita equivalence. It is
well known (and elementary to prove) that the primitive ideal space of a C*-algebra A
is compact if and only if A contains a full hereditary C*-subalgebra B such that
Ped(B) = B, so this already affirms the question for any C*-algebra with compact
primitive ideal space.

We extend this positive answer to any C*-algebra A which exhibits compact-
ness more generally at the level of its positive trace space. A compact base for the
cone T4 (A) of positive traces is a compact subset C' C T (A) not containing 0 such
that for each non-zero trace 7 € T} (A) there is a unique A € (0, 00) with A7 € C. The
cone T, (A) has a compact base if and only if it is locally compact [2, Theorem I1.2.6].”

Proposition 6.3. Let A be a C*-algebra whose cone Ty (A) of positive traces has a
compact base. Then the restriction map

TR(A)* — Affo T+ (A)
18 an isomorphism of ordered topological vector spaces.

Proof: By Proposition 6.2 it suffices to show the map is surjective. Let f € Affy T (A)
and let f : Tr(A) — R be its unique linear extension. We must show that f is weak*-
continuous. Let C' be a compact base for Ty (A). As C does not contain 0, the open
sets {7 € C'| 7(e) > 1} associated to non-zero positive elements e € Ped(A) cover C.
By compactness and by taking a finite sum there is a positive element e € Ped(A)
such that 7(e) > 1 for all 7 € C. Set B = eAe and let ®: Tr(A) — T (B) denote the
restriction. Because e € B and C' is a base, the only positive trace in the kernel of ®
is 0. As ® is a lattice homomorphism by Corollary 3.9, it must be injective on T} (A)
and by linearity also on Tr(A).

Let f: ®(Tgr(A)) — R be the induced linear functional f(r|g) = f(r) for 7 €
Tr(A). We claim that f is continuous and thus so is f = f o ®. We show the equiva-
lent statement that ker f = ®(ker f) is weak*-closed in Tg(B). By Krein-Smulian it

7A cone P is said to be proper if PN (—P) = {0}.
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suffices to show that the unit ball of ker f is weak*-closed. Let (7;); be an ultranet
in ker f with ||7|p|| < 1, and let 75 € TR(B) be its limit. Taking Jordan decom-
positions 75 of 7;, there are A¥ € [0,00) and pf € C with AfpF = 75 and we
have 75| p € T<1(B). It follows that A¥ < ||e| for each i, and so the ultranets (A\F);
have limits A*. The ultranets (p); also have limits p* € C' by compactness and so
75 = MpE e T (A). As f is continuous we have

0 =lim f(r;) = (XS f (o)) = A7 F(p7) = X f(p) = A~ F(p7)-

In particular, we have 7 = ATpt — A~ p~ € ker f with 7; — 7, and so 753 = 7|p €
ker f. O

Proposition 6.3 covers the situation where all traces are bounded and the tracial
state space is compact.

We moreover affirm Question A for a class of C*-algebras containing every com-
mutative C*-algebra. These C*-algebras satisfy a strong version of Lemma 2.1 with
closed ideals instead of hereditary C*-subalgebras.

Proposition 6.4. Suppose that A is a C*-algebra with the following property: for
all ay,...,a, € Ped(A), the two-sided closed ideal J C A generated by aq,...,a, is
contained in Ped(A). Then the restriction map

TR(A)* — Affo T+ (A)
s an isomorphism of ordered topological vector spaces.

Proof: By Proposition 6.2 it suffices to show the map is surjective. Let f € Affy T (A)
and extend it to a linear functional f: Tr(A)— R which is weak*-continuous on T (A).
Hence we may pick aq,...,a, € Ped(A) such that

{T€T(4): max |7(a)] <1} € F(B1(0)),

where B1(0) is the open unit ball in C. Let J be the two-sided closed ideal generated
by a1,...,a,. By assumption, J C Ped(A), and thus 7|; is bounded for every 7 €
Tr(A). Consequently, we get that

. f(r)] < 3| < |l =
(6.2) If(T)] < 121?5”'7(“2)‘ <[l max laill = ||7|s (1M

for all 7 € Ty (A), where M := maxi<i<p ||ai]|-
For any 7 € Tk (A) with Jordan decomposition (77, 77), we have by Proposition 3.5
that (7%|7,77];) is the Jordan decomposition of 7|; and thus

. - L (62) B
(6.3) FEOI<FED+FEDE < (Tl + 1771 DM = izl ]| M.

Note that every bounded trace p on J extends canonically to a trace p € Tr(A)
with [|p]| = ||p|| by composing the trace p** on J** with the canonical *-homomor-
phism A — J**. In particular, f induces a linear functional f: TR(J) — R by

(6.4) faln) = f(r), 7€ Tr(A)

This is well defined by (6.3). To check that this linear functional is continuous, it
suffices by Proposition 6.1 to show that it is continuous on T<1(J). Let (p;); be an
ultranet in T<; (J) with limit p € T<1(J). Let p; € T<1(A) be the canonical extensions
of p;. Since T<1(A) is weak*-compact, let 7 € T<1(A) be the limit of the ultranet (5;);.
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Note that 7 might not be the canonical extension of p, but that it is an extension of p
nonetheless. As f is continuous on T4 (A4) we get

lim f(pi) = lim f(5:) = F(r) = f(p)-

Hence f is continuous. By continuity of the restriction to J and (6.4), f is continuous.
O

In summary we get the following.

Corollary 6.5. The class of C*-algebras A for which the Trace Question has a pos-
itive answer, or equivalently the canonical map

TR(A)* — AHO T+(A),

18 an isomorphism of ordered topological vector spaces, is closed under Morita equiv-
alence, and contains every C*-algebra A satisfying one of the following:

(a) all the tracial weights on A are bounded and Ty (A) is compact; or

(b) the primitive ideal space of A is compact (e.g. if A is simple or contains a full
projection); or more generally

(¢c) the cone Ty (A) of positive traces has a compact base (equivalently, it is locally
compact); or

(d) A is commutative.

7. Traces on groupoid C*-algebras

An étale groupoid G is a topological groupoid such that the range map r: G — G°
(and thus also the source map) is a local homeomorphism, and we assume that the
unit space G is locally compact and Hausdorff. By a twist over G we mean a Fell
line bundle £ — G, and we call the pair (G, L) a twisted étale groupoid. For an open
bisection U C G, we write I'.(U, £) for the space of compactly supported continuous
sections U — L. We include I'.(U, £) into the space of bounded sections G — L by
setting the value to be 0 outside U, and set I'.(G, £) to be the span of all these sections
over open bisections U. When G is Hausdorff, this is the space of compactly supported
sections, but for non-Hausdorff groupoids we warn the reader that these sections are
not necessarily continuous. We identify the space of sections I'.(G%, £) supported on
the unit space with CC(QO), as the restriction of £ to G° is the trivial bundle whose
fibres have the structure of the C*-algebra C. We refer to [10] for an introduction to
twisted étale groupoids from the line bundle perspective and their C*-algebras.

Convolution defines a x-algebra structure on I'.(G, £). Given a faithful *-represen-
tation 7: I'o(G, L) — B(H) we write || - || for the induced C*-norm on I'.(G, £) and
we denote the completion by C%(G, £). For the trivial Fell line bundle £ =C x G —
G we recover the usual untwisted x-algebras and write C.(G) and C%(G). The re-
duced C*-algebra C5(G, L) is the C*-algebra defined by the left regular representa-

tion A\: Te(G, £) = B(B,cqo 2(G, L)).

Lemma 7.1. Let (G, L) be a twisted étale groupoid and mw: T'o(G, L) — B(H) a faithful
x-representation. Then T'o(G, L) C Ped(CL(G, L)).

Proof: Let f € I'.(G, £). Then there is a compact set Y C G° such that f(g) = 0 for
any g € G with s(g) € G°\ Y, and we may find g € C.(G°) such that g(y) = 1 for
ally € Y (see for instance [27, Proposition 1.7.5]). Hence g € C.(G°) C Ped(C%(G, L))
and f*g= f. As Ped(C%(G, L)) is an ideal it follows that f € Ped(C%(G, £)). O



SELF-ADJOINT TRACES ON THE PEDERSEN IDEAL OF C*-ALGEBRAS 297

If (G, L) is a twisted étale groupoid and Y C G° is open, we let I'.(G, £)|y denote
the *-subalgebra of all f €T.(G, L) for which f=0 outside of GY- :=={g€G : r(g), s(g) €
Y'}. The following describes Tr(C% (G, £)) as an ordered vector space in terms of traces
on I'.(G, £). We note that one could also describe the topology using Proposition 5.3,
but that the topology is not obviously natural in this case.

Proposition 7.2. Let (G, L) be a twisted étale groupoid and w: To(G,L) — B(H) a
faithful x-representation. Restriction defines a one-to-one correspondence between self-
adjoint/positive continuous traces on Ped(C%(G, L)) and self-adjoint /positive traces T
onT'(G, L) which are ||| x-bounded onT'.(G, L)|y for each relatively compact openY C
Go.
Proof: In Proposition 5.3, take A = C%(G,L), Ag = (G, L), and X = C.(G"). Tt
then suffices to show that a tracial functional 7: T'.(G,£) — C is || - ||z-bounded
on T'.(G, L)]y for all relatively compact open Y C G if and only if 7 is || - || .-bounded
on fT.(G,L)f* for all f € C.(GY). If Y C GO is relatively compact and open and
f € C.(G°) is a function which is 1 on Y, then T'.(G, £)|y C fT(G, L) f* and thus the
“if” part follows. Similarly, if f € C.(G°), then supp(f) is contained in a relatively
compact open Y C GY and fT.(G, L) f* C T.(G, L)|y, hence the “only if” part follows.
O

Traces on groupoid C*-algebras arise naturally from invariant real Radon measures
on the unit space. Recall that we let Radg(X) denote the ordered topological vector
space of real Radon measures on the locally compact space X.

Definition 7.3. Let G be an étale groupoid. A real Radon measure p on GY is G-
invariant if for every open bisection U C G and every f € C.(r(U)) we have

fdp= foaydpy,
r(U) s(U)
where ay: s(U) — r(U) is the homeomorphism sending s(g) to r(g) for each g € U.
We note that this formula clearly extends to every f € L' (r(U), ).
We let Rad]l%(go) denote the ordered topological vector space of real G-invariant
Radon measures with the weak*-topology coming from C,(G°).

Recall that Cy(G°) embeds canonically as a C*-subalgebra of C%(G, £) and hence
there is a canonical map Tr(C%:(G, L)) — Tr(Co(G°)) = Radg(G°) given by restric-
tion.

Lemma 7.4. Let (G, L) be a twisted étale groupoid, m: (G, L) — B(H) a faithful
x-representation, and let T € Tr(C%(G, L)) be a trace. Then, the Radon measure on G°
obtained by restriction of T to C,(G°) is G-invariant.

Proof: Let U C G be an open bisection and let f € C.(r(U)). To show that 7(f) =
7(f o ay), we may without loss of generality assume that U is relatively compact
so that 7 is bounded on C.(r(U) U s(U)). Viewing I'o(U, L) as a full left Hilbert
Co(r(U))-module, we may for any € > 0 find finitely many k;, h; € T'.(U, £) such that
| f = >, ki * hi|| < e. For g € U we compute®

D (k7 k)(s(9) = D hilg™) - kilg) = 3 kalg) - hilg™h) = 3 (ki + 1)) (r(9))

and therefore || f o ay — ), h! * k;|| < e. Since € > 0 was arbitrary and 7 is bounded
on C.(r(U) U s(U)), we conclude that 7(f) = 7(f o ap). O

8For a € Ly and b € Eg71 the elements a - b and b - a represent the same complex number because
if b = Aa*, then both are \|al|.
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For Hausdorff groupoids we have a canonical conditional expectation E: C%(G, L) —
Co(G°) extending the map I'.(G, £) — C.(GY) given by f + f|go. This is often used to
induce bounded traces on C% (G, £) coming from bounded G-invariant measures on G°.
However, E does not map Ped(C%(G, £)) into C.(G%) = Ped(Cy(G°)) in general, so
this approach cannot a priori be generalised to unbounded traces.

For instance, if (Cy(G°), Cx(G, L)) = (Co(N), K(¢£?(N))) with standard matrix units

ejk € K(3(N)), then the rank one projection p = > _, J\ﬁ e;k is in Ped(K(£2(N)))

(since it is finite rank), but E(p)= Z;o 1 ]\/; e;.; € Co(N), which does not have compact
support.

However, G-invariant Radon measures do nonetheless give rise to traces on CX(G, £)
even when G is not Hausdorf.

Corollary 7.5. Let (G, L) be a twisted étale groupoid and let w: T.(G, L) — B(H) be a
x-representation which weakly contains the reqular representation A. FEvery G-invari-
ant real (resp. positive) Radon measure p on GO induces a self-adjoint (resp. positive)
continuous trace 1, on Ped(C%(G, L)) which is uniquely determined by

= [ Slordn. for f €T, £).

Moreover, if G is principal, then every self-adjoint (resp. positive) continuous trace

on Ped(CL(G, L)) is of this form.
Proof: We first define 7, only for f € I'x(G, L) by

/ flgo dp.

To check that 7, is tracial on I'.(G, £), it suffices to consider a,b € I'.(G, £) supported
on open bisections U,V C G respectively. The open bisection W = U N V™! has
range (W) = UV NG and source s(W) = VU NGY, and so ab|go € L*(r(W), u) and
ba|go € L' (s(W), 1).? For g € W we compute

ab(r(g)) = a(g) - blg™") = b(g™") - alg) = ba(s(9))
and thus ab|go = ba|go o ayr. The G-invariance of p then implies that 7,(ab) = 7, (ba).
For any relatively compact open Y C G° and any f € I'.(G, £)|y, we have

1T (A < I flgolloolul (V) < AN (YY) < 1 ll2 ]l (Y),

and so by Proposition 7.2 7, extends uniquely to a continuous trace on Ped(C% (G, £)).

Now suppose G is principal and let 7 € Tr(C%(G, £)). Then the composition of T
with the inclusion C.(G") < I'.(G, L) defines a G-invariant Radon measure p on G°
by Lemma 7.4. By principality we may cover G with open bisections U C G such
that either U C G° or r(U) N s(U) = (. Thus, by Proposition 7.2, to check 7 =
7, it suffices by linearity to check that 7(f) = 7,(f) for any f € I'c(G, L) whose
support is contained in such a bisection U. This is immediate for U C G°. If instead
r({U)Ns(U) = 0, take h € C.(GY), which is 1 on s(supp(f)) and 0 on r(supp(f)).
Then fxh=fand hx f=0so0 7(f) =0=7,(f). O

Definition 7.6. Let (G, L) be a twisted étale groupoid and let m: T'.(G, L) — B(H)
be a *-representation which weakly contains A\. We let T (C%(G, £)) € Tr(C%(G, L))
denote the subspace of traces induced by real G-invariant Radon measures on G°.

91f G is Hausdorff, then these are moreover compactly supported continuous functions.
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Remark 7.7. If G is non-Hausdorff, the induced traces on C} (G, £) may not be com-
patible with the quotient C} (G, L) of C5(G, L) known as the essential C*-algebra
(see [17] for details).

For example, if G is the “interval with two origins”, which has unit space [0, 1]
and only one non-trivial arrow g = ¢g~% with s(g) = r(g) = 0, the essential C*-al-
gebra is simply C([0,1]). The reduced algebra C%(G) is isomorphic to C & C([0,1])
with C(G°%) = C([0,1]) sitting inside C & C([0,1]) as the subalgebra {(f(0), f) :
f € C(0,1]))}. When p is the point mass at the origin, the induced trace on C%(G)
is 7,(z, f) = (2 + f(0)) for z € C and f € C([0,1]).

For Hausdorff groupoids we can describe the structure of 7§ (C%(G, £)) more pre-
cisely. The following lemma, which makes use of the canonical conditional expectation,
is the key.

Lemma 7.8. Let (G, L) be a twisted Hausdorff étale groupoid with a x-representa-
tion m: T'o(G, L) — B(H) which weakly contains the regular representation A, and
let a € Ped(C:(G,L))+. Then there exists a positive element f € C.(G°) such that
Tu(a) = fgo fdu for every G-invariant real Radon measure pu on G°.

Proof: As C.(G) generates C: (G, £) as a two-sided closed ideal, we may by Lemma 5.2
findmeN, g1,...,9m €C:(G®),and c1, . . ., ¢,y € CE(G, L) such that a:Z;n:l cigrgic;-
By considering each term in this sum individually, we may assume without loss of
generality that a = ¢*g*gc for some g € C.(G°) and ¢ € C%(G, L).

Let (hy)n be a sequence in I'.(G, £) converging to c. Let E: C5(G, L) — Co(G°)
be the conditional expectation which extends the restriction map I'.(G, £) — C.(G°),
f > flgo. Define f := gE(cc*)g* € C.(G°). Since E is a bounded Cy(G")-bimodule
map, we have

lim(ghnhy,g%)|ge = lim E(ghnh;g") = E(gec™g") = gE(cc™)g" = f.

Now, let 1 € Rad(G°). As 7, is continuous, and therefore bounded on gCx (G, £)g*,
we have (by the dominated convergence theorem?!?)

Tu(a) = 7,(gec’g*) = hTILnTM(ghnhzg*) = liTILn /gO (ghnhlg)|go dpu = /go fdp. O

Corollary 7.9. Let (G, L) be a twisted Hausdorff étale groupoid and let w: T.(G, L) —
B(H) be a x-representation which weakly contains the regular representation A. Then
the map Radg(G°) — T (CL(G, L)) is an isomorphism of ordered topological vector
spaces.

In particular, for any principal twisted étale groupoid (G,L) with a x-representation w
weakly containing the regular representation A, the restriction map Tr(CL(G, L)) —
Radﬂg(go) 18 an isomorphism of ordered topological vector spaces.

Proof: The map is surjective by definition, and injective since 7,,|¢_(goy = p. The pos-
itive cones are obviously preserved, and the map is a homeomorphism by Lemma 7.8.

The final part follows from Corollary 7.5 since principal groupoids are automatically
Hausdorff.!! O

100ne writes p as a linear combination of positive Radon measures and uses that (ghnh}g*)|go is
bounded by the function sup, cy [|hn||?gg* which is in Cc(G°) and is therefore integrable for all
positive Radon measures on Ggo.

1f g1,92 € G are distinct, principality implies that either s(g1) # s(g2) or 7(g91) # r(g2), after
which the Hausdorffness of GO can be used to separate g1 and g2 by open sets in G.
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