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QUANTUM METRIC CHOQUET SIMPLICES

Bhishan Jacelon

Abstract: Precipitating a notion emerging from recent research, we formalise the study of a special
class of compact quantum metric spaces. Abstractly, the additional requirement we impose on the

underlying order unit spaces is the Riesz interpolation property. In practice, this means that a
‘quantum metric Choquet simplex’ arises as a unital C∗-algebra A whose trace space is equipped

with a metric inducing the w∗-topology, such that tracially Lipschitz elements are dense in A.

This added structure is designed for measuring distances in and around the category of stably finite
classifiable C∗-algebras, and in particular for witnessing metric and statistical properties of the space

of approximate unitary equivalence classes of unital embeddings of A into a stably finite classifiable

C∗-algebra B. As for examples, we recall the construction of classifiable C∗-algebraic quantum metric
Bauer simplices that function as noncommutative spaces of observables of compact connected metric

spaces (X, ρ). We also explain how to build non-Bauer examples by forming ‘tracial quantum crossed

products’ associated with topological dynamical systems on (X, ρ), and we use classification to show
that continuous fields of quantum spaces are obtained by continuously varying either the dynamics

or the metric. In the case of deformed isometric actions, we show that equivariant Gromov–Hausdorff

continuity implies fibrewise continuity of the quantum structures with respect to Rieffel’s quantum
Gromov–Hausdorff distance. As an example, we present a field of deformed tracial rotation algebras

whose fibres are continuous with respect to a quasimetric that we call the quantum intertwining gap.
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1. Introduction

The purpose of this paper is an abstraction of the metric structure found in cer-
tain model C∗-algebras that has been used in recent analysis of morphisms into the
category of classifiable C∗-algebras [42, 41, 40]. Here, ‘classifiable’ means via the
Elliott invariant, and we frequently use this term as an abbreviation for ‘simple,
separable, nuclear, Z-stable, and satisfying the universal coefficient theorem (UCT)’
(see [33, 34, 23, 31, 32, 25] and also [12]). The Elliott invariant Ell consists of
K-theory, traces and the pairing between them, and we will make liberal use of it and
its components throughout the article. This should not deter nonexperts, however, as
our practical use of classification theory does not require familiarity with the intricate
inner workings of its anatomy.

The metric structure in question is extraneous to what is guaranteed by C∗-al-
gebraic axioms, and the framework for our analysis is Rieffel’s notion of a compact
quantum metric space [66]. Abstractly, we additionally require the Riesz interpolation
property (as well as completeness). In the C∗-algebraic setting, this means that our
function space is not the self-adjoint part Asa of a C∗-algebra A but rather its Cuntz–
Pedersen quotient Aq, and in practice this means that we are interested in metrics
inducing the w∗-topology on the trace space T (A), rather than the state space S(A)
(see Theorem 2.9). A suitable nucleus Dr(A) of tracially Lipschitz elements (see The-
orem 2.12) then provides a basis for distance measurement (as in Subsection 2.4.1,
Example 5.4, and [42, 41]) or the observation of statistical properties of tracial dy-
namics (as in Subsection 2.4.2, Subsection 4.3, and [40]).
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Our base of examples comes from [40, Theorem 4.4 and Remark 4.5], restated
here for convenience. Quantum metric Bauer simplices are special quantum metric
Choquet simplices for which the metric on the trace space has been induced in a
canonical way from a metric on the compact boundary (see Definition 2.13).

Theorem ([40]). For every compact metric space (X, ρ), there is a C∗-algebraic
quantum metric Bauer simplex (AX , Lρ) such that AX is unital and classifiable with
extreme tracial boundary ∂e(T (AX)) homeomorphic to X, and such that the semi-
norm Lρ induces the metric ρ. If X is connected, then AX can be chosen to be
K-connected, and if moreover X is a Riemannian manifold with ρ the associated
intrinsic metric, then AX can be chosen to be projectionless.

The projectionless models associated with Riemannian manifolds are denoted
by ZX , because we consider them to be tracially higher-dimensional analogues of the
Jiang–Su algebra Z within the category of classifiable quantum metric Bauer simplices
(built as they are out of generalised dimension drop algebras over the space X). These
structures are of particular interest because, to the extent that projections represent
obstacles, there is maximal opportunity for a rich space of embeddings into a given
classifiable C∗-algebra B.

Our interpretation of the above theorem, and the overarching viewpoint of the
article, is that the C∗-algebra AX serves as a noncommutative space of observables
of the metric space (X, ρ). In Rieffel’s work, ‘quantum’ is used to describe exactly
this sort of situation in which order unit spaces (for us, AqX) observe their state
spaces (for us, T (AX)). Rieffel opts for ‘quantum’ over ‘noncommutative’ because
the multiplicative structure of the ambient C∗-algebra a priori plays no role in sta-
tial observation. But through classification ([12]), the C∗-algebraic structure does
come into play: topological dynamical systems (X,h) can be lifted to C∗-dynamical
systems (AX , αh) whenever AX is classifiable and K-connected, which is our replace-
ment for what is referred to in [40, Definition 3.3] as having trivial tracial pairing.
Its definition is that the ordered K0-group of the minimal unitisation should admit
a unique state. We think of this as a connectedness condition since an abelian C∗-
algebra C0(X) is K-connected precisely when X ∪ {∞} is connected. This property
allows for the tracial and K-theoretic parts of the classifying invariant to be ma-
nipulated independently: any continuous affine map T (A) ! T (A) is automatically
compatible with any morphism K∗(A) ! K∗(A), so together they provide a mor-
phism Ell(A)! Ell(A) that can then be lifted via classification to an endomorphism
of A [12, Corollary C].

Throughout the article, our use of the word ‘quantum’ is in keeping with Rieffel’s
(rather than having anything to do with quantum physics or quantum groups). To
emphasise that our observations are specifically made via the evaluation map A !
Aff(T (A)), we may also include the word ‘tracial’. So, a tracial quantum system
associated with a topological dynamical system (X,h) means a C∗-dynamical sys-
tem (AX , αh), where AX is a C∗-algebra with ∂e(T (AX)) ∼= X (not necessarily one
of the classifiable models AX) and αh : AX ! AX is a ∗-homomorphism such that
T (αh)|∂e(T (AX)) = h. By a tracial quantum crossed product associated with (X,h) we
mean that the crossed product C(X)oh∗ N that one classically attaches to (X,h) has
been replaced by AX oαh N (see Definition 4.1, as well as Remark 4.5, Theorem 4.6,
and Example 5.9, which consider group actions G! Aut(C(X)) beyond G = Z).

In C∗-algebraic analyses of topological dynamical systems (X,h), properties like
minimality and freeness of h are used to regulate the structure of the crossed prod-
uct C(X)oh∗N. In the present work, as in [40], we replace such topological hypotheses
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with finite Rokhlin dimension, which is a regularity property of the noncommutative
system αh : AX ! AX that is in fact generic whenever AX is classifiable (see [39, 73]
and also [40, Definition 4.6, Lemma 4.7]). With this extra ingredient in place, much
can be said about the structure of AX oαh N. In particular, AX oαh N is itself clas-
sifiable with T (AX oαh N) ∼=M1

+(X)h, the simplex of h-invariant Borel probability
measures on X, and if AX is equipped with C∗-algebraic quantum metric Bauer struc-
ture associated with the metric space (X, ρ), then Aoαh N becomes in a natural way
a quantum metric Choquet simplex in its own right (see Proposition 4.8).

Inspired by [45], one of our main tasks is to analyse the variation of this inher-
ited structure as we continuously deform either the metric ρ on X (Theorem 5.2) or
the dynamics (X,h) (Theorem 5.7). A consequence of [13] is that the varying struc-
tures (AXoαhθ N)θ∈Θ can be assembled into continuous fields of quantum spaces (see

Definition 5.1).

Theorem A. Let (X, ρ) be a compact, connected metric space, Θ a compact metris-
able space, and (hθ)θ∈Θ a family of uniformly Lipschitz homeomorphisms X ! X
that varies continuously with respect to the equivariant Gromov–Hausdorff topology.
Then, there exists a unital classifiable C∗-algebraic quantum metric Bauer simplex AX
associated with (X, ρ), and a point-norm continuous family of tracial quantum sys-
tems (AX,αθ)θ∈Θ associated with (X,hθ)θ∈Θ, such that ((AXoαθN)θ∈Θ, C(Θ,AX)o{αθ}
N) forms a continuous field of unital classifiable C∗-algebraic quantum metric Cho-
quet simplices whose fibres vary continuously with respect to the quantum Gromov–
Hausdorff distance.

Example 5.8 describes the field of deformed tracial rotation algebras, a special in-
stance of Theorem A in which the quantum intertwining gap γq between the fibres is
also continuous. This variant of Rieffel’s quantum Gromov–Hausdorff distance distq

(see Definition 3.1) is introduced in Definition 3.6 alongside our analysis of the met-
ric space QMCS of isometry classes of quantum metric Choquet simplices and the
subspace QMBS of isometry classes of quantum metric Bauer simplices. (See also
Corollary 3.10, which in the classifiable Bauer setting provides a ‘quantum’ interpre-
tation of γq, that is, a description of γq at the C∗-algebraic level.) Following Rieffel,
we show in Theorem 3.7 and Corollary 3.9 that (QMBS,distq) is complete. The cor-
responding question for QMCS is left open (see Question 3.5).

A well-known deficiency of the distance distq is that it does not capture C∗-alge-
braic data. In particular, while distance zero between C∗-algebraic compact quantum
metric spaces (A,L) and (B,M) necessitates the existence of an order-theoretic iso-
morphism between the self-adjoint parts of A and B, this in general does not imply
that A and B are isomorphic as C∗-algebras. In contrast to earlier works like [47]
and [49], our approach to addressing this discrepancy is to use classification to solve
a K-theoretically ‘localised’ version of the problem (see Corollary 3.10).

Theorem B. Let K denote the set of isometric isomorphism classes of C∗-algebraic
quantum metric Bauer simplices (A,L), where A is a unital, K-connected, classifiable
C∗-algebra, and (A,L) is equivalent to (B,M) if there is a ∗-isomorphism ϕ : A! B
such that M ◦ ϕ = L. Given a countable abelian group G1 and a countable, simple,
weakly unperforated ordered abelian group (G0, G

+
0 ) with distinguished order unit g0 ∈

G+
0 , write G = (G0, G

+
0 , g0, G1) and

KG = {[(A,L)] ∈ K | (K0(A),K0(A)+, [1A],K1(A)) ∼= G}.
Then, for every such G, γq is a quasimetric on KG that is topologically equivalent
to distq.
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We do not always insist on unitality and indeed in Section 4 we sometimes rely on
model C∗-algebras that are stably projectionless, in particular the W-stable algebras
classified in [23] and the Z0-stable algebras classified in [31]. Here, W and Z0 are
stably projectionless analogues of the Cuntz algebras O2 and O∞ respectively (and,
like Z, can also be described as Fräıssé limits – see [43]). Tensorial absorption of W
entails trivial K-theory (which under the UCT is equivalent to ‘KK-contractibil-
ity’) and tensorial absorption of Z0 is a weaker condition that necessitates K-con-
nectedness (which for nonunital C∗-algebras means that K0(A) ⊆ ker ρA, where
ρA : K0(A) ! Aff(T (A)) denotes the pairing map between K-theory and traces).
In this stably projectionless setting, it is possible to compute the Elliott invariant
of AX oαh N and therefore determine its (stable) isomorphism class. Indeed, the
proof of [40, Theorem B] demonstrates that every W-stable classifiable C∗-algebra
is stably isomorphic to a tracial quantum crossed product associated with a minimal
subshift (in fact, an almost 1-1 extension of the dyadic odometer). Essentially the
same argument yields a more general result (see Theorem 4.3).

Theorem C. Every Z0-stable classifiable C∗-algebra is stably isomorphic to a tra-
cial quantum crossed product associated with a minimal homeomorphism of a zero-
dimensional space.

One final comment we should make is on the difference between our quantum
Choquet simplices and the noncommutative Choquet simplices of [46]. This closeness
of terminology was genuinely unintentional, but there is an illuminating explanation
for our progression along a parallel path. The starting point in both cases is the
function system Aff(K) of continuous affine functions on a compact, convex set K.
The framework of [46] is the noncommutative convexity theory developed in [18]
using the language of operator systems. The other available avenue in the separable
setting, the one down which we have followed Rieffel, is to view Aff(K) as a space of
quantum observables of the metric space K. In light of the work developed in [47],
there is likely some scope for a combination of these two approaches.

Ultimately, this article is in support of an earthy philosophy of mathematics. As
pointed out in [65, Proposition 1.1], there are artificial ways of endowing separable
C∗-algebras with Lipschitz seminorms. But the highly structured C∗-algebras that are
the focus of the classification programme are not descended from the heavens. Rather,
they have evolved organically from the ground up into diverse populations (inductive
limits, crossed products, graph algebras, . . . ) whose close relationships sometimes only
become apparent via the deep molecular analysis provided by modern classification
theory [13, 12]. Chances are that when we think of the homeomorphism class of an
interval, we imagine, well, an interval. Or perhaps not. Maybe my interval is a rigid
rod but yours, a vibrating piano string, has time-dependent geometry. And so it is
with a classifiable C∗-algebra. Chances are that you or I may have a favourite model
construction that perhaps in some way is naturally geometric. It is the intention of
this article to provide an abstract framework for remembering these geometric origins
and measuring and comparing their quantum effects.

Organisation. In Section 2, we recall the definition and some features of com-
pact quantum metric spaces, and introduce our main objects of study (see Defini-
tions 2.4, 2.10, and 2.13) and basic examples (see Example 2.15). Then in Section 3,
we investigate the metric space (QMCS,distq) of isometry classes of quantum metric
Choquet simplices equipped with Rieffel’s quantum Gromov–Hausdorff distance (or
the quantum intertwining gap defined in Definition 3.6) and prove Theorem B (see
Corollary 3.10). In Section 4, we study tracial quantum systems (including random
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systems associated with Markov–Feller processes in Subsection 4.3), build new exam-
ples via tracial quantum crossed products (see Corollary 4.10), and prove Theorem C
(see Theorem 4.3). Finally, in Section 5 we analyse the behaviour of our construc-
tions under continuous metric deformation (see Theorem 5.2) or continuous parameter
variation, and present the proof of Theorem A (see Theorem 5.7).

Notation 1.1. We adopt the following notation and terminology throughout the
article.

• The set of nonzero positive integers is denoted by N, and the set N ∪ {0} is
denoted by N0.
• If (E, ‖ · ‖) is a normed space, then for r ≥ 0, Br(E) denotes the ball of radius r

centred at 0, that is,

Br(E) = Br(E, ‖ · ‖) = {x ∈ E | ‖x‖ ≤ r}.

• If A is a C∗-algebra, then Asa denotes the set of self-adjoint elements of A,
A+ denotes its positive cone, and Aut(A) and End(A) denote, respectively, the
spaces of ∗-automorphisms and ∗-endomorphisms of A.
• A tracial state on a C∗-algebraA is a positive, norm-one linear functional τ : A!
C that satisfies the trace identity τ(uau∗) = τ(a) for every a ∈ A and unitary u

in the minimal unitisation Ã of A. We call the collection T (A) of tracial states
on A the trace space of A. It is naturally equipped with the w∗-topology (mean-
ing that τi ! τ if and only if τi(a) ! τ(a) for every a ∈ A). When T (A) is a
Bauer simplex (see Subsection 2.3), α ∈ End(A) is occasionally in this article
called tracially nondegenerate if the induced map T (α) preserves the bound-
ary ∂e(T (A)) (and hence also T (A) itself).
• A C∗-algebra A is said to be classifiable if it is simple, separable, nuclear,
Z-stable, and satisfies the UCT.
• A stably finite C∗-algebra A is said to be K-connected if the ordered K0-group

of the minimal unitisation of A admits a unique state.
• For a compact Hausdorff space X, we identify T (C(X)) with the spaceM1

+(X)
of Borel probability measures on X. Given µ ∈ M1

+(X) and a continuous
map h : X ! X, h∗µ denotes the pushforward measure µ ◦ h−1.
• Given a metric ρ on X, Lip1(X, ρ) denotes the 1-Lipschitz functions X ! R,

that is,

Lip1(X, ρ) = {f : X −! R | |f(x)− f(y)| ≤ ρ(x, y) for every x, y ∈ X}.

The radius of (X, ρ) is r(X,ρ) = maxx,y∈X
ρ(x,y)

2 . For Y ⊆ X, Yε denotes its
ε-neighbourhood, that is, Yε =

⋃
x∈Y Bε(x), where Bε(x) is the open ball of

radius ε centred at x ∈ X.
• If K is a compact, convex subset of a (real) topological vector space, then

Aff(K) denotes the space of continuous affine maps K ! R (where ‘affine’
means that finite convex combinations are preserved). When K = T (A) and
a ∈ A, â denotes the element τ 7! τ(a) of Aff(T (A)).
• If A and B are unital C∗-algebras, then Emb1(A,B) denotes the set of unital

embeddings (that is, injective ∗-homomorphisms) A! B.
• If γ is an action of a group G on a set S, then Sγ denotes the set of elements

of S that are fixed by γ(g) for every g ∈ G. If γ is some induced action α∗ (for
example, the action on T (A) induced by an automorphism of A), then we will
simply write Sα rather than Sα

∗
.
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• The initialisms CQMS, QMCS, and QMBS stand for, respectively, ‘compact
quantum metric space’, ‘quantum metric Choquet simplex’, and ‘quantum met-
ric Bauer simplex’. When one of these is adorned with the prefix ‘C∗’, this
indicates that the origin of the underlying order unit space is Asa for some
C∗-algebra A.
• If (E,L) is a CQMS, then rE = r(E,L) denotes the radius of its state space

S(E) = {positive unital linear maps E −! R}

when equipped with the induced metric ρL (see (2.2)).

2. Quantum spaces

In this section, we recall the definition of a compact quantum metric space and
introduce quantum metric Choquet simplices.

2.1. Compact quantum metric spaces.

Definition 2.1. An order unit space consists of a pair (E, e), where E is a real
ordered vector space and e is an order unit (that is, for every x ∈ E there exists r ∈ R
with x ≤ re) such that the Archimedean property holds: if x ≤ re for every r ∈ R+,
then x ≤ 0. The associated norm on E is

(2.1) ‖x‖ = inf{r > 0 | −re ≤ x ≤ re}.

We refer to (E, e) as a complete order unit space if E is complete with respect to the
norm (2.1).

The example to bear in mind is the self-adjoint part Asa of a unital C∗-algebra A,
with order unit e = 1A and the usual order and norm.

Definition 2.2. A compact quantum metric space (CQMS) is an order unit space (E,e)
equipped with a Lip-norm L, that is, a seminorm E ! [0,∞] such that:

(1) kerL = Re;
(2) the topology on the state space S(E) induced by the metric

(2.2) ρL(σ, τ) = sup{|σ(x)− τ(x)| | x ∈ E, L(x) ≤ 1}

is the w∗-topology.

Remark 2.3. One difference between Definition 2.2 and Rieffel’s definition [66, Defi-
nition 2.2] of a compact quantum metric space is that in [66] the Lip-norms take finite
values. Certain properties (in particular, the notion of an isometry between spaces
– see Section 3) are then phrased in terms of the norm completion E of E, on which
one defines the closure Lc of L as

(2.3) Lc(y) = inf
{

lim inf
n!∞

L(xn) | xn ∈ E, xn −! y
}
.

Closed compact quantum metric spaces, that is, those for which L = Lc, are then of
particular interest. Since our examples are naturally associated with complete order
unit spaces, we follow [47] and allow Lip-norms to take the value +∞. In this setting,
the closure operation replaces L with the largest lower semicontinuous Lip-norm that
it dominates. This does not affect the induced metric on the state space (see [64,
Theorem 4.2]).

A second point of divergence between the present treatment and [66] is that lower
semicontinuity is a natural feature of all of our Lip-norms. In fact, the starting point
of constructions like Example 2.15, Proposition 4.8, Theorem 5.2, and Theorem 5.7
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is a metric ρ inducing the w∗-topology on the state space S(E) of a closed order unit
space E, with L = Lρ then defined as

(2.4) Lρ(x) = sup

{
|σ(x)− τ(x)|

ρ(σ, τ)
| σ 6= τ ∈ S(E)

}
.

This formula exhibits L as the pointwise supremum of continuous functions, which
implies that L is lower semicontinuous. By [51, Proposition 3.1] (which is based on
[64, Section 9]), the maps L 7! ρL and ρ 7! Lρ defined by (2.2) and (2.4) are inverse
bijections between the set of lower semicontinuous Lip-norms on E and the set of
metrics ρ inducing the w∗-topology on S(E) that are convex, that is, satisfy

(2.5) ρ

(
n∑
i=1

λiσi,

n∑
i=1

λiτi

)
≤

n∑
i=1

λiρ(σi, τi)

for every n ∈ N, σ1, . . . , σn, τ1, . . . , τn ∈ S(E), and λ1, . . . , λn ∈ [0, 1] with
∑n
i=1 λi =

1, and are also midpoint-balanced, meaning that

(2.6)
σ1 + τ2

2
=
σ2 + τ1

2
=⇒ ρ(σ1, τ1) = ρ(σ2, τ2)

for every σ1, σ2, τ1, τ2 ∈ S(E). (Without assuming lower semicontinuity, we have
LρL = Lc; see [64, Theorem 4.2].) In particular, if the starting metric ρ has these
properties, then ρLρ = ρ, so ρLρ does indeed induce the w∗-topology on S(E) and
therefore (E,Lρ) is a compact quantum metric space. All in all, when we adapt Def-
inition 2.2 to the tracial setting (Definition 2.4), we will add lower semicontinuity to
the list of hypotheses.

2.2. Quantum metric Choquet simplices. The key property exhibited by the
compact quantum metric spaces (E,L) of interest to us is Riesz interpolation, which
we recall means that, whenever x1, x2, y1, y2 are elements of E with xi ≤ yj for i, j ∈
{1, 2}, there exists z ∈ E such that x1, x2 ≤ z ≤ y1, y2.

Definition 2.4. A quantum metric Choquet simplex (QMCS) is a compact quan-
tum metric space (E,L) that is norm-complete and satisfies the Riesz interpolation
property, and such that L is lower semicontinuous and densely finite.

To explain our choice of terminology in Definition 2.4, we first recall the following.

Definition 2.5.

(1) A metrisable Choquet simplex is a compact, convex subset ∆ of a separable,
Hausdorff locally convex space whose associated cone is a lattice. Equivalently
(see, for example, [1, Theorem II.3.6] or [59, Chapter 10]), every point x ∈ ∆ is
represented by a unique Borel probability measure µx supported on the extremal
boundary ∂e∆ of ∆ (which in the metrisable setting is Borel), that is, µx is the
unique measure on ∆ with µx(∆ \ ∂e∆) = 0 such that

f(x) =

∫
∂e∆

f dµx for every f ∈ Aff(∆).

(2) Two elements a and b of the positive cone A+ of a C∗-algebra A are Cuntz–
Pedersen equivalent, written a ∼cp b, if there is a sequence (xn)n∈N in A such
that a =

∑
n∈N x

∗
nxn and b =

∑
n∈N xnx

∗
n. Equivalently, a ∼cp b if and only

if τ(a) = τ(b) for every lower semicontinuous trace τ on A, that is, for every
lower semicontinuous, positive-linear map τ : A+ ! [0,∞] satisfying the trace
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identity τ(x∗x) = τ(xx∗). (This was proved in [17, Theorem 7.5] assuming
simplicity of A, and in full generality in [68].) The set

A0 = {a− b | a, b ∈ A+, a ∼cp b}
is a closed subspace of Asa, and the dual of the quotient Aq = Asa/A0 is
isometrically isomorphic to the set of bounded tracial self-adjoint functionals
on A (see [17, Propositions 2.7, 2.8]). If A is algebraically simple (in particular,
if A is simple and unital) and a, b ∈ A+, then a ∼cp b if and only if a− b ∈ A0

(see [17, Theorem 5.2], and note that the example of the compact operators
demonstrates that this is not true in general).

Since A0 is an order ideal of Asa (that is, if a, b ∈ A0 and c ∈ Asa satisfy
a ≤ c ≤ b, then c ∈ A0), Aq is an ordered vector space when equipped with
the quotient ordering (see [1, Proposition II.1.1]), which means that its positive
cone is defined to be Aq+ = q(A+), where q : Asa ! Aq denotes the quotient
map.

Definition 2.6. We say that Aq is tracially ordered if T (A) 6= ∅ and

Aq+ = {a+A0 | a ∈ Asa, τ(a) ≥ 0 for every τ ∈ T (A)}.

Recall that a unital C∗-algebra A has continuous trace if, for every a ∈ A, the

function π 7! Tr(π(a)) is finite and continuous on the spectrum Â of A (see [20,
Définition 4.5.2]). Here, Tr denotes the trace on B(H) and part of the definition is

that π(a) is a trace-class operator for every π ∈ Â. In fact, by [20, Proposition 4.5.3],
A is liminal (that is, every irreducible representation is contained in the compact
operators) and its spectrum is Hausdorff. By [20, Théorème 10.5.4], A is isomorphic
to the C∗-algebra of sections of the associated continuous field of matrix algebras

over X := Â. We let λA denote the corresponding multiplier map from C(X) to the
centre of the multiplier algebra M(A) ∼= A. Fibrewise, λA(f)(x) = f(x) · 1nx , where
nx is the size of the matrix fibre at x ∈ X.

Proposition 2.7. Let A be a C∗-algebra with T (A) 6= ∅. Suppose that either

(i) A is algebraically simple, or
(ii) A is a unital continuous-trace C∗-algebra such that the multiplier map λA in-

duces an affine homeomorphism T (A) ∼= T (C(X)) (equivalently, every τ ∈ T (A)
is of the form τ(a) =

∫
X

Tr(a(x)) dµ(x) for some µ ∈ M1
+(X), where a(x) de-

notes the image of a ∈ A in the fibre Ax at x ∈ X := Â).

Then, Aq is tracially ordered.

Proof: For (i), see [17, Corollary 6.4]. For (ii), let a ∈ Asa such that τ(a) ≥ 0 for
every τ ∈ T (A). Equivalently, â(x) := Tr(a(x)) ≥ 0 for every x ∈ X. Let b = λA(â) ∈
A+. Then, for every τ =

∫
X

(·) dµ ∈ T (A) we have

τ(b) =

∫
X

Tr(b(x)) dµ(x) =

∫
X

Tr(â(x) · 1) dµ(x) =

∫
X

â(x) dµ(x) = τ(a).

It follows that a ∼cp b and, since b ≥ 0, that a+A0 = b+A0 ∈ Aq+.

Note that T (A) 6= ∅ holds for unital, exact, stably finite A (see [71, Theorem 1.1.4]),
condition (i) of Proposition 2.7 holds if A is simple and unital, and condition (ii) is
satisfied by, for example, the dimension drop algebras that are the building blocks of
the Jiang–Su algebra (see [44] and also Example 2.15 below).

Proposition 2.8. Let A be a unital C∗-algebra such that Aq+ is tracially ordered.
Then, (Aq, q(1)) is a complete order unit space and the induced order unit norm
on Aq agrees with the quotient norm.
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Proof: To show that (Aq, e) is an order unit space (where e = q(1)), we just have
to verify the Archimedean property. But if x is an element of Aq such that x ≤ re
for every r > 0, then τ(x) ≤ 0 for every τ ∈ T (A), so by the assumption that Aq is
tracially ordered, we must have x ≤ 0.

To prove that the order unit norm ‖ · ‖0 agrees with the quotient norm ‖ · ‖q,
we must show that ‖q(a)‖q ≤ ‖q(a)‖0 for every a ∈ Asa (the reverse inequality
being automatic – see [1, Proposition II.1.6]). Suppose that ‖q(a)‖0 ≤ r, that is,
−re ≤ q(a) ≤ re. Then, supτ∈T (A) |τ(a)| ≤ r and so for any ε > 0 there exists b∈Asa
such that a + A0 = b + A0 and ‖b‖ < r + ε (see [12, Proposition 2.1]). This implies
that ‖q(a)‖q = inf{‖a− c‖ | c ∈ A0} ≤ r, and therefore that ‖q(a)‖q ≤ ‖q(a)‖0.

Finally, we are in a position to justify our terminology.

Theorem 2.9. The following are equivalent for a complete order unit space E:

(i) E is separable and has the Riesz interpolation property.
(ii) E is isomorphic to Aff(∆) for some metrisable Choquet simplex ∆.
(iii) E is isomorphic to the Cuntz–Pedersen quotient Aq for some separable, unital

C∗-algebra A such that Aq is tracially ordered.

Proof: For the equivalence of (i) and (ii), see [1, Corollary II.3.11]. To complete the
proof of the theorem, we will show that (ii) is equivalent to (iii).

First, suppose that (iii) holds. By Proposition 2.8, Aq is a complete order unit
space when equipped with the quotient ordering, and the order unit norm is equal
to the quotient norm. By [17, Propositions 2.7, 2.8], the dual of Aq is isometrically
isomorphic to the Banach space of tracial bounded linear functions on A. Under this
isomorphism, the state space of the order unit space Aq (that is, the set of unital
bounded linear functionals ϕ : Aq ! R with ‖ϕ‖ = 1) corresponds to the set T (A) of
tracial states on A. By Kadison’s representation theorem [1, Theorem II.1.8], Aq is
therefore isomorphic as an order unit space to Aff(T (A)) (which is equipped with the
ordinary ordering: f ≥ 0 if and only if f(τ) ≥ 0 for every τ ∈ T (A)). Since T (A) is a
metrisable Choquet simplex (see [74] or [58, Theorem 3.1]), this gives us (ii).

Suppose conversely that (ii) holds. Let A be a simple, separable, unital C∗-algebra
such that the metrisable Choquet simplex ∆ is affinely homeomorphic to T (A). (Can-
didates for A exist within various classes of interest to the Elliott classification pro-
gramme; see, for example, [8, Theorem 3.10], [75, Theorem 3.9], [44, Theorem 4.5],
and [33, Theorem 14.10].) Since Aq is tracially ordered (by Proposition 2.7(i)), it fol-
lows exactly as above that Aq is isomorphic as an order unit space to Aff(∆), which
by assumption is isomorphic to E, so we have (iii).

In light of Theorem 2.9(iii), we do not lose any generality in restricting attention
from general order unit spaces to C∗-algebras, and indeed this is our primary source
of examples. We formalise this as follows (cf. [52, Definition 2.3]).

Definition 2.10. A C∗-algebraic quantum metric Choquet simplex (C∗-QMCS) is a
separable, unital C∗-algebra A equipped with a seminorm L : A! [0,∞] such that:

(1) Aq is tracially ordered;
(2) L is self-adjoint (that is, L(a∗) = L(a) for every a ∈ A), lower semicontinuous,

and densely finite;
(3) kerL = spanC({1} ∪A0);
(4) the metric defined by

ρL(σ, τ) = sup{|σ(a)− τ(a)| | a ∈ Asa, L(a) ≤ 1}
induces the w∗-topology on T (A).
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Remark 2.11. There are some practical aspects of Definition 2.10 that are worth
commenting on.

(1) By Proposition 2.8, Aq is a complete order unit space when equipped with the
quotient ordering and norm. The assumptions of lower semicontinuity of L and
density of E = L−1([0,∞)) as a subset of Asa moreover ensure that E/A0 is a
closed compact quantum metric space in the sense of Rieffel (see Definition 2.2
and Remark 2.3) whose norm completion is Aq. Going forward, this will help us
to transfer the theory and structure of compact quantum metric spaces to the
setting of tracial C∗-algebras (see, for example, Theorem 2.12).

(2) Occasionally, for example in Section 4, it is useful to allow for nonunital C∗-alge-
bras A. Of particular interest to us are certain stably projectionless classifiable
C∗-algebras, namely the Z0-stable ones mentioned in Section 1 and discussed
further in Subsection 4.1. In general, such an A can admit unbounded traces.
This is not an issue in Section 4 because we will use C∗-algebras A that have
‘continuous scale’ in the sense of [24, Section 5], which is a property that for
simple, Z-stable C∗-algebras A is equivalent to algebraic simplicity of A and
compactness of T (A) (see [24, Theorem 5.3]). In particular, for such an A, all
traces are bounded (because A coincides with its Pedersen ideal) and Aq still
has the structure of a complete order unit space isomorphic to Aff(T (A)). Note
in particular that, as in [54, Theorem 9.3], there is a positive element e ∈ A
with τ(e) = 1 for every τ ∈ T (A), and then q(e) serves as an order unit. In these
well-behaved cases, we say that (A,L) is a nonunital C∗-QMCS if L : A! [0,∞]
is a seminorm satisfying the requirements of Definition 2.10 with the unit of A
replaced by such an e.

The following version of [51, Lemma 4.1] provides a basis for metric analysis in
the set Emb1(A,B) of unital embeddings of a quantum metric Choquet simplex A
into unital C∗-algebras B (or rather, in the set of approximate unitary equivalence
classes Emb1(A,B)/ ∼au).

Theorem 2.12. Let (A,L) be a C∗-algebraic quantum metric Choquet simplex. Then,
for every r ≥ r(A,L), there exists a compact set Dr(A) ⊆ Asa such that

q(Dr(A)) = {x ∈ Aq | L(x) ≤ 1, ‖x‖ ≤ r}

and

(2.7) Dr(A) + R1 +A0 = {a ∈ Asa | L(a) ≤ 1}.

We call such a set Dr(A) a nucleus of (A,L).

Proof: The Bartle–Graves theorem (noted by Michael as a corollary to [56, Theo-
rem 3.2”]) says that every continuous linear surjection between Banach spaces admits
a continuous right inverse. Applying this to the quotient map q : Asa ! Aq, there is
a continuous function f : Aq ! Asa such that f(x) ∈ q−1(x) for every x ∈ Aq. Let
r ≥ r(A,L) := 1

2 max{ρL(σ, τ) | σ, τ ∈ T (A)}. By [51, Proposition 2.3] (a restatement
of [63, Theorem 1.9]), the set Dqr(A) := {x ∈ Aq | L(x) ≤ 1, ‖x‖q ≤ r} is totally
bounded, hence compact by completeness of Aq, and moreover

Dqr(A) + Rq(1) = {q(a) | a ∈ Asa, L(a) ≤ 1}.

The image f(Dqr(A)) of Dqr(A) under Michael’s selection is the stipulated compact
set Dr(A).
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2.3. Quantum metric Bauer simplices. The classical example of a compact
quantum metric space (and indeed a quantum metric Choquet simplex) is the commu-
tative one. If (X, ρ) is a compact metric space, then the associated Lipschitz seminorm

Lρ(f) = sup

{
|f(x)− f(y)|

ρ(x, y)
| x 6= y ∈ X

}
is a Lip-norm on C(X)sa, and (C(X), Lρ) is a C∗-QMCS.

One special feature of this example is that the trace space is a Bauer simplex, that
is, a Choquet simplex ∆ whose boundary X = ∂e∆ is compact. In this situation,
the map that sends a point τ to its representing measure µτ is an affine homeomor-
phism from ∆ to M1

+(∂e∆) (see Subsection 2.2 and [1, Theorem II.4.1]). In fact,
for E = C(X)sa and ∆ = S(E), this map is an isometry between (S(E), ρLρ) and

(M1
+(∂eS(E)),Wρ), where ρLρ is defined by (2.2), that is,

ρLρ(σ, τ) = sup{|σ(x)− τ(x)| | x ∈ E, Lρ(x) ≤ 1}

and Wρ is the Wasserstein (or Monge–Kantorovich or Kantorovich–Rubinstein) met-
ric

(2.8) Wρ(µ, ν) = sup

{∣∣∣∣∫
X

f dµ−
∫
X

f dν

∣∣∣∣ | f ∈ Lip1(X, ρ)

}
associated with ρ. As this sort of structure is also the basis for many of our noncom-
mutative examples, we formalise it as follows.

Definition 2.13. A quantum metric Bauer simplex (QMBS) is a quantum metric
Choquet simplex (E,L) whose state space S(E) is a Bauer simplex with

(2.9) ρL(σ, τ) = WρL(µσ, µτ ) for every σ, τ ∈ S(E).

A C∗-algebraic quantum metric Bauer simplex (C∗-QMBS) is a C∗-algebraic quantum
metric Choquet simplex A such that T (A) is a Bauer simplex and such that (2.9) holds
in T (A).

Proposition 2.14. Let E be a separable, complete order unit space and L : E !
[0,∞] a densely finite, lower semicontinuous Lip-norm. Then, (E,L) is a quantum
metric Bauer simplex if and only if

(i) E is a vector lattice and

(ii) every Lipschitz function f from (∂e(S(E)), ρL) to R admits a (unique) continu-
ous affine extension to (S(E), ρL) without increase of uniform norm or Lipschitz
seminorm.

In this case,

(2.10) L(x) = LρL(x̂|∂eS(E)) for every x ∈ E,

where x̂ ∈ Aff(S(E)) denotes the function σ 7! σ(x).

Proof: By [1, Theorem II.4.1], the compact, convex set S(E) is a Bauer simplex if and
only if Aff(S(E)), which by Kadison’s representation theorem [1, Theorem II.1.8] is
isomorphic to E, is a lattice in the usual ordering. In this case, every continuous func-
tion f : ∂e(S(E)) ! R uniquely extends affinely and continuously to S(E) via τ 7!∫
∂e(S(E))

f dµτ (see [1, Proposition II.3.13]). This extension f̃ has the same uniform
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norm as f (already noted in [1, Proposition II.3.13]), and the same Lipschitz seminorm
if (2.9) holds: for σ, τ ∈ S(E) we have

|σ(f̃)− τ(f̃)| =
∣∣∣∣∫ f dµσ −

∫
f dµτ

∣∣∣∣ ≤ LρL(f)WρL(µσ, µτ ) = LρL(f)ρL(σ, τ),

so
LρL(f̃) ≤ LρL(f) = LρL(f̃ |∂e(S(E))) ≤ LρL(f̃),

giving LρL(f̃) = LρL(f).
Conversely, if every f : ∂e(S(E)) ! R can be extended in the manner asserted,

then for every σ, τ ∈ S(E),

WρL(µσ, µτ ) = sup

{∣∣∣∣∫ f dµσ −
∫
f dµτ

∣∣∣∣ | f ∈ Lip1(∂e(S(E)), ρL) ≤ 1

}
= sup{|σ(f)− τ(f)| | f ∈ E, L(f) ≤ 1}

= ρL(σ, τ).

Equation (2.10) holds because of the uniqueness of the extension from the boundary,
and indeed we could have equivalently used it in place of (2.9) in Definition 2.13.

Example 2.15. As in [41, 40] (although the language of quantum spaces was not
used there), our foundational examples of C∗-algebraic quantum metric Choquet sim-
plices arise as inductive limits of subhomogeneous building blocks.

(1) Let (X, ρ) be a compact metric space and n ∈ N, and let A = C(X,Mn) (so
that, in particular, ∂e(T (A)) ∼= X). Define L : A! [0,∞] by

L(f) = sup

{
|Tr(f(x))− Tr(f(y))|

ρ(x, y)
| x 6= y ∈ X

}
.

Then, (A,L) is a quantum metric Bauer simplex with ρL = Wρ (the Wasserstein
metric on M1

+(X) ∼= T (A)). Moreover, we can make an explicit choice of the
nucleus Dr(A) of Theorem 2.12, namely, for r ≥ r(X,ρ) (the ρ-radius of X) we
set

(2.11) Dr(A) = {f ∈ Asa | ‖f‖ ≤ r, ‖f(x)− f(y)‖ ≤ ρ(x, y) for every x, y ∈ X}.
Then, the R-linear span of Dr(A) is dense in Asa (a fact which follows from
the Stone–Weierstrass theorem and in particular shows that L is densely finite),
and (2.7) holds. In one direction, norm Lipschitz elements are tracially Lipschitz,
since for every x, y ∈ X and f ∈ Asa,

|Tr(f(x))− Tr(f(y))| ≤ max
1≤i≤n

|λi(x)− λi(y)| ≤ ‖f(x)− f(y)‖,

where λ1(t) ≤ · · · ≤ λn(t) denote the eigenvalues of f(t) for t ∈ X. In the

other direction, suppose that L(f) ≤ 1, so that f̂ ∈ Lip1(X, ρ) (where f̂(x) :=

Tr(f(x))). Set g := f̂ · 1n and choose x0, x1 ∈ X such that ρ(x0, x1) = r(X,ρ).
Then, g − g(x0) ∈ Dr(A) and, since Tr(g(x)) = Tr(f(x)) for every x ∈X, we
also have f − g ∈ A0. In other words, f ∈ Dr(A) + R1 +A0.

Note that this representative g of f in Aq is in fact the multiplier element g =

λA(f̂) of Proposition 2.7. In this context, the multiplier map C(X) ! A does
not just provide an affine homeomorphism of trace spaces but, by design, an
affine isometry. This structure also passes to unital subalgebras like dimension
drop algebras, which we recall are C∗-algebras of the form

Zp,q = {f ∈ C([0, 1],Mp ⊗Mq) | f(0) ∈Mp ⊗ 1q, f(1) ∈ 1p ⊗Mq}, p, q ∈ N,
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and which do indeed satisfy hypothesis (ii) of Proposition 2.7. The nucleus (2.11)
is used in [41] as a basis for measurement of the distance between the unitary
orbits of unital embeddings of (certain inductive limits of) dimension drop al-
gebras into classifiable C∗-algebras (see Subsection 2.4).

(2) As for classifiable examples, [40, Remark 4.5] indicates that for any nonempty
compact metric space (X, ρ) there is a unital, classifiable C∗-algebra AX with
∂e(T (AX)) ∼= X such that ρ endows AX with the structure of a C∗-QMBS
via (2.10). In other words, the seminorm L : AX ! [0,∞] is defined by

(2.12) L(a) = Lρ(â) = sup

{
|â(x)− â(y)|

ρ(x, y)
| x 6= y ∈ X

}
,

where, as usual, â(τ) = τ(a) for τ ∈ T (AX). The C∗-algebra AX is built as
an inductive limit of homogeneous building blocks C(X,Mni) with diagonal
connecting maps, most of whose eigenvalue functions are equal to the identity
map X ! X (and the rest are constant). If X is connected, then AX is K-con-
nected, and we can arrange for the image ρAX (K0(AX)) of the pairing map to
be any prescribed dense subgroup of Q · 1 ⊆ Aff(T (AX)). If X is a compact,
connected Riemannian manifold and ρ is its intrinsic metric, then we can mod-
ify the construction of AX as in [40, Theorem 4.4] to produce a projectionless
model ZX . These are built as inductive limits of generalised dimension drop
algebras

Xp,q = {f ∈ C(X,Mp ⊗Mq) | f(x0) ∈Mp ⊗ 1q, f(x1) ∈ 1p ⊗Mq}
with connecting maps carefully controlled to be compatible with the metric
structure so that tracially Lipschitz elements at finite stages are mapped to tra-
cially Lipschitz elements in the limit (a task aided by the manifold’s abundance
of geodesics).

(3) Suppose that A is a simple, unital C∗-algebra that is isomorphic to an inductive
limit lim−!(Ai, ϕi) of homogeneous building blocks Ai = C(Xi,Mni) over compact

metric spaces (Xi, ρi) of uniformly bounded diameter. Let us show that A can
be equipped with C∗-QMCS structure in such a way that the Lipschitz elements
in each Ai are mapped to Lipschitz elements in A. We equip each Ai with the
corresponding C∗-QMBS structure as in Example 2.15(1), which equivalently
means that we equip T (Ai) ∼=M1

+(Xi) with the Wasserstein metric Wρi given
by (2.8). The trace space T (A) (as usual with the w∗-topology) is affinely homeo-
morphic to the inverse limit lim −(T (Ai), ϕ

∗
i ) (which is equipped with the product

topology inherited from
∏
i∈N T (Ai)). We then define a metric ρΣ on T (A) by

ρΣ((σi)
∞
i=1, (τi)

∞
i=1) :=

∞∑
i=1

ωiWρi(σi, τi)

for some fixed summable sequence of real numbers ωi > 0. For any j, we have by
definition that ρΣ((σi), (τi)) ≥ ωjWρj (σj , τj), so the induced map (T (A), ρΣ)!

(T (Aj),Wρj ) is ω−1
j -Lipschitz, so the Lipschitz seminorm of any a ∈ Aj is scaled

by at most ω−1
j in the limit. This in particular implies that tracially Lipschitz

elements are dense in A. Moreover, ρΣ induces the w∗-topology on T (A), and
is convex (2.5) and midpoint-balanced (2.6) since each Wρi is. As explained in
Remark 2.3 (here applied to E = Aq), this implies that (A,LρΣ

) is a C∗-QMCS.
Note that in this construction T (A) need not be a Bauer simplex and A need

not be classifiable. Included as examples are the non-Z-stable Villadsen algebras
whose trace spaces are shown in [26] to be affinely homeomorphic to the Poulsen
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simplex (characterised by density of its extreme points, so, very much not a
Bauer simplex).

In Section 4, we will discover more examples via dynamics. In fact, we will see
that any metrisable Choquet simplex can be exhibited as the trace space of a classifi-
able and dynamical C∗-QMCS, that is, one constructed as a tracial quantum crossed
product associated with a dynamical system on a (zero-dimensional) compact metric
space (see Definition 4.1 and Corollary 4.10).

2.4. Metric analysis. Finally, we describe two examples of what we mean by ‘met-
ric analysis’ in Emb1(A,B).

2.4.1. Unitary distances. Let (A,L) be a C∗-QMCS and B a unital C∗-algebra.
The unitary distance in Emb1(A,B) relative to a nucleus Dr(A) is defined to be

(2.13) dU (ϕ,ψ)|Dr(A) := inf
u∈U(B)

sup
a∈Dr(A)

‖ϕ(a)− uψ(a)u∗‖.

This is a reasonable measure of distance in the following sense. On the one hand,
if ϕ ∼au ψ (that is, there is a sequence of unitaries (un)n∈N in B such that ϕ(a) =
limn!∞ unψ(a)u∗n for every a ∈ A), then dU (ϕ,ψ)|Dr(A) = 0 by compactness ofDr(A).
On the other hand, if dU (ϕ,ψ)|Dr(A) = 0, then T (ϕ)|Dr(A) = T (ψ)|Dr(A) (where T (ϕ)
and T (ψ) are the continuous affine maps T (B) ! T (A)) induced by ϕ and ψ), so
by (2.7) and density of L−1([0,∞)) in A, we have T (ϕ) = T (ψ). In particular, if B is

classifiable and has real rank zero (so that the K
alg

1 -component of the classification in
[12, Theorem B] disappears), then ϕ ∼au ψ if and only if KL(ϕ) = KL(ψ) (which, if
K∗(A) is finitely generated and torsion free, is equivalent to K∗(ϕ) = K∗(ψ)). In this
case, dU (·, ·)|Dr(A) is a metric on K-localised components of Emb1(A,B)/ ∼au in the
sense of (5.4). In some ‘near-classical’ cases (see Example 2.15(1)), it is possible to
find a nucleus Dr(A) whose linear span is dense in Asa, and which therefore affords
the more satisfying conclusion dU (ϕ,ψ) = 0⇒ ϕ ∼au ψ without appeal to K-theory
or classification. The question of a measure-theoretic computation of dU in such cases
is considered in [42, 41] and will not be taken up further here (but see Example 5.4).

2.4.2. Birkhoff convergence rates. Let (A,L) be a C∗-QMBS. As in [40, Sec-
tion 3], we call a ∗-homomorphism α : A ! A tracially nondegenerate if α induces a
continuous affine map T (α) : T (A)! T (A) that preserves the boundary ∂e(T (A)).

Suppose that α is such a ∗-endomorphism with a unique fixed trace, that is, there
is a unique τα ∈ T (A) such that τα ◦ α = τα. Equivalently, writing X = ∂e(T (A))
and h = T (α)|X , there is a unique µ = µτα ∈ M1

+(X) such that h∗µ = µ. In
this setting, Birkhoff’s ergodic theorem tells us that, for every f ∈ C(X), the time

average 1
n

∑n−1
k=0 f ◦ hk converges uniformly to the spatial average

∫
X
f dµ. For ev-

ery r ≥ r(A,L) = r(X,ρL), the convergence is also uniform over the compact set

(2.14) Dr(C(X)) = Lip1(X, ρL) ∩Br(C(X)).

Using the fact that every τ ∈ T (A) can be approximated in the w∗-topology by a
finite convex combination of extremal traces, we have the following interpretation of
Birkhoff’s theorem at the level of the C∗-algebra: for every r ≥ r(A,L) and ε > 0,
there exists N ∈ N such that for every n ≥ N ,

(2.15) sup
a∈Dr(A)

sup
τ∈T (A)

∣∣∣∣∣ 1n
n−1∑
k=0

τ(αk(a))− τα(a)

∣∣∣∣∣ ≤ ε.
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Lest one think that we are making minimal use of the ambient quantum met-
ric structure, we recall that the Arzelà–Ascoli theorem characterises compactness
in C(X) via uniform boundedness and equicontinuity, which of course are the proper-
ties that define Dr(A). In Subsection 4.3, we will observe that a version of (2.15) holds
for random tracially nondegenerate endomorphisms of A associated with Markov–
Feller processes on ∂e(T (A)).

Definition 2.16. Let (A,L), α and r be as above. The Birkhoff convergence rate
of (A,L, α) is the function βr : (0,∞) ! N, where βr(ε) is defined to be the least N
such that (2.15) holds for every n ≥ N .

In Section 5, we investigate how this convergence rate varies as we change L. For
now, we point out an effect that we metaphorically associate with gravitational time
dilation. Viewing time as the perception of dynamical evolution (perhaps planetary
rotation or atomic decay in reality, or Birkhoff convergence of an endomorphism
in C∗-reality) and mass as embodied by the size of the nucleus Dr(A), the metric-
warping effect of an increase in mass is a corresponding decrease of the Lip-norm L,
and consequently a lengthening of the metric ρL and dilation of time βr(ε).

3. Quantum distances

Recall that the Hausdorff distance distρH(Y,Z) (or, depending on what is being

emphasised, distXH (Y, Z)) between nonempty subsets Y and Z of a metric space (X, ρ)
is

distρH(Y,Z) = inf{r > 0 | Y ⊆ Zr, Z ⊆ Yr},
where Sr denotes the r-neighbourhood of S ⊆ X as in Notation 1.1. The Gromov–
Hausdorff distance between compact metric spaces (X1, ρ1) and (X2, ρ2) is

(3.1) distGH(X1, X2)=inf{distρH(h1(X1), h2(X2)) | h1 : X1 −! X, h2 : X2 −! X

are isometric embeddings into some metric space (X, ρ)}

(see [35], and note that it is sufficient to consider embeddings into the disjoint
union X1 t X2). In [66], the distance distq between (isometry classes of) compact
quantum metric spaces is defined as a quantum analogue of distGH.

Definition 3.1. Let (E1, L1) and (E2, L2) be compact quantum metric spaces. A
Lip-norm L on E1 ⊕ E2 is admissible if it induces L1 and L2 under the quotient
maps πi : E1⊕E2 ! Ei, that is, Li(x) = inf{L(y) | πi(y) = x} for i = 1, 2 and x ∈ Ei.
The quantum Gromov–Hausdorff distance between (E1, L1) and (E2, L2) is

distq(E1, E2) = inf{distρLH (S(E1), S(E2)) | L an admissible Lip-norm on E1 ⊕ E2}.

An isometry between compact quantum metric spaces (E1, L1) and (E2, L2) is an
order isomorphism ϕ : E1 ! E2 such that Lc2 ◦ ϕ = Lc1 (where Lci is defined as
in (2.3)).

Proposition 3.2 ([66]). Let (E1, L1) and (E2, L2) be compact quantum metric spaces.

(i) If (E1, L1) and (E2, L2) are closed (see Remark 2.3), then the isometries from
(E1, L1) to (E2, L2) are in bijective correspondence with the affine isometries
from (S(E2), ρL2

) onto (S(E1), ρL1
).

(ii) There is an isometry between (E1, L1) and (E2, L2) if and only if distq(E1, E2) =
0.
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Proof: For (i), see [66, Corollary 6.4]. For the ‘only if’ direction of (ii), see [66,
Proposition 7.1] and its preceding discussion, and for the ‘if’ direction, see [66, The-
orem 7.8].

Definition 3.3. We let CQMS denote the set of isometry classes of compact quantum
metric spaces equipped with the metric distq. We write QMCS and QMBS for the
subspaces of isometry classes of quantum metric Choquet simplices and quantum
metric Bauer simplices, respectively.

We note that distq admits the following equivalent formulation in QMCS (cf. [51,
Proposition 3.2]).

Proposition 3.4. Let (E1, L1) and (E2, L2) be quantum metric Choquet simplices.
Then,

distq(E1, E2) = inf{distρH(h1(S(E1)), h2(S(E2))) | hi : S(Ei) −! S(E), i = 1, 2,

are affine isometric embeddings into the state space

of a quantum metric Choquet simplex (E,L)}.

In fact, the infimum can be taken over affine isometric embeddings hi : S(Ei)! S(E)
such that hi(∂e(S(Ei))) ⊆ ∂e(S(E)) for i = 1, 2.

Proof: Denote the quantity on the right-hand side of the displayed equation by
dist′q(E1, E2). If L is an admissible Lip-norm on E = E1 ⊕ E2, then the quotient
maps πi : E ! Ei induce isometric embeddings hi : S(Ei) ! S(E) such that
hi(∂e(S(Ei))) ⊆ ∂e(S(E)) and indeed S(E) = conv h1(S(E1)) ∪ h2(S(E2)). More-
over, (E,L) is a quantum metric Choquet simplex since the Riesz interpolation
property passes to direct sums. Therefore, dist′q(E1, E2) ≤ distq(E1, E2). For the
reverse inequality, suppose that hi : S(Ei) ! S(E), i = 1, 2, are affine isometric
embeddings. For i = 1, 2, let πi : (E,L) ! (Bi,Mi) be the quotients given by re-
stricting the state space to hi(Si), that is, Bi = Aff(hi(Si)), πi is the evaluation
map and Mi(x) = inf{L(y) | πi(y) = x} for x ∈ Bi. By Proposition 3.2(i), there
are isometries between (Bi,Mi) and (Ei, Li), i = 1, 2, so by Proposition 3.2(ii),
distq(E1, E2) = distq(B1, B2). But distq(B1, B2) ≤ distρH(h1(S(E1)), h2(S(E2))) by
[66, Proposition 5.7], and so it follows that distq(E1, E2) ≤ dist′q(E1, E2).

In analogy with Gromov’s completeness and compactness theorems, it is proved in
[66, Theorem 12.11] that (CQMS,distq) is complete and in [66, Theorem 13.5] that
a subset S ⊆ CQMS is totally bounded if and only if the sets of

• radii r(E,L) = rρL(S(E)), and
• covering growths

CovρL : (0,∞) −! N
ε 7−! inf{K ∈ N | (S(E), ρL) can be covered by K open ε-balls}

(3.2)

of elements (E,L) ∈ S are uniformly bounded (by, respectively, some positive real
number R and some function G : (0,∞) ! N). One of the motivating questions for
this section is the following.

Question 3.5. Are the metric spaces (QMCS,distq) and (QMBS,distq) complete?

The question for QMCS is left open, but we will show that QMBS is indeed com-
plete (Corollary 3.9) via a quasimetric called the quantum intertwining gap γq (Defi-
nition 3.6) that turns out to be equivalent to distq (Theorem 3.7).
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The other motivation for this section is the C∗-algebraic isometric isomorphism
problem. As mentioned in the introduction, one deficit of the distance distq is that,
if (A,L) and (B,M) are C∗-algebraic compact quantum metric spaces, then
distq(Asa, Bsa) = 0 does not imply that A ∼= B as C∗-algebras. This can be rec-
tified by, for example, adjusting distq so that it includes either operator system data
(as in [47]) or data associated with the Leibniz property (as in [49]). A pleasing
aspect of working with K-connected, classifiable C∗-algebraic quantum metric Cho-
quet simplices is that the isomorphism question then has a K-theoretic answer: if
distq(Aq, Bq) = 0, then by Proposition 3.2, T (A) ∼= S(Aq) is isometrically affinely
homeomorphic to T (B) ∼= S(Bq), and so A ∼= B if and only if

(K0(A),K0(A)+, [1A],K1(A)) ∼= (K0(B),K0(B)+, [1B ],K1(B)).

Moreover, the isomorphism ϕ : A! B induces the given isometric map T (B)! T (A),
so as in Proposition 3.2(i), ϕ is an isometry (that is, M ◦ ϕ = L). In other words,
the K-localised isometric isomorphism problem does have a positive solution in our
primary setting of interest. This is the content of Corollary 3.10.

Let us now turn to the definition and implementation of the quantum intertwining
gap, which is inspired by the metrically equivalent version of distGH presented in [69,
Section 1.3].

Definition 3.6. For compact, convex metric spacesX, Y and ε>0, define Isomε(X,Y )
to be the set of continuous affine maps f : X ! Y that are

(1) ε-isometric (|dY (f(x1), f(x2))− dX(x1, x2)| < ε for every x1, x2 ∈ X) and
(2) ε-invertible (there exists a continuous affine map g : Y ! X such that dY (f ◦

g(y), y) < ε for every y ∈ Y ).

The intertwining gap between (X, dX) and (Y, dY ) is

γ(X,Y ) = inf{ε > 0 | Isomε(X,Y )× Isomε(Y,X) 6= ∅}.
The quantum intertwining gap between C∗-algebraic quantum metric Choquet sim-
plices (A,L) and (B,M) is

γq((A,L), (B,M)) = γ((T (A), ρL), (T (B), ρM )).

Taking a cue from [67, Definition 5.6], we have avoided the word ‘distance’ because
of potential failure of the triangle inequality. This shortcoming notwithstanding, in
the Bauer setting the intertwining gap is at least a quasimetric in the sense of [37,
Chapter 14] (studied also, for example, in [77]), namely, there is a constant C (= 2)
such that

γ(X,Z) ≤ C(γ(X,Y ) + γ(Y, Z)) for all X, Y, Z.

Again restricted to the Bauer setting, the intertwining gap also provides another
description of the distq-topology. In the following, by a metric Bauer simplex we
mean a Bauer simplex X whose metric has been induced from a metric on ∂eX in
the manner described in Subsection 2.3, that is, we identify X with the probability
space M1

+(∂eX) equipped with the Wasserstein metric (2.8). Note that, by Kadi-
son’s representation theorem [1, Theorem II.1.8] and the duality provided by Propo-
sition 3.2(i), the functors Aff and S(·) provide an equivalence between the category of
metric Bauer simplices (with isometric affine maps as morphisms) and the opposite
of the category of commutative C∗-algebraic quantum metric Bauer simplices (whose
morphisms are isometries in the sense described in Definition 3.1).

Theorem 3.7. The intertwining gap γ is a complete quasimetric on the set of affine
isometric isomorphism classes of metric Bauer simplices. Moreover, in this setting
γ = γq is topologically equivalent to distq, that is, γ-convergence of a sequence (Xn)
to X is the same as distq-convergence of (Aff(Xn)) to Aff(X).
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Proof: The intertwining gap γ is symmetric by its definition. It is also apparent
that γ(X,Y ) = 0 if X and Y are isometrically affinely isomorphic. The converse
implication, namely that isometric affine isomorphism of X and Y is necessitated
by γ(X,Y ) = 0, will follow from Proposition 3.2(ii) and the equivalence of γq and
distq demonstrated below. But let us first investigate the triangle inequality. Suppose
that X, Y , Z are compact, convex metric spaces with γ(X,Y ) = s and γ(Y,Z) = t.
Let ε > 0, and let f1 : X ! Y be an (s+ ε)-isometry with (s+ ε)-inverse g1 : Y ! X
and f2 : Y ! Z a (t+ε)-isometry with (t+ε)-inverse g2 : Z ! Y . Let f = f2◦f1 : X !
Z and g = g1◦g2 : Z ! Y . Then f and g are continuous and affine, f is an (s+t+2ε)-
isometry and for z ∈ Z we have

dZ(f ◦ g(z), z) = dZ(f2 ◦ f1 ◦ g1 ◦ g2(z), z)

≤ dZ(f2 ◦ f1 ◦ g1 ◦ g2(z), f2 ◦ g2(z)) + dZ(f2 ◦ g2(z), z)

≤ dY (f1 ◦ g1 ◦ g2(z), g2(z)) + 2t+ 2ε

≤ s+ 2t+ 3ε.

By symmetry, there similarly exists an (s+t+2ε)-isometry f ′ : Z ! X with 2s+t+3ε-
inverse g′. It follows that

γ(X,Z) ≤ 2s+ 2t = 2(γ(X,Y ) + γ(Y,Z)),

so γ is a quasimetric.
Next, let us explore the relationship between γ and distq in the Bauer category.

Let X be a metric Bauer simplex. First, we claim that if γ(X,Y ) is sufficiently small,
then an almost surjective, almost isometry f : X ! Y witnessing this closeness cannot
map ∂eX too far away from ∂eY . More precisely, let ε > 0 and set

δ :=
1

2
inf

{
dX

(
x,

1

2
(x1 + x2)

)
| x ∈ ∂eX, xi ∈ X, dX(xi, x) ≥ ε, i = 1, 2

}
∈
(

0,
ε

2

]
(assuming that ε is small enough for the defining set to be nonempty). Suppose that
Y is a metric Bauer simplex with γ(X,Y ) < δ. Let f : X ! Y be a δ-isometry with
δ-inverse g. Then, we must have

f(x) ∈ (∂eY ) 1
2 (ε+3δ) ⊆ (∂eY )2ε for every x ∈ ∂eX.

To see this, suppose that x∈∂eX is such that B 1
2 (ε+3δ)(f(x))∩∂eY = ∅. Let y1, y2 ∈ Y

be two antipodal points on the 1
2 (ε + 3δ)-sphere centred at f(x), so that f(x) =

1
2 (y1 + y2) and dY (y1, y2) = ε + 3δ. Let x1, x2 ∈ X such that dY (f(xi), yi) < δ

for i = 1, 2 (namely, xi = g(yi)) and set x′ = 1
2 (x1 + x2). Then,

dX(x1, x2) > dY (f(x1), f(x2))− δ > dY (y1, y2)− 3δ = ε.

On the other hand, we have by convexity (2.5) of the metric dY that

dY (f(x), f(x′)) = dY

(
1

2
(y1 + y2),

1

2
(f(x1) + f(x2))

)
≤ 1

2
(dY (y1, f(x1)) + dY (y2, f(x2)))

< δ,

so

dX

(
x,

1

2
(x1 + x2)

)
= dX(x, x′) < dY (f(x), f(x′)) + δ < 2δ,

which contradicts the definition of δ. So indeed, f(x) ∈ (∂eY ) 1
2 (ε+3δ) as claimed.

With this bookkeeping taken care of (and still assuming that γ(X,Y ) < δ), we can
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now follow the proof of [69, Lemma 1.3.3] (suitably tailored to the affine setting) to
equip X t Y with metric Bauer structure. Namely, we define an admissible metric
on ∂eX t ∂eY (that is, one that agrees with dX and dY on X and Y , respectively) by

(3.3) d(x, y) := inf
z∈X

(dX(x, z) + dY (f(z), y)) +
δ

2

for x ∈ ∂eX and y ∈ ∂eY , and then extend d toM1
+(∂eXt∂eY ) via (2.8). (Any sceptic

of the triangle inequality is invited to inspect the proof of [69, Lemma 1.3.3], where
this is demonstrated.) Let x ∈ ∂eX and let y ∈ ∂eY with dY (f(x), y) < 1

2 (ε + 3δ).
Then by definition

(3.4) d(x, y) ≤ dX(x, x) + dY (f(x), y) +
δ

2
<
ε

2
+ 2δ ≤ 3ε

2
,

so ∂eX ⊆ (∂eY ) 3ε
2

, and therefore X ⊆ Y 3ε
2

by convexity (2.5) and the Krein–Milman

theorem (whose subsequent use is sometimes stealthy). Note that, by (3.4), we have

d(x, f(x)) <
ε

2
+

3δ

2
+

3ε

2

for every x ∈ ∂eX, and hence also for every x ∈ X. Therefore, for y ∈ Y ,

d(g(y), y) ≤ d(g(y), f(g(y))) + d(f(g(y)), y) <
ε

2
+

3δ

2
+

3ε

2
+ δ ≤ 13ε

4
,

so Y ⊆(X) 13ε
4

. It follows from Proposition 3.4 (with (E,L) = (Aff(M1
+(XtY )), LWd

))

that

distq(Aff(X),Aff(Y )) <
13ε

4
< 4ε.

As mentioned above, a consequence of this observation is the positive definiteness
of γ, so we have also shown that γ is a quasimetric.

Suppose conversely that distq(Aff(X),Aff(Y )) < ε. As in Proposition 3.4, there
are affine isometric embeddings of X and Y into the state space Z (in fact, the
closed convex hull of X tY ) of a quantum metric Choquet simplex such that X ⊆ Yε
and Y ⊆ Xε. To find suitable maps f : X ! Y and g : Y ! X, we apply the Yannelis–
Prabhakar selection theorem ([78, Theorem 3.1]) to the compact metric space ∂eX,
the convex space Y , and the subsets S(x) := {y ∈ Y | dZ(x, y) < ε} for x ∈ ∂eX.
Each S(x) is nonempty and convex and, for every y ∈ Y , S−1(y) := {x ∈ ∂eX |
y ∈ S(x)} = ∂eX ∩ Bε(y) is an open subset of ∂eX. Under these circumstances,
the Yannelis–Prabhakar theorem provides a continuous function f : ∂eX ! Y such
that, for every x ∈ ∂eX, f(x) ∈ S(x), that is, dZ(x, f(x)) < ε. Similarly, there is
a continuous function g : ∂eY ! X such that, for every y ∈ ∂eY , dZ(y, g(y)) < ε.
Extend f and g to continuous affine functions X ! Y and Y ! X, respectively.
Notice that, for x1, x2 ∈ ∂eX, we have

−2ε < −dZ(x1, f(x1))− dZ(x2, f(x2)) ≤ dY (f(x1), f(x2))− dX(x1, x2)

≤ dZ(f(x1), x1) + dZ(x2, f(x2))

< 2ε.

In other words,

|dY (f(x1), f(x2))− dX(x1, x2)| < 2ε.
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By convexity (2.5), this remains true for x1, x2 ∈ X, because for x = 1
n

∑n
i=1 ei

with ei ∈ ∂eX we have

dZ(x, f(x)) = dZ

(
1

n

n∑
i=1

ei,
1

n

n∑
i=1

f(ei)

)
≤ 1

n

n∑
i=1

dZ(ei, f(ei))

≤ sup
x∈X

dZ(x, f(x))

< ε,

so by Krein–Milman, dZ(x, f(x)) < ε for every x ∈ X. It follows that f : X ! Y is a
2ε-isometry. Similarly, so is g. For y ∈ ∂eY , we also have

dY (y, f ◦ g(y)) ≤ dZ(y, g(y)) + dZ(g(y), f(g(y))) < 2ε,

so g is a 2ε-inverse of f (and similarly the other way round). In other words, we have
shown that

γ(X,Y ) = γq(Aff(X),Aff(Y )) ≤ 2 distq(Aff(X),Aff(Y )),

completing the proof of topological equivalence of γ and distq.
Finally, let us show that γ is complete. Suppose that (Xn, dn)n∈N is a γ-Cauchy

sequence of metric Bauer simplices. Passing to a subsequence if necessary, we may
assume that, for every m ≥ n ∈ N, γ(Xn, Xm) is sufficiently small so that there exists
an admissible metric on ∂eXn t ∂eXm defined as in (3.3), with the property that the
Hausdorff distance between ∂eXn and ∂eXm is less than 2−n. It follows that (∂eXn, dn)
is a Cauchy sequence in the metric space of isometry classes of compact metric spaces
equipped with the Gromov–Hausdorff distance distGH defined in (3.1). This metric
space is complete (a fact whose proof can be found in [69, Section 1]), so there exists

a compact metric space (X̂, d̂) such that limn!∞ distGH(∂eXn, X̂) = 0. Let (X, d) =

(M1
+(X̂),Wd̂) be the corresponding metric Bauer simplex. By [66, Proposition 4.7],

distq(Aff(Xn),Aff(X)) ≤ distGH(∂eXn, ∂eX), so limn!∞ distq(Aff(Xn),Aff(X)) = 0
as well. Since we have just seen that γq and distq are topologically equivalent, we
conclude that X is the γ-limit of the Cauchy sequence (Xn), and hence that γ is
complete.

Remark 3.8. Alternatively, and more closely following [69, Definition 1.3.2], we could

instead consider the distance d̂istGH(X,Y ) defined to be the infimum over all ε > 0
for which there exists a (not necessarily continuous) affine map f : X ! Y that is
ε-isometric (just as in Definition 3.6) and ε-surjective (that is, f(X)ε = Y ). Let us call
this version of distGH the Fukaya–Gromov–Hausdorff distance or simply the Fukaya
distance (its nonaffine version appearing in [27, Chapter I]). Then we define the quan-
tum Fukaya distance between C∗-algebraic quantum metric Choquet simplices (A,L)
and (B,M) to be

d̂istq((A,L), (B,M)) = d̂istGH((T (A), ρL), (T (B), ρM )).

This is strong enough to have been used in the proof of Theorem 3.7, and the con-

clusion would be the same (including the fact that d̂istq is a quasimetric on metric
Bauer simplices). So, on the set of affine isometric isomorphism classes of commuta-
tive C∗-algebraic quantum metric Bauer simplices, we have

d̂istq ≤ γq ≤ 2 distq

and the distq-, d̂istq-, and γq-topologies all coincide.
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An immediate consequence of Proposition 3.2(i), Theorem 3.7, and [66, Theo-
rem 13.5] (for the description of total boundedness) is our partial answer to Ques-
tion 3.5.

Corollary 3.9. The space (QMBS,distq) is complete, and any subset of QMBS whose
elements have uniformly bounded radii and covering growths in the sense of (3.2) is
relatively compact.

As Li remarks in [51, Section 4], it might be more consistent with the principles
of noncommutative geometry to consider quantum distances that are defined at the
level of function spaces rather than state spaces. This intuition led to the order-
unit quantum Gromov–Hausdorff distance [51, Definition 4.2] and its variants [50,
Definition 3.3], [47, Definition 3.1], designed to distinguish C∗-algebraic (not just
order-theoretic) structure as discussed before Definition 3.6. By classification, γq also
admits a description at the function space level in the K-connected, classifiable C∗-
QMBS category, the key point in this case being that tracial morphisms can be lifted
to C∗-algebraic ones.

Corollary 3.10. Let K denote the set of isometric isomorphism classes of C∗-alge-
braic quantum metric Bauer simplices (A,L), where A is a unital, K-connected, classi-
fiable C∗-algebra and (A,L) is equivalent to (B,M) if there is a ∗-isomorphism ϕ : A!
B such that M ◦ ϕ = L. Given a countable abelian group G1 and a countable,
simple, weakly unperforated ordered abelian group (G0, G

+
0 ) with distinguished order

unit g0 ∈ G+
0 , write G = (G0, G

+
0 , g0, G1) and

KG = {[(A,L)] ∈ K | (K0(A),K0(A)+, [1A],K1(A)) ∼= G}.

Then, for every such G, γq and d̂istq are quasimetrics on KG that are topologically
equivalent to distq. Moreover, γq admits the description

γq((A,L), (B,M))=inf{ε > 0 | there exist ϕ ∈ Emb1(A,B), ψ ∈ Emb1(B,A) with

T (ϕ) ∈ Isomε(T (B), T (A)), T (ψ) ∈ Isomε(T (A), T (B))},

where Isomε(T (B), T (A)) and Isomε(T (A), T (B)) are as in Definition 3.6 relative to
the metrics ρL on T (A) and ρM on T (B).

Proof: The only thing left to observe is that, if [(A,L)], [(B,M)] ∈ KG are such that

d̂istq((A,L), (B,M)) = 0, then there is a ∗-isomorphism ϕ : A! B such that M ◦ϕ =
L. (Everything else has been covered by Remark 3.8, Theorem 3.7, and the discussion
preceding Definition 3.6.) But this follows from classification (which also provides the

stated description of γq). Since d̂istGH((T (A), ρL), (T (B), ρM )) = 0, there is an affine
isometric isomorphism α : T (B)! T (A). Since A and B are both in KG, there is also
an isomorphism of K-theory that by K-connectedness is compatible with α. We can
package these into a morphism of the ‘total invariant’KTu (in the notation of [12], and
appealing to [12, Theorem 3.9]) and then lift to the required ∗-isomorphism ϕ : A! B
(by [12, Theorem B]). Moreover, we have M ◦ ϕ = L by Proposition 3.2(i) because
T (ϕ) is isometric.

4. Quantum systems

4.1. C∗-algebras arising as tracial quantum crossed products. In [40], model
C∗-dynamical systems (A,α), with A a classifiable C∗-algebra, were built to witness
either a desired statistical feature of the automorphism (or tracially nondegenerate
endomorphism) α or a prescribed isomorphism class of the simplex T (Aoα Z). The
technique in both cases was the same: start with a favourable topological dynamical
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system (X,h), construct a K-connected, classifiable C∗-algebra A with ∂e(T (A)) ∼= X
(as in Example 2.15(2)), then use classification to lift h to α ∈ End(A) (an automor-
phism if h is a homeomorphism). The lift α can always be chosen to have finite Rokhlin
dimension, which guarantees that A oαh N is itself classifiable with T (A oαh N) ∼=
M1

+(X)h, the simplex of h-invariant Borel probability measures on X (see [40,
Lemma 4.8]), and is in fact generic among nondegenerate endomorphisms of a separa-
ble, Z-stable C∗-algebra (see [39, 73] and also [40, Definition 4.6, Lemma 4.7]). We
consider this procedure sufficiently fundamental to merit its cementation as follows.

Definition 4.1. Let X be a compact metrisable space and h : X ! X continuous
(often a homeomorphism but not necessarily). A tracial quantum system associated
with (X,h) consists of a C∗-algebra AX with ∂e(T (AX)) homeomorphic to X, together
with a tracially nondegenerate endomorphism αh of AX such that T (αh)|∂e(T (AX)) = h
under the homeomorphism ∂e(T (AX)) ∼= X. The corresponding tracial quantum
crossed product associated with (X,h) is the C∗-algebra AX oαh N. If α is an au-
tomorphism, we may for emphasis call the system invertible. If AX is K-connected
and classifiable and has continuous scale (see Remark 2.11) and αh has finite Rokhlin
dimension, then we call (AX , αh) a Stein system associated with (X,h).

Remark 4.2. As in [40, Section 4.4], AoαN denotes the (reduced) crossed product of
a C∗-algebra A by an endomorphism α in the sense of [16]. Namely, it is the cutdown
of A−!oα

−!
Z by 1M(A), where α−! is the extension of α to an automorphism of

A−! := lim−!( A A A · · ·α α α )

and A is mapped to A−! as the first component of the inductive limit (injectively if α is

injective, which for us is always the case). As explained in [72, Section 3], AoαN can
equivalently be described as a C∗-algebra in which the action on A is implemented
by an isometry, and which is universal for covariant representations. In this picture,
Aoα N is densely spanned by elements of the form atmt∗n, where a ∈ A, m,n ∈ N0,
and t is an isometry such that tbt∗ = α(b) for every b ∈ A. If A and α are unital, then
Aoα N = A−!oα

−!
Z. If α is invertible, then Aoα N ∼= Aoα Z. If α has finite Rokhlin

dimension, then (by design) so does α−!. Allowing for endomorphisms means that we

can capture a wider range of examples to demonstrate results such as Proposition 4.11
and Theorem 5.2(i), but it is also sometimes a necessary part of our analysis. Indeed,
the classification theory to which we appeal in Theorem 5.7 cannot guarantee us a
continuous field of invertible tracial quantum systems, even if, as in Subsection 4.2,
the topological systems are invertible themselves.

Theorem 4.3. Every Z0-stable classifiable C∗-algebra is stably isomorphic to a tra-
cial quantum crossed product associated with a minimal homeomorphism of a zero-
dimensional space.

Proof: The proof is the same as that of [40, Theorem 5.1], except that the observ-
able space A is chosen not to be KK-contractible, but rather a suitable Z0-stable
algebra. To wit, let B be a Z0-stable classifiable C∗-algebra (the C∗-algebra whose
isomorphism class we wish to attain). We may assume up to stable isomorphism that
B has continuous scale. As in the proof of [70, Proposition 3.5], let H be a countable
abelian group that admits an automorphism κ : H ! H with ker(id−κ) ∼= K1(B)
and coker(id−κ) ∼= K0(B). (Note that the assumption in [70, Proposition 3.5] that
G1 be torsion free is to ensure that H is torsion free, but that is not a concern for
us here.) By [31, Theorem 7.11], there is a Z0-stable classifiable C∗-algebra A with
continuous scale such that K0(A) ∼= H and K1(A) = 0, and (by [21, Theorem 3]
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and [31, Theorem 13.1]) such that A serves as the observable space of a minimal,
zero-dimensional system (X,h) whose simplex of invariant measures is affinely home-
omorphic to T (B). We can moreover choose the automorphism α = αh : A! A that
lifts h to have finite Rokhlin dimension (see [40, Lemma 4.7]), so that the crossed
product A oα Z has continuous scale (see the proof of [40, Theorem 5.1]) and is
classifiable with T (Aoα Z) ∼= T (B) (see [40, Lemma 4.8]). The Pimsner–Voiculescu
sequence

(4.1)

K0(A) K0(A) K0(Aoα Z)

K1(Aoα Z) K1(A) K1(A)

1−α∗ ι∗

ι∗ 1−α∗

(see [60, Theorem 2.4] or [9, Theorem 10.2.1]) gives K0(A oα Z) ∼= K0(B) and
K1(A oα Z) ∼= K1(B). Since the map ι∗ : K0(A) ! A oα Z is surjective and every
trace on Aoα Z restricts to one on A, we also conclude that Aoα Z is K-connected.
It then follows from [31, Theorem 15.6] that Aoα Z ∼= B.

Theorem 4.3 provides an affirmative answer to the stably projectionless, K-con-
nected case of the following pressing question.

Question 4.4. Is every stably finite classifiable C∗-algebra stably isomorphic to a
crossed product of a classifiable C∗-algebras by an action of the integers?

Remark 4.5. Definition 4.1 makes sense not just for single endomorphisms h but
more generally for group actions G ! Aut(C(X)). But whereas the existence of a
noncommutative observable space A and lifted action αh is guaranteed for integer
actions, this is not so clear in the general setting. A relevant question that should be
addressed is: when can a group action on the total invariant KTu of a classifiable C∗-
algebra be lifted to an action on the algebra itself? This question has a positive answer
if G is a free group (a fact which is used in [29] and Theorem 4.6) or if G is finite
and A absorbs the UHF algebra M|G|∞ (see [12, Corollary 9.13], which generalises
[4, Corollary 2.13], and also Example 5.9). At least in these cases, then, the notion of
a tracial quantum crossed product is a meaningful one.

Because free groups Fn are not amenable for n≥2, tracial quantum crossed prod-
ucts AX oαh,r Fn associated with actions h : Fn ! Aut(C(X)) will not necessarily be
nuclear. But if (AX , αh) is a Stein system (meaning that AX has continuous scale,
is K-connected and classifiable with ∂eT (AX) ∼= X, and αh : Fn ! Aut(AX) is an
action with finite Rokhlin dimension such that T (αh)|X = h), then there is still much
that can be said about the structure of the reduced crossed product AX oαh,r Fn
(see Theorem 4.6 below). Note moreover that, by the results of [73, Section 11], we
can in fact find an αh with Rokhlin dimension ≤ 1 (a property that is shown in [73,
Theorem 11.14] to be generic for actions of finitely generated, residually finite groups
on separable, Z-stable C∗-algebras). As in the proof of Theorem 4.3 (and discussed
further in Corollary 4.10), the results of [23, 31] also give us the option of choos-
ing AX to be a Z0-stable or W-stable stably projectionless classifiable C∗-algebra
(with W-stability being equivalent to KK-contractibility, that is, trivial K-theory).

Theorem 4.6. Suppose that h : Fn ! Aut(C(X)) is a uniquely ergodic action of the
free group Fn = 〈g1, . . . , gn〉, n ≥ 2, on a compact metrisable space X. Let (WX , αh)
be a W-stable Stein system associated with (X,h). Then, the reduced crossed prod-
uct WX oαh,r Fn is a simple, separable, exact, nonnuclear, monotracial, KK-con-
tractible C∗-algebra that satisfies the UCT.
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Proof: Separability ofWX implies thatWXoαh,rFn is also separable. The UCT holds
by the results of [38, 55], because Fn has the Haagerup property [36]. The Pimsner–
Voiculescu sequence for Fn-actions (see [61, Theorem 3.5] or [9, Theorem 10.8.1]) im-
plies that K∗(WXoαh,rFn) = 0, which implies thatWXoαh,rFn is KK-contractible.
Simplicity is a consequence of Kishimoto’s theorem ([48, Theorem 3.1]) because finite
Rokhlin dimension implies strong outerness (by [30, Theorem 7.8 (3) ⇒ (1)], which
can be adapted to the nonunital setting as in [40, Lemma 4.8]).

Let us show that WX oαh,r Fn has a unique trace (which is necessarily bounded
because all traces on WX are bounded and any approximate unit for WX passes
to an approximate unit for WX oαh,r Fn). Since h is uniquely ergodic, there is a
unique αh-invariant trace τµ corresponding to the unique h-invariant measure µ, which
extends to a trace on WX oαh,r Fn by composition with the canonical conditional
expectation ontoWX . Following [53, Proposition 2.3], we use finite Rokhlin dimension
to show that this extension is unique. As in [53], it suffices to prove that τ(aug) = 0 for
every τ ∈ T (WXoαh,rFn), every a in the unit ball ofWX , and every g ∈ \{1Fn}, where
ug is the unitary implementing the action of αh(g). We would then know that τ agrees
with the canonical extension of τµ on finite sums, that is, τ

(∑
g∈Fn agug

)
= τµ(a1Fn

),

and hence that the canonical extension is unique. Fix such a (τ, a, g). Let ε > 0, let
H ≤ Fn be a normal subgroup of finite index such that g /∈ H, and let δ = ε

2|Fn/H|+1 .

We may assume that the Rokhlin dimension of αh is at most 1. By [73, Definition 5.8

and Proposition 5.5], we can find positive contractions (f
(l)

k
)
l∈{0,1}
k∈Fn/H

in WX such that

•
∥∥(∑1

l=0

∑
k∈Fn/H f

(l)

k

)
a− a

∥∥ < δ, and

•
∥∥(f

(l)

k
)1/2aαh(g)((f

(l)

k
)1/2)

∥∥ < δ for l ∈ {0, 1} and k ∈ Fn/H.

Then,

τ(aug) ≤

∣∣∣∣∣∣
1∑
l=0

∑
k∈Fn/H

τ(augf
(l)

k
)

∣∣∣∣∣∣+ δ

≤
1∑
l=0

∑
k∈Fn/H

|τ((f
(l)

k
)1/2aug(f

(l)

k
)1/2)|+ δ

=

1∑
l=0

∑
k∈Fn/H

|τ((f
(l)

k
)1/2aαh(g)((f

(l)

k
)1/2)ug)|+ δ

< (2|Fn/H|+ 1)δ = ε.

Since ε is arbitrary, it follows that τ(aug) = 0 and hence that WX oαh,r Fn has a
unique trace.

To show exactness, we extend αh to an action on the minimal unitisation W̃X

ofWX , still denoted by αh : Fn!Aut(W̃X). The reduced crossed product W̃Xoαh,rFn
is isomorphic to the reduced amalgamated free product∗ni=1(W̃Xoαh(gi)Z, Ei), where

Ei is the conditional expectation of W̃X oαh(gi) Z onto W̃X . By [22, Theorem 3.2], it

follows that W̃X oαh,r Fn is exact, and hence so is the subalgebra WX oαh,r Fn.
Finally, let us show that WX oαh,r Fn is not nuclear, or equivalently by [2,

Théorème 4.5] that αh is not an amenable action. To see this, we proceed as in
the proof of [29, Theorem 2.5 (2) ⇒ (6)]. More precisely, suppose for a contradiction
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that αh : Fn ! Aut(WX) is an amenable action, meaning that the universal envelop-
ing W∗-dynamical system of αh : Fn ! Aut(WX) described in [57, Section 2.6] is
amenable in the sense of [57, Theorem 2.1]. Then, so is the induced action on the

minimal unitisation W̃X (because the enveloping von Neumann system is the same as
for the action on WX). By the characterisation of amenability in terms of the quasi-
central approximation property (see [57, Theorem 3.2]), we would then in particular
have the following: for any ε > 0 and any fixed finite set K ⊆ Fn, there exists a

finitely supported element ξ ∈ L2(Fn, W̃X) such that

‖ξ‖ ≤ 1 and ‖〈ξ, α̂h(g)(ξ)〉 − 1‖ < ε for every g ∈ K.

Here, α̂h denotes the induced diagonal action (α̂h(g)(ξ))(k) := αh(g)(ξ(g−1k)) on

the space L2(Fn, W̃X), which is equipped with its usual Hilbert C∗-module structure.
Define θ : Fn ! C(X) by

θ(g)(τ) = τ(〈ξ, α̂h(g)(ξ)〉) for g ∈ Fn, τ ∈ X = ∂eT (WX) ⊆ T (W̃X).

This function is finitely supported and is of ‘positive type with respect to h’, meaning
that, for every finite subset F ⊆ Fn, the C(X)-valued matrix (h(g)(θ(g−1k)))g,k∈F is
positive. It also satisfies

‖θ(g)− 1‖ = sup
τ∈∂eT (WX)

|τ(〈ξ, α̂h(g)(ξ)〉 − 1)| ≤ ‖〈ξ, α̂h(g)(ξ)〉 − 1‖ < ε

for every g ∈ K, and ‖θ(1Fn)‖ ≤ ‖〈ξ, ξ〉‖ = ‖ξ‖2 ≤ 1. By [29, Theorem 2.4] (which
is a restatement of results from [2]), the existence of such a θ for arbitrary K and
ε implies that h : Fn ! Aut(C(X)) is an amenable action. Since there exists an
h-invariant measure on X, it then follows from [28, Lemma 2.2] that Fn is amenable,
which is the desired contradiction.

Note that every Fn does admit a uniquely ergodic action on some X. This could
be a trivial extension of a uniquely ergodic Z-action (such as the trivial action on a
singleton) or something more interesting: in [15, Section 2] (a reference for which we
thank Michal Doucha), it is explained how every discrete, finitely generated, residually

finite group G admits an action on a profinite completion
−!
G , a compact group on

which the only G-invariant measure is the Haar measure. We might think of the C∗-
algebras WX oαh,r Fn associated with such actions as nonamenable analogues of W.
It would certainly be interesting to investigate other structural properties of these
algebras, in particular, their stable rank.

4.2. Inheritance of QMCS structure. Recall from Remark 4.2 the automorphic
extension (A−!, α−!) of an endomorphism α ∈ End(A). Here in Subsection 4.2 and later

in Subsection 5.2, we consider only invertible topological dynamical systems (that is,
homeomorphisms) h : X ! X, and (except in Corollary 4.10, where stably projec-
tionless models come in handy) we are primarily interested in unital tracial quantum
systems (AX , αh) associated with (X,h) (that is, we require A = AX to be unital and
α = αh to be a unital ∗-monomorphism). In this case, we have AoαN = A−!oα

−!
Z, and

the canonical inclusion map A ↪! A−! induces affine homeomorphisms T (A−!) ∼= T (A)

and T (A−!)
α
−! ∼= T (A)α.

The existence of a ‘natural’ CQMS structure on the crossed product A oα N of a
C∗-algebraic CQMS (A,LA) by an automorphism (or tracially nondegenerate embed-
ding) α is a delicate issue, one that is taken up, for example, in [45]. But if (AX , αh)



364 B. Jacelon

is a Stein system associated with (X,h) such that A = AX is a C∗-QMBS, then a
very natural choice presents itself. Actually, ‘all’ that we require of α = αh is that

T (A−!oα
−!

Z) ∼= T (A)α ∼=M1
+(X)h

via the inclusion map A ↪! A−!oα
−!
Z. This holds if α has finite Rokhlin dimension (see

[40, Lemma 4.8]) and more generally in the following context.

Definition 4.7. We say that a C∗-dynamical system (A,α) has the unique tracial
extension property if every α-invariant trace on A admits a unique extension to A−!oα

−!
Z.

For a complete analysis of this property for automorphic actions of discrete groups
on unital C∗-algebras, see [76].

Proposition 4.8. Let (X, ρ) be a compact metric space, h : X ! X a homeo-
morphism, and (AX , αh) a unital tracial quantum system associated with (X,h),
with A = AX equipped with the C∗-algebraic quantum metric Bauer simplex structure
determined by ρ (see Subsection 2.3). Suppose that (AX , αh) has the unique tracial
extension property and that AX oαh N is algebraically simple (both of which hold if
AX is simple and αh has finite Rokhlin dimension). Then, AXoαhN is a C∗-algebraic
quantum metric Choquet simplex when T (AX oαh N) ∼=M1

+(X)h is equipped with the
Wasserstein metric Wρ|M1

+(X)h (see (2.8)) and the seminorm L = LWρ
: AXoαhN!

[0,∞] (see (2.4)).

Proof: We must verify the conditions of Definition 2.10. Note that (A oαh N)q is
tracially ordered by Proposition 2.7. The seminorm L is by definition lower semi-
continuous and self-adjoint, and its kernel consists of the tracially constant elements
of A oαh N. Since the unique extension of τ ∈ T (A−!) ∼= T (A) to T (A−! oαh

−!
Z) =

T (A oαh N) is defined by
∑
n∈Z anu

n 7! τ(a0), L is also densely finite. Since Wρ is

convex (2.5) and midpoint-balanced (2.6), so is its restriction to M1
+(X)h. As de-

scribed in Remark 2.3, this guarantees that ρL = Wρ|M1
+(X)h and in particular that

ρL induces the w∗-topology on T (A oαh N). We conclude that (A oαh N, L) is a
C∗-algebraic quantum metric Choquet simplex.

Remark 4.9. In Subsection 5.2, we will investigate the variation of the structure
described in Proposition 4.8 alongside continuously varying actions hθ. One of the de-
sired properties of a continuous field of quantum structures is suitable upper semicon-
tinuity of Lip-norms (see Definition 5.1). While the issue does not arise in the examples
that motivate Theorem 5.7, we would like to allow for the possibility of actions that
are uniquely ergodic at some fibres but not others. If (X,h) is uniquely ergodic, then
AXoαh N has a unique trace, and so the formula (2.4) is not immediately sensible. In
fact, the unique C∗-QMCS structure in this setting is the trivial one L = 0. This could
be problematic for upper semicontinuity. So at the cost of reducing kerL to a smaller
subspace than required by Definition 2.10, we will replace the trivial structure with
the seminorm L : AX oαh N! [0,∞] defined by L

(∑
n∈Z anu

n
)

:= LA(a0). (Here, we
use the same notation LA to denote the seminorm on A = AX and the corresponding
one on A−! given by the identification T (A−!) = T (A).) Note in particular that if L is

as constructed in Proposition 4.8, then

L

(∑
n∈Z

anu
n

)
= LWρ|M1

+
(X)h

(â0|M1
+(X)h) ≤ Lρ(â0|X) = LA

(∑
n∈Z

anu
n

)
which will give us the required upper semicontinuity at uniquely ergodic fibres.
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Recall from Remark 2.11 that certain stably projectionless classifiable C∗-alge-
bras A can also be equipped with QMCS structure. If A = AX is not necessarily unital
but αh is invertible (so that, in particular, AX oαh N ∼= AX oαh Z), then the proof of
Proposition 4.8 still demonstrates that (AX oαh Z, LWρ|M1

+
(X)h

) is a C∗-QMCS. This

provides us with dynamical C∗-QMCS descriptions of arbitrary metrisable Choquet
simplices.

Corollary 4.10. Every metrisable Choquet simplex ∆ arises as the trace space of
a W-stable, classifiable dynamical C∗-QMCS, specifically a tracial quantum crossed
product associated with a minimal subshift.

Proof: By Downarowicz’s theorem ([21, Theorem 3]), there exists a minimal sub-
shift (X,h) such that M1

+(X)h ∼= ∆. Let ρ be a compatible metric on the shift
space X. Let (AX , Lρ) be a unital classifiable C∗-algebraic quantum metric Bauer
simplex associated with (X, ρ) as in Example 2.15(2). Because X is in general not con-
nected, our construction does not guarantee that AX is K-connected, which could be
an obstruction to lifting the topological dynamical system (X,h) to the C∗-algebraic
level. We overcome this by tensoring with the monotracial, KK-contractible, stably
projectionless C∗-algebra W. This has the effect of killing K-theory (hence the pair-
ing) while preserving tracial structure and classifiability. The C∗-algebra AX ⊗ W
is algebraically simple, KK-contractible, stably projectionless, and classifiable, and
there is an affine homeomorphism θ : T (AX)! T (AX ⊗W) that maps τ to τ ⊗ τW .
As discussed in Remark 2.11, the Cuntz–Pedersen quotient (AX⊗W)q ∼= Aff(T (AX))
has the structure of a tracially ordered order unit space. Define the seminorm L : AX⊗
W ! [0,∞] by L(a) = Lρ(θ

∗(a)), where θ∗(a)(τ) = (θ(τ))(a) for a ∈ AX ⊗W and
τ ∈ T (AX). (Equivalently, we define a metric ρ′ on T (AX⊗W) making θ an isometry,
and L is the seminorm Lρ′ defined by (2.12).) We can then view (AX ⊗W, L) as a
nonunital C∗-QMBS. Let Y := ∂e(T (AX ⊗W)) ∼= ∂e(T (AX)) ∼= X and let g : Y ! Y
be the homeomorphism g := θ◦h◦θ−1. The topological dynamical system (Y, g) is iso-
metrically conjugate to (X,h), so in particular,M1

+(Y )g ∼=M1
+(X)h ∼= ∆. Appealing

to [40, Lemma 4.7] and stably projectionless classification theory [23, Theorem 7.5]
as in the proof of Theorem 4.3 or [40, Theorem 5.1], we can lift g to an automor-
phism αg of AX ⊗ W that moreover has finite Rokhlin dimension. In other words,
(AX ⊗W, αg) is aW-stable Stein system associated with (Y, g). Proposition 4.8 then
endows (AX ⊗W) oαg Z with the structure of a classifiable C∗-QMCS whose trace
space is affinely homeomorphic to ∆.

4.3. Random systems. Here, we seize upon the present opportunity to clarify and
expand on [40, Proposition 4.3 and Example 4.10]. These observations pertain to
finite-time estimates of large deviation from the spatial mean for Lipschitz observables
of (quantum) dynamical systems. Specifically (in the current article’s notation) it is
asserted that, if α is an automorphism (or tracially nondegenerate endomorphism) of
a C∗-QMBS A preserving a unique trace τα whose representing measure is ν = να,
then for given r ≥ rA, nucleus Dr(A), and ε > 0, there are constants c1, c2 > 0 such
that, for every n ∈ N,

(4.2) sup
a∈Dr(A)

να

({
τ ∈ ∂e(T (A)) |

∣∣∣∣∣ 1n
n−1∑
k=0

τ(αk(a))− τα(a)

∣∣∣∣∣ > ε

})
≤ c1e−c2nε

2

.

But for deterministic systems, this is really the same information that is provided by
Birkhoff’s ergodic theorem and compactness of Dr(A) (see Subsection 2.4.2). Indeed,
for fixed ε, there exists N ∈ N such that for every n ≥ N and every a ∈ Dr(A) the
set appearing on the left-hand side of (4.2) is empty.
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The situation becomes much more interesting in the setting of random dynami-
cal systems. More precisely, suppose that (X,P ) is a Markov–Feller process (see [7,
Chapter 2] or [5]), that is, X is a compact metrisable space and P : C(X) ! C(X)
is a unital completely positive map. Equivalently, x 7! Px := evx ◦P ∈ C(X)∗ is a
w∗-continuous map from X to M1

+(X). The process yields a random walk (Xk)k∈N0

on X, where X0 = x0 is chosen according to some initial distribution and the next
step depends only on the current position, that is, P(Xk+1 ∈ U | Xk = x) = Px(U)
for n ∈ N0 and U a Borel subset of X. From this point of view, the map P can be
described as

Pf(x) =

∫
X

f dPx = E(f ◦X1 | X0 = x).

Such a process arises, for example, when there is a family (gθ)θ∈Θ of continuous maps
on X and the parameter space Θ is equipped with a Borel probability measure µ.
The associated Markov–Feller operator P = Pµ is defined by Pµ := µ ∗ evx, where ∗
denotes the convolution product

µ ∗ ν(U) :=

∫
Θ

ν(g−1
θ U) dµ(θ), U ⊆ X Borel.

Some such systems are uniquely ergodic: there is a unique Pµ-invariant measure,
that is, a unique ν ∈M1

+(X) such that
∫
X
Pf dν =

∫
X
f dν for every f ∈ C(X) (or

equivalently, ν is the unique µ-stationary measure, meaning that µ ∗ ν = ν). This
holds, for example, for:

• Lipschitz actions on X that are ‘contracting on average’ (see [19, Theorem 1.1]
and also [7, Example 11.4], which describes a process where at each step, one
of two contractive maps on the Cantor set is chosen with equal probability);
• actions on projective space P(Rd) of ‘proximal’ subsemigroups of SL(d,R), as

well as actions on certain flag varieties of certain reductive groups (see [7, Chap-
ters 4, 13]).

Breiman’s law of large numbers ([11]) says that, in these cases, for every f ∈ C(X)
and any initial position X0 = x0 ∈ X,

(4.3) lim
n!∞

1

n

n−1∑
k=0

f(xk) =

∫
X

f dν

for Px0
-almost every trajectory (yk)∞k=0 ∈ XN0 , where Px0

denotes the Markov mea-
sure associated with the starting point x0 and process P (that is, the probability that
a trajectory lies in a Borel subset U of XN0 is Px0(U)).

This phenomenon continues to hold in the noncommutative tracial setting, that
is, if A is a C∗-QMBS and (αθ)θ∈Θ is a random family of tracially nondegenerate
endomorphisms of A such that (T (αθ)|∂e(T (A)))θ∈Θ is a uniquely ergodic Markov–
Feller process on X := ∂e(T (A)). (Such noncommutative systems certainly do exist.
For example, A might be K-connected and classifiable, and (αθ)θ∈Θ could be the
lift of a uniquely ergodic system on X.) We are interested in the long-term tracial
behaviour of the random system (αθ)θ∈Θ. Given an initial observable [a0] ∈ Aq, we let
P[a0] denote the corresponding Markov measure on `∞A

q equipped with the product
Borel σ-algebra. What follows is a finite-time estimate of large deviation associated
with (4.3). Although stated under the assumption that the transformations T (αθ) are
1-Lipschitz, the proposition should also hold for endomorphisms αθ that are tracially
‘contracting on average’ in a suitable sense (see [7, Chapter 11]).
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Proposition 4.11. Let (A,L) be a C∗-QMBS, let (Θ, µ) be a probability space, and
let (αθ)θ∈Θ be a family of tracially nondegenerate endomorphisms of A. Suppose
that the continuous affine maps T (αθ)θ∈Θ are 1-Lipschitz on ∂e(T (A)) (hence on
all of T (A)) and that the associated Markov–Feller system (∂e(T (A)), Pµ) admits a
unique Pµ-invariant measure ν ∈ M1

+(∂e(T (A))). Let τν ∈ T (A) be the trace whose
representing measure is ν and fix a nucleus Dr(A). Then, for every ε > 0, there are
constants c1, c2 > 0 such that, for every τ ∈ T (A), n ∈ N, and a0 ∈ Dr(A),

(4.4) P[a0]

({
([ak])∞k=0 ∈ `∞Aq |

∣∣∣∣∣ 1n
n−1∑
k=0

τ(ak)− τν(a0)

∣∣∣∣∣ > ε

})
≤ c1e−c2nε

2

.

Proof: By [6, Proposition 3.1], the inequality (4.4) with ε
2 in place of ε (to make

room for later estimates) holds for fixed a0 and every τ ∈ ∂e(T (A)). The bound
displayed in [6, Proposition 3.1] is of the form c′1e

−Mn, but one sees from the proof
that M = c2ε

2 for a suitable constant c2. In fact, one also sees that, by compactness
of Dr(A) (or rather, its image in C(∂e(T (A)))), the same constants can be used
uniformly across Dr(A). Finally, approximating τ ∈ T (A) by a convex combination
of elements of ∂e(T (A)), one sees that (4.4) holds for every τ ∈ T (A). Note that, to
succeed with this approximation, we should ensure that we can use a common large
set of ‘good’ trajectories (αk)∞k=1 ∈ {αθ | θ ∈ Θ}N that works for every τ ∈ ∂e(T (A)),
that is, trajectories for which

(4.5) sup
a0∈Dr(A)

sup
τ∈T (A)

sup
n∈N

∣∣∣∣∣ 1n
n−1∑
k=0

τ(ak)− τν(a0)

∣∣∣∣∣ ≤ ε

2
,

where ak = αk ◦ · · · ◦ α1(a0). But we can indeed accomplish this by compactness
of ∂e(T (A)) and Dr(A). More precisely, let τ1, . . . , τm ∈ ∂e(T (A)) be an ε

4 -net for
(∂e(T (A)), ρL), so that for every τ ∈ ∂e(T (A)), there is some i ∈ [1,m] such that

|τ(a)− τi(a)| ≤ L(a)ρL(τ, τi) <
ε

4
for every a ∈ Dr(A).

Then, every τ ∈ T (A) can be approximated on Dr(A) up to ε
2 by a finite convex

combination
∑m
i=1 λiτi =: τ ′. The Markov probability of the intersection of the sets

of trajectories for which (4.5) holds for τ = τi, i ∈ [1,m], is at least 1 − c1e−c2nε
2

with c1 := mc′1. At this intersection, for every a0 ∈ Dr(A) and n ∈ N, we have∣∣∣∣∣ 1n
n−1∑
k=0

τ(ak)− τν(a0)

∣∣∣∣∣ ≤ 1

n

n−1∑
k=0

|τ(ak)− τ ′(ak)|+

∣∣∣∣∣ 1n
n−1∑
k=0

τ ′(ak)− τν(a0)

∣∣∣∣∣
≤ ε

2
+

∣∣∣∣∣ 1n
n−1∑
k=0

m∑
i=1

λiτi(ak)−
m∑
i=1

λiτν(a0)

∣∣∣∣∣
≤ ε

2
+

m∑
i=1

λi

∣∣∣∣∣ 1n
n−1∑
k=0

τi(ak)− τν(a0)

∣∣∣∣∣
≤ ε.

5. Quantum fields

In this section, we address the question: how does the geometry of a C∗-QMCS (A,L)
change in conjunction with deformation of its quantum metric structure? We will
specifically examine continuous variation of:
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(a) the seminorm L (or metric ρL);

(b) the underlying dynamics (X,h) when A is constructed as a tracial quantum
crossed product AX oαh N.

Our motivating example for (a) is that of a vibrating piano string. We think of the
interval I = [0, π] as ∂e(T (A)) for a C∗-QMBS A, and we encode the motion of the
string by adjusting the metric on I as

(5.1) ρt(a, b) =

∫ b

a

√
1 +

(
∂

∂x
u(x, t)

)2

dx,

where u(x, t) is the solution over some time interval [0, p] to the appropriate wave
equation. That is, ρt(a, b) is the arc length from a to b along the stretched string
at time t. The example to bear in mind for (b) is an isometric action on a Rie-
mannian manifold that is conjugated by an isotopy, in particular, rotation hθ of the
circle S1 deformed to gt ◦ hθ ◦ g−1

t via a path of diffeomorphisms (or uniformly bi-
Lipschitz homeomorphisms) gt : S

1 ! S1. In both cases, we will assemble the families
of structures into continuous fields of quantum spaces. In the former case, we in-
vestigate the variation of unitary distances dU (see Subsection 2.4.1) and Birkhoff
convergence rates βr (see Subsection 2.4.2). In the latter, we are interested in the
quantum Gromov–Hausdorff distance between fibres (see Section 3).

With these examples in mind, we adopt from [51, Definition 6.4] the following
notion of a continuous field of quantum spaces. For background on continuous fields
of Banach spaces and C∗-algebras, see [20, Chapitre 10].

Definition 5.1. Let Θ be a compact Hausdorff topological space. We say that
((Aθ, Lθ)θ∈Θ,Γ) is a continuous field of C∗-algebraic quantum metric Choquet sim-
plices over Θ if:

(1) each (Aθ, Lθ) is a C∗-algebraic quantum metric Choquet simplex;

(2) ((Aθ)θ∈Θ,Γ) is a continuous field of C∗-algebras that is unital in the sense that
(θ 7! 1Aθ ) ∈ Γ;

(3) for every θ ∈ Θ, a ∈ L−1
θ ([0,∞)) ⊆ A and ε > 0, there is a Lipschitz section f

at θ (that is, f ∈ Γ such that the map η 7! Lη(fη) is upper semicontinuous at θ)
with ‖fθ − a‖ < ε and Lθ(fθ) < Lθ(a) + ε.

5.1. Metric deformation. For the following (a continuous-field version of Theo-
rem 2.12), recall the definition of the unitary distance (2.13) and Birkhoff convergence
rate (Definition 2.16) relative to a nucleus Dr(A) of a C∗-QMCS (A,L).

Theorem 5.2. Let Θ be a compact Hausdorff space and (ρθ)θ∈Θ a family of metrics
on a compact metrisable space X 6= {pt} that varies Lipschitz continuously in the
following sense: there are continuous functions k,K : Θ × Θ ! (0,∞) that are both
constantly 1 on the diagonal and otherwise satisfy

(5.2) kη,θρη(x, y) ≤ ρθ(x, y) ≤ Kη,θρη(x, y) for every η, θ ∈ Θ, x, y ∈ X.

Let A be a separable, unital C∗-algebra with ∂e(T (A)) ∼= X, and for each θ ∈ Θ,
let Lθ be the seminorm corresponding to ρθ via (2.12) and making (A,Lθ) into a
C∗-algebraic quantum metric Bauer simplex. Then, ((A,Lθ)θ∈Θ, C(Θ, A)) is a con-
tinuous field of C∗-algebraic quantum metric Choquet simplices. Moreover, for ev-
ery r ≥ supθ∈Θ r(X,ρθ), there is a family (Dr,θ(A))θ∈Θ of nuclei of (A,Lθ) such that:
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(i) for any tracially nondegenerate α ∈ End(A) with a unique invariant trace, and
any ε > 0, the map sending θ ∈ Θ to βr,θ(ε) is upper semicontinuous (where
βr,θ denotes the Birkhoff convergence rate relative to Dr,θ(A));

(ii) for any unital C∗-algebra B and ϕ,ψ ∈ Emb1(A,B), the map that sends θ ∈ Θ
to dU (ϕ,ψ)|Dr,θ(A) is continuous.

Proof: The assumption (5.2) ensures that, for every η, θ ∈ Θ,

(5.3) kη,θ Lip1(X, ρη) ⊆ Lip1(X, ρθ) ⊆ Kη,θ Lip1(X, ρη)

and therefore that the corresponding seminorms Lη, Lθ defined by (2.12) satisfy

kη,θLθ ≤ Lη ≤ Kη,θLθ.

It follows that L−1
θ ([0,∞)) is independent of θ, and that the map θ 7! Lθ(a) is

continuous for every a ∈ A. This verifies condition (3) of Definition 5.1 (with f the
constant section η 7! a) and therefore shows that we have a continuous C∗-QMCS
field.

We also have that the map sending θ ∈ Θ to the radius r(X,ρθ) = r(M1
+(X),Wρθ

) is

continuous and therefore bounded. For r ≥ supθ∈Θ r(X,ρθ) and θ ∈ Θ, let Lr,θ be the
nucleus of (C(X), Lθ) defined in (2.14), that is,

Lr,θ = {f ∈ C(X)sa | ‖f‖ ≤ r, |f(x)− f(y)| ≤ ρθ(x, y) for every x, y ∈ X}.
The map sending θ ∈ Θ to Lr,θ is continuous with respect to the Hausdorff metric on
subsets of (C(X)), ‖·‖), where ‖·‖ is the uniform norm. Indeed, if f = f+−f− ∈ Lr,θ
(that is, writing f as the sum of its positive and negative parts), then by (5.3),

min

{
f+

Kη,θ
, r

}
−min

{
f−
Kη,θ

, r

}
∈ Lr,η.

Noting as in the proof of Proposition 2.14 that every f ∈ C(X) extends uniquely to an
element of Aff(M1

+(X)) without increase of uniform norm or Lipschitz seminorm, we
get a corresponding family of nuclei Dqr,θ(A) with compact union in Aff(M1

+(X)) ∼=
Aq. In other words, every element of Dqr,θ(A) is the unique continuous affine extension

of an element of Lr,θ from the boundary X to the whole simplexM1
+(X). Let s : Aq !

Asa be the Michael–Bartle–Graves inverse to the quotient map q : Asa ! Aq as in the
proof of Theorem 2.12. The desired family of nuclei is

Dr,θ(A) := s(Dqr,θ(A)).

The asserted properties of dU and βr,θ(ε) hold because the map θ 7! Dr,θ(A) is
Hausdorff-continuous. For (i), suppose that θi ! θ ∈ Θ and that for every i, βr,θi(ε) ≥
N , that is, there exists ni ≥ N − 1 such that

∆θi(ni) := sup
a∈Dr,θi (A)

sup
τ∈T (A)

∣∣∣∣∣ 1

ni

ni−1∑
k=0

τ(αk(a))− τα(a)

∣∣∣∣∣ > ε.

Then, for any sufficiently large i we have

∆θ(ni) = sup
a∈Dr,θ(A)

sup
τ∈T (A)

∣∣∣∣∣ 1

ni

ni−1∑
k=0

τ(αk(a))− τα(a)

∣∣∣∣∣
≥ ∆θi(ni)− 2 dist

‖·‖
H (Dr,θ(A),Dr,θi(A))

> ε,

so βr,θ(ε) ≥ N as well.
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For (ii), suppose that ϕ,ψ : A ! B are unital embeddings. The situation for the
unitary distance

dU (ϕ,ψ)|Dr,θ(A) = inf
u∈U(B)

sup
a∈Dr,θ(A)

‖ϕ(a)− uψ(a)u∗‖

is similar, because

|dU (ϕ,ψ)|Dr,η(A) − dU (ϕ,ψ)|Dr,θ(A)| ≤ 2 dist
‖·‖
H (Dr,η(A),Dr,θ(A)).

Example 5.3. Let us check that the family (5.1) of metrics corresponding to the
wave equation satisfies (5.2). (While the observations that follow certainly apply more
generally, the wave equation is an illuminating example to keep in mind.) It suffices
to find continuous functions m,M : [0, p] ! (0,∞) satisfying mtρ0 ≤ ρt ≤ Mtρ0,

for we can then take ks,t = mt
Ms

and Ks,t = Mt

ms
. We set mt := infa 6=b∈I

ρt(a,b)
ρ0(a,b) and

Mt := supa 6=b∈I
ρt(a,b)
ρ0(a,b) . Note that, by L’Hospital’s rule and the fundamental theorem

of calculus,

lim
b!a

ρt(a, b)

ρ0(a, b)
=

√√√√ 1 +
(
∂
∂xu(x, t)

)2
1 +

(
∂
∂xu(x, 0)

)2
∣∣∣∣∣∣
x=a

,

so mt and Mt take values in (0,∞) and

mtρ0(a, b) ≤ ρt(a, b) ≤Mtρ0(a, b) for every a, b ∈ I.
Their continuity follows from continuity of t 7! ρt(a, b), which in turn follows from
continuity of t 7! ∂

∂xu(x, t).
As for a model C∗-QMBS A witnessing the effects described in Theorem 5.2, see

Example 2.15. In particular, continuous families of unitary distances as in (ii) can
be associated to dimension drop algebras and to the algebra AI (constructed in [41,
Section 4.4.4] as a limit of prime dimension drop algebras, and generalised in [40,
Theorem 4.4]). Any uniquely ergodic continuous self-map h of the interval I can
be lifted to a tracially nondegenerate endomorphism αh of AI that fixes a unique
trace. The Birkhoff convergence rates of α at different times t can be measured and
compared, and will vary upper semicontinuously for any fixed ε as in (i). One example
of this procedure would be to take h to be constant, or in other words αh to be
trace-collapsing. This is uninteresting because we would then have βr,t(ε) = 1 for
every ε > 0. Further, had we been hoping for an automorphism α, then our fate
would have been disappointment, for there are no uniquely ergodic homeomorphisms
of the interval. That is unless we are willing to first identify the endpoints of the
string I to obtain a loop S1. The vibration of the loop is encoded by the metrics

ρ′t(a, b) := min{ρt(a, b), ρt(a, 0) + ρt(p, b)},
relative to which we can compute the convergence rates βr,t associated with uniquely
ergodic circle maps (say, irrational rotation) lifted to AS1 .

Example 5.4. We recall from [41, Section 2.2] that the transport constant kZ of a
compact, path-connected metric space (Z, ρ) is a measurement of the extent to which
the geometry of Z permits efficient continuous redistributions of masses represented
by probability measures. Here, ‘efficient’ means relative to the ∞-Wasserstein dis-
tance W∞ (see [41, Section 2.1]). Just like the 1-Wasserstein distance (2.8), it varies
continuously as (ρθ)θ∈Θ varies according to (5.2). The same is true of kZ . So in these
circumstances, [41, Theorem 3.1] provides (for certain Z and B) a continuous family
of solutions to the quantised, K-localised optimal transport problem in Emb1(Z,B).
More precisely, suppose that kZ,θ <∞ for some (hence every) θ, that K∗(Z) is finitely



Quantum metric Choquet simplices 371

generated and torsion free, and that B is a unital classifiable C∗-algebra of real rank
zero whose tracial boundary ∂e(T (B)) is compact and finite-dimensional. Then, for
every ϕ ∈ Emb1(C(Z), B), there is a continuous family of Czech–Kazakh inequalities

W∞,θ(ϕ,ψ) ≤ dU (ϕ,ψ)|Dr,θ(C(Z)) ≤ kZ,θ ·W∞,θ(ϕ,ψ)

in

(5.4) Emb1(C(Z), B)ϕ := {ψ ∈ Emb1(C(Z), B) | K∗(ψ) = K∗(ϕ)}.
5.2. Dynamical deformation.

Proposition 5.5. Let Θ be a compact metrisable space, A a unital classifiable C∗-al-
gebra, and (αθ)θ∈Θ a family of unital endomorphisms of A that varies continuously
with respect to the topology of pointwise convergence. Then, there is a continuous
family of unital endomorphisms θ 7! α′θ such that, for every θ ∈ Θ, Ell(α′θ) = Ell(αθ)
and α′θ has finite Rokhlin dimension (so in particular, Aoα′θ N is classifiable).

Proof: The endomorphisms (αθ)θ∈Θ provide an endomorphism α of C(Θ, A), namely,
α(f)(θ) :=αθ(f(θ)). By the results of [73, Section 11] (signposted in [40, Lemma 4.7]),
there is a unital endomorphism α′ = (α′θ)θ∈Θ of C(Θ, A) whose Rokhlin dimension
is ≤ 1 and whose Elliott invariant is equal to that of α. (This only uses separability
and Z-stability of C(Θ, A) ∼= C(Θ)⊗A.) The asserted properties then hold for α′θ ∈
End(A).

We recall from [27, Definition 6.8] the definition of the equivariant Gromov–
Hausdorff distance between group actions.

Definition 5.6. The equivariant Gromov–Hausdorff distance distGH(α0, α1) between
actions α0 and α1 of a topological group G on metric spaces (X0, ρ0) and (X1, ρ1) is
the infimum over all ε > 0 such that, for i ∈ {0, 1} = Z/2Z, there is an ε-isometric
map fi : Xi ! Xi+1 that satisfies

(5.5) sup
x∈Xi+1

ρi((αi+1(g) ◦ fi)(x), (fi ◦ αi(g))(x)) < ε for every g ∈ G

and whose image is ε-dense in Xi+1.

A similar (weaker) distance can be defined relative to generating sets S of G by
asking for (5.5) to hold only for g ∈ S (see [14, Definition 3.1]), but we will require
the rather strong S = G topology on the set of isometry classes of G-spaces. Some
examples of distGH-convergent sequences of isometric actions are provided in [14,
Examples 4.6–4.8]. We discuss other examples in Examples 5.8 and 5.9.

To the extent that it ties together its narrative threads, the following analogue
of [45, Theorem C] is the present article’s climax. Its proof hinges upon the main re-
sult of [13], which provides a classification via KTu of unital, full, nuclear embeddings
of unital, separable, exact, UCT C∗-algebras A into unital, Z-stable C∗-algebras B
that have strict comparison. (This theorem also has a nonunital version in [13], but
we only consider unital C∗-algebras in Theorem 5.7.) As observed in [13], this in par-
ticular applies to unital, classifiable A (that is, A simple, separable, nuclear, Z-stable
and satisfying the UCT) and B = C(Θ, A) (already observed in Proposition 5.5 to be
Z-stable, and explicitly shown in [13] to have strict comparison).

Theorem 5.7. Let (X, ρ) be a compact, connected metric space, Θ a compact metris-
able space, and (hθ)θ∈Θ a family of pointwise continuously varying maps X ! X that
are uniformly Lipschitz, meaning that there exists M > 0 such that

ρ(hnθ (x), hnθ (y)) ≤Mρ(x, y) for every θ ∈ Θ, n ∈ Z, x, y ∈ X.
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Then, there exists a unital, classifiable C∗-algebraic quantum metric Bauer simplex A=
AX associated with (X, ρ), and a family of tracial quantum systems (AX ,αθ)θ∈Θ as-
sociated with (X,hθ)θ∈Θ, such that:

(i) every αθ is approximately unitarily equivalent to an automorphism;

(ii) θ 7! αθ is continuous with respect to the topology of pointwise convergence and
so yields an endomorphism α of C(Θ, AX);

(iii) ((AX oαθ N)θ∈Θ, C(Θ, AX) oα N) forms a continuous field of C∗-algebras;

(iv) every αθ has finite Rokhlin dimension, so in particular, (AX , αθ) has the unique
tracial extension property and AX oαθ N is classifiable.

For every θ ∈ Θ, let Lθ be the seminorm on AX oαθ N described in Proposition 4.8.
Suppose further that θ 7! hθ is continuous with respect to the equivariant Gromov–
Hausdorff topology. Then, ((AX oαθ N, Lθ)θ∈Θ, C(Θ, AX) oα N) forms a continuous
field of C∗-algebraic quantum metric Choquet simplices and the quantum distance
functions

(5.6) dθ : η 7−! distq((AX oαη N, Lη), (AX oαθ N, Lθ))

are continuous on Θ.

Proof: The C∗-QMBS A can be taken to be one of the algebras AX described in
Example 2.15(2). By [10, Proposition 3.5], T (C(Θ, A)) is a Bauer simplex with

(5.7) ∂e(T (C(Θ, A))) ∼= ∂e(T (C(Θ)))× ∂e(T (A)) ∼= Θ×X.

It follows from (5.7) that the map (θ, x) 7! hθ(x), which by assumption is continu-
ous, extends to a continuous affine map h : T (C(Θ, A))! T (A). By K-connectedness
of A, h is compatible with the maps ι∗ : K∗(A)! K∗(C(Θ, A)) induced by the inclu-
sion ι of A into C(Θ, A) as constant sequences (that is, ι(a) = 1⊗ a), so we obtain a
morphism (h∗, ι∗) : KTu(A)! KTu(C(Θ, A)) in the notation of [12] (see [12, Defini-
tion 2.3]). By [12, Theorem 3.9], this morphism can be extended (noncanonically) to
a morphism of the total invariant KTu. By [13] (as discussed before the statement of
Theorem 5.7), this can be lifted to a unital embedding α = (αθ)θ∈Θ : A ! C(Θ, A),
thus giving us (ii). As the invariant of every αθ is an isomorphism, (i) holds by [12,
Theorems 9.3, 9.6]. By [62, Corollary 3.6], ((A oαθ N)θ∈Θ, C(Θ, A) oα N) forms a
continuous field of C∗-algebras, so we have (iii). Note that, while [62, Corollary 3.6]
is stated for actions by automorphisms, the key point, as spelled out in [62, Theo-
rem 3.5] and its preceding discussion, is that there should be a family of covariant
representations, varying continuously over the fibres, on a common Hilbert space.
This ensures lower semicontinuity, and upper semicontinuity holds automatically as
pointed out in [62, Theorem 3.2]. In any event, the common Hilbert space for the
fibres is in the present situation provided by

Aoαθ N = A−!oαθ
−!

Z ↪−! C(Θ, A)
−−−−−!

oα
−!

Z.

Next, by Proposition 5.5, we can ensure that each αθ has finite Rokhlin dimension,
giving us (iv).

Finally, suppose that θ 7! hθ is continuous with respect to the equivariant Gromov–
Hausdorff topology. We will appeal to [14, Theorem 1.3], a result which is stated
for isometric actions but whose proof works just as well for group actions that are
uniformly Lipschitz (at the negligible cost of increasing some estimating constants
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by a bounded factor). Let x =
∑
n∈Z anu

n
θ ∈ A−! oαθ

−!
Z = A oαθ N. Viewing the

coefficients an as constant functions Θ! A−!,

f :=
∑
n∈Z

anu
n ∈ C(Θ, A)
−−−−−!

oα
−!

Z = C(Θ, A) oα N

is a continuous section with fθ = x. By definition, Lη(fη) is the Lipschitz seminorm
of â0|M1

+(X)hη (see Proposition 4.8 and the discussion that precedes it). By [14, The-

orem 1.3], the map η 7!M1
+(X)hη is continuous with respect to the Hausdorff metric

associated with (M1
+(X),Wρ), and so η 7! Lη(fη) is also continuous. Except, as

forewarned in Remark 4.9, we should be careful at values θ for which hθ is uniquely
ergodic. At these points, Lη(fη) is upper semicontinuous, which is enough to fulfill
the requirements of Definition 5.1. We therefore have a continuous field of C∗-alge-
braic quantum metric Choquet simplices. Continuity of the functions dθ follows from
Proposition 3.4.

Theorem 5.7 in particular applies to deformations ht := gt ◦h ◦ g−1
t of an isometric

action h on a compact, connected Riemannian manifold (X, ρ) by a smooth path of
diffeomorphisms gt : X ! X. These maps are uniformly Lipschitz and (by design) vary
continuously with respect to the equivariant Gromov–Hausdorff distance. Indeed,

t 7−!M1
+(X)gt◦h◦g

−1
t = (gt)∗(M1

+(X)h)

is Hausdorff-continuous (regardless of whether or not the maps gt are Lipschitz). This
affords us access to a range of examples.

Example 5.8 (Tracial rotation algebras). Equip the circle S1 with the geodesic
metric, let hθ : S1 ! S1 be rotation by some fixed angle 2πθ ∈ (0, 2π), and fix a path
of diffeomorphisms gt : S

1 ! S1 that varies continuously relative to the Whitney
C1-topology (see [45, Section 8]), so that, in particular, gt and its derivative g′t
vary uniformly continuously. For example, let us take (gt)t∈[−1,1] defined by gt(x) =

x + t
2 sin2 x (viewing S1 as the interval [0, π] with its endpoints identified). Then,

(gt)t∈[−1,1] is uniformly (bi-)Lipschitz, and hence so is the family of actions of Z
on S1 defined by n 7! gt ◦hnθ ◦g

−1
t . By Theorem 5.7 and the above discussion, there is

a (unital) classifiable C∗-algebraic quantum metric Bauer simplex AS1 and a family of
tracial quantum systems (AS1 , αt)t∈[0,1] associated with (S1, gt ◦ hθ ◦ g−1

t )t∈[0,1] with
the properties stated in the theorem.

We call the tracial quantum crossed product AS1 oαhθ N associated with (S1, hθ) a
tracial rotation algebra. Note that, if AS1 = ZS1 is the projectionless model described
in Example 2.15(2), then as mentioned in [40, Example 4.10] one can compute that

(K0(AS1),K0(AS1)+, [1]) ∼= (Z,N, 1).

Note also that, regardless of whether θ ∈ (0, 1) is rational or irrational, AS1 oαhθ N is

classifiable (a consequence of finite Rokhlin dimension, which is a regularity prop-
erty of the tracial quantum system that we have prioritised over classical dynamical
features like topological minimality). It is also a quantum metric Bauer simplex, the
boundary of the trace space being either a singleton (if θ is irrational) or homeomor-
phic to the circle via the set of finitely supported periodic measures (if θ is rational).
The other fibres AS1 oαt N are deformed tracial rotation algebras whose isometric
isomorphism classes vary continuously relative to the quantum intertwining gap γq
(and also the quantum Gromov–Hausdorff distance). Indeed,

(gs ◦ g−1
t )∗ : T (AS1 oαt N) = (gt)∗(M1

+(X)hθ ) −! (gs)∗(M1
+(X)hθ ) = T (AS1 oαs N)
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is invertible, and is also approximately isometric (in the sense of Definition 3.6) if s
is close to t.

We can also arrange for the fibres to be K-connected. Suppose, for example, that
instead of K1(αt) = idK1(A) as in the proof of Theorem 5.7 we demand that K1(αt) =
0 (our replacement for a technique like topological orbit breaking that would be
used to manage K1 in the commutative setting). We would then lose (i), but again
as mentioned in [40, Example 4.10] we would have from the Pimsner–Voiculescu
sequence (4.1) that

(K0(AS1 oαt N),K0(AS1 oαt N)+, [1],K1(AS1 oαt N)) ∼= (Z,N, 1,Z).

In particular, as in Corollary 3.10, γq is a quasimetric on the isometric isomorphism
classes of fibres.

Note that the first half of Theorem 5.7 also applies to the more näıve deforma-
tion hθ 7! htθ, for fixed θ and t ∈ [0, 1]. We would again obtain a continuous field
of tracial rotation algebras. But we do not have equivariant Gromov–Hausdorff con-
tinuity, and we do not have a continuous C∗-QMCS field. That said, it is not hard
to show for this field that irrational values of θ are continuity points of the quantum
distance functions (5.6).

Example 5.9. By [3], any finite group G of k + 1 elements can be exhibited as the
isometry group of a Riemannian sphere Sk−1. Conjugating G by a path gt of dif-
feomorphisms as in Example 5.8 provides a uniformly Lipschitz family of G-actions
whose simplices of invariant measures vary Hausdorff continuously. Moreover, as dis-
cussed in Remark 4.5, we can (fibrewise) lift each G-action to a G-action αt on the
classifiable C∗-algebra ZSk−1 ⊗ Q witnessing the tracial dynamics. Whether or not
we can find a family of lifts that varies continuously with t is a question better left
for the authors of [13, 12], but with the current technology we can at least touch
on the case G = Z/(k + 1)Z, that is, the case of periodic Z-actions. Here, we get
a continuous field of (unital) classifiable C∗-algebraic quantum metric Choquet sim-
plices ZSk−1 oαt N, where at every fibre t, αt is approximately unitarily equivalent
to an automorphism whose (k + 1)-th power is approximately unitarily equivalent to
the identity.
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