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Abstract: We prove a Hankel-variant commutant lifting theorem. This also uncovers the complete
structure of the Beurling-type reducing and invariant subspaces of Hankel operators. Kernel spaces
of Hankel operators play a key role in the analysis.
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1. Introduction

Sarason’s commutant lifting theorem ([18]) is a cornerstone of Hilbert function
spaces and has many applications in various fields. This result is powerful as it also
stands on a core philosophy. It says that one may lift an operator commuting with
a model operator to an operator commuting with the shift operator without altering
the norm. Model operators are simply compressions of the shift operator into its
co-invariant subspaces.

Now, the commutant of the shift is analytic Toeplitz operators, whereas Hankel
operators act as intertwiners between the shift and its adjoint. Then, from the per-
spective of Sarason’s lifting theorem or just general interest, a natural question arises
as to whether the intertwiners between a model operator and its adjoint lift to Hankel
operators.

Curiously, this question has gone unnoticed, and the purpose of this paper is to
address it. On one hand, our approach to proving this lifting theorem is somewhat
simpler. On the other hand, even at a very basic level, unlike Sarason’s lifting, we
observe that the existence of nonzero intertwiners between a model operator and
its adjoint is not guaranteed. We point out that the underlying structure of model
spaces, which reduces Hankel operators, conceals the existential problem. We solve
this reducing (and even invariant) subspace problem and use it to solve the existen-
tial problem. Our classification provides concrete examples of both the possible and
impossible cases of intertwiners.

Now we delve further into the subject matter of the paper. Let L?(T) represent
the classical Hilbert space of Lebesgue square integrable functions on T = {z € C :
|z| = 1}. Let L, denote the Laurant operator on L*(T) that corresponds to the
symbol ¢ € L>®(T). Here, L>°(T) is the standard von Neumann algebra of C-valued
essentially bounded Lebesgue measurable functions on T. Therefore, we have

Lof = ef,
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for all f € L?(T). This is a repository for many profound theories that encompass both
Toeplitz operators and Hankel operators. The Toeplitz operator T, and the Hankel
operator H, with the symbol ¢ € L>°(T) are defined as

T, =PyL,|pge
and

H, =Py L,J|g2,

respectively. By H? we mean the Hardy space of square integrable functions on T
which are analytic on D = {z € C : |z| < 1}. Alternatively, this is the space of
all L?(T)-functions that have zero negative Fourier coefficients. Also, P, denotes the
orthogonal projection from L?(T) onto H?, and J: L*(T) — L?(T) is the unitary
operator defined by

(Jh)(z) = f(2),
for all f € L*(T) and 2 € T. Note that the special Toeplitz operator T, is an isometry
and is also popularly known as the shift operator. By application of the Beurling
theorem [3], we know that T -invariant closed subspaces are represented as

90, = H*> o uH?,
where u € H>°(D) is an inner function. This is referred to as a model space, and the
model operator is the compression

Su=Po,T:|a,;

where Pg, denotes the orthogonal projection of H? onto Q,. Recall that H> (D) is
the Banach algebra of all bounded analytic functions on I, and a function u € H>(D)
is inner if

lu(z)] =1,
for a.e. z € T (in the sense of radial limits). We refer to wH? as a Beurling-type

subspace of H?. The commutant of T, is precisely the Toeplitz operators with symbols
from H*° (D). In other words

(X € B(H?): T.X = XT,} = {T, : ¢ € H*(D)}.

Throughout the paper, B(H) refers to the space of all bounded linear operators on a
given Hilbert space H.

It is now desirable to recall Sarason’s commutant lifting theorem [18]. Let X €
B(Q.). Then

SuX = XS,
if and only if there exists a function ¢ € H>*(ID) such that || X|| = ||T,|| and
X = Po,Tylo,-

This amounts to the commutativity of the following diagram (when combined with
the norm identity || X || = ||T,|)):

where ig,: Q, < H? is the canonical isometric inclusion operator.
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With this perspective, we now turn to Hankel operators. Following the commutant
of T, described above, we first recall the set of intertwiners between the shift 7, and
its adjoint 77
(1.1) (X € B(H?) :T;X = XT,} = {H, : p € L™(T)}.

This well-known result is due to Nehari [14] (see also [15, Theorem 2.2.4] for a proof).
When it comes to Hankel operators, this is one of the most important and useful

results. This, together with Sarason’s lifting theorem, raises the following natural
problem:

Problem 1.1. Given an inner function v € H*°(D) and an operator X € B(Q,),
determine whether the condition

(1.2) S X = X8,

implies that X lifts to a Hankel operator maintaining X’s norm. That is, whether
there exists a symbol ¢ € L*°(T) for which

X =Pg, H,

Qu

and
X1 = [IHy-

Of course, this problem is so basic that it arises as a matter of independent interest.
The preceding diagram can be used to illustrate the problem in a manner similar to the
commutant lifting theorem. However, in this case, X € B(Q,,) fulfills the intertwining
relation (1.2). In Theorem 2.3, we solve the lifting problem for Hankel operators:

Theorem 1.2. Let u € H*(D) be an inner function and let X € B(Q,). Then
SxX = XS, if and only if there exists ¢ € L>®(T) such that

X 0

0 0

In particular, if S§X = XSy, then X = Hy,|g,, and ||H,| = || X].

|

The proof of this theorem relies solely on two lemmas, namely Lemma 2.1 and
Lemma 2.2. The former lemma further uses Nehari’s classifications of intertwiners
between the shift T, and its adjoint T, as pointed out in (1.1).

Theorem 1.2 appears to be the solution to the lifting problem proposed in Prob-
lem 1.1 above. However, some thoughts prompt questions about even the existence
of a nonzero X € B(Q,,) satisfying the intertwining condition (1.2). In fact, there is
an abundance of nonzero X that fulfills S, X = XS, in the case of the commutant
lifting theorem (just take X = S,). On the other hand, there is no automated fix for
this in the Hankel operator situation. That is, given an inner function u € H*(D), it
is not effortless to identify a nonzero solution X € B(Q,) to the identity (1.2). This
prompts the problem that follows:

Problem 1.3. Classify nonconstant inner functions u € H* (D) for which there exists
a nonzero operator X € B(Q,,) satisfying the intertwining condition (1.2).

This problem is fascinating on its own because it also involves solving operator
equations. Theorem 1.4 yields a complete answer:

Theorem 1.4. There exists a nonzero operator X € B(Q,,) satisfying S:X = XS,
if and only if
ged{u, Ju} # 1.
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It is relevant to note in the above scenario that
X = H50|Qu,

provides a nonzero solution for the operator equation S:X = XS, (see the proof of
Theorem 1.4, and specifically the construction in (4.1)), where

¥ = Tz* ng{ua E}

The above result is a byproduct of the solution to another natural question about
the structure of Beurling-type subspaces, which reduces Hankel operators. Indeed, a
closer inspection of Theorem 1.2 shows that the restrictions of Hankel operators on
model spaces that reduce the corresponding Hankel operators provide the possibility
of a nonzero solution X satisfying (1.2). In this context, we first classify Beurling-type
subspaces that are invariant under Hankel operators:

Theorem 1.5. Let u € H*(D) be a nonconstant inner function, and let ¢ € L>°(T).
Then, the following are equivalent:

(1) uH? is invariant under H.,.

(2) uH? Cker H,.

(3) Pyyp € Qg

As aresult, in Corollary 3.2, we present Beurling-type subspaces that reduce Hankel
operators. In the setting of Theorem 1.5, the following are equivalent:

(1) uH? reduces H,,.
(2) uH? C ker H, Nker H}.
(3) Py € (god{u, Tu}H?)*.
Note that given a function u =Y >~ a,2" € H*(D), the function Ju € H>(D) is

given by
o0
Ju = Z an2".
n=0

We present examples and counterexamples of lifting, reducing, and invariant sub-
spaces of Hankel operators. For instance, Theorem 1.4 can be applied to a specific
model space to verify the presence of nonzero intertwiners. We also have some prop-
erties of classical Hankel operators, like the one related to Hilbert’s Hankel matrix I,

where
1 oo
'=¢<{—— .
m+n+1 —

In particular, we have the following new information about the Hankel operator H.,
which corresponds to Hilbert’s Hankel matrix:

(1) Hy cannot be viewed as a lift to any intertwiners of the model operator and its
adjoint (see Example 4.4 for more details).

(2) Since Hy is injective ([11]), by Theorem 1.5, it follows that there is no Beurling-
type subspace that is invariant under H.

We note that the theory of Hankel operators is an evergreen subject that is well
known for its connections to a variety of subjects and for solving problems of general
interest. For instance, see Pisier’s solution to the similarity problem [17] (also see [1]).
While the monographs [15, 16] are excellent sources for comprehensive discussion, we
suggest reading [2, 8, 9, 10, 20] to get a feel for the work from various perspectives.
Finally, we comment that the paper is self-contained modulo standard classical notions
that can be found in the well-known monographs [7, 15, 16, 19].
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The remainder of the paper is divided into four sections. The lifting theorem is
presented in the next section, Section 2. The lifting result of this section led us to
discuss the Beurling-type invariant and reducing subspaces of Hankel operators, which
are addressed in Section 3. With these tools in hand, we revisit the lifting problem
in Section 4 and refine the results obtained in Section 2. The final section, Section 5,
discusses possible generalizations and some refinements of the techniques applied in
this paper.

2. A lifting theorem

The aim of this section is to prove the lifting theorem for operators acting on
model spaces and satisfying the intertwining relation between the model operator
and its adjoint.

In order to guarantee a proof that is technically rigorous, we shall make modifica-
tions to our notation. These alterations will solely be implemented in the proof of the
subsequent two results (and also in a part of Section 5).

Consider the canonical embedding

ig,: Qu— HZ.
It is clear that
ig,te, =1lo,,
and
ig,tg, = Po,;
where, as usual, Pg, € B(H?) denotes the orthogonal projection of H? onto Q,,. Using
this notation, we can more appropriately define the model operator S,, on the model
space Q,, as follows:
Sy =i, Thig,.
Evidently, this is the correct representation of the model operator, instead of following
the standard definition of S, as S, = Pg,T:|o,. Note also that S} = T7|g,. The
following is a key to our lifting theorem:

Lemma 2.1. Let X € B(Q,,). Then S:X = XS, if and only if there exists p € L>°(T)
such that
ig,Xig, = Hy.
Proof: Suppose S;X = X§,. We claim that
T:(ig,Xig,) = (ig,Xig, )T
Indeed, S; X = XS, implies that iy, (T}ig,)X = X(i5, Thig,)- Sinceig, iy = Pg,,
we have
Po, Tig, X = (ig, Xig, ) T:ig,-
But since
(2.1) Pg, Trig, =T ig,
(as T Q, C Q,) we must have
Tig, X = (ig,Xig,)Tkig,-
Multiplying both sides by i5 —on the right, this implies
T (ig,Xig,) = (i, Xig, )T Po,,

which, in view of the fact that i T, Pg, = ig 1. (see (2.1) above), finally yields the
claim. Therefore, by (1.1), there exists ¢ € L>(T) such that ig, Xiy = Hy.
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For the converse direction, assume that there exists ¢ € L°°(T) such that ig, Xi§ =
H,. We compute

ig, (9., X — XSy)ig, = ((ig,ig, )T ig,)(Xig,) —io,X(ig, T:(ig,ig,))
= Pg,Tig,(Xig,) —ig,X(ig,T-Pa,)
= Trig, Xily, —ig, Xih T.
—T'H, — H,T.
=0,

as H, is a Hankel operator (see (1.1)). Using the fact that ig, is an isometry, we
ultimately arrive at the conclusion that S X = X S,,. This completes the proof of the
lemma. O

We also have the following elementary observation, which will be used as a tool in
the proof of our lifting theorem.

Lemma 2.2. Let X € B(Q,,) and let ¢ € L>(T). Then
ig, Xig, = Hy,
if and only if
X 0
me= o of
with respect to the orthogonal decomposition H?> = Q, © Q.

Proof: We write ig, : Q, — H? = Q, ® Q} as the column operator

. I
tg, = [ 3“}

Then
) . Ig,
ig,Xig, = [ g }X[Igu 0],
and hence
. . |X 0
(2.2) ig,Xig, = [O 0}
The lemma is now easily derived from this identity. O

From the matrix representation of H, in the above statement, it is evident that
|Hyl| = || X]||. As a result, Lemmas 2.1 and 2.2 immediately yield the lifting theorem
for Hankel operators, as also stated in Theorem 1.2 earlier.

Theorem 2.3. Let Q, be a model space and let X € B(Q,). Then SgX = XS, if
and only if there exists p € L>°(T) such that

X 0
m-f Y
In particular, if ST X = XS, then we have the following:
X = HﬂP‘Qu)

and
[ Holl = [|X].
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This seemingly resolves the lifting theorem within the context of Hankel operators,
providing a more direct method compared to the commutant lifting theorem [18].
Nevertheless, this approach may obscure the underlying issue that does not persist
in the commutant lifting theorem. We are essentially talking about the existence
of nonzero intertwiners. In the case of commutant lifting, there is an abundance of
operators acting on model space that commute with the model operator. However,
the question of the existence of nonzero operators that act on a model space and
intertwine between the model operator and its adjoint does not appear to have a
direct solution.

This suggests the above lifting result is incomplete, and in the following sections
we fill this gap. For instance, in Section 4, we will present quantitative classifications
of nonzero intertwiners.

3. Invariant and reducing subspaces

Theorem 2.3 makes it clear that one needs to understand the structures of model
spaces that reduce a given Hankel operator. The purpose of this section is to ad-
dress that issue. In fact, we go a bit further: we first classify Beurling-type invariant
subspaces of Hankel operators. As a consequence, this result would imply a classifica-
tion of model spaces that reduces Hankel operators. Evidently, the invariant subspace
theorem that follows this section is of independent interest.

We proceed to the proof of Theorem 1.5. Recall the unitary operator J: H? — H?
defined by (Jf)(z) = f(z) for all f € H? and z € D.

Proof of Theorem 1.5: To begin, we show that (1) < (2). Assume that H,(uH?)C
uH?. Define a closed subspace Q C H? as

Q =span{H,(uf): f € H?}.
Clearly, @ C uH?. We claim that Q is a model space, that is, Q is T -invariant.

To prove this claim, fix a function g € Q. Then, for every n € N, there exists a
function f,, € H? such that

|Ho(ufa) gl < -
Now, for any f € H?, we have
T;(Hy(uf) —g) = T:Hy(uf) = Tg
= H,T.(uf) = Tg
=H,(uzf) —T}g.

In the above, we have applied the Hankel property that 17, H, = H,T,. Since 17 is
a contraction, we have

ITZHy (uf) = TZgll < [[Hp(uf) — gll-
Thus, for all n € N, we have

" 1
|Ho(uzfa) = T2l < | Ho(ufa) — gll < -,

which proves the claim that Q is a model space. Consequently, there is an inner
function v € H*°(D) such that

Q=09,.
Now we find ourselves in a situation where a model space is included in a Beurling-type

invariant subspace, that is,
Q, CuH?.
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We claim that this leads to triviality. Indeed, the above inclusion implies 2" Q,, C uH 2
for all n € Z, and hence
span{z"Q, :n € Z,} CuH>.

But then, since span{z"Q, : n € Z,} reduces T, (recall that T, is an irreducible
operator), we have

span{z"Q,:n € Z,} = H? or {0}.
If the above is equal to H?, then wH? = H?, a contradiction to the fact that u is a
nonconstant inner function. It follows that

Q, = Q:{O}v

which implies uH? C ker H,. This completes the proof of the forward direction. The
reverse direction is straightforward.

For (2) = (3), assume that uH? C ker H,. In particular, H,u = 0. From the
definition of H,, we find
Hou = PrpJu=0.
This readily implies that
wJu € zH?.
Equivalently,
(pJu, f)r2(my) =0,
for all f € H?, and hence
(Pyo, Juf)g= = 0,
for all f € H?. Therefore
Py € Q5
This proves that (2) = (3). Finally, assume that the above property holds. Then, as

above, (pJu, f)r2(ry = 0 for all f € H?, which implies pJu € zH2. Since pJu €
L*°(T), we conclude that

pJu € zH>(D).
This gives
Houf = Pro((Ju)(Jf)) =0,
for f € H?, and hence uH? C ker H,. This completes the proof of Theorem 1.5. [
In particular, if ker H, = {0}, then except for H?, none of the Beurling-type

subspaces can be invariant under H,. We illustrate this with a common example.
Consider the classical Hilbert’s Hankel matrix I" defined by [21, p. 191]

-1 -
1 = =
2 3
LR
r=12 3 4
LR
3 4 5

Let us denote by H, the Hankel operator on H? corresponding to Hilbert’s Hankel
matrix I', where ¥ is a symbol defined by

Y(e') = ie™"(r — 1),
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for t € T. It is well known that H, has trivial kernel [11]. As a result, we have
the following corollary concerning the lattice of the invariant subspaces of Hilbert’s
Hankel matrix:

Corollary 3.1. Let H, denote the Hankel operator on H? corresponding to Hilbert’s
Hankel matriz I'. Then

{uH? : uw € H*®(D) inner} N Lat Hy, = {H?}.

This result stands in contrast to composition operators, since there is always a
Beurling-type subspace that is invariant under a given composition operator (see [13],
and also [4]).

Now we turn to model spaces that reduce Hankel operators. We need to recall some
basics about inner function arithmetic. Note that an inner function v € H*>(D) is
said to be the greatest common divisor of a pair of inner functions u1,us € H*°(D) if

(1) w divides both u; and wuz, and

(2) if an inner function ug € H*>°(D) divides both u; and ug, then ug also divides u.
In the above case, we simply write

u = ged{u, us}.
Furthermore, when we say that an inner function v € H* (D) divides another inner
function v € H*(D), we mean that there is a function w € H*°(D) (which will be
forced to be an inner function anyway) such that
V= wu.
Consider a pair of inner functions uy, us € H*°(D). Among the model spaces Q,,
and Q,,, the following identity exists:
(ng{uhuQ}HQ)L = Qgcd{ul,ug} = Qu1 n Qu2'

Indeed, f € (ged{uy,us}H?)* if and only if

<f7 ng{ulauQ}g>H2 = 07

for all g € H?. This is now equivalent to (in view of the definition of ged)

<f7ulg>H2 =0= <f7 u29>H27
for all g € H?. Equivalently, we have

[ € Quy N Quy,
which completes the proof of the well-known claim.

Now we are ready for the complete classification of model spaces that reduce Hankel
operators.

Corollary 3.2. Let u € H*(D) be a nonconstant inner function, and let p € L>(T).
Then, the following are equivalent:

(1) uH? reduces H,.

(2) uH? C ker H, Nker H.

(3) Piy € (ged{u, Ju}H?)*.
Proof: If uH? reduces H,, then, in particular, uH 2 remains invariant under both H, 0
and HZ. Since HJ is also a Hankel operator, (2) simply follows from Theorem 1.5.
The reverse direction (2) = (1) is easy: uH? C ker H, Nker H}; readily implies, as a
general fact, that uwH? (and hence Q,,) reduces H,. This proves that (1) and (2) are
equivalent.
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For (2) = (3), assume that uH? C ker H, Nker H}. Then uH? C ker H,, together

with Theorem 1.5, gives that

PJr(p S QJT
On the other hand, uH? C ker Hj, implies Hju = 0. In view of H} = Hy; (16,
p. 432], we have Hyzu = 0, and hence
This implies JpJu € zH2. Since JoJu € L>(T), it readily follows that

JpJu € zH>(D).

There exists h € H>°(D) such that

JoJu = zh.
We take the conjugate of each side first, and then apply J to either side to get

ot = zJh € zH>*(D).
Since i € zH>(D), for all f € H?, we have (¢, [)r2(ry = 0. Equivalently,

<P+g0, U,f>Hz =0.
This implies Py € Q,,, and hence

Piy € Q,N Q5 = (ged{u, Ju} H?)*.

Finally, for (3) = (2), assume that Py ¢ € (gcd{u, Ju}H?)* = Q,NQ7,. Theorem 1.5
and the fact that Hj = Hﬁ immediately imply that uH? C ker H,Nker Hy,. O

In the context of Theorem 1.5, it is worth mentioning that the condition uH? C
ker H, can be expressed equivalently as

H,T, = 0.

Within the same framework, Douglas’ range inclusion theorem states that uH? is
invariant under H,, if and only if

H,T, =T.,Y,

for some Y € B(H?). It is also curious to note that in this case H,T, is a Hankel
operator. Similarly, Corollary 3.2 implies that uH? reduces H, if and only if H,T,, =
0 and H;Tu =0.

We conclude this section with two more invariant subspace results. Recall that
Theorem 1.5 provides a complete classification of Beurling-type subspaces invariant
under Hankel operators. Using the same result, we can also classify model spaces
invariant under Hankel operators. Indeed, recall the identity ([16, p. 432])

He = Hy;
for all ¢ € L>°(T), used in the previous corollary. Let u € H**(D) be a nonconstant
inner function. Given that wH? is invariant under H, if and only if Q, is invariant
under Hg, the following is immediately implied by the above adjoint formula and
Theorem 1.5:

Corollary 3.3. Let u € H>* (D) be a nonconstant inner function, and let o € L>(T).
Then, the following are equivalent:

(1) Q. is invariant under H,.

(2) uH? C ker Hﬁ-

(3) Prp € Qu.
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Finally, we return to the Hankel operator H, on H? corresponding to Hilbert’s
Hankel matrix I'. Note that H, is a self-adjoint operator, and consequently, Corol-
lary 3.1 implies:

Corollary 3.4. Let H, denote the Hankel operator on H? corresponding to Hilbert’s
Hankel matriz T'. Then

{Qu :u € H*(D) inner} NLat Hy, = {{0}}.

In the above, one needs to use the fact that the model spaces are always proper
subspaces of H?.

4. Revisiting liftings and examples

Let us now go back to the lifting problem in Section 2. At that point, the primary
question that remained unanswered was the existence of intertwiners between a model
operator and its adjoint. The representation of the lift was an additional concern.

We recall from Theorem 2.3 that if the given intertwiner X on the model space Q,,
admits a lift to H,, then Q, reduces H,. Given Corollary 3.2, which classifies model
spaces that reduce Hankel operators, we can now relate the model space’s inner func-
tions to the Hankel operator symbols. In other words, in the following theorem, we
directly relate v and ¢:

Theorem 4.1. Let u € H>®(D) be an inner function. Then there exists X € B(Qy)
such that

SrX =X8S,,
if and only if there exists p € L*°(T) such that
Py € (ged{u, JuyH?)*.

Moreover, in this case, Q, reduces Hy,, and X = Hy|g, .

Proof: Suppose S:X = XS, for some X € B(Q,). By Theorem 2.3, there exists ¢ €
L*>(T) such that
X 0
mo=[3 o
In particular, Q} C ker H, Nker Hj. Corollary 3.2 then implies that
Py € (ged{u, Ju}H?)*.

It is also evident that X = H,|o,. For the converse direction, by Corollary 3.2 we
again have that Q,f C ker H, N ker H:;. Thus the matrix representation of H, with
respect to the decomposition H% = Q, @ Qf; is

Hylg, O
e [Pl ]

Then the rest of the proof follows from Theorem 2.3 with X = H,|o,. O

We now shift our focus to the issue of finding a nonzero solution to the Hankel-type
intertwiner problem on model spaces. More specifically, in the following, we present
the proof of Theorem 1.4.
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Proof of Theorem 1.4: Suppose S*X = XS, for some nonzero X € B(Q,). By Theo-
rem 4.1, there exists ¢ € L>(T) such that X = Hy,|o, and Py € (ged{u, Ju}H?)*.
If ged{u, Ju} = 1, then (ged{u, Ju} H?)*+ = {0} and hence

P+Q0:0

Then H, = 0 and consequently X = H,|g, = 0, a contradiction to our assumption
that X = 0. Conversely, suppose

6 := ged{u, Ju} # 1.
Define
(4.1) p:=T0.

Since ker T} = C, it follows that ¢ # 0. Moreover, by the definition of 6, we have
170 € Q, and also T8 € Q,, and consequently

T:0 € (ged{u, JuyH?)*.
Since 170 = 979(0), for each w € T, we have

Z lp(w)| = ‘M‘

< 10(w)[ +16(0)]-

Therefore
p(w)| < 1410(0)],
a.e. on T, which implies ¢ € L>(T). Then, from ¢ € H?, we conclude that
Pop=p="T0c (gcd{u, JutH?)*.

Define

X = HL/J'Qu'
By Theorem 4.1, S} X = XS, and hence it only remains to prove that X # 0. In
view of H? = uH? @ Q,, write

1=uh+g,
for some h € H? and g € Q,,. By Corollary 3.2, in particular, we have uH? C ker H.,.
Then

Xg=Hyl=Pro=9¢#0

proves that X # 0. This completes the proof of Theorem 1.4. O

It is important to observe, in view of (4.1), that X := H,|g, is a nonzero solution
to the operator equation S} X = XS, where

o = T ged{u, Ju}.
Clearly, there are alternative solutions X to the operator equation S;X = XS,.
Suppose o

0 = ged{u, Ju} # 1.
Assume that dim Qy = 1. Then, all the nonzero intertwiners X are given by

X = Haorrolo.,,
where a € C. Next, assume that
dim Qy > 1.
For j =1,2, set _
p; =170,

and define
Xj=Hy,lo,.
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We claim that X; # X5 are nonzero solutions to S; X = XS,. To see this, as in the
proof of the above theorem, we write

l1=uh+y,
for some h € H? and g € Q,,. It is now easy to see that
Xjg=H, 1 =PLoj = ¢,
for all j = 1,2. Since 1 and @5 are nonzero distinct functions, we conclude that X3
and X, are nonzero distinct intertwiners.

Now we focus on model spaces corresponding to Blaschke products. Given each o €
D, define the Blaschke factor b, by

ba(2)

Let A CN be a finite or countably infinite set. Pick a set of complex numbers {ay, }neaC
D (repetition is allowed). Assume the Blaschke condition that

Z(l — |an]) < oo.

neA
Consider the Blaschke product
U= H ba,, -

neA

E: Hba?ﬂ

neA

a—z

=1 as (z e D).

Then

and consequently ged{u, Ju} # 1 if and only if there exist p, ¢ € A such that &, = ay.
This proves the following corollary to the above theorem:

Corollary 4.2. Given a Blaschke product u = ][] ba, as above, there exists a
nen

nonzero X € B(Q,) such that S;X = XS, if and only if there exist p,q € A such

that

Qp = Q.

We remark that if A is a finite set, then u becomes a finite Blaschke product that
corresponds to finite-dimensional model spaces.

It is now clear that one can construct concrete examples of model spaces that admit
or do not admit nonzero intertwiners. We present two extreme examples of this claim.
First, consider the inner function

u(2) =b-<z>exp(z“),

e

z—1
for all z € D. Note that the second factor is a singular inner function. In this case, it
is evident that

ged{u, Ju} = exp (—Fi) # 1.

z
7 —
Therefore, X := H,|g, on Q, yields a nonzero solution to S} X = XS, where

" z+1
SOZTZ eXp(z—l)

On the other hand, if u = b%-, then ged{u, Ju} = 1, and consequently there is no
nonzero solution to the equation S; X = X5,.
Next, we shift our focus to another problem:
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Problem 4.3. Fix a symbol ¢ € L*°(T). Is there a model space Q, and map X €
B(Q.) such that S;X = X5, lifts to H,?

To answer this, we retrieve the Hankel operator on H? once more, which corre-
sponds to Hilbert’s Hankel matrix as stated in Corollary 3.1.

Example 4.4. Let Q,, be a nontrivial model space. Denote by ¢ € L°(T) the symbol
that corresponds to Hilbert’s Hankel matrix. We know from Corollary 3.1 that the
model spaces do not reduce H,,. This implies that if S} X = XS, for some X € B(Q,,)
and X = H,|g, for some ¢ € L>°(T), then

H, # H,.

As a result, none of the intertwiners between a model operator and its adjoint
admits a lift to Hilbert’s Hankel matrix.

5. Concluding remarks

The goal of this final section is to outline potential directions for refining the
results obtained so far in this paper, as well as to demonstrate the triviality of further
improvement. We will also talk about inner functions connected to the kernels of
Hankel operators and how they relate to the Beurling-type invariant subspaces of
Hankel operators.

5.1. Toeplitz formulation. The formulation of the lifting problem on model spaces
presented in this paper can be applied to a wide range of problems. Although interest-
ing to study (as they have been in many cases), similar questions in other contexts may
not always have pleasing answers. In the following, we discuss one such situation that
becomes trivial. Recall that T;, denotes the Toeplitz operator with symbol ¢ € L>(T),
where

T, = Py Ly|yo.

Recall the algebraic classification of Toeplitz operators (see [5]): X € B(H?) is a
Toeplitz operator if and only if 77 XT, = X. We are specifically interested in the
model space variant of this classification.

Proposition 5.1. Let Q, C H? be a model space, and let X € B(Q,). Then
SrXS, =X,
if and only if
X =0.

Proof: We follow the notations from Section 2. Therefore, S, = ig T.ig,, and hence
Sr XS, = X implies
ig, T ig, Xig, Trig, = X,
which gives
(Po,Tlig,)X (i, T-Po,) = ig, Xig,-
Using the identity Pg,T7ig, = TS ig, from (2.1), we see that

T (ig, Xih,)T. = ig, Xil, ,
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and then the Brown and Halmos classification of Toeplitz operators implies ig, Xi5 =
T, for some ¢ € L>°(T). Finally, recall from (2.2) that

. . X 0
ig,Xig, = [0 0},
and subsequently
X 0
)

In particular, QF C ker T, NkerT7. On the other hand, by Coburn’s lemma on
Toeplitz operators ([6, Theorem 4.1]), if ¢ # 0, then we have

ker T, Nker Ty, = {0},

yielding that Q} = {0}. This contradicts the fact that Q}, which is a Beurling-type
subspace, cannot be trivial. Therefore, 7, = 0 and hence X = 0. This completes the
proof. O

Therefore, the Toeplitz operator problem in the setting of model spaces has only
a trivial solution. The same conclusion was observed in a more general polydisc set-
ting [12]; however, the present approach and proofs are different.

5.2. Dilation formulation. The aim here is to discuss some possible generalizations
of the results of this paper with the aid of dilation theory. While it may not be entirely
evident if all the results accept higher generalizations, like in the context of vector-
valued Hankel operators, some of the results admit immediate modifications. For
example, we can easily convert Theorem 2.3 into the terminology of isometric dilation
(see [7] for all the terms).

Let T acting on a Hilbert space H be a contraction, and let V' on a Hilbert
space K(2 H) be the minimal isometric dilation of 7. A bounded linear opera-
tor X: K — K is said to be V-Hankel if

VX =XV

With a little more work, the same line of argument will lead to the general statement
of Theorem 2.3, as follows:

Proposition 5.2. Let X: H — H be a bounded linear operator. Then T*X = XT if
and only if there exists a V-Hankel operator Y on IC such that
X 0
O
with respect to the decomposition KK =H & (K ©H). In particular, in the above case,
we have the following:
X =Y.
It is, however, unclear how to obtain a concrete representation of the V-Hankel
operator Y.

5.3. Hankel kernels. Let ¢ € L>(T), and suppose that ker H, # {0}. We know
by the Hankel condition (1.1) that there exists an inner function w, € H> (D) such
that ker H, is a nonzero shift invariant subspace of H?, namely w,H?. That is,

2
ker H, = w,H".

Consider a nonconstant inner function v € H*° (D). We recall from Theorem 1.5 that

uwH? is invariant under H, if and only if uH? C ker H,. Therefore, we are in the

following situation:
uH? C ker H, = wV,HQ.
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It is now evident that the above condition is equivalent to the existence of an inner
function v € H*°(D) such that

U = W,.
This proves the following characterization of Beurling-type invariant subspaces of
Hankel operators:

Theorem 5.3. Let ¢ € L>=(T), and suppose
ker H, = wg(,Hz7

for some inner function w, € H*®(D). If ue H*(D) is an inner function, then uH? is
invariant under H, if and only if there exists an inner function v € H* (D) such that

U = Wp.

In other words, all inner multiples of w, implement Beurling-type invariant sub-
spaces of H,, where w,, is the Beurling inner function of ker H,, (provided the kernel
space is nonzero).

The (well-known) clarification above has shown us that Hankel operators yield inner
functions through their kernel spaces (as long as they are nonzero). Let us complete
this (well-known) link of inner functions with the kernels of Hankel operators before
we call the paper to an end. For any inner function © € H*(D), there is always a
symbol ¢ € L>(T) such that

ker H, = uH 2,

This fact can be found in [16, p. 15, Theorem 2.4], particularly in the setting of Hankel
operators from H? to (H?)". For the current setting, simply define the symbol

p= zJu.
In this case, one sees that

ker H.— = uH?>.

zJu
We present an outline of the proof, as it is simplified in this setting. First, we note
that (Ju)(z)(Ju)(z) =1 for a.e. z € T. For all f € H?, we have

H.guf = Py (zJuJul f)
= P, (2Jf)
=0,

and hence uH? C ker H -7a- For the reverse inclusion, we now appeal to Beurling to
get an inner function v € H*°(D) such that

ker H — = vH?>.

zZJu

We already know that uH? C vH?. Now v = v x 1 € vH? implies that H v =0,
and hence

P (zJu)Jv = 0.
Again, in view of uH? C vH?, there exists an inner function w € H*(D) such that
U = vw.
This implies Ju = Jv Jw, and then the above identity yields
Py (zJw) = 0.
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On the other hand, writing

o0
w = Z apz",
n=0
we find, on T, that
o0
zJw = apZ + Z G172
n=0
Consequently, Py (zJw) = 0 forces that
a, =0,

for all n > 1, and hence, w(z) = «aq for all z € D. This shows that
u= o,

and ag € T. This proves that ker H - = uH?.

As presented in this paper, the principle of lifting and the existence of Beurling-
type invariant and reducing subspaces rely heavily on the kernel spaces of Hankel
operators. The relationship between inner functions and the nontrivial kernel spaces
of Hankel operators suggests that the theory described here encompasses a wide range
of functions, spaces, and operators.
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