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Abstract: We are interested in a nonlinear Laplace equation with critical nonlinearity and mixed
Dirichlet-Neumann boundary conditions on bounded domains of R3. Building on the analysis of [1]
and on further developments of the theory of critical points at infinity [6], we study the lack of
compactness of the associated variational problem and prove general existence theorems.
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1. Introduction

Let 2 C R™, n > 3, be a bounded domain such that 0f) is continuous-Lipschitz
and is given by the union of two closed parts 'y and 'y, where I'y and I'; are disjoint
smooth (n — 1)-dimensional submanifolds of R™ having positive Hausdorff measure.
Let us take a function K : Q — R. We are looking for a positive map u:  — R solv-
ing the critical nonlinear elliptic problem with mixed Dirichlet—-Neumann boundary
conditions

—Au = K|u|$u on Q,

(1.1) u=0 on Iy,
? =0 on F17
v

where v is the outward unit normal to the boundary part I';.

Problems of this kind appear in the modeling of the boundary control of flows
in domains Q whose boundary 0 is split into several parts which differ in physical
properties; see [25] and [26]. They also appear in Kelvin—Voigt fluid models in the
theory of viscoelastic fluids; see [27], [28].

Problem (1.1) has a variational structure. The difficulty arising when looking for
positive solutions by variational methods is the presence of the critical exponent which
generates a lack of compactness of the associated variational problem and therefore the
occurrence of blow-up points, also called critical points at infinity. These points consti-
tute obstacles in the search for solutions using standard variational techniques. These
points, which were introduced by Bahri—-Coron [8], are the ends of non-precompact
flow lines of the gradient flow of the associated energy functional. Besides, the mixed
boundary condition creates real additional difficulties when compared to the well-
studied case where I'; is empty; see [8], [9], [11], [12], [14], [18], [31], and references
therein.

For K =1 on Q, Lions-Pacella-Tricarico ([23]) studied the minimizing sequences
of the energy functional associated to (1.1). As a consequence, some existence results
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have been derived under some geometrical assumptions on Q, Ty, and T';. In [21],
Grossi—Pacella considered problem (1.1) when K =1 on €. In their paper, Grossi—
Pacella imposed the following hypothesis on I'g and I'y:

(H) Either To N Ty = () or Ty and T'; intersect orthogonally.

A complete study of positive sequences failing the Palais-Smale condition was
established in [21] under condition (H). In particular an existence theorem was proved
under further topological hypothesis on 2, I'g, and I';. The result of [21] is motivated
by the celebrated paper of Coron [18] on the homogeneous Dirichlet problem. For more
results on problem (1.1) for K = 1 on Q, we refer to [2], [17], [19], [20], and [29)].

Adimurthi-Mancini ([1]) studied problem (1.1) for K = 1 on Q. They were able
to prove an existence theorem under some conditions on the mean curvature of the
boundary part I'y. They proved using suitable test functions that the infimum of
the energy functional associated to problem (1.1) is below the first level at which
the Palais—Smale condition is not satisfied, and by standard proofs of concentration-
compactness type ([14]) they obtained the existence of positive solutions. The anal-
ysis of Adimurthi-Mancini shows that there is a qualitative difference in the study
of problem (1.1) according to the dimensions n. Indeed, the asymptotic estimates
of the test functions and related developments in dimension 3 differ from those in
dimension n > 4. For more precision, see [1, Section 2].

In a recent paper [4], the authors studied problem (1.1) in dimensions n > 4.
They studied the lack of compactness of the associated variational functional and
established perturbation theorems through degree-type criteria. Their results require
in particular that K is smooth, uniformly close to 1, and satisfies non-degeneracy
conditions on its critical points.

In the present paper we are interested in problem (1.1) in dimension 3, and K is an
arbitrary positive function on Q. The first two theorems extend the existence result
of Adimurthi-Mancini ([1]) to any positive and locally Lipschitz function K. More
precisely, we use the test functions of [1] to prove a strict inequality between the
first noncompact energy level and the infimum of the energy functional associated
to problem (1.1). A standard concentration-compactness type argument allows us to
prove general existence results. Namely,

Theorem 1.1. Let n = 3 and let @ C R" be a bounded domain satisfying condi-
tion (H);Let us take a positive and locally Lipschitz function K on Q. Let yy be a
point in Q such that

K(yo) = Tﬁ%K(x)'

If yo € Ty and M(yo) > 0, then (1.1) admits a positive solution. Here M(yo) is the
mean curvature of I'y at yo.

Theorem 1.2. Let Q and K be as in Theorem 1.1. Let zo € T'; be such that
K(z9) = max K (z).

zely
If zo € Ty and M(zg) > 0, then problem (1.1) has a positive solution provided that
K is uniformly close to 1.

Observe that for K = 1 on (2, the above two theorems are exactly the existence
result of [1] in dimension 3. To our knowledge the results of Theorems 1.1 and 1.2
are of new type compared with previous existence results on related critical nonlinear
problems involving nonconstant prescribed function K. Indeed, our results do not
require any assumptions on the critical points of K. In particular, no differentiability
condition is assumed on the function K.
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While Theorem 1.1 is not a perturbation result, Theorem 1.2 is an interesting
perturbation result since it is optimal for a certain class of domains in R3. Namely,

Theorem 1.3. For any ball Q C R3 with a finite number of wholes such that Ty de-
scribes the exterior sphere, problem (1.1) has a positive solution provided that K is
uniformly close to 1.

In the remainder of this paper we consider the case where the main curvature at any
maximum zg of K on I'y is negative. For this we introduce the so-called isoperimetric
constant relative to I'y, denoted Q(I'1,2) and defined by

|E|5
QT Q)= sup ———,
EcP(Q,I') PQ (E)
where P(,T'1) is the set of measurable subsets E of Q such that 0FE N Ty does not
contain any set having positive 2-dimensional Hausdorff measure, |F| is the Lebesgue
measure of F, and P, (F) denotes the perimeter of E relative to Q. In particular, if
we denote by w the measure of the unit ball of R3, then

Q(ry, Q) > ;<2>

w

For more detail on Q(T'1,Q) and related properties, we refer to [30].
Let K|p, be the restriction of K on I';. Denote

Crit(Kp, ) = {y 1, V(K] )(y) = o},

and let x(I'1) be the Euler—Poincaré characteristic of I';. We shall prove the following
result:

Theorem 1.4. Let 2 be a bounded domain of R? with the following two properties:
(1) fo N fl = [Z),
;
(i) QL) =35(2)°
Let K: Q — R be a C%-function with the following three properties:

(iii) Klp, is a Morse function,
(iv) M(y) # 0, Vy € Crit(K]p, ),

(v) )3 (—1) ™I s (T,
y€Crit(K|F1),M(y)<0
where ind(K|p. ,y) is the Morse index of K| at y.
Then problem (1.1) has a positive solution provided that K is uniformly close to 1.

As examples of domains satisfying condition (ii), we may consider the domains of R3
bounded by two concentric spheres with I'; describing the interior sphere; see [30].
For other examples of domains, we refer to [19]. The proof of Theorem 1.4 relies on
a careful analysis of the topological contributions of some critical points at infinity
and a precise study of the change of topology of the sublevels of the associated energy
functional near the first level at which a lack of compactness occurs. Prescribing the
topology of I'y by means of a Hopf—Poincaré counting index formula, we get the
existence of positive solutions. For previous perturbation results like Theorem 1.4 on
homogeneous boundary value problems, we refer the reader to [3], [5], [15], [22],
and [24].
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The rest of this paper is organized as follows. In Section 2 we recall some prelim-
inaries related to the variational structure associated to problem (1.1). In Section 3
we expand the energy functional associated to (1.1) near critical points at infinity
of p-masses, p > 1, and we determine the possible levels of the energy functional
at which the lack of compactness occurs. In Section 4 we refine the expansions near
critical points at infinity of only one mass and we provide precise characterization of
the locations of these points as well as their energy levels. Section 5 of this paper is
devoted to the proof of the existence results.

2. Variational framework

Here and in the following, we assume that n = 3. It is well known that problem (1.1)
has a variational structure. The space of variation is

V(Q) = {u € H'(Q), such that u =0 on T'y}.
For u € V (),

fuli = ( [ 9uas)”

defines a norm on V(2), since the Hausdorff measure Hy(Ty) is positive. Let
L={ueV(Q),|lul|=1} and Xt ={ueX, u>0}.

We consider the functional

/ |Vul|? dx
_ _Jo

(/Q Ku® dx)é

whose critical points in ¥ are solutions of (1.1), up to a positive multiplicative
constant.

It is well known that the exponent 6 is critical for the Sobolev embedding V' (£2) —
L(Q). For ¢ = 6, the embedding is continuous and not compact. The energy func-
tional J fails to satisfy the Palais—-Smale condition on ¥*. Based on the works [21]
and [23], we describe in the following the sequences of ¥1 which violate the Palais—
Smale condition.

Let a € QUT;. We define a C*°-positive cut-off function ¢,(z), z € R3, by

J(u)

b

(2.1) wo(x) =1, if x € B(a,p) and ¢q(z) =0, if x € B(a,2p)°,

where p = p(a) is positive chosen so that B(a,2p) N Ty = @. The considered test
functions are U, ), a € QUT, and A > 0, defined by

(2.2) Ua ) () = @a(x) d(any (), T €9Q,
where J(,,5) are the solutions of the Yamabe equation

—Au=u" u>0inR3.
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Up to the multiplicative constant ¢y = 3%, d(a,n) May be written as
Az

, r€R3
(14 X2|z —al?)2

5((1,)\) (Jf) =

Let p € N and € > 0; we set
P

Vip,e) = {u = ZaiU(ai,,\i) +v € X, such that aq,...,ap, € QUTY,
i=1

Ay Ay > e et J(u) K (a;) — 3| <&, Vi=1,...,p, ||[v]| <&, with

Nid(a;,00) > e, ifa; € Q, g;5<e, V1 <i#j < p and v satisfies (VO)},

where

1
XA z
= (xj Rl al)

and

(VO) : <U,€> = /S2v£vv dx = 0, vé. = {U(a,i,)\i),

8U(a, i) aU(a. )
A =1 py.
8(11' ) a)\z ) b ) 7p}
Following [21] and [23], the failure of the Palais—Smale condition can be described as
follows.

Proposition 2.1. Assume that (1.1) has no positive solution and assume that Q sat-
isfies condition (H). Let (uy), be a sequence of ¥ such that J(uy) is bounded and
0J(uy) tends to zero. Then there exist p € N and a subsequence (uy,), of (ux)r such
that ug, € V(p,e1), VI, where (&) is a positive sequence tending to zero.

Let
R XY 5%
(S7u) —>77(87u)

be the gradient flow of J. Therefore, for any u € 3, s — 7(s, u) solves the following
differential equation:

{ﬁ(s,U) = —3J(n(s,u)),
n(0) = u.

By the same argument of [10, Proposition 1], we have

Proposition 2.2. Assume that (1.1) has no positive solutions. For any u € X7,
there exists a positive integer p = p(u) and a positive function £(s) which tends to
zero as § — 00, such that n(s,u) € V(p,e(s)), for s large enough.

As a consequence of the above proposition, any gradient flow line n(s,u), u € X1,

can be written as:
P

n(s,u) = Zai(S)U(ai(s),Ai(s)) +v(s),

i=1
where

lovi(8)* T (u(s))* K (a;i(s)) — 3] — 0, A\i(s) — oo, and |Jv(s)|| — 0, as s — o0.
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For i =1,...,p, denote y; the limit of a;(s), as s — oo, then according to [6],

p

W1, Up)os Z Uly:00)

i=1

is called a critical point at infinity of J. Its level

(23) Ooo(yly .. ayp)OO = SETOO J(U(& U))
is called critical value at infinity of J associated to (y1,...,%p)co

In the next section we determine all the possible critical values at infinity of J.

3. Critical values at infinity

In order to identify the possible critical values at infinity of J, we need to perform
asymptotic expansions of J near all the possible neighborhoods V' (p, ), p > 1, of the
critical points at infinity. This leads us to apply the following deformation lemma.

Deformation lemma. Let C1 < Coso be two subsequent critical values at infinity
of J and let a < b be two reals such that [a,b] C (Cleo, Coco). Then there exists a
positive constant ¢ = c(a,b), such that

10T (u)[| = ¢, VueJ ' ([a,b]).
Moreowver,
Jy retracts by deformation on J,,
where J,, a € R, is the sublevel set defined by
Jo={ueX™, J(u) <a}.

Let S be the best Sobolev constant. Namely,
/ |Vu|? dx
S= inf L&

.
u€HL(Q) 3
u720 (/ u® dm)

Q

It is well known (see for example [13]) that S does not depend on 2 and it is never
achieved except if = R? and H{ () is replaced with

ou
axi

H= {ueLG(R?’), eLG(RS),i:LQ,:s}.
Moreover, the extremal functions of S are u = (const.) d(4,»), where a € R3 and A > 0.
Using the fact that —Ad(, \) = 35?@ N i R3, we obtain the following two estimates

for any (a,)\) € R x R*.

S35
3.1 68 ydr = ——,
(3.1 [ty de = 2

3

(3.2) / V600 32 dz = 2

. s (a’)\) \/g
We now prove the following expansion. We will denote by O(g(«, a, A)) any function
on «a, a, and A such that |O(g(e, a, A))| < ¢|g(a, a, \)|, where ¢ is a positive constant
independent of «, a, and A.
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P
Proposition 3.1. Let p > 1, ¢ > 0, small enough and let u = ) a;Ugq, ) +v €

i=1
V(p,e). We then have
Jm—zﬁwﬁ§+2mr%ﬁ
u) = a; 5 a;
a; €T a; €Q

201 ) log)\ 2 s [ g - ° d 9
Za T+§J(u) A ;aiU(%,\i) vdz — ||v|]

a;€l'r

+ = JS / <ZQZU(GZA)> v d$+ZO 51] +ZO(>\ pz)

i#j i=1

+ > 0o I (u) K (a;) - 3I)>1 ,

i=1

where M(a;), a; € Ty, is the mean curvature of 'y at a;, o1 = mes(S*Y), and p; = p(a;)
is the positive constant defined in (2.1).

In order to prove Proposition 3.1, we need to establish some preparatory estimates.
P
Lemma 3.2. Let u = Y o;U,, z,) +v € V(p,e). For an index i such that a; € Q,

i=1
we have

S3 1
Uaall?==—7=+0 :
Gl = 22+ 0( )

Proof: From the expression of U, »,) given in (2.2), we have

2 = / gpiJV&(ai’Ai) 2 /(palé(a“ V(S(a“ V<,0a1 dJZ
Q

* / tainy|Vea, P da := Ih + 215 + I.
Q

I :/ V6, (/ V6,2
B(ai,pi) |lx—a;|>p;
:/ V(a0 |2 (/ V60,2 )
R3 |m—ﬂi|2m

Using (3.2), we get
S 1
I +0
R (A pz)

Using the fact that V,, = 0 in B(a;, p;), we obtain that

1 1
I3 = O(M) and I, = O()\im)’

and the estimate follows. O

HU(ai, i

Using the fact that a; € €,
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P
Lemma 3.3. Let u = ) ;U x,) +v € V(p,e). For an index i such that a; € T'y,
i=1
we have

S% o1 log)\z 1
2 -t .
HU(ai,M)H - 2\/5 9 M(a’l) i +O</\1pl>

Proof: We follow the proof of Lemma 3.2. The only modification is in the computation
of the integral ;. Namely, for a; € T'1, we have

I, = / V(0 a)|? dz + O1 (/ IV (asn)|? dx>
B(ai,pi)N& lz—a;i|>p;

:/ |V5(%>\i)2dx+0</ |V5(ai7,\i)2d;v>.
Q lz—a;i|>p;

Using [1, estimates (2.17) and (2.19)], we have

5% log \; 1
/ |v§(ai»Ai) 2dr = - 2/\4(@0& * O<)
Q

2v/3 2 i oy
S3 o1 log \; 1
h=—7%-— i) —— ,
W QM(G) Ai +O<>\im>

and the estimate is valid. O

It follows that

P
Lemma 3.4. Let u = ) o;U,, x,) +v € V(p,e). For an index i such that a; € Q,
i=1

we have

S3 1
K@)US | dx=K i+0<>.
/Q (33) (@i, ;) &L (a)3\/§ N pi

Proof: We have

1
/Q @020 Blai.pi) (7)0acn0 (Ai pi)?

since a; € Q. Using the fact that K is locally Lipschitz on , we write
K(z) = K(a;) + O(|z — a4).

Therefore,

/ K(m)é?ah)\i) dx = K(ai)/ 6?%))\1_) dx
B(ampi) R3

1 6
" O(()\i Pi)3) i O(/RS 7 = 4l dx)'
Using estimate (3.1), we get

S3 1
K(z)6% _daU:Kai—i-O( ) O
/B(ai-ﬁi) ( ) (@A) ( )3\/§ )‘ipi
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P
Lemma 3.5. Let u = ) ;U x,) +v € V(p,e). For an index i such that a; € T'y,
i=1
we have

S 1
me,_mzK%+O<>.
/Q ( ) (ai,Ni) ( )6\/3 Aiﬂi
Proof: We have

1
wa,Am:/‘ Kmﬁ,_m+o()
/Q SULCEY B(ai,\i)NQ (#)0%aix0 (Aipi)?
= K(az) / 6?%)\1:) dx
B(ai,)\i)ﬂﬂ
+O(/ |z — a;|6¢ d:r)+0( ! >
R3 @) (Xipi)?

1 1
= K(a;) [ 6% ,d +O<>+O().
(a)/ﬂ (ai, i) GT i pi)? X

From [1, (2.18) and (2.20)] we have

53 1
8\ dx:+0<>.
/Q (@isAi) 6v/3 i
This finishes the proof. O

We now state the following estimates, where both U, x,) and Uz, 1 < i #
7 < p, occur.

Lemma 3.6. Let 1 <i+# j <p. We then have
(Utaixg: Uta; ap)) = Oleij),
| K@U Voo = 0(es).
Proof: The proof follows from the computations of [6, Part 1.1]. O

We now prove Proposition 3.1.

P
Proof of Proposition 3.1: Let u = ) a;Uq, ,) +v € V(p,e).
i=1

- /Q|Vu\2dz N

3 D
</ Ku® da:)
Q

Using the fact that v satisfies (Vp), the numerator of J(u) reduces to

J(u)

Wl

p
N = [T 1>+ [01° + D ict; (Ui, 00> Utay a )
i=1 i£]
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Using Lemmas 3.2, 3.3, and 3.6, we have

2 lo /\Z‘
N=Y a (—?M(ai)/g\)

a; €l

")

+ > of E+ZO€” +||v|2—|—0<

a; €N i#£]

09 -(E s Z )

a; €

( (Tl azat) 1(— > af%Mmi)bfA +ol?
a;el’y a; €EQ a; €'

i#j i=1

Concerning the denominator of J(u), we first expand

P 6
D:/K(ZO&Z‘U(CH’)\I.)—‘FU) dx
2 Ni=1
P 6 P 5
:/K<ZaiU(“i>>‘i)> d:c+6/K(Zo¢iU(ai)>\i)> vdx
Q i=1 Q i=1
p 4
15 [ K(Daitiuny ) o do+ oflol)
Q i=1
_Z /KU(a andz+6) af a]/KU(a anUlay ) dz

i#]

P 4
/ (Z%U(a A ) vdx+15/K(ZaiU(ai’)\i)> v2dx
i=1

o[[o][*) + Y Ofes;)-
i#]
Using the estimates of Lemmas 3.4-3.6, we get

D:(Z GKaZ +Z 3\;)

a; €'y a; €EQ

x <1+<Z oS K (a;) 6\[+ > afK(a;) ;;)1

a; €y a; €EQ

p 5 4 4
X (6/ K(Z aiU(ai,Ai)> vdx + 15/ K(Z CkiU(a“)\i)> 1)2 dx
Q ‘ @ Nim

: +) O(e)) +Zo< >+0(||v|| )))

i#]
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Therefore,
ph= (3 i >Sg+z o) )
3 = (e a;)—= e a;
=R OV 3v3
a; €l’y a; €EQ
6 52
x [ 1+ Z Kaz + Zoz
a; €T

X mteis)

14 5 p 4
X (2/ K(ZO&Z‘U(M’M)) de+5/ K<ZaiU(ai,>\i)> v2dx
Q i=1 Q i=1

o([[v]) + > O(es;) +Zo<A )))
poy - pi
Using relations o} K (a;) = ?)J(u)’3 +O(e), forany i = 1

=1,...,p, we find that
) 3
Dsz(z 6Ka, +Z oS K (a;) )
a; €Tl a; €EQ 3f
J(U)B( 253 25% >_1
x |1+ o
SRR Vi
(3.4) i€

a; EQ
P 5 p
x <2/K<ZaiU(aMi)> vdx+5/K(
o \i; 0

4
Z aiU(%)\i)) v dx

ololP) + 3 0(ewy) +ZO( aE (>>>.
i#£j
Here O(e) = Z:p: (|afJ(u)3K<ai) —3|). From (3.3) and(3.4), we get
( ) (0117--.,Oép,(117...,ap)
x(l—l—(a;la el XG:Q )
_ 22 M(a log Ai 2
(35) " Z M) ol -

o ()

v dx+ZO €ij) +ZO<)\ p)

i#£] i=1

+0(e) +0(IIUIIQ)D,
where

- o [ (S ottes)

3 3
Z a2 S2 4 a25—2
= 2v3 aco V3 Ny
’(/)(ala Qyp,ay, 70/17) = =
3
(£ atria)

g
m
-
[=>]
S
+
&
al]
L
Ja
£
SN—
w
e
N———
Wl
)
S

407
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Using again relations o = 3.J(u) 3K (a;)"! + O(g), i = 1,...,p, we find that

e

Ny=Jw ™2 > K(ai)’%s + Y K(a)"283 )(1+O(s)),

a; €T a; €Q
and
D 3(2 K(ay) %S%+ZKCL é53> (1+0(e)).
- a;ely ! 2 a;€Q )
Therefore,
1 S% 1,3)\°
(3.6) Y(ag,...,ap,a1,...,ap) = ( Z K(a;)™ 2 74— Z K(ai)_252> (1+0(¢)).
a;€ly a;€Q
The expansion of J(u) follows from (3.5) and (3.6). O

As a consequence of the expansion above, we have

Corollary 3.7. Assume condition (H) and assume that J has no critical point in XV
According to definition (2.3) and the expansion of Proposition 3.1, the critical values
at infinity of J are of the form:

é
S32

(ZK‘“ 32 +ZK041 ’-’Sg)g,

aqufl a;€EFg
where Ex is a finite set in I'y and Eg is a finite set in ().

Of course the above corollary does not provide precise identification of the critical
values at infinity of J nor precise characterization of the critical points at infinity.
It only provides necessary forms of the critical values at infinity and the associated
critical points at infinity.

Our aim in the next section is to identify the critical points at infinity of a single
bubble concentrating at a point in the boundary part I'y. Denote

Vr,(1,6) = {u = aUy, +v € V(1,¢), such that a € Ty }.

Our topological method avoids all the neighborhoods of critical points at in-
finity V(p,€), p > 1, such that V(p,e) # Vr, (1, ¢).

4. Variational analysis in Vr, (1,¢)

We first refine the expansion of J(u), u € Vr,(1,¢), in order to show that the v-part
of u is negligible to the concentration phenomenon and hence provide a more suitable
parametrization of the set V1, (1,¢). After that we study the variations of J(u) with
respect to the concentration speed A and the concentration point a. This is the purpose
of the first subsection.

4.1. Asymptotic expansions Vr,(1,¢). For u = aUg, ) € V(1,¢), we set
E(u) = {v e V(Q), such that u+v € Vp,(1,¢)}.
Consider the minimization problem

4.1 min J(u+v).
(4.1) ,in ( )

We then have
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Proposition 4.1. For e > 0 small enough, problem (4.1) admits a unique mini-

mizer U = 0(u), satisfying
1
i =0( 5 )-
VAp

Moreover, there exists a change of variables V. =v — v such that
J(u+v) = Ju+9)+ ||V
Proof: We follow the argument of [6, Proposition 5.4]. For ¢ > 0 small enough,
the expansion of Proposition 3.1 shows that the mapping v — J(u + v) behaves as
9(v) := f(v) + Q(v,v), where
5
flv) = —/ K(aU(a,)\))sv dr and Q(v,v) = |lv||* — §J3(u)/ K(ozU(a,A))‘va dx.
Q Q

The coercivity of Q(v,v), v € E(u) (see [6]), implies the existence of a unique mini-
mizer T of J(u 4 v), v € E(u). Therefore, v satisfies

Qv h) = —%f(h), Vh € V(Q).
It follows that
(4.2) [0l < el f1,

where | f| is the norm of f in the set of linear mapping on E(u):={v € V(£2), such that
v satisfies (Vp)}. Let v € E(u). We have

—f(v) = / K(QU(a,A))E’wa :/ K(ad(q,n)) vdm+0< |U||J)
& B(a.p)nQ2 (Ap)?

:aSKa/ 6a vdm—l—O(”U”)
(@) Blapna Ap

We compute the integral of (4.3) as follows.

/ vdw-/é(a)\vdx—kO( |v||5)
B(a,p)n92 (Ap)2
o]
A(S(a AU dx + O( 5
/ (Ap)2
1 (a0
:(/ V(S(a,A)VUda?—/ @Dy do )+o< Il )
3 Q Ty 87/ ()\p)i
</ VU g,z Vvdz
B(a,p)NQ

85a
+/ V5(a,,\)Vvdxf/ (’/\)vda)
B(a,p)cnQ Ty ov

ro(L),

(4.3)

Wl =
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Using the fact that v satisfies (Vp),

o] )
4.5 / VU, Vvdx:—/ VU, Vvdsz( .
( ) B(a,p)NQ (@) B(a,p)cnQ (@) Vv )‘p

Moreover, by Holder’s inequalities,

g
/ (’)‘)vda‘ < CM.
Ty 6V )\

The estimate if ||v]| follows from (4.2)—(4.6). O

(4.6)

The result of the above proposition shows that Vr,(1,e) can be parametrized by
new variables («,a, A\, 7), since on the V-space we may define a pseudo-gradient, as
Bahri did in his seminal paper [7], by setting the ordinary differential equation

V= —uV, where > 1.

Therefore ||V (s)|| decreases by the action of the pseudo-gradient and for p large
enough, ||V (s)]| will be very small at s = 1. This shows that in order to perform
our deformations we can work as if V' = 0 and hence consider («,a,\,T) as new

parameters of any u € Vr, (1,¢).

We now expand )\% and %% in Vr, (1,¢).

Proposition 4.2. Let u = aUg,y) € Vr,(1,¢). We then have
OU(a,n) 501 log A
<8J(u),a/\ B\ = J(u)a ?M( a) 3 +0 )\p
Proof: 1t is straightforward to see that for v € ¥ and h € V(Q2), we have

@7) (0.7 (w), h) = 2J(u)<<u,h) () /Q Ku®h dm).

BU(a )

, we have

Thus, for u = alU,,) and h = a)

O O r
(4.8) (8J(u), h) = 2J(u)a? <U(M),)\ 8()\ )>—J3(u)a4/ KU, A 3()\ ) da ).
Q

Observe that

o\

(4.9)
B log A 1

M= O(M)’

and
KU AW g, KU d
) 6)\ (a.%)
(4.10)
1

-9 (Ap)

The desired estimate follows from (4.8)—(4.10). O

Proposition 4.3. Assume that K is of class C' on Q. For u = aU, ) € Vi, (1,€),

e (0700). § 542 ) = sy 233} wan ~O(Gor)
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OU(a,x)

da

Proof: Let u = alU, ) and h = §

. From (4.7) we have

_ 2 1 9U(a ) 3 4 5 10U
(4.11) (0J(u),h)y=2J(u)x <<U(a’>\),)\ Da —J°(u)a QKU(”’)‘)X Da dx |.

Observe that

1 3U(a7,\) 11 8 log)\
(4.12) <U(a,)\)a X 94 > = §X87<U(a,>\)7U(a7/\)> = O( 2>7

110
_ A\ _ - = K 6
Q U(a’/\) A Oa v 6 X Oda < Q U(a)\) dx)
(4.13)

T I8V3 A
Using relation o*.J3(u) = % + O(e), the estimate follows from (4.11)-(4.13). O

Corollary 4.4. Let Q € R? be a bounded domain such that To NT1 = 0. Then for
any u = ol ) € Vr,(1,¢), the following two expansions hold:

oU
<8J(u)7a/\ (a’/\)> = J(u)aQﬁM(a) log A + 0(10g)\)’

o\ 2 A A
adUan\ _ , 5% VK(a) 1
<8J(u), N oa >— —J(u)a 373 K(a) +o 3 )

Here o(f(a,\)) denotes a function on a and A such that |o(f(a,N))| < |f(a, N)|¥(e),
where Y(e) is a positive function independent of a and A and such that ¥ (g) —
as e — 0.

Proof: Under the assumption of the corollary, p = p(a), a € Ty, is lower-bounded by
a fixed constant, namely d(Tp,T';). Thus the estimates follow from the expansions of
Propositions 4.2 and 4.3. O

We now consider the concentration phenomenon problem in Vr, (1,¢). Our aim is
to identify the critical points at infinity of J in this set. For this we assume in the
next subsection that ) satisfies the assumption of Corollary 4.4 and K is of class C*
on Q.

A general result for Yamabe-type problems states that any blow-up point of the
associated variational structure must be a critical point of the associated prescribed
function; see for example [16, p. 74] and references [8], [16], and [21] therein. More
precisely, let 4 > 0 small enough and let

Vr,(1,e,0) = {u = aU,, x40 € V1, (1,¢), such that a € Br,(y,0), y € Crit(K|F1)},

where Br, (y, ) is the ball in T’y of center y and radius §. Then the critical points at
infinity of J in Vp,(1,¢) lie in Vr, (1,¢€,9).

4.2. Concentration phenomena in Vr,(1,&,d). We prove the following main
result.
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Proposition 4.5. Assume that To N Ty = 0, K € C*(Q), and M(y) # 0,Vy €
Crit(K|p, ). There exist a bounded pseudo-gradient W in Vr,(1,¢,6) and a positive
constant c such that

(i) (0 (w), W (w)) < —c'%2,
(i) (0J(u+7v), W(u)+ %W(u» < —cloi’\, for any u = aUg ) € Vo, (1,¢€,6).

Moreowver,

(iii) the only case where the speed parameter A(s) of u(s) increases and tends to oo
under the action of W is when the concentration point a(s) is close to y €
Crit(K|p,) with M(y) < 0.

Proof: Let § > 0 small enough so that
M(y)M(a) >0, Va € Br,(y,0), y € Crit(K|p, ).
Let x(t), t € R, be a cut-off function defined by x(t) = 0, if [t| < % and x(t) = 1,
if |t] > 1.
Let u = aU,,z) € V1, (1,¢€,6). We move the concentration point a according to the

differential equation
1 VTK((I)

AVrK(a)]’
where VK (a) is the projection of VK (a) on the tangent space of I'y at a.
Using the second expansion of Corollary 4.4, we have

a=xAIVrK(a))

3

OUa,n) . 2 a
@19 (000,000 ) = ~s(wa* S (e @D T o[ 5).

We now define .
A= —M(a)
The first expansion of Corollary 4.4 yields

Wy :\ 201, o, \logA log A
(4.15) <8J(u),aa)\)\>J(u)a 3/\/1 (a) 3 +o< 3 )

Let

_ (U, Uy .
Wl(u)—a( 5\ A+ % a).

From (4.14) and (4.15), we have

2 A A A

Thus W, satisfies assertion (i) of Proposition 4.5. Using the fact that ||7]|? is small
with respect to the absolute value of the upper bound of (i), see Proposition 4.1, in-
equality (ii) holds for Wy. Lastly, by construction, A(s) decreases near y € Crit(K|p )
such that M(y) > 0 (it is a deconcentration phenomenon) and increases near y €
Crit(K|p, ) such that M(y) < 0 (it is a concentration phenomenon). The required
pseudo-gradient is

(0710, W) = (1) G M) 52 o L) < o282

W(u) = Wi(u) = (u, Wi (u))u.
We have that W (u), u € Vr,(1,¢,0), is well defined, since W (u) € (u)*; the tangent
space of V1, (1,¢,0) at u moreover satisfies
(0J(u), W(w)) = (0 (u), W (u)).
Thus assertions (i) and (ii) hold for W. Concerning (iii), it follows from the fact that
any flow line n(s,u) of W is given by m, where u(s,u) is a flow line of W;.
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Therefore n(s,u) and u(s,u) have the same concentration points a(s) and the same
speeds A(s). This concludes the proof. O

Corollary 4.6. Under the assumptions of Proposition 4.5 the critical points at infin-
ity of J in Vr,(1,€) are in one-to-one correspondence with the set of critical points y
of K|, such that M(y) < 0.

The next section is devoted to proving the existence results of this paper.

5. Proof of theorems

The proofs of Theorems 1.1, 1.2, and 1.3 are consequences of the following lemma.
Denote

/ |Vul|? de
S(K)= inf J here J(u) = —2%——
(K)= inf J(u), where J(u) .
< / Kub dx>
Q
and denote by C, the lower bound of all the critical values at infinity of J.

Lemma 5.1. If S(K) < Cy, then S(K) is achieved and hence problem (1.1) has a
positive solution.

)

Proof: Let ug € ¥t be such that
S(K) < J(ug) < Coo-
Let s — n(s,up) be the solution of
77(57 ’LL[)) = _a‘](n(sa UO)),
7(0,ug) = up.

It is easy to see that n(s,ug) is defined for any s > 0, since (—9J) is a bounded vector
field and J decreases along (s, u). Moreover, X1 remains invariant under the action
of (=0J). Therefore if J has no positive critical point under the level J(ug), then by
the result of Proposition 2.1, there exists ¢ = ¢(ug) > 0 such that ||0J(n(s,u))| > ¢,
Vs > 0, and therefore J(n(s,up)) = —oo as s — +oo. This is impossible and hence
J admits a critical point wy € X1 such that

If S(K) < J(wp), we proceed by the same argument and we get the existence of a
critical point w; € X1 such that

In this way, we construct a Palais-Smale sequence (wy)) in 7 such that

J(wy) > S(K),
J(wk) — S(K)7

8J(wk) =0.
Again by the result of Proposition 2.1, the sequence (uy)y has to converge to a positive
critical point w of J, which is a minimizer of J on XV. O

Proof of Theorem 1.1: Let yo € € be such that
K (o) = max K (2).
e
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By the result of Corollary 3.7, all the critical values at infinity of J are above the level
SE\5
2

We then derive that €7 < Cw. If we assume that yo € T'1, we get for u = alU
a >0, and A > 1 the following expansion of J(u) (see Proposition 3.1 above).

J(u) = (K@o)%sg)s [1 Y M) B2

Yo,A)»

. % . +0<)\1,())+O(|044J3(U)K(yo)—3)]~

Here p = p(yo) is defined in (2.1). Let a = (3J73(u)K () )7 and A > %. We then
have

g0 = (00 50) i Lm0+ o)

where o(1) — 0 as A is large enough. Therefore, if we assume that M(yg) > 0, then
J(u) < ¢ and the result follows from Lemma 5.1. O
Proof of Theorem 1.2: Let zo € I'; be such that

K(zp) = max K (x).
zel'y

It follows from the result of Corollary 3.7 that if |K' — 1|, « g is small enough, then
all the critical values at infinity of J are above the level

’ 1 S% %
Cl = (K(ZO)_2 9 ) .

Thus if we assume that zg € T'; and M(z) > 0, the proof of Theorem 1.2 concludes.
O

Proof of Theorem 1.3: Under the assumptions of Theorem 1.3, we have I'y =I'; and
M(x) is positive for any = € T'y. Then Theorem 1.3 follows from Theorem 1.2. O

Proof of Theorem 1.4: To simplify the presentation of the proof, we assure that
K =1+~Kj,
where K is a fixed given function on Q and v € R\ {0} such that || is small. Denote

/ |Vul? dz
Q

Jy(u) = , ueXt.

(/Q(l + yKo)u® dx)

For a given constant ¢, we also denote

JS={ueX™, Jy(u) <c}.

Wl

We then have

Lemma 5.2. For a given positive constant b there exist 9 = o(b) > 0 and ¢ =
c(b) > 0, such that for || < 7o,

() = Jow)| < chl, Vu e JL.
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/ |Vu|? do
Q

(/(1+7K0)u6 dx—/7K0u6 dac)
Q Q

1

<1 - (/9(1 + vKo)u® da:>_1/97K0u6 da:)

Proof: Let u € ¥*. We have

Jo(u) =

3

= Jy(u)

col=

For u € J,’;, we have

-1
</Q(1 +vKo)u® d;l:> = J,‘j(u) < b
and by Sobolev inequalities,

< Sy 1Kol 1o @)

—1
(/ (1 + yKo)u® daz) /nyou6 dx
Q Q

b3|\KoSH3LOC(n> )*1)

yKou® dz
Q

It follows that

il Koll e @

< I

Let 0 = min(||Ko||Zo1°(Q), ( . For any |v| < 70, we have
Jo(u) = Jy(u)(1+ O(1)),
where |O(y)| < |y |M and hence

b Kol
[o(w) = I ()] < | ——5— 2, Vue . 0

Fix b > 0, such that

(5.1) <SQ> +3b < S.
Denote

Cr = {y € I'y, such that V(Ko|p )(y) = 0 and M(y) < O}.

Lemma 5.3. Let b > 0 satisfying (5.1). Assume that (1.1) has no positive solution.
There ezists vo = 7o(b) > 0 such that for 0 < \’y| < 70, Jy has no critical points

at infinity between the levels (52) + b and ( ) + 3b. Moreover, the only critical

points at infinity of J, under the level (7) +b are

_3 .
(y)OO =S5 4Uv(y,oo)a Yy e Ol"l'
The Morse index of J, at (y)so equals

i(Y)oo = 2 — ind(vKolp,,y)-
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Proof: Since we have assumed that (1.1) has no positive solution, by Proposition 2.2,
the critical points at infinity of J, lie in V(p,e), p > 1. Using the result of Corol-
lary 3.7, it follows that there exists vo = v0(b) > 0, such that for |y| < 7o the critical
points at infinity of J, lying in V(p,e), p > 1, and V(p,e) # Vr,(1,¢), are above
3 2
the level (572) ® + 3b and the critical points at infinity of J, lying in Vr, (1,¢) are
s 2

below (22)2 +b.

2 3 2

3 52 )3+

3
Thus J, has no critical point at infinity with critical value in ((22)°® +b, (52

Sb). Moreover, by the result of Corollary 4.6 the critical points at infinity of J under
3 2
the level (572) 54+ 0bare

_3
(y)oo =S5 4U(y’oo), (VRS CFT

The Morse index of J,, at (y)e, ¥ € CFS, is given by expanding J., (aU,,)), when a is
close to y and A > 1. It is easy to see that .J,(alU(,,x)) does not depend on «, since
J, is a homogeneous function. Thus by the expansion of Proposition 3.1 we have

J’Y(aU(a,)\)) = J’Y(U(a,)\)) = i2 ! 1 (]- - \/5;71
25 (1+vKo)3(a) St

When a is close to y, a € I'1, we have after recalling that K|Fl is a Morse function

vKo(a) = vKo(y) + ly|* — |=|*, vy eR\ {0},

where z € R¥, k = ind(vKolp,,y), and y € R2~%_ The above expansion is then
reduced to

M) A1+ o))

S 1 log A
OUan) = 57 e (1 e = b+ e
up to some changes of variables. Here ¢ is a positive constant, since M(y) < 0. The
Morse index of (y)oo follows from the above expansion. O

In the next few lemmas we provide some properties of the functional J,, when
v=0.
Lemma 5.4. Under assumption (ii) of Theorem 1.4, the infimum of Jy on ¥
3
sz

2
equals (7) 3 and it is not achieved.

Proof: Let u = U,,z), a € T'1, and A > 1. By the expansion of Proposition 3.1,
S log A
Ji == 1+0 .

Letting A tend to oo, we get
. A
¥%w<(2>'

If the above inequality is a strict inequality, we get by Lemma 5.1 the existence of a
positive critical point of Jy which minimizes Jy on ¥*. This is impossible, since the
infimum of Jy is never achieved under condition (ii) of Theorem 1.4; see [30]. O

wlro

Lemma 5.5. Let € > 0 and small. There exists by > 0, such that

A g,
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[V

2
S 3 1
£ty

Proof: If not, for any k € N\ {0}, there exists uy, € J( and u, ¢ Vr,(1,¢).
Therefore, (uy )y is a minimizer sequence which is outside Vr, (1, ). By Proposition 2.1,
(ug)k is a convergent sequence in X7 and this contradicts the fact that the infimum
of Jy is not achieved. O

Lemma 5.6. Let by be the positive constant subjected to Lemma 5.5. Then, 0 <b<bq,

3\3
52)34b ,
JO( ) is homotopy-equivalent to I'y.
3\ 2
| (1) 4
Proof: To define a homotopy equivalence between J,

a continuous mapping

and I'y, we first define

f)\o: Fl — Vpl (1,8)
U(ay)\o)
U@’

where € and \g are two fixed positive constants such that A\g > % The expansion of
Proposition 3.1 yields for € small enough

Jo(fro(a)) < (S2)5 +b, VaeTy.

at—

3
52 )3 1
Thus f), is valued in JO( 2 ) - and induces a continuous mapping denoted again f,,
()t
(5.2) o:T1— Jy 2 .
Observe that by the result of Lemma 5.5 there exists a natural embedding denoted @
such that
()i

(5.3) irJy ® — Vr, (1, e).
Now, let u = aUg,x) +v € Vr,(1,¢). It is well known by the computations of [9,
Proposition 7] that if aUig,x) +v = &/Ug vy + 0/, then a = o/, a = da/, X = X,
and v = v’. It follows that the following projection is well defined, namely

p:Vr,(l,e) — Ty

A4
(5 ) ’U,:OZU(QV)\)‘F/U’_)(J“
Define
g=proi,
where i and p are defined in (5.3) and (5.4) respectively, and let f), be the mapping
defined in (5.2). We then have

go fa, ~idp, and (fy,o0g9) ~id

Wi

Jo(é) o |
2

5 )§+b1

‘ wlew

Therefore fy, defines a homotopy equivalence and hence JO( and I'y have the
same type of homotopy. O

The proof of Theorem 1.4 is completed. Let b > 0 such that 2b < b; and (5.1) holds.
By the result of Lemma 5.1, there exists vy > 0 such that for 0 < |y| < 7o we have

(5.5) JE) e ) e () e
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Arguing by contradiction and assuming that (1.1) has no positive solution for K =
1+ vKy, it follows by Lemma 5.2 that

2

3
52)3
)

o

(=)

. +b
retracts by deformation on Jy

)

and
%)%
(5.6) J$T  etracts by deformation on U W2 (Y)oo-
yECﬁj

Here W2°(y) oo is the unstable manifold at infinity of the critical point at infinity (y)oo.
Therefore by (5.5) we get

3 2
5215 42 ) +b
JO( +) retracts by deformation on J»Y( -) ,

‘ wleo
I

and since 2b < by, we deduce from Lemma 5.6 that

(s% K
S2)3 4
(5.7) Jy 2 s homotopy-equivalent to T';.

For a topological space M, let x(M) be the Euler-Poincaré characteristic of M. It
follows from (5.7) that

(5.8) X<J$§)§+b> =x(T'1).

Computing the Euler-Poincaré characteristic in (5.6), we find after recalling that
dim W2 (y)oo = i(Y)oo, Where i(y)so is defined in Lemma 5.2, that

(5.9) X<J$S§)g+b) = 3 (i,

yeC{Z‘i

Assertions (5.8) and (5.9) yield
> (F) W= = x(1).

yng‘i

This contradicts the hypothesis (v) of Theorem 1.4. This finishes the proof. O

References

[1] A. ApiMURTHI AND G. MANCINI, The Neumann problem for elliptic equations with critical
nonlinearity, in: Nonlinear Analysis, A tribute in honour of Giovanni Prodi, Sc. Norm. Super.
di Pisa Quaderni, Scuola Normale Superiore, Pisa, 1991, pp. 9-25.

[2] A. ALGHANEMI, S. CHAABANE, H. CHTIOUI, AND A. SOUMARE, Towards a proof of Bahri—
Coron’s type theorem for mixed boundary value problems, Mathematics 11(8) (2023), 1955.
DOI: 10.3390/math11081955.

[3] A. ALGHANEMI AND H. CHTIOUI, Perturbation theorems for fractional critical equations on
bounded domains, J. Aust. Math. Soc. 111(2) (2021), 159-178. DOI: 10.1017/51446788719000
48X.

[4] A. ALcHANEMI, H. CHTIOUI, AND M. MOHAMEDEN, Critical perturbation results for a mixed
boundary value problem, Chinese Ann. Math. Ser. B 46(1) (2025), 25-50. DOI: 10.1007/
s11401-025-0002-7.

[5] A. AMBROSETTI, Y. L1, AND A. MALCHIODI, On the Yamabe problem and the scalar curva-
ture problems under boundary conditions, Math. Ann. 322(4) (2002), 667-699. DOI: 10.1007/
s002080100267.

[6] A. BaHRI, Critical Points at Infinity in Some Variational Problems, Pitman Res. Notes Math.
Ser. 182, Longman Scientific & Technical, Harlow; copublished in the United States with John
Wiley & Sons, Inc., New York, 1989.


http://dx.doi.org/10.3390/math11081955
https://doi.org/10.1017/S144678871900048X
https://doi.org/10.1017/S144678871900048X
http://dx.doi.org/10.1007/s11401-025-0002-7
http://dx.doi.org/10.1007/s11401-025-0002-7
http://dx.doi.org/10.1007/s002080100267
http://dx.doi.org/10.1007/s002080100267

ON A MIXED BOUNDARY VALUE PROBLEM ON BOUNDED DOMAINS OF R3 419

[7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

[15]
(16]

(17]

(18]
(19]
20]

(21]

(22]

23]

(24]

(25]

[26]

27]

A. BAHRI, An invariant for Yamabe-type flows with applications to scalar-curvature problems
in high dimension, A celebration of John F. Nash, Jr., Duke Math. J. 81(2) (1996), 323-466.
DOI: 10.1215/S0012-7094-96-08116-8.

A. BAHRI AND J.-M. CORON, Vers une théorie des points critiques a l'infini, in: Séminaire Bony—
Sjostrand—Meyer, 1984-1985, Ecole Polytechnique, Centre de Mathématiques, Palaiseau, 1985,
Exp. no. 8, 23 pp.

A. BAHRI AND J.-M. CORON, On a nonlinear elliptic equation involving the critical Sobolev
exponent: the effect of the topology of the domain, Comm. Pure Appl. Math. 41(3) (1988),
253-294. DOI: 10.1002/cpa.3160410302.

A. BAHRI AND J.-M. CORON, The scalar-curvature problem on the standard three-dimensional
sphere, J. Funct. Anal. 95(1) (1991), 106-172. DOI: 10.1016/0022-1236(91)90026-2.

A. BAHRI, Y. L1, AND O. REY, On a variational problem with lack of compactness: the topo-
logical effect of the critical points at infinity, Calc. Var. Partial Differential Equations 3(1)
(1995), 67-93. DOI: 10.1007/BF01190892.

Z. BoOucHECH AND H. CHtioul, Multiplicity and existence results for a nonlinear elliptic
equation with Sobolev exponent, Adv. Nonlinear Stud. 10(3) (2010), 537-571. DOI: 10.1515/
ans-2010-0302.

H. BrEZIS, Some variational problems with lack of compactness, in: Nonlinear Functional Anal-
ysis and its Applications, Part 1 (Berkeley, Calif., 1983), Proc. Sympos. Pure Math. 45.1,
American Mathematical Society, Providence, RI, 1986, pp. 165-201. DOI: 10.1090/pspum/045.
1/843559.

H. BrEzis AND L. NIRENBERG, Positive solutions of nonlinear elliptic equations involving crit-
ical Sobolev exponents, Comm. Pure Appl. Math. 36(4) (1983), 437—477. DOI: 10.1002/cpa.
3160360405.

S.-Y. A. CrANG AND P. C. YANG, A perturbation result in prescribing scalar curvature on S",
Duke Math. J. 64(1) (1991), 27-69. DOI: 10.1215/50012-7094-91-06402-1.

C.-C. CHEN AND C.-S. LIN, Prescribing scalar curvature on SN, Part 1: A priori estimates, J.
Differential Geom. 57(1) (2001), 67-171. DOI: 10.4310/jdg/1090348090.

E. COLORADO AND I. PERAL, Semilinear elliptic problems with mixed Dirichlet—Neumann
boundary conditions, J. Funct. Anal. 199(2) (2003), 468-507. DOI: 10.1016/50022-1236(02)
00101-5.

J.-M. CoRoON, Topologie et cas limite des injections de Sobolev, C. R. Acad. Sci. Paris Sér. 1
Math. 299(7) (1984), 209-212.

H. EGNELL, F. PACELLA, AND M. TRICARICO, Some remarks on Sobolev inequalities, Nonlinear
Anal. 13(6) (1989), 671-681. DOI: 10.1016/0362-546X (89) 90086-2.

M. GRrossli, On some semilinear elliptic equations with critical nonlinearities and mixed bound-
ary conditions, Rend. Mat. Appl. (7) 10(2) (1990), 287-302.

M. Grosst AND F. PACELLA, Positive solutions of nonlinear elliptic equations with critical
Sobolev exponent and mixed boundary conditions, Proc. Roy. Soc. Edinburgh Sect. A 116(1-2)
(1990), 23-43. DOI: 10.1017/S030821050003136X.

Y. Y. L1, Prescribing scalar curvature on S™ and related problems, Part I, J. Differential
Equations 120(2) (1995), 319-410. DOI: 10.1006/jdeq.1995.1115.

P.-L. Lions, F. PACELLA, AND M. TRICARICO, Best constants in Sobolev inequalities for func-
tions vanishing on some part of the boundary and related questions, Indiana Univ. Math. J.
37(2) (1988), 301-324. DOI: 10.1512/iumj.1988.37.37015.

A. MarLcHIODI AND F. UGUZzzONI, A perturbation result for the Webster scalar curvature prob-
lem on the CR sphere, J. Math. Pures Appl. (9) 81(10) (2002), 983-997. DOI: 10.1016/
S0021-7824(01)01249-1.

A. P. OSKOLKOV, Solvability in the large of the first boundary-value problem for a quasilinear
third-order system pertaining to the motion of a viscous fluid (Russian), Zap. Nauén. Sem.
Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 27 (1972), 145-160; translation in: J. Math. Sci.
3 (1975), 508-521. DOI: 10.1007/BF01084687.

A. P. OskoLKOV, The uniqueness and solvability in the large of boundary value problems for the
equations of motion of aqueous solutions of polymers (Russian), Zap. Nauén. Sem. Leningrad.
Otdel. Mat. Inst. Steklov. (LOMI) 38 (1973), 98-136; translation in: J. Math. Sci. 8 (1977),
427-455. DOI: 10.1007/BF01084613.

A. P. OskoLkKOV, Initial-boundary value problems for equations of motion of Kelvin—Voight
fluids and Oldroyd fluids (Russian), in: Boundary Value Problems of Mathematical Physics,
Part 13, Work collection, Trudy Mat. Inst. Steklov. 179 (1988), 126-164, 243; translation in:
Proc. Steklov Inst. Math. 179 (1989), 137-182.


http://dx.doi.org/10.1215/S0012-7094-96-08116-8
http://dx.doi.org/10.1002/cpa.3160410302
http://dx.doi.org/10.1016/0022-1236(91)90026-2
http://dx.doi.org/10.1007/BF01190892
http://dx.doi.org/10.1515/ans-2010-0302
http://dx.doi.org/10.1515/ans-2010-0302
http://dx.doi.org/10.1090/pspum/045.1/843559
http://dx.doi.org/10.1090/pspum/045.1/843559
http://dx.doi.org/10.1002/cpa.3160360405
http://dx.doi.org/10.1002/cpa.3160360405
http://dx.doi.org/10.1215/S0012-7094-91-06402-1
http://dx.doi.org/10.4310/jdg/1090348090
http://dx.doi.org/10.1016/S0022-1236(02)00101-5
http://dx.doi.org/10.1016/S0022-1236(02)00101-5
http://dx.doi.org/10.1016/0362-546X(89)90086-2
http://dx.doi.org/10.1017/S030821050003136X
http://dx.doi.org/10.1006/jdeq.1995.1115
http://dx.doi.org/10.1512/iumj.1988.37.37015
http://dx.doi.org/10.1016/S0021-7824(01)01249-1
http://dx.doi.org/10.1016/S0021-7824(01)01249-1
http://dx.doi.org/10.1007/BF01084687
http://dx.doi.org/10.1007/BF01084613

420 A. ALGHANEMI, R. BEN ManMouD, H. CHTIOUI

[28] A. P. OskoLkoV, Nonlocal problems for equations of Kelvin—Voigt fluids and their e-approxi-
mations (Russian), Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 221
(1995), 185-207, 259; translation in: J. Math. Sci. (New York) 87(2) (1997), 3393-3408.
DOI: 10.1007/BF02355590.

[29] F. PACELLA, Some relative isoperimetric inequalities and applications to nonlinear problems, in:
Variational Methods (Paris, 1988), Progr. Nonlinear Differential Equations Appl. 4, Birkhauser
Boston, Inc., Boston, MA, 1990, pp. 219-235. DOI: 10.1007/978-1-4757-1080-9_15.

[30] F. PACELLA AND M. TRICARICO, Symmetrization for a class of elliptic equations with mixed
boundary conditions, Atti Sem. Mat. Fis. Univ. Modena 34(1) (1985/86), 75-94.

[31] O. REY, The role of the Green’s function in a nonlinear elliptic equation involving the critical
Sobolev exponent, J. Funct. Anal. 89(1) (1990), 1-52. DOI: 10.1016/0022-1236(90)90002-3.

Azeb Alghanemi

Department of Mathematics, Faculty of Science, King Abdulaziz University, P. O. Box 80203, Jeddah
21589, Saudi Arabia

E-mail address: aalghanemi@kau.edu.sa

ORCID: 0000-0001-8778-1062

Randa Ben Mahmoud
Department of mathematics, Faculty of Sciences of Sfax, Sfax University, 3018 Sfax, Tunisia
E-mail address: randa_benmahmoud@yahoo.fr

Hichem Chtioui

Department of Mathematics, Faculty of Science of Sfax, Sfax University, 3018 Sfax, Tunisia
E-mail address: Hichem.Chtioui@fss.rnu.tn

ORCID: 0000-0002-0029-1624

Received on September 18, 2024.
Accepted on June 12, 2025.


http://dx.doi.org/10.1007/BF02355590
http://dx.doi.org/10.1007/978-1-4757-1080-9_15
http://dx.doi.org/10.1016/0022-1236(90)90002-3
https://orcid.org/0000-0001-8778-1062
https://orcid.org/0000-0002-0029-1624

	1. Introduction
	2. Variational framework
	3. Critical values at infinity
	4. Variational analysis in V Gamma 1 (1,varepsilon)
	4.1. Asymptotic expansions V Gamma 1 (1,varepsilon)
	4.2. Concentration phenomena in V Gamma 1 (1,varepsilon,delta)

	5. Proof of theorems
	References

