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ON THE CONVERGENCE
OF DOUBLY STOCHASTIC MARKOV CHAINS
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Abstract: We characterize the asymptotic behavior of time-homogeneous doubly stochastic Markov
chains. Our investigation revolves around understanding the dynamics of products of doubly sto-
chastic matrices, which in turn allows us to fully characterize three distinct behaviors: cyclicity,
convergence towards a special equilibrium matrix, and divergence. Notably, we introduce a novel
and comprehensive sufficient condition for the convergence of an infinite product of doubly stochas-
tic matrices.
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1. Introduction

A discrete-time Markov chain is a sequence Xg, X1, Xo, ..., or (X,)n>0, of random
variables, the so called states, such that the probability of moving to a future state
is independent of the previous states and only depends on the current state; this
“memoryless” property is referred to as the Markov property. The possible values
of X;s form an at most countable set S of elements s;, called the state space of the
chain.

Markov chains are characterized by their transition matrices at each discrete time
step k, where the product of these matrices describes the probability of transition-
ing from one state to another within a given number of time steps. Specifically, if
Py is the transition matrix of the Markov chain at time k, the entry (i,j) in the
matrix PP, - -- Py, represents the probability that X,,, = s;, given that X = s;. In
cases where the state space is finite, the transition matrices are stochastic matrices,
i.e., square matrices with non-negative real entries and with each row summing to 1.
A Markov chain is said to be time-homogeneous, or simply homogeneous, when there
exists a stochastic matrix P such that P, = P for all £k > 1. Otherwise, it is said
to be non-homogeneous. For detailed information on Markov chains and stochastic
processes, we refer to the excellent book by Levin, Peres, and Wilmer [19]. For an
accessible yet detailed discussion of finite Markov chains (including a study of some
of the issues that will be discussed in this article but in a slightly different setting),
we refer the reader to [16].

Building on this setup, the central object becomes the infinite product of tran-
sition matrices, whose convergence has been studied extensively. Indeed, in 1963
Wolfowitz established sufficient conditions for the convergence of products of in-
decomposable and aperiodic stochastic matrices [31]. His results ensured that, un-
der these conditions, the limiting matrix has identical rows, corresponding to a
unique stationary distribution. Building on this, in 1976 Hajnal extended the analysis
to products of general non-negative matrices, proving that under wide conditions,
the product of a large number of square non-negative matrices, independent of or-
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der, is close to a positive matrix of rank 1 [11]. A year later, Chatterjee and Seneta
refined these ideas in the context of repeated averaging, proving that under suitable
connectivity and aperiodicity assumptions, successive products of stochastic matri-
ces converge to a rank-one stochastic matrix, thereby formalizing the emergence of
consensus in distributed systems [6].

In some applications, we require the transition matrices of Markov chains to be
doubly stochastic. For example, such matrices appear in the study of gossip algorithms
by Boyd et al. [4] and in the analysis of non-selective quantum measurements by
Vourdas [30].

Recall that an n X n matrix is doubly stochastic if all of its entries are non-negative
real numbers and if each row and column sums to 1. Birkhoff’s theorem provides a
geometric characterization of doubly stochastic matrices, asserting that every such
matrix can be written as a convex combination of n X n permutation matrices [13,
Theorem 8.7.2]. The associated Birkhoff-von Neumann algorithm offers a constructive
procedure for obtaining this decomposition. In the present paper, we shall denote
by €, the set of all n x n doubly stochastic matrices. Note that €, is closed under
classical matrix multiplication. Therefore, given a doubly stochastic Markov chain
(i.e., a Markov chain with transition matrices Dy € €, for all k), any matrix given
by a product of the form D1 D5 --- D, is again doubly stochastic.

Doubly stochastic Markov chains received considerable interest in the latter half
of the 20th century. However, since the literature on doubly stochastic Markov chains
is very varied (both in terms of the language used and the specialized jargon em-
ployed), it has proved difficult to compile a comprehensive list of known results and
to fully trace their origins. Nevertheless, we will endeavor to provide a substantial, if
incomplete, overview in the following.

In 1965, V. M. Maksimov first turned his attention to homogeneous doubly sto-
chastic Markov chains. He considered the convergence of D™ as m — oo for D € Q,,,
and obtained some results relating to the convergence of such limits which depends on
the Birkhoff decomposition of D [20] (see [1] for more detail on the Birkhoff decom-
position). In view of this line of research, it does not seem unreasonable to assume
that Maksimov as well as some of his contemporaries were aware of the following key
result, even though the earliest written mention of it that we have been able to trace
is in a 1979 book by Fritz, Huppert, and Willems [8, p. 30]: given D € €, with 1 as
a simple eigenvalue and such that lim,, ,., D™ exists, then

11 ... 1
111 1 ... 1
(1.1) lim D™ =—1|. . . . =:Jp.
m—o0 n|: el
11 ... 1

nxn

In 1970, Maksimov delved deeper into this issue and considered the case of non-ho-
mogeneous doubly stochastic Markov chains [21]. In this context, it is the associated
sequence of transition matrices (Dy)r>1 that is considered. A sequence of such ma-
trices is said to be convergent if, for any k > 1, the matrix product Dy Dyy1 - Dy, =
By, m,, converges as m — oo to some By,. If all these limit matrices By, coincide (that is,
if By, is independent of k), then we say that the chain (Dy)r>1 is properly convergent.

Using this notation, Maksimov provided necessary and sufficient conditions en-
suring convergence and proper convergence of the infinite product of a given se-
quence (Dg)g>1 C Q. However, these general conditions relied heavily on the struc-
ture of the zero entries in the doubly stochastic matrices. Thus, these conditions
prove most useful when the Dys are connected by some regularity law. For the gen-
eral case, Maksimov was able to provide convenient sufficient conditions for (proper)
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convergence. In particular, he proved that if dl(-f) > >0 hold uniformly (i.e., for all 4
and k>1), and if Z;ozl dl(-f)—kd;];) =00 for all ¢ and j, then (Dy),>1 converges properly.
In 1980, Schwarz took interest in the non-homogeneous problem and tried to im-
prove upon the sufficient condition given by Maksimov [28]. Therein, he showed among
other things that if a doubly stochastic Markov chain (Dy),>1 satisfies the condi-
tion Y2 | v(Dy) =00, where v(D) := min, ; d;;, then the infinite product Dy Dy Ds - - -
converges (in the sense that L = lim Dj --- D; exists) to the uniform matrix J,.

11— 00

Then, in 1987, Du provided further insight by showing that if D is an irreducible
n x n doubly stochastic matrix and tr(D) > 0, then the limit lim,,_,o, D™ exists and
is equal to J,, [7]. Fast forwarding a few years, in 2001, Hwang and Pyo addressed a
similar problem by characterizing the doubly stochastic matrices D whose powers D™,
m > 1, eventually stop, i.e., D™ = DP, m > p, for some positive integer p [15].
Somewhat more recently, in 2009, Rénier determined the limits of the powers of locally
finite infinite doubly stochastic matrices [26]. Finally, we note that in 2010, Hunter
studied the stationary distribution, the generalized inverses of Markovian kernels, the
mean and variance of the first passage times, and the expected times to mixing of
Markov chains with doubly stochastic transition matrices, which are some of the more
important properties of Markov chains [14].

Recent results on the geometry of the set of doubly stochastic matrices gave some
insight which allowed us to improve upon some of the known sufficient conditions men-
tioned above [2, 3]. It is the main purpose of this paper to present this new result.

Additionally, we have identified what appears to be two inaccuracies relayed re-
cently in the literature. Indeed, in [14, Theorem 1] it is stated that for any nxn doubly
stochastic matrix P, limy_,o, P* = J,,. However, the identity matrix serves as a direct
counterexample to this statement. Examining the argument used in the paper, the
Perron—Frobenius theorem is used, so it may be safely assumed that one needs to make
the additional assumption that D is irreducible. Nonetheless, even then it is not that
simple. Indeed, in [26, Theorem 5.1] it is stated that if A € Q,, is irreducible, and not
a permutation matrix, then limj_,., A¥ = J,. Upon closer inspection, one may note
that this result also appears to require refinement. For example, taking A = [})2 ‘{)2 ],
we encounter a counterexample where A is irreducible but exhibits periodic behavior.
Specifically, it is easy to show that A* = A for every odd k > 0 and that AF = [‘{f })2}
for every even k > 0. Given these subtleties, we also aim to clarify and provide more
insight on the sequence (D™),,>1, where D € Q,,, as we characterize the limiting
behavior of this sequence as m — oc.

We begin our study in Section 2 by establishing some preliminary facts and re-
sults about doubly stochastic matrices. Then, in Section 3, we focus on the following
question: when does the infinite product D1 DsDs3--- converge to the uniform ma-
trix J,? Therein, we provide a new sufficient condition which improves a result of
Schwarz [28]. We then proceed in Section 4 to characterize the behavior of any ho-
mogeneous doubly stochastic Markov chain; that is, we characterize the behavior of
the sequence (D™),,>1 as m — oo for an arbitrary doubly stochastic matrix D. In
particular, we show that D™ converges when m — oo if and only if D is permutation-
similar to a direct sum of primitive doubly stochastic matrices and we characterize
the doubly stochastic matrices which describe a cycle of order p.

Let us now introduce some notations that shall be used throughout the text. Given
any pair of matrices A and B of size m x n and p x ¢ respectively, the direct sum of A
and B is the block matrix of size (m + p) X (n + ¢) defined by:

A 0]

A® B = [O B
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Likewise, the Kronecker product of A and B is defined as the pm x gn block matrix

auB alnB
A®B= :

am1B ... amnB

The family of all complex n X n matrices is denoted by M,,. The spectral radius
of a matrix A is p(A) := max ||, where the maximum is taken over all eigenvalues
of A. We denote the number of eigenvalues of modulus p(A), multiplicity counted,
by h(A), and if there is no confusion, simply by h.

2. Preliminary

A square matrix A is reducible if it can be transformed to a block lower-triangular
form by simultaneous row and column permutations, i.e., if there exists a permutation
matrix P such that

A 0

pap= [t 0]

where A; and Ay are square matrices. A square matrix which is not reducible is

said to be irreducible. One of the most important results on irreducible non-negative

matrices is the celebrated Perron—Frobenius theorem [9, 25]. The theorem comprises

numerous statements (for instance, it says that the principal eigenvector is unique up

to scaling and has all entries of the same sign). We present here only those relevant

to the present discussion. For a comprehensive treatment of the Perron—Frobenius
theorem, see [13, Chapter 8].

Perron—Frobenius theorem. Let A € M,,, n > 2, be irreducible with non-negative
entries. Then the following hold.

(i) There exists a number p > 0, called the Perron—Frobenius eigenvalue of A, such
that 1 is a simple eigenvalue of A and any other eigenvalue A of A verifies |\| <
w. Thus p(A) = p.

(ii) The Perron—Frobenius eigenvalue of A fulfils the row-sum inequalities

n n

. i <<
= I, 2 S S K D o
Jj=1 Jj=1
(iii) The matriz A is similar to €*™/" A and the spectrum of A is invariant under
multiplication by e2™/".
iv > 1, there exists a permutation matriz P such tha
iv) If h > 1, th st tati trix P h that

0 A, 0 ... 0
0 0 A273 0
(2.2) prAaP=| ¢ |
0 0 0 ... Ayqn
Ay 00 ... 0

where the non-zero blocks are square matrices.
(v) If h =1, then the limit

exists. This limit is called the Perron projection of A.
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In the case of doubly stochastic matrices, Perfect and Mirsky showed that reducible
doubly stochastic matrices assume a very particular form as a direct sum of smaller
irreducible doubly stochastic matrices [24]. To be more precise, if D € Q,, is reducible,
then there exist an n x n permutation matrix P and an integer r > 2 such that

(2.3) PTDP=D®Ds®---® D,,

where the D;s are irreducible doubly stochastic matrices. Hence, upon applying the
Perron—Frobenius theorem to each summand, a fundamental result emerges: the
eigenvalues of any doubly stochastic matrix D lie within the closed unit disk D
and p(D) = 1. In fact, for irreducible doubly stochastic matrices, parts (i) and (ii)
of the Perron—Frobenius theorem guarantee that p(D) = 1. For reducible matrices, it
follows from (2.3) that
p(D) = p(PTDP) = p(Dy ® D> @ -+ ® Dr) = max p(Dy) = 1.

Therefore, for a doubly stochastic matrix D, the quantity h represents the number of
unimodular eigenvalues of D.

When D € Q, is irreducible, (2.2) reveals that D is permutation-similar to a matrix
with a special form, reminiscent of the h X h circular shift matriz

010 ...0
001 ...0
Kpe=|: @ 0 o 1,
000 ...1
100 ...0

with square matrices instead of 1s. In the particular case where D is not only irre-
ducible, but also doubly stochastic, then Marcus, Minc, and Moyls showed that h must
divide n and that each non-zero square matrix has the same size (namely n’ := n/h),
which is not necessarily the case when D is not doubly stochastic [23]. More specifi-
cally, the authors proved that there exists a permutation matrix P such that

0O Dy 0 ... 0
0 0 Dy ... 0
(2.4) PIDP= | i i i,
0 0 0 ... Dn
D, 0 0o ... 0

where D; € Q,,/, 1 < j < h, and n’ = n/h. Note that we can also write
(2.5) PITDP=(D1® - ®Dp)(Kr®I,),

where K, ® I,/ is the Kronecker product of K} and I/, and the ordering of factors
and summands on the right-hand side is important.

If e denotes the uniform vector (1,1,...,1)T and D is any doubly stochastic matrix,
then De = e. This is a direct manifestation of the fact that 1 is always an eigenvalue of
any doubly stochastic matrix. Furthermore, if D is irreducible, then 1 is the Perron—
Frobenius eigenvalue of D, and statement (i) of the Perron—Frobenius theorem ensures
that this eigenvalue is simple. Notably, this fact serves as a characterizing property
of irreducibility in doubly stochastic matrices. To see this, suppose that D € ,, is
reducible. In this case, (2.3) guarantees the existence of a permutation matrix P such
that PTDP = D1 @---® D,, where r > 2 and the D;s are doubly stochastic matrices.
Given that the eigenvalues of D encompass all the eigenvalues of Dy, Ds, ..., D,,
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and as each of the Djs possesses 1 as an eigenvalue, it follows that the geometric
multiplicity of 1 as an eigenvalue of D is strictly greater than 1. It thus follows that

(2.6) D € Q,, is irreducible <= 1 is a simple eigenvalue of D.
Note that for an irreducible matrix D, it is possible that h(D) > 1. For example, for
the irreducible matrix
0 1
D= L O} 7
we have h(D) = 2.

A matrix A € M, is said to be primitive if it is non-negative, irreducible, and has a
unique (simple) eigenvalue of maximal modulus (i.e., h(A4) = 1). In the case of doubly
stochastic matrices, this definition can be simplified. Indeed, if a doubly stochastic
matrix D is not primitive, then either it is reducible (in which case the geometric

multiplicity of 1 as an eigenvalue is strictly greater than 1), or else h(D) > 1. In both
cases, we end up with h(D) > 1. Therefore,

(2.7) D € Q,, is primitive <= h(D) = 1.

Lastly, we need the following lemma, partially due to Marcus, who established the
equivalence of (i) and (iv) in [22, Lemma 2].

Lemma 2.8. Let D € Q,,. Then the following are equivalent.
(i) D= Jn.
(ii) 0 is an eigenvalue of geometric multiplicity n — 1 for D.
(iii) 0 is a singular value of geometric multiplicity n — 1 for D.
v)

(iv) rank(D) = 1.
Proof: (i) = (ii) It suffices to note that 0 is an eigenvalue of J,, associated with the
n — 1 linearly independent eigenvectors

7= (Lwk w2 L wotVRT 1<k <n -1,

)

—27i/n

where w, = e . The other eigenvalue is 1, which necessarily must have multi-

plicity 1.

(ii) = (iii) Suppose that 0 is an eigenvalue of geometric multiplicity n — 1 for D and
observe that if Dv = 0, then DT Dv = 0. Thus 0 is a singular value of D associated with
the vector v. It follows that D has 0 as a singular value of geometric multiplicity n—1.
But, since D7D is a doubly stochastic matrix, and since 1 is always an eigenvalue of
any doubly stochastic matrix, we find that D has exactly one non-zero singular value.

(ili) = (iv) From the assumption, it immediately follows that rank(D) = 1.

(iv) = (i) The rows of D span a subspace of dimension 1. Hence, they must be equal
since if two rows were distinct, the sum of the elements of these two rows would be
different, which is impossible since D is (doubly) stochastic. Hence,

dy de ... dy
D=1|: = "
di do ... dy
Since the elements of each column of D sum to 1, we also find that nd; = 1 for

each 1 < j < n. Therefore, d; = 1/n for all 1 < j <n and it follows that D = J,,. O
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3. Non-homogeneous Markov chains

In this section, we study the case of non-homogeneous doubly stochastic Markov
chains. If (Dg),>1 is a given sequence of n x n doubly stochastic matrices, we seek to
determine sufficient conditions to ensure that

(3.1) lim DyDy--- Dy, = Jy,.

m—r o0

This question was initially studied by Maksimov [20, 21] and Schwarz [28]. In par-
ticular, the latter author showed that if

(3.2) ZU(D[) = 400,

=1

where

(3.3) v(D) := mind;j,
i

then (3.1) holds. In what follows, we present a more general result to ensure (3.1).

If we label the eigenvalues of D € Q,, as 1 = A1, Ag, ..., A\, € C, the eigenvalues \;
for ¢ > 2 are referred to as the non-stochastic eigenvalues of D. In precise terms, these
are the eigenvalues of D whose associated eigenvectors are not scalar multiples of the
uniform vector e.

Lemma 3.4. Let D € Q, with eigenvalues 1 = Ay, Ag,..., A\ € C, and let o € C be
a complex number. Then the eigenvalues of D — aJ, are 1 — a, Aa, ..., Ap.

Proof: To establish the claim, first observe that
(i) the matrices D and J,, commute;

(ii) the eigenvalue A\ =1 of D is associated with the all-ones eigenvector e;

(iii) and the eigenvalues of J,, are 1 with geometric multiplicity 1 (associated with
the eigenvector e), and 0 with geometric multiplicity n — 1.

It follows from Theorem 2.3.3 in [13] that there is a unitary matrix U whose first
column is equal to ﬁe such that

1 0 ... 0 1 0 0
A2 0 * 0 0
U*DU = . . and U*J,U = .
* % An * ok 0
Thus,
0 0 a 0 0 l—a 0 0
. x Ao 0 * 0 0 * A2 0
U*(D - aJ,)U = . - . = .
Xk .. A, * x ... 0 * S S
The conclusion follows from this decomposition. O

We now introduce the main result and subsequently explore its scope and how it
relates to previously established findings.



428 L. BouTHAT, N. DOYON, J. MASHREGHI, F. MORNEAU-GUERIN

Theorem 3.5. Let (Dy)e>1 be a sequence of doubly stochastic matrices in Q. If

oo

> (1= 02(Dy)) = +oo,

=1
where oo(Dy) denotes the second largest singular value of Dy, then

m—r o0

Proof: The peculiar identity
D1D2 te Dm - Jn = (Dl - Jn)(D2 - Jn) e (Dm - Jn)

is proved by induction. By the submultiplicative property of the spectral norm || - ||z,
we have
(3-6) ”Dl v Dy — Jn||2 < ”Dl - Jn||2 e ||Dm - Jn||2~

Moreover, Birkhoff’s theorem and the permutation invariance of both J and the
spectral norm ensures that

1D = Jull2 =

Zai(a —Jy)

2

(3.7) <Y | P—= ull2

=Y iy = Julla =1,

for all D € ,,. Here, we used the easily verified identity ||I,, — Jn|l2 = 1.

Recall that if a sequence (ar)e>1 of real numbers satisfy 0 < ap < 1 for all ¢,
then Z;’;l(l — ag) = +oo implies that H;‘;l a; = 0. Indeed, since 0 < z < e*~! for
all 0 < x < 1, it follows that

m m
0 S H ag S H eak*l = e~ Z?:1(1*ak).
k=1 k=1

x

Since e~ is continuous, letting m — oo yields [, ; ar = 0. Hence, by (3.7),

Y (1= 1IDe = Jullz) = +00 = [ IIDe — Jullz = 0.
=1 =1

Then, by (3.6), the condition on the left-hand side implies
lim Dy Dy, = Jp.

m—0oQ

To finish, we find yet another interpretation for ||Dy — J,||2. It is well known that
|D¢ — Jy||2 equals the greatest singular value of Dy — J,,. But,

(D¢ — Jp)* (Dg — Jy) = (D] — Jp)(Dg — Jy) = D] Dy — Jp,.

Thus, the largest eigenvalue of (Dy—J)*(Dy—J,,) coincides with the largest eigenvalue
of D] Dy — J,,, which, by Lemma 3.4, is the largest non-stochastic eigenvalue of D] Dy,
which in turn is the second largest eigenvalue of D] D,. Hence,

1De = Jnll2 = o2(De)- O
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Let us show that Theorem 3.5 implies Schwarz’s result. To establish this fact, we
need to make a short digression and perform a delicate calculation. Given a real
number «, we have

ID — adyll2 = Omax(D — aJy) = p/*(DTD — (2 — a)J,),
since (D — aJ,)T(D — aJ,) = DD — o(2 — a)J,,. Lemma 3.4 then ensures that the
eigenvalues of the matrix DTD — a(2 — a)J, are 1 — a(2 — a) = (1 — a)?, as well as
the n — 1 non-stochastic eigenvalues of DTD (which are the same as the n — 1 non-
stochastic eigenvalues of D — a.J,,). Consequently,

ID = adnlls = max{[1 = al, [|D = Jull2},
from which it also follows that
(3.8) 1D = Jnlle = min |D — aplls < [[D = no(D)Jn]l2,
where we recall v(D), which was defined in (3.3).
On the one hand, for D # J,,, the matrix #U(D)(D—m)(D)Jn) is doubly stochastic,
since each row/column sums to 1 and each coefficient is greater than #U(D) (v(D) —

m}(D)%) = 0. This implies that the spectral norm of this latter matrix is 1, since the
spectral norm of every doubly stochastic matrix is 1. Thus

D —nv(D)J,
D —nv(D =1 —-nv(D))|——=—|| =1—nv(D
1D (D) = (1= (D) |2 | =1 = ()
As a result, by (3.8), we deduce ||D — Jp|l2 <1 —nv(D). Thus,
(3.9) nv(D) <1—||D = Jy|l2 =1—02(D)

for every doubly stochastic matrix D # J,.
On the other hand, one can check that (3.9) is trivially verified if D = J,. Hence
this relation holds for any D € €),, and we conclude that

oo oo
Zv(Dg) =400 = Z(l —02(Dy)) = +o0.
=1 =1
Consequently, whenever the infinite product of a sequence Dy, D, ... € §,, verifies

Schwarz’s sufficient condition (3.2) for convergence, it also verifies the convergence
criterion stated in Theorem 3.5.

In order to show that the latter criterion is not simply a reformulation of (3.2),
but rather a proper generalization, consider the doubly stochastic matrix

2 2
1—ep—¢ ) €7
Dg: Ey 1—25@ Ey y
e2 £ 1—¢gp—¢?

where 0 < g, < 1 goes to 0 as £ — oo. Clearly, v(D;) = £7. Moreover, an easy
computation reveals that the eigenvalues of D are 1, 1 — 3ey, and 1 — e, — 2¢2. Since
the matrix is positive semi-definite, they are also equal to the singular values. Hence,

if ey = then Schwarz’s criteria yield

11
U(Dg):TGZE<OO,

(=1 {=1
+ 2) = OQ.

427
0o

while Theorem 3.5 gives

o0

S (1 02(D) iz(
=1 =1

| =
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Hence, D1DsDsg - - - = J,, and the above discussion establishes the more general scope
of Theorem 3.5.

However, grouping the matrices together by adjacent pairs and looking at the
smallest coefficient of the resulting matrices might allow one to apply Schwarz’s crite-
ria, while being easier to verify than Theorem 3.5. We show that this is not possible,
even if we allow the matrices to be grouped in blocks of large sizes (i.e., to look at the
smallest entry of Dy Ds -+ Dy, then Dyy1Dgyo--- Dok, where k is any fixed integer).
Indeed, note that the matrices Dy can be diagonalized as

11 -=1]1t 0 o0 % % %
Di=|1 =2 0|0 ¢ Of]| g -3 %|.
1 1 1|0 0 Bf|-3 o 1
where ay := 1 — 3¢ and By := 1 — gy — 2¢3. Hence, if Ay = ay--- k-1 and

Be = B¢ Begr—1, then

1 1 1]t o 0 I 3 3
Dy Dypp=|1 =2 0| [0 Ay 0 -1 1
1 1 1][0 0 B 3 0 3

Apr +3Ber —2A0r Ak —3Bog
=J;+ 6 _2A€,k 4Ag’k —2Ag’k
Ap —3Ber —2Ak Ak +3Bok
Since Ay, By > 0, the smallest entry of Dy --- Dyyy, is realized either by % — 240
or by % + Ay — 3By . But since ap < By for all £, we have Ay < By, which

implies that Ay, — 3By < Apr — 34 = —2As . Hence, the smallest coefficient
of Dy--- Dyyy is attained by % + %Ae,k - %B&k. It thus follows that

oo oo 1
Z V(Dn—1)k+1"* Dnk) Z( + A(n Dk+1,k — 2B(n1)k+1,k>~

But now, observe that Stirling’s approximation yields

Am—Dk+1,k = Un—1)k+1 " Q1 = (1 = 3em_1ypg1) -+ (1 = 3ennt1)

:<1‘4<m?’m+1>)“'<1‘wf+n)

(n—-Dk+% nk+3 Tnk+3)I((n—1k+1)
T (n-Dk+1  nk+1  T(nk+2)0((n—1)k+1)

(- 1)k)}

(nk+ i)
(nk+1)3((n—1k—-3)

1
1

3(k+2)  3k2—30k—57
4kn 32k2n2

=1- +0(n™?).
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Similarly,

k+2_3k2+2k:—5

By, _ =1- O(n™3).
(n=1)k+1k Akn oz O

Therefore, for all positive integer values of k, we finally get

> /1 1 1
Z V(D(n-1)k41 " Dnk) = Z (3 + 6A(n—1)k+1,k - 2B(n—1)k+1,k)
n=1 n=1
(1 1 3(k+2) 3k%*—30k—57 3
= —+-(1- - o]
; 376 ( tkn ok o)

k+2 3k2+2k—5 L
1— _
( Ak sz O ))
k* + 6k + 7 3
( sorzne O

Hence, there exist matrices for which the condition of Theorem 3.5 is stronger than
Schwarz’s criteria, but for which the latter does not work no matter how many ma-
trices are grouped together.

Moreover, the condition provided in Theorem 3.5 is also convenient if the doubly
stochastic Markov chain is not predetermined. Indeed, let

1101
4 2 4
_ |1 1
D_202
1011
4 2 4

Then it is easily verified that a direct application of Schwarz’s criteria does not
allow one to conclude that D™ — J3 as m — oo, while Theorem 3.5 does. However,
applying Schwarz’s result to the matrix D? does allow one to show that the infinite
product converges to Js in less computation than Theorem 3.5 would require. Now,
suppose that the matrix Dy, is the matrix D with a probability of 1/7, and any of the
3 x 3 permutation matrices with an equal probability of 1/7. Although probabilistic
considerations have not appeared so far — and will play only a modest role here —
they will take on a more significant role in later sections. It is nevertheless natural to
introduce this simple stochastic variant now. In this random setting, however, there is
no straightforward way to group the matrices Dy, together to apply Schwarz’s result.
However, it is clear that 1 — o2(Dy) is equal to 0 with a probability of 6/7 and 1/2
with a probability of 1/7. Hence, an application of Theorem 3.5 allows one to conclude
that the infinite product D1 Ds - - - D,, converges to J3 almost surely as m — oo.

During the reviewing process of this document, the papers [10, 11] were brought
to our attention. Among the contributions of these publications, [11, Theorem 3] was

particularly relevant to the present research. Indeed, for a sequence (Py)i>1 of sto-
chastic matrices, define U, = [ugk)] to be the stochastic matrix

(310) U’l’,k = PT+1PT+2"'PT+k)'
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The sequence (Py)i>1 is said to be weakly ergodic if for all 4,5, = 1,2,...,n and

all » > 0 we have
= ——,
that is, if all rows of U, j tend to become the same as k& — oo. Moreover, call any
scalar function p(-) that is continuous on the set of n X n stochastic matrices P and
satisfies 0 < p(P) < 1 a coefficient of ergodicity. This coefficient is said to be proper
if u(P) =1, or, equivalently, if all rows of P are identical.
Hajnal proved in [11, Theorem 3] that if 1—m(-) and p(-) are two proper coeflicients

of ergodicity satisfying

(3.11) m(PiPy - Pp) < | [ (1= p(P)),

1

k
1=
for any stochastic matrices P; (i = 1,...,k) and any k > 1, then (Py)r>1 is weakly
ergodic if and only if there exists a strictly increasing subsequence (i;);>1 of the

positive integers satisfying
oo
ZM(Uij,ij+1*ij) = 00.
j=1

Now, let us make the following three observations:

(a) Jp is the only doubly stochastic matrix for which every row is identical.

(b) u(D) :=1—||D — J,||2 is a proper coefficient of ergodicity on doubly stochastic
matrices.

(¢) Um(D)=1-pu(D)=|D — J,||2, then (3.11) is satisfied (see (3.6)).

As consequences, we find that (1) a sequence of doubly stochastic (Dy,)r>1 is weakly
ergodic if and only if for all r > 0, limg_—yc0 Dyt1 -+ Dryr = Jp; and (2) a coefficient
of ergodicity p(-) is proper if and only if u(D) =1 <= D = J,. Moreover, we find
by defining m(D) = 1 — u(D) = ||D — J,||2 that Hajnal’s results reduce, after similar
observations to those made in the proof of Theorem 3.5, to the equivalence

(312) khm DT+1DT+2 te Dr+k = Jn, Vr 2 0,
— 00

L

(3.13)  Jincreasing sequence (i;) such that Z(l —02(Dyi; 41+ Dy, ) = 0.
j=1

Moreover, it is clear (simply choose i; = j for all j > 1) that the sufficient condition
of Theorem 3.5 implies (3.13), and that (3.12) implies that D1 Dy --- = J,. Hence,
Theorem 3.5 can be derived from Hajnal’s 1958 result.

As a final remark to this section, observe that inequality (3.9) is of independent
interest, as it gives us an easy-to-compute upper bound on the size of the second
largest eigenvalue of a symmetric doubly stochastic matrix. Such an estimate is use-
ful in various contexts. For instance, Boyd et al. showed in [4] that the averaging time
of any gossip algorithm depends on the second largest eigenvalue of a symmetric dou-
bly stochastic matrix: the smaller this eigenvalue, the faster the averaging algorithm.
These algorithms, somehow based on how an epidemic spreads, aim to distribute a
certain amount of information to all members of a group in a decentralized manner
(i.e., with no master node aggregating information or distributing tasks). Such algo-
rithms have multiple applications in communication [17], in cybersecurity [18], and
in big data [5].
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4. Homogeneous Markov chains

In this section, we consider the behavior of the sequence D™ as m — oo, where
D is a doubly stochastic matrix. As a matter of fact, in all generality, one can use the
Jordan canonical form of A € C"*™ to compute the powers of A and the limit of A™
as m — oo. Using this method, Hensel showed that lim,, ,., A™ exists if and only if
there exists a nonsingular matrix P such that

i, [T 0
PAP_[OK,

where p(K) < 1 [12]. In this case,

. m I 0]
i AT =P {0 0} P

and in particular, lim,, ., A™ = 0 if and only if p(A) < 1. However, in many cases,
this condition is difficult to verify, and the result does not provide significant insights
into the behavior of the sequence (A™),,>1 when lim,,,_,o, A™ does not exist. There-
fore, using properties of §2,, and tools from matrix theory, we aim to provide a more
detailed characterization of the behavior of the sequence (D™),,>1 as m — oo for any
doubly stochastic matrix D. In particular, we shall see that one of three phenomena
can occur:

(a) The sequence forms a cycle, i.e., DP™t = D for some integer p > 1.
(b) The sequence converges to a doubly stochastic matrix of the form

PT(Jp, @+ @ Jyp, )P,

where P is a permutation matrix.
(¢) The sequence does not converge and is not cyclic. However, the sequence follows
a pattern which can be loosely described as converging to a cycle.

To describe more precisely the above cases, we say that a matrix A is cyclic
of order p if there is a positive integer p satisfying APT! = A and A™t! #£ A for
all 1 < m < p. Moreover, in the language of matrix theory, the matrix A is called con-
vergent if lim,, ,., A™ = 0 and semi-convergent whenever lim,, ., A™ exists. Here,
we are only concerned with semi-convergence since no doubly stochastic matrix is
convergent. Furthermore, in our setting, the concepts of proper convergence and
convergence (in the sense of Markov chains), defined in the introduction, coincide
with that of semi-convergence. Hence, we shall adopt the classical terminology of
semi-convergence mentioned above to avoid any potential confusion.

The work on the convergence problem of doubly stochastic matrices mainly began
around 1965. Since then, several results have been proved. However, in recent years,
there seem to be misconceptions around some of these results, and there are a handful
of incorrect theorems in the literature. We aim to provide a complete characterization
of the doubly stochastic matrices D satisfying limj_,o, D¥ = J,, in Theorem 4.10 and
Theorem 4.12.

As the first step, the crucial property (2.3) allows us, without any loss of gener-
ality, to assume that the matrix D € €, is irreducible. Indeed, for any permuta-
tion matrix P and any doubly stochastic matrix D, the behavior of the matrix D™
when m — oo is entirely determined by that of (PTDP)™ = PTD™P. Moreover, if
PTDP=D,®Dy;®---® D,, then

(PTDP)™ = D" & Dy' ® --- ® D™

Thus, it is enough to study the behavior of D7 for the irreducible doubly stochastic
matrices Dj, 1 < j < r, to characterize the behavior of the sequence (D™)p,>1.
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Hence, using the same argument with (2.4), we observe that it suffices to first prove
our results for irreducible doubly stochastic matrices of the form

0 Dy 0 ... 0
0 0 Dy ... 0 h
(4.1) D=|: o= (@&) (Kn © Lnyn),
0 0 0 ... Dp_q i=1
D, 0 0o ... 0

where h = h(D) and D; € Q,/,, 1 <i < h.

This section will thus be divided into three different subsections. We begin by iden-
tifying the general behavior of the powers of irreducible doubly stochastic matrices. As
a corollary, we are then able to characterize the irreducible doubly stochastic matrices
which (1) exhibit a cycle of order p, (2) semi-converge, and (3) diverge. Moreover, we
also determine the precise way in which the sequence (D™),,>1 diverges. Finally, we
combine the results of these two subsections to characterize the behavior of D™ for a
general doubly stochastic matrix D.

4.1. Irreducible doubly stochastic matrices. The following lemma allows us to
easily compute the powers of the matrix D = (D1 @ --- @ Dy)(K}, ® I,,/) encoun-
tered in (2.5). For the sake of notational simplicity, let us denote [m] as the num-
ber m mod h. We observe that the mth power of the matrix D has the structure of
the mth power of the circular shift matrix Kj, where the non-zero coefficients are in
the position (7, [i +m]), 1 < i < h, except that instead of having 1s in these entries,
we have more complex matrices.

Lemma 4.2. Let
D=(D1® - ®Dp)(K,®I,) € M,(C),
where h,n’ € N, n=hn', and D; € M,/ (C) for every 1 < j < h. Then

h m
DM = (@ H D[i+j—1]> (K5 @ Ly).

i=1 j=1
Remark. Since we are in a non-commutative setting, the ordering in products is
important. In the above formula, the product should be interpreted as the left multi-
plication, i.e.,

ﬁ Al = A1A2 e Am7
Jj=1

where A; are arbitrary n x n matrices.

Proof: The proof is by induction. For m = 1, the result is trivial. Now suppose that
the statement holds true for m — 1, and write B; = Hm_l Dy j—q)- Then

j=1
h m-—1
pr=prb = <69 1T Duﬂl])w-l & L)D
i=1 j=1
-0 .. 0 B ... 0
0 0 0 0 Dy O 0
. 0 0 Do 0
_ " Bh_im-1 .
Bhii—m-1 0 0 0 o0 Dy ’
0 0 0 D, 0 0
L 0 By, 0 |
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where each Bj lies in the position (j, [j+m—1]), 1 < j < h. The block multiplication
of these matrices is everywhere zero, except when we multiply B; by D{;,,—1). Hence,
we obtain

i 0 R 0 BlD[m] R 0 T
Bh+1—[m]D[h] N 0 0 N 0
L 0 .o BpDpy_q 0 0 ]
h m
- (GBHD[Hjﬂ)(Kﬁn ® L) O
i=1j=1
In Lemma 3.4, we see that for any doubly stochastic matrix D with eigenval-
ues 1, Ao, ..., Ay, where 1 is the Perron root of D associated with the all-ones eigen-
vector, the eigenvalues of D — J,, are precisely 0, Ao, ..., A,. Consequently, we have

h(D) = 1 if and only if p(D — J,) < 1, which itself is equivalent to the fact that
lim,;, 00 (D — J,,)™ = 0. Moreover, we also saw that (D — J,)™ = D™ — J,. There-
fore, it follows directly that

(4.3) lim D™ =J, < h(D)=1.
m—roo

In his 1965 paper, Maksimov provided a more general result by showing that, un-
der certain conditions, there exists a number p such that lim,,_, o D"PT" exists, for
any 1 < r < p, and he precisely determined the value of this limit. However, his result
relied on a Birkhoff decomposition of D and on subgroups and quotient groups [1].
This approach introduced challenging conditions to verify, and, moreover, the even-
tual limit is difficult to compute. The following result provides a clear picture of the
period p as well as an explicit formula for the limit. Recall the decomposition (2.4),
which is used below.

Theorem 4.4. Let D € Q,, be an irreducible doubly stochastic matriz and let P be a
permutation matrix such that

h
- (@) e
i=1
where h := h(D) and D; € Q,/, 1 <i < h, andn’ =n/h. Then, for every 1 <r < h,
pmitr 2% P(KT @ J, ) PT.

Proof: According to Lemma 4.2, we have

h mh+r

pTpmhtrp _ (@ H D[i+j1]> (K;lnhw ® Ins).

i=1 j=1
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Notice that K" = (K})"K} = I["K} = K}. Hence, we have

h mh+r h m—1 (k+1)h mh—+r
D II Duri-y :@ 11 D[z’+j—1]>< 11 D[z‘+j—1]>
=1 j=1 i=1

k=0 j=kh+1 j=mh+1
n—1

h m h T
( H D[i+j+kh1]) (H D[i+j+mh1]>
i=1 \ k=0 j=1 j=1

m—1 h r
1T D[ml]) <H D[m‘u)
j=1

k=0 j=1

h msor
II D[i+j—1]> (H D[i+j—1]>-
j=1

Jj=1

For simplicity, let us write

(4.5) D; = DyDpiry - Diigr—nyy 72 1
Using this notation, it follows that

h
pTpmhtrp (EBD ' D; T) (K @ ILy).
Now, observe that
h h h
@D in=PI1I Dirjn = PTD"P.
i=1 i=1j=1
Hence, the number of eigenvalues of unit modulus of @?:1 D; ;, and D" is the same,
and since the number of unimodular eigenvalues of D* is independent of k > 1, we
have

h = h(D) = h(D") = h(PTD"P) = h(®!_,D; ) = Zh i)

where the inequality follows from the fact that each D; ; is doubly stochastic. There-
fore, the inequality must be saturated, i.e.,

h(D;p)=1, 1<i<h.
Hence, it follows from (4.3) and from the fact that J, A = J,, for every A € ), that

lim PTD™"P = lim (EB D}, D, r) (Kj, @ In)

m— oo m—r oo 1
1=

h
(@ ) Kl & I)
h
= <@ Jn’) (K;;@In')

=K @ Jy. O
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Theorem 4.4 tells us that the structure of the matrix PTD™P follows a cyclic
pattern, while each individual non-zero submatrix semi-converges to the matrix J,,/.
However, we can say even more. Indeed, we can show that the semi-convergence of each
individual element is monotone. Therefore, while PTD™ P does not itself converge in
general, each submatrix gets closer to J, - in a monotonic way.

Corollary 4.6. Let D € Q,, be an irreducible doubly stochastic matriz and let P be
a permutation matrixz such that

h
PTDP = (@ DZ) (K ® L),
i=1

where h:= h(D) and D; € Qp/, 1 <i < h, andn’ =n/h. Then

h
f”DmP::<Q9LMm>Qﬁ?®Lw
i=1

and
HDi,erl - Jn’”Z S ||-D7,,m - n/||2a 1 S 1 S hv
where || - ||2 denotes the spectral norm.

Proof: The first assertion is a restatement of Lemma 4.2. Then observe that

m+1 m
Dim+y1 = H Diiyj 1 = ( D[i+j1]>D[i+m] = DimDiiym)-
j=1 j=1

Since J, D = J, for any D € ,,, we have

Di,m+1 - Jn’ = Di,mD[i+m] - Jn’ = (D'L,m - Jn’)D[H—m]

Additionally, as DTD € €, and the spectral radius of any doubly stochastic matrix
is equal to 1, it directly follows that || D2 = 1/p(DT7D) = 1 for any doubly stochastic
matrix D. Therefore,
HDiﬂn+1 - ']n’||2 = ||(Di,m - J?L’)D[i-i-m]”Q
S |IDijm — Jur |2l Dy ll2
= || Di,m — I |2,

which concludes the proof. O

4.2. Cyclic and primitive doubly stochastic matrices. In the following theo-
rem, we characterize the irreducible doubly stochastic matrices which describe a cycle
of order p.

Theorem 4.7. Let D be an n X n irreducible doubly stochastic matriz. Then D is
cyclic if and only if there exists a permutation matriz P such that

(4.8) PTDP =K, @ J,,

where h:=h(D) andn’ = n/h. Moreover, if D is cyclic of order p, then p—1 divides h.
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Proof: Suppose that DP = D. By (2.4), there is a permutation matrix P such that

h
PTDP = (EB Di> (Kn ® L),
i=1

where h = h(D), D; € Q,, 1 <i < h, and n’ = n/h. Let A1, Aa,..., A, denote the
eigenvalues of D and let U be the unitary matrix in a Schur triangularization of D
(see [13, Theorem 2.3.1]), i.e., a unitary matrix which satisfies

A 0 ..o 0

A ... 0

U*DU = _— :

x  x ... A

Then, since D = DP, we have

A 0 ... 0 AY0 ...0
. - =U*DU =U*DPU = (U*DU)? = | . : .
k... A * k... AP

Consequently, A\, = MY for all k& > 1; indeed, if a matrix satisfies a polynomial equa-
tion, then each of its eigenvalues must be a root of that polynomial. Thus, the eigen-
values of the matrix D are either of unit modulus, or they are equal to 0. However,
by the definition of A, we know that D has exactly h eigenvalues of unit modulus.
Furthermore, the Perron—Frobenius theorem guarantees that the spectrum of D is
invariant under multiplication by et Therefore, the unimodular eigenvalues of D
are precisely e¥7 1 < k < h, along with n — h other eigenvalues, all equal to 0.

In particular, it follows that the eigenvalues of D" are 1s (with geometric multi-
plicity h) and 0s (with geometric multiplicity n — h). However, by Lemma 4.2,

Dy --- Dy 0 0

0 Dy---DypDy ... 0

PTD"P = : ’ : . " 0

0 0 ... DyDy---Dj_4
(4.9)

Dipn 0 ... 0
|0 Dyp oo 0
I S0
0 0 ... Dpp

Recall the definition of D; , from (4.5). Since all the matrices in the main diagonal are
n' x n’ doubly stochastic matrices, they must all have at least one eigenvalue equal
to 1. Thus, since D has precisely h unimodular eigenvalues, each doubly stochastic
matrix in the main diagonal must contain a unique unimodular eigenvalue (equal
to 1) while every other eigenvalue is equal to 0. Hence, it follows from Lemma 2.8
that Dy p, = Jp for every 1 < k < h.

Lastly, because of the particular form of D, given by (4.8), the order p must be
of the form p = 1 4 mh, for some integer m > 0, since otherwise we would find
using Lemma 4.2 that the non-zero block matrices of PTDP and PTDPP would not
coincide, which is a contradiction.
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Therefore, on the one hand, we have

0 Dy 0 ... 0

0 0 Dy ... 0
PTDP = S :

0 0 0 Dp—s

D, 0 0 0

On the other hand,
PTDP = PTDPP = (PTDP)'*™" = PTDP(PTD"P)™
=P DP(Jpy @@ J)™ = PTDP(Jy @ - & Jo)

0 Jy» 0 ... O
0 0 Ju» ... O
=|: : S L =K@y
0 0 0 ... Jy
J 0 o ... 0
The above argument is reversible, and the reverse is even simpler. O

We know from (4.3) that if D€, then lim,, o, D™ =J, if and only if h(D)=1.
As an easy corollary of Theorem 4.4, we shall complete the picture by showing
that lim,, ., D™ exists if and only if 1 is the only eigenvalue of unit modulus, i.e.,
h(D) = 1. Tt is worth mentioning that Fritz, Huppert, and Willems provided a suffi-
cient condition which was very close to being necessary [8] (see equation (1.1)). But
our result given here is, on the one hand, the consequence of a much more general
result and, on the other hand, necessary to fully characterize the limiting behavior of
the sequence (D™ )p>1.

Theorem 4.10. Let D € ), be irreducible. Then lim,, .. D™ exists if and only if
D is primitive. Moreover, if so, we necessarily have lim,,_, .o D™ = J,.

Proof: We have the representation equation (2.5). Moreover, by Theorem 4.4, for
every 1 <r < h, we have

pmitr 2% P(KT @ J, ) PT.

Therefore, since h > 1, a necessary condition for the limit of the powers of D to
exist is that A = 1 (i.e., that D is primitive), otherwise different values of r would
yield distinct subsequences with unequal limits. Moreover, if h = 1, then » = 1, and
Theorem 4.4 once again gives

lim D™ = lim D™ = P(K, ® J,,)PT = J,. O

m—0o0 m—0o0

4.3. The general case. In this last part we consider a general doubly stochastic
matrix D, which is not necessarily irreducible. In this case, the behavior of D™
as m — oo depends on the asymptotic behavior of its irreducible submatrices when
it is expressed as the direct sum PTDP = D1 & --- @ D,.. Therefore, it is possible for
some components to converge while other components may diverge or be cyclic. We
use the previously established results to characterize the general structure of doubly
stochastic matrices for which the powers converge or exhibit a cycle. Moreover, we
also show that the powers of a uniformly chosen doubly stochastic matrix will almost
always converge to the uniform matrix .J,,. We begin by characterizing the doubly
stochastic matrices which describe a cycle of order p.
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Theorem 4.11. Let D € Q,. Then D is cyclic of order p if and only if there exist
a permutation matriz P and positive integers v, h;, ki, 1 < i < r, satisfying p =
1+ LCM(hy, ha, ..., h) and hiky + hoks + - -+ + b k. = n such that

PTDP = P(Kn, @ Ji,).

j=1
In that case, D has r eigenvalues equal to 1 and h(D) = hy + ha + -+ - + h,.

Proof: According to the representation equation (2.3), there is a permutation ma-
trix P such that
PIDP=D1®D;&---® D,,

where each D; € ), is irreducible with n; +---+n, = n. Now, D is cyclic of order p
if and only if PTDP is cyclic of order p. The latter happens if and only if DY = D, for
all 1 <4 < r and, moreover, for each integer m with 1 < m < p, there exists at least
one index 1 < k < r such that D* # Dy. In particular, every submatrix D; must be
cyclic of order p;|p. Hence, Theorem 4.7 guarantees that for each D;, there exists a
permutation matrix P such that

PiTDiPi =K, ® J"i/Pi'

Therefore, writing h; := p; and k; := n;/p;, we find that there exists a permutation
matrix @ such that

QTDQ = P(Kn; @ Ji,)-

j=1
Moreover, each submatrix is cyclic of order h; and thus the smallest number p such
that DP = D is p = LCM(hq, ha, ..., h;). O

We now focus on characterizing the doubly stochastic matrices for which the powers
semi-converge to some doubly stochastic matrix. As in the previous case, we do not
assume that the matrix is irreducible. Recall (2.3), which is used below.

Theorem 4.12. Let D € Q,,, and let h = h(D). Let P be a permutation matriz such
that

PTDP=D1®Dy®---& D,,
where each D; € Q,,, is irreducible. Then D™ semi-converges as m — oo if and

only if D has precisely h eigenvalues equal to 1. Moreover, in this case, r = h and
limy, 00 D™ = P(Jpy @ Jny @+ D Jp, ) PT.

Proof: The proof is a direct consequence of (2.3) and Theorem 4.10. O

5. A probabilistic result

When randomly selecting a doubly stochastic matrix of order n, what level of
certainty can we establish regarding the convergence of its powers? In this regard and
with respect to the Lebesgue measure, we can show that the powers of almost all
doubly stochastic matrices will converge to the matrix J,,. To verify this claim, recall
that if the coefficients of an n xn matrix A are non-negative, then A is primitive if and
only if the coefficients of A™ are positive for some m > 1[13, Theorem 8.5.2]. Hence, if
the coefficients of A € €),, are positive, then A is primitive and Theorem 4.10 ensures
that A™ — J, as m — oo. Consequently, it is enough to convince ourselves that
almost all doubly stochastic matrices are positive. Intuitively, it suffices to observe
that the set QF of all-component positive doubly stochastic matrices is precisely the
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interior of the polytope §,, (relative to the standard topology on R”Q). Hence, since
Qf is non-empty, we should expect a uniformly chosen random doubly stochastic
matrix to be in Q.

Theorem 5.1. For almost all doubly stochastic matrices D, D™ converges to the
matriz J, as m — oo.

Proof: As discussed before the theorem, it suffices to show that almost all doubly sto-
chastic matrices are in Q,'. We define £, _1, n > 2, the subset of all (n—1)x (n—1) ma-
trices, as follows.

(a) The matrices in &,_; are non-negative (componentwise).
(b) The row sums and column sums never exceed 1.
(¢) The sum of all entries is larger than or equal to n — 2.

In other words, &,_; is the (n — 1)?-dimensional convex polytope in R(?~1)x(n=1)

consisting of the (n — 1) x (n — 1) matrices A = (a; ;) in the intersection of the closed
half-planes

(5.2) ai; >0 (1<i,j<n-1),
n—1

(5.3) > ai; <1 (1<i<n-1),
j=1
n—1

(5.4) D ai; <1 (1<j<n-1),
i=1

n—1
(5.5) > aij=n-2

i,j=1

It is easily verified that the mapping ®: Q,, — &£,_1, given by

1,1 e a1,n—1 a1,n
ai,1 a1,n—1
b
an—-1,1 -+ Apn—1n—1 QAn—-1n

An—1,1 An—1,n—1

Qn,1 e Gn,n—1 Ann

along with its inverse ®7': &£,_1 — Q,,,
ary e Ao 1= a1,
a1,1 a1,n—1 . .
: :
an—1,1 e An—1n—1 1-— Z An—1,j5
ap—1,1 -+ QAn—-1n—1

I—Za@l l_zai,n—l 2_n+zai7ff

is one-to-one.

Let QY denote the set of n x n doubly stochastic matrices with at least one null
coefficient. By the same token, we consider QU (i, j), the set of n x n doubly stochastic
matrices with the coefficient in position (4, j) being zero. Then put

E)_1:=®(Q0), and &)_,(,4) == P((4,4)).
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Now the following relations hold.

(a) If 1 <i,j <n—1, then £Y_,(4,7) corresponds to the polytope £9_; with an
equality in (5.2) corresponding to coefficients (i, 7).

(b) If j = n and i < n, then £_, (i, ) corresponds to the polytope £2_; with an
equality in (5.3) corresponding to the coefficient i.

(c) If i = n and j < n, then £2_,(i,j) corresponds to the polytope £°_; with an
equality in (5.4) corresponding to the coefficient j.

(d) If i = j = n, then £2_,(4,7) corresponds to the polytope £J_; with an equality
in (5.5).

In each case, we lose a degree of freedom in the parameters of £, _;. Consequently,

we have dim(EJ_; (i,j)) = (n—1)2—1 < (n—1)2. Therefore, if m denotes the Lebesgue
measure on R"=1° we trivially have m(E9_1(i,7)) =0forall 1 <i,j <n-—1. Tt
thus follows that

m(€r) = m(U 521@',;')) < 2 m(Eina(i:5) = 0.

Moreover, observe that

0

(n—1)2
n—2 1
{(71—1)27 n} C &1,

since for any element A in the former set, ®~1(A) € Q,.. Consequently,

- (n—1)? ]
m(En—1) > m([(Q 1] > = (n(n—1)%)~=Y" > 0.

n—1)2"n

Hence, almost all elements of &, 1 belong to &,_1\&EY_;, the range of ® of the positive
doubly stochastic matrices. Since ® satisfies the conditions of Theorem 31 in [27], the
conclusion follows. O

Remark. An n x n doubly stochastic matrix is completely determined by its (n—1) x

(n — 1) upper left entries. There is thus a bijection between the set of n x n doubly

stochastic matrices and the set V of vectors of v € (R*)("’l)2 satisfying the conditions
n—1

(a) Z Um(n—1)4; < 1, Vm such that 0 <m <n —2,
j=1

n—2
(b) Zvj(n,l)ﬂ,l <1, VYmsuchthatl <m<n-—1.
7=0

This bijection between doubly stochastic matrices and the convex set V makes it
possible to sample matrices using the Lebesgue measure in R(=1)?,

From a practical point of view, random doubly stochastic matrices are usually
generated by the Sinkhorn process, which consists of taking a random non-negative
matrix and iteratively normalizing the rows and columns. This process always con-
verges linearly to a doubly stochastic matrix, as long as the initial non-negative matrix
does not have too many zeros (the formal condition is that the matrix has total sup-
port; for more information, we refer to [29]). The important observation here is that
the zero coefficients in the doubly stochastic matrix obtained in the limit are pre-
cisely in the same positions as the initial non-negative matrix. Consequently, as long
as the initial random non-negative matrices are obtained in such a way that almost
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all of them are positive, then almost all doubly stochastic matrices resulting from the
Sinkhorn process will be positive and thus will converge to the matrix J,.
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