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Abstract: We show that various methods for explicitly building resolutions of unbounded complexes

in fact fail when applied to a rather simple and explicit complex. We show that one way to rescue

these methods is to assume Roos’ (Ab.4∗)-k axiom, which we adapt to encompass also resolutions in
the framework of relative homological algebra. Lastly, we discuss the existence of model structures

for relative homological algebra for unbounded complexes under the relative (Ab.4∗)-k condition,
and present a variety of examples where our results apply.
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Introduction

After the publication of Verdier’s seminal thesis in 1967 (see [35] for the later
complete publication), the study of the derived categories of Abelian categories re-
ceived considerable attention and found widespread applications across many areas of
abstract mathematics. It is important to underline that the initial focus was mostly
restricted to bounded or half-bounded derived categories, where it was already known
that, when starting with an Abelian category with enough injectives (or projectives),
each lower (upper) bounded complex is quasi-isomorphic to a lower (upper) bounded
complex of injectives (projectives). Additionally, the morphisms in the derived cat-
egory between two such bounded complexes of injectives (projectives) correspond
precisely to the homotopy classes of chain maps between them. This suffices to ensure
that the corresponding half-bounded derived categories are locally small, i.e., they
have small Hom-sets. In contrast, the extension of this result to unbounded derived
categories presented a considerable challenge.

One of the main difficulties that arises in the unbounded setting is the necessity to
find, for each complex, a quasi-isomorphism to a complex of injectives that, further-
more, is K-injective (or, dually, from a K-projective complex of projectives). In other
words, one needs to build dg-injective (dg-projective) resolutions of unbounded com-
plexes. However, such constructions were not available at the time, even for commonly
used Grothendieck categories, like categories of modules or of quasi-coherent sheaves.
The first breakthrough in this direction was pioneered in 1988 by Spaltenstein [32],
who was able to build a dg-projective resolution for each X• ∈ Ch(Mod(R)), with R a
ring, and a dg-injective resolution for each X• ∈ Ch(A), where A = SheafΘ(X) is
the category of sheaves of modules, over a sheaf of rings Θ on a topological space X.
These constructions have the advantage of not being merely existence results, as they
rely on very explicit constructions of resolutions.

The history of the proof of the existence of dg-injective resolutions of unbounded
complexes for general Grothendieck categories and of the techniques used to obtain
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the result is complicated. In [2, Theorem 5.4], Alonso, Jeremı́as, and Souto proved
it as a consequence of the existence of dg-injective resolutions for module categories
combined with the Gabriel and Popescu embedding theorem via Bousfield localiza-
tion. In [30, Theorem 3.13], C. Serpé gave an alternative proof by extending Spal-
tenstein’s approach to general Grothendieck categories. Serpé’s proof has a variation
of the small object argument as a central point.

The first published proof of the existence of a model structure over a Grothendieck
category is due to Hovey [15] and it was published in 2001. A very similar argument
had already been outlined by Joyal in a private correspondence with Grothendieck
dating back to 1984 (the letter is now available in [17]). Both authors use variations
of the small object argument to establish the existence of dg-injective resolutions in
complete generality. The resolutions produced by these methods are non-explicit in
nature, rendering them impractical for the computation of dg-resolutions in concrete
situations.

At this point, the following questions arise naturally:

Questions. Let A be a complete Abelian category with enough injectives, and take
X• ∈ Ch(A).

(q1) Is it always possible to find a dg-injective resolution for X•?

(q2) If X• has a dg-injective resolution, can one build such a resolution explicitly
(i.e., with a step-by-step procedure that allows for a complete description of the
final result, thus excluding, in principle, all constructions based on the small
object argument)?

In the literature, one can currently find two separate papers – [29] and [38] – each
claiming to give positive answers to both questions. Unfortunately, both constructions
fail when applied to the “poisonous example” mentioned in the title, which is an un-
bounded complex X• ∈ Ch(G), where G is a localization of Mod(R), with R being Na-
gata’s classical example of a commutative Noetherian ring with infinite Krull dimen-
sion (see [22, Appendix A.1]). Let us clarify that we are not claiming that the above
questions have a negative answer, and so we do not discard the possibility that the de-
rived category D(A) is locally small whenever A is a complete Abelian category with
enough injectives. For example, for our “poisonous example” X•, both (q1) and (q2)
can be answered in the positive. Indeed, take a dg-injective resolution X• → E•

in Ch(Mod -R) (e.g., using Spaltenstein’s construction); the inclusion of the torsion
part T • ≤ E• is degree-wise split (and, arguably, easy to describe), so E•/T • is
a complex of torsion-free injectives. In particular, this quotient lives in Ch(G), and
X• → E•/T • is a dg-injective resolution (see Section 3 for details).

On the positive side, the second named author together with Chachólski, Neeman,
and Scherer ([3]) gave affirmative answers to both questions, adapting Spaltenstein’s
construction, under the extra hypothesis that the category A is (Ab4∗)-k in the sense
of Roos ([28, Definition 1.1]), for some k ∈ N, i.e., the n-th derived functor of the
product vanishes for all n > k (e.g., for A to be (Ab4∗)-0 it means precisely that
products are exact in A). More generally, given an injective class (i.e., a preenveloping
class closed under summands) I ⊆ A, they proved that any complex X• ∈ Ch(A) has
an I-fibrant replacement, provided A satisfies the (Ab.4∗)-I-k condition – a version
of Roos’ (Ab.4∗)-k relative to I. To recover the results about dg-injective resolutions,
it is then enough to take I = Inj(A), the class of all injective objects in A. The
existence of I-fibrant replacements, when combined with results of [4], allows us to
build and study a suitable model structure in Ch(A) whose homotopy category is the
I-derived category D(A; I) from [3, 4]; the usual derived category D(A) is equivalent
to D(A; Inj(A)).
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The paper is organized as follows: In Section 1, after fixing the needed conventions
and notations about cochain complexes, we review some basic definitions and results
regarding weak factorization systems, model categories, cotorsion pairs, and Hovey’s
correspondence. In Section 2 we show that, whenever A is a complete (Ab.4∗)-k
Abelian category with enough injectives, any X• ∈Ch(A) has a dg-injective resolu-
tion. Although this may be deduced from more general results in [3], we include a
short direct proof. The “poisonous example” mentioned in the title is introduced and
studied in Section 3, where it is used to show that the (Ab.4∗)-k condition is really
necessary for the constructions of Section 2. Section 4 is devoted to injective Cartan–
Eilenberg (ce-)resolutions: after reviewing the definitions and some classical results,
we prove that, to build a dg-injective resolution of an X• ∈ Ch(A) (with A as in Sec-
tion 2), one can just totalize a ce-resolution of X•. Furthermore, this strategy fails
when applied to our “poisonous example”, showing that (Ab.4∗)-k is necessary also in
this approach. In Section 5 we briefly review the construction of [29] and we show that
it fails to produce a dg-injective resolution for the “poisonous example”. Similarly, in
Section 6, we review the construction of [38] and we show that it does not work when
applied to our “poisonous example”, also observing that the gap in the argument
disappears if one assumes that the ambient category is (Ab.4∗). In Section 7, we con-
centrate on the construction of the so-called I-injective model structure on Ch(A),
relative to a given injective class I ⊆ A. After recalling some general results from [4],
we describe the construction of Spaltenstein towers of partial I-injective resolutions
given in [3]. In the last part of the section, we prove a number of results related to the
(Ab.4∗)-I-k condition, showing that it implies the existence of the I-injective model
structure on Ch(A). In Section 8, we include a number of examples and applications
of the formalism introduced in Section 7. In particular, we first consider those injec-
tive classes with the additional property of being cogenerating and, as an application,
we give a partial positive answer to Gillespie’s question; we then study the injective
classes contained in Inj(A), and the injective class of the pure-injective objects in a
locally finitely presented Grothendieck category. Moreover, we introduce a notion of
global dimension for A relative to an injective class I; if this invariant is finite, then
A is (Ab.4∗)-I-k. Using the relative global dimension, we give a new characteriza-
tion of the n-tilting cotorsion pairs. Finally, we give an application to categories of
quasi-coherent sheaves over a scheme.

1. Preliminaries and notations

Cochain complexes. Given an Abelian category A, we denote by Ch(A) the cate-
gory of unbounded cochain complexes and maps of complexes. In particular, given

X• := ( · · · // Xn−1 dn−1
// Xn dn // Xn+1 // · · · ) ∈ Ch(A),

we denote the n-th coboundaries, cocycles, and cohomology (with n∈Z) ofX•, respec-
tively, by Bn(X•) :=Im(dn−1), Zn(X•) :=Ker(dn), and Hn(X•) :=Zn(X•)/Bn(X•).
Moreover, we denote by Σ: Ch(A)→ Ch(A) the “shift to the left” auto-equivalence
of Ch(A), that is, the n-th component of ΣX• is (ΣX•)n := Xn+1, while its n-th
differential is −dn+1 : Xn+1 → Xn+2 (i.e., the (n + 1)-th differential of X•, with a
minus sign).

A given morphism of complexes φ• : X• → Y • is said to be a quasi-isomorphism if
Hn(φ•) is an isomorphism for all n ∈ Z. We also say that a complex X• is exact (or
acyclic) if Hn(X•) = 0, for all n ∈ Z or, equivalently, X• → 0 is a quasi-isomorphism.
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For each k ∈ Z, we denote by Ch≥k(A) (resp., Ch≤k(A)) the full subcategory
of the X• ∈ Ch(A) such that Xn = 0, for all n < k (resp., n > k). Moreover,

Ch+(A) :=
⋃
n∈Z Ch≥n(A) denotes the full subcategory of bounded below complexes.

Given k ∈ Z, the inclusion Ch≥k(A) → Ch(A) has a left adjoint called the k-th left

truncation functor τ≥k : Ch(A)→ Ch≥k(A) such that:

τ≥k(X•) := ( · · · // 0 // Xk/Bk(X•)
d̄k // Xk+1 dk+1

// · · · ) ∈ Ch≥k(A).

Similarly, the inclusion Ch≤k(A) → Ch(A) has a right adjoint called the k-th right

truncation functor τ≤k : Ch(A)→ Ch≤k(A) such that:

τ≤k(X•) := ( · · · // Xk−2 dk−2
// Xk−1 dk−1

// Zk(X•) // 0 // · · · )∈Ch≤k(A).

Given an object A ∈ A and k ∈ Z we let Sk(A) denote the following stalk complex:

Sk(A) := ( · · · // 0 // A // 0 // · · · ) ∈ Ch≥k(A) ∩ Ch≤k(A);

for n = 0 we sometimes denote S0(A) simply by A. Moreover, we denote by Dk(A)
the disk complex:

Dk(A) := ( · · · // 0 // A
idA // A // 0 // · · · ) ∈ Ch≥k(A) ∩ Ch≤k+1(A).

Observe that Dk(A) is an exact complex, that is, Hi(Dk(A)) = 0 for all i ∈ Z.
Moreover, as co/products of isomorphisms are isomorphisms, any co/product of disk
complexes is still exact. Finally, observe that, if Y • is such a co/product of disk
complexes, and X• ∈ Ch(A) is any complex, then Hi(X•⊕Y •) ∼= Hi(X•)⊕Hi(Y •) ∼=
Hi(X•), for all i ∈ Z. This simple observation is often useful when we need to modify
a given complex X• without changing its cohomologies.

Weak factorization systems. Given a category A, denote by A2 its category of
morphisms. Given φ and ψ ∈ A2, one says that φ is weakly left-orthogonal to ψ (and,
equivalently, that ψ is weakly right-orthogonal to φ), in symbols φ�ψ, if for any solid
commutative square

X0

φ

��

a // Y0

ψ

��

X1
b
//

∃ d

>>

Y1

there is a (not necessarily unique) diagonal d : X1 → Y0 such that a = d ◦ φ and b =
ψ ◦ d.

Given a class of objects X ⊆ A2, we denote by

�X := {l ∈ A2 : l � x, ∀x ∈ X} and X� := {r ∈ A2 : x� r, ∀x ∈ X}

the classes of all morphisms in A that are weakly left or right-orthogonal, respectively,
to X . Using another common terminology, l ∈ �X (resp., r ∈ X�), if it has the left
(right) lifting property with respect to X . The following general lemma is often useful
in practice:

Lemma 1.1 ([27, Lemma 11.1.4]). Any class of arrows of the form �X is closed
under coproducts, pushouts, transfinite composition, and retracts, and it contains the
isomorphisms. The class X� has dual properties.
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In particular, we will need the following consequence of the above lemma: Suppose
that (An)n∈N is an inverse system in A such that lim←−NAn exists in A. If (An+1 →
An) ∈ X� for all n ∈ N, then the canonical map lim←−NAn → A0 is also in X�.

A pair of subclasses (X ,Y) of A2 is a weak factorization system if the following
hold:

(wfs1) X� = Y and X = �Y;

(wfs2) each φ ∈ A2 can be written as φ = y ◦ x, with x ∈ X and y ∈ Y.

Model categories. A model structure on a bicomplete categoryM is a triple (W, C,F)
of classes of maps, called respectively weak equivalences, cofibrations, and fibrations,
such that:

(ms1) W contains all the isomorphisms and has the 2-out-of-3 property;

(ms2) both (C ∩W,F) and (C,F ∩W) are weak factorization systems.

In this case, the quadruple (M,W, C,F) is called a model category. The morphisms
in C ∩W and F ∩W are called trivial cofibrations and trivial fibrations, respectively.
Furthermore, an object F ∈ M is said to be fibrant if the terminal map F → ∗ is
a fibration while, for M pointed, we say that F is trivial if the trivial map 0 → F
is a weak equivalence. Finally, a fibrant replacement for an object X ∈ M is a weak
equivalence X → F , with F fibrant. Cofibrant objects and cofibrant replacements are
defined dually.

Remark 1.2. Suppose that we are in the following situation: we have a bicomplete
category M and two classes of maps: W, whose members we call weak equivalences,
and C, whose members we call cofibrations, and suppose that we want to use them to
construct a model structure onM. In this setting, we are forced to take F := (C∩W)�

as a class of fibrations. Even if we do not know whether (W, C,F) is a model structure,
let us abuse terminology and call an object X ∈ M fibrant if X → ∗ belongs to F .
Consider an inverse system (Fn)N of fibrant objects and suppose that (Fn+1 → Fn) ∈
F for all n ∈ N; then F := lim←−N Fn is a fibrant object. To see this, consider the inverse

system (F ′n)N, where F ′0 = ∗ is the terminal object, and F ′n+1 := Fn for all n ∈ N.
Then, as F = (C ∩ W)�, the unique map lim←−N Fn

∼= lim←−N F
′
n → F ′0 = ∗ still belongs

to F , as discussed briefly after Lemma 1.1.

Cotorsion pairs. Let A be an Abelian category, and let C ⊆ A be a subclass. We
say that C is (co)generating if any object of A is isomorphic to a quotient (resp.,
subobject) of an object in C. Given A,B ∈ A and n ≥ 1, we denote by ExtnA(A,B)
the usual group of equivalence classes of n-extensions; in general, we do not assume
that A has enough injectives nor projectives, so we cannot exclude the possibility that
the underlying sets of these groups of extensions are “big”; see [19, Chapter XII.5]
and [20, I.6] for details.

For any I ⊆ Z, we use the following notations for the corresponding right and
left-orthogonal classes:

C⊥I := {A ∈ A : ExtiA(C,A) = 0, for all i ∈ I and all C ∈ C} and

⊥IC := {A ∈ A : ExtiA(A,C) = 0, for all i ∈ I and all C ∈ C}.

Moreover, let C⊥n := C⊥{n} (for any n ∈ Z), and C⊥ := C⊥0 , with analogous conven-
tions on the left.
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Remark 1.3. Let A be an Abelian category, and let C ⊆ A be a subclass. Then:

• ⊥>0C is closed under kernels of epimorphisms. In fact, if 0→ K → X1 → X2 →
0 is a short exact sequence in A with X1, X2 ∈ ⊥>0C, then ExtnA(K,C) = 0,
for any n > 0 and any C ∈ C, as such an Ext-group fits in the following exact
sequence:

0 = ExtnA(X1, C) // ExtnA(K,C) // Extn+1
A (X2, C) = 0.

• If C is generating and closed under kernels of epimorphisms, then C⊥>0 = C⊥1 .
Indeed, it is enough to show that, for all n ≥ 1, if X ∈ C⊥n , then X ∈ C⊥n+1 :
let C ∈ C and consider an extension ε := [0→ X → A1 → · · · → An → An+1 →
C → 0] ∈ Extn+1

A (C,X). If C ′ � An+1 is an epimorphism, with C ′ ∈ C, we get
a new representative for the extension ε by taking a pullback:

ε := [0 // X // A1
// · · · // An //

OO

P.B.

An+1
//

OOOO
C // 0]

ε = [0 // X // A1
// · · · // A′n // C ′ // C // 0]

To conclude, consider ξ := [0→ K → C ′ → C → 0] ∈ Ext1
A(C,K), whereK ∈ C

by hypothesis, and ε′ := [0 → X → A1 → · · · → A′n → K → 0] ∈ ExtnA(K,X):
since X ∈ C⊥n by assumption, then ε′ = 0, and so ε = 0, as it is the Yoneda
product of ξ and ε′ (see [19, Chapter VIII.4]).

A pair (X ,Y) of classes inA is said to be a cotorsion pair if X = ⊥1Y, and Y = X⊥1 .
A cotorsion pair (X ,Y) is left (resp., right)-complete if for all A ∈ A there is an exact
sequence

0 // Y // X // A // 0 (resp., 0 // A // Y ′ // X ′ // 0),

with X,X ′ ∈ X and Y, Y ′ ∈ Y, called a left (resp., right) (X ,Y)-approximation of A.
Moreover, we say that (X ,Y) is complete if it is left and right-complete.

Remark 1.4. Let A be an Abelian category. Then, a cotorsion pair (X ,Y) in A is
complete if, and only if, it is left-complete and the class Y is cogenerating. The non-
trivial implication can be verified as follows: given A ∈ A, use that Y is cogenerating
to find a short exact sequence 0 → A → Y ′ → B → 0, with Y ′ ∈ Y. Consider now
a left (X ,Y)-approximation 0 → Y ′′ → X → B → 0; taking the pullback of the first
sequence along X → B, we get the desired right approximation 0→ A→ Y → X →
0, where Y ∈ Y since it is an extension of Y ′′ by Y ′, and they are both objects in Y.

A cotorsion pair (X ,Y) in A is called hereditary if ExtnA(X,Y ) = 0, for all X ∈ X ,
Y ∈ Y, n ≥ 1.

Lemma 1.5. Let A be an Abelian category, and let X and Y ⊆ A be two subclasses
such that X is generating and Y is cogenerating. Then, the following are equivalent:

(1) X⊥>0 = Y, and ⊥>0Y = X ;

(2) (X ,Y) is a cotorsion pair and X is closed under kernels of epimorphisms;

(3) (X ,Y) is a cotorsion pair and Y is closed under cokernels of monomorphisms.

In this case, (X ,Y) is a hereditary cotorsion pair, which is left-complete if and only
if it is right-complete, if and only if it is complete.
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Proof: The implications (1) ⇒ (2)(3) follow by Remark 1.3 and its dual, so it is
enough to check the implication (2) ⇒ (1), as (3) ⇒ (1) follows dually. Indeed, if
(X ,Y) satisfies (2), then Y = X⊥1 = X⊥>0 by the second part of Remark 1.3.
Moreover, by the dual of Remark 1.3, we also get that Y(= X⊥>0) is closed under
cokernels of monomorphisms and, therefore, X = ⊥1Y = ⊥>0Y.

The last part of the statement about completeness follows by Remark 1.4.

Hovey correspondence. A model structure on a bicomplete Abelian category A is
said to be Abelian if:

• the (trivial) cofibrations are the monomorphisms that have a (trivially) cofibrant
cokernel;
• the (trivial) fibrations are the epimorphisms that have a (trivially) fibrant kernel.

By a famous result of Hovey (see [16, Theorem 2.2]), Abelian model structures on
a bicomplete Abelian category A are in bijection with the so-called Hovey triples,
which are triples of classes of objects (OW ,OC ,OF ) such that OW is thick (i.e., it is
closed under summands and, given any short exact sequence 0 → A → B → C → 0
in A, if two elements of the set {A,B,C} belong in OW , then so does the third)
and both (OC ,OW ∩ OF ) and (OC ∩ OW ,OF ) are complete cotorsion pairs. In this
case, the class OC is precisely the class of cofibrant objects, OF is the class of fibrant
objects, and OW is the class of trivial objects in the corresponding Abelian model
structure.

Lifting of cotorsion pairs. Given a cotorsion pair (X ,Y) in A, Gillespie ([8, Defi-
nition 3.3]) introduced the following classes, with the goal of inducing a Hovey triple
(and so an Abelian model structure) in Ch(A):

• X̃ (resp., Ỹ) is the class of all the acyclic complexes A• ∈ Ch(A) such that
Zn(A•) ∈ X (resp., Zn(A•) ∈ Y), for all n ∈ Z;
• dgX is the class of those A• ∈ Ch(A) such that An ∈ X for all n ∈ Z and for

which the total hom-complex hom(A•, Y •) is exact for all Y • ∈ Ỹ;
• dgY is the class of those A• ∈ Ch(A) such that An ∈ Y for all n ∈ Z and for

which the total hom-complex hom(X•, A•) is exact for all X• ∈ X̃ .

Proposition 1.6 ([8, Lemma 3.4, Proposition 3.6, Lemma 3.14] and [16, Lemma 6.2]).
Let A be a bicomplete Abelian category, (X ,Y) a cotorsion pair, and E the class of
exact complexes. Then, the following hold true:

(1) a complex A• ∈ Ch+(A) belongs to dgY if and only if An ∈ Y, for all n ∈ Z;

(2) if (X ,Y) is complete, both (X̃ ,dgY) and (dgX , Ỹ) are cotorsion pairs in Ch(A).
Hence, if (An)N is an inverse system such that A0 ∈ dgY and An+1 → An is an
epimorphism with ker(An+1 → An) ∈ dgY (for all n ∈ N), then lim←−NAn ∈ dgY;

(3) if (dgX , Ỹ) is a complete cotorsion pair, and dgX ∩E = X̃ , then dgY ∩E = Ỹ.

As a consequence of the above proposition, one can deduce the following criterion
for a cotorsion pair in A to induce a model structure on complexes:

Corollary 1.7. Let A be a bicomplete Abelian category, let (X ,Y) be a cotorsion pair
in A, let E be the class of exact complexes, and suppose that:

(1) (X ,Y), (dgX , Ỹ), and (X̃ ,dgY) are complete;

(2) dgX ∩ E = X̃ .

Then (E ,dgX ,dgY) is a Hovey triple and, therefore, it induces an Abelian model
structure on Ch(A) such that the weak equivalences are the quasi-isomorphisms, the
cofibrations are the monomorphisms with cokernel in dgX , and the fibrations are the
epimorphisms with kernel in dgY.
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2. DG-injective resolutions of complexes via truncations

Let A be an Abelian category with enough injectives, that is, for all A ∈ A there
is a monomorphism A → E, with E ∈ Inj(A), and consider the complete cotorsion
pair (A, Inj(A)) in A. Then,

• Ã = E is the class of exact complexes;

• Ĩnj(A) is the class of contractible complexes of injectives, that coincides with
the class Inj(Ch(A)) of injective objects in Ch(A) (see [37, Exercise 2.2.1]);

• dgA = Ch(A) and dg(Inj(A)) is the class of the so-called dg-injective com-
plexes:

Definition 2.1. A complex X• ∈ Ch(A) is dg-injective if it satisfies the following
two conditions:

• Xn is an injective object in A, for all n ∈ Z;

• the total hom-complex hom(E•, X•) ∈ Ch(Ab) is exact, for any exact com-
plex E• ∈ E .

In particular, the cotorsion pairs induced in Ch(A) are (Ch(A), Inj(Ch(A))), which
is complete (see [37, Exercise 2.2.2]), and (E ,dg(Inj(A))). Furthermore, condition (2)
in Corollary 1.7 is trivial in this case. Hence, when A is bicomplete, we get a model
structure in Ch(A) provided each X• ∈ Ch(A) has a dg-injective resolution, that is,
a quasi-isomorphism λ• : X• → E•, with E• ∈ dg(Inj(A)). In fact, this is equivalent
to the fact that, in the short exact sequence

0 // Σ−1E• // Σ−1 cone(λ•) // X• // 0,

cone(λ•)∈E and E•∈dg(Inj(A)), so (E ,dg(Inj(A))) is left-complete. Note also that,
up to adding a bunch of disk complexes to E•, we may assume that λ• is a monomor-
phism. Hence, we also get a right approximation sequence 0→ X• → E• → E•/X• →
0, showing that (E ,dg(Inj(A))) is complete.

In this section we give a complete proof, based on ideas from [3], of the fact that
Spalstenstein’s construction of dg-injective resolutions in the category of complexes of
modules (over a ring or, more generally, over a sheaf of rings) works in every complete
Abelian category A with enough injectives that satisfies Roos’ condition (Ab.4∗)-k
(for some k ∈ N).

2.1. Resolution of bounded below complexes. Consider a complexX•∈Ch≥k(A)
(for some k ∈ Z), where A is any Abelian category with enough injectives. In what
follows we show how to construct a monomorphic quasi-isomorphism λ• : X• → E•

with E• ∈ Ch≥k(A) and Ei injective for all i ∈ Z; then this is a dg-injective res-
olution, by Proposition 1.6(1). Suppose for simplicity that k = 0, that is, we start

with X• ∈ Ch≥0(A), and we proceed inductively to construct

λ• : X• // E• := ( · · · // 0 // E0 e0 // E1 e1 // · · · ).

Indeed, let En = 0, en = 0, and λn = 0, for all n < 0 and, for n = 0, define
λ0 : X0 → E0 to be a chosen monomorphism with E0 ∈ Inj(A). Now, given n ≥ 0, if
we have already built ei−1 : Ei−1 → Ei and λi : Xi → Ei, for all i ≤ n, such that:

(1n) λi ◦ di−1 = ei−1 ◦ λi−1 for all i ≤ n;

(2n) ei−1 ◦ ei−2 = 0 for all i ≤ n;
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(3n) the map Hi(X•)→ Hi(E•) induced by λi is an isomorphism for all i ≤ n− 1;

(4n) the map λ̄n : Xn/Bn(X•)→ En/Bn(E•) induced by λn is a monomorphism;

we consider the following pushout diagram:

Xn/Bn(X•)

P.O.λ̄n

��

d̄n // Xn+1

µn+1

��

En/Bn(E•)
yn
// Pn+1

In particular, the map µ̄n+1 : (Xn+1/Bn+1(X•) ∼=) Coker(d̄n) → Coker(yn) is an
isomorphism. Moreover, as λ̄n is a monomorphism by hypothesis, the above square
is also a pullback, so that λ̄n induces an isomorphism between Ker(d̄n) = Hn(X•)
and Ker(yn). Choose now a monomorphism ιn+1 : Pn+1 → En+1, with En+1∈ Inj(A).
Then, the following square remains a pullback:

Xn/Bn(X•)

P.B.λ̄n

��

d̄n // Xn+1

λn+1:=ιn+1◦µn+1

��

En/Bn(E•)
ιn+1◦yn

// En+1

Finally, define en := ιn+1 ◦ yn ◦ πn : En → En+1, where πn : En → En/Bn(E•) is
the canonical projection. Conditions (1n+1)–(4n+1) hold by construction, so we can
continue with the induction.

2.2. Spaltenstein towers of partial resolutions. Let A be an Abelian category
with enough injectives and fix a complex X• ∈ Ch(A). We start by considering the
following inverse system of successive truncations:

· · ·
ρ•2 // τ≥−2(X•)

ρ•1 // τ≥−1(X•)
ρ•0 // τ≥0(X•),

where ρ•n is the canonical epimorphism. As τ≥−n(X•) ∈ Ch≥−n(A), the argument
of Subsection 2.1 gives a monomorphic dg-injective resolution λ•n : τ≥−n(X•)→ E•n,

with E•n ∈ Ch≥−n(Inj(A)), for all n ∈ N. We get the following solid diagram:

· · ·
ρ•2 // τ≥−2(X•)

λ•2
��

ρ•1 // τ≥−1(X•)

λ•1
��

ρ•0 // τ≥0(X•)

λ•0
��

· · ·
t•2

// E•2
t•1

// E•1
t•0

// E•0

(2.1)

and we claim that it can be completed in a commutative way by the dotted arrows.
Indeed, consider the following short exact sequence for each n > 0:

0 // τ≥−n(X•)
λ•n // E•n // Coker(λ•n) // 0,

and apply the functor HomCh(A)(−, E•n−1) to get the following exact sequence in Ab:

HomCh(A)(E
•
n, E

•
n−1)

(λ•n)∗
// HomCh(A)(τ

≥−n(X•), E•n−1)

// Ext1
Ch(A)(Coker(λ•n), E•n−1) = 0.
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The last equality to zero is due to the fact Coker(λ•n) ∈ E , E•n−1 ∈ dg(Inj(A)),
and (E ,dg(Inj(A))) is a cotorsion pair in Ch(A). Then it follows that λ•n−1 ◦ ρ•n−1 ∈
Im((λ•n)∗), so we have a map t•n−1 : E•n → E•n−1, such that t•n−1 ◦ λ•n = λ•n−1 ◦ ρ•n−1,
as desired.

Observe also that, possibly adding a number of disk complexes to our partial reso-
lutions if needed, one can always suppose that t•n is a (degree-wise split) epimorphism
with ker(t•n) ∈ Ch+(Inj(A)), whence with dg-injective kernel, for all n ∈ N.

Definition 2.2. A Spaltenstein tower of partial resolutions for X• ∈ Ch(A) is a
commutative diagram like the one in (2.1) where λ•n is a dg-injective resolution for
all n ∈ N, and t•n is a (degree-wise split) epimorphism with dg-injective kernel, for
each n ∈ N.

In particular, in the above discussion we have just shown that:

Proposition 2.3. Let A be an Abelian category with enough injectives. Then any
complex in Ch(A) has a Spaltenstein tower of partial resolutions.

2.3. Injective resolutions and the (Ab.4∗)-k condition. The goal of this sub-
section is to prove that, under suitable conditions, the inverse limit of a Spaltenstein
tower of partial resolutions actually produces a dg-injective resolution. We start with
two easy observations:

Lemma 2.4. Let A be a complete Abelian category and consider a sequence of com-
plexes

· · ·
t•2 // X•2

t•1 // X•1
t•0 // X•0

such that, for each n ∈ N, the chain map t•n is a degree-wise split epimorphism. Then,
there is the following degree-wise split exact sequence in Ch(A):

0 // lim←−NX
•
n

//
∏

NX
•
n

1−t
//
∏

NX
•
n

// 0,

where the map 1 − t is described by a matrix with identities on the main diagonal,
−t•n as the n-th entry of the first superdiagonal, and 0’s everywhere else.

Proof: The universal property defining lim←−NX
•
n is clearly equivalent to the universal

property defining the kernel of 1 − t. Moreover, to prove that 1 − t is a degree-wise
split epimorphism, it is enough to find, for each k ∈ Z, a right inverse for the following
matrix: idXk0 −tk0 0 0 0 . . .

0 idXk1 −tk1 0 0 . . .
...

. . .
. . .

. . .
. . .

. . .

 .

Fix, for each n ∈ N and k ∈ Z, a split monomorphism skn : Xk
n → Xk

n+1 such that

tkn ◦ skn = idXkn . Then, the right inverse we are looking for is the following row-finite
matrix: 

0 0 0 0 0 . . .
−sk0 0 0 0 0 . . .
−sk1 ◦ sk0 −sk1 0 0 0 . . .
−sk2 ◦ sk1 ◦ sk0 −sk2 ◦ sk1 −sk2 0 0 . . .

...
...

...
. . .

. . .
. . .

 .
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Lemma 2.5. Let A be a complete Abelian category and fix some integer k ∈ Z.
Consider also two families of complexes (X•n)n∈N, (Y

•
n )n∈N ⊆ Ch(A), and maps of

complexes φ•n : X•n → Y •n (for each n∈N), such that φin is an isomorphism for all i ≥
k. Letting

φ• :=
∏

N φ
•
n :
∏

NX
•
n

//
∏

N Y
•
n ,

φi is an isomorphism for all i ≥ k. In particular, Hi
(∏

NX
•
n

) ∼= Hi
(∏

N Y
•
n

)
, for

all i > k.

Let us point out that, in the above lemma, we are just claiming that there is an
isomorphism for the i-th cohomologies of the products for all i > k, but we do not
exclude that this may actually fail for i = k, even if Hk(X•n) ∼= Hk(Y •n ), for all n ∈ N.
In fact, for products in Ch(A) to commute with cohomologies, one needs to assume
that products are exact in A which, of course, is not always the case (see, for example,
the category G that we will describe in Section 3).

Proof: As products are built component-wise, the result follows from the observation
that the class of isomorphisms in A is closed under products.

The following definition was introduced by Roos ([28, Definition 1.1]):

Definition 2.6. A complete Abelian category A with enough injectives is (Ab.4∗)-k,

for some k ∈ N if, for any family (Aλ)Λ ⊆ A, the n-th derived functor
∏(n)

Λ Aλ
vanishes for all n > k.

In particular, A is (Ab.4∗)-0 if and only if it satisfies Grothendieck’s axiom (Ab.4∗),
that is, products are exact in A. In the following lemma we show a direct consequence
of the (Ab.4∗)-k condition, which is precisely what is needed for the construction of
dg-injective resolutions:

Lemma 2.7. Let A be a complete (Ab.4∗)-k Abelian category (for some k ∈ N)
with enough injectives, and let (X•n)n∈N be a family of bounded below complexes that
satisfies the following conditions:

(1) Xi
n injective for all i ∈ Z and n ∈ N (so each X•n is dg-injective);

(2) there is an integer h ∈ Z such that Hi(X•n) = 0 for all n ∈ N and all i ≥ h.

Then, Hi
(∏

NX
•
n

)
= 0, for all i > h+ k + 1.

Proof: Observe that (Sh(Xh
n/B

h(X•n)))n∈N has (τ≥hX•n)N as a family of injective
resolutions. Hence, the h + i-th cohomology of

∏
N τ
≥h(X•n) is precisely the i-th de-

rived functor
∏(i)
n∈N(Xh

n/B
h(X•n)). In particular, by Definition 2.6, we deduce that

Hi
(∏

N τ
≥hX•n

)
= 0, for all i > h + k. Moreover, for each n ∈ N, the canonical

map X•n → τ≥hX•n is an isomorphism in all degrees > h. We can now conclude by
the first part and Lemma 2.5.

Combining the above lemma with Lemma 2.4, we deduce the following:

Proposition 2.8. Let A be a complete (Ab.4∗)-k Abelian category (for some k ∈ N)
with enough injectives, and let K• := lim←−NK

•
n be the limit of the following sequence

of bounded below complexes:

· · · // K•2
t•1 // K•1

t•0 // K•0 .

We suppose that this sequence satisfies the following conditions:
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(1) Ki
n is injective for all i ∈ Z and n ∈ N (so each K•n is dg-injective);

(2) t•n is a degree-wise split epimorphism (i.e., an Inj(A)-fibration, according to
Definition 7.7), for all n ∈ N;

(3) there is an integer h ∈ Z such that Hi(K•n) = 0 for all n ∈ N and all i ≥ h.

Then, Hi(K•) = 0, for all i > h+ k + 2.

Proof: By Lemma 2.4 and condition (2), there is a short exact sequence

(2.2) 0 // lim←−NK
•
n

//
∏

NK
•
n

//
∏

NK
•
n

// 0.

Furthermore, by Lemma 2.7 and conditions (1) and (3), Hi
(∏

NK
•
n

)
= 0 for all i > h+

k+1. To conclude, consider the long exact sequence in cohomologies induced by (2.2),
and use the vanishing of cohomologies for the product to deduce that Hi(K•) = 0,
for all i > h+ k + 2.

Let us also record the following useful consequence:

Corollary 2.9. Let A be a complete (Ab.4∗)-k Abelian category (for some k ∈ N)
with enough injectives, and let E• := lim←−NE

•
n be the limit of the following sequence

of bounded below complexes:

· · · // E•2
t•1 // E•1

t•0 // E•0 .

We suppose that this sequence satisfies the following conditions:

(1) Ein is injective for all i ∈ Z and n ∈ N (so each E•n is dg-injective);

(2) t•n is a degree-wise split epimorphism, for all n ∈ N (i.e., each t•n is an Inj(A)-fi-
bration);

(3) Hi(t•n) : Hi(E•n+1)→ Hi(E•n) is an isomorphism, for all n ∈ N and i ≥ −n;

(4) H−n−1(E•n) = 0, for all n ∈ N.

Then, Hi(E•) ∼= Hi(E•h), for all h ∈ N and i ≥ −h+ k + 3.

Proof: Fix an h ∈ N and, for each n > h, consider the composition c•n := t•h ◦ · · · ◦
t•n−1 : E•n → E•h. By (2), each c•n is a degree-wise split epimorphism, so K•n := Ker(c•n)
is dg-injective and it fits into a degree-wise split exact sequence: 0 → K•n → E•n →
E•h → 0. Consider the associated long exact sequence of cohomologies and deduce
by (3) and (4) that Hi(K•n) = 0, for all i ≥ −h. Taking the limit for n > h, we get
the following short exact sequence:

(2.3) 0 // lim←−n>hK
•
n

// E• // E•h
// 0,

where the central term is E• since N>h is cofinal in N. Consider now the long exact
sequence in cohomologies induced by (2.3); by Proposition 2.8, Hi(lim←−NK

•
n) = 0 for

all i > −h+ k + 2, so that Hi(E•) ∼= Hi(E•h) for all i ≥ −h+ k + 3, as desired.

Finally, we are able to prove the main result of this section:

Theorem 2.10. Let A be a complete (Ab.4∗)-k (for some k ∈ N) Abelian category
with enough injectives and let X• ∈ Ch(A). Then, there is a Spaltenstein tower of
partial resolutions of X•:

· · · // τ≥−2(X•)

λ•2
��

// τ≥−1(X•)

λ•1
��

// τ≥0(X•)

λ•0
��

· · ·
t•2

// E•2
t•1

// E•1
t•0

// E•0

Define E• := lim←−NE
•
n, and let λ• := lim←−N λ

•
n : X• ∼= lim←−N τ

≥−n(X•) → E• be the

induced map. Then, λ• : X• → E• is a dg-injective resolution.
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Proof: The existence of Spaltenstein towers follows by Proposition 2.3. Furthermore,
by Proposition 1.6(2), E• is dg-injective, so it is enough to prove that λ• is a quasi-
isomorphism. Observe that, for each h ∈ N, Corollary 2.9 implies that Hi(E•) ∼=
Hi(E•h) ∼= Hi(X•), for all i ≥ −h + k + 3. As this holds for all h ∈ N, we conclude
that Hi(E•) ∼= Hi(X•) for all i ∈ Z.

3. The “go-to” counterexample for unbounded resolutions

The goal of this section is to construct a suitable bicomplete Abelian category
with enough injectives G (that, in fact, will be a Grothendieck category) which is
not (Ab.4∗)-k for any k ∈ N, and a particular unbounded complex X• ∈ Ch(G) such
that the construction discussed in Section 2 fails to produce a dg-injective resolution
for X•, showing that the (Ab.4∗)-k condition is needed for that construction. As we
will see in Sections 4, 5, and 6, the complex X• ∈ Ch(G) can be used to show that
several other constructions of dg-injective resolutions fail in general.

3.1. Construction of the category G. We start by recalling Nagata’s construc-
tion ([22, Example 1, Appendix A.1]) of a commutative Noetherian ring of infinite
Krull dimension. Let k be a field, consider the polynomial ring on countably many
variables

k[x] := k[x0, x1, x2, . . . ],

and the following sequence of prime ideals in k[x]:

p1 := (x0, x1), p2 := (x2, x3, x4), p3 := (x5, x6, x7, x8), . . . ,

where the depth of pi is i + 1, for all i ≥ 1. Let S be the multiplicative set of those
elements of k[x] which are not in any of the pi’s, and define R as the ring of S-fractions
of k[x], that is,

S := k[x] \
∞⋃
i=1

pi and R := S−1(k[x]).

Lemma 3.1 ([22, Example 1, Appendix A.1]). With the above notation, R is a com-
mutative Noetherian ring of infinite Krull dimension. In fact, the maximal ideals of R
are of the form mi := S−1pi, with i ≥ 1, and this is a sequence of ideals of strictly
increasing height.

Consider the hereditary torsion class T := Loc(R/mi : i ≥ 1) generated by the
simple R-modules (that is, the first layer of the Gabriel filtration of Mod(R)) and
define

G := Mod(R)/T
as the Gabriel quotient of Mod(R) over T , identified with the Giraud subcategory
of Mod(R) of those R-modules M such that both M and E(M)/M belong to

F :={R/mi : i ≥ 1}⊥={M ∈Mod(R) : HomR(R/mi,M)=0, for all i≥1}⊆Mod(R).

It is well known that G is a Grothendieck category. Moreover, the inclusion ι : G →
Mod(R) has an exact left adjoint Q : Mod(R) → G such that Ker(Q) := {M ∈
Mod(R) : Q(M) = 0} = T . The product G

∏
I Xi in G of a family (Xi)I ⊆ G can be

computed as Q
(

R
∏
I Xi

)
(see [36, Corollary 2.12]), where R

∏
denotes the product in

the category Mod(R).
The injective objects in G are exactly the injective R-modules in F . Furthermore,

as R is commutative Noetherian, it is well known (see [34, Chapter VII, Proposi-
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tion 4.5]) that T is stable (i.e., closed under taking injective envelopes in Mod(R)). As
a consequence, any injective module E ∈ Mod(R) decomposes as

E ∼= t(E)⊕Q(E),

where t(E) is an injective module in T and Q(E) is an injective object in G. Note
also that, if we denote by Sp(R) the prime ideal spectrum of R, and by MSp(R) =
{mi : i ∈ N} ⊆ Sp(R) the maximal ideal spectrum, by the classification of injec-
tives over commutative Noetherian rings given by Matlis [21], we have that E ∼=⊕

p∈Sp(R)E(R/p)(Ip) (for suitable sets Ip), so that

t(E) ∼=
∞⊕
i=1

E(R/mi)
(Imi ) and Q(E) ∼=

⊕
p∈Sp(R)\MSp(R)

E(R/p)(Ip).

3.2. The complex X• ∈ Ch(G). With the usual abuse of notation, let

Q : Ch(Mod(R)) // Ch(G)

be the functor on cochain complexes obtained by applying Q component-wise. Observe
that, as Q is exact, it commutes with cohomologies, that is, given X• ∈ Ch(Mod(R)),
we have:

Hi
G(Q(X•)) ∼= Q(Hi

R(X•)), for all i ∈ Z,

where Hi
G(−) and Hi

R(−) denote the i-th cohomology in Ch(G) and in Ch(Mod(R)),
respectively. On the other hand, let us remark that it is still important to distinguish
between cohomologies taken in Ch(G) from those taken in Ch(Mod(R)). In fact, since
the inclusion of G in Mod(R) is not exact, there are complexes X• ∈ Ch(G) such that
Hi
G(X•) 6= Hi

R(X•) for some i ∈ Z (e.g., any short exact sequence in G that is not
exact in Mod(R), viewed as a complex concentrated in degrees 0, 1, and 2).

Let µ : R → (ι ◦ Q)(R) be the component at R of the unit of the adjunction
Q a ι : Mod(R) � G and fix an injective resolution λ : R → E• of R in Mod(R). In
the language of [3], the composition Q(λ)◦µ : R→ Q(R)→ Q(E•) is a relative (F ∩
Inj(Mod(R))-injective resolution. As a consequence:

Lemma 3.2 ([3, Lemma 8.2]). Let λ : R→ E• :=(E0 e0−→ E1 e1−→ · · · −→ En
en−→ · · · )

be an injective resolution of R as an R-module, and consider Q(E•) ∈ Ch≥0(Mod(R)).
Then,

Hi
R(Q(E•)) ∼=

{
R if i = 0;

E(R/mi) otherwise;
and

Hi
G(Q(E•)) ∼=

{
Q(R) if i = 0;

Q(E(R/mi)) = 0 otherwise.

In particular, Q(λ) : Q(R)→ Q(E•) is an injective resolution in G.

We are now ready to introduce the central example for our paper. Consider:

R
∏
i∈ZS

i(R) := ( · · · 0 // R
0 // R

0 // · · · 0 // R
0 // · · · ) ∈ Ch(Mod(R)).

Our example is the following complex in Ch(G):

X• := Q
(

R
∏
i∈ZS

i(R)
) ∼= G

∏
i∈ZS

i(Q(R))

= ( · · · 0 // Q(R)
0 // Q(R)

0 // · · · 0 // Q(R)
0 // · · · ).
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Proposition 3.3. In the above setting, let λ : R → E• be an injective resolution
in Mod(R). Then,

(1) R
∏
i∈Z Σiλ : R

∏
i∈Z S

i(R)→ R
∏
i∈Z ΣiE• is a quasi-isomorphism in Ch(Mod(R));

(2) G
∏
i∈Z ΣiQ(λ) : X• → G

∏
i∈Z ΣiQ(E•) is not a quasi-isomorphism in Ch(G).

Proof: (1) Since Mod(R) is (Ab.4∗), the class of quasi-isomorphisms is closed under
products.

(2) Take the mapping cone Z• :=cone
(
G
∏
i∈ZΣiQ(λ)

)
. By the proof of [3, Theorem 8.4],

viewing Z• as a complex in Ch(Mod(R)), one has Hn
R(Z•) ∼=

∏∞
j=1E(R/mj) /∈ T ,

for all n ∈ Z. Hence, Hn
G (Z•) ∼= Q(Hn

R(Z•)) 6= 0, showing that Z• is not exact as a
complex in Ch(G).

Observe that, as G is a Grothendieck category, our complex X• ∈ Ch(G) is known
to have a dg-injective resolution (see, e.g., [2, Theorem 5.4] or [15, Theorem 1.7]).
On the other hand, the following corollary shows that the construction of Section 2
fails to produce a dg-injective resolution for X•:

Corollary 3.4. In the above setting, the following statements hold for all n ∈ N:

(1) τ≥−n(X•) = G
∏
i≥−n S

i(Q(R));

(2) the diagonal τ≥−n(X•)→ G
∏
i≤n Σi(Q(E•)) is a dg-injective resolution;

(3) the kernel of the projection G
∏
i≤n+1 Σi(Q(E•))→ G

∏
i≤n Σi(Q(E•)) is dg-injec-

tive;

(4) the diagonal map X• → G
∏
i∈Z Σi(Q(E•)) is the limit of a Spaltenstein tower of

partial resolutions of X•, but it is not a dg-injective resolution of X•.

Proof: (1) is trivial while (2) follows since, even if we are considering infinite products,
they are degree-wise finite products, so they can be seen also as coproducts (which are
exact in G), showing that the map in the statement is a quasi-isomorphism. Moreover,
G
∏
i≤n Σi(Q(E•)) is dg-injective by Proposition 1.6(1). Part (3) is also trivial since

the kernel of the projection in the statement is Σn+1(Q(E•)). Finally, part (4) follows
by (1)–(3) and Proposition 3.3(2).

4. Cartan–Eilenberg resolutions and their totalization

In this section we recall the construction of the Cartan–Eilenberg resolution of a
complex and we show that its totalization, when applied to the example of Section 3,
fails to produce a dg-injective resolution. On the other hand, as for Spaltenstein’s
approach, Cartan–Eilenberg resolutions produce dg-injective resolutions, provided
the base category is (Ab.4∗)-k, for some k ∈ N.

4.1. Bicomplexes and their totalizations. As a Cartan–Eilenberg resolution is,
actually, a bicomplex, we start by recalling that a bicomplex C•,• over an Abelian
category A is given by

• a family of objects C•,• := (Cn,m)(n,m)∈Z×Z;

• differentials d•,•0 : C•,• → C•,•+1 and d•,•1 : C•,• → C•+1,•, called horizontal and
vertical, respectively, that satisfy the following formulas for all (n,m) ∈ Z× Z:

dn,m+1
0 ◦ dn,m0 = 0, dn+1,m

1 ◦ dn,m1 = 0, and dn,m+1
1 ◦ dn,m0 + dn+1,m

0 ◦ dn,m1 = 0.
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In other words, a bicomplex C•,• is represented by the diagram

...

��

...

��

...

��

· · · // Cn,m−1

dn,m−1
1

��

dn,m−1
0 // Cn,m

dn,m0 //

dn,m1

��

Cn,m+1 //

dn,m+1
1

��

· · ·

· · · // Cn+1,m−1
dn+1,m−1

0 //

��

Cn+1,m
dn+1,m

0 //

��

Cn+1,m+1 //

��

· · ·

...
...

...

(4.1)

where all rows and columns are cochain complexes, and all the little squares anticom-
mute. With reference to the representation (4.1), we say that C•,• is a lower half-plane
bicomplex provided Cn,m = 0 for all n < 0, m ∈ Z. A morphism of bicomplexes is
just a family of morphisms φ•,• : X•,• → Y •,• that commutes both with horizontal
and vertical differentials. We denote by bCh(A) the category of bicomplexes over A.

In fact, bCh(A) is equivalent to the category Ch(Ch(A)) obtained as follows: start
with A and form the category of cochain complexes Ch(A), which is itself an Abelian
category; iterating the construction once more, one gets the category Ch(Ch(A)) of
double complexes, where a double complex can be represented by a diagram like (4.1),
where all rows and columns are cochain complexes but the small squares actually com-
mute. The canonical functor bCh(A) → Ch(Ch(A)) is constructed via the following
sign trick: given C•,• ∈ bCh(A) take, for each m ∈ N, the complex

C•,m0 = ( · · · // Cn−1,m
(−1)mdn−1,m

1 // Cn,m
(−1)mdn,m1 // Cn+1,m // · · · ).

Then, the horizontal differentials of C•,• induce chain maps C•,m0 → C•,m+1
0 for

all m ∈ Z, so that

C•,•0 := ( · · · // C•,m−1
0

d•,m−1
0 // C•,m0

d•,m0 // C•,m+1
0

d•,m+1
0 // · · · ) ∈ Ch(Ch(A)).

In particular, given C•,• ∈ bCh(A) we can consider, for each n ∈ Z, the complexes
(in Ch(A)) of n-coboundaries, n-cocycles, and n-cohomologies of the complex C•,•0 ∈
Ch(Ch(A)), that is:

• Bn(C•,•0 ) = Im(d•,n−1
0 ) = (· · · → Im(dm,n−1

0 )→ Im(dm+1,n−1
0 )→ · · · ) ≤ C•,n0 ;

• Zn(C•,•0 ) = Ker(d•,n0 ) = (· · · → Ker(dm,n0 )→ Ker(dm+1,n
0 )→ · · · ) ≤ C•,n0 ;

• Hn(C•,•0 ) = Kn(C•,•0 )/Bn(C•,•0 ).

Finally, if A is complete, we can also consider the totalization of the bicomplex C•,•.
This is the cochain complex Tot(C•,•) ∈ Ch(A), defined by letting Tot(C•,•)n :=∏
i∈Z C

i,n−i, for all n ∈ Z, and with the n-th differential ∂n :=(∂ni )i∈Z :
∏
i∈Z C

i,n−i →∏
i∈Z C

i,n+1−i, where ∂ni is just the map (di,n−i0 , di,n−i1 )t : Ci,n−i→Ci,n+1−i×Ci+1,n−i

composed with the obvious projection and inclusion.

4.2. Classical Cartan–Eilenberg resolutions. Let A be an Abelian category
with enough injectives, and consider a (possibly unbounded) complex A• ∈ Ch(A).
An injective Cartan–Eilenberg resolution or, more briefly, a ce-resolution of A• is
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given by a lower half-plane bicomplex C•,• of injectives, and a homomorphism of
complexes λ• : A• → C0,•:

· · · // An−1 an−1
//

λn−1

��

An
an //

λn

��

An+1 an+1
//

λn+1

��

· · ·

· · · // C0,n−1

d0,n−1
1

��

d0,n−1
0 // C0,n

d0,n
0 //

d0,n
1

��

C0,n+1
d0,n+1

0 //

d0,n+1
1

��

· · ·

· · · // C1,n−1
d1,n−1

0 //

d1,n−1
1

��

C1,n
d1,n

0 //

d1,n
1

��

C1,n+1
d1,n+1

0 //

d1,n+1
1

��

· · ·

...
...

...

that satisfy the following properties:

(ce1) for each n ∈ Z, if An = 0, then the column C•,n is constantly 0;

(ce2) Bn(λ•) : Bn(A•)→ Bn(C•,•0 ) is an injective resolution of Bn(A•), for all n∈Z;

(ce3) Hn(λ•) : Hn(A•)→Hn(C•,•0 ) is an injective resolution of Hn(A•), for all n∈Z.

If these three properties hold true, then one also gets the following two extra properties
(which are sometimes included in the definition) for free (see [37, Exercise 5.7.1]):

(ce4) Zn(λ•) : Zn(A•)→ Zn(C•,•0 ) is an injective resolution of Zn(A•), for all n ∈ Z;

(ce5) λn : An → C•,n0 is an injective resolution of An, for all n ∈ Z.

It is well known (see, e.g., [37, Lemma 5.7.2]) that any complex A• admits a ce-
resolution. Let us briefly go through the (dual of the) construction given by Weibel.
The whole process is based on the Horseshoe lemma, so let us briefly recall it here:

Lemma 4.1 (Horseshoe lemma). Let A be an Abelian category and consider the
following solid diagram, whose first and third rows are injective resolutions of X
and Z, respectively, and whose columns are exact, with ιn and πn (n ∈ N) being the
obvious inclusions and projections:

0

��

0

��

0

��

0

��

X

��

// E0
X

//

ι0

��

E1
X

//

ι1

��

E2
X

//

ι2

��

· · ·

Y //

��

E0
X ⊕ E0

Z
//

π0

��

E1
X ⊕ E1

Z
//

π1

��

E2
X ⊕ E2

Z
//

π2

��

· · ·

Z

��

// E0
Z

//

��

E1
Z

��

//

��

E2
Z

��

//

��

· · ·

0 0 0 0

One can then complete the second row to an injective resolution, so that the diagram
commutes.
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To construct a ce-resolution of A•, one proceeds as follows:

Step 1 for all n∈Z, fix injective resolutions λBn :Bn(A•)→ E•Bn and λHn :Hn(A•)→
E•Hn ;

Step 2 for all n ∈ Z, use the Horseshoe lemma to combine these resolutions along
the sequence 0 → Bn(A•) → Zn(A•) → Hn(A•) → 0, to get a new resolu-
tion λZn : Zn(A•)→ E•Zn ;

Step 3 for all n ∈ Z, use the Horseshoe lemma to combine the previous injective
resolutions along 0→ Zn(A•)→ An → Bn+1(A•)→ 0, to get a new injective
resolution λAn : An → E•An ;

Step 4 for all n ∈ Z and m ∈ N, let Cm,n := EmAn , with d•,n1 using the differentials
of E•An multiplied by (−1)n, build d•,n0 as a composition E•An � E•Bn+1 ↪→
E•Zn+1 ↪→ E•An+1 of the projection and embeddings given by the Horseshoe
lemma, and let λ• : A• → C0,• be λn := λAn .

By [37, Lemma 5.7.2], these C•,• and λ• : A• → C0,• are a ce-resolution. Further-
more, the following lemma is a consequence of the dual of [37, Exercise 5.7.1]:

Lemma 4.2. Let A be a complete Abelian category with enough injectives, A• ∈
Ch+(A), and take a ce-resolution λ• : A• → C•,•. Then, Tot(λ•) : A• → Tot(C•,•)
is a quasi-isomorphism.

Observe that, in the setting of the above lemma, Tot(C•,•) is degree-wise in-
jective and, by (ce1), this complex is bounded below. Hence, by Proposition 1.6,
Tot(λ•) : A• → Tot(C•,•) is a dg-injective resolution. Therefore, the totalization of
ce-resolutions provides a valid alternative to the construction in Subsection 2.1.

4.3. CE-resolutions and the (Ab.4∗)-k condition. In [37, Exercise 5.7.1], Weibel
suggests that Lemma 4.2 works for unbounded complexes, provided A is (Ab.4∗). In
fact, this assumption can be weakened to (Ab.4∗)-k:

Theorem 4.3. Let A be a complete Abelian category with enough injectives, let A• ∈
Ch(A) be a complex, and consider a ce-resolution λ• : A• → C•,•. If A is (Ab.4∗)-k
for some k ∈ N, the induced map A• → Tot(C•,•) is a dg-injective resolution of A•.

Proof: By definition of a ce-resolution, we get injective resolutions λBn : Bn(A•) →
E•Bn := Bn(C•,•0 ) and λHn : Hn(A•) → E•Hn := Hn(C•,•0 ), for each n ∈ Z, so that
Cn,m ∼= EmBn ⊕EmHn ⊕EmBn+1 , for all m ∈ N and n ∈ Z. Observe that, for each n ∈ N,

there is a ce-resolution λ•n : τ≥−n(A•) → C•,•≥−n, where C•,i≥−n = C•,i for all i > −n,

C•,i≥−n = 0 for all i < n, and C•,n≥−n = EmHn⊕EmBn+1 (with differentials induced by those

of C•,•). Denoting by π•n : τ≥−n−1A• → τ≥−n(A•) and γ•,•n : C•,•≥−n−1 → C•,•≥−n the
obvious projections and taking the totalizations, we obtain the following Spaltenstein
tower of partial resolutions (see Lemma 4.2):

· · ·
π•−2

// τ≥−2(A•)

λ•2
��

π•−1
// τ≥−1(A•)

λ•1
��

π•0 // τ≥0(A•)

λ•0
��

· · ·
Tot(γ•,•−2 )

// Tot(C•,•≥−2)
Tot(γ•,•−1 )

// Tot(C•,•≥−1)
Tot(γ•,•0 )

// Tot(C•,•≥0 )

By Theorem 2.10 (which can be applied here as we are assuming that A is (Ab.4∗)-k
for some k∈N), the complex lim←−i∈N Tot(C•,•≥−i)

∼= Tot(C•,•) is a dg-injective resolution

of A•.
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To understand what can go wrong if we do not assume (Ab.4∗)-k, let us construct a
ce-resolution for the complex X• := G

∏
i∈Z S

i(Q(R)) ∈ Ch(G) from Section 3. For this
specific complex, Bn(X•) = 0 and Zn(X•) ∼= Xn ∼= Hn(X•) ∼= Q(R), for all n ∈ Z.
As in Lemma 3.2, we choose an injective resolution λ : R → E• of R in Mod(R), so

that Q(E•) ∈ Ch≥0(G) is an injective resolution of Q(R) in G. Hence, the following
is a ce-resolution of X•:

· · · // Q(R)
0 //

Q(λ)

��

Q(R)
0 //

Q(λ)

��

Q(R)
0 //

Q(λ)

��

· · ·

· · · // Q(E0)

Q(e0)

��

0 // Q(E0)
0 //

Q(e0)

��

Q(E0)
0 //

Q(e0)

��

· · ·

· · · // Q(E1)
0 //

Q(e1)

��

Q(E1)
0 //

Q(e1)

��

Q(E1)
0 //

Q(e1)

��

· · ·

...
...

...

(4.2)

Totalizing this ce-resolution one gets the diagonal map

G
∏
i∈Z ΣiQ(λ) : X• // G

∏
i∈Z ΣiQ(E•),

which is not a quasi-isomorphism by Proposition 3.3.

5. Saneblidze’s construction through multicomplexes

A different construction of general dg-injective resolutions for (possibly unbounded)
complexes is proposed in [29, Proposition 3]. Given an Abelian category A, which is
just supposed to have countable products and enough injectives, and X• ∈ Ch(A),
Saneblidze constructs what he calls a homological injective multicomplex E•,• (see
below for unexplained terminology) whose totalization provides, supposedly, a dg-in-
jective resolution for X•. In this section, after recalling the necessary background and
some details about the construction proposed in [29], we show that the same example
considered in Section 3 is also a counterexample to this construction.

5.1. Cohomological injective multicomplexes and resolutions. Let A be an
Abelian category. A multicomplex C•,• over A is given by the following data:

• a family of objects C•,• = {Cn,m : (n,m) ∈ Z× Z} in A;

• for each r ∈ N a degree r differential d•,•r : C•,• → C•+r,•−r+1, such that the
following condition is satisfied for all i ∈ N and all (n,m) ∈ Z× Z:

(5.1)
∑
r+s=i

dn+r,m−r+1
s ◦ dn,mr = 0.
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As we did for bicomplexes in Section 4, we restrict our attention to lower half-plane
multicomplexes C•,•, which can be visualized as follows (where labels denote the
degree of the arrows):

· · · 0 // C0,m−2

1

��

0 // C0,m−1

2

��

1

��

0 // C0,m
0 //

1

��

3

��

2

		

C0,m+1

3

��

2

		

0 //

1

��

· · ·

· · · 0 // C1,m−2
0 //

1

��

C1,m−1

2

��

0 //

1

��

C1,m

2

		

0 //

1

��

C1,m+1

2

		

0 //

1

��

· · ·

· · · 0 // C2,m−2
0 //

1

��

C2,m−1
0 //

1

��

C2,m
0 //

1

��

C2,m+1
0 //

1

��

· · ·

· · · 0 // C3,m−2
0 //

��

C3,m−1
0 //

��

C3,m
0 //

��

C3,m+1
0 //

��

· · ·

...
...

...
...

For i = 0, (5.1) means that each row is a cochain complex while, for i = 1, it says
that the little squares anticommute. Moreover, if d•,•0 = 0 or d•,•2 = 0, then (5.1)
for i = 2 says that each column is a cochain complex. Hence, a bicomplex is just a
multicomplex such that d•,•r = 0, for all r ≥ 2.

A morphism of multicomplexes (φ•,•r )r∈N : X•,• → Y •,• is specified by a family of

morphisms φ
(n,m)
r : X(n,m) → Y (n+r,m−r) which is compatible with differentials in the

following sense:∑
r+s=i

φ(n+r,m−r+1)
s ◦d(n,m)

r =
∑
r+s=i

d(n+r,m−r)
s ◦φ(i,j)

r , for all (n,m)∈Z× Z and i∈N.

Definition 5.1 ([29, Section 2]). A lower half-plane multicomplex of injectives E•,•

is said to be a homological injective multicomplex if:

• d•,•0 = 0 (so that each column E•,m ∈ Ch≥0(A) with the degree 1 differentials);

• for each m ∈ Z, Hi(E•,m) = 0 for all i ≥ 1, that is, the column E•,m is an

injective resolution of the object H0(E•,m) = Ker(d0,m
1 ) ∈ A.

Finally, if A is complete, given a lower half-plane multicomplex C•,•, one can
consider its totalization, which is a cochain complex Tot(C•,•) ∈ Ch(A) such that
Tot(C•,•)i :=

∏∞
j=0 C

j,i−j , for all i ∈ Z, where the n-th differential is

∂i := (∂ij)j∈N :
∏
j∈N C

j,i−j //
∏
j∈N C

j,i+1−j ,

where ∂ij is determined by its components

(dj,i−j0 , dj,i−j1 , dj,i−j2 , . . . )t : Cj,i−j //
∏
r∈N C

j+r,i+1−j−r.

Definition 5.2 ([29, Section 2]). A homological injective resolution of a complexX•∈
Ch(A) is a morphism of multicomplexes λ = (λ•r)r∈N : X• → E•,• such that E•,• is
a homological injective multicomplex and Tot(λ) : X• → Tot(E•,•) is a quasi-isomor-
phism.
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5.2. A counterexample for the construction. In [29, Proposition 3], Saneblidze
states that, if A is a cocomplete Abelian category with enough projectives, then
every complex has a homological projective resolution. In the proof of [29, Propo-
sition 3] one can find a rather involved construction of a homological resolution of
an arbitrary complex. Let us recall the first few steps (in the dual setting of homo-
logical injective resolutions). Indeed, let A• ∈ Ch(A) be a given complex. To build
a homological injective resolution λ = (λ•r)r∈N : A• → E•,•, consider an injective
resolution λn : Hn(A•)→ E•Hn = (E0

Hn → E1
Hn → · · · ), for each n ∈ Z, and define:

• Em,n := EmHn for all m ∈ N and n ∈ Z;

• define the differentials of degree 0 of E•,• to be trivial;

• use the differentials of E•Hn to define the differentials of degree 1 in E•,•;

• let λn0 : An → E0
Hn be any lifting of the composition Zn(A•)→ Hn(A•)→ E0

Hn

along the inclusion Zn(A•)→ An (which exists by the injectivity of E0
Hn).

Hence, after this first step of the construction, we have all the object components
of E•,•, its horizontal and vertical differentials, and the 0-degree component of λ. As
it turns out, since our goal is to apply the construction to the complex X• ∈ Ch(G)
of Section 3, which is a complex with trivial differentials, we can just stop here with
the construction:

Remark 5.3 ([29, p. 320]). As observed by Saneblidze right after [29, Proposition 3],
and as can be easily checked in his proof, if all the differentials of A• are trivial, that
is, if A• ∼=

∏
n∈Z S

−n(An), one can take d•,•r = 0 for all r ≥ 2, and λ•s = 0 for all s ≥ 1.
Hence, in this case, E•,• is just a bicomplex with trivial horizontal differentials, and
λ = λ• : A• → E0,•.

By the above discussion and remark, it is easy to see that the result of applying
Saneblidze’s construction to the complex X• ∈ Ch(G) from Section 3 is the bicom-
plex we have constructed in (4.2) when studying ce-resolutions. As we have already
seen, the totalization of that bicomplex is not quasi-isomorphic to X• and, therefore,
Saneblidze’s construction does not produce a homological injective resolution in this
case.

6. Ding and Yang’s construction via repeated killing
of coboundaries

Let A be a bicomplete Abelian category, (X ,Y) a complete hereditary cotorsion

pair in A, and consider the induced cotorsion pairs (dgX , Ỹ) and (X̃ ,dgY) in Ch(A),
introduced by Gillespie [9, Definition 3.1]. In many important cases, these cotorsion
pairs are complete, hereditary, and compatible, so they give rise to an Abelian model
structure in Ch(A). On the other hand, to the best of our knowledge, the following
question remains open:

Question 6.1. Let A be a bicomplete Abelian category and let (X ,Y) be a complete

and hereditary cotorsion pair in A. Are the induced cotorsion pairs (dgX , Ỹ) and

(X̃ ,dgY) complete in Ch(A)?

An attempt to solve this problem in the positive was made by Ding and Yang. The
argument they used is based on [38, Lemma 2.1], whose proof contains a very concrete
construction, for each A• ∈ Ch(A), of a Y • ∈ dgY which is quasi-isomorphic to A•. In
particular, if we start with the trivial cotorsion pair (A, Inj(A)) in A (assuming that
A has enough injectives), this construction should produce a dg-injective resolution
of A•.
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In this section, we test the proof of [38, Lemma 2.1] against the complex X• ∈
Ch(G) from Section 3, showing that it actually fails to produce the desired resolution.
Furthermore, we briefly analyze Ding and Yang’s proof, pointing out a concrete gap
in the argument. Moreover, we observe that the problem completely disappears if we
assume that A is (Ab.4∗) for the first half of the statement and, dually, that A is
(Ab.4) for the second half.

6.1. The Ding–Yang construction in concrete situations. Let A be a bicom-
plete Abelian category with enough injectives, so that the cotorsion pair (A, Inj(A))
is complete. Let us start by recalling the idea of the proof of [38, Lemma 2.1] in this
very special case. Indeed, the construction of Ding and Yang is based on a very simple
operation, of “killing coboundaries” that we have condensed in the following.

Construction 6.2 (killing coboundaries). Let A be an Abelian category with enough
injectives; fix a complex X• ∈ Ch(A) and n ∈ Z. Denote by ρn : Xn → Xn/Bn(X•)
the obvious projection and by ιn : Xn/Bn(X•) → E an inclusion into an injective
object E ∈ Inj(A). Define a new complex:

K(X•, n) : · · · // Xn−1 dn−1
//Xn

[
dn

ιnρn

]
// Xn+1 ⊕ E

[ dn+1 0 ]
//Xn+2 dn+2

// · · ·

and a morphism of complexes π•n : K(X•, n)→ X• such that

πmn :=

{
idXm for all m 6= n+ 1;

the obvious projection Xn+1 ⊕ E → Xn+1 otherwise.

Then, Hn(K(X•, n)) = 0, π•n is a degree-wise split epic, and Ker(π•n) = Sn+1(E) is
dg-injective.

Observe that K(X•, n) depends on the choice of the embedding ιn : Xn/Bn(X•)→
E. In some cases this choice can be made canonical, e.g., whenever Xn/Bn(X•) is
trivial or, more generally, when it is an injective object, it is natural to take ιn := id.
To illustrate the construction in some basic case, take an injective object E ∈ A and
consider the stalk complex Si(E) and the disk complex Di(E), for some i ∈ Z. Then,

K(Si(E), j)=

{
Si(E) if j 6= i;

Di(E) if j = i;
and K(Di(E), j)=

{
Di(E) if j 6= i;

Di(E)⊕Si+1(E) if j = i.

In fact, it is not completely trivial to verify that K(Di(E), i) ∼= Di(E) ⊕ Si+1(E)
since the i-th differential of K(Di(E), i) is, in principle, just a triangular (but not
necessarily a diagonal) matrix. On the other hand, most of these complications can
be avoided by using the following lemma to simplify

Lemma 6.3. Let X• = (Xn, dn)n∈Z ∈ Ch(A) and suppose that, for a given n ∈
Z, Xn ∼= Y (k) is a coproduct of k-many copies of a given Y ∈ A, and dn−1 =
(ϕ,ϕ, . . . , ϕ)t : Xn−1 → Y (k) is the diagonal map for a suitable ϕ : Xn−1 → Y .
Then, there is an isomorphism φ• : X• → (X ′)• = ((X ′)n, (d′)n)n∈Z in Ch(A), where
(X ′)i := Xi for all i ∈ Z and, if dn = (ψ1, ψ2, . . . , ψk) : Y (k) → Xn+1,

(d′)i :=


(ϕ, 0, . . . , 0)t if i = n− 1;

(ψ1 + · · ·+ ψk, ψ2, . . . , ψk) if i = n;

(d′)i := di for all i ∈ Z \ {n− 1, n}.
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Proof: One can just define φi := idXi for all i 6= n, and

φn :=


+ idY 0 . . . 0 0
− idY idY . . . 0 0

...
...

. . .
...

...
− idY 0 . . . idY 0
− idY 0 . . . 0 idY

 ∈ Matk×k(EndA(Y )) ∼= EndA(Y (k)).

Consider now a family of complexes {X•n}n∈N ∈ Ch(A) such that

|{n ∈ N : Xi
n 6= 0}| <∞, for each i ∈ Z.

Observe that, for such a family,
∏

NX
•
n =

⊕
NX

•
n. Hence, letting Y • :=

∏
NX

•
n =⊕

NX
•
n, we have that Bi(Y •)=

⊕
NB

i(X•n)=
∏

NB
i(X•n) (where both equalities use

that finite products coincide with finite coproducts in any Abelian category and, hence,
they are exact). Similarly, one can verify that Zi(Y •) =

∏
N Z

i(X•n) =
⊕

N Z
i(X•n)

and, combining these two, one even gets Hi(Y •) =
∏

NH
i(X•n) =

⊕
NH

i(X•n).

Lemma 6.4. Let {X•n}n∈N ∈ Ch(A) be a family as above and let Y • :=
∏

NX
•
n.

Then, for each i ∈ Z, one can choose suitable embeddings into injectives in Construc-
tion 6.2 so to obtain K(Y •, i) =

∏
NK(X•n, i).

Going back to Ding and Yang’s proof of their Lemma 2.1 in [38], they fix an
arbitrary surjection τ : N → Z with ni := τ(i), for all i ∈ N, with the property of
having infinite fibers. As we are trying to do some concrete computations, we need
to make a choice. Indeed, we fix the following sequence of integers (in which every
integer appears infinitely many times, as desired):

n0 = 0,

n1 = −1, n2 = 0, n3 = 1,

n4 = −2, n5 = −1, n6 = 0, n7 = 1, n8 = 2,

n9 = −3, n10 = −2, n11 = −1, n12 = 0, n13 = 1, n14 = 2, n15 = 3,

. . .

Now, starting with our complex X• ∈ Ch(A), the idea of the Ding–Yang construction
is to iterate Construction 6.2 in order to build the following sequential inverse system:

· · · // Y •i
π•i // · · ·

π•2 // Y •1
π•1 // Y •0

π•0 // Y •−1 := X• in Ch(A),

where Y •i := K(Y •i−1, ni) and π•i is the obvious degree-wise split epimorphism with dg-
injective kernel, for all i ∈ N. Defining Y • := lim←−N Y

•
i , one gets an exact sequence 0→

E• → Y • → X• → 0 in Ch(A), with E• a dg-injective complex. The claim made
in [38] is that the complex Y • is exact, so there is a quasi-isomorphism X• → ΣE•,
which is precisely the dg-injective resolution of X• we are looking for. In the rest
of this section we will apply this strategy in some easy cases: first with X• a stalk
complex, and then a product of stalk complexes. As we will see, if the product of
stalk complexes X• is the complex from Section 3, then the resulting complex Y • is
not exact, showing that the proof of [38, Lemma 2.1] may fail even for the trivial
cotorsion pair (G, Inj(G)), with G a Grothendieck category.

As a first example, let us apply the Ding–Yang construction to a stalk complex X =
S0(A) concentrated in degree 0, for some A ∈ A. Fix an injective resolution ϕ : A→
E• in A, where we consider E• as a complex concentrated in degrees ≥ 1:

E• := ( · · · // 0 // E1 λ1
// E2 λ2

// E3 λ3
// · · · ).
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Moreover, let us also consider the following exact complex concentrated in non-
negative degrees:

E
[0,∞)
A := ( · · · // 0 // A

� � ϕ // E1 λ1
// E2 λ2

// E3 λ3
// · · · ),

and, for each m ∈ N, let E
[0,m]
A be the naive truncation of E

[0,∞)
A so that, for example,

E
[0,0]
A = S0(A), E

[0,1]
A = ( · · · // 0 // A // E1 // 0 // · · · ), and so on.

We can now start computing the complexes of the form Y •i := K(Y •i−1, ni), for i ∈ N:

(i = 0): Y •0 = K(S0(A), 0) = E
[0,1]
A ;

(i = 1): Y •1 = Y •0 ;

(i = 2): Y •2 = E
[0,1]
A ⊕ S1(E1) (by a suitable application of Lemma 6.3);

(i = 3): Y •3 = E
[0,2]
A ⊕D1(E1) (use Lemma 6.4);

(i = 4, 5): Y •5 = Y •4 = Y •3 ;

(i = 6): Y •6 = E
[0,2]
A ⊕ S1(E1)⊕D1(E1);

(i = 7): Y •7 = E
[0,2]
A ⊕D1((E1)2)⊕ S2(E1 ⊕ E2);

(i = 8): Y •8 = E
[0,3]
A ⊕D1((E1)2)⊕D2(E1 ⊕ E2);

(i = 9, 10, 11): Y •11 = Y •10 = Y •9 = Y •8 ;

(i = 12): Y •12 = E
[0,3]
A ⊕ S1(E1)⊕D1((E1)2)⊕D2(E1 ⊕ E2);

. . .

After computing these initial steps, it is already evident that the limit Y • := lim←−(· · · →
Y •n → · · · → Y •0 ) is isomorphic to the following complex:

Y • ∼= E
[0,∞)
A ×

∏∞
i=1

(∏i
j=1(Di(Ej))N

)
.

In other words, Y • is a product of our chosen resolution of A (including A, so this
part is an exact complex) with a certain amount of disk complexes, so Y • is an exact
complex. In particular, this shows that the Ding–Yang construction works just fine
when applied to single stalk complexes.

Suppose now that, instead of a stalk complex alone, we take X• :=
⊕

i∈Z S
i(A) =∏

i∈Z S
i(A) for a given object A ∈ A, that is:

X• := ( · · · 0 // A
0 // A

0 // · · · 0 // A
0 // · · · ).

By Lemma 6.4, if we are careful with the choice of embeddings into injective objects,
the complex that we obtain when we go through the Ding–Yang construction for X•

is the following one:∏
i∈Z Σi(Y •) =

∏
i∈Z Σi

(
E

[0,∞)
A ×D0

(∏∞
j=0(Ej)N

))
=
∏
i∈Z ΣiE

[0,∞)
A ×

∏
i∈ZD

i
(∏∞

j=0(Ej)N
)
.

In particular,
∏
i∈Z Σi(Y •) is quasi-isomorphic to

∏
i∈Z Σi(E

[0,∞)
A ). Observe also that,

for each i ∈ Z, there is a degree-wise split exact sequence 0→ Σi(E•)→ Σi(E
[0,∞)
A )→

S−i(A)→ 0 and, taking the product over all i ∈ Z, we get the following degree-wise
split exact sequence:

(6.1) 0 //
∏
i∈Z Σi(E•) //

∏
i∈Z Σi(E

[0,∞)
A ) // X• // 0.
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Hence, whenever the complex
∏
i∈Z Σi(E

[0,∞)
A ) (or, equivalently,

∏
i∈Z Σi(Y •)) is ex-

act, then one deduces from (6.1) that Hn
(∏

i∈Z Σi(E•)
)

= Hn−1(X•) = A, for
all n ∈ Z.

Finally, take A = G, A := Q(R) ∈ G, and X• := G
∏
i∈Z S

i(Q(R)) ∈ Ch(G) as in

Section 3. Then, Hn
G
(
G
∏
i∈Z Σi(E•)

) ∼= Q
(
Hn
R

(
G
∏
i∈Z Σi(E•)

)) ∼= Q(R)×Q
(

R
∏
i≥1E

i
)
,

where the last isomorphism follows from the isomorphism Hn
R

(
G
∏
i∈Z Σi(E•)

) ∼= R ×
R
∏
i≥1E

i, which is an important step in the proof of [3, Theorem 8.4], where it is

also shown that R
∏
i≥1E

i /∈T . In particular, Q
(

R
∏
i≥1E

i
)
6= 0, and so we can conclude

that:

Hn
G
(
G
∏
i∈Z Σi(E•)

) ∼= Q(R)×Q
(

R
∏
i≥1E

i
)
� Q(R) = Hn

G (X•).

By the previous discussion, this shows that the complex
∏
i∈Z Σi(Y •), obtained as a

result of the Ding–Yang construction applied to X•, cannot be exact in this particular
case.

6.2. The problem in the proof of [38, Lemma 2.1]. As shown in the previous
subsection, the proof of [38, Lemma 2.1] fails in general. For this reason, it may be
interesting to identify the concrete problem in Ding and Yang’s argument and, if
possible, to find additional hypotheses under which the proposed construction can
be made to work. The only problem we could identify in [38] is the following: on
page 3210 in [op. cit.], in the last part of the proof of Lemma 2.1, there is an inverse
system (in the notation of [op. cit.])

· · ·
µi+1

// Y i
µi
// · · ·

µ2

// Y 1 µ1

// Y 0 ⊆ Ch(G)

and an l ∈ Z such that Hl(Y
i) = 0 for all i ∈ N. The authors want to prove that the

map

1− ν :
∏∞
i=0 Y

i //
∏∞
i=0 Y

i

induces an isomorphism in homology at degree l. They call πj :
∏∞
i=0 Y

i → Y j the
canonical projection, for each j ≥ 0, they consider πj ◦ (1− ν) = πj −µj+1 ◦πj+1 and
they correctly verify that

(6.2) µj+1
l πj+1

l

(
Z

∏∞
i=0 Y

i

l

)
⊆ BYjl , for all j ∈ Z.

Unfortunately, (6.2) does not imply that Z
∏∞
i=0 Y

i

l ⊆ B
∏∞
i=0 Y

i

l but just the weaker

inclusion: Z
∏∞
i=0 Y

i

l ⊆
∏∞
i=0B

Y i

l . In fact, it may happen that
∏∞
i=0B

Y i

l 6= B
∏∞
i=0 Y

i

l

(e.g., in the setting of Section 3): the property “the boundaries of the product coin-
cide with the product of boundaries” (if required for all possible products) is in fact
equivalent to the (Ab.4∗) condition on G. In particular, adding the (Ab.4∗) condi-
tion to the hypotheses, the proof of [38, Lemma 2.1(1)] works perfectly. We will also
obtain the conclusion of [38, Lemma 2.1(1)] under a different set of hypotheses in
Subsection 8.2.

7. Model structures for relative homological algebra

In this section we combine some of the main results of [3] about model approxi-
mations for relative homological algebra, and a general criterion for the existence of
suitable model categories from [4] to verify that, if A is a bicomplete Abelian category,
and I an injective class of objects such that A is (Ab.4∗)-I-k (for some k ∈ N), then
there is an induced I-injective model structure on Ch(A); in particular, the I-derived
category D(A; I) is locally small.
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7.1. Injective classes. Given a class I ⊆ A, a morphism φ : X → Y in A is said to
be an I-monomorphism if

HomA(φ, I) : HomA(Y, I) // HomA(X, I)

is surjective (in Ab), for all I ∈ I. With this concept at hand, we can now introduce
the following:

Definition 7.1. A class of objects I in an Abelian category A is said to be an
injective class if:

(ic1) I is closed under products and summands;

(ic2) for each A ∈ A there is an I-monomorphism φ : A→ I, with I ∈ I.

Observe that a class I that satisfies the property (ic2) is usually called preenvelop-
ing. In the following lemma we show that the above definition is slightly redundant;
in fact, there is no need to require that I is closed under products in (ic1):

Lemma 7.2. Let A be a complete Abelian category. Then, a preenveloping class I ⊆
A which is closed under direct summands is also closed under products.

Proof: Consider a set {Xλ}λ∈Λ of objects in I, let X :=
∏

ΛXλ, and for each λ ∈ Λ de-
note by πλ : X → Xλ the canonical projection. By hypothesis, there is an I-monomor-
phism ϕ : X → I, for some I ∈ I. Since Xλ ∈ I for each λ ∈ Λ, the following map is
surjective:

HomA(ϕ,Xλ) : HomA(I,Xλ) // HomA(X,Xλ),

so there is ψλ ∈ HomA(I,Xλ) such that ψλ ◦ϕ = πλ. By the universal property of the
product, there is a unique ψ : I → X such that πλ ◦ ψ = ψλ, for all λ ∈ Λ. Moreover,
for each λ ∈ Λ:

πλ ◦ ψ ◦ ϕ = ψλ ◦ ϕ = πλ = πλ ◦ idX .

By the uniqueness in the universal property of the product, ψ◦ϕ = idX and, therefore,
X is a summand of I ∈ I. Hence, X ∈ I, as desired.

If A is an Abelian category with enough injectives (e.g., if A is Grothendieck), then
I := Inj(A), the class of all the injective objects in A, is an injective class for which
the I-monomorphisms are the usual monomorphisms. We refer to Section 8 for other
concrete examples.

7.2. Relative I-injective resolutions of objects. Let A be an Abelian category.
Given X• ∈ Ch(A) and A ∈ A, we define the cochain complex Hom(X•, A) ∈ Ch(Ab)
as follows:

• for each n ∈ Z, let Hom(X•, A)n := HomA(X−n, A);

• for each n ∈ Z, the (n− 1)-th differential of Hom(X•, A) is the following map:

(d−n)∗ : HomA(X−n+1, A) // HomA(X−n, A),

such that (d−n)∗(f) := f ◦ d−n, for all f ∈ HomA(X−n+1, A).

Moreover, any morphism φ• : X• → Y • in Ch(A) induces the following morphism
in Ch(Ab):

Hom(φ•, A) : Hom(Y •, A) // Hom(X•, A) such that (Hom(φ•, A))(g) :=g ◦ φ•,

for all g ∈ Hom(Y •, A). In particular, this gives a functor Hom(−, A) : (Ch(A))op →
Ch(Ab).
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Definition 7.3. Let A be a complete Abelian category, let I be an injective class,
and let A ∈ A. A relative I-injective resolution of A is a pair (I•, u : S0(A) → I•)
such that:

• I• ∈ Ch≥0(I) ⊆ Ch≥0(A);

• Hom(u, I) : Hom(I•, I)→ Hom(S0(A), I) is a quasi-isomorphism, for all I ∈ I.

Let us give some equivalent reformulations of the above definition:

Lemma 7.4. Let A be a complete Abelian category, I ⊆ A an injective class, and
take a complex:

Ĩ• : · · · // 0 // A
d−1
// I0 d0

// I1 d1
//

· · · // In−1 dn−1
// In

dn // · · · ∈ Ch≥−1(A),

with Ij ∈ I, for all j ≥ 0. Denote by I• := (· · · −→ 0 −→ I0 d0

−→ · · · −→ In−1 dn−1

−→
In

dn−→ · · · ) the naive truncation above 0, and by d−1 : S0(A) → I• the obvious
map. Then, the following are equivalent:

(1) (I•, d−1 : S0(A)→ I•) is a relative I-injective resolution of A;

(2) Hom(Ĩ•, I) is exact, for all I ∈ I;

(3) Ĩk/Bk(Ĩ•)→ Ik+1 is an I-monomorphism, for all k ≥ −1.

Proof: The equivalence (1) ⇔ (2) is trivial; let us verify that (2) is also equivalent
to (3). Indeed, for each I ∈ I and k ≥ −1, consider the following sequence:

(7.1) HomA(Ĩk+1, I)
(dk)∗

// HomA(Ĩk, I)
(dk−1)∗

// HomA(Ĩk−1, I).

Observe that, HomA(−, I) : Aop → Ab being a left-exact functor, there is a canonical

isomorphism HomA(Ĩk/Bk(Ĩ•), I) = HomA(Coker(dk−1), I) ∼= ker((dk−1)∗). In par-

ticular, the sequence (7.1) is exact precisely when the induced map Ĩk/Bk(Ĩ•)→ Ik+1

is an I-monomorphism.

Given an Abelian category A and an injective class I ⊆ A, since A has enough
I-injectives, it is easy to construct a relative I-injective resolution for any object A ∈
A by induction, just using again and again the equivalence (1) ⇔ (3) in the above
lemma.

In this relative context for resolutions, the classical statement about extension and
unicity up to homotopy of maps between resolutions (see [19, Chapter III, Para-
graphs 6 and 7]) still holds true.

Lemma 7.5. Let A be an Abelian category, let I be an injective class in A, let
(C•, δ•) and (D•, d•) ∈ Ch(A) be two cochain complexes, and let 0 ≤ r be a natural
number such that

(1) Di ∈ I, for all i > r;

(2) H−i(Hom(C•, I)) = 0, for all I ∈ I and all i ≥ r.
Then, any family of morphisms (fk : Ck → Dk)k≤r such that fk ◦δk−1 = dk−1 ◦fk−1,
for all k ≤ r, extends to a morphism of complexes f• : C• → D•. Moreover, any
two such extensions are homotopic via a homotopy (hn : Cn → Dn−1)n∈Z such that
hk = 0, for all k ≤ r.
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Proof: Our hypothesis (2) means that the following sequence is exact in Ab:

(7.2) HomA(Cj+1, I)
(δj)∗

// HomA(Cj , I)
(δj−1)∗

// HomA(Cj−1, I),

for all I ∈ I and all j ≥ r. Then, by (1), the sequence (7.2) is exact provided I = Dj+1

and, for j > r, also for I = Dj .
We can now proceed to construct f• : C• → D• by induction. Indeed, suppose

that we have morphisms (fn : Cn → Dn)n≤j , for some j ≥ r, such that fn ◦ δn−1 =
dn−1 ◦ fn−1, for all n ≤ j. In particular, taking I = Dj+1 in (7.2), we deduce that

(δj−1)∗(dj ◦ f j) = dj ◦ f j ◦ δj−1 = dj ◦ dj−1 ◦ f j−1 = 0,

that is, dj ◦ f j ∈ ker((δj−1)∗) = Im((δj)∗) and, therefore, there is some f j+1 ∈
HomA(Cj+1, Dj+1) such that (δj)∗(f j+1) = f j+1◦δj = dj◦f j . The family (fn : Cn →
Dn)n≤j+1 now satisfies fn ◦ δn−1 = dn−1 ◦ fn−1, for all n ≤ j + 1, and the induction
can continue.

Assume now that f•, g• ∈ HomCh(A)(C
•, D•) are both extensions of the fam-

ily (fk)k≤r. We proceed by induction to construct (hn : Cn+1 → Dn)n∈Z such that
fn − gn = dn−1 ◦ hn−1 + hn ◦ δn, for all n ∈ Z. Indeed, let hi = 0, for all i ≤ r, and
suppose that, for some j > r, we have constructed a family (hn : Cn+1 → Dn)n≤j
such that fn − gn = dn−1 ◦ hn−1 + hn ◦ δn, for all n ≤ j. In particular, using that
(f• − g•) is a map of complexes, we deduce that

(f j+1 − gj+1) ◦ δj = dj ◦ (f j − gj) = dj ◦ dj−1 ◦ hj−1 + dj ◦ hj ◦ δj = dj ◦ hj ◦ δj .

Hence, taking I = Dj in (7.2), and using the above computation, we get:

(δj)∗(f j+1 − gj+1 − dj ◦ hj) = (δj)∗(f j+1 − gj+1)− dj ◦ hj ◦ δj = 0,

that is, f j+1 − gj+1 − dj ◦ hj ∈ ker((δj)∗) = Im((δj+1)∗) and so there is some hj+1 ∈
HomA(Cj , Dj+1) such that (δj+1)∗(hj+1) = f j+1 − gj+1 − dj ◦ hj , that is, fn − gn =
dn−1 ◦ hn−1 + hn ◦ δn holds for all n ≤ j + 1, and the induction can continue.

As a consequence, we obtain that relative I-injective resolutions are unique up to
homotopy:

Corollary 7.6. Let A be an Abelian category and let I ⊆ A be an injective class.
If u : S0(A) → I• and v : S0(A) → J• are both relative I-injective resolutions of an
object A ∈ A, then there is a homotopy equivalence f• : I• → J• such that f• ◦u = v,
and f• is unique up to homotopy.

Proof: Use Lemma 7.5 to extend idA : A → A to two morphisms f• : I• → J• and
g• : J• → I•, such that f• ◦ u = v and g• ◦ v = u. The uniqueness of liftings up to
homotopy forces g•◦f• and f•◦g• to be homotopic to idI• and idJ• , respectively.

7.3. Generalities about the I-injective model structure. Given an injective
class I in an Abelian category A, one can introduce the following classes of morphisms
in Ch(A) that, under suitable hypotheses, make Ch(A) into a model category:

Definition 7.7. Let A be an Abelian category and I ⊆ A an injective class. We say
that a morphism φ• : X• → Y • is

• an I-cofibration if φn is an I-monomorphism, for all n ∈ Z;

• an I-weak equivalence if Hom(φ•, I) is a quasi-isomorphism in Ch(Ab), for
all I ∈ I;

• an I-fibration if it is weakly right-orthogonal to the trivial I-cofibrations.
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We denote these classes of maps by CI ,WI , and FI , respectively. Furthermore, we say
that a complex X• ∈ Ch(A) is I -acyclic provided Hom(X•, I) is acyclic in Ch(Ab),
for all I ∈ I.

Remark 7.8. We take advantage of this paper to correct an annoying misprint in
the statement of [3, Theorem 2.3]: the I-cofibrations in the relative model structure
on Ch≤n should be I-monomorphisms in degrees i < n, and not i ≤ n.

In the following lemma, which is a consequence of [4, Proposition 2.5 and Lem-
ma 2.7(b)], we collect some properties of I-fibrations and of I-fibrant objects:

Lemma 7.9. Let A be a bicomplete Abelian category and let I be an injective class
in A. Then:

(1) the I-fibrations are precisely the degree-wise split epimorphisms with I-fibrant
kernel;

(2) a bounded below complex X•∈Ch+(A) is I-fibrant, provided Xi∈I, for all i∈Z.

More generally, let us recall the following important result by Christensen and
Hovey (they actually state the dual result for projective classes, but it is an easy
exercise to show that their statement is equivalent to the following one):

Theorem 7.10 ([4, Theorem 2.2]). Let A be a bicomplete Abelian category and
I ⊆ A an injective class such that, for each X•∈Ch(A), there is an I-fibrant replace-
ment λ• : X• → F • (i.e., λ• ∈ WI and F • is I-fibrant). Then, (Ch(A),WI , CI ,FI)
is a model category.

In the following proposition (adapted from [3]) we establish the existence of “Spal-
tenstein towers of partial I-fibrant replacements”, in complete analogy to our dis-
cussion in Section 2 for the case I = Inj(A). This construction produces a standard
candidate to I-fibrant replacement for any given X• ∈ Ch(A). In Subsection 7.4,
we will discuss a sufficient condition to ensure that the construction below always
produces an I-fibrant replacement.

Proposition 7.11. Let A be a bicomplete Abelian category and let I be an injective
class in A. Then, for each X• ∈ Ch(A), there is an inverse system (a tower) of
complexes

(7.3) · · ·
t•2 // E•2

t•1 // E•1
t•0 // E•0

that satisfies the following conditions, for all n ∈ N:

(1) E•n ∈ Ch≥−n(A) and Ein ∈ I, for all i ∈ Z (so E•n is I-fibrant);

(2) the morphism t•n is an I-fibration;

(3) there is an I-weak equivalence λ•n : τ≥−n(X•)→ E•n such that

λ•n ◦ π•n = t•n ◦ λ•n+1, for all n ∈ N,

where π•n : τ≥−n−1(X•)→ τ≥−n(X•) is the canonical projection.

Proof: By the results in Sections 4 and 5 in [3], there is a model category Tow(A, I) of
towers of complexes. Given X• ∈ Ch(A), one can consider tow(X•) ∈ Tow(A, I), the
tower of successive truncations of X•. A sequence (7.3), with the properties (1)–(3)
in the statement, is precisely a fibrant replacement of tow(X•) in the model cate-
gory Tow(A, I).
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7.4. The (Ab.4∗)-k condition and the injective model structure relative
to I. Let A be a bicomplete Abelian category, X• ∈ Ch(A), I ⊆ A an injective
class, and define E• := lim←−NE

•
n as the inverse limit of the tower (7.3) described

by Proposition 7.11. Then, E• := lim←−NE
•
n is I-fibrant (by Remark 1.2) and, by

condition (3) in the proposition, there is a canonical morphism λ• : X• → E•. To
determine whether λ• is an I-weak equivalence (i.e., if E• is an I-fibrant replacement
for X•), it is useful to introduce a relative version of Roos’ (Ab.4∗)-k condition (see
[3, Definition 6.1]). We do it after the following technical lemma:

Lemma 7.12. Let A be a complete Abelian category, let I ⊆ A be an injective class,
and consider a family (uλ : Aλ → I•λ)Λ of relative I-injective resolutions in A. The
following are equivalent for any k ≥ 0:

(1) H−n
(
Hom

(∏
Λ I
•
λ, I
))

= 0, for all I ∈ I and all n > k;

(2) the induced map Coker
(∏

dn−1
λ

)
→
∏

Λ I
n+1
λ is an I-monomorphsm, for all n >

k.

Proof: We set by convention I−1
λ := Aλ, for all λ ∈ Λ. Condition (1) means that the

following sequences are exact in Ab for all I ∈ I and all n > k:

(7.4) HomA
(∏

Λ I
n+1
λ , I

) (
∏
dnλ)∗

// HomA
(∏

Λ I
n
λ , I

) (
∏
dn−1
λ )∗

// HomA
(∏

Λ I
n−1
λ , I

)
,

that is, we want the morphism
(∏

dnλ
)∗

: HomA
(∏

Λ I
n+1
λ , I

)
→ Ker

((∏
dn−1
λ

)∗)
to

be surjective. As HomA(−, I) is left-exact, there is an isomorphism Ker
((∏

dn−1
λ

)∗) ∼=
HomA

(
Coker

(∏
dn−1
λ

)
, I
)
. In particular, this shows that the sequences in (7.4) are

exact for all I ∈ I if, and only if, HomA
(∏

Λ I
n+1
λ , I

)
→ HomA

(
Coker

(∏
dn−1
λ

)
, I
)

is surjective for all I ∈ I, that is, if the morphism Coker
(∏

dn−1
λ

)
→
∏

Λ I
n+1
λ is an

I-monomorphism, which is condition (2).

Definition 7.13. Let A be a complete Abelian category, let I ⊆ A be an injective
class, and let k be a natural number. Then, A is said to be (Ab.4∗)-I-k when, for each
family (Aλ)Λ of objects of A, and for some (or, equivalently, any) choice of relative
I-injective resolutions (I•λ, uλ : S0(Aλ)→ I•λ)Λ, the equivalent conditions (1) and (2)
in Lemma 7.12 hold true.

Observe that varying the chosen relative I-injective resolutions does not affect
the above definition. This is a consequence of Corollary 7.6, which implies that, if
(I•λ, uλ)Λ and (J•λ, vλ)Λ are two families of relative I-injective resolutions correspond-
ing to (Aλ)Λ, then there are homotopy equivalences (fλ : I•λ → J•λ)Λ, whose product
gives a homotopy equivalence

∏
Λ fλ :

∏
Λ I
•
λ →

∏
Λ J
•
λ, which then induces a ho-

motopy equivalence between Hom
(∏

Λ I
•
λ, I
)

and Hom
(∏

Λ J
•
λ, I
)
, for all I ∈ I. In

particular, these two complexes of Abelian groups have the same cohomology groups.
Hence, condition (1) in Lemma 7.12 can be checked on either complex with the same
result.

Corollary 7.14. Let A be a complete Abelian category, let I ⊆ A be an injective
class, and consider the following assertions:

(1) each product of I-preenvelopes is an I-preenvelope;

(2) each product of I-monomorphisms is an I-monomorphism;

(3) A is (Ab.4∗)-I :=(Ab.4∗)-I-0.

Then, the equivalence (1) ⇔ (2) holds in general, while (1)(2) ⇒ (3) holds if A
is (Ab.4∗).
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Proof: As (2) ⇒ (1) is trivial, we just verify that (1) ⇒ (2): let (ιλ :Xλ → Yλ)Λ be a
family of I-monomorphisms in A. Choose, for each λ∈Λ, an I-preenvelope uλ :Xλ→
Iλ. As each ιλ is an I-monomorphism, there are morphisms vλ : Yλ → Iλ such that
vλ ◦ ιλ = uλ, for all λ ∈ Λ. By (1), the product map

∏
uλ =

(∏
vλ
)
◦
(∏

ιλ
)

is an
I-preenvelope, and so also an I-monomorphism. As a consequence, also

∏
ιλ is an

I-monomorphism, as desired.
For the implication (2) ⇒ (3) recall that, by Lemma 7.12, for A to be (Ab.4∗)-I

it is enough that, for any family (Aλ)Λ and a corresponding choice of relative I-in-
jective resolutions (I•λ, uλ)Λ, the induced map

(∏
Λ I

n
λ

)
/Bn

(∏
Λ I
•
λ

)
→
∏

Λ I
n+1
λ is an

I-monomorphism for all n ≥ −1. Assuming that A is (Ab.4∗), there is an isomor-
phism

(∏
Λ I

n
λ

)
/Bn

(∏
Λ I
•
λ

) ∼= ∏
Λ(Inλ/B

n(I•λ)), so the condition becomes equivalent

to the fact that
∏

Λ(Inλ/B
n(I•λ))→

∏
Λ I

n+1
λ is an I-monomorphism, for all n ≥ −1.

This is then a consequence of (2), as the map in question is the product of the family
of I-monomorphisms (Inλ/B

n(I•λ)→ In+1
λ )Λ.

The proof of the following theorem follows the same steps used in the proof of
Theorem 2.10:

Theorem 7.15 ([3, Theorem 6.4]). Let A be a bicomplete Abelian category and I ⊆ A
an injective class such that A is (Ab.4∗)-I-k for some k ∈ N. Given X• ∈ Ch(A) and
a tower

· · ·
t•2 // E•2

t•1 // E•1
t•0 // E•0

satisfying (1)–(3) in Proposition 7.11, the map λ• : X• → E• := lim←−NE
•
n is an I-weak

equivalence.

In particular, in the setting of the above theorem (also using Proposition 7.11 and
Remark 1.2), any complex X• ∈ Ch(A) has an I-fibrant replacement λ• : X• → E•.
Combining this result with Theorem 7.10, one immediately deduces that:

Corollary 7.16. Let A be a bicomplete Abelian category and let I be an injective
class in A. If A is (Ab.4∗)-I-k for some k ∈ N, then (Ch(A),WI , CI ,FI) is a model
category.

Observe that an advantage of Corollary 7.16 is that it applies to Abelian categories
that are not necessarily Grothendieck, and where the small object argument may not
be applicable.

8. Examples and applications

8.1. On injective classes that are cogenerating. Let A be an Abelian cate-
gory. A full subcategory I ⊆ A is called cogenerating if, for each A ∈ A, there is a
monomorphism A→ I, for some I ∈ I.

Proposition 8.1. The following are equivalent for an injective class I in an Abelian
category A:

(1) I is a cogenerating class in A;

(2) I-monomorphisms in A are, in particular, also monomorphisms;

(3) I-acyclic complexes in Ch(A) are, in particular, also acyclic;

(4) I-weak equivalences in Ch(A) are, in particular, also quasi-isomorphisms.

Proof: (1)⇔ (2) Given an I-monomorphism φ : A→ B, fix a monomorphism u : A→
I ∈ I. The surjectivity of the map HomA(φ, I) : HomA(B, I)→ HomA(A, I) implies
that u = v ◦ φ, for some v ∈ HomA(B, I) and, therefore, φ is a monomorphism. The
converse is trivial.
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(2)⇔ (3) GivenX•=(· · · −→ Xn dn−→ Xn+1 −→ · · · )∈Ch(A), let d̄n :Xn/Bn(X•)→
Xn+1 be the morphism induced by the differential, so that Hn(X•) = Ker(d̄n),
for all n ∈ Z. If X• is I-acyclic, then d̄n is an I-monomorphism (by [3, Proposi-
tion 1.15(7)]) for all n ∈ Z, and so, by (2), Hn(X•) = Ker(d̄n) = 0, for all n ∈ Z.
Conversely, a map ψ : A → B in A is a(n) (I-)monomorphism if and only if the

complex (· · · → 0 → A → B → Coker(ψ) → 0 → · · · ) in Ch≥−1(A) ∩ Ch≤1(A) is
(I-)acyclic. Hence, also the implication (3) ⇒ (2) holds.

(3) ⇔ (4) It is well known that a morphism φ• : A• → B• in Ch(A) is a quasi-
isomorphism if and only if cone(φ•) is acyclic, while φ• is an I-weak equivalence if and
only if cone(φ•) is I-acyclic (by [3, Proposition 1.15(2)]). These two characterizations
imply the desired equivalence.

Remark 8.2. Let A be an (Ab.4∗) Abelian category, and (X•λ)Λ a family in Ch(A),
then there are isomorphisms Bn

(∏
ΛX

•
λ

) ∼= ∏
ΛB

n(X•λ), for all n ∈ Z. Take a co-
generating injective class I ⊆ A, and suppose that X•λ is I-acyclic, for all λ ∈ Λ.

By Proposition 8.1, each X•λ is also acyclic, and so Coker(dn−1
λ ) = Xn

λ/B
n(X•λ) =

Xn
λ/Z

n(X•λ) ∼= Bn+1(X•λ), for all n ∈ Z. Combining these two observations we de-
duce that

∏
ΛX

•
λ is I-acyclic if, and only if, the map

∏
ΛB

n(X•λ) →
∏

ΛX
n
λ is an

I-monomorphism, for all n ∈ Z.
Using an analogous idea, one proves that an (Ab.4∗) Abelian category A is (Ab.4∗)-

I-k, with I cogenerating, if and only if the following variation of the condition (2) in
Lemma 7.12 holds for any family of relative I-injective resolutions (uλ : Aλ → I•λ)Λ

of objects of A:

(2’)
∏

ΛB
n+1(I•λ)→

∏
Λ I

n+1
λ is an I-monomorphism, for all n > k;

that is, we want the product functor to preserve the I-monomorphisms (Bn+1(I•λ)→
In+1
λ )Λ.

Let I ⊆ A be a cogenerating injective class. Then, a short exact sequence in A:

0 // X
ι // Y // Z // 0

is called I-exact if ι is an I-monomorphism or, equivalently, if the following sequences
are exact:

0 // HomA(Z, I) // HomA(Y, I)
ι∗ // HomA(X, I) // 0, for all I ∈ I.

We have the following variation of Corollary 7.14 for cogenerating injective classes:

Lemma 8.3. Let A be a complete Abelian category, and I ⊆ A a cogenerating injec-
tive class. Suppose that any family of I-exact sequences (0→ Xλ → Yλ → Zλ → 0)Λ

gives a short exact sequence 0→
∏

ΛXλ →
∏

Λ Yλ →
∏

Λ Zλ → 0, which is moreover
I-exact. Then, A is (Ab.4∗)-I.

Proof: Let (Xλ)Λ ⊆ A and, for each λ ∈ Λ, consider the following relative I-injective
resolution:

(8.1) 0 // Xλ
uλ // E0

λ

d0
λ // E1

λ

d1
λ // · · ·

dn−1
λ // Enλ

dnλ // · · ·

with Eiλ ∈ I, for all i ≥ 0. As I is cogenerating, (8.1) is also an exact sequence. In

particular, letting B0
λ := Xλ and Bnλ := Im(dn−1

λ ), for all n ≥ 1, we have the following
short exact sequences, for all n ≥ 0 and λ ∈ Λ, that are also I-exact:

0 // Bnλ
// Enλ

// Bn+1
λ

// 0.
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By hypothesis, for each n ≥ 0, the following short exact sequence is I-exact:

0 //
∏

ΛB
n
λ

//
∏

ΛE
n
λ

//
∏

ΛB
n+1
λ

// 0.

These conditions tell us that the following is a relative I-injective resolution:

0 //
∏

ΛXλ

∏
uλ
//
∏

ΛE
0
λ

∏
d0
λ //
∏

ΛE
1
λ

∏
d1
λ // · · ·

∏
dn−1
λ //

∏
ΛE

n
λ

∏
dnλ // · · · ,

showing that A is (Ab.4∗)-I, as desired.

Let A be an Abelian category with an injective class I. As in [3], consider the lo-
calization of Ch(A) with respect to WI , the class of I-weak equivalences, D(A; I) :=
Ch(A)[W−1

I ]. In general, this category could fail to be locally small (that is, the
morphisms between two objects may form a proper class), while it is certainly lo-
cally small whenever (Ch(A),WI , CI ,FI) is a model category (e.g., in the setting
of Corollary 7.16) as, in that case, D(A; I) is equivalent to the corresponding ho-
motopy category. In what follows we denote by K(A) the homotopy category of A,
and by Ac(A) ⊆ K(A) (resp., AcI(A) ⊆ K(A)) its full subcategory of (I-)acyclic
complexes.

Corollary 8.4. Let A be an Abelian category and let I ⊆ A be an injective class.
Then,

(1) if D(A; I) is locally small, it is a Verdier quotient D(A; I) ∼= K(A)/AcI(A);

(2) if both D(A; I) and D(A) are locally small and I is cogenerating, then there is
a canonical Verdier quotient functor D(A; I)→ D(A).

Proof: (1) follows by [3, Proposition 2.3 and Corollary 2.4].

(2) By Proposition 8.1, there are inclusions AcI(A) ⊆ Ac(A) ⊆ K(A) of full tri-
angulated subcategories. By [35, Proposition 2.3.1 in Chapter II], we know that
Ac(A)/AcI(A) is a full triangulated subcategory of K(A)/AcI(A) and that there
is a canonical triangulated functor

πI : D(A) ∼= K(A)/Ac(A) //
K(A)/AcI(A)

Ac(A)/AcI(A)
∼=

D(A; I)

Ac(A)/AcI(A)
.

By Proposition 8.1, WI ⊆ W, so the canonical functor p : Ch(A) → D(A) sends I-
weak equivalences to isomorphisms. Therefore, p induces a unique functor D(A; I) =
Ch(A)[W−1

I ]→ D(A), which is a triangulated quasi-inverse to πI .

We now give an application to the derived category relative to a generator intro-
duced in [10]:

Example 8.5. Given a complete Abelian category A with a cogenerator E, we can
consider the cogenerating injective class I = Prod(E) of all the summands of products
of copies of E. In particular, take A = Gop for a Grothendieck category G, that is, A is
the category of strict complete topologically coherent left R-modules over some strict
complete topologically left-coherent and linearly compact ring R (see [24]). Then,
E is just a generator of G, and the localization D(A; I) ∼= DE(G)op is the dual of
the E-derived category defined in [10]. Since D(G)op ∼= D(A), Corollary 8.4 gives a
Verdier quotient functor DE(G)→ D(G), for any generator E of G.
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8.2. Applications to Gillespie’s question. Let A be a bicomplete Abelian cate-
gory, and let (X ,Y) be a complete and hereditary cotorsion pair in A. In this context,

Gillespie asked whether (dgX , Ỹ) and (X̃ ,dgY) are always complete cotorsion pairs

in Ch(A) (see Question 6.1). Let us focus our discussion on (X̃ ,dgY), bearing in mind

that dual considerations hold for (dgX , Ỹ). Now, to show that (X̃ ,dgY) is complete
we need to find, for any given A• ∈ Ch(A), two short exact sequences:

(1) 0→ Y •1 → X•1 → A• → 0, with X•1 ∈ X̃ and Y •1 ∈ dgY;

(2) 0→ A• → Y •2 → X•2 → 0, with X•2 ∈ X̃ and Y •2 ∈ dgY.

A first simplification is the following: given A• ∈ Ch(A) take, for each n ∈ Z, an
embedding ιn : An ↪→ Y n, with Y n ∈ Y (they exist as (X ,Y) is complete), and
consider the morphism of complexes A• → Dn−1(Y n) whose non-trivial components
are ιn : An → Y n, and ιn ◦ dn−1

A• : An−1 → Y n. Then, the diagonal map A• →∏
ZD

n−1(Y n) is a monomorphism, and
∏

ZD
n−1(Y n) ∈ dgY. Hence, the class dgY

is always cogenerating and so, by Remark 1.4, if the sequences in (1) do exist, those
in (2) do too.

A second important reduction follows from the proof of [38, Theorem 2.4]: the
sequences in (1) exist, provided there is, for all A• ∈ Ch(A), a short exact sequence
as follows:

(0) 0→ Y •0 → E• → A• → 0, with E• ∈ E an exact complex, and Y •0 ∈ dgY.

In fact, to build (1), start with the sequence in (0) and consider the pullback Y •1 of the

map Y •0 → E• along a special X̃ -precoverX•1 � E• (which exists by [38, Lemma 2.3]).

This gives a short exact sequence 0 → Y •1 → X•1 → A• → 0, where X•1 ∈ X̃ by
construction, while Y •1 ∈ dgY since it is an extension of Y •0 by Ker(X•1 � E•), and
both are objects in dgY.

Now, as we have discussed in Section 6, the construction given in [38, Lemma 2.1(1)]
to produce the sequences in (0) in full generality fails unless we add the hypothesis that
A is (Ab.4∗). On the other hand, whenever (X ,Y) is a right-complete cotorsion pair in
a complete Abelian category A, the class Y is cogenerating. Moreover, Y is closed un-
der summands in A, and it is also preenveloping since any right (X ,Y)-approximation
sequence is clearly Y-exact, so Y is an injective class by Lemma 7.2. In particular,
whenever A is (Ab.4∗)-Y-k for some k ∈ N, for any given complex A• ∈ Ch(A) there
is a Y-fibrant replacement λ• : A• → Y • (see Corollary 7.16); in fact, the explicit con-
struction given in Section 7 shows that Y • can be built as a limit of a suitable tower of
(left-bounded) partial resolutions and, therefore, we can assume that Y • ∈ dgY. Fur-
thermore, as Y is cogenerating, λ• is a quasi-isomorphism (by Proposition 8.1) and,
therefore, E• := cone(λ•) (the usual mapping cone of a homomorphism of cochain
complexes) is an exact complex. In particular, we obtain a short exact sequence:

0 // Σ−1Y • // Σ−1E• // A• // 0, with Σ−1Y •∈dgY and Σ−1E•∈E .

Summarizing, we have the following result:

Proposition 8.6. Let A be a bicomplete Abelian category, let (X ,Y) be a complete
hereditary cotorsion pair in A, and assume that the following two hypotheses are
verified:

(h1) A is either (Ab.4∗), or (Ab.4∗)-Y-k, for some k ∈ N;

(h2) A is either (Ab.4), or (Ab.4)-X -h (i.e., Aop is (Ab.4∗)-X -h), for some h ∈ N.

Then, both (X̃ ,dgY) and (dgX , Ỹ) are complete cotorsion pairs in Ch(A). Moreover,
they are compatible, so that (E ,dgX ,dgY) is a Hovey triple that corresponds to an
Abelian model structure in Ch(A) whose homotopy category is equivalent to the derived
category D(A).
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Proof: As we have discussed above, the completeness of (X̃ ,dgY) follows if we can
build, for each A• ∈ Ch(A), a short exact sequence 0 → Y • → E• → A• → 0,
with Y • ∈ dgY, and E• ∈ E . Consider the two cases allowed by (h1): if A is (Ab.4∗),
one can use the Ding–Yang construction (see the proof of [38, Lemma 2.1(1)]) while,
if A is (Ab.4∗)-Y-k, then this follows from the existence of Y-fibrant replacements,
that can be built as a limit of a suitable tower of partial resolutions, as explained in
Section 7. The completeness of (dgX , Ỹ) follows by duality, and the compatibility of
the two cotorsion pairs is proved in [38, Theorem 2.5].

As a consequence of Proposition 8.6, we can answer Question 6.1 in the affirmative
for any complete, hereditary cotorsion pair (X ,Y) in a bicomplete Abelian category A
that is both (Ab.4) and (Ab.4∗) (e.g., when A is a category of modules). Moreover,
a positive answer also follows, for example, when A is (Ab.4) and (Ab.4∗)-Y-k (for
some k ∈ N): we will see in Subsection 8.6 that this is always the case when A is
an (Ab.4) Abelian category such that D(A) is locally small (e.g., a Grothendieck
category), and (X ,Y) is a k-tilting cotorsion pair; hence, as k-tilting cotorsion pairs
are all complete and hereditary, they induce Abelian model structures on Ch(A) that
enhance the derived category D(A). The case of cotilting cotorsion pairs also follows
by duality.

8.3. Injective classes of injectives. LetA be a complete Abelian category and I ⊆
A an injective class. We have seen in Subsection 8.1 that, whenever I is cogenerating,
the classical derived category D(A) is a Verdier quotient of D(A; I). In this subsection
we concentrate on the injective classes I of injectives in a Grothendieck category G,
that is, I ⊆ Inj(G). These injective classes have the property that D(G; I) is always
a Verdier quotient of D(G), so they are in some sense at the opposite extreme from
the cogenerating ones; actually, the unique cogenerating injective class of injectives
is Inj(G), for which clearly D(G; Inj(G)) ∼= D(G).

The key to understand the injective classes of injectives in a Grothendieck cate-
gory G is the observation that they correspond bijectively to the hereditary torsion
pairs in G (see [36, Theorem 4.8]). More precisely, an injective class I ⊆ Inj(G) corre-
sponds to the hereditary torsion pair τI = (T := ⊥I,F := (⊥I)⊥), where F can also
be described as Cogen(I), and I = Inj(G) ∩ F .

Remark 8.7. A consequence of the above connection with hereditary torsion pairs is
that, in a Grothendieck category G, a subclass of Inj(G) is an injective class if and only
if it is closed under taking products and summands. In fact, a similar characterization
holds in any complete and well-powered Abelian categoryA. Indeed, given I ⊆ Inj(A)
closed under products and summands, consider, for each A ∈ A, the “reject”:

RejI(A) := ∩{ker(f) : f ∈ HomA(A, I), I ∈ I} ≤ A,
which is well defined since A is well powered. Moreover, I being closed under prod-
ucts, one can even find some I ∈ I and f : A → I such that RejI(A) = ker(f). In
fact, such an f is easily seen to be an I-monomorphism, showing that I is an injective
class.

Lemma 8.8 ([36, Lemmas 4.4 and 5.6]). Let G be a Grothendieck category, I ⊆
Inj(G) an injective class of injectives, and let τI = (T ,F) be the associated hereditary
torsion pair. Then

(1) the following are equivalent for a morphism φ : X → Y in G:
(1.1) φ is an I-monomorphism;

(1.2) the kernel of φ is τI-torsion, that is, Ker(φ) ∈ T ;
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(2) the following are equivalent for a morphism φ• : X• → Y • in Ch(G):
(2.1) φ• is an I-weak equivalence;

(2.2) the cone cone(φ•) is I-acyclic;

(2.3) the cone has τI-torsion cohomologies, that is, Hn(cone(φ•)) ∈ T , for
all n ∈ Z.

Consider the Gabriel quotient G/T , that comes with an adjunction Q a S : G �
G/T such that:

• the right adjoint S is fully faithful, so denoting by η : idG ⇒ S◦Q and ε : Q◦S⇒
idG/T the unit and the counit, both ε and Q(η) are natural isomorphisms.
Abusing notation, we will often write Q(S(Y )) = Y and Q(X) = Q(S(Q(X))),
if Y ∈ G/T and X ∈ G;

• the left adjoint Q is an exact functor such that Ker(Q) = T , that is, Q(X) =
0 if and only if X ∈ T . In particular, given a morphism φ : X → Y in G,
Q(φ) is a monomorphism (resp., epimorphism) if, and only if, Ker(φ) ∈ T
(resp., Coker(φ) ∈ T ). In particular, Ker(ηX),Coker(ηX) ∈ T , for all X ∈ G;

• as Q is exact, S sends injectives in G/T to injectives in G. In fact, the adjunc-
tion Q a S restricts to an equivalence of categories Inj(G/T ) ∼= F ∩ Inj(G) = I.

With a slight abuse of notation, denote by Q a S : Ch(G) � Ch(G/T ) also the
adjunction induced pointwise on complexes. It is easy to reformulate the above lemma
as follows:

Corollary 8.9 ([36, Lemmas 4.4 and 5.6]). Let G be a Grothendieck category, I ⊆
Inj(G) an injective class of injectives, and let τI = (T ,F) be the associated hereditary
torsion pair. Then

(1) a morphism φ in G is an I-monomorphism if, and only if, Q(φ) is a monomor-
phism in G/T ;

(2) a morphism φ• in Ch(G) is an I-weak equivalence if, and only if, Q(φ•) is a
quasi-isomorphism or, equivalently, if Q(cone(φ•)) is an acyclic complex.

In particular, a morphism φ• in Ch(G) is a (trivial) I-cofibration if and only if Q(φ•)
is a (trivial) Inj(G/T )-cofibration in Ch(G/T ).

The following is a more precise version of [36, Theorem 5.7]:

Theorem 8.10. Let G be a Grothendieck category, I ⊆ Inj(G) an injective class of
injectives, and let τI = (T ,F) be the associated hereditary torsion pair. Then:

(1) ψ• is an Inj(G/T )-fibration in Ch(G/T ), if and only if S(ψ•) is an I-fibration;

(2) E•∈Ch(I)⊆Ch(G) is I-fibrant if, and only if, Q(E•)is dg-injective in Ch(G/T );

(3) any complex X•∈Ch(G) admits an I-fibrant replacement λ• : X• → E•∈Ch(I).

In particular, (Ch(G),WI , CI ,FI) is a model category, and the following is a Quillen
equivalence

Q a S : Ch(G) oo // Ch(G/T ),

when Ch(G/T ) is endowed with the usual injective model structure. As a consequence,
we can describe the homotopy category D(G; I) := Ch(G)[W−1

I ] as a Verdier quotient
of the usual derived category as follows: D(G; I) ∼= D(G/T ) ∼= D(G)/DT (G) (where
DT (G) is the full, localizing, subcategory of those X• ∈ D(G) such that Hn(X•) ∈ T ,
for all n ∈ Z).
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Proof: Fix a morphism ψ• : Y •1 → Y •2 in Ch(G/T ) and let φ• : X•1 → X•2 be a trivial
I-cofibration in Ch(G). By Corollary 8.9, Q(φ•) is a trivial Inj(G/T )-cofibration, and
all the trivial Inj(G/T )-cofibrations in Ch(G/T ) are of this form. Consider now the
following commutative diagrams:

X•1

φ•

��

α•1
// S(Y •1 )

S(ψ•)

��

Q(X1)•

Q(φ•)

��

β•1
// Y •1

ψ•

��

X•2

<<

α•2
// S(Y •2 ) Q(X2)•

;;

β•2
// Y •2

where α•i ∈ HomCh(G)(X
•
i ,S(Y •i )) and β•i ∈ HomCh(G/T )(Q(X•i ), Y •i ) (for i = 1, 2)

correspond to each other via the adjunction Q a S. By adjunction, φ• � S(ψ•) if,
and only if, Q(φ•) �ψ•, proving (1). In particular, E• ∈ Ch(I) ⊆ Ch(G) is I-fibrant
if, and only if, E• → 0 is an I-fibration, if and only if Q(E•) → 0 is an Inj(G/T )-
fibration, i.e., Q(E•) ∈ Ch(Inj(G/T )) is a dg-injective complex, verifying (2). For (3),
let X• ∈ Ch(G) and consider a dg-injective resolution λ• : Q(X•)→ E• in Ch(G/T ).
We claim that the following composition is an I-fibrant replacement

S(λ•) ◦ ηX• : X• // S(Q(X•)) // S(E•).

Indeed, by Corollary 8.9, both the unit ηX• (which is sent to an isomorphism by Q)
and the map S(λ•) (that is sent by Q to λ• = Q(S(λ•)), which is a quasi-isomorphism
by construction) are I-weak equivalences. Hence, the composition S(λ•) ◦ ηX• is
an I-weak equivalence, while the complex S(E•) ∈ Ch(I) is I-fibrant by part (2).
By Theorem 7.10, this also shows that (Ch(G),WI , CI ,FI) is a model category. By
Corollary 8.9, Q preserves both cofibrations and trivial cofibrations, so Q a S is a
Quillen adjunction. Finally, to see that this is a Quillen equivalence, take φ• : X• →
S(Y •) in Ch(G), whose adjoint map is ψ• := Q(φ•) : Q(X•) → Q(S(X•)) = X•; by
Corollary 8.9, φ• ∈ WI if and only if ψ• ∈ WInj(G/T ), concluding the proof.

Observe that, for any object X ∈ G, a morphism λ : S0(X) → I• ∈ Ch≥0(I) is
a relative I-injective resolution if, and only if, Q(λ) : S0(Q(X)) → Q(I•) is a dg-
injective resolution of Q(X) ∈ G/T . In particular, one can construct a resolution of
a given X ∈ G as follows: first build a dg-injective resolution S0(Q(X)) → E• ∈
Ch≥0(Inj(G/T )) of Q(X) in G/T , and then note that the composition S0(X) →
S0(S(Q(X)))→ S(E•) is the desired I-injective resolution. Recall also that, S being
a right adjoint, it commutes with all limits (and, in particular, with products). Thus,
given (Y •λ )Λ ⊆ Ch(G/T ), S

(∏
Λ Y
•
λ

)
=
∏

Λ S(Y •λ ). Exploiting these two ideas, we can
show that the (Ab.4∗)-I-k condition in G is equivalent to the “absolute” (Ab.4∗)-k
condition in G/T :

Proposition 8.11. Let G be a Grothendieck category, I ⊆ Inj(G) an injective class
of injectives, and let τI = (T ,F) be the associated hereditary torsion pair. Then, the
following are equivalent:

(1) G is (Ab.4∗)-I-k;

(2) G/T is (Ab.4∗)-k (in the sense of Roos).

Proof: Let (Xλ)Λ ⊆ G and, for each λ ∈ Λ, take λλ : S0(Q(Xλ)) → E•λ, a dg-injec-

tive resolution in Ch≥0(Inj(G/T )), so that µλ : S0(Xλ) → S(E•λ) ∈ Ch≥0(I) is the
corresponding relative I-injective resolution, for all λ ∈ Λ, as discussed above. By
Lemma 7.12(1), G is (Ab.4∗)-I-k if, and only if:

(8.2) H−n
(
Hom

(∏
Λ S(E•λ), I

))
= 0, for all n > k, and all I ∈ I.
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Since I ⊆ Inj(G) by hypothesis, the functor HomG(−, I) is exact and, therefore, it
commutes with cohomologies, so (8.2) becomes equivalent to:

HomG
(
Hn
(∏

Λ(S(E•λ)), I
))

= 0, for all n > k, and all I ∈ I.

As, by definition, T := ⊥I, the above condition means exactly thatHn
(∏

Λ(S(E•λ))
)
∈

T , for all n > k, that is, Q
(
Hn
(∏

Λ(S(E•λ))
))

= 0, for all n > k. Using that Q com-
mutes with cohomologies, S commutes with products, and Q ◦ S = idG/T , condi-
tion (8.2) becomes equivalent to:∏(n)

Λ Q(Xλ) := Hn
(∏

ΛE
•
λ

)
= Hn

(
Q ◦ S

(∏
ΛE
•
λ

))
= 0, for all n > k.

This last equation is precisely the (Ab.4∗)-k condition for the quotient category G/T .

8.4. The pure derived category of a locally finitely presented Grothendieck
category. Let G be a Grothendieck category and recall that an object X in G is said
to be finitely presented if HomG(X,−) commutes with directed colimits. We denote
by fp(G) the full subcategory of finitely presented objects in G, and we say that
G is locally finitely presented provided fp(G) is essentially small, and it generates G.
Observe that, whenever G is locally finitely presented, the so-called restricted Yoneda
embedding gives a fully faithful functor

y : G // [fp(G)op,Ab], such that y(X) = yX := HomG(−, X)�fp(G).

Observe that y is left-exact, and that it commutes with products and directed col-
imits. The category [fp(G)op,Ab] is generated by y(fp(G)) := {yP : P ∈ fp(G)}, the
essentially small subcategory of the representable (= finitely presented projective)
functors, and so [fp(G)op,Ab] is an (Ab.4∗) Grothendieck category (it is equivalent to
a category of modules over a ring with enough idempotents). Let us also recall that:

• F : fp(G)op → Ab is said to be flat if it belongs to the class F := lim−→y(fp(G)).

The restricted Yoneda embedding induces an equivalence G ∼= y(G) = F ;

• the functors in the class C := F⊥1 = (y(fp(G)))⊥1 are called cotorsion, and
(F , C) is a complete cotorsion pair in [fp(G)op,Ab] (see [5, Theorem 2.6]);

• a short exact sequence 0 → X → Y → Z → 0 in G is said to be pure-exact
if, and only if, 0 → yX → yY → yZ → 0 is exact in [fp(G)op,Ab]. We say
that X → Y is a pure monomorphism if it can be completed to a pure-exact
sequence 0→ X → Y → Z → 0;

• an object E ∈ G is said to be pure-injective if it is injective with respect to
all the pure-exact sequences in G, i.e., if 0 → HomG(Z,E) → HomG(Y,E) →
HomG(X,E) → 0 is exact in Ab, for any pure-exact sequence 0 → X → Y →
Z → 0 in G;

• if we denote by P. Inj(G) the class of pure injectives in G, the restricted Yoneda
embedding induces an equivalence P. Inj(G) ∼= y(P. Inj(G)) = F ∩ C (see [13,
Lemma 3]).

Proposition 8.12. Let G be a locally finitely presented Grothendieck category, and
I := P. Inj(G):

(1) I is an injective class in G, and the I-monomorphisms are the pure monomor-
phisms;

(2) G is (Ab.4∗)-I, and so (Ch(G),WI ,FI , CI) is a model category.

In particular, the homotopy category D(G; I) := Ch(G)[W−1
I ] is locally small, and it is

equivalent to the so-called pure derived category Dpure(G) introduced in [4, Section 5.3]
when G is a module category, and studied in [18].
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Proof: Recall from [13, Theorem 6] that, for any X ∈ G, there exists a pure-exact
sequence 0→ X → PE(X)→ PE(X)/X → 0 in G, with PE(X) ∈ I. In particular,
I is cogenerating.

(1) It is clear that, if X → Y is a pure monomorphism, then it is also an I-monomor-
phism (by our definition of a pure-injective object). On the other hand, if f : X → Y is
an I-monomorphism, take a pure monomorphism g : X → PE(X), with PE(X) ∈ I,
and observe that (by definition of an I-monomorphism) f∗ : HomG(Y, PE(X)) →
HomG(X,PE(X)) is surjective. In particular, there exists g̃ : Y → PE(X), such that
g̃ ◦ f =: f∗(g̃) = g. In other words, yg = yg̃ ◦ yf is a monomorphism in [fp(G)op,Ab],
and so yf is a monomorphism; i.e., f is a pure monomorphism.

(2) Consider a family of pure-exact sequences {0→ Xλ → Yλ → Zλ → 0}Λ in G, which
gives a family of short exact sequences of functors {0 → yXλ → yYλ → yZλ → 0}Λ.
Since [fp(G)op,Ab] is (Ab.4∗), we obtain a short exact sequence 0 →

∏
Λ yXλ →∏

Λ yYλ →
∏

Λ yZλ → 0. Moreover, since the restricted Yoneda embedding com-
mutes with products, we obtain the following short exact sequence: 0 → y∏

Λ Xλ
→

y∏
Λ Yλ
→ y∏

Λ Zλ
→ 0. Hence, 0 →

∏
ΛXλ →

∏
Λ Yλ →

∏
Λ Zλ → 0 is pure-exact

(i.e., I-exact) in G. One can now conclude by Lemma 8.3 and Corollary 7.16.

For the last statements, it is enough to check that the I-acyclic complexes are
precisely the pure-acyclic complexes. As both the I-acyclic and the pure-acyclic com-
plexes are acyclic, this reduces to proving that a short exact sequence 0→ A→ B →
C → 0 in G is pure if, and only if, it “is” an I-acyclic complex which, in turn, is
equivalent to proving that a monomorphism u : A→ B in G is pure if, and only if, it
is an I-monomorphism, which follows by (1).

8.5. Categories of finite I-global dimension. A rich source of examples of
(Ab.4∗)-I-k Abelian categories is derived from the following concepts (see Corol-
lary 8.14 below):

Definition 8.13. Let A be a complete Abelian category and let I ⊆ A be an injective
class. For each object A in A, define the following set:

N(A, I) := {n ∈ N : there is

a relative I-injective resolution A // I• ∈ Ch≥0(A) ∩ Ch≤n(A)}.

Then, we define the I-codimension of A as follows:

I- codim(A) := inf N(A, I),

with the convention that inf ∅ := ∞. Finally, we define the I-global dimension of A
as:

I- gl.dim(A) := sup{I- codim(A) : A ∈ A} ∈ N ∪ {∞}.

We have the following immediate consequence.

Corollary 8.14. Let A be a complete Abelian category and let I ⊆ A be an injective
class such that I- gl.dim(A) = d <∞. Then, A is (Ab.4∗)-I-d.

Proof: Let (Aλ)λ∈Λ be a family of objects in A and choose, for each λ, a relative I-

injective resolution uλ : Aλ → I•λ ∈ Ch≥0(A) ∩ Ch≤d(A). Observe then that
∏

Λ I
•
λ ∈

Ch≥0(A) ∩ Ch≤d(A) and, therefore, Hom
(∏

Λ I
•
λ, I
)
∈ Ch≤0(Ab) ∩ Ch≥−d(Ab). In

particular, Hk
(
Hom

(∏
Λ I
•
λ, I
))

= 0, for all k < −d, that is, A is (Ab.4∗)-I-d.



484 D. Herbera, W. Pitsch, M. Saoŕın, S. Virili

We are now going to describe a few concrete examples of bicomplete Abelian cate-
gories A that admit a suitable injective class I ⊆ A for which I- gl.dim(A) <∞. By
the above corollary, these are also examples where A is (Ab.4∗)-I-k, for some k ∈ N.
In particular, by Corollary 7.16, in each of these cases (Ch(A),WI , CI ,FI) is a model
category, and so the corresponding homotopy category D(A; I) := Ch(A)[W−1

I ] is lo-
cally small. The first two examples below also appeared in [3, Section 9], with different
terminology.

Example 8.15. Let R be a d-Gorenstein ring, i.e., a (left and right) Noetherian ring
that has injective dimension = d on both sides, for a given d ∈ N, and consider the
following class:

I = GI(R) := {M ∈ Mod -R : M is Gorenstein injective} ⊆ Mod -R =: A.
By [7, Theorem 2.3], I is an injective class in Mod -R, and it follows by [6, Chapter 12]
that I- gl.dim(A) = d.

Example 8.16. Let R be a ring of pure global dimension = d, for some d ∈ N (e.g.,
if d > 0 and |R| ≤ ℵd−1, then R has pure global dimension ≤ d). Let A := Mod -R,
and consider the injective class I := P. Inj(A) of the pure-injective right R-modules.
By definition (see [12, Section 1]), the pure global dimension of R is the supremum of
the pure-injective dimensions of its modules. Hence, I- gl.dim(A) = d coincides with
the pure global dimension of R.

In a bicomplete Abelian category A, a given V ∈ A is 1-tilting ([25, Definition 6.1])
if:

• V ⊥1 := Ker(Ext1
A(V,−)) = Gen(V ) =: I;

• I is cogenerating in A.

We refer to [25, Section 6] for several characterizations of 1-tilting objects and their
connection with the traditional concept of a 1-tilting module. In the following example
we show that, if V is 1-tilting, then Gen(V )- gl.dim(A) = 1; for an extension to the
n-tilting case, see Subsection 8.6.

Example 8.17. Let A be bicomplete Abelian category with a generator, V ∈ A a
1-tilting object, and let I := Gen(V ) = V ⊥1 . By [25, Proposition 6.7], there is a

generator G of A together with a short exact sequence 0 −→ G
u−→ V0 −→ V1 −→ 0

(with V0, V1 ∈ Add(V )), such that any coproduct of copies of the sequence remains
exact. Now, given A ∈ A, choose an epimorphism π : G(S) → A and observe that

u(S) : G(S) → V
(S)
0 is an I-preenvelope, since Ext1

A(V
(S)
1 , I) = 0, for all I ∈ I.

Taking the pushout of u(S) along π, one gets a short exact sequence 0 −→ A
v−→

IA −→ V
(S)
1 −→ 0, with IA ∈ I. By construction, v is clearly an I-preenvelope, so

I- codim(A) ≤ 1. Thus, I- gl.dim(A) = 1.

Example 8.18. Let V be a projective variety over a field K, i.e., a closed set for
the Zariski topology of Pn(K), for some integer n > 0, let Γ(V ) be its (graded)
ring of coordinates, and let A := Gr -Γ(V ) be the category of graded Γ(V )-modules.
If V is regular of dimension d, let I be the class of injective objects of Gr -Γ(V )
that have zero graded socle. Now, if G := Qcoh(V ) is the Grothendieck category
of quasi-coherent sheaves on V , when we view V as a scheme in the usual way,
the regularity of V implies that its dimension coincides with the global dimension
of G, i.e., Inj(G)- gl.dim(G) in our terminology. A well-known result of Serre (see
Proposition 7.8 in Section 59, p. 252 in [31]) says that there is an equivalence of
categories G ∼= (Gr -Γ(V ))/T , where T ⊆ Gr -Γ(V ) is the hereditary torsion class of
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the locally finite graded Γ(V )-modules. This is exactly the torsion class generated by
the class S of graded-simple modules, and hence the corresponding torsion pair is
cogenerated by S⊥ ∩ Inj(Γ(V )) = I. By the discussion right before Proposition 8.11,
it is now easy to see that I- gl.dim(A) = d.

Proposition 8.19. Let A be an Abelian category such that D(A) is locally small,
and let (X ,Y) be a right-complete hereditary cotorsion pair. Then, the following are
equivalent for any n ≥ 0:

(1) ExtkA(X ′, X) = 0, for all X,X ′ ∈ X and all k > n;

(2) Extn+1
A (X ′, X) = 0, for all X,X ′ ∈ X ;

(3) for any X ∈ X , there is an exact sequence of the form: 0→ X →W 0 → · · · →
Wn → 0, with W i ∈ W := X ∩ Y, for all i = 0, . . . , n.

Moreover, if Y-gl.dim(A) ≤ n, then the above equivalent conditions are all verified.

Proof: (1) ⇒ (2) is clear.

(2) ⇒ (3) Let X ∈ X and consider a right (X ,Y)-approximation 0 → X → W 0 →
X1 → 0, where W 0 ∈ Y, X1 ∈ X , and, since X = ⊥1Y is closed under extensions,
also W 0 ∈ X , so that W 0 ∈ W. Continue by taking a right (X ,Y)-approximation 0→
X1 → W 1 → X2 → 0, with W 1 ∈W and X2 ∈ X , and proceed inductively in this
way to construct a W-coresolution

(8.3) 0 // X
u // W 0 d0

// · · · d
n−1
// Wn dn // · · · ,

with Im(di) ∈ X , for all i ≥ 0. Observe that, lettingX ′ := Im(dn)∈X , any objectW ∈
W is HomA(X ′,−)-acyclic (i.e., ExtiA(X ′,W ) = 0, for all i > 0), and so the W-cores-
olution in (8.3) gives the following formula: ExtiA(X ′, X) ∼= Hi(HomA(X ′,W •)), for
all i > 0. By (2), we deduce that Hn+1(HomA(X ′,W •)) = 0 or, equivalently, that the
map HomA(X ′,Wn) → HomA(X ′, X ′) is surjective, that is, Wn ∼= Im(dn−1) ⊕ X ′,
showing that Im(dn−1) ∈ W, as this class is closed under summands. In particular,
we obtain a W-coresolution of the desired length:

0 // X
u // W 0 d0

// · · · d
n−2
// Wn−1 dn−1

// Im(dn−1) // 0 // · · · .

(3) ⇒ (1) Given X,X ′ ∈ X , take a W-coresolution 0 → X → W 0 → · · · → Wn → 0
and observe that, as in the previous implication, ExtiA(X ′, X) ∼= Hi(HomA(X ′,W •)),

for all i > 0. Given k > n, HomA(X ′,W k)=HomA(X ′, 0) = 0, and so ExtkA(X ′, X) ∼=
Hk(HomA(X ′,W •)) = 0.

For the final statement, let X,X ′ ∈ X . If Y-gl.dim(A) ≤ n, take a relative Y-in-
jective resolution

(8.4) 0 // X
u // Y 0 d0

// · · · d
n−1
// Y n // 0 // · · · .

Since Y is cogenerating, the sequence (8.4) is exact while, as any Y ∈Y is HomA(X ′,−)-
acyclic, ExtiA(X ′, X) ∼= Hi(HomA(X ′, Y •)), for all i > 0. This clearly implies (1).

As a direct consequence of Proposition 8.19, we get:

Corollary 8.20. Let A be an Abelian category such that D(A) is locally small, let
(X ,Y) be a right-complete hereditary cotorsion pair in A, and fix n ∈ N such that the
equivalent conditions of Proposition 8.19 are verified. Then, Y- gl.dim(A) ≤ n + 1
and, therefore, A is (Ab.4∗)-Y-(n+ 1).
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Proof: Given A ∈ A, take a right (X ,Y)-approximation 0 → A → Y → X → 0,
with Y ∈ Y and X ∈ X . Take now a W-coresolution of X as in Proposition 8.19(3),
that is, an exact sequence 0 → X → W 0 → · · · → Wn → 0, with W i ∈ W for
all i = 0, . . . , n. We obtain an exact sequence 0 → A → Y → W 0 → · · · → Wn → 0,
that is clearly a relative Y-injective resolution of A.

8.6. n-Tilting cotorsion pairs. In this subsection we will work on an Abelian
categoryA that is (Ab.4), and such that D(A) is locally small. In particular, D(A) has
arbitrary coproducts, which are computed degree-wise. These conditions are always
verified in each of the following cases:

• if A is a Grothendieck category;

• if A is a bicomplete (Ab.4) Abelian category with enough projectives; this fol-
lows by [3, Theorem 6.4], or even Corollary 7.16, applied to Aop with the injec-
tive class Inj(Aop) = (Proj(A))op.

Recall that the projective dimension p.dimA(X) of an object X ∈ A is defined as
follows:

p.dimA(X) := inf{n ∈ N : ExtkA(X,A) = 0, ∀k > n, ∀A ∈ A},

with the convention that inf ∅ =∞. The following definition comes from [23, Defini-
tion 6.8]:

Definition 8.21. Let A be an (Ab.4) Abelian category such that D(A) is locally
small, and let n > 0 be an integer. An object T of A is called n-tilting when the
following conditions hold:

(t1) ExtkA(T, T (I)) = 0, for any set I and all k > 0;

(t2) p.dimA(T ) = n;

(t3) there is a generating class P ⊆ A such that, for each P ∈ P, there is an exact
sequence

0 // P
u // T 0 d0

// · · · d
n−1
// Tn // 0,

with T k ∈ Add(T ), for all k = 0, . . . , n.

Any n-tilting object has an associated cotorsion pair, which we describe in the
following lemma:

Lemma-Definition 8.22. Let A be an (Ab.4) Abelian category such that D(A) is lo-
cally small, let T ∈ A be n-tilting (with n ≥ 1), and let (X ,Y) := (⊥>0(T⊥>0), T⊥>0).
Then, the following statements hold true:

(1) (X ,Y) is a complete and hereditary cotorsion pair in A;
(2) W := X ∩ Y = Add(T );
(3) Y- gl.dim(A) ≤ n and, therefore, A satisfies the (Ab.4∗)-Y-n condition.

The pair (X ,Y) := (⊥>0(T⊥>0), T⊥>0) is called the n-tilting cotorsion pair associated
to T .

Proof: (1) Observe that the assignments S 7→ ⊥>0S and S 7→ S⊥>0 define a Galois
connection of the (large) poset of subclasses of Ob(A) with itself, so (⊥>0(S⊥>0))⊥>0 =
S⊥>0 and ⊥>0((⊥>0S)⊥>0) = ⊥>0S, for any S ⊆ Ob(A). In particular, ⊥>0Y = X
(by construction), and X⊥>0 = Y (by the previous discussion). Moreover, by the first
part of Remark 1.3, X is closed under kernels of epimorphisms so, in the notation
of Definition 8.21, the generating class P is contained in X and, therefore, X is
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generating. On the other hand, for each A ∈ A, [23, Lemma 6.13] gives us an exact
sequence of the form:

(8.5) 0 // A
u // Y

d0
// T 1 d1

// · · · d
n−1
// Tn // 0,

such that Y ∈ Y and T k ∈ Add(T ), for all k = 1, . . . , n. Since X is closed under kernels
of epimorphisms, Xi−1 := Ker(di−1) ∈ X , for all i = 2, . . . , n, so that 0→ A→ Y →
X1 → 0 is a right (X ,Y)-approximation of A; in particular, Y is cogenerating. It is
now easy to conclude by Lemma 1.5.

(2) The inclusion “Add(T ) ⊆W” is clear. On the other hand, given W ∈W ⊆ Y ⊆
Gen(T ) (see [23, Theorem 6.3 and Remark 6.2] and their proofs), if we denote by
εf : T → T (HomA(T,W )) the inclusion in the coproduct of the copy of T corresponding

to the morphism f ∈HomA(T,W ), we get a canonical morphism pW : T (HomA(T,W )) →
W such that pW ◦ εf = f , for all f ∈ HomA(T,W ). The condition W ∈ Gen(T ) can
be expressed equivalently by saying that pW is an epimorphism; let W ′ := ker(pW ).
The condition f = pW ◦ εf =: p∗W (εf ) for all f : T → W shows the surjectivity

of p∗W : HomA(T, T (HomA(T,W ))) → HomA(T,W ), so Ext1
A(T,W ′) = 0 by the exact

sequence below:

HomA(T, T (HomA(T,W )))
p∗W // // HomA(T,W )

// Ext1
A(T,W ′) // Ext1

A(T, T (HomA(T,W ))) = 0,

where the last term on the right is = 0 by condition (t1). Furthermore, ExtkA(T,W ′) =
0, for all k ≥ 2, as shown by the following exact sequence:

0 = Extk−1
A (T,W ) // ExtkA(T,W ′) // ExtkA(T, T (HomA(T,W ))) = 0.

Thus, we have shown that W ′ ∈ T⊥>0 = Y. As a consequence, Ext1
A(W,W ′) = 0, and

so the exact sequence 0→W ′ → T (HomA(T,W )) →W → 0 has to split. In particular,
W ∈ Add(T ) as desired.

(3) Observe that, as in the proof of part (1), for each A∈A there is an exact sequence
of the form (8.5) such that Y ∈ Y, T k ∈ Add(T ) (for all k = 1, . . . , n), and Xi−1 :=
Ker(di−1) ∈ X (for all i = 2, . . . , n). Moreover, 0 → Xi−1 → T i−1 → Xi → 0 is a
right (X ,Y)-approximation (of Xi−1), for all i = 2, . . . , n and, therefore, the exact
sequence in (8.5) is a relative Y-injective resolution of A, showing that Y- codim(A) ≤
n, as desired.

In the following theorem we give a characterization of the tilting cotorsion pairs:

Theorem 8.23. Let A be an (Ab.4) Abelian category such that D(A) is locally small,
and let (X ,Y) be a complete, hereditary cotorsion pair in A. If there is W ∈ A such
that Add(W ) = X ∩ Y =: W, and p.dimA(W ) = n ≤ m ∈ N, then the following are
equivalent:

(1) Y- gl.dim(A) ≤ m;

(2) Extm+1
A (X ′, X) = 0, for all X,X ′ ∈ X ;

(3) there is a subcategory P ⊆ X which is generating in A and such that, for
each P ∈ P, there is an exact sequence 0 → P → W 0 → · · · → Wm → 0,
with W i ∈ W, for all i = 0, . . . ,m.

If these conditions hold, then W is n-tilting, and (X ,Y) is its associated n-tilting
cotorsion pair.
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Proof: The implications (1)⇒ (2) and (2)⇒ (3) follow by Proposition 8.19, while the
implication (3)⇒ (1) will follow, by Lemma-Definition 8.22(3), as a consequence of the
last part of the statement. Thus, to conclude our proof, it is enough to show that (3)
implies that W is n-tilting. In fact, W satisfies the condition (t1) (see Definition 8.21),
since (X ,Y) is hereditary and W ∈ X ∩ Y, while (t2) is given by hypothesis, so we
just need to take care of the axiom (t3). We proceed by induction on m − n ≥ 0.
Indeed, if m = n, then clearly (3) implies (t3), so W is n-tilting. On the other hand,
if m > n and given P ∈ P, fix the following exact sequence as in (3):

0 // P
u // W 0 d0

// W 1 d1
// · · · d

m−1
// Wm // 0.

Using again and again the fact that X is closed under taking kernels of epimorphisms,
one gets that Xk := Im(dk) ∈ X , for k = −1, 0, . . . ,m, where X−1 := P , and d−1 :=
u. Hence, the induced exact sequence 0 → Xm−n−2 → Wm−n−1 → · · · → Wm → 0
yields an element of Extn+1

A (Wm, Xm−n−2) = 0. SinceW consists of HomA(Wm,−)-
acyclic objects, an argument similar to the one in the proof of implication (2)⇒ (3) of
Proposition 8.19 shows that dm−1 : Wm−1 →Wm is a retraction, so that Xm−2 ∈ W.

Letting W
k

:= W k for k = 0, 1, . . . ,m − 2 and W
m−1

:= Xm−2, we get an exact

sequence 0 → P → W
0 → · · · → W

m−1 → 0, so we can conclude by the inductive
hypothesis.

Example 8.24. Let A be a locally Noetherian Grothendieck category, and suppose
that

sup{p.dimA(I) : I is an indecomposable injective} = n > 0,

and that there is a set S of generators, each of which has injective dimension ≤ n.
A coproduct W of all the indecomposable injectives, one for each isoclass, is an n-
tilting object. Indeed, as Inj(A) is closed under coproducts, conditions (t1)–(t3) of
Definition 8.21 hold. In particular, if Y := W⊥>0 = (Inj(A))⊥>0 , Corollary 8.14 and
Lemma-Definition 8.22 tell us that A is (Ab.4∗)-Y-n.

Observe that any locally Noetherian Grothendieck category A whose homological
dimension is n (i.e., ExtnA(−,−) 6= 0 = Extn+1

A (−,−)) satisfies the conditions of the
above example. In particular, we get the following case, where we can completely
describe the classes X and Y:

Example 8.25. Let R be an n-Gorenstein ring, A := Mod -R, and define (X ,Y) as in
Example 8.24. Then, the subcategory Y is precisely that of the Gorenstein injectives,
and X := ⊥1Y is the subcategory of modules of finite injective (= finite projective)
dimension (see [11, Example 8.13]).

Remark 8.26. If A is an (Ab.4∗) Abelian category such that D(A) is locally small,
then Aop satisfies the hypotheses listed at the beginning of this subsection. This
allows one to define an (Ab.4)-X -n condition and to relate it to n-cotilting objects
and n-cotilting cotorsion pairs.

8.7. Examples and applications for categories of quasi-coherent sheaves.
In this final subsection we show that the Grothendieck category Qcoh(X), where X is
a scheme, is (Ab.4∗)-n (for some n), whenever X is quasi-compact and semi-separated
(see Theorem 8.28).

The idea of the following technical lemma comes from [14, Lemma 3.2 and Re-
mark 3.3]. Here we prefer to give a more elementary inductive proof, avoiding the use
of spectral sequences. We refer to [14] for other examples of (Ab.4∗)-n Grothendieck
categories in geometric contexts.
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Lemma 8.27. Let A be a complete Abelian category with enough injectives, and take a
finite coresolution of the identity idA : A → A, i.e., an exact sequence of endofunctors
of A of the form:

(8.6) 0 +3 idA
α0 +3 F1

α1 +3 · · · αn +3 Fn+1
+3 0, for some n ≥ 0.

If
∏(k)
J ◦Fi = 0, for any set J , i = 1, . . . , n+ 1, and all k ≥ 1, then A is (Ab.4∗)-n.

Proof: For each i = 1, . . . , n, let Ki := ker(αi) : A → A, i.e., Ki(A) = ker((αi)A),
for all A ∈ A, and let Kn+1 := Fn+1. The exactness of (8.6) allows us to build the
following short exact sequences:

(8.7) 0 +3 Ki
+3 Fi +3 Ki+1

+3 0,

for all i = 1, . . . , n (of course, in (8.7), we have K1 = idA). Given a set of ob-
jects {Aj}J ⊆ A, consider, for each j ∈ J , the short exact sequence 0 → Ki(Aj) →
Fi(Aj) → Ki+1(Aj) → 0, obtained evaluating (8.7) at Aj . Taking products, we get
the following long exact sequences:

0 //
∏
J Ki(Aj) //

∏
J Fi(Aj)

//
∏
J Ki+1(Aj) //

∏(1)
J Ki(Aj)

//
∏(1)
J Fi(Aj)− //

∏(1)
J Ki+1(Aj) //

∏(2)
J Ki(Aj) //

∏(2)
J Fi(Aj)

− · · · //
∏(k−1)
J Ki+1(Aj) //

∏(k)
J Ki(Aj) //

∏(k)
J Fi(Aj) · · ·

(8.8)

for all i= 1, . . . , n. By hypothesis,
∏(k)
J Fi(Aj) = 0 (for all k≥ 1 and i= 1, . . . , n+1).

Hence, by the exactness of (8.8) with i = n, also
∏(k)
J Kn(Aj)=0, for all k≥2, as it

fits in between the two vanishing objects
∏(k−1)
J Fn(Aj) = 0 =

∏(k)
J Fn+1(Aj) =∏(k)

J Kn+1(Aj). Similarly, for 1 ≤ i < n, the exactness of (8.8), plus the con-

ditions
∏(k)
J Fi(Aj) = 0 =

∏(k−1)
J Ki+1(Aj), for all k ≥ n − i + 2, imply that∏(k)

J Ki(Aj) = 0, for all k ≥ n − i + 2. In particular, taking i = 1, this gives∏(k)
J Aj =

∏(k)
J K1(Aj) = 0 (as K1 = idA), for all k ≥ n + 1. Thus, A is (Ab.4∗)-n,

as desired.

Theorem 8.28. Let X be a semi-separated, quasi-compact scheme that admits an
affine open cover of the form {V1, . . . , Vn+1} (for some n ≥ 0). Then, Qcoh(X) is
(Ab.4∗)-n.

Proof: X being semi-separated is equivalent to its family of open affines being
closed under finite intersections (see [1, Section 2]). Hence, the inclusion of an open
affine ιV : V ↪→ X is an affine morphism of schemes and, therefore, both ι∗V =
(−)�V : Qcoh(X) → Qcoh(V ) ∼= Mod -OV and its right adjoint (ιV )∗ : Mod -OV →
Qcoh(X) are exact: for the former just use that an open immersion is always a flat
morphism of schemes, while for the latter we refer to [33, Lemma 01XC]. Then (ιV )∗
preserves products (being a right adjoint), it sends injective objects to injective ob-
jects (as its left adjoint is exact), and it also commutes with cohomology (since it is

exact): this shows that (ιV )∗ commutes with
∏(k)
J (for all k ≥ 0, and any set J). Of

course, the same holds if we take instead the coproduct (i.e., the “disjoint union”) of
a finite number of affine opens in X.

For i = 1, . . . , n+1, let Ui := t{Vj1,...,ji := Vj1∩· · ·∩Vji : 1 ≤ j1 < · · · < ji ≤ n+1},
denote by ϕi := tιVj1,...,ji : Ui → X the natural map induced by the inclusions,

and define an endofunctor Fi := (ϕi)∗ ◦ ϕ∗i : Qcoh(X) → Qcoh(X). Consider the
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following exact sequence of endofunctors of Qcoh(X), which gives the usual (ordered)
Čech coresolution with respect to the cover {V1, . . . , Vn+1} (see [33, Tag 01FG]):
0 =⇒ idA =⇒ F1 =⇒ · · · =⇒ Fn+1 =⇒ 0, and observe that, for any set J , any k ≥ 1,
and any i = 1, . . . , n+ 1, the following holds:∏(k)

J ◦Fi =
∏(k)
J ◦(ϕi)∗ ◦ ϕ∗i = (ϕi)∗ ◦

(∏(k)
J ◦ϕ∗i

)
= (ϕi)∗ ◦ 0 = 0,

where the first equality comes from the definition of Fi, the second one is discussed
in the first half of the proof, and the third one holds since Qcoh(Ui) ∼= Mod -OUi ∼=∏

Mod -OVj1,...,ji is (Ab.4∗), being equivalent to a category of modules. One can now
conclude using Lemma 8.27.

Under the hypotheses of the above theorem, Positselski ([26]) proved that Qcoh(X)
has a generator of projective dimension ≤ n+1, deducing that it is (Ab.4∗)-n+1. He
then asked in [26, Question 3.14] if this bound is sharp: his question is completely
answered by the above theorem.
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[7] E. E. Enochs and J. A. López-Ramos, Kaplansky classes, Rend. Sem. Mat. Univ. Padova

107 (2002), 67–79.

[8] J. Gillespie, The flat model structure on complexes of sheaves, Trans. Amer. Math. Soc.
358(7) (2006), 2855–2874. DOI: 10.1090/S0002-9947-06-04157-2.

[9] J. Gillespie, Cotorsion pairs and degreewise homological model structures, Homology Homo-

topy Appl. 10(1) (2008), 283–304. DOI: 10.4310/HHA.2008.v10.n1.a12.
[10] J. Gillespie, The derived category with respect to a generator, Ann. Mat. Pura Appl. (4)

195(2) (2016), 371–402. DOI: 10.1007/s10231-014-0468-5.
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[23] P. Nicolás, M. Saoŕın, and A. Zvonareva, Silting theory in triangulated categories with

coproducts, J. Pure Appl. Algebra 223(6) (2019), 2273–2319. DOI: 10.1016/j.jpaa.2018.07.
016.

[24] U. Oberst, Duality theory for Grothendieck categories and linearly compact rings, J. Algebra
15(4) (1970), 473–542. DOI: 10.1016/0021-8693(70)90051-7.
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[36] S. Virili, On the exactness of products in the localization of (Ab.4∗) Grothendieck categories,
J. Algebra 470 (2017), 37–67. DOI: 10.1016/j.jalgebra.2016.08.019.

[37] C. A. Weibel, An Introduction to Homological Algebra, Cambridge Stud. Adv. Math. 38,
Cambridge University Press, Cambridge, 1994. DOI: 10.1017/CBO9781139644136.

[38] X. Yang and N. Ding, On a question of Gillespie, Forum Math. 27(6) (2015), 3205–3231.

DOI: 10.1515/forum-2013-6014.

Dolors Herbera
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