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THE REVERSE HÖLDER INEQUALITY FOR Ap(·) WEIGHTS

WITH APPLICATIONS TO MATRIX WEIGHTS
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Abstract: In this paper we prove a reverse Hölder inequality for the variable exponent Muckenhoupt

weights Ap(·), introduced in [8]. All of our estimates are quantitative, showing the dependence of

the exponent function on the Ap(·) characteristic. As an application, we use the reverse Hölder

inequality to prove that the matrix Ap(·) weights, introduced in [10], have both a right and left-
openness property. This result is new even in the scalar case.
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1. Introduction

In this paper, we develop the structure theory of weights in the variable ex-
ponent setting by proving a version of the reverse Hölder inequality for the class
of Ap(·) weights. Before stating our main theorem, we sketch earlier results to provide
some context. The study of Ap weights dates back to the early 1970s, when Mucken-
houpt ([22]) proved the Hardy–Littlewood maximal operator is bounded on Lp(v) if
and only if v ∈ Ap. Given 1 < p <∞, a weight v is a (scalar) Ap weight if

[v]Ap := sup
Q

 
Q

v(x) dx

( 
Q

v(y)1−p′ dy

)p−1

<∞,

where the supremum is taken over all cubes Q ⊂ Rn. A rich structural theory for these
weights developed quickly (see [14, 16, 17]). The fine properties of Ap weights play
an important role in many of their applications. Of particular interest is the reverse
Hölder inequality, introduced by Coifman and Fefferman [3]. They used it to give a
simpler proof that the Hardy–Littlewood maximal operator is bounded, and to prove
that singular integral operators are bounded on Lp(v) for v ∈ Ap. They showed that
given a weight v ∈ Ap, there exist constants C and r > 1 such that for all cubes Q,

 
Q

v(x)r dx ≤ C
( 

Q

v(x) dx

)r
.

This is called a reverse Hölder inequality since the opposite inequality is just a normal-
ized version of Hölder’s inequality. By Hölder’s inequality, it follows at once from the
definition that the Ap classes are nested: Ap ⊂ Aq for all q > p. Moreover, as a conse-
quence of the reverse Hölder inequality, they are left-open: if v ∈ Ap, then v ∈ Ap−ε
for some ε > 0.
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To generalize Ap weights to the variable Lebesgue spaces we need to define an
alternative version of Ap, which we denote by Ap. Given 1 < p <∞, a weight w is a
scalar Ap weight if

[w]Ap := sup
Q

( 
Q

w(x)p dx

) 1
p
( 

Q

w(y)−p
′
dy

) 1
p′

<∞.

Notice that w ∈ Ap if and only if v = wp ∈ Ap with [w]Ap
= [v]

1
p

Ap
. The definition of

classical Ap weights is based on viewing the weight v as a measure in the Lp(v) norm,
i.e., defining

‖f‖Lp(v) =

(ˆ
Rn

|f(x)|p v(x) dx

) 1
p

.

On the other hand, the definition of Ap is based on viewing the weight w = v
1
p as a

multiplier, i.e., we define the Lp(w) norm by

‖f‖Lp(w) = ‖wf‖Lp(Rn) =

(ˆ
Rn

|w(x)f(x)|p dx
) 1

p

.

This approach of using weights as multipliers was first adopted by Muckenhoupt and
Wheeden ([23]) to define the “off-diagonal” Ap,q weights used with fractional integral
operators. One consequence of this approach is that the “duality” of the weights
has a much more symmetric expression: with this definition, w ∈ Ap if and only

if w−1 ∈ Ap′ , whereas in the classical case, v ∈ Ap if and only if v1−p′ = v−p
′/p ∈ Ap′ .

The Ap weights also satisfy a reverse Hölder inequality: this follows at once from
the classical reverse Hölder applied to the weight v = wp:

(1.1)

( 
Q

w(x)rp dx

) 1
rp

≤ Cp
( 

Q

w(x)p dx

) 1
p

.

Since w ∈ Ap and w−1 ∈ Ap′ we can use this inequality to show that the class Ap
is both right and left-open: there exists ε > 0 such that w ∈ Ap−ε and w ∈ Ap+ε.
However, unlike the classical Ap weights, the Ap weights are not nested. For example,

on the real line, if we let w(x) = |x|− 1
2 , then w ∈ Ap for 1 < p < 2, but not for p ≥ 2.

The definition of Ap weights leads to a natural generalization in the variable ex-
ponent setting. We can rewrite the definition of [w]Ap

using Lp norms, i.e.,

[w]Ap
= sup

Q
|Q|−1‖wχQ‖Lp(Rn)‖w−1χQ‖Lp′ (Rn),

and then replace the Lp norms with variable exponent Lp(·) norms. Given an exponent
function p(·), a weight w is an Ap(·) weight if

[w]Ap(·) := sup
Q
|Q|−1‖wχQ‖Lp(·)(Rn)‖w−1χQ‖Lp′(·)(Rn) <∞.

(See Section 2 for the definitions of exponent functions and variable Lebesgue spaces.)
In [8], the first author, Fiorenza, and Neugebauer proved the Hardy–Littlewood
maximal operator satisfies strong and weak-type weighted norm inequalities if and
only if w ∈ Ap(·). (See also [5, 6].) Much less is known about the fine properties
of Ap(·) weights than in the constant exponent setting, though the first author and
Wang ([12]) proved that Rubio de Francia extrapolation holds for Ap(·) weights.

In this paper we begin the study of the fine properties of Ap(·) weights. In our
main result, we prove that they satisfy a reverse Hölder inequality defined in terms of
variable Lebesgue space norms. For brevity, here we omit some technical definitions:
see Section 2 for precise details.
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Theorem 1.1. Let p(·) ∈ P(Rn) ∩ LH(Rn) with p+ < ∞ and let w be a scalar
Ap(·) weight. Then there exists a constant Cp(·) and an exponent r > 1 such that for
all cubes Q ⊂ Rn,

(1.2) |Q|−
1

rpQ ‖wχQ‖Lrp(·)(Rn) ≤ Cp(·)|Q|
− 1

pQ ‖wχQ‖Lp(·)(Rn);

in particular, we may take

Cp(·) = C∗[w]

C∞p+

p2−
(p++1)

Ap(·)
,

where C∗ = C(n, p(·), C∞, CD, C0, D1, D2), and

r = 1 +
1

C∗[w]

(
1+2

C∞p+
p∞p−

)
p+

Ap(·)

,

where C∗ = C(n, p(·), C∞, CD).

The statement of Theorem 1.1 is analogous to the quantitative versions in the con-
stant exponent case. In [19, Theorem 2.3], the authors give a quantitative expression
for the sharp reverse Hölder exponent in terms of the so-called Fujii–Wilson A∞ con-
stant, namely, r = 1 + 1

τd[w]′A∞−1 . In [20, Theorem 1.1], the authors give a different

proof of the sharp reverse Hölder exponent in spaces of homogeneous type, giving
the sharp quantitative expression for τd, namely, τd = 2d+1. In [4, Theorem 3.2],
the author proved a weaker version with a constant in terms of the Ap constant. See
Lemma 4.1 below.

Remark 1.2. When p(·) = p is constant, inequality (1.2) reduces to inequality (1.1).

To see this, note that |Q|
1

pQ ≈ ‖χQ‖Lp(·)(Rn), and when p(·) is constant this be-

comes |Q|
1
p . (See Lemma 2.10 below.) We note, however, that the constant Cp(·) does

not reduce to the one gotten in the constant exponent case. See Remark 4.3 for
details.

As a consequence of the reverse Hölder inequality, we can prove that the class of
Ap(·) weights is both right and left-open.

Corollary 1.3. Given p(·) ∈ P(Rn)∩LH(Rn) with p+ <∞ and a weight w ∈ Ap(·),
there exists r > 1 such that for all s ∈ [1, r], w ∈ Asp(·).

Corollary 1.4. Given p(·) ∈ P(Rn) ∩ LH(Rn) with p− > 1 and a weight w ∈ Ap(·),
there exists r > 1 such that for all s ∈ [1, r], if q′(·) = sp′(·), then w ∈ Aq(·).

We will actually derive these results as special cases of the corresponding results
for matrix weights in the variable exponent setting. Recall that the study of ma-
trix Ap weights began with Nazarov, Treil, and Volberg in the 1990s (see [24, 27]).
They defined the matrix Ap condition and proved bounds for the Hilbert transform
on matrix weighted Lp spaces. The definition of matrix Ap was originally stated in
terms of norm functions, but Roudenko gave in [26] an equivalent definition of Ap
strictly in terms of matrices. Given 1 < p < ∞, a matrix weight V is a d × d ma-
trix function that is positive-definite (and so invertible) almost everywhere. It is a
matrix Ap weight if

[V ]Ap
:= sup

Q

 
Q

( 
Q

|V
1
p (x)V

− 1
p′ (y)|p

′

op dy

) p
p′

dx <∞.

When d = 1 this reduces the classical scalar Ap condition. These matrix weights have
some fine properties in common with scalar weights: for example, they are nested,
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with matrix Ap contained in matrix Aq if q > p. (See [18, Proposition 5.5].) However,
one property fails: they are not left-open. Bownik gave an explicit example of a matrix
weight V ∈ A2 that is not in Ap for any p < 2; see [1, Corollary 4.3]. (The introduction
of this paper also gives a good summary of the properties of scalar weights that do
and do not extend to matrix weights.)

As in the scalar setting, and with the same motivation, we define an alternative
class to matrix Ap, which we again denote by Ap. Beginning with Nazarov, Treil, and
Volberg, the norm in Lp(V ) was written

‖f‖Lp(V ) =

(ˆ
Rn

|V
1
p (x)f(x)|p dx

) 1
p

.

If we instead write the norm as

‖f‖Lp(W ) = ‖Wf‖Lp(Rn) =

(ˆ
Rn

|W (x)f(x)|p dx
) 1

p

,

then we are led to the following alternative definition, first adopted by Bownik and
the first author [2]. Given 1 < p <∞, a matrix weight W is a matrix Ap weight if

[W ]Ap
:= sup

Q

( 
Q

( 
Q

|W (x)W−1(y)|p
′

op dy

)p/p′
dx

) 1
p

<∞.

The relationship between matrix Ap and Ap is the same as in the scalar setting: given

a matrix weight V ∈ Ap, W = V
1
p ∈ Ap, with [W ]Ap = [V ]

1
p

Ap
. The Ap classes are not

nested: in R, consider a diagonal matrix whose diagonal entries are |x|− 1
2 . However,

in contrast to Roudenko’s Ap classes, they are both right and left-open. This is a
consequence of our results below.

This definition can also be rewritten using Lp norms, i.e.,

[W ]Ap
= sup

Q
|Q|−1‖‖|W (x)W−1(y)|opχQ(y)‖

Lp′
y (Rn)

χQ(x)|Lp
x(Rn).

This definition generalizes to variable Lebesgue spaces: given an exponent function p(·),
an invertible matrix weight W is a matrix Ap(·) weight if

[W ]Ap(·) := sup
Q
|Q|−1‖‖|W (x)W−1(y)|opχQ(y)‖

L
p′(·)
y (Rn)

χQ(x)‖
L

p(·)
x (Rn)

<∞.

We introduced the class Ap(·) in [10], where we used it to study the boundedness of av-
eraging and convolution operators on Lp(W ). Here, as an application of Theorem 1.1,
we show that they are both right and left-open.

Theorem 1.5. Given p(·) ∈ P(Rn) ∩ LH(Rn) with p+ < ∞ and a matrix weight
W : Rn → Sd, if W ∈Ap(·), then there exists r > 1 such that for all s ∈ [1, r], W ∈
Asp(·).

Theorem 1.6. Given p(·) ∈ P(Rn) ∩ LH(Rn) with p− > 1 and a matrix weight
W : Rn → Sd, suppose W ∈Ap(·). Then there exists r>1 such that for all s∈ [1, r], if
q′(·) = sp′(·), then W ∈ Aq(·).

The remainder of this paper is organized as follows. In Section 2, we state the
relevant definitions and lemmas about variable Lebesgue spaces. All of these results
are known; we keep very careful track of the constants, and in one case, Lemma 2.11,
we give a new proof in order to clearly determine the constants (or more precisely,
what the constants depend on). In Section 3, we prove several technical lemmas about
scalar Ap(·) weights. Again, these results are not new; they appeared previously in [8].
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However, their proofs were qualitative and since we need to have quantitative esti-
mates on the constants, we give detailed proofs. In Section 4, we prove Theorem 1.1.
The proof is extremely technical and depends on a sharp version of the reverse Hölder
inequality for scalar Ap weights: see Lemma 4.1. In both Sections 3 and 4 we make
repeated normalization arguments to control the constants. In particular, our proofs
initially seem to show that the constants depend on ‖wχQ0

‖Lp(·)(Rn), where Q0 is a
fixed cube centered at the origin, but we are able to remove this dependence. This
plays an important role in the proofs for matrix weights: see Lemma 5.11. We note
that in the proof of the weighted norm inequalities for the maximal operator in [8]
this same dependence appears, but our normalization argument can be used to re-
move it, so that the constant only depends on the Ap(·) characteristic of the weight.
This leads to the problem of determining the sharp dependence on this constant. In
Section 5, we give the relevant definitions for matrix weights and prove several key
lemmas related to averaging operators. Lastly, in Section 6, we prove Theorems 1.5
and 1.6.

Throughout this paper, we will use the following notation. We use n to denote the
dimension of the Euclidean space Rn, and d will denote the dimension of matrix and
vector-valued functions. When we use cubes Q, we assume their sides are parallel to
the coordinate axes. Given two values A and B, we will write A . B if there exists a
constant c such that A ≤ cB. We write A ≈ B if A . B and B . A. We will often
indicate the parameters constants depend on by writing, for example, C(n, p(·)). By
a (scalar) weight w we mean a non-negative, locally integrable function such that
0 < w(x) <∞ almost everywhere.

2. Preliminaries

In this section we give the basic definitions and lemmas about variable Lebesgue
spaces. We refer the reader to [7, 13] for the proofs of many of these results, as well
as a thorough treatment of variable Lebesgue spaces.

An exponent function is a Lebesgue measurable function p(·) : Rn → [1,∞]. Denote
the collection of all exponent functions on Rn by P(Rn). Given a set E ⊆ Rn, define

p+(E) = ess sup
x∈E

p(x) and p−(E) = ess inf
x∈E

p(x).

For brevity, we will write p+ = p+(Rn) and p− = p−(Rn). If 0 < |E| <∞, define the
harmonic mean of p(·) on E, denoted pE , by

1

pE
=

 
E

1

p(x)
dx.

Define the conjugate exponent function to p(·), denoted p′(·), by

1

p(x)
+

1

p′(x)
= 1,

for all x ∈ Rn, where we use the convention that 1/∞ = 0.

Given p(·) ∈ P(Rn), define the modular associated with p(·) by

ρp(·)(f) =

ˆ
Rn\Ω∞

|f(x)|p(x) dx+ ‖f‖L∞(Ω∞),

where Ω∞ = {x ∈ Rn : p(x) =∞}. Define Lp(·)(Rn) to be the collection of Lebesgue
measurable functions f : Rn → R such that

‖f‖Lp(·)(Rn) := inf{λ > 0 : ρp(·)(f/λ) ≤ 1} <∞.
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If f depends on two variables, x and y, we specify which variable the norm is taken

with respect to with subscripts, e.g., L
p(·)
x and L

p(·)
y .

Given a weight w, define Lp(·)(w) to be the collection of Lebesgue measurable
functions f : Rn → R such that

‖f‖Lp(·)(w) := ‖wf‖Lp(·)(Rn) <∞.
We now state some important lemmas about variable Lebesgue spaces.

Lemma 2.1 ([7, Corollary 2.23]). Let p(·) ∈ P(Rn) with p+ <∞. If ‖f‖Lp(·)(Rn) > 1,
then

ρp(·)(f)
1

p+ ≤ ‖f‖Lp(·)(Rn) ≤ ρp(·)(f)
1

p− .

If 0 < ‖f‖Lp(·)(Rn) ≤ 1, then

ρp(·)(f)
1

p− ≤ ‖f‖Lp(·)(Rn) ≤ ρp(·)(f)
1

p+ .

Lemma 2.2 ([7, Proposition 2.21]). Let p(·)∈P(Rn). If f ∈Lp(·)(Rn) is such that
‖f‖Lp(·)(Rn) > 0, then ρp(·)(f/‖f‖Lp(·)(Rn)) ≤ 1. Furthermore, ρp(·)(f/‖f‖Lp(·)(Rn)) =

1 for all non-trivial f ∈ Lp(·)(Rn) if and only if p+(Rn\Ω∞) <∞.

Lemma 2.3 ([7, Theorem 2.26]). Given p(·) ∈ P(Rn), for all f ∈ Lp(·)(Rn) and

g ∈ Lp′(·)(Rn), fg ∈ L1(Rn) withˆ
Rn

|f(x)g(x)| dx ≤ Kp(·)‖f‖Lp(·)‖g‖Lp′(·) ,

where Kp(·) is a constant depending only on p(·). If p+ < ∞, then Kp(·) ≤ 3; if
1 < p− ≤ p+ <∞, then Kp(·) ≤ 2.

Lemma 2.4 ([7, Corollary 2.28]). Given p(·), q(·) ∈ P(Rn) define r(·) ∈ P(Rn) by

1

q(x)
=

1

p(x)
+

1

r(x)

for x ∈ Rn. Then there exists a constant K = Kp(·)/q(·) + 1 such that for all f ∈
Lp(·)(Rn) and g ∈ Lr(·)(Rn), fg ∈ Lq(·)(Rn) with

‖fg‖Lq(·)(Rn) ≤ K‖f‖Lp(·)(Rn)‖g‖Lr(·)(Rn).

Next, we define log-Hölder continuity, which is an important hypothesis for our
results.

Definition 2.5. A function u(·) : Rn → R is locally log-Hölder continuous, denoted
by u(·) ∈ LH0(Rn), if there exists a constant C0 such that for all x, y ∈ Rn with |x−
y| < 1/2,

|u(x)− u(y)| ≤ C0

− log(|x− y|)
.

We say that u(·) is log-Hölder continuous at infinity, denoted u(·)∈LH∞(Rn), if there
exist constants C∞ and u∞ such that for all x ∈ Rn,

|u(x)− u∞| ≤
C∞

log(e+ |x|)
.

If u(·) is log-Hölder continuous locally and at infinity, we denote this by u(·)∈LH(Rn).

Remark 2.6. When p+ = ∞, it is more natural to assume that 1/p(·) ∈ LH(Rn),
instead of assuming p(·) ∈ LH(Rn). But it is well known (see [7, Proposition 2.3])
that if p+ <∞, then p(·) ∈ LH(Rn) if and only if 1/p(·) ∈ LH(Rn).
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The following lemma connects local log-Hölder continuity to a condition on cubes.
We refer to this lemma as the Diening condition, as he first proved this result.

Lemma 2.7 ([7, Lemma 3.24], [13, Lemma 4.1.6]). Let p(·) ∈ P(Rn) with p+ <∞.
If p(·) ∈ LH0(Rn), then there exists a constant CD such that for all cubes Q ⊂ Rn,

|Q|p−(Q)−p+(Q) ≤ CD.

In fact, we may take CD = max{(2
√
n)n(p+−p−), exp(C0(1 + log2

√
n))}.

The following lemma is a variant of the Diening condition. The proof follows the
same arguments with very little modification. We leave the details to the reader.

Lemma 2.8. Let p(·) ∈ P(Rn) with p+ <∞. If p(·) ∈ LH0(Rn), then for all cubes Q
and all x, y ∈ Q,

|Q|−|p(x)−p(y)| ≤ CD.
Moreover, if |Q| ≤ 1, then for any x ∈ Q,

|Q|−1 ≤ C
1

p−
D |Q|

− p(x)
pQ and |Q|−

p(x)
pQ ≤ C

1
p−
D |Q|

−1.

Our next result lets us relate the norm of the characteristic function of a cube to its
measure. The result is stated in terms of the Ap(·) condition, given in Definition 3.1
below; we state the special case needed here. Given p(·) ∈ P(Rn), we say that 1 ∈ Ap(·)
if

[1]Ap(·) = sup
Q
|Q|−1‖χQ‖Lp(·)(Rn)‖χQ‖Lp′(·)(Rn) <∞.

Remark 2.9. If p+ < ∞ and p(·) ∈ LH(Rn), then 1 ∈ Ap(·); but this condition is
strictly weaker than log-Hölder continuity. See [7, Proposition 4.57, Example 4.59];
note that there this condition is referred to as the K0 condition.

Lemma 2.10 ([11, Proposition 3.8]). Given p(·) ∈ P(Rn) such that p+ <∞ and 1 ∈
Ap(·), for any cube Q,

1

2Kp(·)
|Q|

1
pQ ≤ ‖χQ‖Lp(·)(Rn) ≤ 4K2

p(·)[1]Ap(·) |Q|
1

pQ .

In particular, this holds if p(·) ∈ LH(Rn).

Lemma 2.11 ([13, Corollary 4.5.9]). Let p(·) ∈ P(Rn) with 1/p(·) ∈ LH(Rn). Then
there exist constants D1 and D2 such that for every cube Q with |Q| ≥ 1,

|Q|
1

p∞ ≤ D1‖χQ‖Lp(·)(Rn),

and

‖χQ‖Lp(·)(Rn) ≤ D2|Q|
1

p∞ .

The constants D1 and D2 depend only on n, p(·), and the log-Hölder constant of 1/p(·).

We provide the proof of this lemma to track the constants; it is somewhat simpler
than the one given in [13].

Proof: Fix a cube Q with |Q| ≥ 1. By Lemma 2.10, it will suffice to show that

|Q|
1

pQ ≈ |Q|
1

p∞ , or equivalently,

(2.1)

∣∣∣∣ 1

pQ
− 1

p∞

∣∣∣∣ log |Q| ≤ C,
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where C depends on n and the log-Hölder constant of 1/p(·). By the definition of pQ
and the LH∞ condition on 1/p(·),∣∣∣∣ 1

pQ
− 1

p∞

∣∣∣∣ =

∣∣∣∣ 
Q

1

p(x)
− 1

p∞
dx

∣∣∣∣ ≤  
Q

D∞
log(e+ |x|)

dx,

where D∞ is the LH∞ constant of 1/p(·). Let P be a cube centered at the origin
with `(P ) = `(Q), fix R =

√
n`(P ), and let B0 = B(0, R/2). Then P ⊂ B0. Since

the integrand increases if we move from an arbitrary cube to a cube centered at the
origin with the same side length, we have 
Q

D∞
log(e+ |x|)

dx ≤
 
P

D∞
log(e+ |x|)

dx

≤
(√

n

2

)n
vn

 
B0

D∞
log(e+ |x|)

dx,

where vn is the volume of the unit ball in Rn. If we convert to spherical coordinates
with r = Rs and s ∈ (0, 1), we get

=

(√
n

2

)n
vn

ˆ 1

0

D∞s
n−1

log(e+Rs)
ds

≤
(√

n

2

)n
vnD∞

(ˆ 1/
√
R

0

ds

log(e+Rs)
+

ˆ 1

1/
√
R

ds

log(e+Rs)

)

≤
(√

n

2

)n
vnD∞

(
1√
R

+
1

log(e+
√
R)

)

≤ 2

(√
n

2

)n
vnD∞

1

log(
√
R)

= 4n

(√
n

2

)n
vnD∞

1

log(|Q|)
;

in the second to last inequality we used the fact that log(x) ≤ x for all x ≥ 1. This

proves inequality (2.1) with C = 4n
(√n

2

)n
vnD∞.

The following lemma allows us to replace variable exponents with constant ones, and
vice versa, at the cost of a remainder term. This result was proved in [7, Lemma 3.26]
for the Lebesgue measure, but the same proof works for a general non-negative mea-
sure µ.

Lemma 2.12. Let u(·) : Rn → [0,∞) be such that u(·) ∈ LH∞(Rn) and 0 < u∞ <∞,
and for t > 0, let Rt(x) = (e+ |x|)−nt. Then for any non-negative measure µ, for any
set E with µ(E) <∞, and any function F with 0 ≤ F (y) ≤ 1 for y ∈ E,

ˆ
E

F (y)u(y) dµ ≤ entC∞
ˆ
E

F (y)u∞ dµ+

ˆ
E

Rt(y)u− dµ,

and
ˆ
E

F (y)u∞ dµ ≤ entC∞
ˆ
E

F (y)u(y) dµ+

ˆ
E

Rt(y)u− dµ.
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3. Lemmas for scalar Ap(·) weights

In this section we define the scalar Ap(·) weights and prove a number of important,
quantitative lemmas about them. All of these results were proved in [8], but the
proofs were qualitative and did not keep careful track of the constants. Because precise
estimates are necessary for our proofs in Section 4, we give detailed proofs here.

Definition 3.1. Given p(·) ∈ P(Rn), define scalar Ap(·) to be the set of scalar
weights w such that

[w]Ap(·) := sup
Q
|Q|−1‖wχQ‖Lp(·)(Rn)‖w−1χQ‖Lp′(·)(Rn) <∞,

where the supremum is taken over all cubes Q ⊂ Rn.

Lemma 3.2 ([8, Lemma 3.2]). Let p(·) ∈ P(Rn)∩LH(Rn) and w ∈ Ap(·). Then, for
all cubes Q and all measurable sets E ⊂ Q,

|E|
|Q|
≤ Kp(·)[w]Ap(·)

‖wχE‖Lp(·)(Rn)

‖wχQ‖Lp(·)(Rn)

.

The original proofs of Lemmas 3.3 and 3.5 yielded a constant that depended on the
norm of the scalar weight w on a fixed cube centered at the origin, but did not track the
dependence on this quantity. Since we needed to remove this dependence in our proof
of the reverse Hölder inequality, it was necessary to carefully track this dependence.
The first lemma is a weighted version of the Diening condition, Lemma 2.7.

Lemma 3.3 ([8, Lemma 3.3]). Given p(·) ∈ P(Rn) ∩ LH(Rn) with p+ < ∞, and a
weight w ∈ Ap(·), there exists a constant L1 such that for all cubes Q ⊂ Rn,

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ L1[w]

p+−p−
Ap(·)

.

We may take the constant L1 to be

L1 = C(n, p(·), C∞)CD max{1, ‖wχQ0‖
p−−p+
Lp(·)(Rn)

},

where Q0 = Q(0, 2e).

Proof: Fix a cube Q. Let Q0 = Q(0, 2e). We first assume that ‖wχQ0
‖Lp(·)(Rn) = 1; we

will treat the general case below by homogeneity. Further, if ‖wχQ‖Lp(·)(Rn) ≥ 1, then

the desired inequality is immediate, so we assume ‖wχQ‖Lp(·)(Rn) < 1. We consider
multiple cases according to the relative sizes of Q and Q0 and their relative distance
to each other.

For the first case, suppose |Q| ≤ |Q0| and dist(Q,Q0) ≤ `(Q0). Then Q ⊂ 5Q0.
Thus, by Lemma 2.3 and the Ap(·) condition,

|Q| =
ˆ
Q

w(x)w−1(x) dx

≤ Kp(·)‖wχQ‖Lp(·)(Rn)‖w−1χQ‖Lp′(·)(Rn)

≤ Kp(·)(10e)n‖wχQ‖Lp(·)(Rn)|5Q0|−1‖w−1χ5Q0
‖Lp′(·)(Rn)

≤ Kp(·)(10e)n[w]Ap(·)‖wχQ‖Lp(·)(Rn)‖wχ5Q0
‖−1
Lp(·)(Rn)

.

Since ‖wχQ0‖Lp(·)(Rn) = 1, we have ‖wχ5Q0‖−1
Lp(·)(Rn)

≤ ‖wχQ0‖−1
Lp(·)(Rn)

= 1. Thus,

|Q| ≤ Kp(·)(10e)n[w]Ap(·)‖wχQ‖Lp(·)(Rn).
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If we rearrange terms, raise both sides to the power p+(Q) − p−(Q), and apply
Lemma 2.7, we get

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ (Kp(·)(10e)n[w]Ap(·))

p+(Q)−p−(Q)|Q|p−(Q)−p+(Q)

≤ C(n, p(·))CD[w]
p+−p−
Ap(·)

.

For the second case, suppose |Q| ≤ |Q0| and dist(Q,Q0) > `(Q0). In this case,

define Q̃ = Q(0, 2 dist(Q,Q0)). Then Q,Q0 ⊂ Q̃ and `(Q̃) ≤ 2 dist(Q, 0). Repeating

the argument in the first case, with Q̃ instead of 5Q0, we get

|Q| ≤ Kp(·)‖wχQ‖Lp(·)(Rn)‖w−1χQ‖Lp′(·)(Rn)

≤ Kp(·)|Q̃|‖wχQ‖Lp(·)(Rn)|Q̃|−1‖w−1χQ̃‖Lp′(·)(Rn)

≤ Kp(·)|Q̃|[w]Ap(·)‖wχQ‖Lp(·)(Rn)‖wχQ̃‖
−1
Lp(·)(Rn)

.

Since Q0 ⊂ Q̃ and ‖wχQ0
‖Lp(·)(Rn) = 1, we have ‖wχQ̃‖

−1
Lp(·)(Rn)

≤ ‖wχQ0
‖−1
Lp(·)(Rn)

=

1. Thus,

|Q| ≤ Kp(·)[w]Ap(·) |Q̃|‖wχQ‖Lp(·)(Rn).

As before, if we rearrange terms and raise both sides to the power p+(Q) − p−(Q),
we get

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ (Kp(·)[w]Ap(·))

p+−p− |Q|p−(Q)−p+(Q)|Q̃|p+(Q)−p−(Q)

≤ (Kp(·)[w]Ap(·))
p+−p−CD|Q̃|p+(Q)−p−(Q).

We now estimate |Q̃|p+(Q)−p−(Q). Define dQ = dist(Q, 0). Since p(·) ∈ LH(Rn),

p(·) is continuous on Rn. Since Q ⊂ Q̃, by the continuity of p(·), there exists x1, x2

in the closure of Q such that p(x1) = p+(Q) and p(x2) = p−(Q). Moreover, |x1| ≥ dQ
and |x2| ≥ dQ. Thus, by the LH∞ condition,

p+(Q)− p−(Q) ≤ |p(x1)− p∞|+ |p(x2)− p∞|

≤ C∞
log(e+ |x1|)

+
C∞

log(e+ |x2|)

≤ 2C∞
log(e+ dQ)

.

Also, by our choice of Q̃,

|Q̃| = `(Q̃)n ≤ (2 dist(Q, 0))n = 2ndnQ ≤ 2n(e+ dQ)n.

Thus,

|Q̃|p+(Q)−p−(Q) ≤ (2n(e+ dQ)n)p+(Q)−p−(Q)

≤ 2n(p+−p−)(e+ dQ)2nC∞/ log(e+dQ)

= 2n(p+−p−)e2nC∞ .

Hence,

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ (Kp(·)[w]Ap(·))

p+−p−CD2n(p+−p−)e2nC∞

= C(n, p(·), C∞)CD[w]
p+−p−
Ap(·)

.
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The third case is similar to the first. Suppose |Q| > |Q0| and dist(Q,Q0) ≤ `(Q).
Then Q0 ⊂ 5Q. Thus, by Lemma 2.3 and the Ap(·) condition,

|Q| ≤ Kp(·)‖wχQ‖Lp(·)(Rn)‖w−1χQ‖Lp′(·)(Rn)

≤ Kp(·)|5Q|‖wχQ‖Lp(·)(Rn)|5Q|−1‖w−1χ5Q‖Lp′(·)(Rn)

≤ Kp(·)|5Q|[w]Ap(·)‖wχQ‖Lp(·)(Rn)‖wχ5Q‖−1
Lp(·)(Rn)

= Kp(·)5
n|Q|[w]Ap(·)‖wχQ‖Lp(·)(Rn)‖wχ5Q‖−1

Lp(·)(Rn)
.

Since Q0 ⊂ 5Q, we have ‖wχ5Q‖−1
Lp(·)(Rn)

≤ ‖wχQ0‖−1
Lp(·)(Rn)

= 1. Thus,

|Q| ≤ Kp(·)5
n|Q|[w]Ap(·)‖wχQ‖Lp(·)(Rn).

Rearranging terms and raising both sides to the power p+(Q)− p−(Q), we get

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ (5nKp(·)[w]Ap(·))

p+−p−

= C(n, p(·))[w]
p+−p−
Ap(·)

.

For the last case, suppose |Q| > |Q0| and dist(Q,Q0) > `(Q). Define Q̃ as in the
second case. If we follow a similar argument to that in the second case, we get

|Q| ≤ Kp(·)‖wχQ‖Lp(·)(Rn)‖w−1χQ‖Lp′(·)(Rn)

≤ Kp(·)|Q̃|‖wχQ‖Lp(·)(Rn)|Q̃|−1‖w−1χQ̃‖Lp′(·)(Rn).

Since Q0 ⊂ Q̃, ‖wχQ̃‖
−1
Lp(·)(Rn)

≤ ‖wχQ0
‖−1
Lp(·)(Rn)

= 1. Thus,

|Q| ≤ Kp(·)|Q̃|[w]Ap(·)‖wχQ‖Lp(·)(Rn).

Rearranging terms and raising both sides to the power p+(Q)− p−(Q), we get

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ (Kp(·)[w]Ap(·))

p+−p− |Q|p−(Q)−p+(Q)|Q̃|p+(Q)−p−(Q)

≤ (Kp(·)[w]Ap(·))
p+−p−CD|Q̃|p+(Q)−p−(Q).

As shown in the second case, |Q̃|p+(Q)−p−(Q) ≤ 2n(p+−p−)e2nC∞ . Thus,

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ (Kp(·)[w]Ap(·))

p+−p−CD2n(p+−p−)e2nC∞

= C(n, p(·), C∞)CD[w]
p+−p−
Ap(·)

.

Therefore, we have shown that in every case

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ C(n, p(·), C∞)CD[w]

p+−p−
Ap(·)

,

for all cubes Q, provided ‖wχQ0‖Lp(·)(Rn) = 1.

Now suppose ‖wχQ0
‖Lp(·)(Rn) 6= 1. Define w0 = w/‖wχQ0

‖Lp(·)(Rn). Then

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
= ‖w0χQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
‖wχQ0‖

p−(Q)−p+(Q)

Lp(·)(Rn)

≤ C(n, p(·), C∞)CD[w0]p+−p−‖wχQ0‖
p−(Q)−p+(Q)

Lp(·)(Rn)
.

By the homogeneity of the definition of [w]Ap(·), [w0]Ap(·) =[w]Ap(·). If ‖wχQ0
‖Lp(·)(Rn)>

1, then

‖wχQ0
‖p−(Q)−p+(Q)

Lp(·)(Rn)
< 1.
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If ‖wχQ0
‖Lp(·)(Rn) < 1, then

‖wχQ0
‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ ‖wχQ0

‖p−−p+
Lp(·)(Rn)

.

Consequently,

‖wχQ‖p−(Q)−p+(Q)

Lp(·)(Rn)
≤ C(n, p(·), C∞)CD[w]

p+−p−
Ap(·)

max{1, ‖wχQ0
‖p−−p+
Lp(·)(Rn)

}.

Remark 3.4. The choice of Q0 = Q(0, 2e) is arbitrary, and we could have used any
fixed cube centered at the origin in the proof of Lemma 3.3. We will use the same
estimates in the proof of Lemma 3.5 below, where the choice of Q0 simplifies the
calculations and resulting constants. We choose the same cube Q0 in Lemma 3.3 for
consistency.

The next lemma connects Ap(·) weights to an A∞ condition. We note in passing
that this condition appears closely related to the boundedness of the maximal operator
on weighted variable Lebesgue spaces: see [21].

Lemma 3.5 ([8, Lemma 3.4]). Given p(·) ∈ P(Rn) ∩ LH(Rn) with p+ < ∞, let
w be a scalar weight, and define W(·) = w(·)p(·). If w ∈ Ap(·), then there exists a
constant L2 such that for all cubes Q ⊂ Rn and all measurable sets E ⊂ Q,

|E|
|Q|
≤ L2[w]

1+2
C∞p+
p∞p−

Ap(·)

(
W(E)

W(Q)

) 1
p+

,

where W(E) :=
´
E
W(x) dx = ρp(·)(wχE). In fact, we may take

L2 = C(n, p(·), C∞)C
1

p−
D max{‖wχQ0‖

p−
p+
−1

Lp(·)(Rn)
, ‖wχQ0‖

1− p−
p+

Lp(·)(Rn)
},

where Q0 = Q(0, 2e).

Proof: Fix a cube Q and let E ⊂ Q be measurable. Let Q0 = Q(0, 2e). First assume
that ‖wχQ0

‖Lp(·)(Rn) = 1; we will treat the general case below. We consider several

cases depending on the size of ‖wχQ‖Lp(·)(Rn) and ‖wχE‖Lp(·)(Rn).

For the first case, suppose ‖wχQ‖Lp(·)(Rn) ≤ 1. By Lemmas 3.2, 2.1, and 3.3,

|E|
|Q|
≤ Kp(·)[w]Ap(·)

‖wχE‖Lp(·)(Rn)

‖wχQ‖Lp(·)(Rn)

= Kp(·)[w]Ap(·)

‖wχE‖Lp(·)(Rn)

‖wχQ‖
p−(Q)

p+(Q)

Lp(·)(Rn)
‖wχQ‖

1−
(

p−(Q)

p+(Q)

)
Lp(·)(Rn)

≤ Kp(·)[w]Ap(·)

W(E)
1

p+(E)

W(Q)
1

p+(Q)

‖wχQ‖
p−(Q)

p+(Q)
−1

Lp(·)(Rn)

≤ Kp(·)[w]Ap(·)

(
W(E)

W(Q)

) 1
p+(Q)

‖wχQ‖
p−(Q)−p+(Q)

p+(Q)

Lp(·)(Rn)

≤ Kp(·)[w]Ap(·)

(
W(E)

W(Q)

) 1
p+

L
1

p+(Q)

1 [w]

p+−p−
p+(Q)

Ap(·)

≤ Kp(·)[w]Ap(·)

(
W(E)

W(Q)

) 1
p+

L
1

p−
1 [w]

p+−p−
p−

Ap(·)

= Kp(·)[w]

p+
p−
Ap(·)

L
1

p−
1

(
W(E)

W(Q)

) 1
p+

.



The reverse Hölder inequality for Ap(·) weights 505

For the second case, suppose ‖wχE‖Lp(·)(Rn) ≤ 1 < ‖wχQ‖Lp(·)(Rn). Similarly to

the previous case, we use Lemmas 3.2 and 2.1, and the fact that W(Q) ≥ 1, to get

|E|
|Q|
≤ Kp(·)[w]Ap(·)

‖wχE‖Lp(·)(Rn)

‖wχQ‖Lp(·)(Rn)

≤ Kp(·)[w]Ap(·)

W(E)
1

p+(E)

W(Q)
1

p−(Q)

≤ Kp(·)[w]Ap(·)

W(E)
1

p+(Q)

W(Q)
1

p+(Q)

≤ Kp(·)[w]Ap(·)

(
W(E)

W(Q)

) 1
p+

.

For the last case, suppose λ := ‖wχQ‖Lp(·)(Rn) ≥ ‖wχE‖Lp(·)(Rn) > 1. Then by

Lemma 2.12 with dµ = w(·)p(·) dx, for all t > 0,

ˆ
Q

λ−p∞w(x)p(x) dx ≤ entC∞
ˆ
Q

λ−p(x)w(x)p(x) dx+

ˆ
Q

w(x)p(x)

(e+ |x|)tnp−
dx

= entC∞ρp(·)

(
wχQ
λ

)
+

ˆ
Q

w(x)p(x)

(e+ |x|)tnp−
dx.

By Lemma 2.2, ρp(·)(wχQ/λ) = 1. Now, we need to estimate the second term. For

each k ∈ N, define Qk = Q(0, 2ek+1). Then for each x ∈ Qk\Qk−1,

(e+ |x|)tnp− ≥ |x|tnp− ≥
(

2ek

2

)tnp−
= ektnp− .

By Lemma 2.1 and our assumption that W(Q0) = ‖wχQ0
‖Lp(·)(Rn) = 1, we get

ˆ
Rn

w(x)p(x)

(e+ |x|)tnp−
dx ≤ e−tnp−W(Q0) +

∞∑
k=1

ˆ
Qk\Qk−1

w(x)p(x)

(e+ |x|)tnp−
dx

≤ e−tnp− +

∞∑
k=1

e−kntp−W(Qk) dx

= e−tnp− +

∞∑
k=1

e−kntp−‖wχQk
‖p+
Lp(·)(Rn)

.

Observe that by Lemma 3.2 applied to Qk and Q0,

‖wχQk
‖Lp(·)(Rn) ≤ Kp(·)[w]Ap(·)

|Qk|
|Q0|
‖wχQ0

‖Lp(·)(Rn) = Kp(·)[w]Ap(·)e
kn.
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Combining this with the previous estimate, we getˆ
Q

w(x)p(x)

(e+ |x|)tnp−
dx ≤

ˆ
Rn

w(x)p(x)

(e+ |x|)tnp−
dx

≤ e−tnp−W(Q0) +

∞∑
k=1

e−ktnp−(Kp(·)[w]Ap(·)e
kn)p+

= e−tnp− + (Kp(·)[w]Ap(·))
p+

∞∑
k=1

ek(np+−tnp−).

Note that the sum above converges for any t > p+
p−

. Using the formula for the sum

of a geometric series, we find that
∑∞
k=1 e

k(np+−tnp−) < 1
(Kp(·)[w]Ap(·) )p+ whenever

t >
p+

p−
+

1

np−
log((Kp(·)[w]Ap(·))

p+ + 1).

Choose t1 = p+
p−

+ 1
np−

log(2(Kp(·)[w]Ap(·))
p+) to get

ˆ
Q

λ−p∞w(x)p(x) dx ≤ ent1C∞ + e−t1np− + (Kp(·)[w]Ap(·))
p+

∞∑
k=1

ek(np+−t1np−)

≤ en
C∞p+

p− (2(Kp(·)[w]Ap(·))
p+)

C∞
p− +

e−np+

2(Kp(·)[w]Ap(·))
p+

+ 1

≤ C(n, p(·), C∞)[w]

C∞p+
p−
Ap(·)

+ 2

≤ C(n, p(·), C∞)[w]

C∞p+
p−
Ap(·)

.

Rearranging terms, we get

(3.1) ‖wχQ‖Lp(·)(Rn) = λ ≥ 1

C(n, p(·), C∞)
1

p∞ [w]

C∞p+
p∞p−
Ap(·)

W(Q)
1

p∞ .

We now use a similar procedure, exchanging Q with E and p∞ with p(·). By
Lemmas 2.2 and 2.12, we get

1 =

ˆ
E

‖wχE‖−p(x)

Lp(·)(Rn)
w(x)p(x) dx

≤ entC∞
ˆ
E

‖wχE‖−p∞Lp(·)(Rn)
w(x)p(x) dx+

ˆ
E

w(x)p(x)

(e+ |x|)tnp−
dx.

Define the cubes Qk as before. Then for all s > 0,ˆ
E

w(x)p(x)

(e+ |x|)tnp−
dx ≤ e−snp−W(Q0) +

∞∑
k=1

ˆ
Qk\Qk−1

w(x)p(x)

(e+ |x|)snp−
dx

≤ e−snp− +

∞∑
k=1

e−ksnp−W(Qk)

≤ e−snp− + (Kp(·)[w]Ap(·))
p+

∞∑
k=1

ek(np+−snp−).
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If we find the sum of the geometric series, we find that
∑∞
k=1 e

k(np+−snp−) ≤
1

4(Kp(·)[w]Ap(·) )p+ whenever

s ≥ p+

p−
+

1

np−
log(4(Kp(·)[w]Ap(·))

p+) + 1).

If we choose s1 = p+
p−

+ 1
np−

log(5(Kp(·)[w]Ap(·))
p+), we get

(Kp(·)[w]Ap(·))
p+

∞∑
k=1

ek(np+−snp−) ≤ 1

4
.

Also,

e−s1np− = e−np+e
− log(5(Kp(·)[w]Ap(·) )p+

= e−np+
1

5(Kp(·)[w]Ap(·))
p+
≤ 1

5
,

and so
ˆ
E

w(x)p(x)

(e+ |x|)s1np−
dx ≤ e−s1np− + (Kp(·)[w]Ap(·))

p+

∞∑
k=1

ek(np+−snp−) ≤ 1

5
+

1

4
<

1

2
.

Furthermore,

ens1C∞ = e
nC∞p+

p− (5[w]Ap(·))
nC∞p+

np− = C(n, p(·), C∞)[w]

C∞p+
p−
Ap(·)

.

If we combine all of these estimates, we get

1 ≤ ens1C∞
ˆ
E

‖wχE‖−p∞Lp(·)(Rn)
w(x)p(x) dx+

ˆ
E

w(x)p(x)

(e+ |x|)s1np−
dx

≤ C(n, p(·), C∞)[w]

C∞p+
p−
Ap(·)

‖wχE‖−p∞Lp(·)(Rn)
W(E) +

1

2
.

If we now rearrange terms, we get

(3.2) ‖wχE‖Lp(·)(Rn) ≤ 2
1

p∞ C(n, p(·), C∞)[w]

C∞p+
p∞p−
Ap(·)

W(E)
1

p∞ .

Therefore, by Lemma 3.2 and inequalities (3.1) and (3.2), we get

|E|
|Q|
≤ Kp(·)[w]Ap(·)

‖wχE‖Lp(·)(Rn)

‖wχQ‖Lp(·)(Rn)

≤ Kp(·)[w]Ap(·)2
1

p∞ C(n, p(·), C∞)[w]

C∞p+
p∞p−
Ap(·)

[w]

C∞p+
p∞p−
Ap(·)

(
W(E)

W(Q)

) 1
p∞

≤ C(n, p(·), C∞)[w]
1+2

C∞p+
p∞p−

Ap(·)

(
W(E)

W(Q)

) 1
p+

.

Thus, we have shown that in all cases, if ‖wχQ0
‖Lp(·)(Rn) = 1, we get for all cubes Q

and measurable sets E ⊆ Q,

|E|
|Q|
≤ C(n, p(·), C∞)C

1
p−
D [w]

1+2
C∞p+
p∞p−

Ap(·)

(
W(E)

W(Q)

) 1
p+

.
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Now suppose ‖wχQ0
‖Lp(·)(Rn) 6= 1. Define w0 = w/‖wχQ0

‖Lp(·)(Rn) and W0(·) by

W0(E) =
´
E
w0(x)p(x) dx. Observe that if ‖wχQ0

‖Lp(·)(Rn) < 1, then by Lemma 2.1,

W0(E)

W0(Q)
=

´
E
w0(x)p(x)´

Q
w0(x)p(x)

≤
‖wχQ0

‖−p+
Lp(·)(Rn)

W(E)

‖wχQ0‖
−p−
Lp(·)(Rn)

W(Q)
= ‖wχQ0‖

p−−p+
Lp(·)(Rn)

W(E)

W(Q)
.

Similarly, if ‖wχQ0‖Lp(·)(Rn) > 1, then

W0(E)

W0(Q)
≤ ‖wχQ0

‖p+−p−
Lp(·)(Rn)

W(E)

W(Q)
.

Since [w0]Ap(·) = [w]Ap(·) , we get for all cubes Q and measurable sets E ⊆ Q,

|E|
|Q|
≤ C(n, p(·), C∞)C

1
p−
D [w0]

1+2
C∞p+
p∞p−

Ap(·)

(
W0(E)

W0(Q)

) 1
p+

≤ C(n, p(·), C∞)C
1

p−
D [w]

1+2
C∞p+
p∞p−

Ap(·)

×max{‖wχQ0
‖

p−
p+
−1

Lp(·)(Rn)
, ‖wχQ0

‖
1− p−

p+

Lp(·)(Rn)
}
(
W(E)

W(Q)

) 1
p+

.

This completes the proof.

Remark 3.6. We note in passing that there is a small loss of information in our
proof when we pass back to the constant exponent case. If p(·) = p is constant, then
p− = p∞ = p+ = p, Kp(·) = 1, CD = 1, C∞ = 0, and L1 = 1. The constants in the
first case become

Kp(·)[w]

p+
p−
Ap(·)

L
1

p−
1 = [w]Ap(·) .

For the arguments in the last case, inequality (3.1) simplifies to

‖wχQ‖Lp(Rn) ≥
1

3
1
p

W(Q)
1
p .

Inequality (3.2) simplifies to

‖wχE‖Lp(Rn) ≤ 2
1
pW(E)

1
p .

Thus, our arguments in the last case give

|E|
|Q|
≤ [w]Ap(·)6

1
p

(
W(E)

W(Q)

) 1
p

.

If we use the proof in [4, Lemma 2.5] in the constant exponent setting, we would

expect the constant to be [w]Ap
instead of 6

1
p [w]Ap

. We suspect that this constant
can be eliminated (or at least reduced) by a more careful choice of constants in the
argument, but for our purposes the extra work did not seem necessary.

4. The reverse Hölder inequality in variable Lebesgue spaces

In this section we prove Theorem 1.1. The proof is substantially more difficult than
the proof of the classical reverse Hölder inequality for Muckenhoupt Ap weights. It
requires a careful modular estimate that depends on the size of the cube and the size
of w on the cube. In order to get the final constants, we must keep very careful track
of the constants and then apply a second homogenization argument. Also, at the heart
of the proof we need to apply the classical reverse Hölder inequality to estimate the
modular of w(·)q(·) = w(·)rp(·). We can do so as a consequence of Lemma 3.5. We
state the exact version we need for our proof.
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Lemma 4.1. Let v : Rn → [0,∞) be a weight. Suppose there exist constants δ, C1 > 0
such that for every cube Q and every measurable set E ⊆ Q,

(4.1)
|E|
|Q|
≤ C1

(
v(E)

v(Q)

)δ
.

Then, there exists an exponent r > 1 such that for every cube Q,

(4.2)

 
Q

v(x)r dx ≤ 2

( 
Q

v(x) dx

)r
.

In particular, we can take

r ≤ 1 +
1

2n+2+(1/δ)(n+ 1) log(2)C
1/δ
1

.

Remark 4.2. It is well known that (4.1) is equivalent to v ∈
⋃
p≥1Ap. (See, for

instance, [15, Theorem 3.1]). Inequality (4.2) is then just a version of the sharp reverse
Hölder inequality for Ap weights proved by Hytönen and Pérez [19] and Hytönen,
Pérez, and Rela [20]. This result, however, is given in terms of the so-called Fujii–
Wilson A∞ constant of v. Here we instead use the slightly weaker version proved in [4,
Theorem 3.2].

By tracking the constants in the proof in [4], we see that we get the value of r
given. To compare our r to the one obtained in the proof of [4, Theorem 3.2], we note
that in this work, the author gets r = 1 + ε, where ε satisfies

εa log(a)2p([v]
1
p

Ap
)p ≤ 1

2
,

for any choice of a ≥ 2n+1. The factors of 2p and ([v]
1
p

Ap
)p came from using the

inequality in [4, Lemma 2.5], which is

|E|
|Q|
≤ [v]

1
p

Ap

(
v(E)

v(Q)

) 1
p

,

under the assumption that |Q| ≤ 2|E|. Thus, taking our inequality (4.1), using the

transformation v = wp, and plugging in a = 2n+1, δ = 1
p , and C1 = [v]

1
p

Ap
= [w]Ap

,

we see that our bounds above are the same as those for the reverse Hölder exponent
in [4, Theorem 3.2].

Proof of Theorem 1.1: Fix p(·) ∈ P(Rn) ∩ LH(Rn) with p+ <∞ and w ∈ Ap(·). By
Lemma 3.5, there exists a constant L2 such that for all cubes Q and all measurable
sets E ⊆ Q,

|E|
|Q|
≤ L2[w]

1+2
C∞p+
p∞p−

Ap(·)

(
W(E)

W(Q)

) 1
p+

.

Consequently, by Lemma 4.1, there exists an exponent

r = 1 +
1

2n+2+p+(n+ 1) log(2)(L2[w]
1+2

C∞p+
p∞p−

Ap(·)
)p+

such that for all cubes Q,

(4.3)

 
Q

w(x)rp(x) dx ≤ 2

( 
Q

w(x)p(x) dx

)r
.

We will show that this value of r works for the desired reverse Hölder inequality (1.2).
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Let q(·) = rp(·). By the homogeneity of the Ap(·) condition and the homogeneity

of (1.2), we may assume |Q|−
1

pQ ‖wχQ‖Lp(·)(Rn) = 1. Then it will suffice to show that
there exists a constant C such that

(4.4) ‖|Q|−
1

qQ wχQ‖Lq(·)(Rn) ≤ C

for all cubes Q. Fix a cube Q. We consider two cases.

First suppose |Q| ≤ 1. For all x ∈ Q, q(x)
qQ

= p(x)
pQ

. If ‖|Q|−
1

qQ wχQ‖Lq(·)(Rn) ≤ 1,

then (4.4) holds with C = 1. Therefore, we may assume that ‖|Q|−
1

qQ wχQ‖Lq(·)(Rn) >

1. By Lemma 2.8 and (4.3), we have that

ρq(·)(|Q|
− 1

qQ wχQ) =

ˆ
Q

|Q|−
q(x)
qQ w(x)q(x) dx

=

ˆ
Q

|Q|−
p(x)
pQ w(x)q(x) dx

≤ C
1

p−
D

 
Q

w(x)q(x) dx

≤ 2C
1

p−
D

( 
Q

w(x)p(x) dx

)r
≤ 2C

1
p−
D

(
C

1
p−
D

ˆ
Q

|Q|−
p(x)
pQ w(x)p(x) dx

)r
= 2C

1+r
p−
D ρp(·)(|Q|

− 1
pQ wχQ).

Therefore, by Lemma 2.1 and the above inequality, we have that

‖|Q|−
1

qQ wχQ‖Lq(·)(Rn) ≤ ρq(·)(|Q|
− 1

qQ wχQ)
1

q−

≤ (2C
1+r
p−
D )

1
q− ≤ 2

1
q− C

2r
p−q−
D ≤ 2C

2

p2−
D ≤ 2C2

D.

This proves the first case with C = 2C2
D.

For the second case, suppose |Q| > 1. This estimate is much more technical. Since
p(·) ∈ LH(Rn), we may apply Lemmas 2.10 and 2.11 to get

ρq(·)(|Q|
− 1

qQ wχQ) =

ˆ
Q

|Q|−
q(x)
qQ w(x)q(x) dx

=

ˆ
Q

|Q|−
p(x)
pQ w(x)q(x) dx

≤ (4K2
p(·)[1]Ap(·))

p+

ˆ
Q

‖χQ‖−p(x)

Lp(·)(Rn)
w(x)q(x) dx

≤ (4K2
p(·)[1]Ap(·))

p+

ˆ
Q

D
p+
1 |Q|

− p(x)
p∞ w(x)q(x) dx

= C(p(·), D1)p+
ˆ
Q

|Q|−
p(x)
p∞ w(x)q(x) dx.
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Since |Q| > 1, |Q|−
1

p∞ < 1. Thus, if we treat w(·)q(·) as a measure, then by
Lemma 2.12 we have that for all t > 0,

ˆ
Q

|Q|−
p(x)
p∞ w(x)q(x) dx ≤ entC∞

ˆ
Q

|Q|−1w(x)q(x) dx+

ˆ
Q

w(x)q(x)

(e+ |x|)ntp−
dx

= entC∞
 
Q

w(x)q(x) dx+

ˆ
Q

w(x)q(x)

(e+ |x|)ntp−
dx

≤ entC∞
( 

Q

w(x)p(x) dx

)r
+

ˆ
Q

w(x)q(x)

(e+ |x|)ntp−
dx.

(4.5)

We estimate the two terms in (4.5) separately. We start with the second term.
Define Qk = Q(0, 2ek+1) for k ≥ 0. Then,

ˆ
Q

w(x)q(x)

(e+ |x|)ntp−
dx ≤

ˆ
Rn

w(x)q(x)

(e+ |x|)ntp−
dx

≤ e−ntp−
ˆ
Q0

w(x)q(x) dx+

∞∑
k=1

e−ktnp−
ˆ
Qk\Qk−1

w(x)q(x) dx

≤ e−ntp−
ˆ
Q0

w(x)q(x) dx+

∞∑
k=1

e−ktnp−
ˆ
Qk

w(x)q(x) dx.

Observe that since for all k, |Qk| > 1, we have |Qk|1−r < 1. Thus, for all k ≥ 0,

ˆ
Qk

w(x)q(x) dx = |Qk|
 
Qk

w(x)q(x) dx

≤ 2|Qk|
( 

Qk

w(x)p(x) dx

)r
= 2|Qk|1−rW(Qk)r ≤ 2W(Qk)r.

If we combine this with Lemma 2.1, we get

e−ntp−
ˆ
Q0

w(x)q(x) dx+

∞∑
k=1

e−ktnp−
ˆ
Qk

w(x)q(x) dx

≤ e−ntp−2W(Q0)r + 2

∞∑
k=1

e−kntp−W(Qk)r

≤ 2e−ntp−W(Q0)r + 2

∞∑
k=1

e−kntp− max{1, ‖wχQk
‖rp+
Lp(·)(Rn)

}.

Since w ∈ Ap(·), by Lemma 3.2, for all k ≥ 1,

‖wχQk
‖rp+
Lp(·)(Rn)

≤ (Kp(·)[w]Ap(·))
rp+

(
|Qk|
|Q0|

)rp+
‖wχQ0

‖rp+
Lp(·)(Rn)

= (Kp(·)[w]Ap(·))
rp+eknrp+‖wχQ0

‖rp+
Lp(·)(Rn)

.



512 D. Cruz-Uribe OFS, M. Penrod

Thus,

2e−ntp−W(Q0)r + 2

∞∑
k=1

e−kntp− max{1, ‖wχQk
‖rp+
Lp(·)(Rn)

}

≤ 2e−ntp−W(Q0)r

+2

∞∑
k=1

e−kntp−max{1, (Kp(·)[w]Ap(·))
rp+eknrp+‖wχQ0‖

rp+
Lp(·)(Rn)

}

≤ 2e−ntp−W(Q0)r

+2(Kp(·)[w]Ap(·))
rp+max{1, ‖wχQ0

‖rp+
Lp(·)(Rn)

}
∞∑
k=1

ek(nrp+−ntp−).

(4.6)

For t > rp+
p−

, the sum above converges. By the formula for the sum of a geometric

series, we see that if

t ≥ rp+

p−
+

1

np−
log(2(Kp(·)[w]Ap(·))

rp+ + 1),

we get

2(Kp(·)[w]Ap(·))
rp+

∞∑
k=1

ek(nrp+−ntp−) ≤ 1.

Choose t1 = rp+
p−

+ 1
np−

log(3(Kp(·)[w]Ap(·))
rp+ . Then, by applying Lemma 2.1 to (4.6),

we get

2e−nt1p−W(Q0)r + 2(Kp(·)[w]Ap(·))
rp+ max{1, ‖wχQ0

‖rp+
Lp(·)(Rn)

}
∞∑
k=1

ek(nrp+−nt1p−)

≤ 2e−nt1p−W(Q0)r + max{1, ‖wχQ0‖
rp+
Lp(·)(Rn)

}

≤ 2e−nt1p− max{1, ‖wχQ0
‖rp+
Lp(·)(Rn)

}+ max{1, ‖wχQ0
‖rp+
Lp(·)(Rn)

}

≤ 3 max{1, ‖wχQ0
‖rp+
Lp(·)(Rn)

}.

Hence, we have shown that the second term in (4.5) satisfies

(4.7)

ˆ
Q

w(x)q(x)

(e+ |x|)nt1p−
dx ≤ 3 max{1, ‖wχQ0

‖rp+
Lp(·)(Rn)

}.

We now estimate the first term of (4.5). To estimate the constant, note that our
choice of t1 gives

(4.8) ent1C∞ = e
nC∞rp+

p− (3(Kp(·)[w]Ap(·))
rp+)

C∞p+
p− = C(n, p(·), C∞)[w]

C∞r(p+)2

p−
Ap(·)

.

To estimate the integral, observe that since |Q| > 1, by Lemma 2.12, for all s > 0, 
Q

w(x)p(x) dx =

ˆ
Q

|Q|−
p∞
p∞ w(x)p(x) dx

≤ ensC∞
ˆ
Q

|Q|−
p(x)
p∞ w(x)p(x) dx+

ˆ
Q

w(x)p(x)

(e+ |x|)nsp−
dx.

(4.9)
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If we define Qk = Q(0, 2ek+1) for k ≥ 0 and make a decomposition argument very
similar to the one above, we find that if we choose

s1 =
p+

p−
+

1

np−
log(2(Kp(·)[w]Ap(·))

p+),

then we can estimate the second term in (4.9) as follows:

ˆ
Q

w(x)p(x)

(e+ |x|)ns1p−
dx≤e−ns1p−W(Q0) +

∞∑
k=1

e−kns1p−W(Qk)

≤e−ns1p−W(Q0) +

∞∑
k=1

e−kns1p− max{1, ‖wχQk
‖p+
Lp(·)(Rn)

}

≤e−ns1p−W(Q0)

+(Kp(·)[w]Ap(·))
p+max{1, ‖wχQ0

‖p+
Lp(·)(Rn)

}
∞∑
k=1

e−kns1p−+knp+

≤e−ns1p−W(Q0) + max{1, ‖wχQ0‖
p+
Lp(·)(Rn)

}

≤2 max{1, ‖wχQ0
‖p+
Lp(·)(Rn)

}.

(4.10)

To estimate the first term in (4.9), observe that

(4.11) ens1C∞ = (e
p+
p− (2(Kp(·)[w]Ap(·))

p+)
1

np− )nC∞ = C(n, p(·), C∞)[w]

C∞p+
p−
Ap(·)

.

To estimate the integral in the first term, note that by Lemmas 2.11 and 2.10, for
all x ∈ Q,

|Q|−
p(x)
p∞ ≤ Dp+

2 ‖χQ‖
−p(x)

Lp(·)(Rn)
≤ (2Kp(·))

p+D
p+
2 |Q|

− p(x)
pQ .

Thus,

ˆ
Q

|Q|−
p(x)
p∞ w(x)p(x) dx ≤ (2Kp(·))

p+D
p+
2

ˆ
Q

|Q|−
p(x)
pQ w(x)p(x) dx

= (2Kp(·))
p+D

p+
2 ρp(·)(|Q|

− 1
pQ wχQ) = (2Kp(·))

p+D
p+
2 .

(4.12)

If we combine (4.11), (4.12), and (4.10), we get

 
Q

w(x)p(x) dx ≤ ens1C∞
ˆ
Q

|Q|−
p(x)
p∞ w(x)p(x) +

ˆ
Q

w(x)p(x)

(e+ |x|)ns1p−
dx

≤ C(n, p(·), C∞)D
p+
2 [w]

C∞p+
p−
Ap(·)

+ 2 max{1, ‖wχQ0
‖p+
Lp(·)(Rn)

}

≤ C(n, p(·), C∞, D2)[w]

C∞p+
p−
Ap(·)

max{1, ‖wχQ0‖
p+
Lp(·)(Rn)

}.

(4.13)
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If we now insert estimates (4.8), (4.13), and (4.7) into (4.5), we get

ρq(·)(|Q|
− 1

qQwχQ)≤ C(p(·), D1)

×
(
ent1C∞

(
C(n, p(·), C∞, D2)[w]

C∞p+
p−
Ap(·)

max{1, ‖wχQ0‖
p+
Lp(·)(Rn)

}
)r

+ 3 max{1, ‖wχQ0‖
rp+
Lp(·)(Rn)

}
)

≤ C(n, p(·), C∞, D1, D2)r[w]

C∞r(p+)2

p−
Ap(·)

[w]
r

C∞p+
p−

Ap(·)

×max{1, ‖wχQ0
‖rp+
Lp(·)(Rn)

}+3C(p(·), D1) max{1, ‖wχQ0
‖rp+
Lp(·)(Rn)

}

≤ C(n, p(·), C∞, D1, D2)r[w]

rC∞p+
p−

(p++1)

Ap(·)
max{1, ‖wχQ0

‖rp+
Lp(·)(Rn)

}.

Thus, by Lemma 2.1 and the fact that q− = rp−, we get

|Q|−
1

qQ ‖wχQ‖Lq(·)(Rn) ≤ ρq(·)(|Q|
− 1

qQ wχQ)
1

q−

≤ C(n, p(·), C∞, D1, D2)
r

q− [w]

rC∞p+
q−p−

(p++1)

Ap(·)

×max{1, ‖wχQ0
‖

rp+
q−
Lp(·)(Rn)

}

≤ C(n, p(·), C∞, D1, D2)
1

p− [w]

C∞p+

p2−
(p++1)

Ap(·)

×max{1, ‖wχQ0
‖

p+
p−
Lp(·)(Rn)

}.

This proves (4.4) in the second case.
Therefore, if we combine both cases, undo the homogenization, and insert the

appropriate values into the definition of the constant L2 from Lemma 3.5, we have
that for all cubes Q,

|Q|−
1

qQ ‖wχQ‖Lq(·)(Rn) ≤ J |Q|
− 1

pQ ‖wχQ‖Lp(·)(Rn),

where q(·) = rp(·),

r = 1 +
1

C(n, p(·), C∞, CD)([w]
1+2

C∞p+
p∞p−

Ap(·)
max{‖wχQ0

‖
p−
p+
−1

Lp(·)(Rn)
, ‖wχQ0

‖
1− p−

p+

Lp(·)(Rn)
})p+

,

and

J = C(n, p(·), C∞, CD, D1, D2)[w]

C∞p+

p2−
(p++1)

Ap(·)
max{1, ‖wχQ0

‖
p+
p−
Lp(·)(Rn)

}.

To complete the proof and get the final constants, we must remove the depen-
dence on ‖wχQ0

‖Lp(·)(Rn). We can do this by a normalization argument. Define v =

w/‖wχQ0
‖Lp(·)(Rn). Then ‖vχQ0

‖Lp(·)(Rn) = 1, [v]Ap(·) = [w]Ap(·) , and

(4.14) |Q|−
1

rpQ ‖vχQ‖Lrp(·)(Rn) ≤ J |Q|
− 1

pQ ‖vχQ‖Lp(·)(Rn),

where

r = 1 +
1

C(n, p(·), C∞)([w]
1+2

C∞p+
p∞p−

Ap(·)
)p+

and

Cp(·) = C(n, p(·), C∞, CD, D1, D2)[w]

C∞p+

p2−
(p++1)

Ap(·)
.
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Since inequality (4.14) is homogeneous, this implies that

|Q|−
1

rpQ ‖wχQ‖Lrp(·)(Rn) ≤ Cp(·)|Q|
− 1

pQ ‖wχQ‖Lp(·)(Rn).

This removes the dependence of the constants on ‖wχQ0‖Lp(·)(Rn), and the proof is
complete.

Remark 4.3. In the constant exponent case, Lemma 4.1, it can be shown that the
exponent r depends on [w]Ap to the power 1, and the initial constant 2 can be replaced
by 1 + ε for any ε > 0 (with r depending on ε). In our result, if we take p(·) = p to
be a constant, then p+ = p− = p∞ = p, C∞ = 0, CD = 1, D1 = 2, and D2 = 4.
By tracking the constants in the proof above in this case, we again have that the
exponent depends on [w]Ap to the power 1, but the constant in the final inequality
becomes

Cp = (8p(8p + 2)r + 3)
1
rp .

This constant is much larger than the value 2, which suggests that our constant is
not optimal. However, it is not clear how it can be substantially improved.

Moreover, in the constant exponent setting, in the classical reverse Hölder inequal-
ity  

Q

vr dx ≤ C
( 

Q

v dx

)r
,

the constant C tends to 1 as r → 1. This can be seen by tracking the constant obtained
in [4, Theorem 3.2]. The proof shows that for sufficiently small ε > 0,

 
Q

v1+ε ≤ 1

1− εa(log a)2p[v]Ap

( 
Q

v

)1+ε

.

As ε→ 0, the constant tends to 1. This does not happen with our constant Cp. It is
reasonable to conjecture that the constant goes to 1 as r → 1 in the variable exponent
case as well, but we are unable to prove this.

In Section 5, in the proofs of Theorems 1.5 and 1.6, the right and left-openness of
the matrix Ap(·) classes, we will obtain d reverse Hölder exponents and constants. To
collapse them down to a uniform reverse Hölder exponent and a uniform constant,
we need the following corollary to Theorem 1.1.

Corollary 4.4. Let p(·) ∈ P(Rn) ∩ LH(Rn) with p+ < ∞ and let w be a scalar
Ap(·) weight. Let r be the exponent from Theorem 1.1. Then for all s ∈ [1, r), when
u(·) = sp(·),

|Q|−
1

uQ ‖wχQ‖Lu(·)(Rn) ≤ 32[1]Av(·)Cp(·)|Q|
− 1

pQ ‖wχQ‖Lp(·)(Rn),

for all cubes Q, where v(·) is defined by

(4.15)
1

u(·)
=

1

rp(·)
+

1

v(·)
.

Proof: Fix p(·) ∈ P(Rn) ∩ LH(Rn), and let r be the reverse Hölder exponent from
Theorem 1.1. Define q(·) = rp(·). Fix s ∈ (1, r), let u(·) = sp(·), and define the defect
exponent v(·) by (4.15). Given any cube Q, by the generalized Hölder inequality in
variable Lebesgue spaces, Lemma 2.4,

‖wχQ‖Lu(·)(Rn) ≤ (Kq(·)/u(·) + 1)‖wχQ‖Lq(·)(Rn)‖χQ‖Lv(·)(Rn).
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Since q(·)/u(·) = r/s is constant, Kq(·)/u(·) = 1. If we combine this with Lemma 2.10
and Theorem 1.1, we get

|Q|−
1

uQ ‖wχQ‖Lu(·)(Rn) ≤ 2|Q|−
1

uQ ‖wχQ‖Lq(·)(Rn)‖χQ‖Lv(·)(Rn)

≤ 2|Q|−
1

uQ ‖wχQ‖Lq(·)(Rn)4K
2
v(·)[1]Av(·) |Q|

1/vQ

= 8K2
v(·)[1]Av(·) |Q|

− 1
qQ ‖wχQ‖Lq(·)(Rn)

≤ 8K2
v(·)[1]Av(·)Cp(·)|Q|

− 1
pQ ‖wχQ‖Lp(·)(Rn).

Since p+ <∞ and p(·) ∈ LH(Rn), by Remark 2.6, 1/p(·) ∈ LH(Rn). Thus, 1/q(·),
1/u(·), and 1/v(·) ∈ LH(Rn). Observe that

1

v(x)
=

1

u(x)
− 1

rp(x)
=

1

p(x)

(
1

s
− 1

r

)
≥ 1

p+

(
1

s
− 1

r

)
> 0.

Thus, v+ <∞ and so by Remark 2.6, v(·) ∈ LH(Rn). Hence, by Remark 2.9, [1]Av(·) <
∞. Additionally, v− > 1. Thus, Kv(·) ≤ 2, and so

8K2
v(·)[1]Av(·) ≤ 32[1]Av(·) <∞.

5. Matrix weights

In this section we prepare for the proof of Theorems 1.5 and 1.6 by giving the
definitions of matrix weights and proving some technical results. The actual proofs
are in Section 6 below. Many of these definitions and results are drawn from our
previous paper [10], and we refer the reader there for additional information.

Let Sd denote the collection of d × d, self-adjoint, positive-semidefinite matrices.
The operator norm of a matrix W is given by

|W |op = sup
e∈Rd

|e|=1

|We|.

The following lemmas are very useful for estimating operator norms.

Lemma 5.1 ([26, Lemma 3.2]). If {e1, . . . , ed} is an orthonormal basis in Rd, then
for any d× d matrix B, we have

1

d

d∑
i=1

|Bei| ≤ |B|op ≤
d∑
i=1

|Bei|.

Lemma 5.2. Let U and V be self-adjoint d× d matrices. Then |UV |op = |V U |op.

A matrix weight is a measurable matrix function W : Rn → Sd such that |W (·)|op ∈
L1

loc(Rn), or equivalently, the eigenvalues of W are locally integrable functions. A
matrix weight is invertible if it is positive-definite almost everywhere, or equivalently,
all its eigenvalues are positive almost everywhere. Note that when d = 1, matrix
weights are simply locally integrable scalar weights.

We now define the variable Lebesgue spaces for the vector-valued function setting.
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Definition 5.3. Given p(·) ∈ P(Rn), define Lp(·)(Rn;Rd) to be the collection of
Lebesgue measurable functions f : Rn → Rd such that

‖f‖Lp(·)(Rn;Rd) := ‖|f |‖Lp(·)(Rn) <∞.

Given a matrix weight W : Rn → Sd, define Lp(·)(W ) to be the collection of Lebesgue
measurable functions f : Rn → Rd such that

‖f‖Lp(·)(W ) := ‖W f‖Lp(·)(Rn;Rd) <∞.

We are interested in the class matrix Ap(·), which generalizes both the definition
of constant exponent matrix Ap and the definition of scalar Ap(·) in [6, 8].

Definition 5.4. Given p(·) ∈ P(Rn) and an invertible matrix weight W : Rn → Sd,
W is a matrix Ap(·) weight, denoted W ∈ Ap(·), if

[W ]Ap(·) := sup
Q
|Q|−1‖‖|W (x)W−1(y)|opχQ(y)‖

L
p′(·)
y (Rn)

χQ(x)‖
L

p(·)
x (Rn)

<∞.

Remark 5.5. Our definition of Ap(·) if p(·) = p is constant reduces to Roudenko’s

definition (see [26]) if we make the change of variables W 7→ V 1/p. Our definition has
two advantages. First, this definition of Ap(·) has a very simple duality: W ∈ Ap(·) if

and only if W−1 ∈ Ap′(·). This should be contrasted with Roudenko’s, where V ∈ Ap
if and only if V −p

′/p ∈ Ap′ . Second, our definition, even in the constant exponent
case, allows a unified definition when p = 1 or p = ∞, and so allows us to define
matrix Ap(·) for exponents such that p(·) or p′(·) is unbounded.

There are two characterizations of matrixAp weights in terms of reducing operators
and averaging operators. We first consider reducing operators. Reducing operators
play an important role in the theory of matrix weights; for details and references,
see [2]. Here, we recall the definition of reducing operators in the variable exponent
setting given in [10]. For this definition we need the following result.

Theorem 5.6 ([2, Theorem 4.11]). Given a measurable norm function r : Rn×Rd →
[0,∞), there exists a positive-definite, measurable matrix function W : Rn → Sd such
that for any x ∈ Rn and e ∈ Rd,

r(x, e) ≤ |W (x)e| ≤
√
dr(x, e).

Given a matrix weight W : Rn → Sd, define the norm function r(·, ·) : Rn × Rd →
[0,∞) by r(x, e) = |W (x)e|. Given a cube Q ⊂ Rn, define the norm 〈r〉p(·),Q : Rd →
[0,∞) by

〈r〉p(·),Q(e) := |Q|−
1

pQ ‖r(·, e)χQ(·)‖Lp(·)(Rn) = |Q|−
1

pQ ‖eχQ‖Lp(·)(W ).

By Theorem 5.6, there exists a positive-definite, self-adjoint, (constant) matrix Wp(·)
Q

such that 〈r〉p(·),Q(e) ≈ |Wp(·)
Q e| for all e ∈ Rd. We call Wp(·)

Q the reducing operator
associated to W on Q.

Now let r∗(x, ·) be the dual norm of r(x, ·), given by r∗(x, e) = |W−1(x)e|. Define
the norm 〈r∗〉p′(·),Q : Rd → [0,∞) by

〈r∗〉p′(·),Q(e) := |Q|−1/p′Q‖r∗(·, e)χQ(·)‖Lp′(·)(Rn) = |Q|−1/p′Q‖eχQ‖Lp′(·)(W−1).

Again by Theorem 5.6, there exists a positive-definite, self-adjoint, (constant) ma-

trix Wp′(·)
Q such that 〈r∗〉p′(·),Q(e) ≈ |Wp′(·)

Q e| for all e ∈ Rd. We call Wp′(·)
Q the

reducing operator associated to W−1 on Q.
We can use these two reducing operators to characterize Ap(·).
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Proposition 5.7 ([10, Proposition 4.7]). Let p(·) ∈ P(Rn) and W : Rn → Sd be a
matrix weight. Then W ∈ Ap(·) if and only if

[W ]RAp(·)
:= sup

Q
|Wp(·)

Q Wp′(·)
Q |op <∞.

Moreover, [W ]RAp(·)
≈ [W ]Ap(·) with implicit constants depending only on d.

We can also characterize Ap(·) weights using averaging operators. In the constant
exponent case, this idea first appeared in [18] and was extensively developed in [9].
Given a cube Q and a matrix weight W : Rn → Sd, define the averaging operator AW,Q
by

AW,Qf(x) :=

 
Q

W (x)W−1(y)f(y) dy χQ(x),

for any vector-valued function f : Rn → Rd.

Proposition 5.8 ([10, Theorem 4.1]). Let p(·) ∈ P(Rn). A matrix weight W : Rn →
Sd is a matrix Ap(·) weight if and only if AW,Q : Lp(·)(Rn;Rd)→ Lp(·)(Rn;Rd). More-
over,

1

Kp(·)
sup
Q
‖AW,Q‖ ≤ [W ]Ap(·) ≤ C(d) sup

Q
‖AW,Q‖,

where ‖AW,Q‖ is the operator norm of AW,Q from Lp(·)(Rn;Rd) to Lp(·)(Rn;Rd).

Remark 5.9. By linearity, AW,Q : Lp(·)(Rn;Rd) → Lp(·)(Rn;Rd) uniformly over all

cubes Q if and only if AQ : Lp(·)(W )→ Lp(·)(W ) uniformly over all cubes and

‖AW,Q‖Lp(·)(Rn;Rd)→Lp(·)(Rn;Rd) = ‖AQ‖Lp(·)(W )→Lp(·)(W ),

where AQf =
ffl
Q

f(y) dy χQ.

The following proposition relates matrix Ap(·) weights to scalar Ap(·) weights. The
main idea of the proof is contained in [10, Proposition 4.8]; we give the details here
as we need to keep careful track of the constants.

Lemma 5.10. Let p(·) ∈ P(Rn) and W : Rn → Sd be a matrix weight. If W ∈ Ap(·),
then for all non-zero e ∈ Rd, |W (·)e| is a scalar Ap(·) weight with

[|W (·)e|]Ap(·) ≤ C(d)Kp(·)[W ]Ap(·) .

Proof: Let p(·) ∈ P(Rn), W ∈ Ap(·), and fix e ∈ Rd with e 6= 0. Let w = |We|. Fix a

cube Q. We will show that AQ : Lp(·)(w)→ Lp(·)(w) and that

(5.1) ‖AQ‖Lp(·)(w)→Lp(·)(w) ≤ Kp(·)[W ]Ap(·) .

Then by Proposition 5.8 and Remark 5.9, which both hold in the scalar case (i.e.,
when d = 1), we will have that

[w]Ap(·) ≤ C(d) sup
Q
‖AQ‖Lp(·)(w)→Lp(·)(w) ≤ C(d)Kp(·)[W ]Ap(·) ,

which is what we want to prove.
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Let φ be any scalar function and define f = φe. Fix a cube Q. Observe that

‖AQf‖Lp(·)(W ) = ‖|W (·)AQf(·)|‖Lp(·)(Rn)

=

∥∥∥∥∣∣∣∣W (·)
 
Q

φ(y)e dy

∣∣∣∣χQ(·)
∥∥∥∥
Lp(·)(Rn)

=

∥∥∥∥∣∣∣∣W (·)e
 
Q

φ(y) dy

∣∣∣∣χQ(·)
∥∥∥∥
Lp(·)(Rn)

=

∥∥∥∥|W (·)e|
∣∣∣∣ 
Q

φ(y) dy

∣∣∣∣χQ(·)
∥∥∥∥
Lp(·)(Rn)

= ‖AQφ‖Lp(·)(w).

Similarly,

‖f‖Lp(·)(W ) = ‖|W (·)f |‖Lp(·)(Rn)

= ‖|W (·)φ(·)e|‖Lp(·)(Rn) = ‖|W (·)e|φ(·)‖Lp(·)(Rn) = ‖φ‖Lp(·)(w).

Then, since W ∈ Ap(·), by Proposition 5.8 and Remark 5.9, we have that

‖AQφ‖Lp(·)(w) = ‖AQf‖Lp(·)(W ) ≤ ‖AQ‖Lp(·)(W )→Lp(·)(W )‖f‖Lp(·)(W )

≤ Kp(·)[W ]Ap(·)‖f‖Lp(·)(W ) = Kp(·)[W ]Ap(·)‖φ‖Lp(·)(w).

Hence, (5.1) holds and our proof is complete.

The following property of reducing operators is used in the proof of Theorem 1.5.

Lemma 5.11. Let p(·) ∈ P(Rn) ∩ LH(Rn) with p+ <∞, and let W : Rn → Sd be a
matrix weight. If W ∈ Ap(·), then there exists r > 1 such that for all s ∈ [1, r],

‖|W (·)(Wp(·)
Q )−1|opχQ(·)‖Lsp(·)(Rn) . ‖χQ‖Lsp(·)(Rn),

for all cubes Q ⊂ Rn. The implicit constant depends on d, p(·), C∞, C∗, and [W ]Ap(·) .

Proof: Let p(·)∈P(Rn)∩LH(Rn) and W ∈Ap(·). Let {ei}di=1 be the coordinate basis

of Rd. FixQ. For each i=1, . . . , d, consider the scalar weight wQi (·)= |W (·)(Wp(·)
Q )−1ei|.

For each of these weights, choose rQi to be the reverse Hölder exponent and CQi to be
the constant from Theorem 1.1, i.e.,

rQi = 1 +
1

C∗([|W (·)(Wp(·)
Q )−1ei|]

1+2
C∞p+
p∞p−

Ap(·)
)p+

and

CQi = C∗[|W (·)(Wp(·)
Q )−1ei|]

C∞p+

p−2 (p++1)

Ap(·)
.

By Lemma 5.10, [W (·)(Wp(·)
Q )−1ei|]Ap(·) ≤ C(d)Kp(·)[W ]Ap(·) . Thus, defining

r = 1 +
1

C∗((C(d)Kp(·)[W ]Ap(·))
1+2

C∞p+
p∞p− )p+

and

Mp(·) = C∗(C(d)Kp(·)[W ]Ap(·))

C∞p+

p2−
(p++1)

,
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we have r≤rQi and Mp(·) ≥ CQi for each i. Then by Lemma 5.1, the triangle inequality,

Corollary 4.4, and the definition of the reducing operatorWp(·)
Q , we get for all s ∈ [1, r]

|Q|−
1

spQ ‖|W (·)(Wp(·)
Q )−1|opχQ(·)‖Lsp(·)(Rn)

≤ |Q|−
1

spQ

∥∥∥∥ d∑
i=1

|W (·)(Wp(·)
Q )−1ei|χQ(·)

∥∥∥∥
Lsp(·)(Rn)

≤
d∑
i=1

|Q|−
1

spQ ‖|W (·)(Wp(·)
Q )−1ei|χQ(·)‖Lsp(·)(Rn)

≤ 32[1]Ap(·)

d∑
i=1

CQi |Q|
− 1

pQ ‖|W (·)(Wp(·)
Q )−1ei|χQ(·)‖Lp(·)(Rn)

≤ 32[1]Ap(·)Mp(·)

d∑
i=1

|Q|−
1

pQ ‖|W (·)(Wp(·)
Q )−1ei|χQ(·)‖Lp(·)(Rn)

≤ 32[1]Ap(·)Mp(·)

d∑
i=1

|Wp(·)
Q (Wp(·)

Q )−1ei|

≤ 32[1]Ap(·)Mp(·)d.

Multiplying both sides by |Q|
1

spQ and applying Lemma 2.10, we get

‖|W (·)(Wp(·)
Q )−1|opχQ(·)‖Lsp(·)(Rn) ≤ 32[1]Ap(·)Mp(·)d2Ksp(·)‖χQ‖Lsp(·)(Rn).

Since p+ < ∞, Ksp(·) ≤ 3, so the final constant depends only on d, p(·), C∞, C∗,
and [W ]Ap(·) .

Finally, in our proofs of Theorems 1.5 and 1.6, we will need to use an auxiliary aver-
aging operator defined using a reducing operator. Given p(·) ∈ P(Rn), define ÃW,p(·),Q
by

ÃW,p(·),Qf(x) :=

 
Q

Wp(·)
Q W−1(y)f(y) dy χQ(x).

This operator plays a role analogous to the auxiliary maximal operator introduced by
Goldberg [18]; we introduce it because we cannot assume that the Goldberg auxiliary
maximal operator is bounded on Lp(·). After this project was completed, this problem
was solved by Nieraeth and the second author in [25]. We will prove that ÃW,p(·),Q is

bounded on Lp(·) and that it satisfies a right-openness property.

Lemma 5.12. Let p(·) ∈ P(Rn) ∩ LH(Rn) with p+ < ∞ and W : Rn → Sd be a
matrix weight. If W ∈ Ap(·), then there exists r > 1 such that for all s ∈ [1, r],

ÃW,p(·),Q : Lsp(·)(Rn;Rd)→ Lsp(·)(Rn;Rd)

uniformly over all cubes Q.

Proof: Let p(·) ∈ P(Rn) ∩ LH(Rn) and W ∈Ap(·). As in the proof of Lemma 5.11,
define

r = 1 +
1

C∗((C(d)Kp(·)[W ]Ap(·))
1+2

C∞p+
p∞p− )p+

.
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Let s∈ [1, r]. Fix f ∈Lsp(·)(Rn;Rd). Observe that by homogeneity of the Lsp(·) norm,
the triangle inequality, Hölder’s inequality, and Lemma 2.10, we have

‖ÃW,p(·),Qf‖Lsp(·)(Rn;Rd)

=

∥∥∥∥∣∣∣∣ 
Q

Wp(·)
Q W−1(y)f(y) dy

∣∣∣∣χQ(·)
∥∥∥∥
Lsp(·)(Rn)

= |Q|−1

∣∣∣∣ˆ
Q

Wp(·)
Q W−1(y)f(y) dy

∣∣∣∣‖χQ‖Lsp(·)(Rn)

≤ |Q|−1

ˆ
Q

|Wp(·)
Q W−1|op|f(y)| dy‖χQ‖Lsp(·)(Rn)

≤ Ksp(·)|Q|−1‖|Wp(·)
Q W−1(·)|opχQ)(·)‖L(sp(·))′ (Rn)‖f‖Lsp(·)(Rn;Rd)‖χQ‖Lsp(·)(Rn)

≤ 4K3
sp(·)[1]Asp(·) |Q|

−1‖|Wp(·)
Q W−1(·)|opχQ(·)‖L(sp(·))′ (Rn)‖f‖Lsp(·)(Rn;Rd)|Q|

1
spQ

= 4K3
sp(·)[1]Asp(·) |Q|

− 1
(spQ)′ ‖|Wp(·)

Q W−1(·)|opχQ(·)‖L(sp(·))′ (Rn)‖f‖Lsp(·)(Rn;Rd).

To finish the proof, we must show that |Q|−
1

(spQ)′ ‖|Wp(·)
Q W−1(·)|opχQ(·)‖L(sp(·))′ (Rn)

is bounded by a constant independent of Q. Define v(·) by

1

(sp(x))′
=

1

p′(x)
+

1

v(x)
.

Then by the generalized Hölder inequality on variable Lebesgue spaces, Lemma 2.4,
and Lemma 2.10,

‖|Wp(·)
Q W−1(·)|opχQ(·)‖L(sp(·))′ (Rn)

≤ K‖|Wp(·)
Q W−1(·)|opχQ(·)‖Lp′(·)(Rn)‖χQ‖Lv(·)(Rn)

≤ K4K2
v(·)[1]Av(·)‖|W

p(·)
Q W−1(·)|opχQ(·)‖Lp′(·)(Rn)|Q|

1
vQ .

Combining this with Lemma 5.2, Lemma 5.1, the triangle inequality, the definition

of the reducing operator Wp′(·)
Q , and Proposition 5.7, we get

|Q|−
1

(spQ)′ ‖|Wp(·)
Q W−1(·)|opχQ(·)‖L(sp(·))′ (Rn)

≤ 4KK2
v(·)[1]Av(·) |Q|

− 1
(spQ)′ ‖|Wp(·)

Q W−1(·)|opχQ(·)‖Lp′(·)(Rn)|Q|
1

vQ

= 4KK2
v(·)[1]Av(·) |Q|

− 1
p′
Q ‖|Wp(·)

Q W−1(·)|opχQ(·)‖Lp′(·)(Rn)

= 4KK2
v(·)[1]Av(·) |Q|

− 1
p′
Q ‖|W−1(·)Wp(·)

Q |opχQ(·)‖Lp′(·)(Rn)

≤ 4KK2
v(·)[1]Av(·)

d∑
i=1

|Q|
− 1

p′
Q ‖|W−1(·)Wp(·)

Q ei|χQ(·)‖Lp′(·)(Rn)

≤ 4KK2
v(·)[1]Av(·)

d∑
i=1

|Wp′(·)
Q Wp(·)

Q ei|

≤ 4KK2
v(·)[1]Av(·)d|W

p′(·)
Q Wp(·)

Q |op

≤ 4KK2
v(·)[1]Av(·)d[W ]RAp(·)

.
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Since W ∈ Ap(·), [W ]RAp(·)
<∞ by Proposition 5.7. Since the final constant is inde-

pendent of Q, ÃW,p(·),Q : Lsp(·)(Rn;Rd)→ Lsp(·)(Rn;Rd) uniformly over all cubes Q.
This completes the proof.

6. Right and left-openness of the Ap(·) classes

In this section we prove Theorems 1.5 and 1.6.

Proof of Theorem 1.5: Let p(·) ∈ P(Rn)∩LH(Rn) with p+ <∞ and W : Rn → Sd be
a matrixAp(·) weight. Choose r from Lemma 5.11, and let s∈ [1, r]. By Proposition 5.8,

to prove W ∈ Asp(·), it suffices to show AW,Q : Lsp(·)(Rn;Rd) → Lsp(·)(Rn;Rd) uni-
formly over all cubes Q.

Fix a cubeQ and f ∈Lsp(·)(Rn;Rd). Observe that by homogeneity of the Lsp(·) norm
and Lemma 5.11,

‖AW,Qf‖Lsp(·)(Rn;Rd) =

∥∥∥∥∣∣∣∣ 
Q

W (·)W−1(y)f(y) dy

∣∣∣∣χQ(·)
∥∥∥∥
Lsp(·)(Rn)

=

∥∥∥∥∣∣∣∣W (·)(Wp(·)
Q )−1

 
Q

Wp(·)
Q W−1(y)f(y) dy

∣∣∣∣χQ(·)
∥∥∥∥
Lsp(·)(Rn)

≤ ‖|W (·)(Wp(·)
Q )−1|opχQ(·)‖Lsp(·)(Rn)

∣∣∣∣ 
Q

Wp(·)
Q W−1(y)f(y) dy

∣∣∣∣
. ‖χQ‖Lsp(·)(Rn)

∣∣∣∣ 
Q

Wp(·)
Q W−1(y)f(y) dy

∣∣∣∣
=

∥∥∥∥∣∣∣∣ 
Q

Wp(·)
Q W−1(y)f(y) dy

∣∣∣∣χQ(·)
∥∥∥∥
Lsp(·)(Rn)

= ‖ÃW,p(·),Qf‖Lsp(·)(Rn).

Since the choice of r is the same as in Lemma 5.12, ÃW,p(·),Q is bounded on

Lsp(·)(Rn;Rd) uniformly over all cubes Q. Thus, we have shown

‖AW,Qf‖Lsp(·)(Rn;Rd) . ‖f‖Lsp(·)(Rn;Rd),

with implicit constant independent of Q. Hence, W ∈ Asp(·).

We now prove Theorem 1.6. The proof is almost identical to the proof of Theo-
rem 1.5, so we just sketch the key steps.

Proof of Theorem 1.6: Fix p(·) ∈ P(Rn) ∩ LH(Rn) with p− > 1 and W ∈ Ap(·).
Choose r from Lemma 5.11 and let s ∈ [1, r]. Define q′(·) = sp′(·). By Remark 5.5, to
prove W ∈ Aq(·), it suffices to show that W−1 ∈ Aq′(·). By Proposition 5.8, we prove

W−1 ∈ Aq′(·) by showing AW−1,Q : Lq
′(·)(Rn;Rd)→ Lq

′(·)(Rn;Rd) uniformly over all
cubes.

Fix a cube Q and f ∈ Lq′(·)(Rn;Rd). We repeat the same steps as in the proof of
Theorem 1.5; since p− > 1, we have (p′)+ <∞, so we can apply Lemma 5.11 to W−1

and p′(·) to get

‖AW−1,Qf‖Lq′(·)(Rn;Rd) . ‖ÃW−1,p′(·),Qf‖Lq′(·)(Rn;Rd).
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By our choice of r, we may apply Lemma 5.12 to ÃW−1,p′(·),Q to get

‖ÃW−1,p′(·),Qf‖Lq′(·)(Rn;Rd) . ‖f‖Lq′(·)(Rn;Rd),

with the implicit constant independent of Q. Thus, we have shown

AW−1,Q : Lq
′(·)(Rn;Rd)→ Lq

′(·)(Rn;Rd),

uniformly over all cubes Q. Hence, W−1 ∈ Aq′(·), and so W ∈ Aq(·).

Acknowledgments. The first author is partially supported by a Simons Foundation
Travel Support for Mathematicians Grant and by NSF grant DMS-2349550.

The authors would like to thank the anonymous referees for their careful reading
of our paper and for the suggestions which improved our exposition.

References

[1] M. Bownik, Inverse volume inequalities for matrix weights, Indiana Univ. Math. J. 50(1)
(2001), 383–410. DOI: 10.1512/iumj.2001.50.1672.

[2] M. Bownik and D. Cruz-Uribe, Extrapolation and factorization of matrix weights, Math.
Ann. (to appear). arXiv:2210.09443.

[3] R. R. Coifman and C. Fefferman, Weighted norm inequalities for maximal functions and

singular integrals, Studia Math. 51 (1974), 241–250. DOI: 10.4064/sm-51-3-241-250.
[4] D. Cruz-Uribe, Extrapolation and factorization, Preprint (2017). arXiv:1706.02620.

[5] D. Cruz-Uribe and J. Cummings, Weighted norm inequalities for the maximal operator on Lp(·)

over spaces of homogeneous type, Ann. Fenn. Math. 47(1) (2022), 457–488. DOI: 10.54330/afm.
115059.

[6] D. Cruz-Uribe, L. Diening, and P. Hästö, The maximal operator on weighted variable

Lebesgue spaces, Fract. Calc. Appl. Anal. 14(3) (2011), 361–374. DOI: 10.2478/s13540-011-
0023-7.

[7] D. Cruz-Uribe and A. Fiorenza, Variable Lebesgue Spaces. Foundations and Harmonic
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