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THE REVERSE HOLDER INEQUALITY FOR A,y WEIGHTS
WITH APPLICATIONS TO MATRIX WEIGHTS

DaviD Cruz-URIBE OFS AND MICHAEL PENROD

Abstract: In this paper we prove a reverse Holder inequality for the variable exponent Muckenhoupt
weights AP(,), introduced in [8]. All of our estimates are quantitative, showing the dependence of
the exponent function on the .Ap(,) characteristic. As an application, we use the reverse Holder
inequality to prove that the matrix A, weights, introduced in [10], have both a right and left-
openness property. This result is new even in the scalar case.
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1. Introduction

In this paper, we develop the structure theory of weights in the variable ex-
ponent setting by proving a version of the reverse Hoélder inequality for the class
of Ay weights. Before stating our main theorem, we sketch earlier results to provide
some context. The study of A, weights dates back to the early 1970s, when Mucken-
houpt ([22]) proved the Hardy-Littlewood maximal operator is bounded on LP(v) if
and only if v € A,. Given 1 < p < 0o, a weight v is a (scalar) A, weight if

¢1, = sup ]é e d(]{2 o) dy)pl < o0,

where the supremum is taken over all cubes Q C R"™. A rich structural theory for these
weights developed quickly (see [14, 16, 17]). The fine properties of A, weights play
an important role in many of their applications. Of particular interest is the reverse
Holder inequality, introduced by Coifman and Fefferman [3]. They used it to give a
simpler proof that the Hardy—Littlewood maximal operator is bounded, and to prove
that singular integral operators are bounded on LP(v) for v € A,. They showed that
given a weight v € A, there exist constants C' and r > 1 such that for all cubes @,

]év(x)de < c(]é () dx)T.

This is called a reverse Holder inequality since the opposite inequality is just a normal-
ized version of Holder’s inequality. By Holder’s inequality, it follows at once from the
definition that the A, classes are nested: A, C A, for all ¢ > p. Moreover, as a conse-
quence of the reverse Holder inequality, they are left-open: if v € A,, then v € A4,_,
for some € > 0.
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To generalize A, weights to the variable Lebesgue spaces we need to define an
alternative version of A,, which we denote by A,. Given 1 < p < oo, a weight w is a
scalar A, weight if

1 1

[wa, = Sgp<fQ w(z)? dl‘) ' <fQ w(y) ™" dy)pl < 0.

1
Notice that w € A, if and only if v = w? € A with [w]4, = [v]}; . The definition of
classical A, weights is based on viewing the weight v as a measure in the LP(v) norm,

i.e., defining
s = ([ 15@P oo )

On the other hand, the definition of A, is based on viewing the weight w = vP as a
multiplier, i.e., we define the LP(w) norm by

0ty = NoSllareey = ([ ot as)”

This approach of using weights as multipliers was first adopted by Muckenhoupt and
Wheeden ([23]) to define the “off-diagonal” A, ; weights used with fractional integral
operators. One consequence of this approach is that the “duality” of the weights
has a much more symmetric expression: with this definition, w € A, if and only
if w™' € A, whereas in the classical case, v € A,, if and only if v'=7" = v=?'/P € A,,.

The A, weights also satisfy a reverse Holder inequality: this follows at once from
the classical reverse Holder applied to the weight v = wP:

(1.1) (]2 w(z)™P dx):p <C, (]é w(z)? dx) ;.

Since w € A, and w™! € A, we can use this inequality to show that the class A,
is both right and left-open: there exists ¢ > 0 such that w € A,_ and w € Ay, ..
However, unlike the classical A, weights, the A, weights are not nested. For example,

on the real line, if we let w(z) = |z|~2, then w € A, for 1 < p < 2, but not for p > 2.

The definition of A, weights leads to a natural generalization in the variable ex-
ponent setting. We can rewrite the definition of [w]4, using L? norms, i.e.,

[w]a, = Sup QI lwxellze @ llw™ x@ll Lo @ny»

and then replace the L” norms with variable exponent LP() norms. Given an exponent
function p(-), a weight w is an A,y weight if

(W] a,., = Sgp ‘erHU)XQ”LP(')(]R")||w71XQ||LP’(->(R") < 0.

(See Section 2 for the definitions of exponent functions and variable Lebesgue spaces.)
In [8], the first author, Fiorenza, and Neugebauer proved the Hardy-Littlewood
maximal operator satisfies strong and weak-type weighted norm inequalities if and
only if w € Ap). (See also [5, 6].) Much less is known about the fine properties
of A,y weights than in the constant exponent setting, though the first author and
Wang ([12]) proved that Rubio de Francia extrapolation holds for A,y weights.

In this paper we begin the study of the fine properties of A,y weights. In our
main result, we prove that they satisfy a reverse Holder inequality defined in terms of
variable Lebesgue space norms. For brevity, here we omit some technical definitions:
see Section 2 for precise details.
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Theorem 1.1. Let p(-) € P(R") N LH(R™) with p+ < oo and let w be a scalar
Ap(y weight. Then there exists a constant Cp(.y and an exponent v > 1 such that for
all cubes @ C R™,

o _a
(1.2) Qe [lwxellLrro @y < Cp)|Q 72 [[wxellLro mny;
in particular, we may take
L et
Cp() = C [w]Ap(.) )
where C* = C(n, p(+), Cs, Cp, Co, D1, D2), and
1
r=1+ rap ,
(125255 )
* w]Am»

where Cy, = C(n,p(+), Coo, Cp).

The statement of Theorem 1.1 is analogous to the quantitative versions in the con-
stant exponent case. In [19, Theorem 2.3], the authors give a quantitative expression
for the sharp reverse Holder exponent in terms of the so-called Fujii-Wilson A, con-

stant, namely, r = 1 + ﬁ In [20, Theorem 1.1], the authors give a different

w]/Aoc

proof of the sharp reverse Holder exponent in spaces of homogeneous type, giving
the sharp quantitative expression for 74, namely, 74 = 29*!. In [4, Theorem 3.2],
the author proved a weaker version with a constant in terms of the A, constant. See

Lemma 4.1 below.

Remark 1.2. When p(-) = p is constant, inequality (1.2) reduces to inequality (1.1).
1
To see this, note that [Q|"® =~ [xqllLr()(rn), and when p(-) is constant this be-

comes |Q|%. (See Lemma 2.10 below.) We note, however, that the constant C,.y does
not reduce to the one gotten in the constant exponent case. See Remark 4.3 for
details.

As a consequence of the reverse Holder inequality, we can prove that the class of
Ay weights is both right and left-open.

Corollary 1.3. Given p(-) € P(R")NLH(R"™) with p; < oo and a weight w € A,(.),
there exists v > 1 such that for all s € [1,7], w € Agp(.).

Corollary 1.4. Given p(-) € P(R") N LH(R™) with p_ > 1 and a weight w € Ay,
there exists v > 1 such that for all s € [1,7], if ¢'(-) = sp'(-), then w € Ay(.y.

We will actually derive these results as special cases of the corresponding results
for matrix weights in the variable exponent setting. Recall that the study of ma-
trix A, weights began with Nazarov, Treil, and Volberg in the 1990s (see [24, 27]).
They defined the matrix A, condition and proved bounds for the Hilbert transform
on matrix weighted LP spaces. The definition of matrix A, was originally stated in
terms of norm functions, but Roudenko gave in [26] an equivalent definition of A,
strictly in terms of matrices. Given 1 < p < oo, a matrix weight V is a d x d ma-
trix function that is positive-definite (and so invertible) almost everywhere. It is a
matrix A, weight if

V]a, = sup][ <][ |V%(:c)Vfi(y) g; dy) " dr < .
QR JQ\JQ

When d =1 this reduces the classical scalar A, condition. These matrix weights have
some fine properties in common with scalar weights: for example, they are nested,
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with matrix A, contained in matrix A, if ¢ > p. (See [18, Proposition 5.5].) However,
one property fails: they are not left-open. Bownik gave an explicit example of a matrix
weight V' € A, that is not in A, for any p < 2; see [1, Corollary 4.3]. (The introduction
of this paper also gives a good summary of the properties of scalar weights that do
and do not extend to matrix weights.)

As in the scalar setting, and with the same motivation, we define an alternative
class to matrix A,, which we again denote by A,. Beginning with Nazarov, Treil, and
Volberg, the norm in LP(V) was written

1l = ( [
Rﬂ,

If we instead write the norm as

i~

(fc)f(w)pdw)é

1

Iy =W Sy = [ W@ ar)”

then we are led to the following alternative definition, first adopted by Bownik and
the first author [2]. Given 1 < p < 0o, a matrix weight W is a matrix A, weight if

1

WL, = sup (f (f wew-or, )/ dx>p < co.

The relationship between matrix A, and A, is the same as in the scalar setting: given
1
a matrix weight V € A,, W = Vi e Ap, with [W]a, = [V]} . The A, Classes are not

nested: in R, consider a diagonal matrix whose diagonal entrles are |a:| . However,
in contrast to Roudenko’s A, classes, they are both right and left-open. This is a
consequence of our results below.

This definition can also be rewritten using L? norms, i.e.,

(Wla, = Sup QITHINW (@)W = W)lopX@ W]y oy XQ (@) 2R -

This definition generalizes to variable Lebesgue spaces: given an exponent function p(-),
an invertible matrix weight W is a matrix A, weight if

(Wla,, = Sup QITHIITW @)W W)lopx@ W 10> gy X@ (@] 20> gny < 00

We introduced the class Ay in [10], where we used it to study the boundedness of av-
eraging and convolution operators on LP(W). Here, as an application of Theorem 1.1,
we show that they are both right and left-open.

Theorem 1.5. Given p(-) € P(R®) N LH(R™) with py < oo and a matriz weight
W:R" = Sq, if W€ Ay, then there exists r > 1 such that for all s € [1,7], W €
Asp(.)-

Theorem 1.6. Given p(-) € P(R") N LH(R") with p— > 1 and a matriz weight
W:R" — Sq, suppose W€ Ay,y. Then there exists r>1 such that for all se[l,7], if
C]/(') = spl('); then W € .Aq(.).

The remainder of this paper is organized as follows. In Section 2, we state the
relevant definitions and lemmas about variable Lebesgue spaces. All of these results
are known; we keep very careful track of the constants, and in one case, Lemma 2.11,
we give a new proof in order to clearly determine the constants (or more precisely,
what the constants depend on). In Section 3, we prove several technical lemmas about
scalar Ay weights. Again, these results are not new; they appeared previously in [8].
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However, their proofs were qualitative and since we need to have quantitative esti-
mates on the constants, we give detailed proofs. In Section 4, we prove Theorem 1.1.
The proof is extremely technical and depends on a sharp version of the reverse Holder
inequality for scalar A, weights: see Lemma 4.1. In both Sections 3 and 4 we make
repeated normalization arguments to control the constants. In particular, our proofs
initially seem to show that the constants depend on |[wxq, || zr¢)(®n), Where Qo is a
fixed cube centered at the origin, but we are able to remove this dependence. This
plays an important role in the proofs for matrix weights: see Lemma 5.11. We note
that in the proof of the weighted norm inequalities for the maximal operator in [8]
this same dependence appears, but our normalization argument can be used to re-
move it, so that the constant only depends on the A, (.) characteristic of the weight.
This leads to the problem of determining the sharp dependence on this constant. In
Section b, we give the relevant definitions for matrix weights and prove several key
lemmas related to averaging operators. Lastly, in Section 6, we prove Theorems 1.5
and 1.6.

Throughout this paper, we will use the following notation. We use n to denote the
dimension of the Euclidean space R", and d will denote the dimension of matrix and
vector-valued functions. When we use cubes @), we assume their sides are parallel to
the coordinate axes. Given two values A and B, we will write A < B if there exists a
constant ¢ such that A < ¢B. We write A ~ B if A < B and B < A. We will often
indicate the parameters constants depend on by writing, for example, C(n,p(-)). By
a (scalar) weight w we mean a non-negative, locally integrable function such that
0 < w(z) < oo almost everywhere.

2. Preliminaries

In this section we give the basic definitions and lemmas about variable Lebesgue
spaces. We refer the reader to [7, 13] for the proofs of many of these results, as well
as a thorough treatment of variable Lebesgue spaces.

An exponent function is a Lebesgue measurable function p(-): R™ — [1, co]. Denote
the collection of all exponent functions on R™ by P(R™). Given a set £ C R”, define

p+(F) =esssupp(z) and p_(F)=essinfp(x).
z€E zelE

For brevity, we will write p; = p4(R™) and p_ = p_(R™). If 0 < |E| < oo, define the
harmonic mean of p(-) on E, denoted pg, by

N = ][ b dz.
PE e p(2)
Define the conjugate exponent function to p(-), denoted p’(-), by
1 1
@) P @)
for all x € R™, where we use the convention that 1/00 = 0.

)

Given p(-) € P(R"), define the modular associated with p(-) by
b= [ f@P do+ [ Tlson,
R™\ Qo0

where Qo = {z € R™ : p(z) = o0o}. Define LP()(R") to be the collection of Lebesgue
measurable functions f: R™ — R such that

11l ey 2= IELA > 05 ) (F/A) < 1} < oo
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If f depends on two variables, x and y, we specify which variable the norm is taken
with respect to with subscripts, e.g., 20 and Lg(').

Given a weight w, define LP()(w) to be the collection of Lebesgue measurable
functions f: R™ — R such that

1 £l Lee) wy = W fl Leer @ny < 00

We now state some important lemmas about variable Lebesgue spaces.

Lemma 2.1 ([7, Corollary 2.23]). Letp(-) € P(R™) withpy < oo. If || fll o) (mny > 1,
then

1

1
Pp(y(f)7+ < ||fHLp(-)(Rn) < Py (f)7-.
IfO < [ fllpecgny < 1, then

1 1
Pp() ()7~ < fllrer@ny < ppy (F)7+

Lemma 2.2 ([7, Proposition 2.21]). Let p(-) € P(R™). If f € LPC)(R™) is such that
[ £l Lecr @ny > 0, then ppy (f/I1f | o) mny) < 1. Furthermore, ppiy(f /I fllore)@ny) =
1 for all non-trivial f € LPO)(R™) if and only if p1 (R™\Qse) < 00.

Lemma 2.3 ([7, Theorem 2.26]). Given p(-) € P(R™), for all f € LPC)(R™) and
ge LPORY), fg e L'(R™) with

[ 15@g(a)ldo < Ky |l gl

where Kp(.y is a constant depending only on p(-). If p; < oo, then K.y < 3; if
1 <p- <py <oo, then Kpy < 2.
Lemma 2.4 ([7, Corollary 2.28]). Given p(-),q(-) € P(R™) define r(-) € P(R™) by

1 1 1

=—+
q(z)  p(z)  r(x)
for x € R™. Then there exists a constant K = Kp)/q) + 1 such that for all f €
LPO)(R™) and g € L"O)(R™), fg € LIO)(R™) with
1 £gllLae> @ny < K| fll Lo @myllg]

Next, we define log-Holder continuity, which is an important hypothesis for our
results.

L7'(~)(]R7L).

Definition 2.5. A function u(-): R™ — R is locally log-Hélder continuous, denoted
by u(-) € LH(R™), if there exists a constant Cy such that for all x,y € R™ with |z —
yl <1/2,
Co

uz) —uly)| < ————.

) =S Soga =
We say that u(+) is log-Holder continuous at infinity, denoted u(-) € LH (R™), if there
exist constants C,, and us, such that for all x € R™,
_ G
log(e +[x])’
If u(-) is log-Holder continuous locally and at infinity, we denote this by u(-) € LH (R™).

|u(@) = uoo| <

Remark 2.6. When py = oo, it is more natural to assume that 1/p(-) € LH(R"),
instead of assuming p(-) € LH(R"™). But it is well known (see [7, Proposition 2.3])
that if p; < oo, then p(-) € LH(R™) if and only if 1/p(-) € LH(R"™).
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The following lemma connects local log-Holder continuity to a condition on cubes.
We refer to this lemma as the Diening condition, as he first proved this result.

Lemma 2.7 ([7, Lemma 3.24], [13, Lemma 4.1.6]). Let p(-) € P(R"™) with py < 0.
If p(-) € LHo(R™), then there exists a constant Cp such that for all cubes Q C R™,

|Q|p7(Q)*p+(Q) < Cp.
In fact, we may take Cp = max{(2y/n)"®+=7-) exp(Co(1 + logy v/1))}.

The following lemma is a variant of the Diening condition. The proof follows the
same arguments with very little modification. We leave the details to the reader.

Lemma 2.8. Let p(-) € P(R™) with py < oo. If p(-) € LHy(R™), then for all cubes @
and all x,y € Q,
|Q|~IP@)—PrWI < O

Moreover, if |Q| < 1, then for any x € Q,

p(x) )

1 _ _p= pL .
QIT'<Ch QI e and QI 7e < Cp|QIT

Our next result lets us relate the norm of the characteristic function of a cube to its
measure. The result is stated in terms of the A, () condition, given in Definition 3.1
below; we state the special case needed here. Given p(-) € P(R"), we say that 1 € A,
if

[1]Ap<.) = Sgp |Q|71||XQ||LP<')(R”)”XQ”LP’(-)(R") < 00.

Remark 2.9. If p; < oo and p(-) € LH(R"), then 1 € Ap.y; but this condition is
strictly weaker than log-Hoélder continuity. See [7, Proposition 4.57, Example 4.59];
note that there this condition is referred to as the Ky condition.

Lemma 2.10 ([11, Proposition 3.8]). Given p(:) € P(R™) such that p; < oo and 1 €

Ay, for any cube Q,
1

2Ky

In particular, this holds if p(-) € LH(R™).

Lemma 2.11 ([13, Corollary 4.5.9]). Let p(-) € P(R™) with 1/p(-) € LH(R™). Then
there exist constants D1 and Dy such that for every cube Q with |Q] > 1,

1 1
Q170 < lIx@llLrtr(mny < 4K [1]a,, Q72 .

_1
Q7= < D1lxqllLro)@n),
and
_1
”XQ”LP(')(]R") < Dy|Ql 7.
The constants Dy and Do depend only onn, p(+), and the log-Holder constant of 1/p(-).
We provide the proof of this lemma to track the constants; it is somewhat simpler
than the one given in [13].
Proof: Fix a cube @ with |Q| > 1. By Lemma 2.10, it will suffice to show that
1
|Q|7e ~ |Q\§, or equivalently,
1

1
(2.1) ‘ _
PQ P

log|Q| < C,
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where C' depends on n and the log-Holder constant of 1/p(-). By the definition of pg
and the LH, condition on 1/p(-),

D
<4 ——= _dx,
P poo‘ ‘Jép Poo ‘ élog(eﬂﬂ)

where Do, is the LH., constant of 1/p(-). Let P be a cube centered at the origin
with £(P) = £(Q), fix R = /nl(P), and let By = B(0,R/2). Then P C By. Since
the integrand increases if we move from an arbitrary cube to a cube centered at the
origin with the same side length, we have

Do Do
———dx < ———dx
@ log(e + |2[) P log(e + [z)

< (\/ﬁ> Un][ _De 4
2 B, log(e + |z|)

where v, is the volume of the unit ball in R™. If we convert to spherical coordinates
with r = Rs and s € (0,1), we get

(ﬁ)" b Dys™ !
=) v
0

2 log(e + Rs) 3

<(ﬁ)nvp </W§ds +/1 o )
—\ 2 "\ o log(e + Rs) 1/vE log(e + Rs)

(5) o (7 mim)
(L) ot

= 4n<\/ﬁ> UnDoso 1

IN

IN

2 log(|QI)’
in the second to last inequality we used the fact that log(z) < « for all # > 1. This
proves inequality (2.1) with C = 4n(@)nvnDoo. O

The following lemma allows us to replace variable exponents with constant ones, and
vice versa, at the cost of a remainder term. This result was proved in [7, Lemma 3.26]
for the Lebesgue measure, but the same proof works for a general non-negative mea-
sure .

Lemma 2.12. Let u(-): R™ — [0, 00) be such that u(-) € LHx(R™) and 0 < oo < 00,
and fort > 0, let Ry(x) = (e+ |z|)~"*. Then for any non-negative measure p, for any
set E with p(E) < 0o, and any function F with 0 < F(y) <1 fory € E,

/ F(y)"®W dp < emtC / F(y)"= du+ / Ry(y)" dp,
E B E

and

/ F(y)"> dp < ™ / F(y)"Y du + / Ry(y)"~ dp.
E E E
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3. Lemmas for scalar A,y weights

In this section we define the scalar A,y weights and prove a number of important,
quantitative lemmas about them. All of these results were proved in [8], but the
proofs were qualitative and did not keep careful track of the constants. Because precise
estimates are necessary for our proofs in Section 4, we give detailed proofs here.

Definition 3.1. Given p(-) € P(R"), define scalar Ap,.) to be the set of scalar
weights w such that

(W] a,., = Sgp ‘Q|_1HwXQ||LP('>(]R") w_l)(QHLP’(‘)(]R") <00,

where the supremum is taken over all cubes @@ C R”.

Lemma 3.2 ([8, Lemma 3.2]). Let p(-) € P(R")NLH(R"™) and w € A,.y. Then, for
all cubes Q and all measurable sets £ C Q,

Ie]
Ql —

The original proofs of Lemmas 3.3 and 3.5 yielded a constant that depended on the
norm of the scalar weight w on a fixed cube centered at the origin, but did not track the
dependence on this quantity. Since we needed to remove this dependence in our proof
of the reverse Holder inequality, it was necessary to carefully track this dependence.
The first lemma is a weighted version of the Diening condition, Lemma 2.7.

HU/XE”LP(')(]R")

Kyoy|w —_—
pO) ]Ap<-> HwXQ”LP(‘)(R")

Lemma 3.3 ([8, Lemma 3.3]). Given p(-) € P(R™) N LH(R") with p4 < oo, and a
weight w € Ay, there exists a constant Ly such that for all cubes Q C R™,

lwxal Tt @ < Lafwl -

We may take the constant Ly to be
Ly = C(n,p(-), Cs)Cp max{l, lwxq, ||i;(7)z()]£n)}ﬂ
where Qo = Q(0, 2e).

Proof: Fix acube Q. Let Qo = Q(0, 2¢). We first assume that [[wxq, | L) mn) = 1; We
will treat the general case below by homogeneity. Further, if ||wxg|| LrO) (Rn) = 1, then
the desired inequality is immediate, so we assume |[wxq| rr¢)@n) < 1. We consider
multiple cases according to the relative sizes of Q and Q¢ and their relative distance
to each other.

For the first case, suppose |Q| < |Qo| and dist(Q, Qo) < ¢(Qo). Then @ C 5Qp.
Thus, by Lemma 2.3 and the A,y condition,

Q| = /Q w(z)w\(z) d

< KP(')”'LUXQHLP(‘)(R") w_lXQHLP’M(Rn)
< Ky (10€)™ [[wxq |l o ey 5Qo] ~ 1w ™ Xs@o | Lo ) mn)
< Kp(y(10e)"[w] 4, ||wXQHLp<->(Rn)||wX5QoHZp1<->(R”)-

Since [|wxgy || o) ey = 1 we have [wxsgo | g < l0x@o |7 gy = 1. Thus,

QI < Ky (10€)" [w]a, ., lwxqllLee) @n)-
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If we rearrange terms, raise both sides to the power p;(Q) — p—(Q), and apply
Lemma 2.7, we get

||wXQHLp( )(an;+(@) < (Kp(,)(IOe)"[w]AM‘))p*(Q)*p’(Q)|Q\p’(Q)7P+(Q)

< O(n.p())Cplul "

For the second case, suppose Q| < Qo and dist(QLQo) > ¢(Qo). In this case,
define @ = Q(0,2dist(Q, Qo))- Then @, Qo C @ and (Q) < 2dist(Q,0). Repeating
the argument in the first case, with @ instead of 5@, we get

QI < Ky lwxellzeo e lw™ xell o) @ny

Koo Qlllwxell oo @ Q1w ™ x| o) gy

Kp(-)|@|[w}A,,<.>||7UXQ||LP<->(R") wXQHZ]}(»)(Rny

Since Qo C @ and lwxqoll Lre) (mny = 1, we have HwXQ||Z$(-)(Rn) < ||wXQo||Zpl<~>(Rn) =
1. Thus,
QI < Ky [w]a,., 1QIlwxqllLre) mny-

As before, if we rearrange terms and raise both sides to the power py(Q) — p—(Q),
we get

Q Q
lwxallf (e @ < (K lwla,,

< (Kp(ylw]a, )P+ P Cp|QP+@—r-(@),

)PP |Q|p—(Q)—p+(Q) |Q|p+(Q)—p—(Q)

We now estimate |Q[P+(@)~7-(Q). Define dg = dist(Q,0). Since p(-) € LH(R™),
p(+) is continuous on R™. Since Q C Q, by the continuity of p(-), there exists 1, zo
in the closure of @ such that p(z1) = p4(Q) and p(z2) = p—(Q). Moreover, |z1]| > dg
and |z3| > dg. Thus, by the LH, condition,

P+(Q) —p—(Q) < [p(x1) — poo| + [P(22) = Pos

< Cs + Co
~ log(e+ |z1])  log(e + |x2)
2C

< —.
~ log(e +dg)
Also, by our choice of Q,
Q] = Q)" < (2dist(Q,0))" = 2"d}, < 2"(e + dg)".

Thus,
|QP+(@=P=(@) < (2 (e + dg))P+(@—P-(Q)
< 2n(P+=P-) (¢ 4 dg)2nCe/108(eHda)
— on(p+—p-)2nCo
Hence,

”wXQ”p (Q)—r+(Q S (Kp(‘)[w]Ap(,))p+7p70D2n(p+7p7)62nC°°

Lp() (R™)
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The third case is similar to the first. Suppose |Q| > |Qq| and dist(Q, Qo) < (Q).
Then Qo C 5Q. Thus, by Lemma 2.3 and the A,y condition,
Q| < KP(')”wXQHLP(')(R”)”w_lXQHLP’(')(]R")
K 15Qlwxell oo ey [5Q1 ™ Hlw™ x5l o) ()
< Ky [5Q|[w] a,., HwXQHLp(->(Rn)||wX5Q||Zp1<~>(Rn)
p()3" QI 0, lwxall oo @) llwxsell ocs gy
Since Qo C 5Q, we have HstQHZ;(_)(Rn) < HwXQOHZ;(-)(]Rn) = 1. Thus,
Q1 < Ky QUL loxall o ey

Rearranging terms and raising both sides to the power p4 (Q) — p—(Q), we get

lwxall(a P < (57 Ky [l )P+ P

= C(np()wly 7.

For the last case, suppose |Q| > |Qo| and dist(Q, Qo) > £(Q). Define Q as in the
second case. If we follow a similar argument to that in the second case, we get

QI < Ky lwxell e @y llw™ Xl Lo o) gy
< Kp(~)\QHWXQ”LM-)(R")\erHWAXQHLP'M(R")'
Since Qo € Q, [wxgll 7o) @y < lwxQoll o)y = 1. Thus,
QI < Kp(y|Qllw] a, ., llwxQl oo -
Rearranging terms and raising both sides to the power p1(Q) — p—(Q), we get
HU’XQ”LP( )(R’LZ;Jf(Q) < (K [w] 4 Ay ))m*pf|Q|p7(Q)*p+(Q)|Q|p+(Q)*p7(Q)
< (Kp(.)[w]AP(_))p+—p-CD|Q|p+(Q)—p—(Q)_

As shown in the second case, |Q|P+(Q)—P~(Q) < 9n(p+—p-)2nCo  Thuys,

||wXQ||I£p<(??RnZ;+( ) < (Kp(y[w]a,,)

= O(n.p(), Coc) il 7"

P+—P— CDzn(P+ —p-) 2nCoo

Therefore, we have shown that in every case
loxallgSah @ < Cn,p(), Coo) Ol

for all cubes @, provided |[wxq, /L) (®n) = 1.
Now suppose [[wxq, |l r¢)®ny # 1. Define wo = w/||wxq, || Lr¢)@ny- Then

Q +(@Q Q
el et @ = lwoxalls ey @ llwxao ek @

< C(1,p(), Coo) Cp w0l 7 lwxqy [, <.
By the homogeneity of the definition of [w] 4., [wo] 4, ., = [W]a,, I [lwxQ, | Lre) mr)>
1, then

lwxaully it @ < 1.
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It ||wXQO||LP(')(Rn) < 1 then

Q -
”wXQoHLp( )(RnI;Jr( ) < ||wXQ0||I£p(-)ZE]1§n)'
Consequently,
lwxel Tt @ < Cn,p(), Coo)Cplwl’y P~ max{1, [lwxq, bt} O

Remark 3.4. The choice of Qg = Q(0,2¢) is arbitrary, and we could have used any
fixed cube centered at the origin in the proof of Lemma 3.3. We will use the same
estimates in the proof of Lemma 3.5 below, where the choice of (Jy simplifies the
calculations and resulting constants. We choose the same cube )y in Lemma 3.3 for
consistency.

The next lemma connects A,y weights to an A, condition. We note in passing
that this condition appears closely related to the boundedness of the maximal operator
on weighted variable Lebesgue spaces: see [21].

Lemma 3.5 ([8, Lemma 3.4]). Given p(-) € P(R") N LHR") with py+ < oo, let
w be a scalar weight, and define W(-) = w(-)P0). If w € Ay, then there ezists a
constant Lo such that for all cubes @Q C R™ and all measurable sets E C @Q,

L R (20)) e
QI ~ Ao w@),/)
where W(E) := [, W(z)dz = pyy(wxg). In fact, we may take

1 pP— P

~1 1-
Ly = C(n,p(), Coc) O max{lwxau |25 gm0 |1 1
where Qo = Q(0, 2e).
Proof: Fix a cube @ and let E C @ be measurable. Let Qo = Q(0, 2¢). First assume
that [[wxq,llzr)®n) = 1; we will treat the general case below. We consider several
cases depending on the size of ||wxql|Le¢) () and [[wWXE Lee) gn)-
For the first case, suppose [[wxqlls()@®n) < 1. By Lemmas 3.2, 2.1, and 3.3,

|E] lwXell e @ny
@l = ol g
QllLre)@m)
HwXE”LP(‘)(R")
= Kp(y[w]a,, (@ (=9
lwxell ;i wam lwXall Locy iy
WXQN Lpy () 1WXQI Loy (r7)
1
W(E)»® RO
< Kpoy[wla,, 71|le@||21<> &)
W(Q)+@

W(E) p+1( P_(Q)-p4(Q)
@
lwxall oy

1 P4 —P—

W(E P+ Py @)
< Kp(ylwla,, <W’Q) Lyt [w]AP(f)Q)
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For the second case, suppose ||wXgl| ey ey < 1 < [[wx@llLec)@n)- Similarly to
the previous case, we use Lemmas 3.2 and 2.1, and the fact that W(Q) > 1, to get

|E| lwxellLre e
< Ky lwla, e &
|Q| ||wXQ||LP<')(]R")
1
W(E) 4 (E)
< Kp(ylwla,, 1
W(Q)P-@
W(E) @
< Ky lwlay ————
W(Q)7+@
1
< K,. — .
< Kp(lw]a,, (W(Q)>
For the last case, suppose A := |lwxqllre)®n) > [[wXEl L) ®n)y > 1. Then by

Lemma 2.12 with du = w(-)P0) dx, for all ¢ > 0,

p()
/ AP w(z)P®) da < " / APE ()P d 4 / _wl)™
o e+ a7

tC. wxQ w(f)p(z)
pp()< 2 ) +/Q (e + |z|)tmP- x

By Lemma 2.2, pp,.y(wxg/A) = 1. Now, we need to estimate the second term. For
each k € N, define Q) = Q(0,2¢**1). Then for each z € Qp\Qx_1,

kN tnp—
(et lame 2ol > (3) T e

By Lemma 2.1 and our assumption that W(Qo) = [[wxq, || Lr¢)@n) = 1, We get

w(z)P®) . °°/ w(z)P®)
——dr < e "P-W(Qp) + e 4T
L. et h @)+ [ o T

e tnP- 4 Z e*k”tp*W(Qk) dx

k=1

o0
—tnp— 4 3 g=kntr-
— et 4 g~ kntp HU/XQkHi:(')(]R“)'
k=1

Observe that by Lemma 3.2 applied to Qf and Qy,

Qx|
lwxqllLro @ny < Kpy[wla,, 0o ‘HwXQoHLP()(R" ) =K, [w]a, e



506 D. Cruz-UrIBE OFS, M. PENROD

Combining this with the previous estimate, we get
p(z) p(z)
/ 711](:6) S dr < / 711)(96) n dx
q (e+ |z[)tmP- o (€ [a])mP-
eI (Qo) + 3 eI (K ] 4, TP
k=1

= e tnp— (Kp() Ay )P+ Z k(npy—tnp_

Note that the sum above converges for any ¢ > i%~ Using the formula for the sum

of a geometric series, we find that Yy, eF("P+—tnr-) < W whenever
P4,

t> ]T + 71 0g((Kp([w]a, )Pt +1).

Choose t1 = &= + = log(2(Kp()[w]a,,)+) to get

Q k=1
" (2 Ky w4y, )P i
<e 7= ywla, ) T) - + +
p(-) p() Q(Kp(-)[w]AP(,))p+

CooP

Rearranging terms, we get

(3.1) lwxellzeo ®ny = A= o V(@)

1

C(n,p(-), Coo) 7 [w] 77

We now use a similar procedure, exchanging @ with E and p. with p(:). By
Lemmas 2.2 and 2.12, we get

1= [ oxsl 2 (e da

(=)
ntCoo —Poo p(x) %
= /E Xl a5 nyw(@)”™ do + /E e+

Define the cubes @ as before. Then for all s > 0,
(z)P(®)

w(z ) p(z) B /
dz < e """~ W(Qo) + 7@
/ (6 + |x‘)tnp, 0 Z k\Qk . 6 + ‘x|)snp,

< e SmP— | Ze—ksnp_w(Qk)

k=1

S e 4 (K [w]a, )" Z ehnpe=ene=),
k=1
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If we find the sum of the geometric series, we find that > o, eF(PP+=snp-) <

1
————————— whenever
AKp(y[wla, )"

P 1
> 4 o log(4(Kp(y[w]a,.,)"") +1).

If we choose s1 = I’j—f + np% log(5(Kp()[w]a,.,)P*), we get

1
(Kp(-)[w]Apm )P Zek(nm =) < 4
k=1
Also,
e—s1mp— — g—npt o~ 0BG [wla, )T —npy ! < 17
5(Kp(y[wla, ) )P+ — 5
and so

p() >0 1 1
/ w(CC) dr < e~ 51— 4 (Kp(-)[w}AP(,))p+ Zek(np+ snp_) < = + - -

E (e + |x|)51np— 5o 2.
Furthermore,
o nCer: nCocps S
ensl o — @ Po (5[w]Ap(.)) np_ = C(n,p<-)7coo)[w].,4p(7_) .

If we combine all of these estimates, we get

(z)
ns1Coo —Poo p(z) w(x)p
b= /E x| Lo gy w (@) d +/E (e 4+ |x])srmr- o

CoopPy

P —Peo 1
< C(n,p(-), COO)[w].Ap(.) HwXEHLzI))(-)(Rn)W(E) + 5
If we now rearrange terms, we get
CooPt .
1 PP 1
(3.2) Xl Lo @y < 275 C(n, p(-), Coo)[w] 17~ W(E) 7

Therefore, by Lemma 3.2 and inequalities (3.1) and (3.2), we get

lwxEell Lee) @ny

E
| ‘ S K p()
||wXQ||LP<‘>(R")

[g| = Krolwla

i ()

Ky [w]a,,27% C(n,p(), Coo)[w] 17 [w] 57

W(Q)

Thus, we have shown that in all cases, if [wxq, || L»¢)(®rn) = 1, we get for all cubes Q
and measurable sets E C @,

E| = (W(E) 7
‘Q| < C(?’L p() C )CD [w]Ap() ( )

< C’(n7p(.),Coo)[w]j4t(2> - <W(E)) "

W(Q)
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Now suppose [wxqy st s 7 L. Define w = w/ [y ey and Wo(:) by
Wo(E) = [, wo(z)P® dx. Observe that if lwxqoll v (mny < 1, then by Lemma 2.1,

Wo(E) _ fE WQ(I)p(I) < HwXQoH;S(J-r)(Rn)W(E) _ ” wxQ |p_—p+ W(E)
Wo(@)  Jowo(@)”™ ™ [lwxqy ll o) ey W(Q) PHLTOEDW(Q)

Similarly, if ||wxq, || L»¢)®n) > 1, then
Wo(E) pi—p- W(E)
< =L,
WO(Q) — HwXQO| LP(')(RW)W(Q)
= [w]4,.,, We get for all cubes @ and measurable sets £ C @,

Since [woa,,

1B| Py RS (Wo(E)\ P
g = OO Coe)Ch ol 0 (WO(Q))

CooP+

1
. 142

< C(n,p(-),Cx)Cp [w]Apu

pP—
(E)\
ma{ oyl 5oy o e (g )
This completes the proof. O

Remark 3.6. We note in passing that there is a small loss of information in our
proof when we pass back to the constant exponent case. If p(-) = p is constant, then
P— =P =P+ =p, Ky =1, Cp =1, Cx =0, and L; = 1. The constants in the

first case become
Py 1

Kp(,)[’lU];;(.)Lfi = [w]AP(') :
For the arguments in the last case, inequality (3.1) simplifies to
1 1
lwxellLe®n) > ?W(Q)P~
P

Inequality (3.2) simplifies to

'Sb—‘

lwx el e < 27 W(E)?.

Thus, our arguments in the last case give

1
E| 1 <W(E)) g
— < |w]a, 67 —— | .
Q=40 (W)
If we use the proof in [4, Lemma 2.5] in the constant exponent setting, we would
expect the constant to be [w]4, instead of 6%[11)] A,- We suspect that this constant

can be eliminated (or at least reduced) by a more careful choice of constants in the
argument, but for our purposes the extra work did not seem necessary.

4. The reverse Holder inequality in variable Lebesgue spaces

In this section we prove Theorem 1.1. The proof is substantially more difficult than
the proof of the classical reverse Holder inequality for Muckenhoupt A, weights. It
requires a careful modular estimate that depends on the size of the cube and the size
of w on the cube. In order to get the final constants, we must keep very careful track
of the constants and then apply a second homogenization argument. Also, at the heart
of the proof we need to apply the classical reverse Holder inequality to estimate the
modular of w(-)?) = w(-)"(). We can do so as a consequence of Lemma 3.5. We
state the exact version we need for our proof.
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Lemma 4.1. Let v: R™ — [0,00) be a weight. Suppose there exist constants §,Cy > 0
such that for every cube Q@ and every measurable set E C Q,

|E| v(E)\’
@ a<alia)

Then, there exists an exponent r > 1 such that for every cube Q,

(4.2) Jév(x)rda: < 2<]év(x) dx)r.

In particular, we can take

1
+ n+2+(1/6 1/6"
2 (1/9)(n + 1) log(2)C,

Remark 4.2. 1t is well known that (4.1) is equivalent to v € (J,5, Ap. (See, for
instance, [15, Theorem 3.1]). Inequality (4.2) is then just a version of the sharp reverse
Hoélder inequality for A, weights proved by Hytonen and Pérez [19] and Hyténen,
Pérez, and Rela [20]. This result, however, is given in terms of the so-called Fujii—
Wilson A, constant of v. Here we instead use the slightly weaker version proved in [4,
Theorem 3.2].

By tracking the constants in the proof in [4], we see that we get the value of r
given. To compare our r to the one obtained in the proof of [4, Theorem 3.2], we note
that in this work, the author gets r = 1 + €, where € satisfies

1 1

ealog(a)2”([v]} )" < >

r<l1

1
for any choice of a > 2"*!. The factors of 27 and ([v] f‘p)p came from using the

inequality in [4, Lemma 2.5], which is

o<k, (25

under the assumption that |Q| < 2|E|. Thus, taking our inequality (4.1), using the
1

transformation v = w?, and plugging in a = 2"+, § = %, and C; = [v}f‘p = [w]a4,,

we see that our bounds above are the same as those for the reverse Holder exponent
in [4, Theorem 3.2].

Proof of Theorem 1.1: Fix p(-) € P(R™) N LH(R™) with p, < oo and w € Ap(y. By
Lemma 3.5, there exists a constant Lo such that for all cubes @ and all measurable
sets £ C Q,

Bl 55 <W<E>) =
QI = e \W(Q)
Consequently, by Lemma 4.1, there exists an exponent
r=1+ 1 =
1420+
20+2+p+ (n + 1) log(2) (Lafw] 4 """ )P+

p(-)
such that for all cubes @,

(4.3) ]é w(z)™?® dy < 2<]{2 w(z)P®) da;)T.

We will show that this value of r works for the desired reverse Holder inequality (1.2).
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Let q(-) = rp(-). By the homogeneity of the A, condition and the homogeneity

1
of (1.2), we may assume |Q| *@ ||wxql|rr¢)®n) = 1. Then it will suffice to show that
there exists a constant C' such that

(4.4) QI " wxqll Lot @) < C

for all cubes Q. Fix a cube (). We consider two cases.
First suppose |Q| < 1. For all z € Q, qq(—(? = p(m I QL @ wXQHLq() ®y <1,

then (4.4) holds with C' = 1. Therefore, we may assume that |[|Q] iq wXQ| pat) (mny >
1. By Lemma 2.8 and (4.3), we have that

_ 1 _a(z)
Pa()(1Q] "2 wxq) = /Q Q| %@ w(z)!™) dx
_p(@)
=/ Q| *e w(m)q(w) dx
Q

1
<Cp A w(x)1™ de
Q

< 20;?‘ (][ w(z)P@) d:r)
Q
1 1 _p=) r
<20} (0,; / Q| 7@ w(z)P®) dz)
Q

147

=205 ppy(1Q " wxq).

Therefore, by Lemma 2.1 and the above inequality, we have that

119177 wxll acrar) < pay1Q1 @ wxe)™
1+r 2r %

1
<29-Cp <20 <203,

1
q

< (2057 )*
This proves the first case with C = 2C%,.

For the second case, suppose |@Q| > 1. This estimate is much more technical. Since
p(-) € LH(R™), we may apply Lemmas 2.10 and 2.11 to get

_ 1 _q(z) .
Pa()(IQ "@wxq) = /Q Q" @ w(z)"™) dx
_p()
:/ Q| Pe w(x)‘J(I) dx
Q

< (K2 1, )7 /Q IXQU S gy (@)
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Since |Q| > 1, \Q|_i < 1. Thus, if we treat w(-)?") as a measure, then by
Lemma 2.12 we have that for all ¢ > 0,

_p@) _ w(x)@
Q Zoowxq(“)dxge"tc‘”/ Q 1wxq(I)dx+/7dac
| e e 101 i) Raa=
q(z)
(4'5) :entCoo][ w(x)q(x) d.’L’-i—/ w(xi)mdg;
Q o (e+ |z])tr-

r q(z)
< MtCes <][ w(x)p(r) dm) +/ L dx
Q o (e+|z[)mP-

We estimate the two terms in (4.5) separately. We start with the second term.
Define Qi = Q(0,2¢k*1) for k > 0. Then,

q(x) q(x)
/ _w@)™ / _w@)™
o (e+ |z])mP- ge (€ + |z])"tP-

< e P / w(z)?® dx + Z e~ Finp- / w(z)?® da
0 k=1 Q

E\Qr—1

< e M- / w(z)?® dx + Z e~ Minp- / w(z)1® de.
0 k=1

k

Observe that since for all k, |Qx| > 1, we have |Qx|'~" < 1. Thus, for all k > 0,

/ w(ac)Q(I) dx = |Qk| w(m)qm dx
Qk Qk

< 2Qu (]{2 w(a)P® dm) 2 TW(QL) < 2W(QW)'.

If we combine this with Lemma 2.1, we get

efntp‘/ w(z)?®) da:—&—Ze*kt"p‘/ w(z)?® da
0

k=1 k

oo
< e "MPAW(Q) +2) e P W(QR)"
k=1

< 2e7"P-W(Qo)" + 2 Ze—kntp— max{1, |wxo, ||TLZ:I)(RH)}-
k=1

Since w € Ap(.), by Lemma 3.2, for all k£ > 1,

T r ‘Qk| P r
HwXQkHLz;J(r')(R”) < (Bp(y[w]a,,) p+<QO ”wXQOHLZ;?)(R")
TPy

= (Kp(y[wla, )™+ P+ wxqo I750 -
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Thus,
o0
2e7"P-W(Qo)" +2 ) e FP- max{1, |[wxq, (s

k=1

< 2e7"MP-W(Qo)"

(46) F23 e max {1, (5 [y, )PP gy [ o
k=1

< 2e7"P-W(Qo)"

+2(K, [w].Ap(,))TermaX{l’ lwxa, H?;J{,)(R”)}Z ek(nrpy—ntp_)
k=1

For t > %7 the sum above converges. By the formula for the sum of a geometric
series, we see that if

Tp_;’_ )
= 2 * IIOg( (Kp(y[wla, )"+ +1),
we get
2(Kp(~)[w]AP(_))T”+ Zek(nrm—ntp,) <1.
k=1
i1~ %er%_ log(3(Kp() [w]““p(»)rm' Then, by applying Lemma 2.1 to (4.6),
we get

2e7"1PW(Qo)” + 2K [w]a, ) max{L wxqu 5 oy} D €7 T
k=

S 2€—nt1p_W(Q0)”‘ + ma‘X{L ||wXQo ||2€I)(Rn)}

< 2¢ MiP- maX{la ||wXQO ”21;?) Rn) } + max{l ”wXQo ||LP( ) ]Rn)}

< 3max{1, [[wxg, H?:(r-)(w)}'

Hence, we have shown that the second term in (4.5) satisfies

(4.7) Mdaquax{l [wX oy 1724 s }
: o (e+ |z[)ntir- "7 = P NIWXQoll Loy Ry S+

We now estimate the first term of (4.5). To estimate the constant, note that our
choice of t1 gives

2
nCoorpy Coop Coor(py)”

(4.8) eMt1Co0 — ¢ 7o (3(Kp(.)[w]Ap(.))’“P+)T+ = C(n,p(.),Ooo)[w]Ap(z_

To estimate the integral, observe that since |Q| > 1, by Lemma 2.12, for all s > 0,
£ wleyt) i = / Q5= ()@ da
Q Q

p(x)
nsC p(a: dfli+/ ( w(x) dr

o e+ a7
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If we define Q) = Q(0,2¢**1) for £ > 0 and make a decomposition argument very
similar to the one above, we find that if we choose

py 1
- log(2(K. P
1= 0g(2(Kp () [w]a,,)PT),

then we can estimate the second term in (4.9) as follows:

p(x) R
/Q w(l‘) dmge—nslp,W(Qo) + Z e_lmslp’W(Qk)

(e + 2]~ 2

o0
<e " P-W(Qo) + Y e max{1, wxq, Iro @y}
k=1

(4.10) <e P W(Qo)

o0
+ (K [w]AP(,) )P+max{1, |lwxqg, ”Zf::(')(R")}Z o knsip—+knp,
k=1

<e "o W(QO) + maX{L ”wXQo ”1[);(-)(]1@71)}

<2max{1, [|lwxg, ||1[);(-)(]R")}'

To estimate the first term in (4.9), observe that

c
P+ 1 TPt

(411) €O = (7 (2wl )P) )" = Cln,p(), Cooul ) -

To estimate the integral in the first term, note that by Lemmas 2.11 and 2.10, for
all x € Q,

p(x)

< (2K Dy |QL e

p(x) -
e < DBY ||XQ||L5((~:>62R")

QI

Thus,

(4.12) /QQ|_

p(z)

» w(x)p(z) dx

R ur do < 28,008 [ jol”
Q
= (2Kp())P* DY pp (1Q] PR wxq) = (2K()P+ D5*.

If we combine (4.11), (4.12), and (4.10), we get

p(x p(x)
][ w(x)p(x) dr < $1C / 1QI~ p(oo)w(x)p(x) +/ L dr
Q Q a(

e+ lalym-

coop+

< C(n,p(), Coo) Dl + 2max{1, fwxqu 5 o}

(4.13)

CooPt

< C(n,p(),C, D2)[w]A:(_,> max{1, ”wXQo | itz(d(]}gn)}'
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If we now insert estimates (4.8), (4.13), and (4.7) into (4.5), we get

pe(-(1Q] @ wxq) < C(p(-), D1)

CooPy

x ("9 (Cn,p(), Co, D)l "7, ma{L, [y 2 o)

+ 3max{1, [wxqol o, ) })
Coor(py)? - Coort

< Cn,p(), Coo, Dy Do)l " [l

X ma‘X{lv ||wXQO ||2€I)(]Rn)}+30(p()7 Dl) maX{L ||wXQO ||ZI;T)(R7L)}

rCoopy

- - (p++1) -
< C’(n,p('), Cw, Dy, DQ) [w}AP(,) maX{la ||'LUXQ0HLZ;4(—-)(R7L)}'

Thus, by Lemma 2.1 and the fact that ¢_ = rp_, we get

_L _L 1
Q@ [lwxqllLacy®n) < Pa() (IR "2 wxq) -

rCoopy
r D (p++1)
< C(?’L,p(), 0007 Dl’ DQ) - [w]Ap(-)
rp4
q_
x max{1, HwXQOHLP(‘)(R")}
Coc2p+ (p++1)

< C(n,p("), Cs, D1, DQ)E[w]Ap(-)
Py

X max{l, HwXQO Hz}_’(')(Rn)}'

This proves (4.4) in the second case.

Therefore, if we combine both cases, undo the homogenization, and insert the
appropriate values into the definition of the constant Ly from Lemma 3.5, we have
that for all cubes @,

_ 1 _ 1
1Q @ lwxgllLao) @y < JIQ 72 [wxqllLee) @y,
where ¢(-) = rp(-),

1
=1
e R = S
C(nvp(')’ Coo, CD)([M]AP(_) maX{HwXQo HLP(-)(Rn)7 ||wXQo HLp(v)(]Rn)})er
and
Cz,cp+ (p++1) Zi
J = C’(n,p(-), COO, CD7 Dl’ D2)[w]Ap<7,) max{l, ||wXQo ||L;(')(Rn)}'

To complete the proof and get the final constants, we must remove the depen-
dence on [|wxq,|Lr¢)@n)- We can do this by a normalization argument. Define v =

w/||wxQo || Lre) (mny- Then [[vxg, lLro) ey = 1, [V]4,, = [w]a,,, and
__1 _ 1
(4.14) 1Ql 72 |lvxqllLreo @ny < JIQ 2 lvxqllLro ey
where )
=1
T e
C(n,p(+), Coo)([wl 4, =" )P+

and o

%(P++1)

Cp() = C(n,p(), Cooa CD; Dl, DQ)[w]Ap(,)
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Since inequality (4.14) is homogeneous, this implies that

1
QI 72 [lwxel

This removes the dependence of the constants on [|wxq,[|Lr¢) @), and the proof is
complete. O

1
L) Ry < Cp(~)|Q| re ”wXQ”LP(‘)(R")'

Remark 4.3. In the constant exponent case, Lemma 4.1, it can be shown that the
exponent r depends on [w] 4, to the power 1, and the initial constant 2 can be replaced
by 1+ ¢ for any € > 0 (with r depending on €). In our result, if we take p(-) = p to
be a constant, then p = p_ = pes = p, Cxxc =0, Cp =1, D; = 2, and Dy = 4.
By tracking the constants in the proof above in this case, we again have that the
exponent depends on [w]4, to the power 1, but the constant in the final inequality
becomes

Cp = (87(8” +2)" +3)7s.
This constant is much larger than the value 2, which suggests that our constant is

not optimal. However, it is not clear how it can be substantially improved.
Moreover, in the constant exponent setting, in the classical reverse Holder inequal-

ity
fv’”d:cﬁC(f vdz) ,
Q Q

the constant C tends to 1 as r — 1. This can be seen by tracking the constant obtained
in [4, Theorem 3.2]. The proof shows that for sufficiently small ¢ > 0,

1+e
][ vlte < ! ][ v .
Q ~ 1 —ea(loga)2r[v]a, \Jg

As ¢ — 0, the constant tends to 1. This does not happen with our constant Cp. It is
reasonable to conjecture that the constant goes to 1 as » — 1 in the variable exponent
case as well, but we are unable to prove this.

In Section 5, in the proofs of Theorems 1.5 and 1.6, the right and left-openness of
the matrix A, classes, we will obtain d reverse Holder exponents and constants. To
collapse them down to a uniform reverse Holder exponent and a uniform constant,
we need the following corollary to Theorem 1.1.

Corollary 4.4. Let p(-) € P(R") N LH(R™) with py < oo and let w be a scalar
Ap(y weight. Let v be the exponent from Theorem 1.1. Then for all s € [1,7), when

u(-) = sp(-),
1 _ 1
Q] @ flwxgllLuo @y < 32[a,, Co)|Ql "2 [lwxellLro @ny,

for all cubes Q, where v(-) is defined by

1 1 1
(4.15) — = + —.
u(-)  rp() ()
Proof: Fix p(-) € P(R™) N LH(R™), and let r be the reverse Holder exponent from
Theorem 1.1. Define ¢(-) = rp(-). Fix s € (1,r), let u(-) = sp(-), and define the defect
exponent v(-) by (4.15). Given any cube Q, by the generalized Holder inequality in
variable Lebesgue spaces, Lemma 2.4,

lwxell Lo @ny < (Kqy/u) + DlIlwxellLeo @ lIxellLeo @ny-
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Since q(-)/u(-) = r/s is constant, K.y ) = 1. If we combine this with Lemma 2.10
and Theorem 1.1, we get

1 1
QI “@ |lwxellLvey@ny <2Q1 @ [lwxqllao) ®mllXQllLve) ®m)

1
< 21Q| @ lwxqll pac () 4K oy [, Q4
_ 1
= 8Ky [14,,1Q " [lwxell pat) mny

__1
< 8K [ 4,0, Co) Q1 72 [lwxqll o) re)-

Since p4 < oo and p(-) € LH(R™), by Remark 2.6, 1/p(-) € LH(R™). Thus, 1/¢(-),
1/u(-), and 1/v(-) € LH(R™). Observe that

iﬂ:ué>‘m@>:a;<i‘i>Zifi—i)>0

Thus, v4. < oo and so by Remark 2.6, v(-) € LH(R™). Hence, by Remark 2.9, [1] 4, ., <
co. Additionally, v— > 1. Thus, K, < 2, and so
8K2 14, <321, < o0. -

5. Matrix weights

In this section we prepare for the proof of Theorems 1.5 and 1.6 by giving the
definitions of matrix weights and proving some technical results. The actual proofs
are in Section 6 below. Many of these definitions and results are drawn from our
previous paper [10], and we refer the reader there for additional information.

Let Sy denote the collection of d x d, self-adjoint, positive-semidefinite matrices.
The operator norm of a matrix W is given by

|[Wlop = sup |[Wel.
ecR?
le|=1

The following lemmas are very useful for estimating operator norms.

Lemma 5.1 ([26, Lemma 3.2]). If {e1,...,e4} is an orthonormal basis in RY, then
for any d x d matriz B, we have

d d
1
23 1Bei| < Bl <3 |Bel.
i=1 i=1

Lemma 5.2. Let U and V be self-adjoint d x d matrices. Then |[UV |op = [VU|op.

A matrix weight is a measurable matrix function W: R™ — S such that |W(-)|op €
L{ (R™), or equivalently, the eigenvalues of W are locally integrable functions. A
matrix weight is invertible if it is positive-definite almost everywhere, or equivalently,
all its eigenvalues are positive almost everywhere. Note that when d = 1, matrix
weights are simply locally integrable scalar weights.

We now define the variable Lebesgue spaces for the vector-valued function setting.
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Definition 5.3. Given p(-) € P(R"), define LP()(R";R%) to be the collection of
Lebesgue measurable functions f: R” — R? such that

£l Lrer mniray = l|E]l] o) mry < 00

Given a matrix weight W : R” — S, define LP() (W) to be the collection of Lebesgue
measurable functions f: R” — R? such that

£l ooy = IWEl oo (R ray < 00

We are interested in the class matrix A, which generalizes both the definition
of constant exponent matrix A, and the definition of scalar A, in [6, 8].

Definition 5.4. Given p(-) € P(R") and an invertible matrix weight W: R" — Sy,
W is a matrix A,.) weight, denoted W € Ay, if

(Wla,, = Sup QITHIITW @)W W)lopx@ W 10> ) X@ (@] 20 ny < 00

Remark 5.5. Our definition of A, if p(-) = p is constant reduces to Roudenko’s
definition (see [26]) if we make the change of variables W + V1/P. Our definition has
two advantages. First, this definition of A,y has a very simple duality: W € A, if
and only if W1 ¢ Ay (.- This should be contrasted with Roudenko’s, where V' € A,
if and only if Vr/e ¢ Ay, Second, our definition, even in the constant exponent
case, allows a unified definition when p = 1 or p = 0o, and so allows us to define
matrix A,y for exponents such that p(-) or p'(-) is unbounded.

There are two characterizations of matrix A, weights in terms of reducing operators
and averaging operators. We first consider reducing operators. Reducing operators
play an important role in the theory of matrix weights; for details and references,
see [2]. Here, we recall the definition of reducing operators in the variable exponent
setting given in [10]. For this definition we need the following result.

Theorem 5.6 (|2, Theorem 4.11)). Given a measurable norm function r: R x R —
[0,00), there exists a positive-definite, measurable matrix function W: R™ — Sy such
that for any x € R"™ and e € R?,

r(z,e) < |W(zx)e| < Vdr(z,e).

Given a matrix weight W: R" — S, define the norm function r(-,-): R? x R? —
[0,00) by r(z,e) = |[W(z)e|. Given a cube @ C R", define the norm (r),.) o: R —
[0, 00) by

_1 _1
(rhper@e) :==1Q "2 llr( e)xq()lzrer@ny = QI "2 llexqll oo (w)-
By Theorem 5.6, there exists a positive-definite, self-adjoint, (constant) matrix W(S(')

such that (r),.),0(e) = |Wg(')e| for all e € RY. We call Wg(') the reducing operator
associated to W on Q.

Now let 7*(x,-) be the dual norm of r(z,-), given by r*(z,e) = |[W~!(z)e|. Define
the norm (r >p()Q R? — [0, 00) by

r)pr.0(€) = QTP 1 (- e)x@ (Ml Loy ny = Q17?2 lexall oo w1
Again by Theorem 5.6, there exists a positive definite, self-adjoint, (constant) ma-
trix W%(') such that (r*),()q(e ) |WQ e| for all e € RY. We call Wp()

reducing operator associated to W~ on Q.
We can use these two reducing operators to characterize A,(.).
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Proposition 5.7 ([10, Proposition 4.7]). Let p(-) € P(R™) and W: R"™ — Sy be a
matriz weight. Then W € A,y if and only if

[W]ﬁp(() = sgp |Wg(')Wg(')|op < 0.

Moreover, [W]ff{p(_> ~ [W]a,,., with implicit constants depending only on d.

p(+)

We can also characterize A () weights using averaging operators. In the constant
exponent case, this idea first appeared in [18] and was extensively developed in [9].
Given a cube @ and a matrix weight W: R™ — Sy, define the averaging operator Aw,g
by

Awof(r) = ]é W (@)W~ ()£ () dy xo ().

for any vector-valued function f: R* — R,

Proposition 5.8 ([10, Theorem 4.1]). Let p(-) € P(R™). A matriz weight W: R™ —
Sq is a matriz A,y weight if and only if Aw,q: LPO(R™;RY) — LPO(R™; R?). More-

over,

sup | Aw,qll < [W]a,, < C(d)sup [|[Aw,ql,
p() Q Q

where ||Aw.q|| is the operator norm of Aw.q from LPO(R™R?) to LPC)(R™;RY).
Remark 5.9. By linearity, Aw.g: LPO)(R™;R?Y) — LPO)(R™;R?) uniformly over all
cubes Q if and only if Ag: LPC)(W) — LPC) (W) uniformly over all cubes and

[Aw, @l Lr) (& k) — LrO @ iray = 1AQ N Lre) (W)= Lr) (W)
where Apf = fQ f(y) dy xo-

The following proposition relates matrix A,y weights to scalar A, weights. The
main idea of the proof is contained in [10, Proposition 4.8]; we give the details here
as we need to keep careful track of the constants.

Lemma 5.10. Let p(-) € P(R") and W: R" — Sy be a matriz weight. If W € Ay,
then for all non-zero e € R?, |W(-)e| is a scalar Ay ., weight with

(W()ella,., <Cd)EKp)[Wla,.,-

Proof: Let p(-) € P(R™), W € Ay, and fix e € R? with e # 0. Let w = [We|. Fix a
cube Q. We will show that Ag: LPC) (w) — LPO) (w) and that

(5.1) [AQI Lre) ()= LrO) (w) < Kp() W]y,

Then by Proposition 5.8 and Remark 5.9, which both hold in the scalar case (i.e.,
when d = 1), we will have that

[w]a,., <C(d) Sup 1AQI Lr) (w) s Lro) (w) < C(A) Kp()[W]a, ),

which is what we want to prove.
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Let ¢ be any scalar function and define f = ¢e. Fix a cube Q). Observe that
[AQE || Loy wy = W () AQE ()l Il Lre) (rm)

- ’W(~) ]2 qb(y)edy‘mt)

Lr() (R™)

- 'W(.)e]écb(y)dy)m(')

Lp(-)(Rn)

=W ()el = [ Ao Lro) (w)-

Lr()(R™)

]écé(y) dy‘xaz(-)

Similarly,
£l rerwy = W OE 2ee) gn)
= W OB el o gy = 1 Celd Ol o @ny = 18]l 00
Then, since W € A,.), by Proposition 5.8 and Remark 5.9, we have that
140l o) (w) = [AQfl ooy (wy < 1A Lee) ()= Lo () Il o> ()
< Ky W, IEll oo wry = Kp() W], 181l Lo (-

Hence, (5.1) holds and our proof is complete. O

The following property of reducing operators is used in the proof of Theorem 1.5.

Lemma 5.11. Let p(-) € P(R™) N LH(R™) with py < 0o, and let W: R™ — Sg be a
matriz weight. If W € Ay .y, then there exists r > 1 such that for all s € [1,7],

W OOVE) opxa )l
for all cubes Q@ C R™. The implicit constant depends on d, p(-), Coo, C*, and [W]4

Loro) @) S IXQllLore) @ny

()"
Proof: Let p(-) e P(R")NLH(R™) and W € A, (). Let {e;}¢_; be the coordinate basis
of R%. Fix Q. For eachi=1, ..., d, consider the scalar weight w?(-)= |W(-)(Wg('))_1ei|.

For each of these weights, choose riQ

the constant from Theorem 1.1, i.e.,

to be the reverse Holder exponent and CiQ to be

1

Q _
rS =1+ TaTrs

Cul[[W (Y OWE ) ey, =7 o

and
CooPt
AN — = (p++1)
CP = W WE) el 4
By Lemma 5.10, [W(-)(Wg('))fleiHAp(.) < C(d)Kp()[W]a,,- Thus, defining
1

C.((C(A) Ky [W]Am»

r=1+4

CooP+
PooP )p+

142
)

and
Coo
= (pr+1)

Mp() = C*<C(d)KP()[W]Ap()) i )
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we have r < TZ-Q and M,y > CiQ for each i. Then by Lemma 5.1, the triangle inequality,
Corollary 4.4, and the definition of the reducing operator Wg('), we get for all s € [1, ]

Q1”7 W () WE) opxa ()]

Lsp(-)(]Rn)

d
<RI L IWOME) elxel)
d
Z 79 W (VE) eilx@ () per

< 321 p<>ZCQ|@\ 7 [ (OVE) eslxa(ll ot ey

i=1

d
< 32[1) 4,0, My S_1QI 7@ W (Y OVE)  eilx ()l 1ot ey

=1

< 321, p()Z‘W el

< 32[1]Ap(.)MP(')d'
Multiplying both sides by |@Q|**< and applying Lemma 2.10, we get

W GOV opxo()lLert @ny < 32[1a, 0, Mp(yd2K o5 X0

Since p; < 00, Ky < 3, so the final constant depends only on d, p(-), Cso, C*,
and [W]4 O

Lsp(«)(Rn) .

()"

Finally, in our proofs of Theorems 1.5 and 1.6, we will need to use an auxiliary aver-
aging operator defined using a reducing operator. Given p(-) € P(R"), define Ay ;)0
by

Awp(.of () ][W”()W ) (y) dy xq(x).

This operator plays a role analogous to the auxiliary maximal operator introduced by
Goldberg [18]; we introduce it because we cannot assume that the Goldberg auxiliary
maximal operator is bounded on LP(). After this project was completed, this problem
was solved by Nieraeth and the second author in [25]. We will prove that flwm(.)’Q is
bounded on LP() and that it satisfies a right-openness property.

Lemma 5.12. Let p(-) € P(R™) N LH(R"™) with p; < oo and W: R" — S; be a
matriz weight. If W € Ay, then there exists r > 1 such that for all s € [1,7],

Aw,p(.),Q: LSP(‘)(R";Rd) — LSP(‘)(RH;Rd)
uniformly over all cubes Q.

Proof: Let p(-) € P(R") N LH(R") and W € Ap(.). As in the proof of Lemma 5.11,

define
1

r=1+

14250+

Cu(Cd) Ky [W)a,, ) 2757 o
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Let s€[1,7]. Fix f € L*?()(R”; R%). Observe that by homogeneity of the L*P) norm,
the triangle inequality, Holder’s inequality, and Lemma 2.10, we have

||AWp( Qf”LSP(‘)(Rn.Rd)

H\f WEW ) do ol

Lsr() (Rn)

— Q™

Lsr() (Rn)

/Q W§<'>W-1<y>f<y>dy\m|

LSP(-)(R")

<1 /Q WEOW o £(5) | dyl o

< Koy QI IWE W ()lopx@) ()l pesntry oy I

Lsp(«)(]Rn;Rd)HXQ| L) (R™)

_1
<AK2 1,0 11 HIWE W O)lopX@ ()l peertrr @y I povt gy | Q179

— 1 . _
_4Ksp()[ ] sp(A>‘Q| (spQ) |HW§OW 1(')|0pXQ<')||L(SP(*))’(Rn)”f”LSP(-)(]R”;]Rd)'

_ 1
To finish the proof, we must show that |Q| 7<) || |Wg(')W_1(-)|opr(~) Il £ csn” )
is bounded by a constant independent of @). Define v(-) by
1 1 1

= + .

(sp(x))  p(z)  w(2)
Then by the generalized Holder inequality on variable Lebesgue spaces, Lemma, 2.4,
and Lemma 2.10,

IIWEW = (Vopx@ ()l iencr @y
< KWW O)lopx@ ()l oror ey Il

_1
< KAKS W WG W Olopx@ ()l | Q17
Combining this with Lemma 5.2, Lemma 5.1, the triangle inequality, the definition

Lv() (Rn)

of the reducing operator Wg('), and Proposition 5.7, we get
|Q|*W|||wg<‘>W*1<~>|op><Q<->Hm.w(m
<AKKZ 14,0, 1@ 7 (W W Olopx@ ()l oo ey |Q1 @
= KK Q17 IV OlopxaOll o ey

_ 1
= AK K21, 1Q 7@ [IW (WA x| 1o gy

<SAKEG (1] UUZ@ % W WE eilxa ()l oo

2
<4KKZ “”Z\WQ Wi e

< 4KKU( )[ }Av(A)d|W22 . Wg(.)|0p
2 R
< 4KKU(-)[1}Au(l)d[W]Ap(.) .
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Since W € A,(,, [W]ﬁpm < oo by Proposition 5.7. Since the final constant is inde-

pendent of Q, AWW(,%Q: L0 (R™; RY) — L#P0) (R™; R?) uniformly over all cubes Q.
This completes the proof. O

6. Right and left-openness of the A,y classes

In this section we prove Theorems 1.5 and 1.6.

Proof of Theorem 1.5: Let p(-) € P(R")NLH(R™) with p; < co and W: R"™ — S, be
amatrix A,y weight. Choose r from Lemma 5.11, and let s € [1, r]. By Proposition 5.8,
to prove W € Ay, it suffices to show Aw,q: LPO(R™";R?) — L0 (R™; RY) uni-
formly over all cubes Q.

Fix a cube Q and f € L*P()(R"; R%). Observe that by homogeneity of the L*?(*) norm
and Lemma 5.11,

| Aw,of]

o () = H\ fwewwew i)

Lsp() (R")

_ H‘W()(Wg('))l]é W () (y) dy‘m«)

LsP() (R™)

< W EOVED) Hopxo()llpero @n)

e ay

< Inallzororn, ]é WEOW T (y)8(y) dy\

= H‘][ng(-)w—l(y)f(y) dy’XQ(')

Lsp(v)(]Rn)

= | Awp(),Qf | Lovt (my-

Since the choice of r is the same as in Lemma 5.12, /~1W7p(,)7Q is bounded on
L#*PC) (R™; R?) uniformly over all cubes Q. Thus, we have shown

[ Aw,of|
with implicit constant independent of Q. Hence, W € Ay, (.). O

Lsp() (R7;R4) < I Lep() (R™;R4)>

We now prove Theorem 1.6. The proof is almost identical to the proof of Theo-
rem 1.5, so we just sketch the key steps.

Proof of Theorem 1.6: Fix p(-) € P(R") N LH(R™) with p_ > 1 and W € A,.).
Choose r from Lemma 5.11 and let s € [1,7]. Define ¢'(-) = sp/(+). By Remark 5.5, to
prove W € Ay, it suffices to show that w-le Ag(y- By Proposition 5.8, we prove
W=t e Ay () by showing Ay -1 o LY O(R™; RY) — L4 O (R™; RY) uniformly over all
cubes.

Fix a cube @ and f € Lq/(')(R"; R?). We repeat the same steps as in the proof of
Theorem 1.5; since p_ > 1, we have (p’), < oo, so we can apply Lemma 5.11 to W1
and p/(-) to get

[Aw-1.0f |l L) @nray S 1Aw-1,(),Qf | Lo ) (R Ry
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By our choice of 7, we may apply Lemma 5.12 to AW—I,I)/(,),Q to get

HAW*l,p’('),QfHL‘I'(')(R";]Rd) S ||f||L<1’('>(R”;R4)’

with the implicit constant independent of ). Thus, we have shown

A1 LYO®RYRY) = L7O(R™RY),

uniformly over all cubes Q. Hence, W™ € Ay .y, and so W € Ay(,). O
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