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Pedro Tirado (Universidad Politécnica de Valencia, Spain)
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Preface

General Topology has become one of the fundamental parts of mathematics. Nowadays, as
a consequence of an intensive research activity, this mathematical branch has been shown
to be very useful in modeling several problems which arise in some branches of applied
sciences as Economics, Artificial Intelligence and Computer Science. Due to this increasing
interaction between applied and topological problems, we have promoted the creation of
an annual or biennial workshop to encourage the collaboration between different national
and international research groups in the area of General Topology and its Applications.
We have named this initiative Workshop in Applied Topology (WiAT).

The first edition of this Workshop was held in Palma de Mallorca (Spain) from June 11
to June 12, 2009. This book contains a collection of papers presented by the participants
about General Topology, Computer Science, Fuzzy Mathematics, Economics and their
interconnections.

All the papers of the book have been strictly refereed.

We would like to thank all participants, the plenary speakers and the regular ones, for
their excellent contributions.

Main Speakers

Juan C. Candeal (Universidad de Zaragoza, Spain)

Hans-Peter A. Künzi (University of Cape Town, South Africa)

Maŕıa Ángeles de Prada Vicente (Universidad del Páıs Vasco, Spain)

Salvador Romaguera (Universidad Politécnica de Valencia, Spain)

Regular Speakers

Carmen Alegre (Universidad Politécnica de Valencia, Spain)

Francisco Balibrea (Universidad de Murcia, Spain)

Juan Luis Garćıa Guirao (Universidad Politécnica de Cartagena, Spain)

Valent́ın Gregori (Universidad Politécnica de Valencia, Spain)

Javier Gutiérrez Garćıa (Universidad del Páıs Vasco, Spain)

Esteban Induráin (Universidad Pública de Navarra, Spain)

Iraide Mardones (Universidad del Páıs Vasco, Spain)

Josefa Maŕın (Universidad Politécnica de Valencia, Spain)

Gaspar Mayor (Universidad de las Islas Baleares, Spain)

Jesús Rodŕıguez-López (Universidad Politécnica de Valencia, Spain)

Miguel Ángel Sánchez-Granero (Universidad de Almeŕıa, Spain)

Manuel Sanchis (Universidad Jaume I, Spain)

Almanzor Sapena (Universidad Politécnica de Valencia, Spain)

We express our gratitude to the Ministerio de Ciencia e Innovación, Govern de les
Illes Balears and FEDER, Conselleria d’Economia, Hisenda i Innovació, Universitat de
les Illes Balears, Vicerectorat de Projecció Cultural de la Universitat de les Illes Balears,
Departament de Cultura i Patrimoni del Consell de Mallorca, Red Española de Topoloǵıa,
Fundació Sa Nostra and Sa Nostra Seguros Grupo Asegurador Caja de Baleares for their
financial support without which this workshop would not have been possible.
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We take this opportunity to sincerely thank Sonia Gamund́ı Pujadas for designing the
WiAT logo and the cover of these proceedings.

We are certain of all participants have established fruitful scientific relations during the
Workshop and also they have enjoyed the beauty, the culture and the hospitality of Palma
de Mallorca.

The Organizing Committee of WiAT’09
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The Continuous Representability Property in Al-
gebraic Systems

Juan C. Candeal1

Departamento de Análisis Económico, Universidad de Zaragoza, Gran Vı́a 2, 50005-Zaragoza, Spain

(candeal@unizar.es)

Abstract

The continuous representability property in algebraic environments is intro-
duced. We provide a characterization of this property for the case of real
algebras. An application of this algebraic approach to the context of social
choice theory is also offered.

1. Introduction

In this paper we study a topological property, called the continuous representability
property (briefly, CRP), in the context of totally preordered algebraic structures. Let
(X, τ) be a topological space. The topology τ (or the topological space (X, τ)) has CRP
if any continuous total preorder defined on X admits a continuous real-valued order-
monomorphism. This property was introduced by Herden in [14], under the name of a
useful topology, and was suggested by the statements of the two major results in topological
utility theory: namely, Eilenberg’s theorem and Debreu’s theorem, respectively (see the
introduction of Section 3 below). Utility theory is a part of Decision Sciences that mainly
has to do with numerical representations of binary relations defined on a nonempty set.
The continuous representability property has focused the attention of some researchers
since then (see, e.g., [4,5,14,15]). CRP is discussed in Section 3 and some new results are
presented, including a general characterization in terms of countability properties of related
topologies to τ . In the current paper an extension of CRP in the algebraic setting, called
continuous algebraic representability property (shortly, CARP), is introduced. Basically,
whereas CRP asks for special types of numerical representations (the continuous ones),
CARP asks for more specific ones. Indeed, those which are continuous and, in addition,
preserve the algebraic structure (i.e., they are algebraic-homomorphisms). This requires
some kind of compatibility among order, topology, and algebra involved. In Section 4, we
pay attention to the case of totally preordered real algebras and then CARP is discussed
in this context. Although we could have introduced CARP in a more general framework
(such as totally preordered semigroups or groups) we have decided to focus on totally
preordered real algebras, mainly for the applications in decision theory. In Section 5, we
develop an application of the previous approach to social choice theory. In particular,
we prove an Arrow-like theorem which characterizes strongly dictatorial social welfare
functionals.

1This research is supported by the Research Project SEJ2005-06522.



J. C. Candeal

2. Preliminaries

A preorder - on an arbitrary nonempty set X is a binary relation onX which is reflexive
and transitive. An antisymmetric preorder is said to be an order. A total preorder - on a
set X is a preorder such that any pair of elements are comparable, i.e., for every x, y ∈ X
either x - y, or y - x.

If - is a total preorder on X, then the pair (X,-) is said to be a totally preordered set.
If - is a total preorder on X, its asymmetric relation ≺ is defined by [x ≺ y ⇐⇒ (x -
y) ∧ ¬(y - x)], and its equivalence relation ∼ is given by [x ∼ y ⇐⇒ (x - y) ∧ (y - x)].
Let (X,-) be a totally preordered set and let X/ ∼ be the set of equivalence classes. If
x ∈ X we denote the equivalence class of x by [x]. The total preorder - on X induces a
total order � on X/ ∼ defined by [x] � [y] ⇐⇒ x - y. Given A ⊆ X, the ∼-saturated
set of A is defined as sat(A) =

⋃
x∈A[x]. A subset A ⊆ X is said to be ∼-saturated if

A = sat(A).

Let (X,-) be a totally preordered set. A subset Z of X is said to be order-dense in X,
with respect to -, if, for every x, y ∈ X ; x ≺ y, there exists z ∈ Z such that x - z - y.
(X,-) is said to be order-separable if it has a countable order-dense subset.

If (X,-) is a totally preordered set then a real-valued function u : X → R is said
to be an order-monomorphism if for every x, y ∈ X, [x - y =⇒ u(x) ≤ u(y)] and
[x ≺ y =⇒ u(x) < u(y)]. If such a function u does exist then - is said to be representable.
We also refer to this function as a utility function for -.

Let (X, τ) be a topological space. A total preorder - on X is said to be continuously
representable if there exists a utility function for - that is continuous with respect to the
topology τ and the usual topology on the real line R.

Let (X,-) be a totally preordered set. The family of all sets of the form L(x) = {a ∈
X; a ≺ x} and G(x) = {a ∈ X;x ≺ a}, where x ∈ X, is a subbasis for a topology τ- on
X, called the order topology.

Let (X, τ) be a topological space and let - be a total preorder on X. Then - is said to
be τ -continuous if, for each x ∈ X, the sets L(x) and G(x) are τ -open in X. A topology
τ on X is said to be (totally) preorderable if τ ≡ τ-, for some total preorder - defined on
X.

3. The Continuous Representability Property

The two most important results in topological utility theory are the Eilenberg theo-
rem ([10]) and the Debreu theorem ([9]), respectively. Eilenberg’s theorem states that
any continuous total preorder defined on a connected and separable topological space is
continuously representable. Debreu’s theorem gives the same conclusion as Eilenberg’s
theorem provided that connected and separability are replaced by the single condition of
second countability.

A way of viewing these two important statements is as follows. Both results provide
sufficient conditions for a topology to satisfy the ordinal property that every continuous
total preorder is continuously representable. This point of view was stated by Herden
([14]) who defined the following concept.
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The Continuous Algebraic Representability Property

Definition 1. Let (X, τ) be a topological space. Then the topology τ satisfies the con-
tinuous representability property (CRP) if every continuous total preorder - defined on
X has a continuous utility function.

Remark 2. (i) A CRP topology was formerly called by Herden a useful topology.
(ii) CRP topologies have been studied in [4,5,6,14,15].

The next theorem provides information about familiar topologies that satisfy CRP.

Theorem 3. Let (X, τ) be a topological space. Then CRP holds in the following cases:
(i) If τ is connected and separable.
(ii) If τ is second countable.
(iii) If τ is path-connected and σ-compact.
(iv) If τ is locally connected and separable.

Proof. See [6,9,10,17]. �

The fact that τ is second countable is also a necessary condition for CRP to have in
two important cases: namely, the case of metric spaces and the case of totally preordered
spaces.

Theorem 4. Let (X, τ) be a metric space. Then τ satisfies CRP iff it is second countable.

Proof. See [5,13]. �

For totally preordered spaces we reach the following characterization.

Theorem 5. Let (X,-) be a totally preordered space. Then τ- satisfies CRP iff it is
second countable.

Proof. See [4]. �

The previous result has an interesting consequence: namely, the representability, which
is an ordinal property, can be characterized in purely topological terms.

Corollary 6. Let (X,-) be a totally preordered space. Then - is representable iff τ- is
second countable.

Remark 7. The representability property for a total order was studied early by Cantor
[7,8]. An ordinal characterization of this property was obtained, among others, by Milgram
[16] and Birkhoff [1] in terms of the notion of order-separability.

We conclude this section with a result that takes advantage of the previous corollary to
obtain a intrinsic characterization of CRP.

Theorem 8. Let (X, τ) be a topological space. Then, the topology τ satisfies CRP iff all
its preorderable subtopologies are second countable.

Proof. Let us first observe the following simple fact. If τ ′ is a preorderable subtopology
of τ , τ ′ = τ-, for some total preorder - defined on X. Obviously - is τ -continuous.
Conversely, if - is a τ -continuous total preorder on X, then its order topology τ- is a
preorderable subtopology of τ . Thus we see that there is a bijection between τ -continuous
total preorders defined on X and preorderable subtopologies of τ .

Suppose now that the topology τ has CRP. In particular, every continuous total preorder
- is representable through an order-monomorphism, so that the topology τ- is second
countable by the previous Corollary. Because of the aforementioned bijection, this implies
that all the preorderable subtopologies of τ are second countable.

9



J. C. Candeal

Conversely, suppose that - is a τ -continuous total preorder defined on X. Thus, τ- ⊆ τ .
By hypothesis, τ- is second countable. Now, by Corollary 6 again, - is representable by
a utility function f : X → R that is continuous if we consider on X the order topology τ-
and on R the usual topology. Since τ- ⊆ τ , f is also τ -continuous. �

4. The Continuous Algebraic Representability Property

In this section we explore the algebraic version of CRP. In the topological set-up CRP
appears whenever we look for ordinal representations of total preorders that, in addition,
preserve a nice topological property: namely, the continuity. In the algebraic context,
in addition to the order and continuity properties for a utility function, we will ask for
a new demanding requirement; that of being an algebraic-homomorphism. Of course,
this imposes some kind of compatibility among order, topology, and algebra involved.
Although we could begin with a very simple algebraic ordered structure (e.g., think of a
totally preordered semigroup), we will focus on richer algebraic systems. In particular, we
will pay attention to totally preordered real algebras. The reason for this choice will be
clarified later on, in the section of applications, when all of this algebraic machinery will be
applied to characterize strongly dictatorial social welfare functionals. We now introduce
some basic definitions.

Definition 9. A real algebra (X,+, ·R, ∗) is a set X endowed with three binary operations
so that:

(i) (X,+, ·R) is a real vector space.
(ii) (X,+, ∗) is a ring.
(iii) λ · (x ∗ y) = (λ · x) ∗ y = x ∗ (λ · y), ∀x, y ∈ X, ∀λ ∈ R.

Let (X,+, ·R, ∗) be a real algebra. A function v : X −→ R is said to be an algebra-
homomorphism if it is linear and multiplicative, i.e.:

(a) v(λ · x+ β · y) = λv(x) + βv(y), ∀x, y ∈ X, ∀λ, β ∈ R.
(b) v(x ∗ y) = v(x)v(y), ∀x, y ∈ X.

In the next definition some usual compatibility conditions between order and algebra
are introduced. This leads to the concept of a totally preordered real algebra.

Definition 10. A totally preordered real algebra (X,-,+, ·R, ∗) is a real algebra equipped
with a total preorder - which is compatible with the operations +, ·R and ∗, i.e.:

(1) x - y implies x+ z - y + z, ∀z ∈ X (translation-invariance).
(2) x - y, 0 ≤ λ implies λ · x - λ · y (homotheticity).
(3) x - y, 0- z imply z ∗ x - z ∗ y and x ∗ z - y ∗ z (multiplicativeness. 0 denotes

the null element with respect to +).

Next we define the notion of a topological real algebra.

Definition 11. A real algebra (X,+, ·R, ∗) equipped with a topology τ is said to be a
topological real algebra if (X, τ,+, ·R) is a topological vector space and ∗ is a τ -continuous
binary operation on X ×X.

We now introduce the concept of CRP in the algebraic enviroment.

Definition 12. Let (X,+, ·R, ∗) be a real algebra and τ a topology on X. Then τ satisfies
the continuous algebraic representability property (shortly, CARP) if every τ -continuous

10



The Continuous Algebraic Representability Property

total preorder on X, for which (X,-,+, ·R, ∗) becomes a totally preordered real alge-
bra, admits a continuous utility function which is an algebra-homomorphism (shortly, a
continuous algebraic utility function).

Before proving the main result in this setting a preliminary lemma is needed.

Lemma 13. Suppose that R is endowed with both a binary operation ∗ and a non-trivial
continuous total order -, in such a way that - satisfies translation-invariance (with re-
spect to the usual operation +) and multiplicative invariance (with respect to ∗). Then
- is representable by a continuous utility function which, in addition, is additive and
multiplicative. Moreover, there exists a in R \ 0 such that x ∗ y = axy, for all x, y in R.

Proof. Since - is continuous on R, it is very easy to see that there exists an (injective)
continuous utility function u : R −→ R for -. Actually, u is a homeomorphism. Thus,
without loss of generality, we can assume that either u(x) = x or u(x) = −x (x ∈ R).
Suppose that u(x) = x; the other case being analyzed in a similar way.

Now, by a result by Pickert and Hion (see Birkhoff [1,p.398-399], - is representable by
a utility function v : R −→ R which is additive and multiplicative (with respect to ∗).
Since u and v are utility functions for -, v is also increasing. Remember that v is an
additive function and it is well known that if v is discontinuous at some point, then it is
discontinuous at every point of R. This last fact, v being increasing, leads to v(x) = ax
(with a > 0). Since a(x ∗ y) = v(x ∗ y) = v(x)v(y) = a2xy, this type of representation
gives x ∗ y = axy for every x, y ∈ R. �

Now, we reach the following characterization of CARP.

Theorem 14. Let (X,+, ·R, ∗) be a real algebra and τ a topology on X. The the following
assertions are equivalent:

(i) τ has CARP
(ii) (X, τ-,+, ·R, ∗) is a topological real algebra, for every preorderable subtopology τ- ⊆

τ that makes (X,-,+, ·R, ∗) to be a totally preordered real algebra.

Proof. (i) =⇒ (ii). Let - be a τ -continuous total preorder on X which satisfies the
invariance properties (1) to (3) of Definition 10 above. Let us see that, endowed with
the order topology τ-, (X, τ-,+, ·R, ∗) is a topological real algebra. Since, by hypothesis,
τ has CARP there is a τ -continuous algebraic utility function, say ψ : X −→ R, for
-. It is then simple to see that X/ ∼, endowed with the total order induced by -, is
order-isomorphic to R. Moreover, because ψ is linear and multiplicative, (X/ ∼,+, ·R, ∗)
is algebraically-isomorphic to the reals with the usual operations. But this means that
(X, τ-,+, ·R, ∗) is a topological real algebra.

For the converse, (ii) =⇒ (i), we argue as follows. Let - be a τ -continuous total
preorder on X which satisfies the invariance properties (1) to (3) of Definition 10 above.
Let us prove that there is a τ -continuous algebraic utility function which represents -.
Consider the order topology τ- on X, so that (X, τ-,+, ·R, ∗) is a topological real algebra,
by hypothesis. Define the set I(0) = {x ∈ X; x ∼ 0}. First, let us see that I(0) is both a
vector subspace and an ideal of X, for which we need to prove the following two properties:

(a) I(0) is a real vector subspace of X.
(b) For every x ∈ I(0), y ∈ X, it holds that x ∗ y ∈ I(0).

Let x, y ∈ I(0). Since - is translation-invariant, it follows that x+ y ∼ x+ 0 = x ∼ 0.
So, in order to prove (a), it is sufficient to see that, given x ∈ I(0) and λ ∈ R, then
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λ · x ∼ 0. If λ ≥ 0 then, by homotheticity, λ · x ∼ 0. If λ < 0, then (−λ) · x ∼ 0. But
(−λ) · x = −λ · x and, by translation invariance of -, λ · x ∼ 0.

To prove (b), let y ∈ X and x ∈ I(0). If 0 - y then, because - is multiplicative,
x ∗ y - 0 ∗ y = 0 and 0 = 0 ∗ y - x ∗ y. Therefore, x ∗ y ∼ 0. If y - 0, then 0 - −y and
so −x ∗ y ∼ 0. Since x ∗ y = −(−x) ∗ y, and I(0) is a vector subspace of X, it holds that
x ∗ y ∼ 0. Thus (b) holds and therefore I(0) is an ideal of X.

Now, consider the quotient space X/I(0). Since X/I(0) coincides with the quotient
space X/ ∼, X/I(0) is a totally ordered set. We denote the natural order on X/I(0) by
�. Since I(0) is both a vector subspace and an ideal of X, the operations +, ·R and ∗ pass
to the quotient space in such a way that �, defined on X/I(0), satisfies the invariance
properties of Definition 10 too. Moreover, I(0) is a τ--closed subset of X because - is
τ--continuous. By using a standard connectedness argument it follows that X/I(0) is
homeomorphic and isomorphic as a vector space to R. Now, by Lemma 13, there is a τ--
continuous algebraic utility function u : X/I(0) −→ R that represents �. Let us denote by
p : X −→ X/I(0) the projection map. It is easy to see that p is linear, multiplicative and
continuous. Then, by considering the composition ψ = u ◦ p : X −→ R we obtain a τ--
continuous (hence τ -continuous), linear and multiplicative utility function that represents
-. Thus τ has CARP. �

If τ makes (X,+, ·R, ∗) to be a topological real algebra then we have the following
interesting consequence.

Corollary 15. Let (X,+, ·R, ∗) be a real algebra. Then any topology τ on X that makes
(X, τ,+, ·R, ∗) to be a topological real algebra satisfies CARP.

Proof. A proof of this fact can be obtained following the steps of the second part of
the proof of Theorem 14, simply replacing τ- by τ . Nevertheless, let us offer a slightly
different approach. According to the statement of Theorem 14 we only have to prove that,
given a preorderable subtopology τ- ⊆ τ for which (X,-,+, ·R, ∗) is a totally preordered
real algebra, it holds that (X, τ-,+, ·R, ∗) is a topological real algebra. Let us show that
+ : X×X −→ X is a τ--continuous operation; the proof for the remaining operations (“·R”

and “∗”) is similar. Let C ⊆ X be a τ--open subset. Since τ- ⊆ τ and “+” is τ -continuous,
there are τ -open subsets A,B ⊆ X such that A + B = {a + b; a ∈ A, b ∈ B} ⊆ C. Now,
because - is translation-invariant, it easily follows that sat(A) + sat(B) ⊆ sat(C) = C.
Now, in the same way as that seen in the proof of part (ii) =⇒ (i) of Theorem 14, it can be
proved that (X/ ∼,�) is order-isomorphic to the reals. Moreover, by the classic open-map
theorem of Functional Analysis, the projection map p : X −→ R ∼= X/ ∼, which is linear
and continuous, is also open. Thus, sat(A) = p−1 ◦p(A) and sat(B) = p−1 ◦p(B) are both
τ--open subsets of X and, therefore, “+” is a τ--continuous map. �

Remark 16. In particular, Corollary 15 applies to the n-dimensional Euclidean space
Rn endowed with the usual binary operations defined componentwise. Moreover, in this
case it can be easily seen that the continuous algebraic utility functions are of the form
ψ(x1, . . . , xj , . . . , xn) = xj , for some j ∈ {1, . . . , n}. In other words, any continuous total
preorder defined on Rn which is translation-invariant, homothetic and multiplicative is
projective.
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5. Application to Social Choice Theory

In this section we develop an application of the algebraic approach presented in the
previous section to the context of utility theory in the social choice framework. A social
welfare functional is a map that assigns a preference relation (total preorder) to any profile
of individual utilities. We characterize strongly dictatorial social welfare functionals in
terms of invariance and continuity properties of such rules, in the spirit of the literature
of utility measurability and personal comparability (see, e.g.,[2]). Before presenting the
application some definitions and notations are needed.

Let X be a nonempty set (alternatives). Let us denote by ℜ the class of all total
preorders defined on X. Let n > 1 be a natural number (number of agents). A (utility)
function for the agent i will be denoted by ui. A profile of (utility) functions will be
denoted by (u1, . . . , un) and Un will stand for the set of all possible profiles. The set
which consists of the n first natural numbers will be denoted by N .

A social welfare functional is a rule F : Un → ℜ that assigns a preference relation
F (u1, . . . , un) ∈ ℜ, interpreted as the social preference relation, to any profile (u1, . . . , un)
in the domain Un. In order to shorten the notation, for a profile (u1, . . . , un) we will
use the notation (ui). Also, F (ui)s stands for the strict preference (asymmetric relation)
associated with F (ui).

A social welfare functional F : Un → ℜ is (weak) Paretian if, for any pair of alternatives
x, y ∈ X and any profile (ui) ∈ Un, we have that ui(x) ≤ ui(y) for all i ∈ N implies
xF (ui)y and also that ui(x) < ui(y) for all i implies xF (ui)sy.

A social welfare functional F : Un → ℜ satisfies the binary independence of irrelevant
alternatives condition if, for any pair of alternatives x, y ∈ X and any pair of profiles
(ui), (u

′

i) ∈ U
n with the property that ui(x) = u

′

i(x) and ui(y) = u
′

i(y) for all i ∈ N , we

have that xF (ui)y if and only if xF (u
′

i)y.
A social welfare functional F : Un −→ ℜ is called strongly dictatorial if there is an

agent j ∈ N such that F (ui) coincides with -j, for every (ui) ∈ U
n, where -j denotes the

preference relation on X induced by the utility function of the j-agent, uj .
A social welfare functional F : Un −→ ℜ is called anonymous if for any pair of profiles

(ui), (vi) ∈ U
n such that (vi) is derived from (ui) by permuting the individuals’ utility

functions, one has that F (ui) and F (vi) coincide.
A social welfare functional F : Un −→ ℜ is called continuous if {((ai), (bi)) ∈ Rn ×

Rn; ∃ (ui) ∈ U
n, x, y ∈ X with ui(x) = ai, ui(y) = bi and xF (ui)y} is an Euclidean-

closed subset of Rn ×Rn.
Finally, a social welfare functional F : Un −→ ℜ satisfies information invariance with

respect to cardinal measurability if, for any profile (ui) ∈ U
n, and any n-tuple of functions

(φ1, . . . , φn) such that, for each i ∈ N , the map φi : R → R is of the form φi(t) =
ai + bit (t ∈ R) with ai ∈ R and bi > 0, it holds that F (ui) and F (φi ◦ ui) coincide.

We reach the following result.

Theorem 17. Suppose that X contains at least three elements and let F : Un → ℜ be a
social welfare functional. Then the following assertions are equivalent:

(i) F is (weak) Paretian, satisfies binary independence of irrelevant alternatives, con-
tinuity, and information invariance with respect to cardinal measurability.

(ii) F is strongly dictatorial.
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Proof. It is straightforward to show that (ii) implies (i). To prove the converse, we employ
the welfarist approach (see [2] for a survey of welfarist social choice). Consider the binary
relation -∗ defined on Rn as follows: Given a = (a1, . . . , an) and b = (b1, . . . , bn) ∈ Rn,
then a -∗ b if and only if there exist x, y ∈ X and a profile (ui) ∈ U

n such that for every
i ∈ {1, . . . , n} it holds that ui(x) = ai, ui(y) = bi and xF (ui)y. Since F satisfies Pareto
and binary independence of irrelevant alternatives, and X contains at least three elements,
it can be shown that -∗ is a well-defined total preorder that “generates” F . It should be
noted that -∗ is non-trivial because F is Paretian. These are the contents of the so-called
welfarism theorem (see, e.g., [2,p.1107]).

Notice that, because F is Paretian, -∗ is increasing 2. Moreover, for every a, b ∈ Rn

such that a ≪ b it holds that a ≺∗ b. Let us show that -∗ satisfies all the conditions
stated in Remark 16.

Continuity of -∗, referred to the Euclidean topology in Rn, follows directly from the
continuity of F . Let us prove now that -∗ is translation-invariant. To that end, let a =
(ai), b = (bi), c = (ci) ∈ Rn such that a -∗ b. Then there are x, y ∈ X and a profile of utility
functions (ui) ∈ U

n such that ui(x) = ai, ui(y) = bi, for all i, and xF (ui)y. For every i,

consider the functions u
′

i(z) = ui(z) + ci for all z ∈ X. By information invariance with

respect to cardinal measurability, it holds that F (u
′

i) coincides with F (ui). In particular,

xF (u
′

i)y or, equivalently, (u
′

i(x)) -∗ (u
′

i(y)). Thus, a+ c = (ai + ci) -∗ b+ c = (bi + ci).
Similarly, let us prove that -∗ is homothetic. To see this, let a = (ai), b = (bi), c = (ci) ∈

Rn, with 0 ≤ λ, such that a -∗ b. If λ = 0, obviously λ ·a -∗ λ · b. So, suppose that 0 < λ.
Then, there are x, y ∈ X and a profile of utility functions (ui) ∈ U

n, such that ui(x) = ai,

ui(y) = bi, for all i, and xF (ui)y. For each i, consider the (utility) function u
′

i = λui.

By information invariance with respect to cardinal measurability, it holds that F (u
′

i)

and F (ui) coincide. In particular, xF (u
′

i)y or, equivalently, (u
′

i(x)) -∗ (u
′

i(y)). Thus,
λ · a = (λai) -∗ λ · b = (λbi). Notice that, by translation invariance and homotheticity of
-∗ it follows, as in the proof of Theorem 14, that I(0n) = {z ∈ Rn; z ∼∗ 0n} is a vector
subspace of Rn.

The fact that -∗ is multiplicative is a little more tricky. Since -∗ is translation-invariant
it should be noted that, in order to prove that -∗ is multiplicative, it is sufficient to show
that for any pair a, b ∈ Rn such that 0n -∗ a, b it holds that 0n -∗ a ∗ b. Now, observe
that, in a similar way to what we have done for proving the homotheticity property, it can
be seen that 0n -∗ a = (ai), implies 0n -∗ a ∗ c, ∀ 0n ≪ c = (ci). In particular, 0n ∼

∗ a,
implies 0n ∼

∗ a ∗ c, ∀ 0n ≪ c. Indeed, because 0n -∗ a, there are x, y ∈ X and a profile
of utility functions (ui) ∈ U

n, such that ui(x) = 0, ui(y) = ai, for all i, and xF (ui)y. For

each i, consider the (utility) function u
′

i = ciui. By information invariance with respect

to cardinal measurability, it holds that F (u
′

i) and F (ui) coincide. In particular, xF (u
′

i)y

or, equivalently, (u
′

i(x)) -∗ (u
′

i(y)). Thus, 0n) -∗ a ∗ c = (aici).
Let then a = (ai) ∈ Rn such that 0n -∗ a and denote by (ei)i∈N the canonical basis

in Rn. Let us see that 0n -∗ aie
i and, in addition, if ai < 0 then 0n ∼

∗ aie
i. Indeed, for

every m ∈ N, consider the vector cm = (cmk ) ∈ Rn defined as follows: cmk = 1
m

, if k 6= i

and cmi = 1. Clearly, for every m ∈ N, 0n ≪ cm and the sequence cm goes to ei, as m goes
to ∞. Since -∗ is continuous, the set G(0n) = {d ∈ Rn; 0n -∗ d} is a closed subset of Rn.

2A total preorder - defined on Rn is said to be increasing if, for every x = (x1, . . . , xn), y =
(y1, . . . , yn) ∈ Rn such that xi ≤ yi for all i ∈ N , it holds that x - y. “≪” will stand for the strict
partial order in Rn (i.e., x ≪ y iff xi < yi, ∀i ∈ N). The zero vector in Rn will be denoted by 0n.
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Thus, as m goes to ∞, a ∗ cm ∈ G(0n) converges to aie
i ∈ G(0n). Moreover if ai < 0 then,

because -∗ is increasing and total, it follows that 0n ∼
∗ aie

i.
Let then a = (ai), b = (bi) ∈ Rn such that 0n -∗ a, b. Notice that a ∗ b =

∑
aibie

i.
Now, each of the vectors aibie

i belongs to G(0n). Indeed, if 0 ≤ ai, bi then aibie
i ∈ G(0n)

because -∗ is increasing and total. If either ai < 0 or bi < 0 then, by the argument
above, either 0n ∼

∗ aie
i or 0n ∼

∗ bie
i. But, because I(0n) is a vector subspace, it

follows that aibie
i ∈ I(0n) ⊂ G(0n). By translation invariance of -∗ again it follows that

a ∗ b ∈ G(0n). Thus, -∗ is multiplicative. Hence all the conditions of Remark 16 are
satisfied and therefore -∗ is a projective total preorder on Rn. This clearly implies that
F is a strongly dictatorial social welfare functional.

�

As a direct consequence of the previous theorem, we obtain the following impossibility
result.

Corollary 18. Suppose that X contains at least three elements. Then there is no continu-
ous social welfare functional F : Un → ℜ that is Paretian, satisfies binary independence of
irrelevant alternatives, information invariance with respect to cardinal measurability, and
anonymity.
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Abstract

In this article we discuss several constructions in the realm of quasi-uniform
spaces that are related to Bushaw’s (left-sided) scale of a uniform space. We
point out various connections between these constructions and generalize to
our context some major results on the scale of a uniform space that were
originally obtained by Kent and others.

1. Introduction

In this note we announce various results that are proved and discussed in more detail
in [12]. In particular we deal with the prefilter space (PF(X),UPF ) associated with
any quasi-uniform space (X,U). This space can be understood as an extension of the
Hausdorff hyperspace (P0(X),UH) of (X,U). Here P0(X) denotes the set of all nonempty
subsets of X. In particular generalizing a result of Kent we observe that the prefilter space
of any quasi-uniform space is bicomplete. We then use our results about the prefilter
space of a quasi-uniform space to extend Bushaw’s concept of a (left-sided) scale of a
uniform space (X,U) to the setting of quasi-uniform spaces. The (left-sided) scale of
a uniform space was introduced by Bushaw in order to study stability in topological
dynamics [1]. Its uniform and topological properties were then further investigated by Kent
[9, 10], Leslie [15], Ramsey [17] and others [18, 19]. In Bushaw’s original investigations
the left-sided scale of a uniform space served as the codomain for a generalized Liapunov
function which was defined on an appropriate subset of the uniform space. Bushaw’s
left-sided scale of a uniform space (X,U) turns out to be a subspace of the prefilter space
(PF(X2), (DX×U)PF ) associated with the product space (X2,DX×U), whereDX denotes
the discrete uniformity on X. We also point out that the left-sided scale of a quasi-uniform
space generalizes the multifunction space of uniform convergence of a quasi-uniform space
into itself [3]. The left-sided scale of a quasi-uniform space (X,U) contains the prefilter
space of (X,U) as a quasi-uniform subspace and is always bicomplete. Similarly, as in the
uniform case, the left-sided scale of a quasi-uniform space (X,U) is totally bounded if and
only if X is finite or U = {X2}.

Finally we argue in favor of a two-sided version of the concept of the scale of a quasi-
uniform space, which seems to eliminate some apparent deficiencies of the original, one-
sided concept. For instance our two-sided scale of a quasi-uniform space (X,U) is totally
bounded if and only if (X,U) is totally bounded. We also discuss connections between

1The authors were partially supported by the South African Research Foundation.
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Bushaw’s original idea to use the left-sided scale of a uniform space as a generalization
of the nonnegative reals and some related more modern concepts like that of a continuity
space over a (noncommutative) value quantale [4, 6].

Throughout this work we assume that the reader is familiar with basic concepts from
the field of quasi-uniformities [5, 11]. Given a set X, ∆ will denote the diagonal {(x, x) :
x ∈ X} of X and |X| will denote the cardinality of X. As usual, if A,B ⊆ X2, then
B ◦A = {(a, b) ∈ X2 : There is c ∈ X such that (a, c) ∈ A and (c, b) ∈ B}.

We next recall some well-known facts about the Hausdorff quasi-uniformity of a quasi-
uniform space which will turn out to be useful later. The reader is referred to [11, 14] for
further details.

Let (X,U) be a quasi-uniform space. For each U ∈ U set U+ = {(A,B) ∈ P0(X) ×
P0(X) : B ⊆ U(A)}, U− = {(A,B) ∈ P0(X)×P0(X) : A ⊆ U−1(B)} and UH = U+ ∩U−.
The upper quasi-uniformity U+ of U is the quasi-uniformity having the base {U+ : U ∈ U},
the lower quasi-uniformity U− of U has the base {U− : U ∈ U} and the Hausdorff quasi-
uniformity UH of U is generated by the base {UH : U ∈ U} on P0(X).

Let us note that U− = ((U−1)+)−1 whenever U ∈ U and thus U− = ((U−1)+)−1. It is
well known that the map x 7→ {x} defines in all three cases a quasi-uniform embedding of
(X,U) into the corresponding quasi-uniform hyperspaces (P0(X),U+), (P0(X),U−) and
(P0(X),UH ).

The equivalence relation of the T0-reflection of the Hausdorff quasi-uniformity UH can
be described as follows [14]: Given A,B ∈ P0(X), we have (A,B) ∈

⋂
U∈U (U+ ∩ U−) ∩

(U+∩U−)−1 if and only if clτ(U)A = clτ(U)B and clτ(U−1)A = clτ(U−1)B. In particular each
A ∈ P0(X) is equivalent to clτ(U)A ∩ clτ(U−1)A.

Let f : (X,U) → (Y,V) be a uniformly continuous map between quasi-uniform spaces
(X,U) and (Y,V), where “uniformly continuous” means that for each V ∈ V there is
U ∈ U such that (f × f)U ⊆ V. Then P0(f) : (P0(X),UH) → (P0(Y ),VH) defined by
P0(f)(A) = f(A) is uniformly continuous, too [14].

We finally recall a few results about quasi-uniformities from the theory of multifunctions,
which will be used in Remark 20 below. More details can be found in [3]. Let X be
a set and (Y,V) be a quasi-uniform space. A multifunction F : X → Y is a binary
relation which is a subset of X × Y such that F (x) ∈ P0(Y ) whenever x ∈ X. Let
(P0(Y ))X denote the set of all multifunctions from X to Y. For each V ∈ V we set
[V ] = {(F1, F2) ∈ (P0(Y ))X×(P0(Y ))X : (F1(x), F2(x)) ∈ VH whenever x ∈ X}. Then the
quasi-uniformity having the base {[V ] : V ∈ V} is called the quasi-uniformity of uniform
convergence on the set (P0(Y ))X of multifunctions [3]. Note that its restriction to the set
Y X of functions from X to Y yields the usual quasi-uniformity of uniform convergence
on Y X . One checks that the map F 7→ graphF yields a quasi-uniform embedding of the
multifunction space (P0(Y ))X into the quasi-uniform space (P0(X×Y ), (DX×U)H), where
DX denotes the discrete uniformity on X.

2. The prefilter space of a quasi-uniform space

In this section we define the prefilter space of a quasi-uniform space. The construction
is fairly well known when restricted to the set of all filters on a quasi-uniform space, see
for instance [13, Remark 6]. In our setting it is important however that we work with
prefilters instead of filters. Prefilters are also called (nonempty) stacks by some authors
(see e.g. [20]).
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A nonempty collection α of nonempty subsets of a set X is called a prefilter on a set
X if A ∈ α and A ⊆ B imply that B ∈ α. Let PF(X) be the set of all prefilters on
X. Observe that PF(X) = ∅ if X = ∅. So let us assume that X 6= ∅. We equip the set
PF(X) with the following partial order: For α, β ∈ PF(X) we set α ≤ β if α ⊇ β. Note
that PF(X) is a complete lattice with inf A =

⋃
α∈A α and supA =

⋂
α∈A α whenever

A ⊆ PF(X). Furthermore {X} is the largest element and P0(X) is the smallest element
of PF(X). Given a subset S of P0(X), < S > will denote the smallest prefilter containing
S on X.

Let (X,U) be a quasi-uniform space. For each U ∈ U and each α ∈ PF(X) we set U(α)
equal to the prefilter < {U(A) : A ∈ α} >, and call it the U -hull of α. Of course, here as
usual U(A) =

⋃
a∈A U(a) =

⋃
{y ∈ X : There is a ∈ A such that (a, y) ∈ U}. Similarly for

each α ∈ PF(X) we define U(α) as the prefilter
⋃

U∈U U(α) on X. Let us note that U(α)
is often called the U -envelope of α. A prefilter on (X,U) is called U -round if it is equal to
its U -envelope. Observe that for any prefilter on X its U -envelope is U -round.

Definition 1. For each U ∈ U set U⊕ = {(α, β) ∈ PF(X) × PF(X) : For each A ∈ α,
U(A) ∈ β} and U⊖ = {(α, β) ∈ PF(X) × PF(X) : For each B ∈ β,U−1(B) ∈ α} and
UPF = U⊕∩U⊖. The positive quasi-uniformity U⊕ of U is the quasi-uniformity on PF(X)
having the base {U⊕ : U ∈ U}. Similarly the negative quasi-uniformity U⊖ of U is the
quasi-uniformity on PF(X) having the base {U⊖ : U ∈ U}. The prefilter quasi-uniformity
UPF of U has the base {UPF : U ∈ U} on PF(X).

The basic step in the proof that in this way we indeed obtain quasi-uniformities on
PF(X) relies on the following lemma, which also shows that the constructed bases satisfy
a kind of converse of the quasi-uniform square root property (compare [9, 16]).

Lemma 2. Let (X,U) be a quasi-uniform space and U, V ∈ U . Then (U ◦ V )PF = UPF ◦
VPF .

Proof. Let (α, β) ∈ UPF ◦ VPF . There is γ ∈ PF(X) such that (α, γ) ∈ VPF and (γ, β) ∈
UPF . Then V (α) ⊆ γ and V −1(γ) ⊆ α. Furthermore U(γ) ⊆ β and U−1(β) ⊆ γ. Thus
(U ◦ V )(α) ⊆ β and (U ◦ V )−1(β) ⊆ α. Consequently (α, β) ∈ (U ◦ V )PF .

In order to prove the converse let (α, β) ∈ (U ◦ V )PF . It follows that (U ◦ V )(α) ⊆ β
and (U ◦ V )−1(β) ⊆ α. Set γ := V (α) ∪ U−1(β). Then (α, γ) ∈ VPF , since V (α) ⊆ γ and
V −1(γ) ⊆ α. Furthermore (γ, β) ∈ UPF , since U(γ) ⊆ β and U−1(β) ⊆ γ. So (α, β) ∈
UPF ◦ VPF . 2

We next collect some useful properties of the introduced concepts.

Proposition 3. Let (X,U) be a quasi-uniform space. Then for each U ∈ U , U⊕ =
((U−1)⊖)−1. Therefore U⊕ = ((U−1)⊖)−1. 2

Remark 4. Let (X,U) be a quasi-uniform space. For each U ∈ U ∪ U−1 and α ∈ PF(X)
define the prefilter αU = {V ⊆ X : U(V ) ∈ α} on X. Furthermore set αU =

⋂
U∈U αU =

{V ⊆ X : U(V ) ∈ α whenever U ∈ U}.
Given α ∈ PF(X) and U ∈ U we have UPF (α) = [αU−1 , U(α)] := {β ∈ PF(X) :

U(α) ⊆ β ⊆ αU−1} where we have used the standard interval notation. For instance, for
each U ∈ U , UPF (P0(X)) = [P0(X), U(P0(X))] and UPF ({X}) = [{S ⊆ X : U−1(S) =
X}, {X}].

We deduce that
⋂

U∈U UPF (α) = [αU−1,U(α)] whenever α ∈ PF(X).

Thus
⋂

U∈U (UPF ∩ (UPF )−1)(α) = [αU−1 ∩ αU ,U(α) ∪ U−1(α)] is the equivalence class
of α with respect to the equivalence relation underlying the T0-quotient of (PF(X),UPF ).

19



H.-P. A. Künzi and O. O. Otafudu

From the theory of quasi-uniform spaces it follows that the subspace given by the
subset {U(α) ∪ U−1(α) : α ∈ PF(X)} of (PF(X),UPF ) can represent the T0-quotient
of (PF(X),UPF ), since the equivalence class of α is represented by exactly one prefilter,
namely U(α) ∪ U−1(α).

The equivalence relation of the T0-reflection of (PF(X),UPF ) can also be explicitly
described as follows: We have that (α, β) ∈

⋂
U∈U(U⊕ ∩ U⊖) ∩ (U⊕ ∩ U⊖)−1 if and only if

U(α) = U(β) and U−1(α) = U−1(β).

Proposition 5 (compare [9]). The lattice operations on (PF(X),UPF ) are uniformly
continuous (that is, (PF(X),UPF ) is a uniform lattice).

Proof. Let U ∈ U . Consider (α, β), (α′ , β′) ∈ U⊕ ∩ U⊖. Then U(α) ⊆ β, U−1(β) ⊆ α,
U(α′) ⊆ β′ and U−1(β′) ⊆ α′. Thus U(α ∪ α′) ⊆ β ∪ β′ and U−1(β ∪ β′) ⊆ α ∪ α′.
Consequently (α ∪ α′, β ∪ β′) ∈ U⊕ ∩ U⊖. Similarly one can verify that (α ∩ α′, β ∩ β′) ∈
U⊕∩U⊖. Therefore ∪ : (PF(X)×PF(X),UPF×UPF )→ (PF(X),UPF ) and ∩ : (PF(X)×
PF(X),UPF × UPF )→ (PF(X),UPF ) are uniformly continuous. �

We now argue that the prefilter space functor can be understood as a kind of general-
ization of the Hausdorff hyperspace functor on the category of quasi-uniform spaces.

Lemma 6. Let (X,U) be a quasi-uniform space.
(a) Then the hyperspace (P0(X),UH ) embeds via the map A 7→< A > into (PF(X),UPF )
as a quasi-uniform subspace.
(b) Let f : (X,U)→ (Y,V) be a uniformly continuous map. Then PF(f)(α) =
< f(α) > is a uniformly continuous map from (PF(X),UPF ) into (PF(Y ),VPF ). 2

Our next proposition generalizes Kent’s result about the completeness of the uniform
scale of a uniform space [9] to our setting. We recall that a quasi-uniform space (X,U)
is called bicomplete provided that Us is a complete uniformity, where Us is the coarsest
uniformity finer than U on X.

Proposition 7. Let (X,U) be a quasi-uniform space. Then (PF(X),UPF ) is bicomplete.
(The proof shows that also (PF(X),U⊕) and (PF(X),U⊖) are bicomplete.)

Proof. Let Ξ be a filter on PF(X) that is (UPF )s-Cauchy. We show that Ξ τ((UPF )s)-
converges to γ :=

⋂
Y ∈Υ(

⋃
ζ∈Y ζ) =

⋃
Y ∈Υ(

⋂
ζ∈Y ζ) where Υ is an ultrafilter on PF(X)

containing Ξ (see [9, Lemma 1]).
Let U ∈ U . By assumption there is C ∈ Ξ such that (C×C) ⊆ (U⊕ ∩U⊖). Let ξ, ξ′ ∈ C

be arbitrary. Then U(ξ′) ⊆ ξ by definition of U⊕ and similarly U−1(ξ) ⊆ ξ′ by definition
of U⊖. Thus for each ξ′ ∈ C, U(ξ′) ⊆

⋂
ξ∈C ξ ⊆ γ and therefore C × {γ} ⊆ U⊕. Also for

each ξ ∈ C we have U(γ) ⊆ U(
⋃

ξ′∈C ξ
′) ⊆ ξ and consequently {γ} × C ⊆ U⊕.

Analogously for each ξ ∈ C, U−1(ξ) ⊆
⋂

ξ′∈C ξ
′ ⊆ γ and therefore {γ} × C ⊆ U⊖.

Furthermore for each ξ′ ∈ C, U−1(γ) ⊆ U−1(
⋃

ξ∈C ξ) ⊆ ξ′. Therefore C × {γ} ⊆ U⊖.

We conclude that Ξ converges to γ in (PF(X), τ((UPF )s)) and thus (PF(X),UPF ) is
bicomplete. �

Each prefilter on X is obviously a point of P0(P0(X)). This suggests that (PF(X),UPF )
could be a subspace of P0(P0(X)) equipped with some adequate quasi-uniformity stem-
ming from appropriate iterations of Hausdorff type hyperspace quasi-uniformities. Indeed
this conjecture is essentially correct, as we state next.
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Proposition 8. Let (X,U) be a quasi-uniform space. Then the map α 7→ α embeds
(PF(X),U⊕) as a quasi-uniform subspace into (P0(P0(X)), (U+)−). Similarly, that map
embeds (PF(X),UPF ) as a quasi-uniform subspace into (P0(P0(X)), (U+)− ∨ (U−)+).

Proof. Let U ∈ U and α, β ∈ PF(X). Indeed (α, β) ∈ (U+)− if and only if α ⊆ (U+)−1(β)
if and only if for each A ∈ α there is B ∈ β such that A ∈ (U+)−1(B) if and only if
for each A ∈ α there is B ∈ β such that (A,B) ∈ U+ if and only if for each A ∈ α
there is B ∈ β such that B ⊆ U(A) if and only if U(α) ⊆ β if and only if (α, β) ∈ U⊕.
Hence the first statement is established. By applying a similar equality and making use
of the equality ((U−1)+)−1 = U− we obtain: (α, β) ∈ U⊕ ∩ U⊖ = U⊕ ∩ ((U−1)⊕)−1 if and
only if (α, β) ∈ (U+)− ∩ (((U−1)+)−)−1 = (U+)− ∩ (U−)+, which establishes the second
statement. �

We recall that a quasi-uniform space (X,U) is totally bounded if and only if the uni-
form space (X,Us) is totally bounded. From the previous result it follows that total
boundedness is preserved by the prefilter space of a quasi-uniform space:

Proposition 9. A quasi-uniform space (X,U) is totally bounded if and only if its prefilter
space (PF(X),UPF ) is totally bounded.

Proof. We recall that by Lemma 6 (X,U) embeds quasi-uniformly into the quasi-uniform
space (PF(X),UPF ). The assertion is then an immediate consequence of Proposition 8,
since UH , and thus (UH)H , is known to be totally bounded if and only if U is totally
bounded [14], and since total boundedness is preserved under quasi-uniform subspaces, as
well as uniformly continuous images. In particular each quasi-uniformity on a set that is
coarser than a totally bounded quasi-uniformity remains totally bounded. �

3. The left-sided scale of a quasi-uniform space

In this section we describe a connection between the prefilter space of a quasi-uniform
space and the (uniform) scale of a uniform space due to Bushaw. Let (X,U) be a quasi-
uniform space. We shall denote the set of all reflexive binary relations on X by R0(X).
Given collections α and β of binary relations on X let β ◦α = {B ◦A : A ∈ α and B ∈ β}.
In particular if α = {A} we shall write β ◦ A, and if β = {B} we shall analogously write
B ◦ α. Similarly, as before we shall write < β ◦ α > for the prefilter on X2 generated by
β ◦ α.

Given a nonempty set X, we shall denote by PFr(X
2) the subset of PF(X2) consisting

of all prefilters α on X2 satisfying α ⊆ R0(X).
We remark that we have a conjugation α 7→ α−1 defined on the set PF(X2). Indeed

if α ∈ PF(X2), then α−1 ∈ PF(X2), where α−1 = {A−1 : A ∈ α}. Of course here A−1

denotes the relation inverse to A. If α ∈ PFr(X
2), then obviously α−1 ∈ PFr(X

2).

Definition 10. Let (X,U) be a quasi-uniform space and let U ∈ U . Set U↑ = {(α, β) ∈
PFr(X

2)×PFr(X
2) : U ◦α ⊆ β} and U↓ = {(α, β) ∈ PFr(X

2)×PFr(X
2) : U−1◦β ⊆ α}.

Furthermore set Ul = U↑ ∩ U↓. On PFr(X
2) the (left) up-quasi-uniformity U↑ of U is

generated by the base {U↑ : U ∈ U}, the (left) down-quasi-uniformity of U is generated by
the base {U↓ : U ∈ U} and the left-sided scale quasi-uniformity Ul is generated by the base

{Ul : U ∈ U}. We shall call the quasi-uniform space (PFr(X
2),Ul) the left-sided scale of

the quasi-uniform space (X,U), since in the definitions above we multiply by U resp. U−1

on the left-hand side.
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One can readily check directly that indeed we have defined three quasi-uniformities in
this way. Our next results discuss connections between the left-sided scale (PFr(X

2),Ul)
of a quasi-uniform space (X,U) and the construction of the prefilter space dealt with in
the previous section. We start with an auxiliary result.

Lemma 11. Let M,N,A be binary relations on a set X. Then

M ◦ A ◦N =
⋃

(a1,a2)∈A

N−1(a1)×M(a2).

2

Proposition 12. Let (X,U) be a quasi-uniform space. Then on the subset PFr(X
2)

of PF(X2) we have: U↑ = (DX × U)⊕|PFr(X
2), U↓ = (DX × U)⊖|PFr(X

2) and Ul =

(DX × U)PF |PFr(X
2). Here DX denotes the discrete uniformity on X. Furthermore U↑,

U↓, Ul are all bicomplete on PFr(X
2).

Proof. The first statement follows from Lemma 11 after a straightforward computation:
For instance for A ⊆ X2 and U ∈ U we have (∆ × U)(A) =

⋃
(a1,a2)∈A ∆(a1) × U(a2) =

U◦A◦∆−1 = U◦A. Hence for each α, β ∈ PFr(X
2) and U ∈ U we have that (∆×U)(α) ⊆ β

if and only if U ◦ α ⊆ β.
For the second statement note that if in a (modified) version of the proof of Proposition

7 Υ is now an ultrafilter on PFr(X
2), then γ ∈ PFr(X

2). The result then follows from
the proof of Proposition 7. �

Lemma 13. Let f : (X,U) → (Y,V) be a uniformly continuous map between quasi-
uniform spaces (X,U) and (Y,V). For each α ∈ PFr(X

2) we set s(f)(α) =
< {(f×f)(A)∪∆Y : A ∈ α} > . Then s(f) : (PFr(X

2),Ul)→ (PFr(Y
2),Vl) is uniformly

continuous. 2

Proposition 14. Let (X,U) be a quasi-uniform space. Then the two quasi-uniformities
U↑ and ((U−1)↓)

−1 on the set PFr(X
2) coincide. Similarly Ul = ((U−1)l)

−1. Therefore

the left-sided scale of (X,U−1) is equal to (PFr(X
2), (Ul)

−1). 2

We can readily translate Remark 4 about the underlying equivalence relation of the T0-
quotient of the prefilter space of a quasi-uniform space to our new setting. In particular
this leads to a description of the equivalence relation underlying the T0-quotient of the
left-sided scale (PFr(X

2),Ul) of a quasi-uniform space (X,U) :

Remark 15. Let (X,U) be a quasi-uniform space. On PFr(X
2) we have that (α, β) ∈⋂

U∈U(Ul ∩ (Ul)
−1) if and only if < U ◦ α >=< U ◦ β > and < U−1 ◦ α >=< U−1 ◦ β > .

We also note that for each α ∈ PFr(X
2), α is equivalent to < U ◦ α > ∪ < U−1 ◦ α > .

Similarly as before, the subspace of (PFr(X
2),Ul) given by the subset consisting of all

the prefilters of type < U ◦ α > ∪ < U−1 ◦ α > where α ∈ PFr(X
2) can represent the

T0-quotient of (PFr(X
2),Ul).

Remark 16. Note that contrary to Bushaw and Kent we have defined the ground set of our
left-sided scale as the set of all prefilters on X2 which are a subset of R0(X) and not as the
set of all prefilters on X2 which are a subset of U ∪U−1 or U , as one might have expected.
This difference however seems of minor importance in the following investigations.

Indeed in our context it is more convenient to work on the chosen larger set, since any
quasi-uniformity U comes with closely related quasi-uniformities like U−1 or Us, and it
would be inconvenient to change the ground set repeatedly according to varying needs.
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If (X,U) is a uniform space, our retracted left-sided (quasi-)uniform scale of (X,U) (that
is, our subspace of (PF(X2),Ul) representing the T0-quotient of (PF(X2),Ul)) practically
coincides with the retracted left-sided scale of the uniform space (X,U) due to Bushaw:
Indeed our carrier set {< U ◦ α > ∪ < U−1 ◦ α >: α ∈ PFr(X

2)} is nearly the ground
set used by Bushaw [1] for his retracted scale: We have chosen the largest member of
each equivalence class, while he took the smallest one. Furthermore for a basic symmetric
entourage U of U we have that Ul = {(α, β) ∈ PFr(X

2) × PFr(X
2) : U ◦ α ⊆ β and

U ◦ β ⊆ α}, which in fact agrees with the definition of the entourages that Bushaw and
Kent have used in the uniform case: If we work with our chosen subspace representing
the retracted one-sided scale of a (quasi-)uniform space (X,U), namely {< U ◦ α > ∪ <
U−1 ◦ α >: α ∈ PFr(X

2)}, then all these prefilters indeed are a subset of the prefilter
U = U−1 on X2 in that case.

Theorem 17. Let (X,U) be a quasi-uniform space. Then we can embed the prefilter space
(PF(X),UPF ) of (X,U) into the left-sided scale (PFr(X

2),Ul) of (X,U).

Proof. For each α ∈ PF(X) set κ(α) =< {∆ ∪ (X × A) : A ∈ α} >∈ PFr(X
2). We first

show that κ : (PF(X),UPF )→ (PFr(X
2),Ul) is a uniformly continuous map:

Let α, β ∈ PF(X) and U ∈ U . Suppose that (α, β) ∈ U⊕. Then U(α) ⊆ β and therefore
for each A ∈ α there is B ∈ β such that B ⊆ U(A). It follows that for each A ∈ α there is
B ∈ β such that ∆∪(X×B) ⊆ U◦(∆∪(X×A)). We deduce that U◦κ(α) ⊆ κ(β). Similarly
(α, β) ∈ U⊖, that is, U−1(β) ⊆ α, implies that U−1 ◦ κ(β) ⊆ κ(α). Thus (α, β) ∈ UPF

implies that (κ(α), κ(β)) ∈ Ul. Therefore κ is uniformly continuous. Note next that κ is
injective. Let α, β ∈ PF(X) such that α 6= β, say without loss of generality that α 6⊆ β.
Consequently there is A0 ∈ α such for all B ∈ β, B \ A0 6= ∅. Then ∆ ∪ (X × B) 6⊆
∆ ∪ (X ×A0) whenever B ∈ β. Thus κ(α) 6= κ(β).

On the other hand suppose that α, β ∈ PF(X), U ∈ U and U ◦ κ(α) ⊆ κ(β). Then
for each A ∈ α there exists B ∈ β such that X × B ⊆ U ◦ (∆ ∪ (X × A)), which implies
that B ⊆ U(A) : Indeed let b ∈ B. Choose any a0 ∈ A. Then (a0, b) ∈ U ◦ (X × A), or
(a0, b) ∈ U ◦∆ = U. Therefore for some a ∈ A, we have b ∈ U(a), or that b ∈ U(a0). Thus
b ∈ U(A) in either case. We conclude that U(α) ⊆ β. Similarly U−1 ◦κ(β) ⊆ κ(α) implies
that U−1(β) ⊆ α. Altogether we deduce that (κ(α), κ(β)) ∈ Ul implies that (α, β) ∈ UPF .
Therefore we have shown that the map κ is a quasi-uniform embedding. �

The following theorem generalizes a result known from the theory of uniform spaces
([19, Proposition 5]). Its proof can be based on techniques developed in [19].

Theorem 18. Let (X,U) be a quasi-uniform space. Then (PFr(X
2),Ul) is totally bounded

if and only if X is finite or U = {X2}.

Proof. Let X be finite. Then PFr(X
2) is finite and thus (PFr(X

2),Ul) is totally bounded.

If U = {X2}, then Ul = {PFr(X
2)×PFr(X

2)}, hence Ul is totally bounded, too.
In order to establish the converse, suppose that X is infinite and U is distinct from

{X2}. We first show that there are U ∈ U and x ∈ X such that |X \ U(x)| = |X| or
|X \ U−1(x)| = |X|. Indeed otherwise for any U ∈ U we have that for each x ∈ X,
|X \ U(x)| < |X| and |X \ U−1(x)| < |X|, and thus |U(x)| = |X| = |U−1(x)|. It follows
that U(x) ∩ U−1(y) 6= ∅ whenever x, y ∈ X, and therefore U2 = X2 whenever U ∈ U —a
contradiction.

So we can assume that there are U ∈ U and x ∈ X such that (Case 1) |X \U(x)| = |X|
or (Case 2) |X \ U−1(x)| = |X|.
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Let us deal with Case 2. Let A be a family C of ultrafilters on X \U−1(x) of cardinality

22|X|
(see e.g. [7, Theorem 56, p. 256]). For each F ∈ C let αF =< {∆ ∪ (F × {x}) : F ∈

F} > . Then A := {αF : F ∈ C} is a family of cardinality 22|X|
belonging to PFr(X

2).
Consider F ,G ∈ C such that αF ∈ U↑(αG). So U ◦αG ⊆ αF . Furthermore let G ∈ G. There
is F ∈ F such that F × {x} ⊆ U ◦ (∆ ∪ (G × {x})). Consequently F ⊆ U−1(x) ∪G and
hence F ⊆ G, since F ∩ U−1(x) = ∅. We conclude that G ⊆ F and therefore F = G. We
deduce that the subspace A is discrete in (PFr(X

2),U↑).
Case 1 can be treated similarly, by replacing U−1 by U . In this case the constructed

subspaceA turns out to be discrete in (PFr(X
2),U↓). Hence in either case we obtain a (uni-

formly) discrete subspace of (PFr(X
2),Ul) of cardinality 22|X|

. In particular (FPr(X
2),Ul)

cannot be totally bounded. �

Our next example shows that given a quasi-uniform space (X,U) the quasi-uniformity
U↑ on PFr(X

2) can be totally bounded under weaker conditions than those given in
Theorem 18.

Example 19. Let X = ω be the set of nonnegative integers and let F be a finite subset
of ω. Set VF = [(X \ F ) × X] ∪ ∆ω. Consider the quasi-uniformity U generated by the
base {VF : F ⊆ ω and F is finite}. We are going to show that (PFr(X

2),U↑) is totally
bounded.

Proof. Fix F ⊆ X finite. Let B be any reflexive binary relation on X. Set BF = {x ∈
F : B(x) ⊆ F}. Then VF ◦B = [(X \BF )×X] ∪ (

⋃
x∈BF

{x} ×B(x)), as we claim first:

We shall consider three cases. Case 1: Let x ∈ X \ F. Then VF (x) = X, so (x, x) ∈ B
yields the result X = (VF ◦B)(x).
Case 2: Let x ∈ F \ BF . Then there exists b ∈ B(x) \ F. Therefore (x, b) ∈ B and
VF (b) = X. The assertion X = (VF ◦B)(x) follows.
Case 3: Let x ∈ BF . Then B(x) ⊆ F. Thus (x, c) ∈ B and (c, d) ∈ VF implies that c = d.
Therefore (VF ◦B)(x) = B(x).

Altogether for each x ∈ X such that B(x) ⊆ F we get that (VF ◦ B)(x) = B(x),
and (VF ◦ B)(x) = X otherwise, which establishes the claim. We conclude that MF =
{VF ◦ B : B is a reflexive relation on X} is finite, since F as a finite set has only finitely
many subsets.

For any nonempty collectionM′ ofMF we consider the prefilter γM′ =
⋃
{〈M ′〉 : M ′ ∈

M′} on X2. Observe that in this way we have defined finitely many prefilters γM′ .
Let β ∈ PFr(X

2) be arbitrary. Then N = {VF ◦ B : B ∈ β} is a nonempty finite
subcollection of MF . By definition γN =

⋃
{〈VF ◦ B〉 : B ∈ β}. Obviously VF ◦ β ⊆ γN ,

since N ⊆ γN . Furthermore VF ◦ γN ⊆ β, since C ∈ γN implies that there is B ∈ β such
that VF ◦B ⊆ C, and so B ⊆ VF ◦ (VF ◦B) ⊆ VF ◦C, because VF is reflexive. We conclude
that β ∈ (VF )↑(γN ) ∩ ((VF )↑)

−1(γN ) and thus U↑ is totally bounded. �

4. The two-sided scale of a quasi-uniform space

It is somewhat surprising that the definition of Bushaw is admittedly left-sided (see [2,
p. 105]). We are going to argue next that this definition becomes more natural if one
understands the scale as a generalization of the multifunction space of a quasi-uniform
space into itself instead of considering it as a “product” generalization of the prefilter
space of a quasi-uniform space.
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Remark 20. Let (X,U) be a quasi-uniform space and let U, V ∈ R0(X), and P ∈ U . Note
that (< U >,< V >) ∈ Pl if and only if V ⊆ P ◦ U and U ⊆ P−1 ◦ V if and only if

V (x) ⊆ P (U(x)) and U(x) ⊆ P−1(V (x)) whenever x ∈ X. The latter condition exactly
means that (U(x), V (x)) ∈ PH whenever x ∈ X where here PH is the standard entourage
related to P of the Hausdorff quasi-uniformity UH on P0(X).

Hence the left-sided scale quasi-uniformity Ul of a quasi-uniform space (X,U) yields
on the set of prefilters generated by reflexive relations (understood as multifunctions) the
quasi-uniformity of uniform convergence with respect to the Hausdorff quasi-uniformity
UH on P0(X). Indeed more generally the multifunction space from a set X into a quasi-
uniform space (Y,U) can be identified with a subspace of (PF(X × Y ), (DX × U)PF ),
where DX denotes the discrete uniformity on X (see end of Section 1 and Lemma 6).

One consequence of the surprising appearance of the discrete uniformity in the formula
in Proposition 12 is that total boundedness is not preserved by the left-sided scale quasi-
uniformity (see Theorem 18). Below we modify the definition of the scale given above by
suggesting to work on PFr(X

2) with the restrictions of the quasi-uniformities (U−1×U)⊕,
(U−1 × U)⊖, and (U−1 × U)PF instead.

Definition 21. Let (X,U) be a quasi-uniform space. On PFr(X
2) (in self-explanatory

notation) for any U ∈ U we set U⇑ = {(α, β) ∈ PFr(X
2)×PFr(X

2) : U ◦ α ◦U ⊆ β} and
U⇓ = {(α, β) ∈ PFr(X

2) × PFr(X
2) : U−1 ◦ β ◦ U−1 ⊆ α}. Furthermore for each U ∈ U

set Um = U⇓ ∩ U⇑ on PFr(X
2). The two-sided scale of (X,U) will be the quasi-uniform

space (PFr(X
2),Um) where {Um : U ∈ U} is a base of the quasi-uniformity Um. Similarly

U⇑ will be the quasi-uniformity generated by the base {U⇑ : U ∈ U} and U⇓ will be the
quasi-uniformity generated by the base {U⇓ : U ∈ U} on PFr(X

2).

It is easy to check that we indeed have defined three quasi-uniformities and that The-
orem 17 also holds for Um instead of Ul. It follows from our preceding results that total
boundedness is preserved by our two-sided scale:

Proposition 22. The two-sided scale (PFr(X
2),Um) of a totally bounded quasi-uniform

space (X,U) is joincompact, that is, the topology τ((Um)s) is compact.

Proof. Note that Um = (U−1 × U)PF |PFr(X
2). According to Proposition 7 (PF(X2),

(U−1 × U)PF ) as a prefilter space is bicomplete for any quasi-uniform space (X,U).
Hence the subspace (PFr(X

2),Um) is bicomplete according to an argument analogous
to that presented in the proof of the second statement of Proposition 12. But by Propo-
sition 9 that subspace is also totally bounded, since U−1×U is totally bounded and total
boundedness is preserved by prefilter spaces and quasi-uniform subspaces. �

We finish this section with remarks about quasi-pseudometrics. Let (X, d) be a bounded
quasi-pseudometric space. Recall that dH(A,B) = max{supa∈A d(a,B), supb∈B d(A, b)},
where A,B ∈ P0(X), is the Hausdorff quasi-pseudometric on P0(X), which induces the
Hausdorff quasi-uniformity (Ud)H (see e.g. [11, 14]). Of course, here Ud denotes the quasi-
uniformity induced by d on X. Furthermore the quasi-pseudometrics d− and d+ given for
A,B ∈ P0(X) by d−(A,B) = supa∈A d(a,B) and d+(A, b) = supb∈B d(A, b) induce the
quasi-uniformity (Ud)− resp. (Ud)+ on P0(X).

Without going into details let us mention that similarly we can define the quasi-
pseudometric scale of a (bounded) quasi-pseudometric space (X, d). We shall only con-
sider the two-sided case here. For each ǫ > 0 set Uǫ = {(x, y) ∈ X2 : d(x, y) < ǫ}. For
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α, β ∈ PFr(X
2) set dB(α, β) = inf{δ > 0: Uδ ◦ α ◦ Uδ ⊆ β, (Uδ)

−1 ◦ β ◦ (Uδ)
−1 ⊆ α}.

One checks that dB is a quasi-pseudometric inducing (Ud)m on PFr(X
2). Hence we can

define the quasi-pseudometric two-sided scale of (X, d) as the quasi-pseudometric space
(PFr(X

2), dB).

5. A connection between the left-sided scale and the theory of

continuity spaces

The scale of a uniform space was introduced by Bushaw to be used as a generalization
of the real line in his approach to dynamical systems. Indeed he [2] already mentions
connections with the theory of semifields and related structures (see e.g. [8]). Also some
connections of his theory with the theory of continuity spaces [4] are rather obvious in the
investigations conducted by Ramsey [17], although Ramsey’s potential ‘addition’, namely
◦, is not commutative so that his approach is closely related to the one for instance
discussed in [6, p. 183], which is similar to the one presented below.

Let (X,U) be a quasi-uniform T0-space. Then dU (x, y) = {V ∈ U : (x, y) ∈ V } defines
a map dU : X2 → PFr(X

2). Obviously for any x, y ∈ X, dU (x, y) = dU (y, x) = U if and
only if x = y.

Let U, V ∈ U be such that V 2 ⊆ U. If x, y, z ∈ X, V ∈ dU (x, y) and V ∈ dU (y, z),
then U ∈ dU (x, z). Hence dU behaves similarly like a T0-quasi-metric. Furthermore
(dU (x, y))−1 = dU−1(y, x) whenever x, y ∈ X, where we have used conjugation in PFr(X

2).
A kind of symmetrization can be defined by sU (x, y) = {U ∈ U : (x, y) ∈ U ∩ U−1}

whenever x, y ∈ X. For a uniformity U , sU(x, y) is exactly the écart used by Ramsey [17,
p. 3].

Observe also that given V ∈ U and x, y ∈ X we get that dU (x, y) ≤ < V > if and only
if < V >⊆ dU (x, y) if and only if (x, y) ∈ V so that we can recover U from dU in the
expected way. This observation was used by Ramsey to prove a pseudometrization result
in the uniform context, which in our quasi-uniform setting similarly leads to the following
quasi-pseudometrization theorem.

Theorem 23. Let (X,U) be a quasi-uniform space. Then the quasi-uniformity U has
a countable base (that is, is quasi-pseudometrizable) if and only if the smallest element
DX =< ∆ > of the left-sided scale (PFr(X

2),Ul) of (X,U) has a countable neighborhood
base in the topology τ(Ul).

Proof. Note first (compare with Remark 4) that for each α ∈ PFr(X
2) and U ∈ U we

have Ul(α) = [{V ∈ R0(X) : U−1 ◦ V ∈ α}, < U ◦ α >]. Hence the collection of intervals

{[< ∆ >,< U >] : U ∈ U} is a neighborhood base of τ(Ul) at the point < ∆ >∈ PFr(X
2).

If the quasi-uniformity U has a countable base B, then obviously {[< ∆ >,< B >] :
B ∈ B} is a countable neighborhood base at < ∆ > for the topology τ(Ul).

In order to establish the converse, we can assume without loss of generality that we
have a countable base for τ(Ul) at < ∆ > consisting of intervals [< ∆ >,< Un >] : n ∈ N}
such that U2

n+1 ⊆ Un whenever n ∈ N and {Un : n ∈ N} ⊆ U .
Let V ∈ U be arbitrary. By assumption there is n ∈ N such that [< ∆ >,< Un >] ⊆

[< ∆, >,< V >]. Thus Un ⊆ V. We conclude that {Un : n ∈ N} is a countable base of the
quasi-uniformity U . �
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Abstract

The purpose of this talk is to identify those mathematical features of the order
of the real numbers that are essential when dealing with real–valued functions;
abstract and axiomatize these features, and show how lattice theory (domain
theory) can provide an appropriate framework for general constructions in the
theory of lattice-valued functions. Our attention will be focussed on the gener-
ation, insertion and extension of functions satisfying some type of continuity.
As an application, some well-known classes of topological spaces will be iden-
tified.

1. Introduction

Starting with real-valued functions, we will go to lattice-valued functions in a general-
ization which pretends to keep many interesting results and applications, mainly in what
concerns to generation, insertion and extension of such functions.

All the results presented here are part of a joint research with Tomasz Kubiak and
Javier Gutiérrez Garćıa and have already been published (cf. [6, 7, 8]).

Among the related questions we are going to deal with, are those order and topological
aspects which provide conditions for generating, inserting and extending lattice-valued
functions. On the way, some restrictions will be imposed, if necessary, either on the
functions themselves or on their domains.

Our model will be real-valued functions together with the known results about the
above mentioned topics: generation, insertion and extension. Capturing the essence of the
model will serve us to select a class of lattices as codomain that will provide the expected
results.

A first look to real-valued functions led M.H. Stone in 1949 ([12]) to realise that they
are completely determined by the collection of sets {[f ≺ t] := {x ∈ X : f(x) ≺ t} : t ∈ R}
where ≺∈ {≤, ≥, <, >}. Indeed, given f : X → R, we have

f(x) = inf{t ∈ R : x ∈ [f < t]} = inf{t ∈ R : x ∈ [f ≤ t]}

= sup{t ∈ R : x ∈ [f > t]} = sup{t ∈ R : x ∈ [f ≥ t]}.

The index set R can be substituted by any dense subset (particular interest will have
the countable dense subset Q).
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Stone called the previous collection the spectral family of the function, because of the
resemblance with the spectral family for a self-adjoint operator in Hilbert spaces.

It is natural to try to isolate those properties needed to determine the function or the
aspects of topological/order nature. Once we abstract those properties, if well done, we
should be able to recover functions as well as their order and topological-type properties.

This is what Stone did in [12], developing a method which substituted successfully
real-valued functions for real-indexed (or yet rational-indexed) families of subsets of the
domain. Simple properties of functions are reflected by simple properties of their spec-
tral families, and when the domain is a topological space there are connections between
topological properties of the function and topological properties of its spectral family.

2. Lattices

The power of Stone’s method relies in elementary, but deep, properties of the usual
order of the reals, such as interpolation (strict in the case of the strictly less than relation)
and approximation (both

∨
-approximation and

∧
-approximation). In fact, most of the

proofs in which real valued functions are involved depend on these two properties.
So, our objective will be to introduce in a complete lattice L new relations stronger

than the lattice order, and select the lattices which have with respect to those relations,
the two properties (interpolation and approximation) needed for most of the interesting
results for real-valued functions. Let us mention two well know classes of lattices satisfying
the above conditions: continuous lattices with the way-below relation and completely
distributive lattices with the wedge-below relation (or well inside relation). An advantage
of the second ones is their self-duality, advantage not shared by continuous lattices.

Definition 1. Given a complete lattice L and a, b ∈ L, we write

(1) a≪ b (a way-below b) if for directed subsets D ⊂ L the relation b ≤
∨
D implies the

existence of d ∈ D with a ≤ d.
(2) a ⊳ b (a wedge-below b) if for arbitrary subsets C ⊂ L the relation b ≤

∨
C implies

the existence of c ∈ C with a ≤ c.
(3) a ◭ b (wedge-above) if for arbitrary subsets C ⊂ L the relation

∧
C ≤ a implies the

existence of c ∈ C with c ≤ b.

The elements a ∈ L satisfying a ⊳ a (resp. a ◭ a) are called completely join-irreducible
(resp. completely meet-irreducible); they are called coprimes (resp. primes) if C is as-
sumed to be finite in (2) (resp. (3)).

As mentioned above, we have the following characterization:

Lemma 2. A lattice L is completely distributive if and only if a =
∨
{b ∈ L : b ⊳ a}

(equivalently, a =
∧
{b ∈ L : a ◭ b}) for each a ∈ L. A lattice L is continuous if and only

if a =
∨
{b ∈ L : b≪ a} for every a ∈ L.

The next step is to determine which kind of elements should be selected to play the role
of the countable set of rationals in the reals. It turns out that the right kind of sets are
countable join-dense subsets free of completely join-irreducible elements, where a subset
D ⊂ L is called join-dense (or a base) if a =

∨
{d ∈ D : d ≤ a} for each a ∈ L.

Completely distributive lattices which have a countable join-dense subset free of com-
pletely join-irreducible elements will be called ⊳-separable lattices. This kind of lattices
will play the role of the range space for the functions in next subsection 2.2.

An example of completely distributive ⊳-separable lattice is, of course, L = [0, 1]. More
examples come from the fact that the class of ⊳-separable completely distributive lattices
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is closed under countable products with componentwise ordering. In particular, the Hilbert
cube L(ω) = [0, 1]ω with the componentwise order is a ⊳-separable completely distributive
lattice. Its coordinate axes form a poset denoted by J(ω) (a hedgehog with ω spines) which
is a join-dense subset.

Even if J(ω) is no longer a lattice, the insertion theorem of subsection 2.2 yields an
insertion theorem for J(ω)-valued functions as a corollary [7] (which is independent of that
of Blair and Swardson [2]). Throughout this section L denotes a (complete) completely
distributive lattice. This assumption may occasionally be repeated.

2.1. Generating lattice-valued functions. We will follow Stone’s ideas and methods.
They were later on modified and simplified giving rise to the notion of “scale”(see [12]
and [3]). Our next objective is to look at the essence of that notion with “lattice-eyes”
and develop a method which allows to substitute lattice-valued functions by L-indexed (or
yet D-indexed) families of subsets of the domain (here L denotes the whole lattice and D
some dense-like subset in L).

ForX a set and L a complete lattice, LX denotes the complete lattice of all maps fromX
into L under pointwise ordering. Given f ∈ LX and a ∈ L, we write: ↑↑a = {b ∈ L : a≪ b},
↓ a = {b ∈ L : b ≤ a} and [f ≺ a] = {x ∈ X : a ≺ f(x)}, where ≺∈ {⊲,◭,≤,≥,≪}.

The following lemma recovers for lattice-valued functions what is essential in the notion
of the spectral family of a real valued function.

Lemma 3. For a subset D ⊂ L and a family E = {Ed ⊂ X : d ∈ D} the following are
equivalent:

(1) Ed1 ⊃ Ed2 whenever d1 ⊳ d2. [We shall say that E is ⊳-antitone.]
(2) There exists f : X → L such that [f ⊲ d] ⊂ Ed ⊂ [f ≥ d], for every d ∈ D.

We are now in a position to define the crucial concept in this research.

Definition 4. Let D ⊂ L. A ⊳-antitone family E = {Ed ⊂ X : d ∈ D} is called a scale
in X. The function f ∈ LX defined by f(x) =

∨
{d ∈ D : x ∈ Ed} is said to be generated

by the scale E .

Given f ∈ LX , both {[f ≥ a] : a ∈ L} and {[f ⊲ a] : a ∈ L} are scales that generate
the function f .

A parallel study can be done starting with a ◭-isotone family E = {Ed ⊂ X : d ∈ D}.
In this case, the function f ∈ LX will be defined by f(x) =

∧
{d ∈ D : x ∈ Ed} and said

to be generated by the scale E . Since complete distributivity is a self-dual property, all
the results obtained here hold also for this kind of scales.

Moreover, we have lattice-valued analogous of Stone’s real-valued results.

Lemma 5. Let D ⊂ L be join-dense. Let f, g ∈ LX be generated by the scales {Fd}d∈D

and {Gd}d∈D, respectively. Then f ≤ g if and only if Fd1 ⊂ Gd2 whenever d2 ⊳ d1.

Lemma 6. Let D ⊂ L be join-dense and {Fd}d∈D a scale in X. Then there exists a
unique f ∈ LX such that [f ⊲ d] ⊂ Fd ⊂ [f ≥ d], for any d ∈ D. Moreover, for every
a ∈ L one has [f ≥ a] =

⋂
d⊳a Fd and [f ⊲ a] =

⋃
a⊳d Fd.

2.2. Katětov-Tong-type insertion theorem. Now we will adapt the techniques intro-
duced by Katětov in [9]. These techniques allow to give conditions for the insertion of
real-valued functions.

Let X be a topological space and L be a lattice. Let G, H and F be families of maps
from X into L consisting of continuous functions with respect to appropriately chosen
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topologies on L. Assume g ∈ G, h ∈ H, and g ≤ h. An insertion-type statement reads as
follows: there exists an f ∈ F such that g ≤ f ≤ h.

To extend Katětov-Tong theorem to lattice-valued functions, we first need to choose
appropriate definitions of semicontinuity for this kind of functions.

Among the different definitions of semicontinuities for real-valued functions, let us select
the ones defined in terms of the order. It is well known that, given a topological space X,
a function f : X → R is lower [upper]semicontinuous if and only if f = f∗ [f = f∗] where
f∗ is the lower limit function of f and is defined by f∗(x) =

∨
{
∧
f(U) : U is an open nbhd

of x} and f∗ is the upper limit function of f , which is defined dually. Notice that they
are a “logic” generalization of the interior and the closure of a set in a topological space.
Indeed (1A)∗ = 1Int A and (1A)∗ = 1A, where 1A is the characteristic function of A ⊂ X.

We observe that no topology in the codomain is used. Therefore the definitions of lower
and upper limit functions go unchanged to the case of lattice-valued functions.

Definition 7. Let X be a topological space. A function f : X → L is said to be lower
(resp. upper) semicontinuous if and only if f(x) =

∨
{
∧
f(U) : U is an open nbhd of x}

(resp. f(x) =
∧
{
∨
f(U) : U is an open nbhd of x}) for any x ∈ X.

We denote by LSC(X,L) and USC(X,L) the collections of all lower and upper semi-
continuous functions of LX . Members of C(X,L) = LSC(X,L) ∩ USC(X,L) are called
continuous.

Let us consider the following topologies on a lattice L:

(1) The Scott topology σ(L) which has {↑↑a : a ∈ L} as a base,

(2) the lower topology ω (L) which is generated from the subbase {L \ ↑ a : a ∈ L},

(3) the upper topology ν(L) which is generated from the subbase {L \ ↓ a : a ∈ L},

(4) the Lawson topology λ(L) being the supremum of σ(L) and ω(L).

We write ΣL = (L, σ(L)), ΩL = (L,ω(L)) and ΛL = (L, λ(L)). Also, given a topological
space X, let C(X,ΣL) denote the collection of all continuous functions from X to ΣL,
and similarly for the remaining topologies on L. In particular, C(X,ΛL) = C(X,ΣL) ∩
C(X,ΩL).

Next result shows that lower and upper semicontinuity are nothing but continuity when
the range space is endowed with certain well-know topologies.

Proposition 8. Let X be a topological space and f ∈ LX . Then

(1) f ∈ USC(X,L) iff [f ≥ a] is closed for each a ∈ L iff [f ◭ a] is open for each a ∈ L.
(2) f ∈ LSC(X,L) iff [f ≤ a] is closed for each a ∈ L iff [f ⊲ a] is open for each a ∈ L.

Besides, we have a description of these notions in terms of scales.

Proposition 9. Let X be a topological space, D a join-dense subset of L and f ∈ LX a
map generated by the scale {Ed : d ∈ D}. The following hold:

(1) f is upper semicontinuous if and only if Ed1 ⊂ Ed2 whenever d2 ⊳ d1;
(2) f is lower semicontinuous if and only if Ed1 ⊂ IntEd2 whenever d2 ⊳ d1;
(3) f is continuous if and only if Ed1 ⊂ IntEd2 whenever d2 ⊳ d1.

All the previous definitions and results highlight the necessity of establishing condi-
tions under which there exist distinguished collections of subsets in the domain which are
comparable in a precise way (cf. Proposition 9).
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Definition 10. Let L be a complete lattice. A binary relation ̺ on L is a Katětov relation
if and only if for all a, b, c, d ∈ L the following hold:

• ̺ is an idempotent relation (transitive with interpolation property),
• a ̺ b⇒ a ≤ b,
• {a ∈ L : a ̺ b} is an ideal,
• {b ∈ L : a ̺ b} is a filter.

Lemma 11. Let ̺ be a Katětov relation on a complete lattice L. Let A,B ⊂ L be two
countable subsets such that

(∨
A
)
̺ b and a ̺

(∧
B
)

for all a ∈ A and b ∈ B, then there is a c ∈ L such that a ̺ c ̺ b for all a ∈ A and b ∈ B.

We generalize the original Katětov Lemma as follows:

Lemma 12. Let ̺ be a Katětov relation on a complete lattice L. Let D be an arbitrary
countable set and let ≺ be a transitive and irreflexive relation on D. Let {ad}d∈D and
{bd}d∈D be two countable subsets of L such that

d ≺ d′ implies ad′ ≤ ad, bd′ ≤ bd and ad′ ̺ bd.

Then there is a countable subset {cd}d∈D of L such that

d ≺ d′ implies (ad′ ∨ cd′) ̺ (cd ∧ bd).

Given a topological space X, a Katětov relation ⋐ in 2X is said to be strong, if A ⋐ B
implies A ⊂ B and A ⊂ IntB. In particular, the relation A ⋐ B, defined by A ⊂ IntB, is
strong if and only if X is normal.

We give now a sufficient condition for insertion which is an analogue of the classical
insertion theorem of Lane [10].

Theorem 13. Let X be a topological space. Let L be a ⊳-separable completely distributive
lattice (with D ⊂ L being a countable join-dense subset without supercompact elements).
Let {Fd}d∈D and {Gd}d∈D be scales generating f, g : X → L, respectively. If there exists
a strong Katětov relation ⋐ such that Fd2 ⋐ Gd1 whenever d1 ⊳ d2, then there exists a
continuous function h : X → L such that f ≤ h ≤ g.

The following provides a fairly general extension of the classical insertion theorem of
Katětov [9] and Tong [13] to functions with values in a ⊳-separable completely distributive
lattice (see also [8]).

Theorem 14. For X a topological space and L a ⊳-separable completely distributive
lattice, the following are equivalent:

(1) X is normal;
(2) [Katětov-Tong theorem] If f : X → L is upper semicontinuous, g : X → L is lower

semicontinuous, and f ≤ g, then there exists a continuous function h : X → L such
that f ≤ h ≤ g;

(3) If f : X → L is upper semicontinuous, g : X → L is lower semicontinuous, and f ≤ g,
then there exists a lower semicontinuous function h : X → L such that f ≤ h ≤ h∗ ≤ g;

(4) [Urysohn’s lemma] If K ⊂ X is closed, U ⊂ X is open, and K ⊂ U , then there exists
a continuous function h : X → L such that h(K) = {1} and h(X\U ) = {0};

(5) [Tietze’s theorem] Let Y be a closed subspace of X. Then each continuous h : Y → L
has a continuous extension to the whole X.
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Notice that there are L-analogue results concerning characterizations of some other
normality-like axioms.

Also, an interesting specialization is the one with L(ω) = [0, 1]ω being the Hilbert cube
, having the hedgehog J(ω) with the Lawson topology as join dense subset (the compact
hedgehog J(ω)).

2.3. Insertion of a pair of semicontinuous functions. The possibility of inserting a
pair of semicontinuous L-valued functions gives new characterizations of some classes of
topological spaces. The following is an iff criterion for a double insertion theorem.

Proposition 15. Let X be a topological space. Let L be a completely distributive lattice
and let f, g : X → L be two arbitrary functions. If f ≤ g and there exist two families
{ln}n∈N ⊂ LSC(X,L) and {un}n∈N ⊂ USC(X,L) such that

f ≤
∨

n∈N

ln ≤
∨

n∈N

(ln)∗ ≤ g and f ≤
∧

n∈N

(un)∗ ≤
∧

n∈N

un ≤ g,

then there exist a function h ∈ LSC(X,L) such that f ≤ h ≤ h∗ ≤ g.

Recall that a space X is hereditarily normal if and only if, whenever A ⊂ B and
A ⊂ IntB in X, then A ⊂ U ⊂ U ⊂ B for some open U ⊂ X. A space is extremally
disconnected iff every two disjoint open sets have disjoint closures.

Proposition 16. Let L be a lattice such that both L and Lop have countable join-dense
subsets. For X a topological space, the following are equivalent:

(1) X is hereditarily normal;
(2) If f, g : X → L with f∗ ≤ g and f ≤ g∗, then there exists an h ∈ LSC(L) such that

f ≤ h ≤ h∗ ≤ g.

Proposition 17. Let X be a topological space and L a lattice which has a countable
join-dense subset. Then the following are equivalent:

(1) X is extremally disconnected;
(2) If f ∈ LSC(X,L), g ∈ USC(X,L), and f ≤ g, then there exists an h ∈ C(X,L) such

that f ≤ h ≤ g;
(3) If f ∈ LSC(X,L), g ∈ USC(X,L), and f ≤ g, then there exists an h ∈ USC(X,L)

such that f ≤ h ≤ h∗ ≤ g.

Proposition 18. Let L be a lattice such that both L and Lop have countable join-dense
subsets. For X a topological space, the following are equivalent:

(1) X is extremally disconnected and hereditarily normal;
(2) If f, g : X → L with f∗ ≤ g and f ≤ g∗, then there exists an h ∈ C(X,L) such that

f ≤ h ≤ g.

As well as extension of continuous real-valued functions depends on the complete sep-
aration of certain subsets (cf. [5]), insertion depends on the complete separation of the
Lebesgue sets of the comparable functions (see [1]).

We have an analogous of the classical insertion theorem of Blair [1] for L-valued func-
tions, where L is a ⊳-separable completely distributive lattice.

Theorem 19. Let D ⊂ L be countable join-dense in L, and let C ⊂ L be countable join-
dense in Lop. For X a topological space and f, g : X → L such that f ≤ g, the following
are equivalent:

(1) f ≤ h ≤ h∗ ≤ g for some h ∈ LSC(X,L);
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(2) For every d ∈ D the sets [f ⊲ d] and [g � d] have disjoint open neighborhoods, and
for every c ∈ C the sets [g ◭ c] and [f � c] have disjoint open neighborhoods.

3. Bounded complete domains

Up to now, we have been working with lattices in which all the sups (equivalently all the
infs) existed. The concepts of scale and lower an upper limits depend on such existence
(remember we have started with a characterization of semicontinuity of a function with
values in the extended real line).

What happens if such existence is not guaranteed? This is the case of the real line,
which is only Dedekind complete or conditionally complete.

The class of lattices we are going to consider in this section share this property with
the real line. We focus on functions having values in bounded complete domains.

Before embarking on the task of developing a theory which serves for this class of
lattices, we need a few definitions.

Definition 20. A poset L is called a bounded complete domain if it has the following
properties:

(1) each directed subset of L has a sup,
(2) L satisfies the axiom of approximation with respect to ≪, i.e.,

a =
∨
{b ∈ L : b≪ a} for all a ∈ L

(3) each subset of L that is bounded above has a sup (i.e., L is conditionally complete; in
particular, each bounded complete domain has a bottom element 0).

We introduce the concept of a ≪-basis for L, which is weaker than that of [4]. The
reason of changing the original definition of a basis in the sense of [4] is that our range
spaces for inserting functions will, among others, include several hedgehog-like structures
which have ≪-bases which fail to be bases in the sense of [4].

Definition 21. Let L be a bounded complete domain. A subset D ⊂ L is called a≪-basis
of L if and only if for all a ∈ L the following hold:

(1) a =
∨

(D ∩ ↓↓a),
(2) If a ∈ L and d1 ≪ a with d1 ∈ D, then there exists a d2 ∈ D such that d1 ≪ d2 ≪ a.

3.1. Generating domain-valued maps. In this subsection we shall discuss the proce-
dure of generating L-valued functions by monotone families of subsets in the context of
a bounded complete domain L. We first develop a theory of generating such functions
from certain scales or prescales of subsets. The situation is much different from that in
a completely distributive lattice, due to the fact that a bounded complete domain needs
not have the top element.

Definition 22. Let X be a nonempty set and let D be an arbitrary nonempty subset of
a bounded complete domain L. A family F = {Fd ⊂ X : d ∈ D} is called a prescale if

(1) {d ∈ D : x ∈ Fd} is bounded in L for all x ∈ X.

If one additionally assumes that:

(2) for any nonempty subset C ⊂ D for which
∨
C does exist, one has

⋂
c∈C Fc ⊂ Fd

whenever d≪
∨
C,

then F is called a scale.
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Without loss of generality the set C can be assumed to be finite. It follows immediately
(with C being a singleton) that each scale is ≪-antitone, i.e., Fd1 ⊃ Fd2 whenever d1 ≪
d2.

The following shows how to generate an L-valued function from a (pre)scale.

Lemma 23. Let X be a set, L a bounded complete domain, D a nonempty subset of L,
and let F = {Fd ⊂ X : d ∈ D}.

(1) If F is a prescale, then f : X → L, with f(x) =
∨
{d ∈ D : x ∈ Fd} for all x ∈ X, is

a well-defined function.
(2) F is a scale if and only if there exists a function f : X → L such that for every d ∈ D:

[f ≫ d] ⊂ Fd ⊂ [f ≥ d].

(3) If D is a ≪-basis consisting of coprime elements and F is a prescale, then F is a scale
if and only if it is ≪-antitone.

Definition 24. Let L be a bounded complete domain, let D ⊂ L and let F = {Fd ⊂ X :
d ∈ D} be a (pre)scale. The function f ∈ LX defined by f(x) =

∨
{d ∈ D : x ∈ Fd} is

said to be generated by the (pre)scale F .

We notice that for every f ∈ LX , both {[f ≥ a] : a ∈ L and {[f ≫ a] : a ∈ L} are scales
that generate f .

Now, we can recover for bounded complete domain Lemmas 5 and 6 in section 2.

Lemma 25. Let L be a bounded complete domain and let D ⊂ L be a ≪-basis in L. Let
f, g ∈ LX be generated by the scales {Fd}d∈D and {Gd}d∈D. Then the following hold:

f ≤ g iff Fd1 ⊂ Gd2 whenever d2 ≪ d1.

Lemma 26. Let L be a bounded complete domain and let D ⊂ L be a ≪-basis in L. Let
{Fd}d∈D be a scale. Then there exists a unique f ∈ LX such that [f ≫ d] ⊂ Fd ⊂ [f ≥ d],
for any d ∈ D. Moreover, one has [f ≥ a] =

⋂
d≪a Fd whenever a ∈ L, and [f ≫ d1] =⋃

d1≪d Fd whenever d1 ∈ D.

3.2. Katětov-Tong-type insertion theorem. Now we introduce the lower and upper
limits of bounded complete domain valued functions. Again, things become more complex
than in the case of lattice-valued maps. This is particularly noticeable in the case of an
upper limit function (lower limit functions can be defined as previously), which generally
may fail to exist. We characterize the limit functions in terms of the (pre)scales generating
the original ones.

Since the most flexible versions of semicontinuity for lattice-valued functions on a topo-
logical space seem to be the continuities with respect to the upper topology ν(L) and the
lower topology ω(L), the following characterization of members of C(X,ΩL) suggests a
possible definition.

Proposition 27. Let X be a topological space and let L be a bounded complete domain.
Then f ∈ C(X,ΩL) if and only if f(x) =

∨
{
∧

U∈Nx
f(ϕ(U)) : ϕ ∈

∏
U∈Nx

U} for all
x ∈ X.

Definition 28. Let L be a bounded complete domain. We define for each f ∈ LX and
x ∈ X (assuming the sup exists):

f∗(x) =
∨
{
∧

U∈Nx

f(ϕ(U)) : ϕ ∈
∏

U∈Nx

U

}
.
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We shall refer to the element f∗(x) as to the upper limit of f at x. If it exists for all x
in X, we have a new function f∗ ∈ LX called the upper limit function of f .

We have the following results:

Proposition 29. Let X be a topological space and let L be a bounded complete domain
with a ≪-basis D. Let f ∈ LX be generated by the scale F = {Fd ⊂ X : d ∈ D}. Then:

(1) IntF := {IntF : F ∈ F} is a scale.
(2) IntF generates f∗.
(3) f has the upper limit at x ∈ X iff {d ∈ D : x ∈ Fd} is bounded.
(4) If f has the upper limit function f∗, then f∗ is generated by the prescale {F : F ∈ F}.

Corollary 30. Let X be a topological space, L a bounded complete domain with a ≪-basis
D. If f ∈ LX is generated by the scale F = {Fd : d ∈ D}, then the following hold:

(1) f ∈ C(X,ΣL) iff Fd1 ⊂ IntFd2 whenever d2 ≪ d1;
(2) f ∈ C(X,ΩL) iff Fd1 ⊂ Fd2 whenever d2 ≪ d1;
(3) f ∈ C(X,ΛL) iff Fd1 ⊂ IntFd2 whenever d2 ≪ d1.

Definition 31. A bounded complete domain L will be called ≪-separable if it has a
countable ≪-basis D ⊂ L consisting of noncompact coprimes (an element a ∈ L is called
compact iff a≪ a).

An example of a bounded complete domain with a countable base is the hedgehog J(ω).

Next, we give a sufficient condition for inserting a Lawson continuous function between
two comparable L-valued functions.

Theorem 32. Let X be a topological space. Let L be a ≪-separable bounded complete
domain with a ≪-basis D. Let f, g : X → L be such that f ≤ g. Let F = {Fd}d∈D and
G = {Gd}d∈D be scales generating f and g. If there exists a strong Katětov relation ⋐ on
P(X) such that Fd2 ⋐ Gd1 whenever d1 ≪ d2, then there exists a continuous function
h : X → ΛL such that g ≤ h ≤ f .

As in section 2, we have a general extension of the classical insertion theorem of Katětov
[9] and Tong [13].

Theorem 33. For X a topological space and L a ≪-separable bounded complete domain,
the following are equivalent:

(1) X is normal;
(2) [Katětov-Tong theorem] If f ∈ C(X,ΩL), g ∈ C(X,ΣL) and f ≤ g, then there exists

an h ∈ C(X,ΛL) such that f ≤ h ≤ g;
(3) [Urysohn’s lemma] If K ⊂ X is closed, U ⊂ X is open and K ⊂ U, then, for any

a ∈ L \ {0}, there exists ha ∈ C(X,ΛL) such that ha(K) = {a} and ha(X \U) = {0}.

It is a heuristic principle, for real-valued functions, that insertion theorems usually have
Tietze-type extension theorems as corollaries too. We got such a Tietze-type extension
theorem in section 2, for ⊳-separable completely distributive lattices.

However, a procedure similar to the usual one to get extension from insertion is no longer
valid for an arbitrary ≪-separable bounded complete domain, as the following example
shows:

Example 34. Let X = R be endowed with the usual topology, Y = [−1, 1] and J(2)
the hedgehog with 2 spines. Let F : Y → J(2) be defined as F (x) = (x, i1) if x ∈ [0, 1]
and F (x) = (−x, i2) if x ∈ [−1, 0]. Then F ∈ C(X,ΛL). Mimicking the usual procedure
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of extending a continuous [0, 1]-valued function to the whole space, led to consider two
maps g, h : X → J(2), the first one being upper semicontinuous and the second one lower
semicontinuous in such a way that the continuous map in-between extends the given F to
the whole X. The first map is usually defined as g = F on Y and g = 0 on X \ Y and
the second one as h = F on Y and the top element on X \ Y . In the case of bounded
complete domains, since there is no top element but there are maximal elements, one could
think on defining h equal to any of these maximal elements on X \ Y . However, the map
h : R→ J(2) defined by h = F on Y and h = (1, i1) on X \ Y is not lower semicontinuous.
Analogously if we consider h = F on Y and h = (1, i2) on X \ Y .

The techniques developed up to now do not allow to prove the Tietze theorem nor to
disprove it for an arbitrary ≪-separable bounded complete domain. We have a partial
result in this direction:

Theorem 35. A topological space X is normal iff for every closed A in X and each
continuous f : A→ J(ω) there exists a continuous extension to the whole X.

Nevertheless the proof of this statement requires techniques which go beyond the scope
of this talk. They have been published in [8].
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Abstract

We discuss several domain theoretic models for metric spaces and other related
structures.

1. Introduction and preliminaries

It is well known that Domain Theory provides an efficient framework to construct
computational models for metric spaces and other related structures (see, for instance,
[19, 5, 12, 31, 8, 6, 13, 14, 21, 29, 30, 34, 35, 40, 41, 42, etc]). In this paper we focus
our attention in the study of quantitative computational models induced by Heckmann’s
partial metric (see Section 3), for metric spaces, metric hyperspaces and partial metric
spaces.

Domain Theory was introduced by D. Scott ([36]), who used partially ordered structures
on functions spaces in his study of denotational semantics for programming languages,
while the interest in obtaining connections between the theory of metric (and topological)
spaces and domain theory is motivated, in part, by the successful works of A. Edalat
([3, 4]) who constructed domain theoretic models for metrizable locally compact spaces
and applied such constructions to problems on dynamical systems, measures, iterated
function systems and fractals.

Our basic reference for Domain Theory is [11].
Let us recall that a partially ordered set, or poset for short, is a set L equipped with a

partial order ⊑; it will be denoted by (L,⊑) or simply by L if no confusion arises.
A subset D of a poset L is directed provided that it is nonempty and every finite subset

of D has an upper bound in D. The least upper bound of a subset D of L is denoted by⊔
D if it exists.
A poset L is said to be directed complete, and is called a dcpo, if every directed subset

of L has a least upper bound.
An element x of L is said to be maximal if the condition x ⊑ y implies x = y. The set

of all maximal points of L will be denoted by Max(L).

1This research is partially supported by the Spanish Ministry of Education and Science, and FEDER,
grant MTM2006-14925-C02-01.



S. Romaguera

Let L be a poset and x, y ∈ L; we say that x is way below y, in symbols x ≪ y, if
for each directed subset D of L for which

⊔
D exists, the relation y ≤

⊔
D implies the

existence of some z ∈ D with x ⊑ z.
A poset L is called continuous if for each x ∈ L, the set ⇓ x = {u ∈ L : u ≪ x} is

directed and x =
⊔

(⇓ x).
A continuous poset which is also a dcpo is called a continuous domain or, simply, a

domain.
By a bounded complete dcpo we mean a dcpo L such that every finite subset of L

having an upper bound also has a least upper bound. A continuous bounded complete
dcpo is said to be a bounded complete domain.

A subset B of a poset L is a basis for L if for each x ∈ L, the set ⇓ xB = {u ∈ B : u≪ x}
is directed and x =

⊔
(⇓ xB).

Recall that a poset has a basis if and only if it is continuous. Therefore, a dcpo has
a basis if and only if it is a domain. A dcpo having a countable basis is said to be an
ω-continuous domain ([5]), or simply an ω-domain.

The Scott topology σ(L) of a dcpo (L,⊑) is constructed as follows ([11, Chapter II]): A
subset U of L is open with respect to σ(L) provided that: (i) U =↑ U, where ↑ U = {y ∈
L : x ⊑ y for some x ∈ U}; (ii) for each directed subset D of L with

⊔
D ∈ U, it follows

that D ∩ U 6= ∅.
If (L,⊑) is a domain, then the sets ⇑ x, x ∈ L, form an open base for σ(L), where

⇑ x = {y ∈ L : x ≪ y} (see [11, Proposition II-1.10]). Moreover, σ(L) has a countable
base if and only if (L,⊑) is an ω-domain.

In case that (L,⊑) is a continuous poset it is possible to show yet that the sets ⇑ x,
x ∈ L, form an open base for a topology on L, which is also called the Scott topology of
(L,⊑) and it is also denoted by σ(L) (see, for instance, [5, p. 58]). If D is a subset of L,
we denote by σ(L)|D the restriction of σ(L) to D.

The lower (or weak) topology of a dcpo L is the one that has as a subbase the collection
of sets of the form L\ ↑ x, where x ∈ L, and is denoted by ω(L). Let us recall that the
supremum topology of σ(L) and ω(L) is the Lawson topology of L, which is denoted by
λ(L). If D is a subset of L, we denote by λ(L)|D the restriction of λ(L) to D.

Our basic reference for general topology is [7] and for quasi-metric spaces they are [9]
and [16].

Following the modern terminology, by a quasi-metric on a set X we mean a function
d : X × X → R+ such that for all x, y, z ∈ X : (i) x = y ⇔ d(x, y) = d(y, x) = 0; (ii)
d(x, z) ≤ d(x, y) + d(y, z).

A quasi-metric space is a pair (X, d) such that X is a set and d is a quasi-metric on X.
Each quasi-metric d on X induces a T0 topology τd onX which has as a base the family

of open balls {Bd(x, r) : x ∈ X, ε > 0}, where Bd(x, ε) = {y ∈ X : d(x, y) < ε} for all
x ∈ X and ε > 0. If τd is a T1 topology on X, we say that d is a T1 quasi-metric on X and
that (X, d) is a T1 quasi-metric space.

Note that if (X, d) is a quasi-metric space, then the binary relation ≤d defined on X
by x ≤d y ⇔ d(x, y) = 0, is a partial order on X, called the specialization order. Hence
(X,≤d) is a poset.

Given a quasi-metric d on X, then the function d−1 defined by d−1(x, y) = d(y, x),
is also a quasi-metric on X, called the conjugate of d, and the function ds defined by
ds(x, y) = max{d(x, y), d−1(x, y)} is a metric on X.

A subset A of a quasi-metric space (X, d) is called sup-closed if A is closed in the metric
space (X, ds).
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A quasi-metric space (X, d) is said to be bicomplete if (X, ds) is a complete metric
space. In this case, we say that d is a bicomplete quasi-metric on X.

A net (xα)α in a quasi-metric space (X, d) is called left K-Cauchy ([26, 39]) if for each
ε > 0 there is αε such that d(xα, xβ) < ε whenever αε ≤ α ≤ β. The notion of a left
K-Cauchy sequence is defined in the obvious manner ([25, 26]). Recall that left K-Cauchy
sequences are called by other authors, forward Cauchy sequences (see, for instance, [31])
or simply Cauchy sequences ([18]).

The notion of a partial metric space, and its equivalent weightable quasi-metric space,
was introduced by Matthews in [22] as a part of the study of denotational semantics of
dataflow networks.

Let us recall that a partial metric ([22]) on a set X is a function p : X ×X → R+ such
that for all x, y, z ∈ X : (i) x = y ⇔ p(x, x) = p(x, y) = p(y, y); (ii) p(x, x) ≤ p(x, y); (iii)
p(x, y) = p(y, x); (iv) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

A partial metric space is a pair (X, p) such that X is a set and p is a partial metric on
X.

Each partial metric p on X induces a T0-topology τp on X which has as a base the family
of open p-balls {Bp(x, ε) : x ∈ X, ε > 0}, where Bp(x, ε) = {y ∈ X : p(x, y) < ε+ p(x, x)}
for all x ∈ X and ε > 0.

A quasi-metric space (X, d) is called weightable if there exists a function w : X → R+

such that for all x, y ∈ X, d(x, y) +w(x) = d(y, x) +w(y). The function w is said to be a
weighting function for (X, d) and the quasi-metric d is weightable by the function w.

The following result provides the precise relationship between partial metric spaces and
weightable quasi-metric spaces.

Theorem 1 ([22]). Let (X, p) be a partial metric space. Then, the function dp : X×X →
R+ defined by dp(x, y) = p(x, y)− p(x, x) for all x, y ∈ X, is a weightable quasi-metric on
X with weighting function w given by w(x) = p(x, x) for all x ∈ X. Furthermore τp = τdp

.
Conversely, let (X, d) be a weightable quasi-metric space with weighting function w.

Then the function pd : X ×X → R+ defined by pd(x, y) = d(x, y) +w(x) for all x, y ∈ X,
is a partial metric on X. Furthermore τd = τpd

.

Note that if (X, p) is a partial metric space, then p = pdp
.

A partial metric space (X, d) is sup-separable provided that (X, (dp)
s) is a separable

metric space.
According to [22, Definition 5.2], a sequence (xn)n in a partial metric space (X, p) is

called a Cauchy sequence if limn,m p(xn, xm) exists and is finite. A partial metric space
(X, p) is said to be complete ([22, Definition 5.3]) if every Cauchy sequence (xn)n in X
converges, with respect to τp, to an element x ∈ X such that p(x, x) = limn,m p(xn, xm).

It is well known ([18]) that every left K-Cauchy net in a weightable quasi-metric space
(X, d) is a Cauchy net in the metric space (X, ds), and, hence, every bicomplete weightable
quasi-metric space is Smyth-complete. From this result and the fact that a partial metric
space (X, p) is complete if and only if (X, dp) is bicomplete ([10]), we deduce the following.

Theorem 2 ([23]). A partial metric space (X, p) is complete if and only if (X, dp) is a
Smyth-complete quasi-metric space.

We conclude this section with an easy but useful example of a poset.
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If (X, p) is a partial metric space, then the binary relation ≤p defined on X by x ≤p

y ⇔ p(x, y) = p(x, x), is a partial order on X. Hence (X,≤p) is a poset ([12, 22, 28, etc]).
Consequently, if (X, p) is a partial metric space, one has ≤p=≤dp

.

2. Domain theoretic models for metric spaces

In [19], J. Lawson initiated a systematized study of metric spaces and other related
structures from the point of view of domain theory. In particular, he obtained the following
nice characterization of Polish spaces (let us recall that a topological space is a Polish space
provided that it is separable and completely metrizable).

Theorem 3 ([19]). A metrizable space (X, τ) is a Polish space if and only if there is an
ω-domain L such that:

(i) (X, τ) is homeomorphic to (Max(L), σ(L)|Max(L)).
(ii) σ(L)|Max(L) = λ(L)|Max(L).

Motivated by Lawson’s theorem, K. Martin introduced in [20] a notion of a (domain
theoretic) model for a topological space.

Definition 4 ([20]). A model for a topological space (X, τ) is a pair (L, φ) such that L is
a domain and φ : X → Max(L) is a homeomorphism, where Max(L) is endowed with the
Scott topology inherited from L.

Almost simultaneously, A. Edalat and R. Heckmann ([5]) presented a beautiful and
explicit construction of a domain for a complete metric space, and of an ω-domain for a
Polish space, by means of the notion of a formal ball.

Let us recall ([5]) that for a metric space (X, d), the poset of formal balls of (X, d) is
defined as the pair (BX,⊑d), where

BX := {(x, r) : x ∈ X, r ∈ R+},

and ⊑d is the (partial) order on BX given by

(x, r) ⊑d (y, s)⇐⇒ d(x, y) ≤ r − s.

Each (x, r) ∈ BX is said to be a formal ball in (X, d).

Then, Edalat and Heckmann proved, among other, the following results.

Theorem 5 ([5]). For a metric space (X, d) the following conditions are equivalent:
(1) (X, d) is complete.
(2) Every ascending sequence in (BX,⊑d) has a least upper bound.
(3) (BX,⊑d) is a dcpo.
(4) (BX,⊑d) is a domain.

Theorem 6 ([5]). A metric space (X, d) is complete and separable if and only if (BX,⊑d)
is an ω-domain.

Theorem 7 ([5]). For a metric space (X, d) the following hold:
(i) (BX,⊑d) is a continuous poset.
(ii) The mapping i : X → BX given by i(x) = (x, 0) for all x ∈ X, is a homeomorphism

from (X, τd) onto (Max(BX), σ(BX)|Max(BX)).
(iii) σ(BX)|Max(BX) = λ(BX)|Max(BX).
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Observe that as a consequence of the preceding theorems we obtain that every complete
metric space admits a model.

If in Definition 4 above, L is an ω-domain and the Scott and Lawson topology agree
on Max(L), then the model (L, φ) is called a computational model ([8, 19]). Hence, every
Polish space has a computational model.

To conclude this section we wish to mention the remarkable result proved by R. Kop-
perman, H.P.A. Künzi and P. Waszkiewicz ([13]) that for every complete metric space
(X, d) there is a bounded complete domain L such that (X, τd) is homeomorphic to
(Max(L), σ(L)|Max(L)).

This result, that improves Theorem 7, gives a positive answer to a question posed by
Lawson ([19]), and can be restated as follows: every complete metric space has a bounded
complete model.

3. Quantitative computational models for metric spaces an metric

hyperspaces

In modelling a computational process we need, in many cases, to use domains (or at
least, dcpo’s) whose elements are both the final results of the computation (total objects)
and the obtained partial results in the different steps of the process (partial objects).
Nevertheless, the exclusive use of the Domain Theory and the topological properties of
the spaces that are involved in such processes (see Theorems 3 and 7 above) has the
disadvantage that we cannot know the degree of approximation of each partial object to
the final result, so that it is important to have a tool which allows us to measure this
proximity. In this direction, Smyth ([37, 38]) began the study of a theory of completeness
and completion for some structures from asymmetric topology (quasi-uniformities, quasi-
metrics and quasi-proximities) that provides a simultaneous generalization of the notions of
domain and distance, because every quasi-uniform space (in particular, ever quasi-metric
space) can be considered as an ordered space by virtue of the specialization order.

In the setting of domain theoretic models via formal balls, Heckmann constructed in [12]
a suitable partial metric on the continuous poset of formal balls of a metric space which
provides an efficient computational model of a “quantitative” nature for metric spaces. In
fact, he essentially proved the following crucial result.

Theorem 8. Given a (complete) metric space (X, d), the function P (H) defined on BX×
BX by

P (H)((x, r), (y, s)) = max{d(x, y), |r − s|}+ r + s,

is a (complete) partial metric on BX such that τP (H) = σ(BX) and ≤P (H)=⊑d on BX.

We shall refer to the partial metric P (H) as the Heckmann partial metric of (X, d).
Note that the weightable quasi-metric dP (H) induced by p(H) is given, by Theorem 1,

as

dP (H)((x, r), (y, s)) = max{d(x, y), |r − s|}+ s− r,

for all (x, r), (y, s) ∈ BX.

Note also that ≤dP (H)
=⊑d, i.e., dP (H)((x, r), (y, s)) = 0⇔ d(x, y) ≤ r − s.
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In the sequel, and as an instance of the value of the Heckmann partial metric, we shall
prove the equivalence between conditions (1) and (3) of Theorem 5, by using the quasi-
metric dP (H) and its properties. To this end, we first state two easy facts.

Fact 1. Let (X, d) be a metric space and let E be the metric on BX given by

E((x, r), (y, s)) = d(x, y) + |r − s|

for all (x, r), (y, s) ∈ BX. Then E ≤ (dP (H))
s ≤ 2E on BX ×BX.

Fact 2. A metric space (X, d) is complete if and only if (BX, dP (H)) is a bicomplete
quasi-metric space.

Proof. Suppose that (X, d) is complete. Then, the metric E above is complete on BX,
so by Fact 1, (dP (H))

s is complete on BX. Conversely, let (xn)n be a Cauchy sequence

in (X, d). We can assume without loss of generality that d(xn, xn+1) < 2−(n+1) for all
n ∈ N, so that ((xn, 2

−n))n is a Cauchy sequence in the metric space (BX, (dP (H))
s). Let

(z, t) ∈ BX such that limn(dP (H))
s((z, t), (xn, 2

−n)) = 0. Then limn d(z, xn) = 0, so (X, d)
is complete.

(Edalat-Heckmann [5]). A metric space (X, d) is complete if and only if (BX,⊑d) is a
dcpo.

Proof. Suppose that (X, d) is complete. Let D be a directed subset of (BX,⊑d). Then
((x, r))(x,r)∈D is a net in BX. Choose an arbitrary (x0, r0) ∈ D. Then dP (H)((x, r), (y, s)) =
0, whenever (x0, r0) ⊑d (x, r) ⊑d (y, s), so that ((x, r))(x,r)∈D is a left K-Cauchy net
in (BX, dP (H)), and hence it is a Cauchy net in (BX, (dP (H))

s). By Fact 2, the net
((x, r))(x,r)∈D converges to an element (z, t) in (BX, (dP (H))

s). We shall prove that (z, t) =⊔
D. Indeed, we first simultaneously show that that t = inf(x,r)∈D r and that (z, t) is an

upper bound of D. In fact, given (x, r) ∈ D and an arbitrary ε > 0 there is (y, s) ∈ D such
that (x, r) ⊑d (y, s) and (dP (H))

s)((z, t), (y, s)) < ε. Thus |s− t| < ε, so t < ε+ s ≤ ε+ r,
and s < ε+ t. Moreover, we have

dP (H)((x, r), (z, t)) ≤ dP (H)((x, r), (y, s)) + dP (H)((y, s), (z, t)) < ε.

Since ε is arbitrary, we deduce that t ≤ r, and dP (H)((x, r), (z, t)) = 0. Hence t =
inf(x,r)∈D r, and (x, r) ⊑d (z, t) for all (x, r) ∈ D. Finally, suppose that (a, u) ∈ BX
is an upper bound of D. Choose an arbitrary ε > 0. There exists (y, s) ∈ D such that
(dP (H))

s)((z, t), (y, s)) < ε. Therefore, by the triangle inequality,

dP (H)((z, t), (a, u)) < ε+ dP (H)((y, s), (a, u)) = ε.

We conclude that dP (H)((z, t), (a, u)) = 0, i.e., (z, t) ⊑d (a, u).
For the converse, we shall show that (BX, dP (H)) is bicomplete. Indeed, let ((xn, rn))n

be a Cauchy sequence in (BX, (dP (H))
s). Clearly, (xn)n is a Cauchy sequence in (X, d)

and (rn)n is a Cauchy sequence in R+ endowed with the Euclidean metric. Hence there
is r ∈ R+ such that limn rn = r. On the other hand, we can assume without loss of
generality that d(xn, xn+1) < 2−(n+1) for all n ∈ N, so that ((xn, 2

−n))n is an ascending
sequence in (BX,⊑d). By hypothesis it has a least upper bound (z, t). Then t = 0,
and dP (H)((xn, 2

−n), (z, 0)) = 0 for all n ∈ N. Therefore d(xn, z) < 2−n for all n ∈ N,
and consequently limn(dP (H))

s((z, r), (xn, rn)) = 0. By Fact 2, we conclude that (X, d) is
complete.
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On the other hand, Heckmann’s construction suggests, in a natural way, the following
concept (compare [31, 30]).

Definition 9. A quantitative computational model for a complete metric space (X, d)
is a triple (L, q, φ) such that L(= (L,⊑)) is a domain, q is a Smyth-complete weightable
quasi-metric on L and φ is a map from X into L such that:

(i) τq = σ(L).
(ii) ≤q=⊑ .
(iii) φ is an isometry from (X, d) into (L, q).
(iv) φ(X) = Max(L).

If, in addition, L is an ω-domain and the Scott and Lawson topologies agree on Max(L),
then (L, q, φ) is called a quantitative ω-computational model of (X, d).

Hence, it follows from Theorem 8 that every complete metric space has a quantitative
computational model. Furthermore, every separable complete metric space has a quanti-
tative ω-computational model.

In the rest of this section we discuss the relationship between the (weightable) quasi-
metric space (BX, dP (H)) associated to a metric space (X, d), and the corresponding
(weightable) quasi-metric spaces of formal balls associated to the completion of (X, d)
and to the hyperspace (CbX,Hd), respectively (here, Hd denotes the Hausdorff metric on
the set CbX of all nonempty closed bounded subsets of X).

A) Let (X, d) be a metric space, let (X̃, d̃) be its completion and let P̃ (H) be the

Heckmann partial metric associated to d̃ (on BX̃).
On the other hand, let P (H) be the Heckmann partial metric associated to d (on

BX) and let (B̃X, d̃P (H)) be the bicompletion of the (weightable) quasi-metric space
(BX, dP (H)) (let us recall that the bicompletion of a quasi-metric space was independently
constructed by A. Di Concilio in [2], and S. Salbany in [32]).

We shall answer to the following question: What is the relation between the (weightable)

bicomplete quasi-metric spaces (B̃X, d̃P (H)) and (BX̃, d
P̃ (H)

)?

To this end, define Φ : B̃X → BX̃ by

Φ ([(xn, rn)n]) =
(
[(xn)n], lim

n
rn

)
,

for all [(xn, rn)n] ∈ B̃X. First note that Φ is well-defined, because from the fact that
(xn, rn)n is a Cauchy sequence in (BX, (dP (H))

s), it immediately follows that (xn)n is

a Cauchy sequence in (X, d) and (rn)n is a Cauchy sequence in R+ with respect to the
Euclidean metric. On the other hand, it is routine to show that Φ is onto. Finally,
we check that Φ is an isometry, so, in particular, it will be one-to-one. In fact, given
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[(xn, rn)n], [(yn, sn)n] ∈ B̃X we have

d̃P (H) (Φ([(xn, rn)n]),Φ([(yn, sn)n])) = d̃P (H)

(
([(xn)n], lim

n
rn), ([(yn)n], lim

n
sn)
)

= lim
n
dP (H) ((xn, rn), (yn, sn))

= lim
n

({max{d(xn, yn), |rn − sn|}+ sn − rn)

= max
{

lim
n
d(xn, yn),

∣∣∣lim
n
rn − lim

n
sn

∣∣∣
}

+ lim
n
sn − lim

n
rn

= d
P̃ (H)

([(xn, rn)n], [(yn, sn)n]).

We conclude that (B̃X, d̃P (H)) and (BX̃, d
P̃ (H)

) are isometric, and hence (BX̃, d
P̃ (H)

)

is (isometric to) the bicompletion of (BX, dP (H)).

B) Let (X, d) be a metric space, let (CbX,Hd) be the metric hyperspace of (X, d) and
let P (H)Hd

be the Heckmann partial metric associated to Hd (on BCbX).
On the other hand, let P (H) be the Heckmann partial metric associated to d (on BX)

and let (CbBX,HP (H)) be the quasi-metric hyperspace such that CbBX is the family of all
nonempty subsets of BX that are closed and bounded in the metric space (BX, (dP (H))

s).
The question of obtaining the precise relationship between the weightable quasi-metric

space (BCbX, dP (H)Hd
) and the quasi-metric hyperspace (CbBX,HdP (H)

) was discussed in

[27], were it was proved that the mapping

Ψ : BCbX → CbBX,

given by

Ψ((A, r)) = A× {r},

for all A ∈ CbX and r ∈ R+, is an isometry between (BCbX, dP (H)Hd
) and a sup-closed

subspace of (CbBX,HdP (H)
).

4. Partial metric spaces and domain theory

The interesting properties of the Heckmann partial metric joint with the fact that for
any quasi-metric space (X, d), the pair (BX,⊑d) is also a poset, suggest the question of
establishing connections between the theory of partial metric spaces and domain theory.
This question was recently investigated in [30], and the following somewhat surprising
generalizations of Edalat-Heckmann’s results were obtained.

Theorem 10 ([30]). For a partial metric space (X, p) the following conditions are equiv-
alent:

(1) (X, p) is complete.
(2) Every ascending sequence in (BX,⊑dp

) has a least upper bound.
(3) (BX,⊑dp

) is a dcpo.
(4) (BX,⊑dp

) is a domain.

Theorem 11 ([30]). A partial metric space (X, p) is sup-separable and complete if and
only if (BX,⊑dp

) is an ω-domain.
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Theorem 12 ([30]). Let (X, p) be a complete partial metric space. Let Q : BX ×BX →
R+ given by

Q((x, r), (y, s)) = max{dp(x, y), |r − s|}+ r + s,

for all (x, r), (y, s) ∈ BX, and let i : X → BX defined as i(x) = (x, 0), for all x ∈ X.
Then the following hold:
(i) Q is a partial quasi-metric on BX (in the sense of [17]).
(ii) i is an isometry from (X, dp) into (BX,Q).
(iii) ≤Q=⊑dp

on BX.
(iv) τQ = σ(BX).
(v) (BX, dQ) is Smyth-complete if and only if (X, p) is complete.

The preceding result suggests a general notion of a quantitative computational model,
which is presented in [30, Definition 5.1], and then it is proved in [30, Theorem 5.1] that
every complete partial metric space has a quantitative computational model in this sense.

Finally, we remark that M. Alikbari, B. Honari, M. Purmahdian and M.M. Rezaii ([1])
also have recently investigated connections between quasi-metric spaces and domain theory
via formal balls, focussing their interest in obtaining models, in the sense of [13, 20], for
T1 quasi-metric spaces.

References

[1] M. Aliakbari, B. Honari, M. Pourmahdian, M. M. Rezaii, The space of formal balls and models of
quasi-metric spaces, Mathematical Structures in Computer Science 19 (2009), 337-355.

[2] A. Di Concilio, Spazi quasimetrici e topologie ad essi associate, Rendiconto dell’Accademia delle
Scienze Fisiche e Matematiche 38 (1971), 113-130.

[3] A. Edalat, Domain theory and integration, Theoretical Computer Science 151 (1995), 163-193.
[4] A. Edalat, Dynamical systems, measures and fractals via domain theory, Information and Computation

120 (1995), 32-48.
[5] A. Edalat, R. Heckmann, A computational model for metric spaces, Theoretical Computer Science

193 (1998), 53-73.
[6] A. Edalat, Ph. Sünderhauf, Computable Banach spaces via domain theory, Theoretical Computer

Science 219 (1999), 169-184.
[7] R. Engelking, General Topology, Monografie Mat. Tom 60, PWN-Polish Scientific Publishers,

Warszawa, 1977.
[8] B. Flagg, R. Kopperman, Computational models for ultrametric spaces, Electronic Notes in Theoretical

Computer Science 6 (1997), 151-159.
[9] P. Fletcher, W. F. Lindgren, Quasi-Uniform Spaces, Marcel Dekker, New York, 1982.
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Abstract

The theory of asymmetric normed spaces has been developed in recent years
mainly motivated by the applications of this topological structure in Theo-
retical Computer Science and Functional Analysis. This theory extends the
theory of normed spaces to the case of lack of symmetry and it has been devel-
oped following ideas from the classical case. The set of the continuous linear
mapping between two asymmetric normed spaces and its natural topologies
has been studied in [15], [16] and [7]. We continue this investigation in [1]. In
this recent paper we study the positive operators between normed lattices by
means of the continuous linear mappings between certain asymmetric normed
spaces. The dual space of an asymmetric normed is also discussed and we
show that important theorems in Banach spaces have their analogous ones in
spaces with asymmetric norms. In this talk we report some results obtained
in this investigation.

1. Introduction and basic definitions

All linear spaces under consideration are assumed to be defined over the field of real
numbers.

A subset M of a linear space X is called cone or semilinear space if for every x, y ∈M
and a ∈ R+, x + y ∈ M and ax ∈ M . Of course every linear space is a semilinear space.
A function p : M → R+, is an asymmetric norm (or quasi-norm) on M if for all x, y ∈ A
and r ∈ R+,

(i) x = 0 if and only if −x ∈M and p(x) = p(−x) = 0.
(ii) p(rx) = rp(x).
(iii) p(x+ y) ≤ p(x) + p(y).

If q satisfies the three above axioms, except it is allowed that q(x) = +∞, q is called
extended asymmetric norm.

If X is a (semi)linear space and p is an asymmetric norm on X, the pair (X, p) is called
asymmetric normed (semi)linear space.

1The author acknowledges the support of the Ministerio de Educación y Ciencia of Spain and FEDER,
under grant MTM2006-14925-C02-01.
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If (X, p) is an asymmetric linear normed space, the function p−1 defined on X by
p−1(x) = p(−x) is also an asymmetric norm on X, called the conjugate of p. The function
ps defined on X by ps(x) = max{p(x), p−1(x)} is a norm on X.

An asymmetric normed space (X, p) is called a biBanach space if (X, ps) is a Banach
space.

A quasi-metric on a nonempty set A is a function d : A×A→ R+ that satisfies

(1) d(a, b) = d(b, a) = 0 if and only if a = b.
(2) For every a, b, c ∈ A, d(a, b) ≤ d(a, c) + d(c, b).

Each quasi-metric d on A generates a T0 topology T (d) on A, which has as basic open
sets the d-balls,

Bd(a, r) = {b ∈ A : d(a, b) < r}, a ∈ A, r > 0.

An ( extended) asymmetric norm p on a linear space X induces the quasi-metric dp by
means of the formula

dp(x, y) := p(y − x), x, y ∈ X.

The dp-ball Bdp
(x, r), will be simply denoted by Bp(x, r) and the topology T (dp) will

be denoted by τp.
Thus, the sets

Bp(0, ε) = {x ∈ X : p(x) < ε}, ε > 0,

define a fundamental system of neighborhoods of zero for the topology τp, and for all
y ∈ X, the sets Bp(y, ε) = y + Bp(0, ε) define a fundamental system of neighborhoods of
y.

The asymmetric normed spaces was introduced in [10] in order to give a quasi-uniform
treatment to the normed lattices. In that paper it is proved that whenever (X, ‖ · ‖) is a
normed lattice, then p(x) = ‖x+‖ with x+ = sup{x, 0} is an asymmetric norm on X and
the quasi-uniform generated by the quasi-metric dp determines the topology and the order
of the normed lattice in the sense of [11]. The asymmetric norm p is called the canonical
asymmetric norm of the normed lattice. This class of asymmetric normed spaces is the
most interesting one from the point of view of the applications.

The theory of asymmetric normed spaces extends the theory of normed spaces to the
case of lack of symmetry. The study of asymmetric normed spaces can be done from
the non-symmetric topological point of view, since each asymmetric norm on a linear
space induces a quasi-metric. Moreover, since the topology generated by the quasi-metric
is constructed on a linear structure, we can also apply concepts and techniques from
Functional Analysis and Banach spaces theory.

The properties of the spaces with asymmetric norms have been investigated in a series
of papers emphasizing the similarities with normed spaces, as well as the differences, see
[2, 3, 4, 5, 7, 8, 9, 12, 14, 15, 16].

The set of the continuous linear mapping between two asymmetric normed spaces and its
natural topologies has been studied in [15], [15] and [7] . We continue this investigation in
[1]. In this recent paper we study the positive operators between normed lattices by means
of the continuous linear mappings between certain asymmetric normed spaces. The dual
space of an asymmetric normed is also discussed and we show that important theorems
in Banach spaces ( open mapping and closed graph) have their analogous ones in spaces
with asymmetric norms. In this talk we report some results obtained in this investigation.
The proofs of them can be found in [1].
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2. Asymmetric norms in Computational Complexity.

In the last fifteen years several authors have applied some asymmetric structures of
Topology and Functional Analysis to construct suitable mathematical models in Theoret-
ical Computer Science.

In 1995, Schellekens introduced the complexity (quasi-metric) space as a contribution
to the development of the topological foundation for the complexity analysis of programs
and algorithms [21]. In particular, he presented some applications of this theory to the
complexity analysis of divide and conquer algorithms.

In [20] Romaguera and Schellekens introduced the dual complexity space to study quasi-
metric properties of the complexity space which are interesting from a computational point
of view. These authors proved that the dual complexity space C∗ admits a structure of
asymmetric semilinear normed space. This structure provides a suitable context to develop
a consistent theory for the dual complexity space.

Later, in [13] Garćıa-Raffi, Romaguera and Sánchez-Pérez extended the notion of the
dual complexity space to the so-called dual p-complexity space (p ≥ 1). In this framework
can be discussed the complexity analysis of algorithms with running time O(2n/nr), 0 <
r ≤ 1, which could not be realized by means the dual complexity space. In the same
reference it is proved that the dual p-complexity space, C∗p , is an asymmetric semilinear
normed space which is isometrically isomorphic to the positive cone of the Banach lattice
(lp, ‖ ‖p).

On the other hand, since an algorithm with running time O(2P (n)), such that P (n) is a
polynomial with P (n) > 0 for all n, generates a complexity function which does not belong
to any dual p−complexity, in [16] it was introduced the dual P (n)-complexity space. This
space is also an asymmetric normed cone and it is isometrically isomorphic to the positive
cone of the Banach lattice (l1, ‖ ‖1).

Recently, in [19], Romaguera, Sánchez-Pérez and Valero continued the analysis of the
structure of the dual of complexity space. They showed that the dual complexity space
is a dual space in classical sense. Indeed, they proved that the asymmetric semilinear
normed space C∗ is the topological dual space of the positive cone of the Banach space co.

3. Continuous operators on asymmetric normed spaces

If (X, p) and (Y, q) are asymmetric normed spaces, LCs(X,Y ) we shall denote the set
of all continuous linear mappings from (X, ps) to (Y, qs).

According to the classical theory (LCs(X,Y ), ‖ ‖ps,qs) is a normed space where

‖f‖ps,qs = sup{qs(f(x)) : ps(x) ≤ 1}

for all f ∈ LCs(X,Y ).
If (X, p) and (Y, q) are asymmetric normed spaces, LC(X,Y ) denotes the set of all

continuous linear mappings from (X, p) to (Y, q). As in the case of normed spaces, it was
shown in [10] that f ∈ LC(X,Y ) if and only if there is M > 0 such that q(f(x)) ≤Mp(x)
for all x ∈ X.

In contrast to the classical theory, the set LC(X,Y ) is not necessarily a linear space, it
is a semilinear space of the linear space LCs(X,Y ) ( see [15]). A simple example illustrates
this fact. If we consider the asymmetric normed space (R, u) where u(x) = x+ and the
identity function of R, id, we have that id ∈ LC(R,R) and −id /∈ LC(R,R).

As it is shown in the following theorem, the set LC(X,Y ) can be endowed with the
structure of asymmetric normed semilinear space.
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Theorem 1 (Theorem 1 of [15]). Let (X, p) and (Y, q) be two asymmetric normed spaces.
For each f ∈ LCs(X,Y ) let

‖f‖p,q = sup{q(f(x)) : p(x) ≤ 1}.

Then

(1) The function ‖ ‖p,q is an extended asymmetric norm on LCs(X,Y ) and

‖f‖ps,qs ≤ ‖f‖p,q,

for all f ∈ LCs(X,Y ).
(2) The restriction of ‖ ‖p,q to the cone LC(X,Y ) is an asymmetric norm.
(3) LC(X,Y ) is a closed subset of (LCs(X,Y ), ‖ ‖sp,q), where

‖f‖sp,q = sup{‖f‖p,q, ‖ − f‖p,q}.

(4) If (Y, q) is a biBanach space then (LCs(X,Y ), ‖ ‖p,q) is a biBanach space and
(LC(X,Y ), ‖ ‖p,q) is a biBanach semilinear space.

If (X, ‖ · ‖) and (Y, ‖ · ‖) are two normed lattices and p(x) = ‖x+‖ if x ∈ X and
q(y) = ‖y+‖ if y ∈ Y are the canonical asymmetric norms, since the norms ps and qs are
equivalent to the original norms of X and Y, respectively, it is immediate that

LCs(X,Y ) = {f : (X, ‖ · ‖)→ (Y, ‖ · ‖) : f is linear and continuous}.

In this linear space we can consider the operator norm, i.e.,

‖f‖ = sup{‖f(x)‖ : ‖x‖ ≤ 1}.

It is easy to prove that this norm is equivalent to the norm ‖ ‖ps,qs .
Recall that a positive operator between two normed lattices is a linear mapping that

maps positive vectors to positive vectors. It is clear that the set of all positive continuous
operators from (X, ‖ · ‖) to (Y, ‖ · ‖) is a semilinear space of LCs(X,Y ). The following
result shows that this semilinear space is precisely LC(X,Y ).

Theorem 2. Let (X, ‖ · ‖) and (Y, ‖ · ‖) be two normed lattices and let p(x) = ‖x+‖ if
x ∈ X and q(y) = ‖y+‖ if y ∈ Y. Then, f ∈ LC(X,Y ) if and only if f ∈ LCs(X,Y ) and
f ≥ 0. In this case

‖f‖p,q ≤ ‖f‖ ≤ 2‖f‖p,q,

for all f ∈ LC(X,Y ).

Since the positive operators on Banach lattices are continuous (see Theorem 9.6 of [6])
we obtain as a corollary of previous theorem the topological characterization of the positive
linear operators defined on Banach lattices.

Corollary 3. Let (X, ‖ · ‖) and (Y, ‖ · ‖) be two Banach lattices and let p(x) = ‖x+‖ if
x ∈ X, q(y) = ‖y+‖ if y ∈ Y and let f a linear mapping from X to Y. Then, f ∈ LC(X,Y )
if and only if f ≥ 0.
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4. The dual space of an asymmetric normed space. Weak topologies

If (Y, q) is (R, u) where u is the asymmetric norm on R given by u(x) = x+, then
LC(X,R) and LCs(X,R) will be denoted by X∗ and Xs∗, respectively. The asymmetric
norm ‖ ‖p,u on X∗ will be simply denoted by p∗, i.e,

p∗(f) = sup{f(x)+ : p(x) ≤ 1} = sup{f(x) : p(x) ≤ 1}

for all f ∈ X∗.
The pair (X∗, p∗) is called the dual space of (X, p). Note that f ∈ X∗ if and only if f

is a linear and upper semicontinuous real valued function on (X, p).
In the light of Theorem 1, X∗ is a semilinear space of Xs∗ and (X∗, p∗) is a biBanach

semilinear space. Examples of asymmetric normed spaces such that X∗ is not a linear
space can be easily deduced from Theorem 2. Indeed, if we consider a normed lattice X
and the asymmetric normed space (X, p) with p(x) = ‖x+‖, then X∗ is the positive cone
of the normed lattice Xs∗. For instance, if we consider the normed lattice (l1, ‖ ‖1), the
dual of the canonical asymmetric normed space (l1, p) is the positive cone of l∞.

Since X∗ is not necessarily a linear space, the following lemma gives a representation
of the linear span of X∗ in Xs∗.

Lemma 4 (Lemma 4 of [16]). Let (X, p) be an asymmetric normed space. Then

span{X∗} = {f ∈ Xs∗ : f = f1 − f2, f1, f2 ∈ X
∗} = X∗ −X∗

The following theorem shows that in certain class of asymmetric normed spaces the
linear span of X∗ is Xs∗.

Theorem 5. If (X, ‖ · ‖) is a real normed lattice, and p(x) =‖ x+ ‖ , then Xs∗ = X∗−X∗.

The following example shows that the inclusion X∗ −X∗ ⊆ Xs∗ can be strict.

Example 6. Let (X, q1) the asymmetric normed space such that

X = {(xn) ∈ l1 : x1 + x2 = 0}

and

q1(x) =‖ x+ ‖1=
∞∑

n=1

x+
n .

Then

(1) (X∗ −X∗, ‖ · ‖∗1) is isometrically isomorphic to (H, ‖ · ‖∞) where

H = {(xn) ∈ l∞ : x1 + x2 = 0}

and ‖ · ‖∗1 is the functional norm with respect to ‖ · ‖1 .
The isometry is the mapping φ : X∗ −X∗ −→ H given by

φ(f) = (
1

2
f(e1 − e2),

1

2
f(e2 − e1), f(e3), . . .)

(2) (Xs∗, ‖ · ‖∗1) is isometrically isomorphic to (l∞, ‖ · ‖∞).
The isometry is the mapping ϕ : Xs∗ −→ l∞ given by

ϕ(f) = (
1

2
f(e1 − e2), f(e3), f(e4), . . .)
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The several weak topologies that can be obtained in a natural way on an asymmetric
normed spaces and the application of these concepts to complexity analysis of algorithms
have been studied in [16]. Now, we round of some results which appear in mentioned paper.

Let (X, p) an asymmetric normed space. The weak positive topology for X, τweak+, is
the one that has as a base of neighborhoods of the origin the following sets

V +
f1,f2,...,fn,ǫ(0) = {x ∈ X : f1(x) < ǫ, f2(x) < ǫ, . . . , fn(x) < ǫ}

with f1, f2, . . . , fn ∈ X
∗, ǫ > 0, n ∈ N.

By τweak− it is denoted the conjugate topology of τweak+. It is obvious that a base of
neighborhoods of the origin in this topology is given by the sets

V −
f1,f2,...,fn,ǫ(0) = {x ∈ X : f1(x) > −ǫ, f2(x) > −ǫ, . . . , fn(x) > −ǫ}

with f1, f2, . . . , fn ∈ X
∗, ǫ > 0, n ∈ N.

The weak topology , τweakp, on X is the one that has as a base of neighborhoods of the
origin the following sets

Vf1,f2,...,fn,ǫ(0) = {x ∈ X :| f1(x) |< ǫ, | f2(x) |< ǫ, . . . , | fn(x) |< ǫ}

with f1, f2, . . . , fn ∈ X
∗, ǫ > 0, n ∈ N.

It is easy to prove that (X, τweakp) is a locally convex space. In [16] it is proved that
τweakp = τweak+ ∨ τweak−.

The usual weak topology on X induced by the elements of Xs∗ will be denote by τweakps.
A base of neighborhoods of the origin for this topology is given by the sets

V s
f1,f2,...,fn,ǫ(0) = {x ∈ X :| f1(x) |< ǫ, | f2(x) |< ǫ, . . . , | fn(x) |< ǫ}

with f1, f2, . . . , fn ∈ X
s∗, ǫ > 0.

The following result shows that X∗ − X∗ is the usual topological dual of the locally
convex space (X, τweakp).

Theorem 7. Let (X, p) is an asymmetric normed space. Then

X∗ −X∗ = {f : (X, τweakp)→ (R, | · |) : f is linear and continuous}.

In Theorem 8 of [16] it is proved that the topology τweakp is coarser than τweakps and
that if X∗ −X∗ = Xs∗, then τweakp = τweakps. By previous theorem, since the topological
dual of (X, τweakps) is Xs∗, we can give the following characterization.

Corollary 8. X∗ −X∗ = Xs∗ if and only if τweakp = τweakps.

Note that Example 8 provides an asymmetric normed space in which τweakp is strictly
coarser than τweakps.

5. Open mapping and closed graph theorems for asymmetric normed spaces

The lack of symmetry in the definition of quasi-metric spaces causes a lot of troubles
concerning completeness in such spaces. There are a lot of completeness notions in quasi-
metric spaces, all agreeing with the usual notion of completeness in the case metric, each
of them having its advantages and weaknesses.
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Let (X, d) be a quasi-metric space. A sequence (xn) in X is said to be left (right)
K-Cauchy ([18]) if for each ǫ > 0 there is n0 ∈ N such that d(xr, xs) < ǫ for s ≥ r ≥ n0

(r ≥ s ≥ n0).
(X, d) is said to be left (right) K-sequentially complete if every left (right) K-Cauchy

sequence in X converges to some point in X (with respect to the topology induced on X
by d).

If (X, p) is an asymmetric normed space, a sequence (xn) in X is said to be left (right)
K-Cauchy if (xn) is left (right) K-Cauchy in the quasi-metric space (X, dp). (X, p) is said
to be left (right) K-sequentially complete if (X, dp) is left (right) K-sequentially complete.

In [17] Kelly defined (xn) to be d − Cauchy in the quasi-metric space (X, d)) if for
each ǫ > 0 there is n0 ∈ N such that d(xr, xs) < ǫ for r ≥ s ≥ n0. This definition
is clearly equivalent to the definition of right K-Cauchy given above. In the mentioned
paper, Kelly proved a quasi-metric version of the Baire category theorem. This result, in
our terminology, is the following

Theorem 9 ([17] Theorem 2.11). Let (X, d) be a quasi-metric space. If (X, d−1) is right
K-sequentially complete then (X, d) is of second category in itself.

This theorem constitutes an indispensable tool to prove the asymmetric version of the
open mapping theorem.

Theorem 10. Let (X, p) and (Y, q) be asymmetric normed spaces. If (X, p) is right K-
sequentially complete and (Y, q) is a right K-sequentially complete Hausdorff space and f
is a linear continuous map from (X, p) onto (Y, q), then f is open from (X, p) onto (Y, q).

Corollary 11 (Open mapping theorem). If (X, p) and (Y, q) are two Banach spaces and
f is a linear continuous map from X onto Y then f is open.

The followings two results generalize well known properties in the theory of normed
spaces.

Lemma 12. Let {(Xi, pi)}i∈I be a family of asymmetric normed spaces, let X =
∏

i∈I Xi

its Cartesian product and let τ the product topology on X. Then

(1) there is an asymmetric norm on X compatible with τ if and only if I is finite.
(2) if I = {1, 2, . . . , n} and x = (x1, x2, . . . , xn) ∈ X, the functions

p(x) = max{pi(xi) : i = 1, 2, . . . , n},

q(x) =

n∑

i=1

pi(xi),

r(x) =

√√√√
n∑

i=1

pi(xi)2,

are equivalent asymmetric norms on X whose induced topology coincides with
the product topology.

(3) If I = {1, 2, . . . , n} and (Xi, pi) is right (left) K-sequentially complete for all i ∈ I ,
then X endowed with the asymmetric norms p, q, or r is right (left) K-sequentially
complete.

Lemma 13. If X is a right (left) K-sequentially complete asymmetric normed space and
A is a closed subset of X, then A is right (left) K-sequentially complete.
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These lemmas and the asymmetric version of the open mapping theorem allow us to
prove the asymmetric version of the closed graph theorem.

Theorem 14. Let (X, p) and (Y, q) be asymmetric normed spaces. If (X, p) is right K-
sequentially complete and Hausdorff space and (Y, q) is a right K-sequentially complete
space and f is a linear map from X into Y and G(f) = {(x, f(x)) : x ∈ X} is a closed
subset of X × Y , then f is continuous from (X, p) into (Y, q).

Corollary 15 (Closed graph theorem). If (X, p) and (Y, q) are two Banach spaces and
f is a linear continuous map from X into Y such that G(f) = {(x, f(x)) : x ∈ X} is a
closed subset of X × Y, then f is continuous.
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Facultad de Matemáticas, Universidad de Murcia Campus de Espinardo, 30100 Murcia, Spain

(balibrea@um.es)

Abstract

The characterization of ω-limit sets for continuous interval maps is well known
from the eighties and also its inverse problem. But it is not the case for maps
with some degree of derivability. Even more, it is not completely clear the role
played by derivatives in the dynamical behavior. It is well known that the
ternary Cantor set can be realized as an ω-limit set by a piece-linear interval
map, and also by a C1-map. But what happens with fat symmetric or non-
symmetric Cantor sets it is not known. The aim of this paper is to fulfill
partially such gap doing constructions of C1-maps having as ω-limit sets such
Cantor sets.

1. Introduction

Throughout this paper, f will denote a continuous map on the interval I = [a, b] into
itself (f ∈ C(I)). P (f) denotes the set of periodic points of f .

For every positive integer n, fn will denote the composition of f with itself n-times.
x ∈ I is a periodic point for f of prime period n if fn(x) = x and f i(x) 6= x for every
0 < i < n. We will take f0(x) = x in I. P (f) denotes the set of periodic points of f.

A point y ∈ I is called an ω-limit point of x if there is an increasing sequence of positive
integers (ni)

∞
i=0 such that fni(x)i→∞ → y. ω(f, x) or simply ω(x) if it clear that we are

using f , is the set of ω-limit points of x under the action of f and Λ(f) denotes the set of
all ω-limit points of f

In [8], Z. Buczolich constructed a closed uncountable nowhere dense set that can not be
ω-limit set of any C1- interval map, but we know that it is possible for continuous maps.
It establishes some differences between the continuous and the smooth case.

Since not all closed uncountable nowhere dense sets can be obtained as ω- limit sets of
C1 interval maps, it is necessary to characterize them. Currently it is an open problem. At
this respect it is necessary mention the partial result given by E. D’aniello and T.E.Steele
[10] constructing a C1-map f : [−1

6 , 1] → [−1
6 , 1] of zero topological entropy for which

is Λ(f) 6= P (f) and has an infinite ωf (x) having isolated points, solving a conjecture
introduced by A.Sharkovskii [12].

1This paper has been partially supported by MCYT grant numbers MTM2005-03860 and MTM2005-
06098-C02-01, by Fundación Séneca, grant number 00684-FI-04 and by JCCM grant numbers PAI06-0114
and PBC05-011-3.



F. Balibrea

Given a A ⊂ I of such kind, one tries to get such characterization finding a map
f : A → A such that f(A) = A and then as a second step try to extend f to I in such

a way that the extension f̃ be smooth. The second step is more difficult than in the
continuous case (see [15]). We can get different extension but for most of then A 6= ω

f̃
(x)

for some x ∈ I.
In what follows we are able to give a partial answer to the stated problem. We obtain

that for fat symmetric Cantor sets, f can be obtained with infinite derivability.

2. Fat Cantor sets as ω-limit sets of C∞ interval maps

For definitions and properties of fat Cantor sets see [3], here we will construct one of
them as ω-limit set. Givenλ ∈ (0, 1) we define recurrently on n the following countable
set of disjoint compact intervals:

i) Let I1 be a compact interval of length λ placed in a symmetric way with respect
to the ends points of I.

ii) Given for n, the 2n − 1 intervals {Ii}
2n−1
i=1 with lengths

(
1−λ

2

)n−1
λ, let us consider

2n new intervals of length for each one equal to
(

1−λ
2

)n
λ such that they are placed

symmetrically between any two contiguous of those 2n − 1 intervals previously
defined {Ii}

2n−1
i=1 and between each one of the end points of I and the corresponding

contiguous of {Ii}
2n−1
i=1 . Moreover we can order the 2n new intervals from left to

right and be called I2n for the first, I2n+1 for the second and then so on and I2n+1−1

for the last.

1
2

(1 − λ)λ1
2

(1 − λ) λ0 1λ

The set C = I \∪∞i=1Int(Ii) is a Cantor type set which will be denoted as C = znn being
(zn)n the end points of the intervals Ii.

On the other hand, we will also denote the points of C by aρ where ρ ∈ E , where

E = {0, 1, 2}N∪{0. For this, recurrently on n we will denote the end points of each one
Ii ∈ {Ii}i≥1 by aρ where ρ ∈E and has finite length, in the following way

i) Let a0 = 0, a1 = 1 and a01, a02 be respectively the left and right end points of I1.

ii) Denoted each end point of all Ii ∈ {Ii}
2n−1
i=1 by aρ with ρ = n + 1, let us now

consider Ik ∈ {Ii}
2n+1−1
i=2n and let aσx be with x ∈ {0, 2} its contiguous point on the

left among the aρ already defined. Then the left point of Ik will be represented by
aσx1 and the right end point by aσx2. Now we replace each of the aρ corresponding

to the end points of the compact interval of {Ii}
2n−1
i=1 by aρ0.

If x ∈ C and it is not an end point of some interval Ii, then it is a limit point of
a sequence of end points. We represent x by aρ where ρ has not finite length and it
is the limit point of the sequences (ρn)n such that aρn is an end point of some Ii and
limn→∞(aρ) = x.

Using the symmetric positions of the intervals Ii, any end point aρ with 0 ≤ ρ ≤ 01 can
be obtained as:

a
0

∩
n1.........02

+ . . . . . .+ a
0

∩
nk.........02

+ a
0

∩
nk+1.........01

, 0 ≤ n1 . . . < nk, 0 ≤ nk+1

or:

a
0

∩
n1.........02

+ . . . . . . + a
0

∩
nk.........02

, 0 ≤ n1 . . . < nk
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Since:
a

0
∩

nk.........02
= a

0
∩

nk−1
.........01

− a
0

∩
nk.........01

, 1 ≤ nk

it follows that any of the end points previously considered can be obtained in the following
way

a
0

∩
n1−1.........01

− a
0

∩
n1.........01

+ . . . . . .+ a
0

∩
nk−1
.........01

− a
0

∩
nk.........01

+ a
0

∩
nk+1.........01

, 1 ≤ nj

a
0

∩
n1−1.........01

− a
0

∩
n1.........01

+ . . . . . .+ a
0

∩
nk−1
.........01

− a
0

∩
nk.........01

, 1 ≤ nj

Also any end point aρ with 02 ≤ ρ ≤ 1 can be obtained as

1− (a
0

∩
n1−1.........01

− a
0

∩
n1.........01

+ . . . . . .+ a
0

∩
nk−1
.........01

− a
0

∩
nk.........01

+ a
0

∩
nk+1.........01

), 2 ≤ nj

or
1− (a

0
∩

n1−1.........01
− a

0
∩
n1.........01

+ . . . . . .+ a
0

∩
nk−1
.........01

− a
0

∩
nk.........01

)

Taking into account that:

a
0

∩
n.........01

= (
1− λ

2
)n−1

if follows that an end point zj of any interval Ii can be expressed as:

k∑

j=1

((
1− λ

2
)nj−1 − (

1− λ

2
)nj ) + (

1− λ

2
)nk+1 ; 2 ≤ nj

which is
k∑

j=1

((
1 − λ

2
)nj−1 − (

1− λ

2
)nj) ; 2 ≤ nj

or

(
1− λ

2
)n

Also

1−




j∑

j=1

((
1− λ

2

)nj−1

−

(
1− λ

2

)nj

)
+

(
1− λ

2

)nk+1


 ; 2 ≤ nj

that is

1−




j∑

j=1

((
1− λ

2

)nj−1

−

(
1− λ

2

)nj

)
 ; 2 ≤ nj

or

1−

(
1− λ

2

)n

Theorem 1. The Cantor set C={zn}n can be obtained as an ω−limit set for a smooth
map f ∈ C∞(I).

Proof. Let us consider the sequence (an)n recurrently defined by :

a0 = 0 ; an+1 =

(
1− λ

2

)(
an + 1−

(
1− λ

2

))

This sequence which is composed of elements of the set {zn}n ⊂ C, is strictly increasing

and has as a limit point the value
(

1−λ
2

)
.

In each of the intervals Jn = [an, an+1] we define the maps fn, in the following way
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( 2
1−λ

)2x, x ∈ [0, (1−λ
2 )3]

h1(x), x ∈
[(

1−λ
2

)3
,
(

1−λ
2

)2
−
(

1−λ
2

)3]
(

2
1−λ

)
x+

(
1− (1− λ) + (1−λ

2 )2
)
, x ∈

[(
1−λ

2

)2
−
(

1−λ
2

)3
,
(

1−λ
2

)2]

h2(x), x ∈
[(

1−λ
2

)2
,
(

1−λ
2

)
−
(

1−λ
2

)2]

...................................................................................................................

fn(x) = (
1− λ

2
)2fn−1(

2

1− λ
x− (1− (

1− λ

2
))) + 1− (

1− λ

2
)2, n ≥ 1

being h1, h2 maps which transforms the interval [m1,m2] into [b1, b2]. For h1 is:

[b1, b2] =

[(
1− λ

2

)
, 1−

(
1− λ

2

)]
; m1 =

(
2

1− λ

)2

; m2 =

(
2

1− λ

)

and for h2 is:

[b1, b2] =

[
1−

(
1− λ

2

)
+

(
1− λ

2

)2

, 1−

(
1− λ

2

)2
]

; m1 =

(
2

1− λ

)
= m2

We must notice that:

(1) (a) The map 2
1−λ

x −
(
1−

(
1−λ

2

))
transforms bijectively any zi ∈ C placed in

the interval Jn, n ≥ 1 into another end point placed in Jn−1. In particular
transforms an into an−1.

(b) For all n the map fn, is strictly increasing.
(c) Since

f0 (J0) =

[
0, 1 −

(
1− λ

2

)2
]

and for all n ≥ 1 is

fn(Jn) =

[
1−

(
1− λ

2

)2n

, 1−

(
1− λ

2

)2(n+1)
]

and

limn→∞[1− (
1− λ

2
)2n] = 1

then we get

∪∞n=1fn(Jn) = [0, 1)

(d) Since f0 ∈ C
∞ also for all n is fn ∈ C

∞ . Moreover:

fn(an) = fn−1(an) = 1−

(
1− λ

2

)2n

and if zi ∈ Jn then:
(
Dkfn

)
(zi) =

(
1− λ

2

)n (
Dkf0

)
(zj)

In particular
(
Dkfn

)
(an) =

{ (
1−λ

2

)n−2
if k = 1

0 if k > 1
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(
Dkfn means the derivative of the map fn of order k

)

The map

f(x) =





fn(x) if x ∈ Jn

1 if x ∈
[(

1−λ
2

)
,
(

1+λ
2

)]

fn(1− x) if x ∈
[(

1+λ
2

)
, 1
]

and 1− x ∈ Jn

is unimodal. On the other hand for any k the derivative map Dkf0 is bounded in J0 and
since limn→∞(1−λ

2 )n = 0, given ε > 0 for any zi ∈ C ∩ Jn it is held

|(Dkfn)(zi)| = |(
1− λ

2
)n(Dkf0)(zj)| < ε for n ≥ n0

As a consequence if we put (Dnf)(1−λ
2 ) = 0 for any n then f ∈ C∞.

�
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Abstract

We discuss the connection between the theory of ultrafilters on N and the theory
of (discrete) dynamical systems. Some results are presented which point out
how the notion of p-limit (p ∈ N⋆) can be used to describe the usual notions of
recurrence. We also address several applications to the study of the Ellis (or
enveloping) semigroup associated to a discrete dynamical system. In the last
section we comment further research on the metrizability of the Ellis semigroup
and on a dynamical version of the Bourgain-Fremlin-Talagrand dichotomy.

1. Introduction

By a (discrete) dynamical system it is meant a pair (X , f ) where X is a compact
metric space and f is a continuous function from X into itself. One of the most important
question in the theory of dynamical systems is the description of the orbits, that is, of
the sequences Of (x) =

{
x, f(x), f2(x), . . . , fn(x), . . .

}
with x ∈ X. The principal notion

which permits to analyze the feature of orbits is the concept of recurrence. The basic fact
is the behaviour of the orbit of a point x ∈ X. More generally one asks, “What properties
does the sequence Of (x) have?”

In this framework the notion of (ultra)filter permits us to obtain some control over the
behaviour of Of (x). Indeed, suppose that x ∈ X is an adherent point of Of (x). Then the
family of sets of the form

N(V ) = {n ∈ N : fn(x) ∈ V }

obtained by allowing V to run through all of neighborhoods of x, is a filter on N. Since, by
Zorn’s lemma, any filter is contained in an ultrafilter, one can use the ultrafilters on N as
a measure of the kind of recurrence of a point. This approach is inherited from the former
papers on the Cartesian product of countably compact spaces and also of pseudocompact
spaces (see, for instance, the classic papers by Novák [31] and Froĺık [15]). The aim of
this note is to present some applications of the theory of ultrafilters to dynamical systems.
Among others, some results on this topic can be found in [1, 16, 18]. Given a dynamical
system (X , f ) , in the first part of Section 2 we introduce, for each free ultrafilter p on N,
the functions fp : X → X defined by the requirement that fp(x) be the p-limit of the orbit
of x. These functions are a relevant link between the theory of ultrafilters and dynamical
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systems, in particular in the study of recurrent points and also in the description of the
Ellis semigroup. The second part of Section 2 is devoted to a brief discussion of the basic
notions of recurrence from the point of view of ultrafilters. This section is borrowed from
[4] and [18]. In Section 3 we point out how the notion of ultrafilter can be applied in the
study of the Ellis’s semigroup associated to a dynamical system. It is based upon ideas
found in [18]. In the last section, which relies on the results of [17], we address some
comments on the metrizability of the Ellis semigroup and on how the Bourgain-Fremlin-
Talagrand dichotomy can be used to obtain a dynamical dichotomy.

Our notation and terminology are standard. For instance, the symbols N and R denote
respectively the set of natural numbers and real numbers; in each case the usual algebraic
properties are assumed. When viewed as topological spaces all of these have the usual
topologies inherited from the Euclidean topology on R. C(X) stands for the ring of all
real-valued continuous function on a space X and RX , the ring of all real-valued functions
on X, is equipped with the topology of pointwise convergence (equivalently, the product
topology). A basic reference for general topology is [14]. For notions concerning group
actions not defined here, and for general background in this topic and in dynamical systems
see [35]. The reader can find in [25] a self-contained exposition of the theory of compact
right semigroups (β(S), ·) for discrete semigroups (S, ·) and a detailed exposition of the
algebraic properties of these objects.

2. A first link between ultrafilters and dynamical systems

As usual, β(X) stands for the Stone-Čech compactification of a Tychonoff space X.
If f : X → Y is a continuous function, then f : β(X) → β(Y ) will stand for the Stone
extension of f . The Stone-Čech compactification β(N) of the natural numbers N with the
discrete topology will be identified with the set of all ultrafilters on N, and its remainder
N∗ = β(N)\N with the set of all free ultrafilters on N. If A ⊆ N, then Â = clβ(N)A = {p ∈

β(N) : A ∈ p} is a basic clopen subset of β(N), and A∗ = Â \ A = {p ∈ N∗ : A ∈ p} is a
basic clopen subset of N∗.

Let X be space. Given p ∈ N∗, a point x ∈ X is said to be the p-limit point of a sequence
(xn)n∈N in X (x =p-limn→∞ xn) if for every neighborhood V of x, {n ∈ N : xn ∈ V } ∈ p.
The notion of p-limit point was introduced, in the context of non-standard analysis, by
R. A. Bernstein [3]. H. Furstenberg [16, p. 179] and E. Atkin [1, p. 5, 61]) considered
the F-limit points in dynamical systems, where F is a family of nonempty sets with the
finite intersection property (for the definition of a F-limit point of a sequence we replace
p by F). The p-limit points play a very important role in the study of countably compact
spaces. In this section, we will give a first application to dynamical systems. It is not
hard to prove that in a compact space the p-limit point of a sequence always exists and is
unique (for Hausdorff spaces), for every p ∈ N∗.

Definition 1. Let (X , f ) be a dynamical system. For a free ultrafilter p on N, the
function fp : X → X is defined by fp(x) =p-limn→∞ fn(x), for every x ∈ X. For a point
x ∈ X, the function fx := p 7→ fp(x) : β(N)→ X is the Stone extension of the continuous
function n 7→ fn(x) : N→ X.

We remark that the function fx : β(N) → X is continuous for every x ∈ X. Observe
that fx[β(N)] = clX(Of (x)). But, the functions fp are not always continuous as it is
showed in [18, Example 3.2]. Conditions under which a function fp is continuous were
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established in [18]. By way of illustration, we present the three following theorems. We
remind to the reader that an ultrafilter p ∈ N∗ is called a P -point if for every partition
{An : n ∈ N} of N with An /∈ p, for each n ∈ N, there is A ∈ p such that A ∩ An is finite
for every n ∈ N. Equivalently, p is a P -point for the usual topology on β(N).

Rudin [32] proved that CH implies the existence of 2c-many P -points in N∗, and years
later Blass and Shelah [5] found a model of ZFC in which N∗ does not have any P -point.

Theorem 2 ([18, Theorem 3.4]). Let (X , f ) be a dynamical system and let p ∈ N∗. For
a point x ∈ X, the following are equivalent.

(i) fp is continuous at x.
(ii) For all ǫ > 0 there is δ > 0 such that for all y ∈ X if d(x, y) < δ, then {n ∈ N :

d(fn(x), fn(y)) < ǫ} ∈ p.

Theorem 3 ([18, Theorem 3.18]). Let (X , f ) be a dynamical system, where X is a
compact metric countable space, and let x ∈ X. Suppose that fp is continuous at x ∈ X
for a P -point p of N∗. Then, there is A ∈ p such that f q is continuous at x, for every
q ∈ A∗.

Theorem 4 ([18, Theorem 3.24]). Let (X , f ) be a dynamical system and let x ∈ X. If
{q ∈ N∗ : f q is continuous at x} is dense in N∗, then fp is continuous at x for all p ∈ N∗.

From the last result an interesting question arises: under what conditions are all func-
tions fp’s continuous? We provide an answer to this question in Theorem 5 below. It is
worth noting that its proof involves Namioka’s theorem on separately continuous functions
[30] (see also [8, 9]).

Theorem 5. Let (X , f ) be a dynamical system. Let us consider the function F ∗ :
N∗ ×X → X given by F ∗(p, x) = fp(x), for every (p, x) ∈ Np ×X. Then, the following
conditions are equivalent:

(i) fp is continuous on X, for every p ∈ N∗ (that is, F ∗ is separately continuous).
(ii) There is a dense Gδ-subset D of N∗ such that F ∗|D×X is continuous.
(iii) There is a dense subset D of N∗ such that F ∗|D×X is continuous.

Recall that β(N) admits a binary operation +, extending ordinary addition on N: for
p ∈ β(N) and n ∈ N, we define p+n =p-limm→∞(m+n) and if p, q ∈ β(N), then we define
p+ q = q − limn→∞ p+ n.

Notice that the operation + on β(N) is a continuous function of the left summand for
any fixed value in β(N) of the right summand, but it is not a continuous function of the
right summand for a fixed left summand unless the latter is in N. The addition on β(N) is
associative; it is commutative as long as one of the summands is in N but not in general
(see [24, Section 10]). Thus, (β(N) , + ) is a right topological semigroup. The following
result is borrowed from [4].

Theorem 6. Let (X , f ) be a dynamical system where X is a compact space. Then

fp ◦ f q(x) = f q+p(x),

for every x ∈ X and for every p, q ∈ β(N).

We next introduce the notions from dynamical systems we are concerning with in this
section. We assume that a dynamical system (X , f ) is given.
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Definition 7. A point x ∈ X is recurrent if, for each neighborhood V of x, infinitely
many n ∈ N satisfy fn(x) ∈ V . It is uniformly recurrent (or almost periodic) if, for each
neighborhood V of x, there is m ∈ N such that for any n ∈ N there exists k < m with
fn+k(x) ∈ V .

Thus, recurrence means that, under the iteration of f , the point x returns to each of
its neighborhoods infinitely often. Uniform recurrence bounds how long the sequence of
iterates can stay out of any given neighborhood: there is m depending on V such that of
every m consecutive iterates at least one is in V . This notion is related with the concept
of syndetic set which allows us to generalizes the notion of uniform recurrent point to
(semi)group actions (see [35] for details).

Definition 8. Two points x, y ∈ X are proximal if, for every ε > 0, infinitely many n ∈ N
satisfy d(fn(x), fn(y)) < ε.

Ultrafilter iterations enable us to express the previous concepts in a neat way.

Theorem 9 ([4, Theorem 1]). Let (X , f ) be a dynamical system. The following asser-
tions hold:

(i) A point x ∈ X is recurrent if and only if there exists p ∈ N⋆ such that fp(x) = x.
(ii) A point x ∈ X is uniformly recurrent if and only if for every ultrafilter p on N there

exists an ultrafilter q in N such that f q(fp)(x) = x.
(iii) Two points x, y ∈ X are proximal if and only if there is p ∈ N⋆ such that fp(x) =

fp(y).

We next introduce a notion that generalizes the concept of proximality.

Definition 10 ([18, Definition 3.5]). Two points x, y ∈ X are said to be p-proximal if for
every ǫ > 0, {n ∈ N : d(fn(x), fn(y)) < ǫ} ∈ p.

As the next result shows, the standard notion ”proximal” is included in Definition 10.

Theorem 11 ([18, Theorem 3.8]). Let (X , f ) be a dynamical system and let x, y ∈ X.
The following conditions are equivalent.

(i) x and y are proximal.
(ii) There is p ∈ N∗ such that fp(x) = fp(y).
(iii) x and y are p-proximal for some p ∈ N∗.

The equivalence (2)⇔ (3) of the previous theorem can be rewritten as follows.

Theorem 12 ([18, Theorem 3.9]). Let (X , f ) be a dynamical system let x, y ∈ X and
let p ∈ N∗. The following conditions are equivalent.

(i) x and y are p-proximal.
(ii) fp(x) = fp(y).

Notice that Theorem 12 implies that if p ∈ N∗ is an idempotent (that is, p + p = p),
then every x ∈ X is p-proximal to fp(x). Indeed, fp(x) = fp+p(x) = fp(fp(x)).

We close this section with a crucial result on p-proximality.

Theorem 13 ([18, Theorem 3.10]). Let (X , f ) be a dynamical system and let x, y ∈ X.
Then, { p ∈ N∗ : x and y are p-proximal } is a closed subset of N∗.
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We remark that the points x and y are p-proximal, for all p ∈ N∗, if and only if

lim
n→∞

d(fn(x), fn(y)) = 0 ,

that is, the points x and y are asymptotic. Suppose now that the set A = { p ∈ N∗ :
x and y are p-proximal } is a proper closed subset of N⋆. Then card A = card (N⋆\A) = 2c

[19, Theorem 9.11 and 9D]. Hence two proximal points are always p-proximal for 2c-many
ultrafilters but they can fail to be q-proximal for a large quantity of ultrafilters on N⋆.
Thus, we can distinguish, in some sense, two proximal points by means of the notion of
p-proximality. An example of this fact is given in [18, Example 3.11].

3. Ultrafilters and the Ellis semigroup

In the study of abstract dynamical systems (the so-called flows), Ellis introduced [13]
the notion of Ellis (or enveloping) semigroup which has been widely used in the description
of dynamical properties in algebraic terms. In the following definition we adapt the notion
of Ellis semigroup to discrete dynamical system.

Definition 14. Let (X , f ) be a dynamical system. Then the Ellis semigroup E(X, f) of
(X , f ) is the closure of the set { fn : n ∈ N } in the topology of the pointwise convergence
on XX .

Notice that the Ellis semigroup is a right topological semigroup with the operation
defined by composition. The Ellis semigroup has been extensively used in topological
dynamics (see, for instance, [2, 11, 12, 20, 26, 28, 29]). The following results are examples
of the connection between algebraic properties of E(X, f) and dynamical properties of
(X , f ) (see [11]). Recall that a dynamical system (X , f ) is said to be distal if no
proximal pairs exist.

Theorem 15. If (X , f ) is a dynamical system, then the following hold:

(i) The minimal subsystems of (X , f ) are

{M(x) : x ∈ X, with M a left minimal ideal of E(X, f) }

where M(x) = { g(x) : g ∈M } .
(ii) (X , f ) is distal if and only if the identity is the unique idempotent of E(X, f).
(iii) (X , f ) is distal if and only if E(X, f) is a group.

Let (X , f ) be a dynamical system. From now on we assume that fn 6= fm for any
different pair n,m of natural numbers. The reason is apparent: if there exist n > m
such that fn = fm, then every point of X is eventually periodic whit period n −m and,
consequently, the dynamical properties of (X , f ) are trivial.

In this setting, usual examples of the Ellis semigroup are: (a) if f : X → X is a contrac-
tive mapping, then E(X, f) is the one-point compactification of N, and (b) if ( {0, 1}ℵ0 , σ )
is the shift dynamical system, then E({0, 1}ℵ0 , σ) = β(N).

If L(N) denotes the lattice of all compactifications of N, the previous examples point out
that E(X, f) can coincide with the minimum element of L(N) and also with the maximum
element of L(N). To place this fact in context, the following theorem gives the connection
between the Ellis semigroup and the theory of ultrafilters on N.
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Theorem 16 ([17]). If (X , f ) is a dynamical system, then

(i) E(X, f) = { fp : p ∈ β(N) }.
(ii) E(X, f) is a compactification of N, i.e., E(X, f) is a quotient of β(N).

The underlying set of the Ellis semigroup can be described in easy way as a quotient of
β(N). Indeed, let us define an equivalent relation ∼ on β(N) by letting p ∼ q if and only
if fp(x) = f q(x) for every x ∈ X. By clause (i) in Theorem 16 it follows that β(N)/∼
is exactly the underlying set of E(X, f). As a consequence of Theorem 6, β(N)/∼ is a
semigroup with the addition + defined as

[ p ] + [ q ] = [ p+ q ],

for each p, q ∈ β(N): in fact, it is (algebraically) isomorphic to E(X, f) .

Next we shall use β(N)/∼ to establish that the action F : β(N) ×X → X induced by
(X, f) is (in some sense) equivalent to the action of a metrizable semigroup on X. To do
this, if d is a compatible metric on X, the real-valued function on β(N)× β(N) defined by

d̄(p, q) = sup
x∈X

d(fp(x), f q(x)) p, q ∈ β(N),

is a pseudometric on β(N) (notice that being X compact, d is bounded). It is clear that
d̄ induces a metric (also denoted by d̄) on the quotient space β(N)/∼.

As we deal with actions on metrizable semigroups, a natural question is when the semi-
group (β(N)/∼,+ ) equipped with the topology induced by the metric d̄ is a topological
semigroup. We present a sufficient condition which is enough for our purposes. A charac-
terization of when E(X, f) is a topological semigroup is obtained in [17].

Theorem 17 ([17, Thoerem 4.3]). Assume that the family {fn : n ∈ N} is uniformly
equicontinuous, then β(N)/∼ is a topological semigroup with the topology induced by the
metric d̄.

Given an ultrafilter p ∈ β(N), let f [ p ] denote the function from X into itself defined

by f [ p ](x) = fp(x), for every x ∈ X. Consider the action F : β(N) × X −→ X defined
by F (p, x) = fp(x), for all (p, x) ∈ β(N) × X. We observe that this action F induces a

natural action F̂ : (β(N)/∼ )×X −→ X defined as

F̂ ([ p ], x) = f [ p ](x) for each ([ p ], x) ∈ (β(N)/∼ )×X .

A necessary and sufficient condition in order that the induced action F̂ be continuous
is given by the following

Theorem 18 ([17, Theorem 4.6]). For a dynamical system (X, f ), the following are
equivalent:

(i) The set {fn : n ∈ N} is uniformly equicontinuous on X.
(ii) d̄ induces the quotient topology on β(N)/∼ and F is continuous.

(iii) The action F̂ is (jointly) continuous.

The previous theorem can be applied to obtain that the action F is equivalent to the

action F̂ in the sense of Definition 19 below. For a flow (S,X,F ) it is understood a
continuous action F of a (compact) topological semigroup S on a compact metric space
X.

70



Ultrafilters and Dynamical Systems

Definition 19. Let S, T be two compact topological semigroups. Two flows (S,X,F ) and
(T, Y,G ) are said to be topologically conjugate (or equivalent) if there exists a continuous
epimorphism e : S −→ T and a homeomorphism h : X −→ X such that the diagram

S ×X
F

//

e

��

h
��

X

h

��

T × Y
G

// Y

commutes, that is, h(F (s, x)) = G((e × h)(s, x)) for each (s, x) ∈ S ×X.

In our setting, Theorem 18 applies in order to show that a continuous action of β(N)
on a compact metric space X is equivalent to a continuous action of a compact metrizable
semigroup. To be precise, we have

Theorem 20 ([17, Thoerem 4.8]). If X is a compact metric space, then every flow (β(N),X, F )

is equivalent to the flow (β(N)/∼,X, F̂ ).

4. Further research

The results of the previous section led us to consider two questions: (1) under what
conditions does the topology of the pointwise convergence on E(X, f) coincide with the
topology of the uniform convergence?, and (2) when is E(X, f) metrizable?

The first question has been solved in [17]. The authors show that an affirmative answer
to (1) is equivalent to the fact that the dynamical system (X , f ) is almost periodic
(i.e., the family { fn : n ∈ N } is equicontinuous). Question (2) was tackled by Glasner,
Megrelishvili, and Uspenskij ([22]) in the realm of group actions where it is related to
representation theory. In fact, if a topological group G acts on a metric compact space X,
the associated Ellis semigroup is metrizable if and only if the dynamical system (X , G )
admits a proper representation on an Asplund Banach space. Recall that a Banach space
V is Asplund if its dual has the Radon-NIkodým property. Reflexive spaces and spaces
of the form c0(Γ) are Asplund. About the history and importance of Asplund spaces the
reader can consult [7, 10].

In the setting of discrete dynamical systems, the question has been solved by the authors
in [17]: equicontinuity of the set {fn : n ∈ N} at each point of a dense Gδ-subset of X is
a necessary and sufficient condition for E(X, f) to be metrizable. As a consequence, the
Ellis semigroup of a weakly almost periodic dynamical system is metrizable (a dynamical
system is weakly almost periodic if all functions in E(X, f) are continuous. When (X, f)
is minimal, this condition is equivalent to almost periodicity ([12])).

An interesting question related with metrizability is to study when the topology of
E(X, f) can be determined by the convergence of sequences. Notice that, since the func-
tions fn (n ∈ N) are continuous and E(X, f) is equipped with the topology of pointwise
convergence, this means that the elements of E(X, f) would be functions of the first Baire
class in XX . Then, as it was pointed out by Khöler [27], the Bourgain-Fremlin-Talagrand
dichotomy plays a relevant role in tackling this question.

To focus the situation we need to recall some definitions and facts. A space X is said
to be Rosenthal compact [23] if it is homeomorphic to a pointwise compact subset of the
space B1(X) of real-valued functions of the first Baire class on a separable complete metric
space. All metric compact space K is Rosenthal: in fact, K can be identified as a compact
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of continuous functions on the separable Banach space C(K). On the other hand, the
Helley compact and the split interval provide useful (and well-known) examples of no
metrizable separable Rosenthal compact spaces.

Now, given a discrete dynamical system (X , f ), the basic idea is to consider, for each
g ∈ C(X), the space

Eg = { g ◦ fp : fp ∈ E(X, f) }

equipped with the pointwise topology as a subset of RX . It is apparent that Eg is compact:
indeed, it is the continuous image of E(X, f) under the function ϕg : E(X, f)→ Eg defined
by the requirement that ϕg(f

p) be g◦fp. Once the spaces Eg are in hand, the relationship
with E(X, f) is plain: (a) E(X, f) is metrizable if and only if Eg is metrizable for every
g ∈ C(X), and (2) Eg ⊂ B1(X) for every g ∈ C(X) in the case that the functions in
E(X, f) are all of the first Baire class.

The following theorem is due to Bourgain, Fremlin and Talagrand ([6, Theorem 3.F])
generalizing a result of Rosenthal. The second assertion (BFT dichotomy) is presented as
in the book of Todorčević [33, Proposition 1, Section 13]. Recall that a topological space
K is said to be a Fréchet space if for every A ⊂ K and every x ∈ clX A there exists a
sequence xn ∈ A with limn→∞ xn = x.

Theorem 21.

(i) Every Rosenthal compact K is Fréchet.
(ii) (BFT dichotomy) Let M be a separable complete metric space and let { gn }

∞
n=1 be a

sequence of real-valued functions which are pointwise bounded (i.e. for each x ∈ M
the sequence { gn(x) }∞n=1 is bounded in R). Let K be the pointwise closure of { gn }

∞
n=1

in RX . Then either K ⊂ B1(X) (i.e. K is Rosenthal compact) or K contains a copy
of β(N).

BFT dichotomy was used by Köhler [27] to obtain a dynamical version of the Bourgain-
Fremlin-Talagrand theorem for discrete dynamical systems on the interval. Later Glasner
and Megrelishivili showed that the BFT dichotomy also leads to a corresponding dynamical
dichotomy in the realm of group actions.

Theorem 22 ([21]). For the Ellis semigroup E(X,G) associated to a continuous action
ϕ : G × X → X of a topological group G on a compact metric space X, we have the
following alternative

(i) E(X,G) is a separable Rosenthal compact space (hence card E(X,G) ≤ 2ℵ0), or
(ii) the compact space E(X,G) contains a homeomorphic copy of β(N) and, consequently,

card E(X,G) = 22ℵ0 .

The first possibility holds if and only if Eg is a Rosenthal compact space for every g ∈
C(X).

The authors have showed in [17] that the dynamical BFT dichotomy is also valid for
discrete dynamical systems (in fact, we have proved that it is valid for semigroup actions).
Thus, the Ellis semigroup of a dynamical system is either very large and contains a topo-
logical copy of β(N) or it is a space whose topology is determined by the convergence
sequences.
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This result raises another interesting question: is it possible to obtain a dynamical di-
chotomy in order to distinguish between metrizable Ellis semigroups and separable Rosen-
thal compact Ellis semigroups? We close the section enunciating a Tordočević dichotomy
which could help us in this task.

Theorem 23 ([34, Theorem 6, Theorem 7]). Every separable compact subset K contained
in B1(X) which is not metrizable satisfies one of the following three alternatives:

(i) K contains a discrete subspace of size continuum.
(ii) K contains a copy of the duplicate of the Cantor set.
(iii) K contains a copy of the split interval.
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Departamento de Matemática Aplicada y Estad́ıstica. Universidad Politécnica de Cartagena, An-

tiguo Hospital de Marina, 30203 Cartagena, Región de Murcia, Spain (juan.garcia@upct.es)

Abstract

The aim of the present contribution is to show some techniques located between
the classical topological dynamics and the algebraic topology, using as a link
the Lefschetz fixed point theorem, for studying periodic points of discrete
dynamical systems. Particularly, we survey the results obtained jointly with
Jaume Llibre in a series of three papers on the set of periods for the Morse–
Smale diffeomorphisms on the sphere and on the n–dimensional torus.

1. Introduction

We consider discrete dynamical systems given by a continuous self–map f defined on
a given compact manifold M. In this setting usually the periodic orbits play an impor-
tant role. In dynamical systems often the topological information can be used to study
qualitative and quantitative properties of the system. Perhaps the best known example in
this direction are the results contained in the paper entitle Period three implies chaos for
continuous self–maps on the interval, see [18].

In this setting one of the most useful tools for proving the existence of fixed points,
or more generally of periodic points, is the Lefschetz Fixed Point Theorem and its im-
provements, see for instance [1, 2, 8, 9, 10, 12, 17, 20, 21]. The Lefschetz zeta function
Zf (t) simplifies the study of the periodic points of f . This is a generating function for the
Lefschetz numbers of all iterates of f .

In the case of having spaces which trivial homological groups like the compact interval,
graphs, dendrites, the square,..., etc, the Lefschetz fixed point theorem is not, in general,
a good tool for attacking the problem. The classical approach used by the topological
dynamics for obtaining information on the periodic structure of the system is the combi-
natorial dynamics which has its main representation through the Sharkovskĭı’s theorem
and its extensions for the coexistence of cycles. In 1964 is first time published a result
of the Ukrainian mathematician A. N. Sharkovskĭı concerning the existence of periodic
points of continuous self–maps on R or [a, b] ⊂ R (see [26]). Till that moment, only some

1This work has been partially supported by M.C.I. (Ministerio de Ciencia e Innovación) and FEDER
(Fondo Europeo Desarrollo Regional), grant number MTM2008–03679/MTM; by Fundación Séneca de
la Región de Murcia, grant number 08667/PI/08 and by Junta de Comunidades de Castilla–La Mancha,
grant number PEII09-0220-0222.
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isolated results on periodicity linked to the iteration theory of maps were known. For ex-
ample, it was known if a map f has no periodic points of period two, then the trajectory
{fn(x)}∞n=0 converges for every x ∈ R (see [27] or [7]), and the same thesis is obtained if we
assume that the map has only fixed points (see [23]). As a consequence it is followed that
if the map has only periodic points of periods {1, 2, 22, ..., 2n}, then for every x ∈ [0, 1],
{fn(x)}∞n=0 converges to some periodic point of f . In the same way, in [ML 57] conditions
on the existence of periodic points of period 2 were given.

Till now, we have talked about the combinatorial methods classically used by the topo-
logical dynamics for studying periodic structure. The aim of this paper is to present some
algebraic topology methods based in the Lefschetz zeta function and the properties of the
homological groups of the phase space. In the sequel we survey these techniques and we
show the results obtained jointly with Professor Jaume Llibre in a series of three papers
for the class of Morse–Smale diffeomorphism on the sphere and on the n-dimensional torus
(see [14], [15] and [16]).

2. Lefschetz zeta function

Probably the main goal of Lefschetz’s work in 1920’s was to link the homology class of
a given map with an earlier work on the indices of Brouwer on the continuous self–maps
on compact manifolds. These two notions provide equivalent definitions for the Lefschetz
numbers, and from their comparison, can be obtained information on the existence of fixed
points.

Let M be a n–dimensional manifold. We denote by Hk(M,Q) for k = 0, 1, ..., n the
homological groups with coefficients in Q. Each of these groups is a finite linear space on
Q.

Given a continuos map f : M → M there exist n + 1 induced linear maps f∗k :
Hk(M,Q) → Hk(M,Q) by f . Every linear map f∗k is given by a nk × nk matrix with
integer entries where nk is the dimension of Hk(M,Q) for k = 0, 1, ..., n.

Given a continuous map f : M → M on a compact n–dimensional manifold M, its
Lefschetz number L(f) is defined as

L(f) =
n∑

k=0

(−1)ktrace(f∗k).

One of the main results connecting the algebraic topology with the fixed point theory is
the Lefschetz Fixed Point Theorem:

Theorem 1. Let f : M → M be a continuous map on a compact manifold and L(f) be
its Lefschetz number. If L(f) 6= 0 then f has a fixed point.

For a proof of Theorem 1 see [8].

Our aim is to obtain information on the set of periods of f . To this purpose it is useful
to have information on the whole sequence {L(fm)}∞m=0 of the Lefschetz numbers of all
iterates of f . Thus we define the Lefschetz zeta function of f as

Zf (t) = exp

(
∞∑

m=1

L(fm)

m
tm

)
.
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This function generates the whole sequence of Lefschetz numbers, and it may be indepen-
dently computed through

(1) Zf (t) =

n∏

k=0

det(Ink
− tf∗k)

(−1)k+1
,

where n = dim M, nk = dim Hk(M,Q), Ink
is the nk × nk identity matrix, and we take

det(Ink
− tf∗k) = 1 if nk = 0. Note that the expression (1) is a rational function in t.

So the information on the infinite sequence of integers {L(fm)}∞m=0 is contained in two
polynomials with integer coefficients, for more details see [12].

Let f be a C1 self–map on a compact manifold M having finitely many hyperbolic
periodic orbits. If γ is a hyperbolic periodic orbit of period p, then for each x ∈ γ let
Eu

x denotes the subspace of TxM generated by the eigenvectors of Dfp(x) corresponding
to the eigenvalues whose moduli are greater than one. Let Es

x be the subspace of TxM
generated by the remaining eigenvectors. We define the orientation type ∆ of γ to be +1
if Dfp(x) : Eu

x → Eu
x preserves orientation, and -1 if it reverses orientation. The index u

of γ is the dimension of Eu
x for some x ∈ γ. We note that the definitions of ∆ and u do

not depend on the point x, only depend of the periodic orbit γ. Finally we associated the
triple (p, u,∆) to the periodic orbit γ.

For f the periodic data is defined as the collection composed by all triples (p, u,∆),
where a same triple can occur more than once provided it corresponds to different periodic
orbits. Franks [12] proved the following result which will play a key role for establishing
our main results.

Theorem 2. Let f be a C1 map on a compact manifold having finitely many hyperbolic
periodic orbits, and let Σ be the period data of f . Then the Lefschetz zeta function of f
satisfies

(2) Zf (t) =
∏

(p,u,∆)∈Σ

(1−∆tp)(−1)u+1
.

Clearly the Morse–Smale diffeomorphisms satisfy the hypotheses of Theorem 2.

3. Morse–Smale diffeomorphisms on the sphere

An important class of dynamical systems on smooth compact manifolds consists of the
Morse–Smale diffeomorphisms. These have a relatively simple orbit structure and this
structure is preserved under small C1 perturbations.

During the last quarter of the XX century several papers were published analyzing the
relationships between the dynamics of the Morse–Smale diffeomorphisms and the topology
of the manifold where they are defined, see for instance [11, 13, 22, 24].

Each Morse–Smale diffeomorphism has a finite set of periodic orbits. Franks [11] linked
the periodic behavior of a Morse–Smale diffeomorphism to its action on the homology.
For a given manifold and a homotopy (or isotopy) class of maps on that manifold, this
result provides a necessary condition for the Morse–Smale dynamics which can occur in
that homotopy (or isotopy) class. Narasimhan [22] showed for a compact surface that a
diffeomorphism with the homotopy class of the identity can exhibit a given Morse–Smale
dynamics provided it satisfies Franks’s condition [11] and two other necessary properties.
Essentially, the homotopy class of the identity on a compact surface can admit any periodic
behavior consistent with the Lefschetz zeta function.
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In this section we focused on Morse–Smale diffeormorphisms on the two–dimensional
sphere S2. For orientation–reversing diffeomorphisms there are additional obstructions
to the ones given by the Lefschetz zeta function and were obtained by Batterson, Handel
and Narasimhan [5]. Blanchard and Franks [6] have shown that if an orientation–reversing
homeomorphism on S2 has periodic orbits with two distinct odd periods, then the topologi-
cal entropy of this homeomorphism is positive. This implies that the orientation–reversing
Morse–Smale diffeomorphisms on S2 cannot have more than one odd period, because they
have zero topological entropy.

In [14] is characterized the set of periods Per(f) for the orientation–preserving and
for the orientation–reversing Morse–Smale diffeomorphisms on S2. The three key tools
for doing that are the results obtained by Franks [12] on the Lefschetz zeta function for
C1 maps having only hyperbolic periodic points, by Narasimhan [22] for the orientation–
preserving Morse–Smale diffeomorphisms on S2 and by Batterson, Handel and Narasimhan
[5] for the orientation–reversing ones.

In the following two theorems is characterized the set of periods for a diffeomorphism
on S2, see [14]:

Theorem 3. Let f be an orientation–preserving Morse–Smale diffeomorphism on S2.
Then Per(f) is a finite arbitrary set containing 1. Conversely any finite arbitrary set
of positive integers containing 1 is realizable as the set of periods for some orientation–
preserving Morse–Smale diffeomorphism on S2.

Theorem 4. Let f be an orientation–reversing Morse–Smale diffeomorphism on S2, and
let S be a finite arbitrary set of positive integers with at most one odd element. Then

Per(f) =

{
either {1},

or S ∪ {2}.

Conversely any set of the form {1} and S ∪{2} is realizable as the set of periods for some
orientation–reversing Morse–Smale diffeomorphism on S2.

4. Minimal set of periods of Morse–Smale diffeomorphisms

The minimal set of periods of a Morse–Smale diffeomorphism f defined on a compact
manifold M is

(3) MPerms(f) =
⋂

h∼f

Per(h),

where h runs over all the Morse–Smale diffeomorphisms of M which are homotopic to f .
Clearly MPerms(f) ⊇ MPer(f) where

(4) MPer(f) =
⋂

h∼f

Per(h),

where h runs over all the continuous self–maps of M.

The minimal sets MPerms(f) for Tk with k = 1, 2 are known and are described in what
follows.

Theorem 5. Let f : T1 → T1 be a Morse–Smale diffeomorphism. Then

MPerms(f) =

{
∅ if f is orientation preserving,

{1} if f is orientation reversing.
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The next result follows immediately from Theorem 5 and the periodic structure of
continuous circle maps, see [1].

Corollary 6. Let f : T1 → T1 be a Morse–Smale diffeomorphism. Then MPerms(f)=
MPer(f).

We introduce the following seven integer matrices

(5)

A1 =

(
1 r

0 1

)
, A2 =

(
−1 r

0 −1

)
, A3 =

(
1 0

0 −1

)
, A4 =

(
1 1

0 −1

)
,

A5 =

(
0 1

−1 0

)
, A6 =

(
0 1

−1 −1

)
, A7 =

(
0 −1

1 1

)
,

where r ∈ {0, 1, 2, ...}. Any induced homology homomorphism f∗1 on the first rational
homology group of a Morse–Smale diffeomorphism f on T2 is similar to over the integers
to one of the previous seven matrices, see [3]. When f∗1 is similar over the integers to
the matrix A we write f∗1 ≈ A. We note that an orientation–reversing Morse–Smale
diffeomorphisms on T2 induces a homology homomorphism on the first rational homology
group which is similar either to the matrix A3, or to the matrix A4. The other five matrices
are induced by the orientation–preserving Morse–Smale diffeomorphisms of T2.

In [15] are describe completely the sets of periods of the Morse–Smale diffeomorphisms
on T2 for every homotopy class associated to the orientation type.

Theorem 7. Let f be an orientation–preserving Morse–Smale diffeomorphism on T2, and
let f∗1 be the induced homology homomorphism on its first rational homology group. We
denote by S any finite set of positive integers, eventually S can be empty. Then

Per(f) =





S if f∗1 ≈ A1,

S ∪ {1} if f∗1 ≈ A2,

S ∪ {1, 2} if f∗1 ≈ A5,

S ∪ {1, 3} if f∗1 ≈ A6,

S ∪ {1, 2, 3} if f∗1 ≈ A7.

Conversely, any set of the form S, S∪{1}, S∪{1, 2}, S∪{1, 3} and S∪{1, 2, 3} is realizable
as the set of periods for some orientation–preserving Morse–Smale diffeomorphism f on
T2 having f∗1 ≈ Ai for i equal to 1, 2, 5, 6 and 7, respectively.

Theorem 8. Let f be an orientation–reversing Morse–Smale diffeomorphism on T2, and
let f∗1 be the induced homology homomorphism on its first rational homology group. We
denote by S any finite set of even positive integers, eventually S can be empty. Let p and
q be two arbitrary distinct odd positive integers. Then Per(f) is either S, or S ∪ {p},
or S ∪ {p, q}, if f∗1 ≈ Ai for i = 3, 4. Conversely, any set of the form S, S ∪ {p} and
S ∪ {p, q} is realizable as the set of periods for some orientation–reversing Morse–Smale
diffeomorphism f on T2 having f∗1 ≈ Ai for i = 3, 4.

From Theorems 7 and 8 it follows immediately the next result.
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Corollary 9. Let f be a Morse–Smale diffeomorphism on T2, and let f∗1 be the induced
homology homomorphism on its first rational homology group. Then

MPerms(f) =





∅ if f∗1 ≈ Ai for i = 1, 3, 4,

{1} if f∗1 ≈ A2,

{1, 2} if f∗1 ≈ A5,

{1, 3} if f∗1 ≈ A6,

{1, 2, 3} if f∗1 ≈ A7.

Note that in six of the seven possible homotopy classes for the Morse–Smale diffeomor-
phisms on T2 is MPerms(f) = MPer(f), but in the class for which f∗1 ≈ A6 we have

MPerms(f) = {1, 3} ) MPer(f) = {1}.

In the case of Morse–Smale diffeomorphisms on T2 Theorems 7 and 8 provide a complete
description of the possible set of periods which such maps can have. These results are
possible to obtain by the existence of a deep knowledge on the Morse–Smale dynamics on
T2 due to Batterson [3] and [4]. For Morse–Smale diffeomorphisms defined in dimension
higher than 2 we do not have such a knowledge on the dynamics of the Morse–Smale
diffemorphisms. In fact in dimension larger than 2 we do not know how to compute the
minimal set of periods MPerms(f) of a Morse–Smale diffeomorphisms f on Tn, but we can
characterize the so called minimal Lefschetz set of periods, see for definition next section.

5. Minimal Lefschetz set of periods of Morse–Smale diffeomorphisms

The statement of Theorem 2 allows us to define the minimal Lefschetz set of periods for
a C1 map on a compact manifold having finitely many hyperbolic periodic points. Such a
map has a Lefschetz zeta function of the form (2).

Note that in general the expression of one of these Lefschetz zeta functions is not unique
as product of the elements of the form (1± tp)±1. For instance the following Lefschetz zeta
function for a Mose–Smale diffeomorphism on T4 can be written in four different ways in
the form given by (2):

Zf (t) =
(1− t3)2(1 + t3)

(1− t)6(1 + t)3
=

(1− t3)(1− t6)

(1− t)6(1 + t)3
=

(1− t3)(1− t6)

(1− t)3(1− t2)3
=

(1− t3)2(1 + t3)

(1− t)3(1− t2)3
.

According with Theorem 2, the first expression will provide the periods {1, 3} for f , the
second the periods {1, 6}, the third the period {1, 2, 6}, and finally the fourth the periods
{1, 2, 3}. Then for this Lefschetz zeta function Zf (t) we will define its minimal Lefschetz
set of periods as

MPerL(f) = {1, 3} ∩ {1, 3, 6} ∩ {1, 2, 3, 6} ∩ {1, 2, 3} = {1, 3}.

In general for the Lefschetz zeta function Zf (t) of a C1 map f on a compact mani-
fold having finitely many hyperbolic periodic points, we define its minimal Lefschetz set
of periods as the intersection of all sets of periods forced by the finitely many different
representations of Zf (t) as products of the form (1± tp)±1.

For Morse–Smale diffeomorphisms and from the definition of minimal Lefschetz set of
periods it follows always that

MPerL(f) ⊆ MPerms(f).

For Morse–Smale diffeomorphims on the circle T1 the above “⊆” is in fact an equality
as show the following results. From (1) it follows easily the next results.
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Proposition 10. Let f : T1 → T1 be a Morse–Smale diffeomorphism. Then

Zf (t) =





1 if f is orientation preserving,
1 + t

1− t
if f is orientation reversing.

Corollary 11. Let f : T1 → T1 be a Morse–Smale diffeomorphism. Then

MPerL(f) = MPerms(f) =

{
∅ if f is orientation preserving,

{1} if f is orientation reversing.

In general it is unknown when MPerL(f) = MPerms(f). However for the two-dimensional
torus we have that MPerL(f) is a proper subset of MPerms(f) when f∗1 ≈ A7, according
to the next proposition and Corollary 9, for more information see [15] and [19].

Proposition 12. Let f be a Morse–Smale diffeomorphism on T2.

(a) If f preserves the orientation, then

MPerL(f) =





∅ if Zf (t) = 1⇔ f∗1 ≈ A1;

{1} if Zf (t) =
(1 + t)2

(1− t)2
⇔ f∗1 ≈ A2;

{1, 2} if Zf (t) =
1 + t2

(1− t)2
⇔ f∗1 ≈ A5;

{1, 3} if Zf (t) is either
1− t3

(1− t)3
⇔ f∗1 ≈ A6;

or
1 + t3

(1− t)(1− t2)
⇔ f∗1 ≈ A7.

(b) If f reverses the orientation, then MPerL(f) = MPerms(f) = ∅ and Zf (t) = 1 ⇔
f∗1 ≈ Ai for i = 3, 4.

Now, note that for n = 3 we have 14 different classes of homology and for n = 4 there
are 81 classes (see [16])

Theorem 13. Let f : T3 → T3 be a Morse–Smale diffeomorphism and let f∗1 be the
induced homology homomorphism on its first rational homology group. Then

MPerL(f) =





∅ if f∗1 ≈ Bi for i ∈ {1, 2, 3, 4, 5, 6, 7, 8, 10, 11},

{1} if f∗1 ≈ Bi for i ∈ {9, 12},

{1, 3} if f∗1 ≈ Bi for i ∈ {13, 14}.

From Theorem 13 it follows immediately the next result.

Corollary 14. Let f : T3 → T3 be a Morse–Smale diffeomorphism. Then

MPerL(f) =

{
∅ if f is orientation preserving,

∅, {1} or {1, 3} if f is orientation reversing.
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Theorem 15. Let f : T4 → T4 be a Morse–Smale diffeomorphism and let f∗1 be the
induced homology homomorphism on its first rational homology group. Then MPerL(f) is

∅ if f∗1 ≈ Ci for i ∈ K;
{1} if f∗1 ≈ Ci for i = 9, 12, 30, 67, 73;
{1, 3} if f∗1 ≈ Ci for i = 13, 14, 37, 41, 44, 75, 77;
{1, 2} if f∗1 ≈ C33;
{1, 2, 3, 6} if f∗1 ≈ Ci for i = 34, 35, 40, 47, 78, 81;
{1, 2, 4} if f∗1 ≈ C79;
{1, 5} if f∗1 ≈ C80.

We note from Theorem 15 that the Morse–Smale diffeomorphisms having f∗1 with one
of the four irreducible characteristic polynomials (i.e. f∗1 similar over the integers to Ci

with i = 78− 81) force periods larger than 3.

From Theorem 15 we obtain immediately the following result.

Corollary 16. Let f : T4 → T4 be a Morse–Smale diffeomorphism. Then the following
statements hold.

(a) MPerL(f) = ∅, {1}, {1, 2}, {1, 3}, {1, 2, 3, 6}, {1, 2, 4}, {1, 5}, if f is orientation pre-
serving.

(b) MPerL(f) = ∅, if f is orientation reversing.

Some of the previous results for the torus Tn for n = 1, 2, 3, 4 are extended to Tn for
n > 4 in the next result.

Corollary 17. Let f : Tn → Tn be a Morse–Smale diffeomorphism. Then MPerL(f) = ∅,
if f is orientation reversing when n is even or if f is orientation preserving when n is
odd.

The idea for proving Theorems 13 and 15 is to use the structure of exterior algebra
of the tori homological groups which allows to express all the induced linear maps f∗k in
terms of f∗1.

References
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Abstract

We revise some questions concerning uniform continuous and t-uniform con-
tinuous mappings and study a new concept related to continuous mappings
between fuzzy metric spaces in the sense of George and Veeramani.

1. Introduction

The problem of constructing a satisfactory theory of fuzzy metric spaces has been
investigated by several authors from different points of view. Here we use the concept of
fuzzy metric space that George and Veeramani [2, 4] introduced and studied with the help
of continuous t-norms. In [3, 6], it is proved that the class of topological spaces which are
fuzzy metrizable agrees with the class of metrizable spaces. This result allows to restate
some classical theorems on metrics in the realm of fuzzy metric spaces. Nevertheless, the
theory of fuzzy metric completion is, in this context, very different from the classical theory
of metric completion. Indeed, there exist fuzzy metric spaces which are not completable
[7, 8].

This class of fuzzy metrics can be easily included within fuzzy systems since the value
given by them can be directly interpreted as a fuzzy certainty degree of nearness, and
in particular, recently, they have been applied to colour image filtering, improving some
filters when replacing classical metrics [1, 12, 13].

Since this class of fuzzy metrics includes in its definition a parameter t, it allows to
introduce novel fuzzy metric concepts with respect to the classical metric concepts. In
this sense, in [11] the authors gave the notion of t-uniform continuous mapping which
was studied later in [10]. In this paper we make a brief survey of uniform continuous
function focussing our attention in its relationship with t-uniform continuous function.
We also give an extension theorem for a uniform continuous function from a dense sub-
space. According with the concept of t-uniform continuous mapping, a novel concept of
t-continuous mapping is given and studied. The structure of the paper is a follows. After
the preliminary section we see some results concerning uniform continuity and t-uniform
continuity. In Section 4 we define and study a new concept, called t-continuity, closer to
continuous mappings.

1This research is supported by Generalitat Valenciana under Grant GVPRE/2008/257 and Universidad
Politénica de Valencia under Grant PAID-06-08 Primeros Proyectos de Investigación del Vicerrectorado
de Investigación de la UPV.
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2. Preliminaries

Let us recall [10] that a continuous t-norm is a binary operation ∗ : [0, 1]× [0, 1] → [0, 1]
such that ([0, 1],≤, ∗) is an ordered Abelian topological monoid with unit 1.

From now on, by ∗ we will denote a continuous t-norm. The t-norm minimum will be
denoted by ∧, the usual product by ·, and the Lukasievicz t-norm (a∗b = max{a+b−1, 0})
by L. These 3 t-norms are the most commonly used in fuzzy logic and they satisfy
a ∧ b ≥ a · b ≥ L(a, b).

Definition 1. ([2]). A fuzzy metric space is an ordered triple (X,M, ∗) such that X
is a (nonempty) set, ∗ is a continuous t-norm and M is a fuzzy set on X × X×]0,+∞[
satisfying the following conditions, for all x, y, z ∈ X, s, t > 0 :

(GV1) M(x, y, t) > 0;
(GV2) M(x, y, t) = 1 if and only if x = y;
(GV3) M(x, y, t) = M(y, x, t);
(GV4) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);
(GV5) M(x, y, ) :]0,+∞[→]0, 1] is continuous.

If (X,M, ∗) is a fuzzy metric space, we will say that (M, ∗) is a fuzzy metric on X. We
also say that (X,M) is a fuzzy metric space or M is a fuzzy metric on X if confusion is
not possible. Notice that condition (GV4) is a fuzzy version of the triangular inequality.
The value M(x, y, t) is considered as the degree of nearness from x to y with respect to t
and from axiom (GV2) we can relate the values 0 and 1 of a fuzzy metric to the notions
of ∞ and 0 of a classical metric, respectively.

The following is a well-known result.

Lemma 2. M(x, y, ·) is non decreasing for all x, y ∈ X.

George and Veeramani proved in [2] that every fuzzy metric M on X generates a
topology τM on X which has as a base the family of open sets of the form {BM (x, ε, t) :
x ∈ X, 0 < ε < 1, t > 0}, where BM(x, ε, t) = {y ∈ X : M(x, y, t) > 1− ε} for all x ∈ X,
ε ∈]0, 1[ and t > 0.

Let (X, d) be a metric space and let Md be the function on X ×X×]0,+∞[ defined by

Md(x, y, t) =
t

t+ d(x, y)

Then (X,Md, ·) is a fuzzy metric space [2] and Md is called the standard fuzzy metric
induced by d. The topology deduced from Md coincides with the topology deduced from
d.

Definition 3. A fuzzy metric M on X is said to be stationary, [8], if M does not depend
on t, i.e. if for each x, y ∈ X, the function Mx,y(t) = M(x, y, t) is constant. In this case
we write M(x, y) instead of M(x, y, t) and BM (x, ε) instead of BM (x, ε, t). Also we will
denote B instead of BM , if no confusion arises.

Proposition 4 ([2]). A sequence (xn) in X converges to x if and only if lim
n
M(xn, x, t) =

1, for all t > 0.

Definition 5 ([4]). A sequence (xn)n∈N in a fuzzy metric space (X,M) is said to be
Cauchy if for each ε ∈]0, 1[ and each t > 0 there is n0 ∈ N such that M(xn, xm, t) > 1− ε
for all n,m ≥ n0. X is called complete if every Cauchy sequence in X is convergent with
respect to τM . In such a case M is called complete.
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Obviously, convergent sequences are Cauchy.

Definition 6. A fuzzy metric space (X,M, ∗) is said to be compact if the topological
space (X, τM ) is compact.

Definition 7 ([5]). A fuzzy metric M is said to be principal if for every t > 0 the family
{B(x, r, t) : r ∈ (0, 1)} is a local base at x, for all x ∈ X.

In the following, R, R+ and N will denote the sets of real numbers, positive real numbers
and positive integer numbers, respectively.

3. Uniform continuity

In [6] it was proved that if (X,M, ∗) is a fuzzy metric space, then {Un : n ∈ N} is a base

for a uniformity UM compatible with τM , where Un = {(x, y) : M(x, y,
1

n
> 1−

1

n
} for all

n ∈ N. Hence if (X,M, ∗) is a fuzzy metric space, then the topological space, (X, τM ) is
metrizable (see [6], Theorem 1). This uniformity UM is called deduced from M .

Let (X,M) and (Y,N) be two fuzzy metric spaces. In [3] is given the following definition.

Definition 8. A mapping from X to Y is said to be uniformly continuous if for each
ε ∈]0, 1[ and each t > 0, there exist r ∈]0, 1[ and s > 0 such that N(f(x), f(y), t) > 1 − ε
whenever M(x, y, s) > 1− r.

It is easy to verify that this definition is equivalent to consider f : (X,UM ) → (Y,UN )
as uniform continuous with respect to the uniformities UM and UN deduced from M and
N respectively, and then it is continuous from (X, τM ) to (Y, τN ).

Similarly to the classical metric case, if f : (X,M) → (Y,N) is uniformly continuous
and {xn} is a Cauchy sequence in X then {f(xn)} is a Cauchy sequence in Y .

Definition 9. We say that a real valued function f on the fuzzy metric space (X,M, ∗)
is R-uniformly continuous provided that for each ε > 0 there exist r ∈]0, 1[ and s > 0 such
that |f(x)− f(y)| < ε whenever M(x, y, s) > 1− r.

Definition 10. A fuzzy metric (M, ∗) on a setX is called equinormal if for each pair of dis-
joint nonempty closed subsets A and B of (X, τM ) there is s > 0 such that sup{M(a, b, s) :
a ∈ A, b ∈ B} < 1

Definition 11. We say that a fuzzy metric (M, ∗) on a set X has the Lebesgue property
if for each open cover G of (X, τM ) there exist r ∈]0, 1[ and s > 0 such that {BM (x, r, s) :
x ∈ X} refines G.

In [9] fuzzy metric spaces for which real valued continuous functions are uniformly
continuous, was characterized as follows.

Theorem 12. For a fuzzy metric space (X,M, ∗) the following are equivalent.

(1) For each fuzzy metric space (Y,N, ⋆) any continuous mapping from (X, τM ) to
(Y, τN ) is uniformly continuous as a mapping from (X,M, ∗) to (Y,N, ⋆).

(2) Every real valued continuous function on (X, τM ) is R-uniformly continuous on
(X,M, ∗).

(3) Every real valued continuous function on (X, τM ) is uniformly continuous on (X,UM ).
(4) (M, ∗) is an equinormal fuzzy metric on X.
(5) UM is an equinormal uniformity on X.
(6) The uniformity UM has the Lebesgue property.
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(7) The fuzzy metric (M, ∗) has the Lebesgue property.

In order to state new versions of the classical Banach Contraction Principle for fuzzy
metric spaces, in [11] the authors gave a concept of t-uniformly continuous function, closer
to a concept of contractive mapping, as follows.

Definition 13. Let (X,M) be a fuzzy metric space. The mapping f : X → X is called
contractive is there exists k ∈]0, 1[ such that

1

M(f(x), f(y), t)
− 1 ≤ k(

1

M(x, y, t)
− 1)

for each x, y ∈ X and t > 0.

Definition 14. A mapping f from a fuzzy metric space (X,M) to a fuzzy metric space
(Y,N) is called t-uniformly continuous if for each ε ∈]0, 1[ and each t > 0, there exists
r ∈]0, 1[ such that N(f(x), f(y), t) > 1− ε whenever M(x, y, t) > 1− r.

Fuzzy contractive mappings are uniformly continuous and obviously t-uniformly con-
tinuous mappings are uniformly continuous.

It was proved in [3] that every continuous mapping form a compact fuzzy metric space to
a fuzzy metric space is uniformly continuous. This result was improved in [10] as follows.

Proposition 15. Every continuous mapping from a compact fuzzy metric space (X,M, ∗)
to a fuzzy metric space (Y,N, ∗) is t-uniformly continuous.

In [10] Example 1 an example of a uniformly continuous mapping which is not t-
uniformly continuous was given. On the other hand it is easy to verify that a mapping
f : X → X is contractive for a metric d on X if and only if it is fuzzy contractive for the
standard fuzzy metric Md on X, and so by the above proposition there are t-uniformly
continuous mappings which are not fuzzy contractive.

In [10] those fuzzy metric spaces for which real-valued continuous functions are t-
uniformly continuous where characterized as follows.

Definition 16. A fuzzy metric (M, ∗) on a set X is called t-equinormal if for each pair of
disjoin nonempty closed subsets A and B of (X, τd) and each t > 0, sup{M(a, b, t) : a ∈
A, b ∈ B} < 1.

Theorem 17. For a fuzzy metric space (X,M, ∗) the following are equivalent.

(1) For each fuzzy metric space (Y,N, ⋆) any continuous mapping from (X, τM ) to
(Y, τN ) is t-uniformly continuous as a mapping form (X,M, ∗) to (Y,N, ⋆).

(2) Any real-valued continuous function on (X, τM ) is t-uniformly continuous from
(X,M, ∗) to the Euclidean fuzzy metric space (R,M|·|, ·).

(3) The fuzzy metric (M, ∗) is t-equinormal.

It was also proved the next proposition.

Proposition 18. Let (X,M, ∗) be a fuzzy metric space for which every real-valued contin-
uous function is uniformly continuous from (X,M, ∗) to the Euclidean fuzzy metric space
(R,M|·|, ·). Then there is a fuzzy metric (N, ⋆) on X compatible with τM for which every
real-valued continuous function on (X, τM ) is t-uniformly continuous from (X,N, ⋆) to the
Euclidean fuzzy metric space.

As in the classical case the next theorem is satisfied.
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Theorem 19. Let (X,M, ∗) and (Y,N, ⋆) be two fuzzy metric spaces, D a dense subspace
of X and f : D → Y a uniformly continuous mapping. Suppose Y complete. Then, it
exists a unique mapping g : X → Y uniformly continuous that extends f . Further, if f is
t-uniformly continuous, then g is t-uniformly continuous.

Proof. If g exists obviously g is unique since X and Y are Hausdorff. The construction of
g is straightforward. Since each point x ∈ X must be limit of a sequence {xn} in D, then
g(x) must be the limit of {f(xn)} and it is unique. We see that g is well defined.

Let x be a point of X. Choose a sequence {xn} in X converging to x. Then {f(xn)}
is a Cauchy sequence in Y , since f is uniformly continuous and {xn} is a Cauchy se-
quence. Now, since Y is complete then {f(xn)} converges to a point in Y , say g(x),
which is unique since Y is Hausdorff. We will see that g(x) does not depend on the
choosing of the sequence {xn}. Indeed, if {zn} is a sequence in X that converges to x
then the sequence x1, z1, x2, z2, . . . , xn, zn, . . . is a sequence in X that converges to x and so
f(x1), f(z1), . . . , f(xn), f(zn), . . . is a sequence that converges in Y , and obviously {f(xn)}
and {f(zn)} have the same limit in Y .

The mapping g so defined, extends f . Indeed, if x is an element of D we can consider the
sequence x, x, . . . , x, . . . convergent to x, and g(x) is the limit of f(x), f(x), . . . , f(x), . . . ,
i.e. g(x) = f(x).

We proof that g is uniformly continuous.
Let ε ∈]0, 1[, t > 0. There exist ρ ∈]0, 1[ and s > 0 such that for x, y ∈ D if M(x, y, s) >

1− ρ then N(f(x), f(y), t) > 1− ε since f is uniformly continuous on D.
Choose δ ∈]0, 1[ such that (1− δ)⋆ (1− δ) > 1− ρ. For x, y ∈ X with M(x, y, s) > 1− δ

we consider the sequences {xn} and {yn} in D converging to x and y, respectively. Then,
it exists p ∈ N such that M(xn, yn, s) ≥ M(x, y, s) ∗ (1 − δ) for each n ≥ p, since M is
continuous [14] on X×X×R+. Therefore M(xn, yn, s) ≥ (1− δ)⋆ (1− δ) > 1− ρ for each
n ≥ p.

By the uniform continuity of f on D we have N(f(xn), f(yn), t) > 1 − ε, and since
N is continuous, in the limit it is satisfied N(g(x), g(y), t) ≥ 1 − ε and so g is uniformly
continuous on X.

In a similar way it is proved that g is t-uniformly continuous whenever f is t-uniformly
continuous. �

4. On continuity

The definition of continuity of a mapping f from a fuzzy metric space (X,M) to a fuzzy
metric space (Y,N) can be given using four parameters as follows.
f is continuous at x0 ∈ X if given ε ∈]0, 1[ and t > 0 there exist δ ∈]0, 1[ and s > 0

such that M(x0, x, s) > 1− δ implies N(f(x0, f(x), t) > 1− ε.
Obviously the condition of continuity of a mapping f between stationary fuzzy metric

spaces only needs two parameters. Then, thinking in stationary fuzzy metric spaces and
according to the concept of t-uniformly continuous function we give the next definition,
by mean of three parameters.

Definition 20. We will say that a mapping f from the fuzzy metric space (X,M) to a
fuzzy metric space (Y,N) is t-continuous at x0 ∈ X if given ε ∈]0, 1[ and t > 0 there exists
δ ∈]0, 1[ such that M(x0, x, t) > 1− δ implies N(f(x0), f(x), t) > 1− ε.

We will say that f is t-continuous on X if it is t-continuous at each point of X.
If M is a stationary fuzzy metric then each continuous mapping is t-continuous.
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Obviously if f is t-continuous at x0 then f is continuous at x0. The converse is false as
shows the next example.

Example 21. Let {xn} be a strictly increasing sequence converging to 1 in the usual
topology of R. Let X = {xn}

⋃
{1}. For each x, y ∈ X and t > 0 define the function f on

X2 × R+ by

M(x, y, t) =





1 x = y
txy x 6= y, t < 1
xy x 6= y, t ≥ 1

It is easy to verify that (M, ·) is a fuzzy metric on X.

For each x ∈ X we have B(x,
1

2
,
1

2
) = {x} and then τM is the discrete topology on X.

Consider the mapping f : (X,M)→ (X,M) given by

f(x) =





1

2
x 6= 1

1 x = 1

Obviously f is continuous on X. We see that f is not t-continuous at x0 = 1. Indeed,
let t = 1 and ε = 0.1. For each δ > 0 we can find sm ∈ X such that 1− δ < xm < 1 and

then M(1, xm, 1) = xm > 1−δ. Since f(xm) = 0.5 then M(f(1), f(xm), 1) = M(1,
1

2
, 1) =

0.5 ≯ 1− 0.1 and therefore f is not t-continuous at x0 = 1.

It is obvious that each t-uniformly continuous mapping is t-continuous. The converse is
false. We will see in the next example a t-continuous mapping (and uniformly continuous)
which is not t-uniformly continuous.

Example 22. Let X = {1, 2, 3, · · · }. Consider on X the fuzzy metric M , for the usual
product, given by

M(m,n, t) =





min {m,n}

max {m,n}
· t m 6= n, t < 1

min {m,n}

max {m,n}
elsewhere

For each n ∈ X we have B(n,
1

2
,
1

2
) = {n} and then τM is the discrete topology on X.

Every function f : X −→ R is uniformly continuous for any fuzzy metric on R. Indeed,
let t > 0 and ε ∈]0, 1[. Consider s = δ = 0.5, then M(n,m, s) > 1− δ if and only if n = m,
and so if M(n,m, s) > 1− δ then N(f(n), f(m), t) = 1(> 1− ǫ), where N is a fuzzy metric
on R.

Now, every function f : X −→ R is t-continuous for any fuzzy metric N on R. Indeed,
let t > 0, ǫ ∈ (0, 1) and let n ∈ X. Consider 0 < δ < 1− n

n+1 , then M(n,m, t) > 1− δ >
1− (1− n

n+1) = n
n+1 if and only if n = m and, in consequence, if M(n,m, t) > 1− δ, then

N(f(n), f(m), t) = 1(> 1− ǫ) and so f is t-continuous at n.
Now, consider the mapping f : X −→ R defined by

f(x) =

{
1 if x is odd

0 if x is even

Consider the fuzzy metric M on X and the standard fuzzy metric M|·| on R. We will see
that f is not t-uniformly continuous for these fuzzy metrics.
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Let t = 1 and ε = 0.5. For every δ ∈]0, 1[ there exist n ∈ X such that
n

n+ 1
> 1 − δ

and so M(n, n+ 1, t) =
n

n+ 1
> 1− δ. Therefore M|·|(f(n), f(n+ 1), t) =

1

1 + 1
=

1

2
and

so f is not t-uniformly continuous.

The next example shows a larger class than stationary fuzzy metrics in which continuous
functions are t-continuous.

Proposition 23. Let f be a mapping from the fuzzy metric space (X,M) to the fuzzy
metric space (Y,N), continuous at x0. If M is principal then f is t-continuous at x0.

If (X, d) is a metric space then the standard fuzzy metric Md is principal [5] then we
have the next corollary.

Corollary 24. A mapping f from the fuzzy metric space (X,Md) to a fuzzy metric space
(Y,N) is continuous at x0 if and only if f is t-continuous at x0.
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Abstract

We introduce a new approach that deals, jointly and in a unified manner, with
the topics of the (continuous) numerical representability of total preorders,
semiorders and interval orders. This setting is based on the consideration of
increasing scales and the systematic use of a particular kind of codomain based
on a subset of the real plane. The key fact is that this canonical codomain
has a theoretical structure of a completely distributive lattice that allows us
to use a single function (taking values in that codomain) in order to represent
the three kinds of binary relations.

1. Introduction

The present paper can be considered as a natural continuation of the analysis, initiated
in [5, 2, 6, 3] about the possibility of finding representations of several kinds of binary
relations, and in particular of interval orders, using only a single map that takes values
on a set (different, if necessary, from the real line R).

The techniques used here are essentially the same as those used in [3], where we were
able to provide a unified treatment in the case of total preorders and interval orders. The
key idea in [3] was to observe that when representing total preorders and interval orders
through a single map, despite of being different the two typical codomains (namely, the real
line for the case of total preorders, and a particular subset of the real plane for the case of
interval orders) shared the same lattice theoretical structure. Indeed both codomains were
a particular type of completely distributive lattices. After noticing it, it was quite natural
to try to use the techniques of scales coming from [8] in order to provide the desired
uniform treatment. However, in [3] the possibility of extending that kind of results to
capture also the representability of semiorders (in some manner that should be equivalent
to the classical representability of semiorders in the sense of Scott and Suppes [11] through
a real valued map and a nonnegative threshold) was left as an open problem.

1The author acknowledges financial support from the Ministry of Education and Science of Spain and
FEDER under grant MTM2006-14925-C02-02 and from the UPV-EHU under grant GIU07/27.

2The author acknowledges financial support from the Ministry of Education and Science of Spain and
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The main originality in the present paper is that we can actually also deal with the
representation of typical (or intransitive) semiorders. The concept of a semiorder was
introduced in [10] to deal with inaccuracies in measurements where a nonnegative thresh-
old of discrimination is involved. The original idea was that of presenting a mathematical
model of preferences enable to capture situations of “intransitive indifference with a thresh-
old of discrimination”. Semiorders are an intermediate type of binary relations that lie
between total preorders and interval orders, in the sense that semiorders are a particular
case of interval orders, whereas total preorders are precisely the transitive semiorders.

The structure of the paper goes as follows: In section 2 we include the necessary prelim-
inaries to deal with total preorders, semiorders and interval orders along the manuscript.
We also present the canonical interval order and typical semiorder. Both of them have the
algebraical structure of completely distributive lattice that will play a crucial role in the
rest of the paper. Section 3 consists of previous results on completely distributive lattices
that are needed in the subsequent sections to benefit from the algebraical properties of the
canonical lattices introduced in section 2. The proof of all the results can be found in [3].
Finally, Section 4 deals with the continuous representability of total preorders, semiorders
and interval orders through scales.

2. Total preorders, semiorders and interval orders

In what follows X denotes a nonempty set, and R a binary relation on X. The asym-
metric part P of R is defined for each x, y ∈ X as xPy if and only if xRy and ¬(yRx.

Definition 1. Let R a binary relation on X and x, y, z, t ∈ X. R is said to be:

(i) An interval order if it is reflexive and whenever xPy and zPt either xPt or zPy.
Notice that R is, in particular, complete.

(ii) A semiorder if it is an interval order and whenever xPy and yPz either xPt or tPz.
(iii) A preorder if it is reflexive and transitive. If in addition it is complete, R is said to

be a total preorder.

Clearly enough we have the following relation between the three notions:

total preorder =⇒ semiorder =⇒ interval order.

Concerning the first implication, it is well-known that a semiorder is a total preorder if
and only if it is transitive. In this sense a semiorder is said to be typical if P is not a total
preorder, i.e. if it is not transitive. However the converse of the implications above are
not necessarily true as the following examples show.

Examples 2. (1) (Canonical interval order) Let R = R∪{−∞,+∞} denote the extended

real line and Y = {(a1, a2) ∈ R2
: a1 ≤ a2}. Endow Y with the relation Ri.o. given by

(a1, a2)Ri.o.(b1, b2) ⇐⇒ a1 ≤ b2 (a1, a2), (b1, b2) ∈ Y.

The corresponding asymmetric part Pi.o. of Ri.o. is given by

(a1, a2)Pi.o.(b1, b2) ⇐⇒ a2 < b1 (a1, a2), (b1, b2) ∈ Y.
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It is easy to check that Ri.o is an interval-order which fails to be a semiorder.

(2) (Canonical typical semiorder) Endow R with the binary relation Rs.o. given by

aRs.o.b ⇐⇒ a ≤ b+ 1 a, b ∈ R.3

The corresponding assymetric part Ps.o. of Rs.o. is given by

aPs.o.b ⇐⇒ a < b− 1 a, b ∈ R.4

It is easy to check that Rs.o. is a typical (non transitive) semiorder.

Remarks 3. (1) Note that the restriction of the interval order Ri.o. on Y to the diagonal
∆ = {a ∈ Y : a1 = a2} becomes a total preorder on ∆. Clearly enough, the pair
(∆,Ri.o.|∆) is isomorphic to (R,≤).

(2) Analogously, the restriction of Ri.o. to ∆1 = {a ∈ Y : a2 = a1 + 1} becomes a typical
semiorder and the pair (∆1,Ri.o.|∆1

) is trivially isomorphic to (R,Rs.o.).

These examples are in the very origin of the notions of interval order and semiorder:
When a set of closed intervals of the reals is partially ordered by decreeing that A < B
when A lies strictly to the left of B, the resulting structure is an interval order (the name
of interval order comes precisely from this example). Semiorders may be viewed as interval
orders that arise from closed intervals having a fixed length. Finally, when the fixed length
is equal to 0 the semiorder becomes a total preorder.

2.1. Representability of total preorders, semiorders and interval orders.

Definition 4. (1) A total preorder R on (X, τ) is said to be (continuously) representable
if there exists a (continuous) u : (X, τ)→ (R, τu) (also called “utility function”) such that

xRy ⇐⇒ u(x) ≤ u(y) (x, y ∈ X).

(2) A semiorder R on (X, τ) is said to be (continuously) representable in the sense of Scott
and Suppes (see [11]) if there exist a (continuous) u : (X, τ) → (R, τu) and a nonnegative
constant or “discrimination threshold” K ≥ 0 such that

xRy ⇐⇒ u(x) ≤ u(y) +K (x, y ∈ X).

We shall say that R (continuously) representable in R if there exist a (continuous) u :
(X, τ)→ (R, τu) and a discrimination threshold K ≥ 0 such that

xRy ⇐⇒ u(x) ≤ u(y) +K (x, y ∈ X).

3Here we understand +∞ + 1 = +∞ = +∞− 1, i.e. Rs.o. could be equivalently defined as
aRs.o.b ⇐⇒ a = −∞ or (a, b ∈ R and a ≤ b + 1) or b = +∞ a, b ∈ R.

4Equivalently,
aPs.o.b ⇐⇒ (a = −∞ and b ∈ R) or (a, b ∈ R and a < b − 1) or (a ∈ R and b = +∞) a, b ∈ R.
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(3) An interval order R on X is said to be (continuously) representable if there exists a
pair of (continuous) u, v : (X, τ)→ (R, τu) such that

xRy ⇐⇒ u(x) ≤ v(y) (x, y ∈ X).

The following result constitutes a first step towards the unified continuous representabil-
ity of total preorders, semiorders and interval orders:

Proposition 5. Let (X, τ) a topological space. Then

(1) A total preorder R on (X, τ) is continuously representable if there exists a continuous
f : (X,R, τ)→ (R,≤, τu) such that xRy ⇐⇒ f(x) ≤ f(y) (x, y ∈ X).

(2) A semiorder R on (X, τ) is continuously representable in R if there exists a continuous
f : (X,R, τ)→ (R,Rs.o., τu) such that xRy ⇐⇒ f(x)Rs.o.f(y) (x, y ∈ X).

(3) An interval order R on (X, τ) is continuously representable if there exists a continuous
f : (X,R, τ)→ (Y,Ri.o., τu) such that xRy ⇐⇒ f(x)Ri.o.f(y) (x, y ∈ X).

The analogy comes from the fact that both R, and Y are completely distributive lattices.
Even more, they are ◭-separable in the sense of Definition 9 below. In the case of R this
is nothing but the separability in the usual sense. We’ll see what it means in the second
case in Example 10 (2).

Remarks 6. There are still another two interesting things to be commented here in con-
nection with Remarks 3.

(1) It is easy to check that an interval order R is a (continuously) representable total
preorder if and only if it is (continuously) representable as an interval order through a
map that takes values inside ∆ (see [3, Remark 1, Proposition 3] for details).

(2) Analogously, in the case of semiorders we can prove that an interval order R is a
semiorder (continuously) representable in R if and only if it is (continuously) representable
as an interval order through a map that takes values inside ∆1.

In view of the previous comments we have now another unified look at the (continuous)
representability of all these kinds of ordered structures. In this case we have that the
(continuous) representability of semiorders in R and of total preorders can be interpreted
as a particular case of the (continuous) representability when considered as interval orders.

3. Some known results on completely distributive lattices

In what follows L always denotes a complete lattice. The top and bottom elements are
denoted by ⊤ =

∧
∅ and ⊥ =

∨
∅, respectively. Our main reference for general concepts

regarding lattices and complete distributivity is [7].
Given a lattice L and a, b ∈ L, we write

a ◭ b ⇐⇒ for each A ⊆ L with
∧
A ≤ a, there is c ∈ A with c ≤ b.

This relation (or its dual version) has several names in the literature: well-above relation,
long-way-above relation or simply Raney relation.

For each a ∈ L we write

U≤(a) = {b ∈ L : a ≤ b}, U<(a) = {b ∈ L : a < b}, U◭(a) = {b ∈ L : a ◭ b},
L≤(a) = {b ∈ L : b ≤ a}, L<(a) = {b ∈ L : b < a}, L◭(a) = {b ∈ L : b ◭ a},
etc.

It is well-known that a lattice L is completely distributive if and only if

a =
∧
U◭(a) =

∧
{b ∈ L : a ◭ b} for each a ∈ L.
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Examples 7. (1) Let (L,≤) be a complete chain (a totally ordered set). An element
a ∈ L is said to be isolated from above if a <

∧
U<(a). We now have for each a, b ∈ L:

a ◭ b ⇐⇒ a < b or a = b is isolated from above.

It follows that U◭(a) = U≤(a) if a is isolated from above and U◭(a) = U<(a) otherwise. We
conclude the well-known fact that any chain is completely distributive. In the particular
case L = R, one just has a ◭ b ⇐⇒ a < b for each a, b ∈ R. Hence for each a ∈ R

U◭(a) = U<(a) = (a,+∞] and L◭(a) = L<(a) = [∞, a).

(2) Let (L,≤L) be a completely distributive lattice and

L = {a ≡ (a1, a2) ∈ L
2 : a1 ≤L a2}

endowed with the componentwise order given by

a ≤L b ⇐⇒ a1 ≤L b1 and a2 ≤L b2 a ≡ (a1, a2), b ≡ (b1, b2) ∈ L.

In this case ⊥L = (⊥L,⊥L) and ⊤L = (⊤L,⊤L). Given a, b ∈ L, we have

a ◭L b ⇐⇒
(
a1 ◭L b1 and b2 = ⊤L

)
or a2 ◭L b1.

Consequently, for each a ∈ L we have

U◭L
(a) =

(
U◭L

(a1)× {⊤L}
)
∪
(
(U◭L

(a2)× L) ∩ L
)

and so
∧
U◭L

(a) =
∧(
U◭L

(a1)×{⊤L}
)
∧
∧(

(U◭L
(a2)×L)∩L

)
= (a1,⊤L)∧ (a2, a2) = a

for each a ∈ L. We conclude that (L,≤L) is a completely distributive lattice. In the
particular case L = R, we have L = Y and one just has for a, b ∈ Y:

a ◭Y b ⇐⇒
(
a1 < b1 and b2 = +∞

)
or a2 < b1.

Hence U◭Y
(a) =

(
(a1,+∞]× {+∞}

)
∪
(
(a2,+∞]× R) ∩ Y

)
and

L◭Y
(a) =

{
(R× [−∞, a1)) ∩ Y, if b2 < +∞

([−∞, a1)×R) ∩ Y, if b2 = +∞

Definition 8. A subset D ⊆ L is called meet-dense if each element a ∈ L there exists
some Da ⊆ D such that a =

∧
Da.

Definition 9. A completely distributive lattice is said to be ◭-separable if it has a count-
able meet-dense subset.

Examples 10. (1) R is ◭-separable with D = Q.

(2) Y = {a ∈ R
2

: a1 ≤ a2} endowed with the componentwise order is ◭-separable with
(see Figure 3(1)).

D = D1 ∪D2 =
(
{a ∈ Y : a1 = a2 ∈ Q}

)
∪
(
{a ∈ Y : a1 ∈ Q and a2 = +∞}

)
.
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Indeed, for each a ∈ Y we have a =
∧
Da where (see Figure 3(2))

Da = {b ∈ Y : b1 = b2 ∈ Q ∩ (a2,+∞)} ∪ {b ∈ Y : b1 ∈ Q ∩ (a1,+∞) and b2 = +∞}.

3.1. Generating lattice-valued functions by scales. Our standing assumption on L
is – as has already been mentioned – the complete distributivity. For X a set, a map f
from X into L and a ∈ L, we standardly write:

[f ≤ a] = {x ∈ X : f(x) ≤ a} and [f ◭ a] = {x ∈ X : f(x) ◭ a}.

We recall here in the context of lattice-valued functions what is known about generating
real-valued functions by monotone families of subsets (Stone-Urysohn’s procedure).

Definition 11. Let X be a set, L be a completely distributive lattice, D ⊆ L meet-dense
and F = {Fd ⊆ X : d ∈ D}. F is said to be a ◭-scale if F is ◭-increasing, i.e.

Fd1 ⊆ Fd2 whenever d1 ◭ d2.

We can prove now the following key result:

Proposition 12. Let X be a set and L be a completely distributive lattice. For a meet-
dense D ⊆ L and a family F = {Fd ⊆ X : d ∈ D}. Then the following are equivalent:

(1) F is a ◭-scale.
(2) There exists a function f : X → L such that for every d ∈ D:

[f ◭ d] ⊆ Fd ⊆ [f ≤ d].

Remarks 13. (1) Given a ◭-scale F , the function f : X → L defined by f(x) =
∧
{d ∈ D :

x ∈ Fd} is said to be generated by F .

(2) Given an f : X → L, both {[f ◭ d] : d ∈ D} and {[f ≤ d] : d ∈ D} are ◭-scales
that generate the function f . We mainly use the first one, {[f ◭ d] : d ∈ D}, but it is
important to note here that this is not the only possible choice.

(3) Proposition 12 means that ◭-scales on X and L-valued functions on X are equivalent
notions; given a ◭-scale F we have the function f : X → L generated by F and given a
function f : X → L we have the ◭-scale {[f ◭ d] : d ∈ D}.

(4) If L is ◭-separable then we can choose D to be separable and so we conclude that we
can identify L-valued functions on X with countable ◭-scales on X.

3.2. Lattice-valued semicontinuous functions. Any poset (L,≤) carries three well-
known topologies:

– the upper topology ν(L) having
{
L \ L≤(a) : a ∈ L

}
as a subbase.

– the lower topology ω(L) having
{
L \ U≤(a) : a ∈ L

}
as a subbase.

– the interval topology ν(L) ∨ ω(L).

It is easy to check the following result:
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Proposition 14. Let L be a ◭-separable completely distributive lattice and D ⊆ L a
meet-dense subset. Then:

(1)
{
L \ L≤(d) : d ∈ D

}
is a subbase of ν(L).

(2)
{
L◭(d) : d ∈ D

}
is a subbase of ω(L).

Once again, we are particularly interested in the following:

Examples 15. (1) In the case of the extended real line R with D = Q the previous
proposition just says that

{
(q,+∞] : q ∈ Q

}
(resp.

{
[−∞, q) : q ∈ Q

}
) is a subbase of the

upper (resp. lower) topology. In fact, in this particular case, both families are not only
subbases but also bases. It is important to emphasize here that this is not true in general,
as shown by the following example.

(2) Let Y and D be as in Example 10 (2). By Proposition 14 (1) we have the following
subbase of the upper topology ν(Y) on Y:

{
(Y \ L≤((q, q)) : q ∈ Q

}
∪
{
(Y \ L≤((q,+∞)) : q ∈ Q

}
.

Similarly, by Proposition 14 (2) we have the following subbase of the lower topology ω(Y)
on Y: {

L◭(q, q) : q ∈ Q
}
∪
{
L◭(q, 1) : q ∈ Q

}
.

Definition 16. Given a topological space (X, τ) and f : X → L we say that:

(1) f is lower semicontinuous iff it is continuous with respect to the upper topology ν(L);
(2) f is upper semicontinuous iff it is continuous with respect to the lower topology ω(L);
(3) f is continuous iff it is continuous with respect to the interval topology.

We have now the following immediate corollary of Proposition 14.

Corollary 17. Let L be a ◭-separable completely distributive lattice and D ⊆ L a meet-
dense subset. Given a topological space (X, τ) and f : X → L we say that:

(1) f is lower semicontinuous iff [f ≤ d] is closed for all d ∈ D;
(2) f is upper semicontinuous iff [f ◭ d] is open for all d ∈ D.
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After the equivalence stated in Proposition 12 between ◭-scales on X and L-valued
functions on X it is natural to ask wether given an L-valued function f : X → L generated
by a ◭-scale {Fd ⊆ X : d ∈ D} it is possible to characterize the (semi)continuity of f in
terms of the elements of the ◭-scale.

In this sense, we have now the following result. It is essentially proved in [8].

Theorem 18. For X a topological space, D a meet-dense subset of L, and f : X → L
being generated by the ◭-scale {Fd ⊆ X : d ∈ D}, the following hold:

(1) f is lower semicontinuous iff Fd1 ⊆ Fd2 whenever d1 ◭ d2;
(2) f is upper semicontinuous iff Fd1 ⊂ IntFd2 whenever d1 ◭ d2;
(3) f is continuous iff Fd1 ⊂ IntFd2 whenever d1 ◭ d2.

4. Continuous representation of interval orders, semiorders and total

preorders by means of scales

Finally, we can use the results in previous sections in order to deal with the (continuous)
representability of all these kinds of binary relations by means of countable increasing
scales.

For the sake of completeness, we shall also include here the statements in the case of
total preorders and interval orders, whose proofs can be found in [3].

Let us start by particularizing the results in the previous section to simplest situation:
the case of the extended real line. This will serve us to obtain the characterizations of
(continuous) representability of both total preorders and semiorders.

Definition 19. Let X be a set. We say that a family F = {Fq ⊆ X}q∈Q is a scale if it is
a ◭-scale in the sense of Definition 11, i.e. if F is <-increasing, i.e.

Fq1 ⊆ Fq2 whenever q1 < q2.

The function f : X → R defined by

f(x) =
∧
{q ∈ Q x ∈ Fq}

is said to be generated by the scale F .

4.1. Total preorders. We start with the following theorem in the case of total preorders

Theorem 20 ([3], see also . . . ). Let (X, τ) be a topological space and R an total preorder
on X. Then the following are equivalent:

(1) R is continuously representable;
(2) There exists a scale {Fq}q∈Q satisfying for each x, y ∈ X

(a) xPy ⇐⇒ ∃q1 < q2 ∈ Q such that x ∈ Fq1 and y /∈ Fq2 . (representability)

(b) Fq1 ⊆ IntFq2 whenever q1 < q2 ∈ Q. (continuity)

4.2. Typical semiorders. Since the representability of semiorders is the main originality
of the present paper comparing with [3], we shall include here a more detailed analysis of
the whole situation in this particular case. Note that the corresponding results could be
also stated in the case of total preorders and interval orders.

Theorem 21. Let R an typical semiorder on X. Then the following are equivalent:

(1) R is representable in R;
(2) There exists a scale {Fq}q∈Q satisfying for each x, y ∈ X

(a) xPy ⇐⇒ ∃q ∈ Q such that x ∈ Fq and y /∈ Fq+1. (representability)
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Proof. (1) =⇒ (2): Let f : (X,R) → (R,Rs.o.) be such that xRy ⇐⇒ f(x)Rs.o.f(y) for
each x, y ∈ X. It follows from Remarks 13 (2) that {Fq = [f < q]}q∈Q is a scale.

Given x, y ∈ X we have

xPy ⇐⇒ f(x)Ps.o.f(y)
⇐⇒ f(x) < f(y)− 1
⇐⇒ there exists q ∈ Q with f(x) < q and q + 1 ≤ f(y)
⇐⇒ there exists q ∈ Q with x ∈ Fq and y /∈ Fq+1.

(2) =⇒ (1): Let {Fq}q∈Q be a scale satisfying condition (a). Let f : X → R be the
function generated by the scale, that is, f(x) =

∧
{q ∈ Q : x ∈ Fq} for each x ∈ X.

Let x, y ∈ X. If xPy, then there exists q ∈ Q such that x ∈ Fq and y /∈ Fq+1, then
f(x) ≤ q and y /∈ Fq′ for all q′ ≤ q + 1. Hence f(x) ≤ q < q + 1 ≤ f(y). We conclude
that f(x)Ps.o.f(y). Conversely, if f(x)Ps.o.f(y), one can always find an r ∈ R such that
f(x) < r and r + 1 ≤ f(y). Consequently there exists q ∈ Q such that q < r and x ∈ Fq

and y /∈ Fq+1 �

Following Definition 4 (2), we say that a typical semiorder R on X is lower (resp.
upper) R semicontinuously representable in R if it is representable through an lower (resp.
upper) semicontinuous function u : (X, τ) → (R, τu). Note that in this case the notion of
lower (upper) semicontinuity is the usual notion in the case of real-valued functions.

Theorem 22. Let (X, τ) be a topological space and R a typical semiorder on X. Then
the following are equivalent:

(1) R is lower semicontinuously representable in R;
(2) There exists a scale {Fq}q∈Q satisfying for each x, y ∈ X

(a) xPy ⇐⇒ ∃q ∈ Q such that x ∈ Fq and y /∈ Fq+1. (representability)

(b1) Fq1 ⊆ Fq2 whenever q1 < q2 ∈ Q. (lower semicontinuity)

Proof. It follows immediately from Theorem 21 and Theorem 18 (1). �

Clearly enough we also have the dual result:

Theorem 23. Let (X, τ) be a topological space and R a typical semiorder on X. Then
the following are equivalent:

(1) R is upper semicontinuously representable in R;
(2) There exists a scale {Fq}q∈Q satisfying for each x, y ∈ X

(a) xPy ⇐⇒ ∃q ∈ Q such that x ∈ Fq and y /∈ Fq+1. (representability)
(b2) Fq1 ⊆ IntFq2 whenever q1 < q2 ∈ Q. (upper semicontinuity)

Finally, combining Theorems 22 and 23 we obtain:

Theorem 24. Let (X, τ) be a topological space and R an typical semiorder on X. Then
the following are equivalent:

(1) R is continuously representable in R;
(2) There exists a scale {Fq}q∈Q satisfying for each x, y ∈ X

(a) xPy ⇐⇒ ∃q1 < q2 ∈ Q such that x ∈ Fq and y /∈ Fq+1. (representability)

(b) Fq1 ⊆ IntFq2 whenever q1 < q2 ∈ Q. (continuity)
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4.3. Interval orders. In this case we can proceed as in [3] and introduce the following
definition. (See [3] for a more exhaustive presentation of these results).

Definition 25. Let X be a set. A family F = {F(q,q)}q∈Q ∪ {F(q,1)}q∈Q of subsets of
X is said to be an i.o. scale if it is a ◭-scale in the sense of Definition 11 i.e. if F is
◭-increasing :

F(q1,q1) ⊆ F(q2,q2), F(q1,q1) ⊆ F(q2,1) and F(q1,1) ⊆ F(q2,1) whenever q1 < q2.

The function f : X → L defined by f(x) =
∧
{d ∈ D : x ∈ Fd} is said to be generated by

the i.o. scale F .

Proposition 26. Let {F(q,q)}q∈Q∪{F(q,1)}q∈Q be an i.o. scale on X. Then for each x ∈ X
we have f(x) = (u(x), v(x)) where u(x) =

∧
{q : x ∈ F(q,1)} and v(x) =

∧
{q : x ∈ F(q,q)}.

Theorem 27. Let (X, τ) be a topological space and R an interval order on X. The
following are equivalent:

(1) R is continuously representable through a pair of continuous real-valued functions u
and v with values in [0, 1], where u is a representation for the total preorder R∗∗ and
v is a representation for the total preorder R∗;

(2) There exists an i.o. scale {F(q,q)}q∈Q ∪ {F(q,1)}}q∈Q satisfying for each x, y ∈ X
(a) xPy ⇐⇒ ∃q1 < q2 ∈ Q with x ∈ F(q1,q1) and y /∈ F(q2,1). (representability)
(b) F(q,q) is R∗-decreasing and F(q,1) is R∗∗-decreasing for every q ∈ Q.

(representability for R∗ and R∗∗)
(c) F(q1,q1) ⊆ IntF(q2,q2) and F(q1,1) ⊆ IntF(q2,1) whenever q1 < q2 ∈ Q. (continuity)
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Abstract

We consider topological properties based on continuous extensions of total
preorders. First we study extension properties based on closed subsets of
topological spaces. Thus, we analyze the Yi’s extension property for which any
total preorder defined on a closed subset of a topological space, and continuous
with respect to the relative topology, admits a continuous extension to the
whole space. We show that the Yi’s extension property implies the Tietze’s
extension property, so that it is a particular case of normality. In the second
part of this paper, we study extension properties based on open subsets of
topological spaces, showing that they are related to topological properties of
extremal disconnectedness.

1. Introduction

A classical characterization of normality in topological spaces is the Tietze extension
theorem, so that in a normal topological space a continuous real valued map defined on a
closed subset has a continuous extension to the whole space.

At this stage, given a topological space (X, τ) we may observe that any continuous
real-valued map f : X → R immediately defines a continuous total preorder - on X by
declaring that x - y ⇐⇒ f(x) ≤ f(y) (x, y ∈ X).

This obvious fact suggests to analyze a generalization of the Tietze’s extension property,
studying the topological spaces (X, τ) for which any total preorder defined on a closed
subset A and continuous with respect to the relative topology on A, admits a continuous
extension to the whole set X. This is the so-called Yi’s extension property ([12, 3]).

1The author acknowledges financial support from the Ministry of Education and Science of Spain and
FEDER under grant MTM2006-14925-C02-02 and from the UPV-EHU under grant GIU07/27.

2The author acknowledges financial support from the Ministry of Education and Science of Spain and
FEDER under grant MTM2007-62499.

3The author acknowledges financial support from the Ministry of Education and Science of Spain and
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As a matter of fact Yi’s extension property implies Tietze’s extension property, but the
converse does not hold, in general. Therefore, this new extension property of topological
spaces, based on the consideration of total preorders defined on its closed subsets, is
actually a more restrictive variant of the normality property.

As far as we know, Yi’s property has not been identified yet as some of the classical
notions related to normality.

As a partial result, it can be proved that on metric topological spaces that are separably
connected it coincides with “normality plus separability”, but we do not know which is
the particular class of topological spaces where normality plus separability amounts to the
Yi’s extension property.

Another topological property related to extension of real-valued maps is the extremal
disconnectedness (see e.g [8], p. 368). A topological space (X, τ) is extremally disconnected
if and only if every bounded continuous real valued map defined on an open subset has a
continuous extension to the whole space (see e.g. [9], pp. 22-23).

As in the case of the Yi’s extension property considered above, this fact also suggests to
introduce a new topological property, studying the topological spaces (X, τ) for which any
total preorder defined on an open subset A and continuous with respect to the relative
topology on A, admits a continuous extension to the whole set X.

The structure of the paper goes as follows: After the introductory section 1 and the nec-
essary definitions and previous results (section 2), we analyze the Yi’s extension property
(section 3) and its relationship with normality. In section 4 we introduce a new extension
property based on total preorders defined on open subsets of a topological space. We an-
alyze the possible relationship between this new property and extremal disconnectedness.
To conclude, other topological properties related to the continuous extension of total pre-
orders are analyzed in the final section 5, whereas in the final section 6 some suggestions
for further research are outlined.

2. Preliminaries

Let X be a nonempty set. For a preference - on the set X we will understand a total
preorder (i.e., a reflexive, transitive and complete binary relation) defined on X. (If - is
also antisymmetric, it is said to be a total order). We denote x ≺ y instead of ¬(y - x).
Also x ∼ y will stand for (x - y) ∧ (y - x) for every x, y ∈ X.

The total preorder - is said to be representable if there exists a real-valued order-
preserving isotony (also called utility function) f : X → R. Thus x - y ⇐⇒ f(x) ≤
f(y) (x, y ∈ X). This fact is characterized (see e.g. [2], p.23) by equivalent conditions of
“order-separability” that the preorder - must satisfy. Thus, the total preorder - is said
to be order-separable in the sense of Debreu if there exists a countable subset D ⊆ X such
that for every x, y ∈ X with x ≺ y there exists an element d ∈ D such that x - d - y.
Such subset D is said to be order-dense in (X,-).

If X is endowed with a topology τ , the total preorder - is said to be continuously
representable if there exists a utility function f that is continuous with respect to the
topology τ on X and the usual topology on the real line R. The total preorder - is said
to be τ -continuous if the sets U(x) = {y ∈ X : x ≺ y} and L(x) = {y ∈ X : y ≺ x} are
τ -open, for every x ∈ X. In this case, the topology τ is said to be natural or compatible
with the preorder - (see [2], p.19). The coarsest natural topology is the order topology θ
whose subbasis is the collection {L(x) : x ∈ X} ∪ {U(x) : x ∈ X}.

A powerful tool to obtain continuous representations of an order-separable totally pre-
ordered set (X,-) endowed with a natural topology τ is the Debreu’s open gap lemma
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(see[6], or Ch. 3 in [2]). To this extent, let T be a subset of the real line R. A lacuna L
corresponding to T is a nondegenerate interval of R that has both a lower bound and an
upper bound in T and that has no points in common with T . A maximal lacuna is said to
be a Debreu gap. In this direction, Debreu’s open gap lemma states that if S is a subset
of the extended real line R̄, then there exists a strictly increasing function g : S → R
such that all the Debreu gaps of g(S) are open. Using Debreu’s open gap lemma, the
classical process to get a continuous real-valued isotony goes as follows: First, one can
easily construct a (non necessarily continuous!) isotony f representing (X,-) when - is
order-separable (see e.g. [1], Theorem 24 on p.200, or else [2], Theorem 1.4.8 on p.14).
Once we have an isotony f , Debreu’s open gap is applied to find a strictly increasing
function g : f(X)→ R such that all the Debreu gaps of g(f(X)) are open. Consequently,
the composition F = g ◦ f : X → R is also a utility function representing (X,-), but now
F is continuous with respect to any given natural topology τ on X.

3. Yi’s extension property and normal topological spaces

Definition 1. A topological space (X, τ) is said to have Yi’s extension property ([12, 3])
if an arbitrary continuous total preorder defined on an arbitrary τ -closed subset of X has
a continuous extension to the whole X.

Definition 2. Let (X, τ) be a topological space. (X, τ) is said to be normal if for each
pair of disjoint τ -closed subsets A,B ⊆ X there exists a pair of disjoint τ -open subsets
A∗, B∗ ⊆ X such that A ⊆ A∗, B ⊆ B∗. (For basic topological definitions see e.g. [7, 8]).

It is well-known that this property of being normal is equivalent to an extension property
for continuous real-valued functions. This is the “Tietze’s extension theorem” (see e.g [11],
15.8).

Theorem 3 (Tietze’s extension theorem). Let (X, τ) be a topological space. Then (X, τ)
is normal if and only if for every τ -closed subset A ⊆ X, each continuous map f : A→ R
admits a continuous extension F : X → R. Moreover, if f(X) ⊆ [−a, a] for some a > 0,
then F can be chosen so that F (X) ⊆ [−a, a]. (This topological property is known as the
Tietze’s extension property).

Now suppose that (X, τ) is a normal topological space. An immediate corollary of
Tietze’s extension theorem states that continuous and representable preferences defined
on closed subsets of X can be continuously extended to the entire set X.

Corollary 4. Let (X, τ) be a normal topological space. Let S ⊆ X be a τ -closed subset
of X. Let -S be a continuous total preorder defined on S. Then if -S is representable
through a continuous utility function uS : S → R, it can also be extended to a continuous
total preorder -X defined on the whole X.

Proof. Just observe that, by Tietze’s theorem, the utility function uS admits a continuous
extension to a map uX : X → R. Then define -X on X as x -X y ⇐⇒ uX(x) ≤
uX(y) (x, y ∈ X). �

Yi’s extension property was initially understood as an strengthening of Tietze’s exten-
sion property, in a direction in which we are not interested in extending utility functions,
but only preferences. Observe that Yi’s and Tietze’s extension properties are not equiva-
lent in the general case. This is because preferences could fail to be representable.

Let us see that, indeed, Yi’s extension property is stronger than Tietze’s extension
property, as claimed before. First we introduce a necessary definition.
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Definition 5. A topological space (X, τ) is said to be separably connected if for every
a, b ∈ X there exists a connected and separable subset Ca,b ⊆ X such that a, b ∈ Ca,b.

Theorem 6. Let (X, τ) be a topological space that satisfies Yi’s extension property. Then
(X, τ) is normal. The converse is not true, in general.

Proof. Let A,B ⊆ X be two (nonempty) τ -closed subsets of X. Let S = A ∪ B. S is
obviously τ -closed. Consider the total preorder -S defined on S as a1 ∼ a2 for every
a1, a2 ∈ A, b1 ∼ b2 for every b1, b2 ∈ B and a ≺ b for every a ∈ A, b ∈ B. It is plain
that the total preorder -S is continuous on S. Applying Yi’s extension property, there
exists a continuous total preorder -X defined on the whole set X, and extending -S. We
distinguish two possible situations:

1. In the first case, we assume that there exists some element c ∈ X \ S such that
a ≺X c ≺X b for every a ∈ A, b ∈ B. We observe that B ⊆ U(c) = {x ∈ X : c ≺X

x} and also A ⊆ L(c) = {x ∈ X : x ≺X c}. Since -X is τ -continuous, the sets
L(c), U(c) are τ -open. In addition, they are disjoint by its own definition.

2. Suppose that there is no element c ∈ X \ S such that a ≺X c ≺X b for every
a ∈ A, b ∈ B. In this case, if we fix an element α ∈ A and also an element β ∈ B,
by definition of -S we immediately observe that A ⊆ L(β) = {x ∈ X : x ≺X β}
and in the same way, B ⊆ U(α) = {x ∈ X : α ≺X x}. Since -X is τ -continuous,
the sets L(β), U(α) are τ -open. In addition, they are disjoint because α ≺S β by
hypothesis.

Thus we see that X is a normal topological space. But normality is a property that is
equivalent to Tietze’s extension property.

To see that the converse is not true in general, we should have at hand a counterexample.
In [5] (see also [3]) it was proved that on separably connected metric spaces Yi’s extension
property is equivalent to separability. On the other hand, metric spaces are always normal.
Thus, an example of a separably connected metric space that is not separable would fit
our purposes. This is easy: consider a non-separable Banach space (e.g., ℓ2(R)) endowed
with its norm topology.

�

4. Extremal disconnectedness and continuous extension of total

preorders defined on open subsets of a topological space

Roughly speaking, the topological property known as “extremal disconnectedness” is
inspired by the definition of the normality property, but changing the roles of open and
closed subsets.

Definition 7. A topological space (X, τ) is said to be extremally disconnected (see e.g.
[10], p. 33) if for each pair of disjoint τ -open subsets C,D ⊆ X there exists a pair of
disjoint τ -closed subsets C∗,D∗ ⊆ X such that C ⊆ C∗,D ⊆ D∗. As a matter of fact, this
is equivalent to say that for each pair of disjoint τ -open subsets C,D ⊆ X, the closures C̄
and D̄ are also disjoint. Moreover, this is also equivalent to say that the interior of every
τ -closed set is also τ -closed.

In the Introduction, we gave another different definition of a extremally disconnected
topological space. This is due to the next Theorem 8 that states a key equivalence, dual
to the equivalence between the usual definition of normality and the Tietze’s extension
property, but now changing the roles of open and closed subsets.
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Theorem 8. Let (X, τ) be a topological space. Then (X, τ) is extremally disconnected
if and only if for every τ -open subset A ⊆ X, every continuous and bounded real-valued
function f : A → R has a continuous extension F : X → R to the whole set X. (In
particular, F (a) = f(a) for every a ∈ A).

Proof. See e.g. [9], pp. 22-23 or [11], 15G. �

This inspires the following definition, paralell to that of Yi’s extension property, but
again changing the role of open and closed subsets.

Definition 9. Let (X, τ) a topological space. We say that τ has the extension property
for total preorders on open subsets if for every τ -open subset S ⊆ x it holds that any
continuous total preorder -S defined on S has a continuous extension -X to the entire
set X.

As expected, we obtain the following result, parallel to Corollary 4. (To do so, we must
observe that a continuous utility function can be assumed to be bounded, without loss of
generality).

Corollary 10. Let (X, τ) be a extremally disconnected topological space. Let S ⊆ X be a
τ -open subset of X. Let -S be a continuous total preorder defined on S. Then if -S is
representable through a continuous utility function uS : S → R, it can also be extended to
a continuous total preorder -X defined on the whole X.

In addition, we also obtain the following result, in the spirit of Theorem 6.

Theorem 11. Let (X, τ) be a topological space such that τ has the extension property for
total preorders on open subsets. Then (X, τ) is extremally disconnected.

Proof. Let C,D ⊆ X be two (nonempty) τ -open subsets of X. Let T = C ∪ D. T is
obviously τ -closed. Consider the total preorder -T defined on T as c1 ∼ c2 for every
c1, c2 ∈ C, d1 ∼ d2 for every d1, d2 ∈ D and c ≺ d for every c ∈ C, d ∈ D. It is plain that
the total preorder -T is continuous on T . Applying the hypothesis about the extension
property on open subsets, there exists a continuous total preorder -X defined on the whole
set X, and extending -T . Now we observe that C ⊆ C∗ = {x ∈ X : x -X c}, for any
fixed c ∈ C. Similarly D ⊆ D∗ = {x ∈ X : x -X d}, for any fixed d ∈ D. By continuity of
-X , the sets C∗ and D∗ are τ -closed. By definition, they are disjoint. This proves that τ
is extremally disconnected.

�

5. Other topological properties related to the continuous extension of

total preorders

As mentioned in the proof of Theorem 6, on separably connected metric spaces the
following important result is in order (see [5, 3]):

Theorem 12. Let (X, d) be a separably connected metric space where d stands for the
metric defined on X. Let τd denote the corresponding metric topology on X. Then (X, τd)
has Yi’s extension property if and only if it is separable.
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Now we may ask ourselves about the possibility of characterizing other classes of topo-
logical spaces, different from the separably connected metric ones, where Yi’s extension
property coincides with separability.

Moreover, since on metric spaces Yi’s separability and second countability are equiv-
alent properties, we may also ask ourselves about a characterization of the category of
topological spaces in which second countability amounts to Yi’s extension property.

These questions are still open.

As analyzed in [3], Yi’s extension property could be also related to properties of contin-
uous representability of total preorders defined on a topological space, in the direction of
the next Definition 13. Moreover, as stated in next Theorem 14, continuous representabil-
ity properties lean on covering properties, namely the fulfillment of the second countability
axiom.

Definition 13. Given a topological space (X, τ) the topology τ on X is said to have the
continuous representability property (CRP) if every continuous total preorder - defined
on X admits a representation by means of a continuous order-preserving isotony, and it is
said to be preorderable if it is the order topology τ- of some total preorder - defined on
X.

Theorem 14. Let (X, τ) be a topological space. Then the topology τ satisfies CRP if and
only if all its preorderable subtopologies are second countable.

Proof. See [4], Th. 5.1. �

Theorem 15. Let (X, d) be a separably connected metric space. Then the metric topology
τd satisfies CRP if and only if it has Yi’s extension property.

Proof. See [3], Th. 3.3. �

Theorem 16. Let (X, τ) be a Hausdorrf topological space that satisfies the continuous
representability property (CRP) and has Yi’s extension representability property. Then
for every τ -closed subset F ⊆ X, the relative topology τF that τ induces on F satisfies
CRP. (In other words, CRP is hereditary for closed subsets).

Proof. Let -F be a τF -continuous total preorder defined on F . Let -X be a continuous
extension of -F to the wholeX. This extension exists because (X, τ) has the Yi’s extension
property. Using CRP, let uX : X → R be a continuous utility function that represents -X .
The restriction UF of the map uX to the closed set F is indeed a continuous representation
of -F . Therefore (F, τF ) also satisfies CRP. �

Theorem 17. Let (X, τ) be a normal topological space that satisfies CRP hereditarily on
closed subsets. Then (X, τ) has the Yi’s extension property.

Proof. See [3], Theorem 4.12. �

Combining the last two results and Theorem 6 we get the following Corollary 18.

Corollary 18. Let (X, τ) be a topological space. Then (X, τ) satisfies CRP and has the
Yi’s extension property if and only if it is normal and satisfies CRP hereditarily for closed
subsets.
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6. Some remarks, and suggestions for further research

First of all, we must point out that this note corresponds to an unfinished work, that
the three co-authors are preparing jointly. But, to conclude the job, many things must
be analyzed. In this section, we enumerate the main topics to which we are paying our
interest. The results that we will obtain (if any) shall be included in a future paper, based
on the items of the present note.

1. We have proved that topological spaces that have the Yi’s extension property are
actually normal. Since the converse is not true, we should identify the special kind
of normality that agrees with Yi’s extension property.

2. A topological space that has the extension property for total preorders defined on
open subsets is extremally disconnected. Quite probably, the converse is not true,
but in this note we have not provided yet a counterexample.

3. Topological spaces satisfying both the Yi’s extension property and the extension
property for total preorders defined on open subsets must have a particular feature.
In particular, they must be normal as well as extremally disconnected. It could be
interesting to have a characterization of these spaces. At first glance, one could
think that these spaces are the discrete ones, so that a non-discrete example (if
any) would be important at this stage.

4. We have seen that in the category of separably connected metric spaces Yi’s ex-
tension property amounts to separability. It could be interesting to look for other
different categories of topological spaces having the same property.

5. Also, in the category of separably connected metric spaces Yi’s extension prop-
erty amounts to CRP. Again, it could be interesting to search for other different
categories of topological spaces accomplishing this fact.

6. We have obtained some partial result concerning the relationship between Yi’s
extension property and CRP. However, these properties are in general independent
as analyzed in [3]. More implications between Yi’s extension properties and CRP
should be analyzed in this direction.

7. Yi’s extension property has been put in relation with CRP. Moreover, in some cat-
egory of topological spaces (e.g, separably connected metric spaces) they coincide.
Is there a similar result for topological spaces that have the extension property for
total preorders defined on open subsets?

8. In General Topology, normality, as well as the property of being extremally dis-
connected are separation properties, whereas second countability is a covering
property. We have said that CRP is related to second countability. In this di-
rection, we should study the relationship (if any) between Yi’s extension property,
the extension property for total preorders on open subsets, and the usual covering
properties on topological spaces.
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Abstract

In this work, we study the possibility of inserting an increasing continuous
lattice-valued function between two comparable semicontinuous functions on
a preordered topological space. Depending on the monotonicity conditions
imposed on the semicontinuous functions, new characterizations of different
classes of preordered topological spaces are obtained. Among them are char-
acterizations of normally preordered and extremally preorder-disconnected
spaces. Conditions for the continuous and increasing extension of lattice-
valued maps of the same type are also investigated.

1. Introduction

The insertion of continuous real-valued functions between pairs of comparable functions
has been a useful tool to characterize separation and countability properties of topological
spaces, where different assumptions on the functions lead to characterizations of different
topological properties. Classical results are, for example, Katětov-Tong’s characterization
of normal spaces [7, 15], Dowker’s characterization [1] of normal and countably paracom-
pact spaces and Michael’s [9] characterization of perfectly normal spaces.

Soon after the work of Nachbin [10] on (pre)ordered topological spaces, Priestley [12]
studied Katětov-Tong type insertion theorems in this new context, and characterized nor-
mally ordered spaces in these terms. Recently, Edwards [4] investigated insertion prop-
erties of real-valued functions that surround extremally preorder-disconnected spaces.
All these results reduce to classical insertion theorems from general topology when the
(pre)order is trivial.

Clearly, every insertion theorem necessitates the range space to be endowed with a
partial order. Influenced in part by other areas of mathematics and also by computer
science, functions with values in a more general poset rather than in the real line have
deserved attention, such as, for example, functions with values in a partially ordered
vector lattice, a ⊳-separable completely distributive lattice, a complete domain... Insertion
theorems for functions with values in a ⊳-separable completely distributive lattice were

1This research was supported by the Ministry of Education and Science of Spain and FEDER under
grant MTM2006-14925-C02-02 and by the UPV-EHU under grant GIU07/27.
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studied, among others, by Gutiérrez Garćıa, Kubiak and de Prada Vicente in [6]. This
work deserves special mention because the techniques developed in that paper will be
crucial in our study.

The present work deals with lattice-valued insertion on preordered topological spaces.
We shall study the possibility of inserting a lattice-valued continuous increasing function
between comparable semicontinuous functions defined on preordered topological spaces.
The techniques established in [6] will allow us to give lattice-valued counterparts of some
results for real-valued functions on preordered topological spaces given in [12] and [4].
First, we shall investigate conditions under which the desired insertion takes place be-
tween a pair of comparable upper and lower semicontinuous functions. Depending on the
monotonicity conditions imposed on the initial semicontinuous functions, new different
characterizations (in terms of insertion) of normal-type preordered topological spaces will
be given, such as, for example, normally preordered spaces. Then, we shall undertake
the dual study, i.e., we shall investigate conditions which allow to insert a continuous and
increasing lattice-valued function between a pair of comparable lower and upper semicon-
tinuous functions. A new characterization of extremally preorder-disconnected spaces will
be given on the way. Finally, extension properties of lattice-valued functions on preordered
spaces will also be studied.

This presentation is a summary of the work, and therefore, only main results will be
stated, and their proofs omitted. The entire work will be published elsewhere.

2. Preliminaries

2.1. Lattices. In the sequel L denotes a completely distributive lattice (with bounds 0
and 1).

We shall not use here the equational characterization of complete distributivity. Alter-
natively, we shall use the description of complete distributivity in terms of an extra order
with the approximation property [11]:

Given a complete lattice L and a, b ∈ L, we write a ⊳ b if and only if, whenever A ⊂
L and b ≤

∨
A, there is c ∈ A with a ≤ c. The lattice L is then completely distributive if

and only if ⊳ has the approximation property, i.e., a =
∨
{b ∈ L : b ⊳ a} for each a ∈ L.

We shall use the following properties of the extra order: (1) a ⊳ b implies a ≤ b; (2)
c ≤ a ⊳ b ≤ d implies c ⊳ d; (3) a ⊳ b implies a ⊳ c ⊳ b for some c ∈ L (Interpolation
Property).

We shall need yet another extra order in L defined as follows: if a, b ∈ L, then a ◭ b if
and only if, whenever

∧
A ≤ a for some A ⊂ L, there exists a c ∈ A with c ≤ b. Clearly

enough, the extra order ◭ has the dual properties (1), (2) and (3), and a lattice L is
completely distributive if and only if a =

∧
{b ∈ L : a ◭ b} for every a ∈ L.

A subset D ⊂ L is called join-dense (or a base) if a =
∨
{d ∈ D : d ≤ a} for each

a ∈ L. An element a ∈ L is called supercompact if a ⊳ a holds. As in [6], any completely
distributive lattice which has a countable join-dense subset free of supercompact elements
will be called ⊳-separable.

2.2. Semicontinuous lattice-valued functions. Given a set X, LX denotes the com-
plete lattice of all maps from X into L ordered pointwisely, i.e., f ≤ g in LX if and only
if f(x) ≤ g(x) in L for each x ∈ X. Given f ∈ LX and a ∈ L, we write [f ≥ a] = {x ∈
X : a ≤ f(x)} and similarly for [f ≤ a], [f ⊲ a] and [f ◭ a].
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For any topological space X and any f ∈ LX let

f∗(x) =
∨

U∈Nx

∧

y∈U

f(y) and f∗(x) =
∧

U∈Nx

∨

y∈U

f(y)

where Nx is the family of all open neighborhoods of x. It is said that f is lower [upper ]
semicontinuous if and only if f = f∗ [f = f∗] (cf. [6, 8, 14]).

The collections of all lower and upper semicontinuous functions of LX will be denoted by
LSC(X,L) and USC(X,L), respectively. Elements of C(X,L) = LSC(X,L)∩USC(X,L)
are called continuous.

We shall need the following characterizations of semicontinuity (cf. [6]):

(P3) f ∈ USC(X,L) iff [f ≥ a] is closed in X for each a ∈ L,
iff [f ◭ a] is open for each a ∈ L.

(P4) f ∈ LSC(X,L) iff [f ≤ a] is closed for each a ∈ L,
iff [f ⊲ a] is open for each a ∈ L.

2.3. Preorders. Let X be a set. By a preorder on X we understand a reflexive and
transitive relation on X. If X is a preordered topological space, the preorder is called
closed if its graph is closed in X ×X.

If (X,�) is preordered, A ⊆ X is said to be increasing if x � y together with x ∈ A
imply y ∈ A. Similarly, A is said to be decreasing if y � x together with x ∈ A implies
y ∈ A. Note that A is increasing if and only if X −A is decreasing.

For any x ∈ X and A ⊆ X we standardly write ↑ x = {y ∈ X : x � y}, ↓ x = {y ∈
X : y � x}, ↑ A =

⋃
x∈A ↑ x and ↓ A =

⋃
x∈A ↓ x. Note that A ⊆ X is increasing (resp.

decreasing) if and only if ↑ A = A (resp. ↓ A = A) .
A map f ∈ LX is called increasing if f(x) ≤ f(y) whenever x � y.

3. Separating upper and lower semicontinuous functions

The objective of this section is to characterize different kinds of normal-type ordered
topological spaces in terms of insertion properties of lattice-valued functions. Therefore,
the results in this section will extend the ones obtained by Priestley in [12] to lattice-valued
context.

We first recall some normality type axioms on preordered topological spaces which come
from [10] and [12].

A preordered topological space X is said to be normally preordered if for any disjoint
closed sets F1 and F2, decreasing and increasing, respectively, there exist two disjoint open
sets U1 and U2, decreasing and increasing, respectively, such that F1 ⊆ U1 and F2 ⊆ U2.

A preordered topological space X is said to be an Ni-space if for any disjoint closed
sets F1 and F2, such that F2 is increasing, there exist two disjoint open sets U1 and U2,
decreasing and increasing, respectively, such that F1 ⊆ U1 and F2 ⊆ U2.

A preordered topological space X is said to be an Nd-space if for any disjoint closed
sets F1 and F2, such that F1 is decreasing, there exist two disjoint open sets U1 and U2,
decreasing and increasing, respectively, such that F1 ⊆ U1 and F2 ⊆ U2.

Clearly, Ni-spaces and Nd-spaces are normally preordered.

A preordered topological space X is said to be an N -space if given any closed sets F1

and F2 such that x2 � x1 for any x1 ∈ F1 and x2 ∈ F2, there exist disjoint open sets U1
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and U2, decreasing and increasing, respectively, such that F1 ⊆ U1 and F2 ⊆ U2. It was
shown by Priestley [12] that a preordered topological space X is an N -space iff it is both
an Ni-space and an Nd-space and the preorder is closed.

As we said before, the objective is to characterize, in terms of insertion, the preordered
topological spaces satisfying the normality type axioms stated in the beginning of the
section. This insertion is going to be made in between a comparable upper and lower
semicontinuous function. Depending on wether we assume that both/a fixed one/one/none
of the semicontinuous functions we wish to separate are/is increasing, the right kind of
spaces in which the insertion of an increasing continuous function takes place changes.
This becomes apparent in the following results.

Theorem 1. Let (X,�) be a preordered topological space and L be a ⊳-separable com-
pletely distributive lattice. The following statements are equivalent:

(1) X is normally preordered;
(2) For any f ∈ USC(X,L) and g ∈ LSC(X,L), both increasing, such that f ≤ g,

there exists an increasing h ∈ C(X,L) such that f ≤ h ≤ g.
(3) For any f ∈ USC(X,L) and g ∈ LSC(X,L), both increasing, such that f ≤ g,

there exist l ∈ LSC(X,L) and u ∈ USC(X,L), both increasing, such that f ≤ l ≤
u ≤ g.

Theorem 2. Let (X,�) be a preordered topological space and L be a ⊳-separable com-
pletely distributive lattice. The following statements are equivalent:

(1) X is an Ni-space;
(2) For any f ∈ USC(X,L) and g ∈ LSC(X,L) such that f ≤ g and f is increasing,

there exists an increasing h ∈ C(X,L) such that f ≤ h ≤ g.
(3) For any f ∈ USC(X,L) and g ∈ LSC(X,L) such that f ≤ g and f is increasing,

there exist h ∈ LSC(X,L) increasing such that f ≤ h ≤ h∗ ≤ g.

Theorem 3. Let (X,�) be a preordered topological space and L be a ⊳-separable com-
pletely distributive lattice. The following statements are equivalent:

(1) X is an Nd-space;
(2) For any f ∈ USC(X,L) and g ∈ LSC(X,L) such that f ≤ g and g is increasing,

there exists an increasing h ∈ C(X,L) such that f ≤ h ≤ g.
(3) For any f ∈ USC(X,L) and g ∈ LSC(X,L) such that f ≤ g and g is increasing,

there exist an increasing h ∈ USC(X,L) such that f ≤ h∗ ≤ h ≤ g.

Corollary 4. Let (X,�) be a preordered topological space and L be a ⊳-separable com-
pletely distributive lattice. If X is an N -space, then for any f ∈ USC(X,L) and g ∈
LSC(X,L) such that f ≤ g and f or g is increasing, there exists an increasing h ∈ C(X,L)
such that f ≤ h ≤ g.

Moreover, if � is a closed preorder, the converse holds.

We now consider the situation in which none of the semicontinuous functions f , g is
assumed to be increasing. It is clear that if one wants to insert a continuous increasing
h in between, the minimun requirement that the maps f and g have to satisfy is that
f(x) ≤ g(y) whenever x � y. We shall see that, as for the case of real-valued functions
[12], this minimum requirement is also sufficient when we have N -spaces.

Theorem 5. Let (X,�) be an N -space and L be a ⊳-separable completely distributive
lattice. Let f ∈ USC(X,L) and g ∈ LSC(X,L) be such that f(x) ≤ g(y) whenever x � y.
Then, there exists an increasing h ∈ C(X,L) such that f ≤ h ≤ g.
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Remark 6. It is worth noting that the previous theorem also holds for normally preordered
spaces which satisfy the additional condition:

F closed ⇒ ↑ F and ↓ F are also closed. (⋆)

Note that any N -space is, in particular, a normally preordered space satisfying the previous
additional condition (⋆) (see [12]).

4. Separating lower and upper semicontinuous functions

We now turn to the dual situation and study in which kind of spaces it is possible to
insert a continuous and increasing function between a pair of comparable lower and an
upper semicontinuous functions.

We shall begin by imposing monotonicity conditions on both semicontinuous functions.
We shall see that, in this case, the insertion property characterizes the so called extremally
preorder-disconnected spaces.

A preordered topological space X is said to be extremally preorder-disconnected [4] if
it is preordered and for any increasing open set U and any decreasing open set V of X,

the sets U
↑

and V
↓

are also open (with U
↑
, resp. V

↓
, the smallest closed and increasing,

resp. decreasing, set containing U , resp. V ).

Remark 7. It is easy to show that extremally preorder-disconnected spaces are precisely
those spaces characterized by the following property: For any U open increasing and F
closed increasing with U ⊆ F there exist G closed increasing and V open increasing such
that U ⊆ G ⊆ V ⊆ F. This fact highlights, once again, the duality existing between
normal and extremally disconnected-type topological spaces.

Theorem 8. Let (X,�) be a preordered topological space and L be a ⊳-separable com-
pletely distributive lattice. The following statements are equivalent:

(1) X is extremally preorder-disconnected;
(2) For any f ∈ LSC(X,L) and g ∈ USC(X,L), both increasing, such that f ≤ g,

there exists an increasing h ∈ C(X,L) such that f ≤ h ≤ g.
(3) For any f ∈ LSC(X,L) and g ∈ USC(X,L), both increasing, such that f ≤ g,

there exist u ∈ USC(X,L) and l ∈ LSC(X,L), both increasing, such that f ≤ u ≤
l ≤ g.

Remark 9. As it happened for normal-type preordered topological spaces, if we only as-
sume that one of the semicontinuous functions is increasing, then characterizations of
a stronger type of extremally preorder-disconnected spaces are obtained. We shall not
include them here to avoid repetitions.

Let us finally consider the case in which none of the semicontinuous functions is assumed
to be increasing. For the case of real-valued functions, this study was done by Edwards
in [4].

The following theorem shows the type of spaces characterized by the insertion of a
continuous and increasing function in this last situation.

Theorem 10. Let (X,�) be a preordered topological space and L be a completely distribu-
tive lattice. The following statements are equivalent:

(1) For each open subset U of X, ↑ U is open and increasing;
(2) For each g ∈ LSC(X,L) and f ∈ USC(X,L) such that g(x) ≤ f(y) whenever

x � y, there exists an increasing h ∈ C(X,L) such that g ≤ h ≤ f .
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Remark 11. The previous theorem shows that, in this case, extremally preorder-disconnect-
ed spaces are not good enough to be characterized by the insertion property (2), since
condition (1) of Theorem 10 is stronger than the extremal preorder-disconnectedness.
However, as it happened in the previous section, if we add a certain topological conditions
on the preorder of an extremally preorder-disconnected space, the insertion property will
also be verified. This topological conditions on the preorder will once again be dual to
those imposed in the case of normality.

The preorder of a topological space X is said to be compliant ([2, 3, 13]) if for all open
U ⊆ X the sets ↑ U and ↓ U are open.

Theorem 12. Let (X,�) be a preordered topological space and L be a completely distribu-
tive lattice. If X is extremally preorder-disconnected and its preorder is compliant, then
for each g ∈ LSC(X,L) and f ∈ USC(X,L) such that g(x) ≤ f(y) whenever x � y, there
exists an increasing h ∈ C(X,L) such that g ≤ h ≤ f . �

5. Extending increasing continuous real-valued functions

From the separation theorems obtained in the previous sections, it is possible to deduce
easily the following Tietze-type extension theorems.

Theorem 13. Let (X,�) be an N -space (or a normally preordered space satisfying con-
dition (⋆)) and L be a ⊳-separable completely distributive lattice. If F is closed in X and
f ∈ C(F,L) is increasing, then there exists an increasing h ∈ C(X,L) such that h|F = f

Theorem 14. Let (X,�) be a preordered topological space, L be a completely distributive
lattice and assume that any of the equivalent conditions in Theorem 10 is satisfied. Then,
if U is open in X and f ∈ C(U,L) is increasing, there exists an increasing h ∈ C(X,L)
such that h|U = f.

Remark 15. In particular, the previous extension property holds in extremally preorder-
disconnected spaces with a compliant preorder.
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Abstract

This paper is a summarized study of bornological convergence for nets of
nonempty subsets of a metric space. This convergence is a natural genera-
lization of Attouch-Wets convergence where the ideal of bounded subsets of a
metric space is replaced by an arbitrary ideal of subsets.

1. Introduction

In the literature about topologies on the family of all nonempty subsets of a metric space,
which are called hypertopologies, the most well-known topology is the so-called topology of
the Hausdorff distance. Let 〈X, d〉 be a metric space and denote by P0(X) (resp. CL0(X),
Bd(X)) the family of all nonempty (resp. nonempty closed, nonempty bounded) subsets of
〈X, d〉. In the following, when we write ε > 0 we allow that ε takes the value +∞. Given
A ⊆ X and ε > 0, we denote the ε-enlargement of A by Aε = {x ∈ X : d(A,x) < ε}.
Then, the Hausdorff distance (an extended pseudometric) is defined as

Hd(A,B) = inf{ε > 0 : A ⊆ Bε and B ⊆ Aε}

where A,B ∈ P0(X). We observe that a net 〈Aλ〉λ∈Λ is convergent to A in the topology
of the Hausdorff distance τHd

if and only if for all ε > 0

A ⊆ Aε
λ and Aλ ⊆ A

ε residually.

It is usual to present the Hausdorff distance divided in two halves. Given A,B ∈ P0(X),
let us define H+

d (A,B) = inf{ε > 0 : B ⊆ Aε} and H−
d (A,B) = inf{ε > 0 : A ⊆ Bε}

which are called the upper Hausdorff quasi-distance and the lower Hausdorff quasi-distance
respectively. Then Hd = max{H+

d ,H
−
d }.

The topology of the Hausdorff distance admits a representation as a functional topology.
In fact, a net 〈Aλ〉λ∈Λ is convergent to A in τHd

if and only if the net 〈d(Aλ, ·)〉λ∈Λ is uni-
formly convergent to d(A, ·) [3, 18]. This provides an embedding of the space (P0(X), τHd

)
into the space C(X,R) of all real-valued continuous functions defined on X endowed with
the topology of uniform convergence under the identification of a nonempty subset A with
the distance functional d(A, ·).

The topology of the Hausdorff distance is also related to other hypertopology called the
CL0(X)-proximal miss topology (or upper proximal topology) and denoted by σ++

CL0(X).

1This research is supported by the Spanish Ministry of Education and Science, and FEDER, grant
MTM2006-14925-C02-01.
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This topology has as a base all the sets of the form G++ = {A ∈ P0(X) : Aε ⊆
G for some ε > 0} where G is an open set. Then it is easy to prove that σ++

CL0(X) = τH+
d
.

Nevertheless, the topology generated by the Hausdorff distance is considered to be too
strong. For example, in R2 the graphs of the lines of slope 1/n passing through the origin
form a sequence which is not convergent to the horizontal axis in the topology of the
Hausdorff distance. This is due to the fact that this topology has not a good behavior
with respect to unbounded sets.

A weaker topology is the so-called Attouch-Wets topology (see [4] for a survey). This
topology is introduced as a topological convergence [3]: given a metric space 〈X, d〉, a net
〈Aλ〉λ∈Λ in P0(X) is said to be Attouch-Wets convergent to the nonempty set A if for
every nonempty bounded subset B ⊆ X and every ε > 0

A ∩B ⊆ Aε
λ and Aλ ∩B ⊆ A

ε residually.

Like the convergence in the topology of the Hausdorff distance, the Attouch-Wets con-
vergence can be split into two different parts: the upper part and the lower part.

It can be proved that Attouch-Wets convergence is topological [12] and its associated
topology τAWd

is pseudometrizable [3, 4]. A compatible pseudometric is

dAW (A,B) =
∞∑

i=1

1

2i
min{1, sup

d(x0 ,x)<i

|d(x,A) − d(x,B)|}

where x0 ∈ X is an arbitrary but fixed point. It is easy to prove that τHd
= τAWd

if and
only if X is bounded.

The Attouch-Wets topology has been preferred for working in convex and set-valued
analysis because it has a better behavior ([3, 14, 17]). Furthermore, Beer [2] and Azé and
Penot [1] proved independently that there exists an embedding of the space (P0(X), τAWd

)
into the space C(X,R) endowed with the topology of uniform convergence on bounded
sets. This means that a net 〈Aλ〉λ∈Λ is convergent to A in τAWd

if and only if the net
〈d(Aλ, ·)〉λ∈Λ converges uniformly to d(A, ·) in every bounded set.

The two above topologies follow a pattern that can be generalized. Notice that if we
consider the family P0(X), then convergence of a net 〈Aλ〉λ∈Λ to A in the topology of
the Hausdorff distance is equivalent to ask that Aλ ∩B ⊆ Aε and A ∩B ⊆ Aε

λ residually
for all ε > 0 and B ∈ P0(X). So in both cases, the convergence is constructed by means
of the truncation with a certain family of sets: the nonempty subsets in the case of the
topology of the Hausdorff distance and the nonempty bounded subsets in the case of the
Attouch-Wets topology.

In this way, it is natural to study other convergences expressed in terms of truncations
and enlargements with respect to an arbitrary family S of nonempty subsets of X. This
program was initiated by Lechicki, Levi and Spakowski [13] (see also [15], and [5] for a
survey).

Definition 1. Let 〈X, d〉 be a metric space and S a family of nonempty subsets of X. We
say that a net of nonempty subsets 〈Aλ〉λ∈Λ:

(1) S
+
d -converges to A if Aλ ∩ S ⊆ A

ε residually for each S ∈ S and ε > 0;

(2) S
−
d -converges to A if A ∩ S ⊆ Aε

λ residually for each S ∈ S and ε > 0;

(3) Sd-converges to A if S
−
d -converges to A and S

+
d -converges to A.

In the sequel, we will omit the subscript d if no confusion arises.
It is very easy to see that no different convergence appears if we replace S by the family

of all subsets of finite unions of members of S. Consequently, we will only consider ideals,
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i. e. families of nonempty subsets which are closed under nonempty subsets and finite
unions. When an ideal S is also a cover then it is called a bornology. Since bornologies are
more usual in applications, this kind of convergences is known as bornological convergences,
whether or not the ideal is a bornology.

We will say that an ideal S has a base B if for all S ∈ S we can find B ∈ B such that
S ⊆ B. If the elements of the base are closed, we say that B is a closed base for S.

Observe that if S is an ideal such that X ∈ S (like P0(X) or CL0(X)) then S-convergence
is equivalent to the topology of the Hausdorff distance meanwhile the Attouch-Wets topol-
ogy is obtained by means of the bornology of nonempty bounded subsets Bd(X).

2. Basic questions about bornological convergences

2.1. Topologization of bornological convergences.

In general, given a metric space 〈X, d〉 and an ideal S in X, S-convergence is not topo-
logical as the next example shows.

Example 2. Let us consider the real line R with the usual metric d and the bornology S

of nonempty finite subsets. Define Bn = {1} ∪ {1/k : n ≥ k} for all n ∈ N. It is very easy
to show that 〈Bn〉n∈N is S-convergent to {1} because given S ∈ S then {1} ∩ S ⊆ Bn for
all n ∈ N and since S is finite there exist n0 ∈ N such that Bn ∩ S ⊆ {1} for all n ≥ n0.

On the other hand, define An = {0, 1} ∪ {1/k : k ≥ n}. Then the constant sequence
whose terms are equal to An is S-convergent to Bn. In fact, it is clear that Bn ∩ S ⊆ An

for all S ∈ S and if 0 ∈ An ∩ S then 0 ∈ ({1/k : k ≥ n})ε for all ε > 0 so An ∩ S ⊆ B
ε
n.

Nevertheless, the sequence 〈An〉n∈N is not S-convergent to {1} since {0} ∈ S and An ∩
{0} = {0} 6⊆ {1}ε for all 0 < ε < 1. This means that S-convergence does not satisfy the
iterated limit condition [12].

The problem of when S-convergence is topological has been studied in [9, 13] and mainly
in [6]. In fact, Beer, Costantini and Levi have characterized when bornological convergence
is topological not only in P0(X) but also in CL0(X). The following concept is useful for
this characterization on the family P0(X).

An ideal S is said to be stable under small enlargements if for all S ∈ S there exists
ε > 0 such that Sε ∈ S.

Theorem 3 ([13, 6, 8]). Let 〈X, d〉 be a metric space and S an ideal in X which has a
closed base. Then the following statements are equivalent:

(1) S-convergence is topological on P0(X);
(2) {[S, ε] : S ∈ S, ε > 0} is a base for a uniformity where [S, ε] = {(A,B) ∈ P0(X) ×
P0(X) : A ∩ S ⊆ Bε, B ∩ S ⊆ Aε};

(3) S is stable under small enlargements.

As we have commented previously, convergence in the topology of the Hausdorff distance
is equivalent to CL0(X)-convergence and to the CL0(X)-proximal miss topology. This
topology is the construction of a particular case of the so called S-proximal miss topologies.

Definition 4. Let 〈X, d〉 be a metric space and S an ideal in X.

(1) The S-proximal miss topology σ++
S

on P0(X) is generated by all sets of the form
(Sc)++ = {A ∈ P0(X) : Aε ⊆ Sc for some ε > 0} where S ∈ S;

(2) the lower Vietoris topology τ−V is generated by all sets of the form V − = {A ∈
P0(X) : A ∩ V 6= ∅} where V is an open set;

(3) the S-proximal topology σS is the supremum of the topologies σ++
S

and τ−V .
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We wonder if given an ideal S in a metric space 〈X, d〉 such that S-convergence is
topological then this convergence is compatible with σS. For the upper parts, this is true.

Theorem 5 ([9]). Let S be an ideal in a metric space 〈X, d〉. Then S+-convergence is
topological if and only if S+-convergence is compatible with σ++

S
.

Corollary 6. Let 〈X, d〉 be a metric space. Then the upper Attouch-Wets topology is
equivalent to the Bd(X)-proximal miss topology σ++

Bd(X).

In general, it is not true that if S-convergence is topological then its associated topology
is σS.

Example 7. Consider the set of natural numbers N with the usual metric. Define S =
P0(X), so S-convergence is convergence in the topology of the Hausdorff distance. Let
us construct the sequence 〈An〉n∈N where An = {1, 2 . . . , n}. Then this sequence is σS-
convergent to N since if N ∈ G++ where G is open then G = N so An ∈ G

++ for all n ∈ N.
Furthermore, if N ∈ V − where V is open and n0 ∈ N ∩ V then An ∈ V

− for all n ≥ n0.
However, the sequence 〈An〉n∈N is not S-convergent to N since N ∈ S and A 6⊆ Aε

n for all
n ∈ N and all ε > 0.

From [13, Proposition 2.2] and the above result we can deduce the following.

Corollary 8. Let S be an ideal in a metric space 〈X, d〉. Then S-convergence is compatible
with σS if and only if S is totally bounded for every S ∈ S.

At this stage, it is normal to look for conditions which make a bornological convergence
compatible with a metrizable topology. The answer to this problem appeared in [8].

Theorem 9. Let S be an ideal in a metric space 〈X, d〉 that is stable under small enlarge-
ments. Let τS be the topology on P0(X) compatible with S-convergence. The following
conditions are equivalent:

(1) S has a countable cofinal base with respect to inclusion;
(2) τS is pseudometrizable;
(3) τS is first countable.

2.2. Ideals which generate the same bornological convergence.

We wonder if a certain bornological convergence can be generated by different ideals.
The answer is negative as the next theorem proves.

Theorem 10 ([13, 7]). Let S and T be two ideals in a metric space 〈X, d〉. Then S-
convergence is equivalent to T-convergence if and only if S = T.

A bornological convergence not only depends on the ideal but also in the metric since its
definition also uses the concept of enlargement. This leads naturally to study the problem
of varying the metrics and not only the ideals. This problem was solved by Beer and Levi
[8].

Definition 11. Let 〈X, d〉 and 〈X, ρ〉 be metric spaces and let S be a nonempty subset of
X. We say that a function f : X → Y is strongly uniformly continuous on S if for all ε > 0
there exists δ > 0 such that if d(x,w) < δ and {x,w} ∩ S 6= ∅ then ρ(f(x), f(w)) < ε.

If S is a family of nonempty subsets of X, we say that f is strongly uniformly continuous
on S if it is strongly uniformly continuous on each member of S.
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Theorem 12 ([8]). Let 〈X, τ〉 be a metrizable topological space and let d, ρ be two com-
patible metrics. Let S and T be two ideals in X. Then Sd-convergence coincides with Tρ-
convergence in P0(X) if and only if S = T and the identity functions idρ : 〈X, ρ〉 → 〈X, d〉
and idd : 〈X, d〉 → 〈X, ρ〉 are strongly uniformly continuous on S.

By means of these results, Beer and Levi proved an astonishing and important result
connecting pseudometrizable bornological convergences and Attouch-Wets convergence.
The idea relies on the fact proved by Hu [11] that given a bornology S in a metric space
〈X, d〉, then S is the family of bounded subsets of a equivalent metric ρ if and only if S has
a countable base and for all S ∈ S there exists T ∈ S such that cl(S) ⊆ int(T ). Therefore, if
under some conditions a bornology is nothing else but the bounded sets of a certain metric
and Attouch-Wets convergence is equivalent to the bornological convergence generated by
the bornology of bounded sets, it is natural to investigate whether an arbitrary bornological
convergence is equivalent to the Attouch-Wets convergence of an equivalent metric. The
solution is given in the next result.

Theorem 13 ([8]). Let S be a bornology in a metric space 〈X, d〉 which has a closed base.
The following statements are equivalent:

(1) Sd-convergence is compatible with a pseudometrizable topology;
(2) S is stable under small enlargements and has a countable base;
(3) there exists an equivalent metric ρ on X such that Sd-convergence is equivalent to

Attouch-Wets convergence with respect to ρ.

3. Bornological convergence and uniform convergence of distance

functionals

As we have observed previously, the topology of the Hausdorff distance and the Attouch-
Wets topology admit a double presentation: on one hand, they can be considered as
bornological convergences whose bornologies are P0(X) and Bd(X) respectively; on the
other hand, they can also be expressed as uniform convergence of distance functionals
over the families P0(X) and Bd(X) respectively when a nonempty subset A is identified
with the distance functional d(A, ·). This naturally leads to the following question: every
bornological convergence can be obtained as uniform convergence of distance functionals
over a certain family of subsets? In order to formalize this problem, we provide the
following definition.

Definition 14. Let 〈X, d〉 be a metric space and S an ideal in X. We say that a net of
nonempty subsets 〈Aλ〉λ∈Λ is convergent to the nonempty subset A in:

(1) the topology τu,+
S

if for all ε > 0 and S ∈ S

sup
s∈S

{d(A, s) − d(Aλ, s)} < ε residually;

(2) the topology τu,−
S

if for all ε > 0 and S ∈ S

sup
s∈S

{d(Aλ, s)− d(A, s)} < ε residually;

(3) the topology τu
S

if it is τu,+
S

-convergent and τu,−
S

-convergent to A.

Therefore, the topology τu
S

is the topology that P0(X) inherits from C(X,R) equipped with
the topology of uniform convergence on the family S under the identification A→ d(A, ·).
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Therefore, the above question can be expressed in the following terms: given a metric
space 〈X, d〉 and an ideal S in X, under what conditions τu

S
-convergence is equivalent

to S-convergence? Obviously, this is not always true since this equivalence implies that
S-convergence is topological which is not verified in general. Nevertheless, there exist
topological S-convergences which are different from τu

S
-convergence as the next example

shows.

Example 15 ([5]). Consider the real plane R2 endowed with the usual metric. Define
the bornology S as all sets contained in finite unions of horizontal strips of the form
Sk = R × [−k, k]. This bornology is stable under small enlargements so S-convergence is
topological. Now, define An = {(n2, n), (0, 0)} for all n ∈ N and A = {(0, 0)}. Then the
sequence 〈An〉n∈N is S-convergent to A. Nevertheless, the sequence 〈d(An, ·)〉n∈N is not
uniformly convergent to d(A, ·) on members of S since (n2, 0) ∈ S1 for all n ∈ N and

|d(A, (n2, 0)) − d(An, (n
2, 0))| = n2 − n > 1 for all n > 1.

To provide the solution to the aforementioned problem, we need this definition.

Definition 16. Let A be a nonempty subset of a metric space 〈X, d〉. The ε-approximate
metric projection of A is the multifunction ε− ProjA : X ⇉ P0(X) defined by

ε− ProjA(x) = {a ∈ A : d(a, x) 6 d(A,x) + ε}.

We also recall (see for example [10, 16]) that given a multifuncion f : X ⇉ P0(Y ), a
selection for f is a function g : X → Y such that g(x) ∈ f(x) for all x ∈ X.

Theorem 17 ([5, 9]). Let 〈X, d〉 be a metric space and S an ideal in X. The following
statements are equivalent:

(1) S-convergence is compatible with the topology τu
S
;

(2) (a) every net 〈xλ〉λ∈Λ residually outside of each S ∈ S is τu,+
S

-convergent to {x}
for all x ∈ X;

(b) whenever A ∩ (∪S) 6= ∅, the net 〈A ∩ S〉S∈S,A∩S 6=∅ is τu,−
S

-convergent to A;

(3) the ideal S verifies:
(a) for every net 〈xλ〉λ∈Λ residually outside of each S ∈ S and for every net
{sλ}λ∈Λ contained in some S0 ∈ S the set ∪λ∈ΛBd(sλ, d(sλ, xλ) + ε) = X for
all ε > 0;

(b) whenever A∩ (∪S) 6= ∅, for each ε > 0 and for each S ∈ S, the multifunction
ε− ProjA has a selection f such that {f(x) : x ∈ S} ∈ S.
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Abstract

In this paper we show how to construct an inverse spectrum of partially ordered
sets from any transitive base of quasi-uniformity. Using this technique, we give
an alternative construction of the bicompletion of a transitive quasi-uniformity.
On the other hand, we apply this construction to give a representation of
a topological space with some properties by means of an inverse limit of a
spectrum or a sequence of posets. As an example of this kind of results, we
show how a compact metrizable space can be represented as the set of closed
points of the inverse limit of a sequence of finite posets.

1. Introduction and preliminaries.

In this paper, we give a new approach to the theory of approximation of topological
spaces by inverse limits of a spectrum (or sequence) of finite (T0 or partially ordered) sets.
Related works include papers by Webster (see for example [9] and his doctoral thesis) and
Kopperman and co-authors (see for example [7] and its references), where this inverse limit
is applied to Computer Science in order to represent objects in a computer and study the
topology of the digital plane.

All results in this paper can be found in [1], [2], [3], [4], [5] and [8].
A (base B of a) quasi-uniformity U on a set X is a (base B of a) filter U of binary

relations (called entourages) on X such that (a) each element of U contains the diagonal
∆X of X × X and (b) for any U ∈ U there is V ∈ U satisfying V ◦ V ⊆ U . A base
B of a quasi-uniformity is called transitive if B ◦ B = B for all B ∈ B. The theory of
quasi-uniform spaces is covered in [6].

If U is a quasi-uniformity on X, then so is U−1 = {U−1 : U ∈ U}, where U−1 = {(y, x) :
(x, y) ∈ U}. The generated uniformity on X is denoted by U∗. A base is given by the
entourages U∗ = U ∩ U−1. The topology τ(U) induced by the quasi-uniformity U is that
in which the sets U(x) = {y ∈ X : (x, y) ∈ U}, where U ∈ U , form a neighbourhood base
for each x ∈ X. In this paper, we consider only spaces where τ(U) is T0.

A quasi-metric on a set X is a nonnegative real-valued function d on X ×X such that
for all x, y, z ∈ X:(i) d(x, y) = d(y, x) = 0 iff x = y, and (ii) d(x, y) ≤ d(x, z) + d(z, y).

1This research is partially supported by Spanish Ministry of Education and Science and FEDER, grant
MTM2006-14925-C02-01.
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A non-archimedean quasi-metric (also called an ultra quasi-metric) is a quasi-metric that
verifies d(x, y) ≤ max{d(x, z), d(z, y)} for all x, y, z ∈ X.

Each quasi-metric d on X generates a quasi-uniformity Ud on X which has as a base
the family of sets of the form {(x, y) ∈ X ×X : d(x, y) < 2−n}, n ∈ N. Then the topology
τ(Ud) induced by Ud, will be denoted simply by τ(d).

A space (X, τ) is said to be (non-archimedeanly) quasi-metrizable if there is a (non-
archimedean) quasi-metric d on X such that τ = τ(d).

A relation ≤ on a set G is called a partial order on G if it is a transitive antisymmetric
reflexive relation on G. If ≤ is a partial order on a set G, then (G,≤) is called a poset (or
partially ordered set) or T0-Alexandroff space.

Note that there is a natural transitive base of quasi-uniformity in (G,≤) which consists
on the entourage ≤= {(x, y) ∈ X ×X : x ≤ y}. Note that this quasi-uniformity induces
a topology in which the set [g,→ [= {h ∈ G : g ≤ h} form a neighborhood base for each

g ∈ G (we say that the topology τ is induced by ≤). Note that then {g} =] ←, g] for all
g ∈ G.

Let us remark that a map f : G→ H between two posets G and H is continuous if and
only if it is quasi-uniformly continuous if and only if it is order preserving, i.e. g1 ≤ g2
implies f(g1) ≤ f(g2).

2. The construction of an inverse limit from a transitive quasi-uniformity.

Let U be a transitive base of a T0 quasi-uniform space X and for each U ∈ U , let
GU = {U∗(x) : x ∈ X}.

It follows that GU is a partition of X, for each U ∈ U .
In GU , define the following order relation: U∗(x) ≤U U∗(y) iff y ∈ U(x). Then (GU ,≤U )

is a poset and we can consider in GU the quasi-uniformity and the topology induced by
≤U .

Now, let ρU be the quotient map from X onto GU which carries x in X to U∗(x) in
GU . Then ρU is quasi-uniformly continuous.

If U ⊆ V are entourages of U , we define the map φUV : GU −→ GV given by
φUV (ρU (x)) = ρV (x). Then φUV is quasi-uniformly continuous.

Finally, let ρ be the map from X into lim←−U∈U
GU (note that U is a directed set with

respect to reverse inclusion) which carries x in X to (ρU (x))U∈U in lim
←−U∈U

GU . Then ρ

is continuous. This inverse limit is called the inverse limit associated with the transitive
base U .

Note that we can consider in lim
←−U∈U

GU the quasi-uniformity induced by the product

quasi-uniformity. A base of this quasi-uniformity is given by the entourages

{((xU )U∈U , (yU )U∈U ) ∈ lim←−
U∈U

GU × lim←−
U∈U

GU : xV ≤V yV }

for V ∈ U .
Then we can represent any quasi-uniform space with a transitive base as a subspace of

the inverse limit of a spectrum of posets.

Theorem 1. Let U be a transitive base of a T0 quasi-uniform space X, and let lim
←−U∈U

GU

be the inverse limit associated with U . Then ρ : X → lim←−U∈U
GU is a (not necessarily

onto) quasi-isomorphism and ρ(X) is U∗-dense in lim
←−U∈U

GU .

A filter F in a quasi-uniform space (X,U) is said to be U∗-Cauchy if for each U ∈ U
there exists x ∈ X such that U∗(x) ∈ F . U is said to be bicomplete if each U∗-Cauchy filter
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is convergent in τ(U∗). U is said to be half-complete if each U∗-Cauchy filter is convergent
in τ(U). Note that any bicomplete, complete, convergent complete, right K-complete or
left K-complete quasi-uniformity is half-complete.

Proposition 2. With the previous notation:

(1) U is totally bounded if and only if GU is finite for each U ∈ U .
(2) U is bicomplete if and only if ρ is onto.

In lim←−U∈U
GU we can define the order (xU )U∈U ≤ (yU )U∈U iff xU ≤U yU for each U ∈ U .

Then ≤ coincides with the specialization order of the quasi-uniformity in lim
←−U∈U

GU .

A bicompletion of a quasi-uniform space (X,U) is a bicomplete quasi-uniform space
(Y,V) that has a τ(V∗)-dense subspace quasi-isomorphic to (X,U).

Each T0 quasi-uniform space (X,U) has an (up to quasi-isomorphism) unique T0 bicom-
pletion. The set of closed points of the bicompletion will be denoted by G(X).

The construction of the bicompletion is described in detail in Chapter 3 of [6]. Let us
mention that it consists of minimal U∗-Cauchy filters with a quasi-uniformity given by the

base {Ũ : U ∈ U}, where for each U ∈ U , Ũ = {(F ,G) : F and G are minimal U∗-Cauchy
filters such that F ×G ⊆ U for some F ∈ F and some G ∈ G}.

A T1 *-compactification (resp. *-half completion) of a T1 quasi-uniform space (X,U)
is a compact (resp. half complete) T1 quasi-uniform space (Y,V) that has a τ(V∗)-dense
subspace quasi-isomorphic to (X,U). A T1 half completion of a T1 quasi-uniform space
(X,U) is a half complete T1 quasi-uniform space (Y,V) that has a τ(V)-dense subspace
quasi-isomorphic to (X,U).

We say that a T1 quasi-uniform space is *-compactifiable (resp. *-half completable,
half-completable) if it has a *-compactification (resp. *-half completion, half completion).

It is proved in [8] that if a T1 quasi-uniform space (X,U) is T1 *-compactifiable (resp.
T1 *-half completable), then any T1 *-compactification (resp. T1 *-half completion) is

quasi-isomorphic to (G(X), Ũ |G(X)).
The constructed inverse limit allows us to give an alternative construction of the bi-

completion.

Theorem 3. Let U be a transitive base of a T0 quasi-uniform space X. Then lim←−U∈U
GU

is quasi-isomorphic to the bicompletion of (X,U).

Note that if (xU )U∈U ∈ lim
←−U∈U

GU then {xU : U ∈ U} is a base of a minimal U∗-Cauchy

filter.
Since lim←−U∈U

GU is quasi-isomorphic to the bicompletion, we will denote by G(X) the

set of closed points of lim
←−U∈U

GU .

Under a completeness condition, we can identify ρ(X) as G(X).

Theorem 4. Let U be a transitive base of a T1 half complete quasi-uniform space X.
Then ρ(X) = G(X).

Note that ρ(X) (and hence X) is half complete if and only if for each (xU )U∈U ∈
lim←−U∈U

GU there exists x ∈ X such that ρ(x) ≤ (xU )U∈U .

On the other hand, note that (zU )U∈U ∈ G(X) if and only if (zU )U∈U ∈ lim←−U∈U
GU is

minimal with respect to ≤.

Corollary 5. Let U be a transitive base of a compact T1 quasi-uniform space X. Then
ρ(X) = G(X).
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Corollary 6. Let U be a totally bounded transitive base of a compact T1 quasi-uniform
space X. Then X is quasi-isomorphic to the set of closed points of an inverse limit of a
spectrum of finite posets.

Since lim
←−U∈U

GU is quasi-isomorphic to the bicompletion, then we can give an alternative

construction of the T1 *-compactification and the T1 *-half completion.

Proposition 7. Let U be a transitive base of a T1 quasi-uniform space X. Then ρ(X) ⊆
G(X) if and only if (X,U) is T1 half completable.

Proposition 8. Let U be a transitive base of a T1 *-half completable quasi-uniform space
X. Then ρ(X) ⊆ G(X) and G(X) is the T1 *-half completion of X.

Corollary 9. Let U be a transitive base of a T1 *-compactifiable quasi-uniform space X.
Then ρ(X) ⊆ G(X) and G(X) is the T1 *-compactification of X.

3. Representation of spaces as inverse limit of posets.

All topological spaces can be represented as the inverse limit of a spectrum of finite
posets, and in some cases it can be used an inverse limit of a sequence of finite posets.

Theorem 10. Let X be a T0 topological space. Then X can be represented as a dense
subspace of the inverse limit of a spectrum of finite posets.

Theorem 11. Let X be a second countable T1 space. Then X can be represented as a
dense subspace of the inverse limit of a spectrum of finite posets.

Theorem 12. Let X be a compact T1 space. Then X can be represented as the set of
closed points of the inverse limit of a spectrum of finite posets.

Theorem 13. Let X be a compact metrizable space. Then X can be represented as the
set of closed points of the inverse limit of a sequence of finite posets.

Note that a real number is represented in a computer as the limit of a sequence of rational
numbers. Then, these theorems allows us to represent (from a quasi-uniform point of view)
any subset of Rn as a sequence of finite posets. So we can store an approximation of any
subset of Rn as closed as desired.

A poset G is said to be locally finite if for each g ∈ G the set {h ∈ G : g ≤ h} is finite.
In the next result, we show that for a completely metrizable space we can use locally

finite posets. Then for a completely metrizable separable space (for example, for euclidean
spaces) we can choose to use finite posets (and the space is a dense subspace of the inverse
limit) or locally finite posets (and the space is the set of closed points of the inverse limit),
but only for compact metrizable spaces we can use finite posets and represent the space
as the set of closed points of the inverse limit.

Theorem 14. Let X be a completely metrizable space. Then X can be represented as the
set of closed points of the inverse limit of a sequence of locally finite posets.

If G is a poset, we can define an adjacency relation A by A = {(x, y) ∈ G×G : x ≤ y or
y ≤ x}. A poset is said to be connected if for each g, h ∈ G there exist g1, . . . , gn ∈ G such
that g is adjacent to g1, gi is adjacent to gi+1 (for i ∈ {1, . . . , n − 1}) and gn is adjacent
to h.

Theorem 15. Let X be a compact connected T1 (resp. metrizable) space. Then X can be
represented as the set of closed points of the inverse limit of a spectrum (resp. sequence)
of finite connected posets.
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4. How to construct the inverse limit for a topological space.

In the previous section we showed that a topological space with some topological prop-
erties can be represented by means of an inverse limit of posets. In this section, we show
how (directed) fractal structures can be used to construct such representation.

Definition 16. A base of directed fractal structure on a set X is a family of coverings
Γ = {Γi : i ∈ I} such that for each i, j ∈ I there exists k ∈ I with Γk ≺≺ Γi and Γk ≺≺ Γj.

A base of directed fractal structure over a set X is said to be a directed fractal structure
if given coverings Γ and ∆ with Γ ≺≺ ∆ and Γ ∈ Γ, it follows that ∆ ∈ Γ.

If Γ is a base of directed fractal structure on a set X then it is clear that the family of
coverings {Γ : there exists Γ′ ∈ Γ with Γ′ ≺≺ Γ} is a directed fractal structure.

If Γ is a base of directed fractal structure on X, the induced transitive base of quasi-
uniformity UΓ is defined by U = {UΓ : Γ ∈ Γ}, where UΓ = {(x, y) : x ∈

⋂
y∈A∈ΓA}.

Definition 17. A countable base of directed fractal structure will be called for brevity a
fractal structure.

If Γ = {Γn : n ∈ N} is a fractal structure on a T0 space, the induced non-archimedean

quasi-metric dΓ is defined by d(x, y) = 2−(n+1) if y ∈ UΓn(x) \ UΓn+1(x), d(x, y) = 1 if
yNot ∈ UΓ1(x) and d(x, y) = 0 if y ∈ UΓn(x) for all n. We will denote the poset GUΓn

by
Gn.

First, we show how to represent any T0 topological space as a dense subspace of an
inverse limit of a spectrum of posets.

Theorem 18. Let X be a T0 topological space.

(1) Let Γ be the family of all finite closed coverings. Then Γ is a directed fractal
structure.

(2) Let U = UΓ. Then U is the Pervin quasi-uniformity.
(3) Since U is totally bounded, GU is finite for each U ∈ U .
(4) lim←−U∈U

GU is quasi-isomorphic to the bicompletion of (X,U).

Now, we consider the spaces that can be represented as inverse limits of a sequence of
finite posets.

Theorem 19. Let X be a second countable T1 space.

(1) There exists a compatible fractal structure Γ = {Γn : n ∈ N} on X such that Γn is
a finite cover for each n ∈ N.

(2) dΓ is totally bounded.
(3) Gn is finite.
(4) lim
←−

Gn is quasi-isomorphic to the bicompletion of (X, dΓ).

It is usually easy to construct a compatible fractal structure with the properties of
the previous theorem. For example, in the case of a separable metrizable space, we can
construct a sequence of compact subspaces Kn such that X =

⋃
n∈NKn (and Kn ⊆ K

◦
n+1).

As Γ1 we take a finite covering of K1 by closed set of diameter at most 1 and add X \K◦
1 .

For Γ2, we divide each element of Γ1, except X \K◦
1 , in a finite family of closed subsets

of diameter at most 1
2 , then we add closed subsets of diameter at most 1

2 (included in
X \K◦

1 ) to get a finite covering of K2 and finally we add X \K◦
2 . Recursively we construct

Γn as a finite covering of Kn by closed sets of diameter at most 1
2n plus the set X \K◦

n

and such that Γn+1 ≺≺ Γn. It follows that Γ = {Γn : n ∈ N} is a fractal structure with
the properties of the previous theorem.
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Theorem 20. Let X be a compact T1 space.

(1) There exists a compatible base of directed fractal structure Γ = {Γi : i ∈ I} on X
such that Γi is a finite cover for each i ∈ I.

(2) UΓ is totally bounded and complete.
(3) GU is finite for each U ∈ UΓ.
(4) (X,UΓ) is quasi-isomorphic to the set of closed points of lim←−U∈U

GU .

In the previous theorem, we can take, for example, the directed fractal structure of
theorem 18.

Theorem 21. Let X be a compact metrizable space.

(1) There exists a compatible fractal structure Γ = {Γn : n ∈ N} on X such that Γn is
a finite cover for each n ∈ N.

(2) dΓ is totally bounded and complete.
(3) Gn is finite.
(4) (X, dΓ) is quasi-isomorphic to the set of closed points of lim

←−
Gn.

Again, it is usually easy to construct such a fractal structure. In this case, take Γ1 as a
finite covering by closed sets of diameter at most 1. For Γ2, we divide each element of Γ1

in a finite family of closed subsets of diameter at most 1
2 . Recursively we construct Γn as

a finite covering by closed sets of diameter at most 1
2n such that Γn+1 ≺≺ Γn. It follows

that Γ = {Γn : n ∈ N} is a fractal structure with the properties of the previous theorem.
For example, if X is the unit square, we can divide X in four squares to form Γ1. For

Γ2, we divide each of those squares into other four sub squares and so on.
A fractal structure Γ is said to be Γ-Cantor-complete if for each decreasing sequence

(An) of subsets of X with An ∈ Γn it holds that
⋂

n∈NAnNot = ∅. Note that if X is
compact, any fractal structure Γ on X is Γ-Cantor complete.

Theorem 22. Let X be a completely metrizable space.

(1) There exists a compatible Γ-Cantor complete fractal structure Γ = {Γn : n ∈ N}
on X such that Γn is a locally finite cover for each n ∈ N.

(2) dΓ is half complete.
(3) Gn is locally finite.
(4) (X, dΓ) is quasi-isomorphic to the set of closed points of lim←−Gn.

Again, it is usually easy to construct such a fractal structure. For example, in the plane
we can take a tiling by squares as Γ1, divide each square in four sub squares to construct
Γ2 and so on.

A cover Γ is said to be connected if for each A,B ∈ Γ, there exist A1, . . . , An ∈ Γ such
that A ∩A1Not = ∅, Ai ∩Ai+1Not = ∅ (for i ∈ {1, . . . , n − 1}) and An ∩BNot = ∅.

Theorem 23. Let X be a compact connected metrizable space.

(1) There exists a compatible (Γ-Cantor complete) fractal structure Γ = {Γn : n ∈ N}
on X such that Γn is a connected finite cover for each n ∈ N.

(2) dΓ is totally bounded and complete.
(3) Gn is finite and connected.
(4) (X, dΓ) is quasi-isomorphic to the set of closed points of lim←−Gn.
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Finally, we show how to represent the Stone-Čech compactification of a space.

Theorem 24. Let X be a Tychonoff T1 topological space.

(1) If X is normal and U is the Pervin quasi-uniformity, then G(X) (the set of closed
points of lim

←−U∈U
GU ) is the Stone-Čech compactification of X. Note that (since U

is totally bounded) GU is finite for each U ∈ U .
(2) Let Γ be the family of all finite coverings by zero-sets. Then Γ is a directed fractal

structure. If U = UΓ, then G(X) (the set of closed points of lim←−U∈U
GU ) is the

Stone-Čech compactification of X.
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Abstract

Most of fuzzy metrics in the sense of George and Veeramani fulfill the condition
M(x, z, t) ≥ M(x, y, t) ∗M(y, z, t). In this paper we study some aspects of
this class of fuzzy metrics, called strong fuzzy metrics.

1. Introduction

One of the most important problems in Fuzzy Topology is to obtain an appropriate
concept of fuzzy metric space. This problem has been investigated by many authors from
different points of view. In particular, George and Veeramani ([2],[4]) have introduced and
studied a notion of fuzzy metric space with the help of continuous t-norms. Recently, (sta-
tionary) fuzzy metrics in this sense, have been applied to color image filtering, improving
some filters when replacing classical metrics by these type of fuzzy metrics ([1, 11, 12, 13]).
On the other hand, the class of topological spaces that are fuzzy metrizable agrees with
the class of metrizable topological spaces (see [3] and [7]). This result permitted to re-
state some classical theorems on metric completeness and metric (pre)compactness in the
realm of fuzzy metric spaces ([7]). Nevertheless, the theory of fuzzy metric completion is,
in this context, very different to the classical theory of metric completion: Indeed, there
exist fuzzy metric spaces which are not completable (Example 2 of [8] and Example 2 of
[9]). The characterization of completable fuzzy metric spaces was given in [9] Theorem 1.
In this paper, after preliminaries, we study some aspects of a new class of fuzzy metrics
called strong [6] which is obtained demanding a new condition to be fulfilled by these fuzzy
metrics and give a characterization of this kind of fuzzy metrics.

2. Preliminaries

Let us recall [15] that a continuous t-norm is a binary operation ∗ : [0, 1]× [0, 1] → [0, 1]
such that ([0, 1],≤, ∗) is an ordered Abelian topological monoid with unit 1.

From now on, by ∗ we will denote a continuous t-norm. The t-norm minimum will be
denoted by ∧, the usual product by ·, and the Lukasievicz t-norm (a∗b = max{a+b−1, 0})
by L. These 3 t-norms are the most commonly used in fuzzy logic and they satisfy
a ∧ b ≥ a · b ≥ L(a, b).

1This research is supported by Generalitat Valenciana under Grant GVPRE/2008/257 and Universidad
Politénica de Valencia under Grant PAID-06-08 Primeros Proyectos de Investigación del Vicerrectorado
de Investigación de la UPV.
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Definition 1. ([2]). A fuzzy metric space is an ordered triple (X,M, ∗) such that X
is a (nonempty) set, ∗ is a continuous t-norm and M is a fuzzy set on X × X×]0,+∞[
satisfying the following conditions, for all x, y, z ∈ X, s, t > 0 :

(GV1) M(x, y, t) > 0;
(GV2) M(x, y, t) = 1 if and only if x = y;
(GV3) M(x, y, t) = M(y, x, t);
(GV4) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s);
(GV5) M(x, y, ) :]0,+∞[→]0, 1] is continuous.

If (X,M, ∗) is a fuzzy metric space, we will say that (M, ∗), or simply M , is a fuzzy
metric on X. Notice that condition (GV4) is a fuzzy version of the triangular inequality.
The value M(x, y, t) is considered as the degree of nearness from x to y with respect to t
and from axiom (GV2) we can relate the values 0 and 1 of a fuzzy metric to the notions
of ∞ and 0 of a classical metric, respectively.

The following is a well-known result.

Lemma 2. M(x, y, ·) is increasing for all x, y ∈ X.

George and Veeramani proved in [2] that every fuzzy metric M on X generates a
topology τM on X which has as a base the family of open sets of the form {BM (x, ε, t) :
x ∈ X, 0 < ε < 1, t > 0}, where BM(x, ε, t) = {y ∈ X : M(x, y, t) > 1− ε} for all x ∈ X,
ε ∈]0, 1[ and t > 0.

Let (X, d) be a metric space and let Md be the function on X ×X×]0,+∞[ defined by

Md(x, y, t) =
t

t+ d(x, y)

Then (X,Md, ·) is a fuzzy metric space [2] and Md is called the standard fuzzy metric
induced by d. The topology deduced from Md coincides with the topology deduced from
d.

Definition 3. A fuzzy metric M on X is said to be stationary, [9], if M does not depend
on t, i.e. if for each x, y ∈ X, the function Mx,y(t) = M(x, y, t) is constant. In this case
we write M(x, y) instead of M(x, y, t) and BM (x, ε) instead of BM (x, ε, t). Also we will
denote B instead of BM , if no confusion arises.

Proposition 4 ([4]). A sequence (xn) in X converges to x if and only if lim
n
M(xn, x, t) =

1, for all t > 0.

Definition 5 ([4]). A sequence (xn)n∈N in a fuzzy metric space (X,M) is said to be
Cauchy (or M -Cauchy) if for each ε ∈]0, 1[ and each t > 0 there is n0 ∈ N such that
M(xn, xm, t) > 1− ε for all n,m ≥ n0. X is called complete if every Cauchy sequence in
X is convergent with respect to τM . In such a case M is also said to be complete.

Definition 6 ([8]). Let (X,M) and (Y,N) be two fuzzy metric spaces. A mapping f from
X to Y is called an isometry if for each x, y ∈ X and t > 0, M(x, y, t) = N(f(x), f(y), t)
and, in this case, if f is a bijection, X and Y are called isometric. A fuzzy metric
completion of (X,M) is a complete fuzzy metric space (X∗,M∗) such that (X,M) is
isometric to a dense subspace of X∗. X is called completable if it admits a fuzzy metric
completion.

From now on, R, R+ and Q will denote the sets of real numbers, positive real numbers
and rational numbers, respectively.
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3. Strong fuzzy metrics

If (M,∧) is a fuzzy metric on X then the triangular inequality (GV4) becomes for all
x, y, z ∈ X and t, s > 0

M(x, z, t + s) ≥M(x, y, t) ∧M(y, z, s)

Now if we demand also that

M(x, z, t) ≥M(x, y, t) ∧M(y, z, t)

we obtain the notion of fuzzy ultrametric (non-Archimedean fuzzy metric [14]).
Then it suggests the following definition.

Definition 7 ([6]). Let (X,M, ∗) be a fuzzy metric space. The fuzzy metric M is said to
be strong if it satisfies for each x, y, z ∈ X and each t > 0

(GV4’) M(x, z, t) ≥M(x, y, t) ∗M(y, z, t)

Notice that this axiom (GV4’) cannot replace axiom (GV4) in the definition of fuzzy
metric since in that case M could not be a fuzzy metric on X as shows the next example.

Example 8. Consider the usual metric | · | on R. Define the function M : R2×R+ →]0, 1]
by

M(x, y, t) =

1

t
1

t
+ |x− y|

Then M fulfills (GV1)-(GV3) and (GV5) but it does not satisfy (GV4) for the usual
product. Indeed, let x = 1, y = 2, z = 3, t = s = 1. We have

M(x, z, t + s) =

1

2
1

2
+ |3− 1|

<
1

1 + |2− 1|
·

1

1 + |3− 2|
= M(x, y, t) ·M(y, z, s)

Notice that fixed x, y ∈ X the function Mxy on t defined by Mxy(t) = M(x, y, t) is
strictly decreasing for all t > 0.

Nevertheless M satisfies (GV4’) for the usual product. Indeed,

M(x, z, t) =

1

t
1

t
+ |z − x|

≥

1

t
1

t
+ |y − x|+ |z − y|

≥

≥

1

t
1

t
+ |y − x|

·

1

t
1

t
+ |z − y|

= M(x, y, t) ·M(y, z, t)

It is possible to define a strong fuzzy metric by replacing (GV4) by (GV4’) and demand-
ing in (GV5) that the function Mx,y be an increasing continuous function on t, for each
x, y ∈ X. (Indeed, in such a case we have thatM(x, z, t+s) ≥M(x, y, t+s)∗M(y, z, t+s) ≥
M(x, y, t) ∗M(y, z, s)).

Example 9.

(a) Stationary fuzzy metrics are strong.
(b) Fuzzy ultrametrics are strong.
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(c) The fuzzy metric (M, ·) on R+ defined by

M(x, y, t) =
min{x, y}+ t

max{x, y} + t

is strong.
(d) (strong fuzzy metrics deduced from stationary fuzzy metrics). If (N, ·) is a sta-

tionary fuzzy metric on X we define the function M on X2 × R+ by

M(x, y, t) =
t

t+ 1−N(x, y)

Then (M, ·) is a strong fuzzy metric on X.
(e) (Strong fuzzy metrics deduced from strong fuzzy metrics). Let (N, ·) be a strong

fuzzy metric on X. Define the function M on X2 ×R+ by

M(x, y, t) =
t+N(x, y, t)

t+ 1

Then (M, ·) is a strong fuzzy metric on X.
In the next examples d is a metric on X.

(f) Let ϕ : R+ →]0, 1] be an increasing continuous function. Define the function M
on X2 × R+ by

M(x, y, t) =
ϕ(t)

ϕ(t) + d(x, y)

Then (M, ·) is strong. In particular, the well-known standard fuzzy metric Md is
strong for the usual product.

(g) The function M on X2 × R+ given by

M(x, y, t) = e−
d(x,y)

t

is strong for the usual product.
(h) The standard fuzzy metric Md is a fuzzy ultrametric (and so it is strong for the

t-norm minimum) if and only if d is an ultrametric [14].
(i) If d is a metric which is not ultrametric then (Md,∧) is a non-strong fuzzy metric

on X.

Problem 10. To find a non-strong fuzzy metric (M, ∗) when ∗ is the usual product or the
Lukasievicz t-norm.

Next results can be see in [6]. Let (M, ∗) be a non-stationary strong fuzzy metric.
We define the family of functions {Mt : t ∈ R+} where Mt : X2 →]0, 1] is given by
Mt(x, y) = M(x, y, t). With this notation we have the following proposition.

Proposition 11. Let (M, ∗) be a non-stationary fuzzy metric on X. Then:

(i) (M, ∗) is strong if and only if (Mt, ∗) is a stationary fuzzy metric on X for each
t ∈ R+.

(ii) If (M, ∗) is strong then τM =
∨
{τMt : t ∈ R+}.

If M is a strong fuzzy metric we will say that {Mt : t ∈ R+} is the family of stationary
fuzzy metrics deduced from M .

Example 12.

(a) Let d be a metric on X. Then (Mdt
,∧) is a stationary fuzzy metric on X for each

t > 0 if and only if (Md,∧) is strong if and only if d is an ultrametric on X.
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(b) Consider the strong fuzzy metric M of Example 9 (c). Then,

Mt(x, y) =
min{x, y}+ t

max{x, y}+ t

is a stationary fuzzy metric for each t > 0 and it is easy to verify that τMt = τM
for each t > 0.

(c) Consider the function M on R+ × R+ ×R+ given by

M(x, y, t) =





1 x = y
min{x, y}

max{x, y}
· ϕ(t) x 6= y

where ϕ(t) =

{
t 0 < t ≤ 1
1 t > 1

.

It is easy to verify that (M, ·) is a strong fuzzy metric on R+ and τM is the
discrete topology on R+.

For t ≥ 1 we have that Mt(x, y) =
min{x, y}

max{x, y}
and τMt is the usual topology of

R relative to R+.

For t < 1 we have that Mt(x, y) =
min{x, y}

max{x, y}
· t and so τMt is the discrete

topology.

Now it arises the natural question of when a family (Mt, ∗) of stationary fuzzy metrics
on X for t ∈ R+, defines a fuzzy metric (M, ∗) on X by means of the formula M(x, y, t) =
Mt(x, y) for each x, y ∈ X, t ∈ R+. The next proposition answers this question.

Proposition 13. Let {(Mt, ∗) : t ∈ R+} be a family of stationary fuzzy metrics on X.

(i) The function M on X2×R+ defined by M(x, y, t) = Mt(x, y) is a fuzzy metric on
X when considering the t-norm ∗, if and only if {Mt : t ∈ R+} is an increasing
family (i.e. Mt ≤ Mt′ if t < t′) and the function Mxy : R+ → R+ defined by
Mxy(t) = Mt(x, y) is a continuous function, for each x, y ∈ X.

(ii) If conditions of (i) are fulfilled then (M, ∗) is strong and {(Mt, ∗) : t ∈ R+} is the
family of stationary fuzzy metrics deduced from M .

By (ii) we can notice that a strong fuzzy metric is characterized by its family {Mt : t ∈
R+} of stationary fuzzy metrics.

The next example illustrates the last proposition.

Example 14.

(a) Consider on R the increasing family of stationary fuzzy metrics {Mt, ·) : t ∈ R+}

given by Mt(x, y) =
1

1 + |x− y|
if t ≤ 1 and Mt(x, y) =

2

2 + |x− y|
if t > 1.

Define the function M on R2 × R+ by M(x, y, t) = Mt(x, y). Then Mxy is an
increasing function on R but (M, ·) is not a fuzzy metric on R since Mxy is not
continous at t = 1 if x 6= y.

(b) Consider on R the family of stationary fuzzy metrics {(Mt, ·) : t ∈ R+} given by

Mt(x, y) =
1

1 + |x− y|
if t ≤ 1 and Mt(x, y) =

1

t
1

t
+ |x− y|

if t > 1.
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Define the function M on R2 × R+ by M(x, y, t) = Mt(x, y). In this case, Mxy

is a continuous function on R+ but (M, ·) is not a fuzzy metric on R since Mxy is
not an increasing function on R+.

An easy consequence of the previous definitions is the next proposition.

Proposition 15. Let {Mt : t ∈ R+} be the family of stationary fuzzy metrics deduced
from the strong fuzzy metric M on X. Then the sequence (xn) in X is M -Cauchy if and
only if (xn) is Mt-Cauchy for each t > 0.

Corollary 16. Let (X,M, ∗) be a strong fuzzy metric space. (X,M, ∗) is complete if and
only if (X,Mt, ∗) is complete for each t ∈ R+.

Example 17. Let X =]0, 1], A = X ∩Q, B = XrA. Define the function M on X2×R+

by

M(x, y, t) =





min{x, y}

max{x, y}
x, y ∈ A or x, y ∈ B, t > 0

min{x, y}

max{x, y}
x ∈ A, y ∈ B or x ∈ B, y ∈ A, t ≥ 1

min{x, y}

max{x, y}
· t elsewhere

It is easy to verify that (M, ·) is a strong fuzzy metric on X.

For t =
1

2
we have that

M 1
2
(x, y) =





x

y
x, y ∈ A or x, y ∈ B

x

2y
x ∈ A, y ∈ B or x ∈ B, y ∈ A

Let (xn) be an strictly increasing sequence in B which converges to 1 for the usual
topology of R. Then (xn) is M 1

2
-Cauchy since lim

m,n
M 1

2
(xn, xm) = 1. Nevertheless (xn) does

not converge in (X,M 1
2
) to any x < 1 since lim

n
M 1

2
(x, xn) ≤ lim

n

x

xn
= x < 1. On the other

hand, this sequence does not converge in (X,M 1
2
) to 1 since lim

n
M 1

2
(xn, 1) = lim

n

xn

2
=

1

2
.

So, M 1
2

is not complete and, in consequence, M is not complete.

Moreover, in [5] it is proved that M is not completable.
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