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Outline of talk

I. Courant algebroids
e definition, examples, basic properties,
o weaker versions of Courant algebroid;

II. Riemannian geometry on Courant algebroids

e connections, divergences, torsion, generalized metrics, Levi-Civita
connections,
e special emphasis on curvature;

III. Relation to supergravity

e reformulation of supergravity equations,
e Palatini variation.



Courant algebroids

,_[ Definition (Liu, Weinstein, Xu — 1997) }

A Courant algebroid over M is a 4-tuple (E,p, (, ),[, ]), consisting of
e a vector bundle £ — M,
e a vector bundle morphism (p,idy) € Hom(E, T M)
e a non-degenerate symmetric pairing (, ) € T'(©O*E*),
e an R-bilinear map |, |: x*T'(F) — I'(E),
that is subject to the following axioms:

(Cal) [a,a] = %’D(a, a),

(Ca2) p(a)(b, C> = <[a7 b}v C) + <b7 [avc]>v

(Ca3) fa,[b,cl] = [[a, b], ¢] + [b, [a, c]],
where

D:=fop'od: C®(M)— I'(E).
_~

*

=:p

For M = {x}, Courant algebroids are just quadratic Lie algebras.

It follows from (Cal) and (Ca2) that Courant algebroids with p = 0 are
(Cad) [a, fb] = (p(a)f) b+ fla,b], bundles of quadratic Lie algebras

(Cab) [fa,b] = —(p(b)f) a+ fla,b] + (a,b)Df. [, J€TNE" ® B).




Courant algebroids - basic properties

*
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Example: exact Courant algebroids 1

J
Given H € Do (A*T™), the 4-tuple (T' & T, pry, (, )i, [, 1), where

o (X +a,Y+p8): =aY) + B(X),
o X+a, Y407 :=[X,Y]+£xB—yda+ixiyH
is a Courant algebroid.
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Example: exact Courant algebroids 1

J
Given H € Do (A*T™), the 4-tuple (T' & T, pry, (, )i, [, 1), where

o (X +a,Y+p8): =aY) + B(X),
o X+a, Y407 :=[X,Y]+£xB—yda+ixiyH
is a Courant algebroid.

The axiom (Ca3) (Jacobi-like identity) can be weakened:



Courant algebroids - basic properties
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Example: pre-Courant algebroids }

Given H € T (A°T*), the 4-tuple (T'© T, prr, (, )y, [, ]*), where
o (X +a,Y +8), = alY) +B(X),
o X+a, Y407 :=[X,Y]+£xB—yda+ixiyH

is a pre-Courant algebroid.

The axiom (Ca3) (Jacobi-like identity) can be weakened:
(Cab) p(la,b]) = [p(a), p(b))u (pre-Courant algebroid),



Courant algebroids - basic properties
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Example: weak Courant algebroids }

Given H € T (A°T*), the 4-tuple (T'© T, prr, (, )y, [, ]*), where

o (X+a,Y+p8), :=alY)+p(X),

o [X+a,Y+B]H :=VxY —~Vy X+ LY —tydVa+ixty H (Tv #0)
is a weak Courant algebroid.

The axiom (Ca3) (Jacobi-like identity) can be weakened:
(Cab) p([a, b)) = [p(a), p(b)]ue (pre-Courant algebroid),
(Ca7) Thereis F e T(A*T*®T) s.t. (weak Courant algebroid)

p([a,8]) — [p(a), p(b)]ue = F(p(a), p(b)),



Courant algebroids - basic properties
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Example: ante Courant algebroids }

Given H € T (A°T*), the 4-tuple (T'© T, prr, (, )y, [, ]*), where

o (X+a,Y +8). = a(Y) + B(X),

o [X+a,Y +8)" = [X,Y]ittatsx + £xB — tyda+ixty H (x € T(A°T))
is an ante Courant algebroid.

The axiom (Ca3) (Jacobi-like identity) can be weakened:
(Cab) p([a, b)) = [p(a), p(b)].e (pre-Courant algebroid),
(Ca7) Thereis F e T(A*T*®T) s.t. (weak Courant algebroid)
p([a,8]) — [p(a), p(b)]ue = F(p(a), p(b)),

(Ca8) pop*=0 (ante-Courant algebroid).



Courant algebroids - basic properties

*

0— T L2 sE—L T 50

Example: exact Courant algebroids }

Given H € Tys(A*T™), the 4-tuple (T ® T*,pr,, (, )i, [, ), where
o (X +a,Y + ). :=aY)+ B(X),
o X+a, Y407 :=[X,Y]+£xB—yda+ixiyH

is a Courant algebroid.

The axiom (Ca3) (Jacobi-like identity) can be weakened:
(Cab) p([a, b)) = [p(a), p(b)]ue (pre-Courant algebroid),
(Ca7) Thereis F e T(A*T*®T) s.t. (weak Courant algebroid)
p([a,8]) — [p(a), p(b)]ue = F(p(a), p(b)),
(Ca8) pop*=0 (ante-Courant algebroid).
In the framework of a pre-Courant algebroid, the following is true:

(CaQ) [a,p*B] = p* £ p(a) B
(Cal0) [p*a,b] = —p*Lowmyda



Courant algebroids - properties diagram

Ca axioms

\
L (Ca8) =
' ante-Ca
properties involving
only the pairing and

anchor map

(Cal)

properties involving
the pairing
properties involving

only the bracket and (Cav)
anchor map weak Ca pre-Ca

properties involving
only the bracket (Ca3)



Courant algebroids - examples

,—[ Example: Heterotic Courant algebroids }

Given a G-bundle P — M, a Ca structure on TM & ad P & T*M is induced by

e a non-degenerate invariant symmetric paring ( , ), € ®*g*,

. 1
e a connection A on P and H € I'(A*T*) s.t. dH + 5(]—‘/\]-‘>ﬂ =0.

,—[ Example: Courant algebroids induced by V }

A torsion-free affine connection V : x*I'(T'Q) — I'(T'Q) gives us TT*Q = H& 'V

TT"Q=HeV =~ m(TQ&TQ) +— TQ&T"Q

| | |

™Q = T™"Q ———— Q
The 4-tuple (TT*Q,pry,9,[, |), where
o g€ (T (T*Q)) (Patterson-Walker metric, 1952)
gly =dp; © dz? fkakijdzidej, ’ Wean| iy = dp; Adad |,

o [h+v,h +v'] :=prylh, ]+ pryg  (£rg(v') — tprdg(v)),

is a weak Ca. It is a Ca iff V is flat. (it can be seen as a Lie bialgebroid)




Courant algebroid connections

,_[ Definition (Alekseev, Xu —2001, Gualtieri — 2007) }

A Ca connection on E is an R-bilinear map V : x*I'(E) — I'(E) s.t.
(Cacl) Viab= fVab,
(Cac2) V.(fb) = (p(a)f) b+ fV.b,
(Cac3) p(a){b,e) = (Vab, ) + (b, Vac) (ie. V(. )=0).

Given a vb connection V" : I'(T) x I'(E) — I'(E) compatible with (, ),
V:XT(E) = [(E): (a,b) = V5, b,
is a Ca connection.

The space of Ca connections is an affine space modeled on I'(E* ® (A*E™)).

)

Example: Ca connections on (T'® T, pry, (, )i, [, 1H) }

For any affine connection V*": x2I'(T") — I'(T),
Vxia(Y+8):=ViY + Vi3

is compatible with (, ), = Vs a Ca connection.




Divergences

Definition (Alekseev, Xu — 2001, Garcia-Fernandez — 2019)

A divergence on E is an R-linear map div : ['(E) — C>~(M) s.t.

div(fa) = p(a)f + fdiva.

A Ca connection V induces the divergence on E:
divy a := Tr Va.
Conversely (if Rk E # 1), for a divergence div on E, there is a Ca connection s.t.
divy = div.

It is enough to modify an arbitrary Ca connection V° by C € T'(E* ® (A*E*)),

C(a,b,c):

= ﬁ((a, b)(divyo ¢ — dive) — (a, ¢)(divyo b — divd)).

Example: Divergence induced by a volume form }

Given a volume form on the base manifold vol € T'(det T*),

div,, a := (£ payvol) - vol ™!

is a divergence on E.




Torsion

“Naive torsion” of a Ca connection V:
Vb — Vya — [a, b]

is not tensorial.

Definition (Gualtieri — 2007) ]

Torsion tensor of a Ca connection V is the 3-form Ty € I'(A*E*):

T (a,b,c) := (Vob— Via — [a,b],¢) + (V.a,b).

If Ty =0, V is called torsion-free (7-free).

The space of T-free Ca connections is modeled on
D (" © (VB .,

. . . . 1
For a Ca connection V°, there is the associated T-free Ca connection: V = V° — 5Tvn.

Example: Torsion of Ca connections on (T'® T, pry, {, )., [, |%)

A T-free affine connection V** does not lead to a 7-free Ca connection V°.
1
We have Tvo = p'H = Vx,oY +8) :=VHY + V;‘;B—gLyz,XH

(T-free Ca connection).




Curvature

“Naive curvature” of a Ca connection V:
ROV(CL, b) = VaVb — vaa — V[a,b]

is not tensorial.

Definition (Juro, Vysoky — 2017; motivated by Hohm, Zwiebach — 2013)

Curvature tensor of a Ca connection V is the 4-tensor Ry € I'(®*E*):

Ry (a,b,c,d) = ((RDV(C, d)b,a) + (RY (b,a)e,d) + Tr( | y(Vie,d)(V.b, a)).

1
2

The curvature tensor has the following symmetries:
e Ry(a,b,c,d)=—Rv(a,b,d,c),
e Ry(a,b,c,d) = —Ry(b,a,c,d),
e Ry(a,b,c,d) = Ry(c,d,a,b).
An analogue of algebraic Bianchi identity:
Ry (a,b,c,d) + cyc(b, ¢, d)

= % ((VbTv)(c, d,a) + Ty (a, Ty (b, c),d) + cyc(b, c, d)) — %(VETV)(b, ¢, d).

For V T-free: Ry (a,b,c,d) + cyc(b,c,d) = 0.



Curvature - Ricci tensor and Ricci scalar

Definition

Ricci tensor of a Ca connection V is the 2-tensor Ricy € I'(®*E*):

Ricv(a,b) :=Tr( )y Ry (x,a,*,b).

Thanks to the symmetries, Ricy is (up to sign) the unique partial trace of Ry.

r—| Definition :

Ricci scalar of a Ca connection V is the smooth function Ry € C>~(M):

Rv = rPI‘( J) Rin.

,_[ Example: Curvature of Ca connecions on (T'® T*,pry, (, )i, [, J7) ]—

Let V be a Ca connection given by an affine connection V.

1
¢ Re(X+a,Y+8.Z2+7V +w) = (Ron(a Y, Z,V) = Rew(8, X, 2,V)
+ RV*“(’Y: V7 X» Y) - RVQW(C‘% Z7 X: Y))7
1
¢ Ricy (X +a,Y + ) = _ (Ricgs(X,Y) + Ricgr (¥, X)),

o RVZO




Generalized metrics

Definition (Gualtieri — 2004) }

A generalized metric is a vec. subbundle V, < E's.t. (, My, is non-degenerate.

A Riemannian generalized metric is a vec. subbundle V, < E s.t.

Loy, is positive definite, 2. it is maximal subbundle satisfying 1.

Choosing a generalized metric induces

e the vector bundle decomposition:
E=V.®oV_,
where V_ = V*;

e the non-degenerate (positive definite) symmetric pairing G € T'(©*E~):

G(a,b) :=={ay,b,) — {a_,b_).

Example: Generalized metrics on (T'® T*,pry, (, )i, [, 17)

Consider a (pseudo-)Riemannian metric g € I'(©*7T*) and B € ['(A*T™).
e gr(g+ B) is a generalized metric.

e Riemannian generalized metrics <— (g, B) for g Riemannian.
gr(g+B




Levi-Civita CA connections

,_[ Definition (Garcia-Fernandez — 2014) } |
A Ca connection V is called Levi-Civita w.r.t a generalized metric V, if
1. V.(Vy)) CI(V,) & VG=0 (compatible with V),
2. Ty =0 (T-free).

We write V € LC(V,).

Given a generalized metric V., there exists V € LC(V,).
LC(V,) is an affine space modeled on I’ ((V: ® (AQV:))//\BV* (V2 (/\QV_*))//\gV*):
" >

1 1
RkLC(V,) = gp(p2 -1+ gq(q2 - 1), where p :=RkV., ¢g: = RkV_.

Unless p € {0,1} and ¢ € {0, 1}, the set LC(V,) is infinite.
= In general, Levi-Civita Ca connection w.r.t. given V, is not unique.

We write V € LC(V,,div) for V being Levi-Civita w.r.t. V, and divy = div.
If p#1 and g # 1, there exists V € LC(V,,div). LC(V,,div) is an affine space,

1 . 1 .
RkLC(V,,div) = gp(pZ —4)+ gq(qz —4).




Levi-Civita CA connections - example

Starting with a Ca connection V° compatible with V., one can construct V € LC(V,):
(Vab,c) :=(Vib,c) 7(Tvo(a+,b+,c+)+Tvo(a_ e ))—Tyo(ay,bo,c_)—Tyo(a_,by,cy)

,_[ Example: Levi-Civita Ca connection on (T'® T*,prp, (, )+, [, 17) ]—

Let g € I'(©°T*) be a (pseudo-)Riemannian metric ~~> V., :=gr(9) < T O T*.

e Levi-Civita affine connection ¢V ~~ Ca connection V° compatible with V,:

9 0
Viin = Vx , Tgo = ptH, divgo = div, op.
0 9Vx
e VeLO(V,):
1 —1 1 —1 —1
IVx + 69 (L(g—la)H)(*: ) _gg (exH) (g7, )
VX+cx = ’

1 1 .

—5(xH)(x, ) Vx + Ll )97 )

divy = divg op.




Curvature revisited

Consider V,, vol and V € LC(V,,div,,). Then
Ry € C=(M) does not depend on the choice of V,, vol, and V € LC(V,,div.,.,).

= There is a canonical smooth function on every Ca, we denote it by R € C>(M).

,—[ Example: Canonical Ricci scalars }

. 1 . 1
e . Lie algebra: R = —~ dimg, e exact: R =0, e heterotic: R = —~ dimG.
6 6

r—| Definition :

Consider a Ca connection V and a generalized metric V..

Metric Ricci scalar is the smooth function Ry v, € C>(M):
Rv,VJr := Trg Ricy.
Metric Ricci tensor is the 2-tensor Ricy v, € I'(©®*E*):
Ricy,v, (a,b) := Tre Ry (*,a,*,b).

Double metric Ricci scalar is the smooth function Ry,vz € C=(M):

RV,V_E = TI'G RinYVJr.

J

Altogether we have 7 curvature quantities: Ry, Ricy, Ricy,v,, Rv, Rv,v,, Rv,v;f, R.



Curvature - example

,_[ Example: Curvature of V € LC(gr(g+ B)) on (T & T*,pry,{, )+, [, ") ]—
Every V € LC(gr(g + B)) can be uniquely described by a pair of tensor fields

K,L € D(T* ® (A*T*)) s.t. Skew K = Skew L = 0.

Denoting
K:=Tr, K(x,%, )€ I(T"), L:=Try L(*,%, )€ (T"),
we have (H' := H — dB):
1
e Rov, =Rov,g— 5(H’,H’)g +4divy £ —4|IL], — 4[],
* Ryyvz =4divy K—-897"(K, L),
e Ricyly, 4y =0 iff
1
0= Ricow (X,Y) = Z(ux H' .oy H')y + (*V*L)(X,Y),
1
0=SH)X,Y) + H'(X,Y,g7'L) + (dK)(X, Y),
[ ] RiCVvV+|V+®V7 =0 iff
0=("VK)(X,Y),
0=H'(X,Y,g7'K) + (dL)(X,Y).




Type IIB supergravity equations

Bosonic sector of type II1B supergravity equations without RR—fields (' := H — dB):

0 = Rica (X,Y) = S (ex ',y H')y + (PV7d6)(X, V), (1)
0= (0, )X, ¥) + H'(X,Y, grad 9), (2)
0=Rov,, — 5 (', H'), + 48,6 — 1]dd] (3)

The variables are: e a Lorentzian metric g € T'(®*T*),
e a 2-form B € T'(A*T*) (Kalb-Ramond field or B-field),
e a smooth function ¢ € C>(M) (dilaton).

Ca reformulation of (1) - (3):
1. Take the exact Ca (T ® T*,prp, (, s, [, 1H).
2. Consider the equations (V € LC(V,div..,) is arbitrary):

[ RiCV|V+e§V_ :0, 7zv,v+ +R:O ]

The variables are: e a generalized metric V. <T & T*,
e a volume form vol € I'(det T™).
3. Look only for physically relevant solutions (V. = gr(g + B) for g Lorentzian).

Coimbra, Strickland-Constable, Waldram; Garcia-Fernandez; Jur&o, Vysoky; Severa, Valach:. ..



Palatini variation

For a Courant algebroid (E,p, (, ),[, ]) over M, we have the action functional:

S|V, vol, V] ::/ (Rv.,v, + R) vol. (4)

The dynamical fields are: e a generalized metric V. < E s.t. RkV, ¢ {I,RkFE — 1},
e a volume form vol € T'(det T* M),

e a Ca connection V : x*I'(E) — I'(E).

,_[ Theorem (Jurto, M., Vysoky — 2022) |

))
The 3-tuple (V,,vol, V) extremalizes the action (4) iff

(EOM].) RiCV|V+®V_ =0,

(EOMZ) 'R,VYVJr + R = 0.
(EoM3) V € LC(V,, div.y).

e exact Ca: type |IB supergravity,

o heterotic Ca: heterotic supergravity.



Generalized type |IB supergravity equations (Tseytlin; Wulff — 2016)

Bosonic sector of generalized type |IB supergravity equations without RR—fields:

0 = Ricow (X,Y) — %(LXH’,LYH')Q + (VK + L)X, Y), (5)
0= %(&,H’)(X, Y) 4+ H'(X,Y, g (K + L) + (d(K+L)(X,Y),  (6)
OzRgv,g—%(H/,H’)g+4divg(lc+£)—4||IC+£||9. )

The variables are: e a Lorentzian metric g € T'(®*T*),
e a 2-form B € T'(A*T*) (Kalb-Ramond field or B-field),

e a pair of 1-forms K, £ € I'(T*) (generalized dilaton).

Moreover, the following extra conditions are imposed:

(OVK)(X,Y) =0, H'(X,Y,g7'K)+ (dL)(X,Y) =0, ¢ '(K,L)=0. (8) ]

K =0and L is exact = (8) is trivially satisfied,

= (5) - (7) reduce to ordinary type |IB supergravity.

Ca reformulation of (5) - (8)7



Generalized type |IB supergravity equations - Ca reformulation

1.
2.

Take the exact Ca (T@® T~,pry, (, )is [, 17).

Consider the equations (V € LC(V,, div) is arbitrary):

(Rin +Rin’V+)|V+€BV_ :0, RVYVJF +R+RV,VE :0’
and the extra conditions:
RiCV,V+ |V+®V7 = 0, RV,VE = 0.

The variables are e a generalized metric V. <T & T*,
e a divergence div: (T ® T*) — C>(M).

Look only for physically relevant solutions (V. = gr(g + B) for g Lorentzian).

Generalized heterotic supergravity?

(Generalized) Supergravity given by (TT*Q,pry,g,[, )7
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Thank you for your attention!

Next talk: March 7, Miquel Cueca,

Courant cohomology, Cartan calculus, connections, curvature,
characteristic classes



