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1. Standard generalized geometry 4. Symmetric Poisson structures
m In order to study geometrical structures, generalized geometry suggests to replace T by 1" & T™. '—[ Definition ]
m It comes with the natural symmetric non-degenerate pairing: The V*-Schouten bracket is the unique R-bilinear map [ , |vs.sch : X*T(@°*T) — T'(®°T) satisfying
1 s
(X + oY +B)y = g(alY) + B(X)). 1. [X, Jvs.sch € Derjy1(D(O°T)), 2 [X, Jvssch=£X%, 3 [X,V]voseh = [V, X]vs-sch-

m Geometry is brought by the Dorfman bracket:
[X +a,Y + ﬁ]D = [X, Y]Lie + £x8 — yda.

Definition |

A pair (V,9) consisting of a torsion-free affine connection V and ¥ € I'(®?T) is called a symmetric

m This framework offers an alternative viewpoint on geometrical structures, e.g. (pre-)symplectic, Poisson, Poisson structure if [¢, 9]y:_sch = 0
) s-5ch — VY-

foliation and complex. Moreover, it gives a natural generalization of these structures.

2. Generalized geometry with skew-symmetric pairing

{ symmetric bivector } ~ R-bilinear maps { , } : x*C*°(M) — C*(M) such that
. PR .
fields on M L {f.gt={9.f} 2 {f.gh}=g{f 0} +{f g}h

m Besides (, )4, there is also the natural skew-symmetric non-degenerate pairing: _ _
mgrad :=Jod: C®M) — ['(T), or in terms of the corresponding bracket grad [ = {f, }.

1
X+aY+6)_=—-(aY)—pB(X)). -
( ) = 5(a(Y) - (X)) Propesition]
r—{ The Dorfman bracket is not working! (V,9) is a symmetric Poisson structure
The subgroup of Aut(7 @& T™) preserving (, )_ and [, |p is isomorphic to Diff (M ).  (Not generalized!) =
Jacg 1(f,g,h) =df({gradg : grad h)vs) + cyc(f, g, h),
What is behind this? &

(non-deg. case)

The symmetric pairing { , ). induces the natural Clifford algebra action CI(T & T*) C I'(A*T™): VgL =0, je 9! € T(QXT™) is a Killing 2-tensor

(X4+a)-p:=1xp+aiy,

which recovers the Dorfman bracket as a derived bracket: ( Definition

(X +0a) ,dg(Y+8)lgo=[X+a,Y+8]p - o A pair (V,9) is called a strong symmetric Poisson structure if grad{f, g} = (grad f : grad g)vs.

m The skew-symmetric pairing { , )_ induces the natural Weyl algebra action W(T & T*) C T'(@*T™): Proposition

(X ta) o=1xptado (V,¥) is a strong symmmetric Poisson structure < Vs =0 = V is Levi-Civita w.r.t. 971

) (non-deg. case)
m Does it lead to a new bracket?

(X +a)-,?]g (Y + ) g0

symmetric Poisson structures

3. Symmetric Cartan calculus

m oy € Der ((I'(®°T7)) for every X € I'(T'), = derivations are more natural than graded derivations

non-degenerate
Killing
2-structures

(pseudo-)
Riemannian
metrics

strong
symmetric Poisson
structures

for symmetric forms.

Replacement for d?

s s_w® 1
— Definition |
For any affine connection V, we introduce the symmetric derivative:

Ve T(OT) — I'(e*T), Véo :=(lo| +1) Sym(Vo).

5. Back to generalized geometry!

m The assignment V — V? gives the one-to-one correspondence:

{ torsion-free affine connections } «— { D € Der,(I'(©°*T*)) such that Dlqwypy = dlgeear } - —~ Definition
The V*-Dorfman bracket: (X +a)-
(X +0a,Y + By = (X : Vv + £3 8+ 1y Voa. -

Vo, (Y +8)-Jgo

m If dim M > 0, there is no D € Dery(I'(©°T™)) such that D|cw(ypy = d|gx(yyy and Do D = 0. [ex, V2], ev] & + ([ex, V¥1B + 1y VPa) © 0.

Replacement for £ x 7

—_Theorem |
— Definition | : The subgroup of Aut(T & T*) preserving { , Y_ and [, |ys is isomorphic to
- N v T vy X \*
The symmetric Lie derivative w.r.t. X € I'(T): (£X 0)m = %1_{%; (PQt,O (‘Ij—t) WX (m) O0F (m) — 0m> Aff(M, V) x KillQV(M).
"E)V(s = [LX? VS] . \V& .
= The formula is used to extend £ to arbitrary m Aff(M,V) :={¢ € Diff (M) | p.VxY = V4, x¢.Y } is the group of affine transformations of (M, V).
t fields.
Srer e m Kill$, (M) := ker Vslr(@gT*) is the abelian group of Killing 2-tensors.
X
—> A T ¥ > A a7 > Definition
e S e e s e e (VS—Dirac structure: a Lagrangian subbundle L < (T @ T*,( , )_) such that [I'(L),T'(L)]yvs C I'(L).

Wit (m) (%)’ W3, (m)

Pt

mgr(K) <T®T*is a V*-Dirac structure if and only if K is a Killing 2-tensor.

mgr(d) <T ®T*is a V*-Dirac structure if and only if (V,4) is a symmetric Poisson structure.

e U U S A R U U . e

B AP Ann A <T @ T*is a V*-Dirac structure if and only if A is geodesically invariant.

e U U A S U . . e

Transport generating the symmetric Lie derivative.

6. Comparison with standard generalized geometry

Replacement for | , |1ie?
’_{ Definition | Standard generalized geometry Skew-symmetric generalized geometry
niti
. o A . 1 1
The symmetric bracket is the R-bilinear map: <X : Y)Vs _ £)V(SY VL Y4V 5(04(}/) 4 B(X)) 5(&(}/) _ B(X))
(D )y X’T(T) = T(T),  txyyes = [tx, V], v].

{ C(T @ T*) CT(NT™) WT eTr) cT(e'T)

— Definition | ‘ [X,Y)te + £x8 — tyda (X :Y)ys + £% B+ 1y Via
A distribution A C T is called geodesically invariant if every geodesic v : I — M has the property: ) )

Diff (M) X I gosed (AT Aff (M, V) x Killg (M

dty € I such that (to) € Ay = Y(t) € Ay forallt € 1. (M) ( ) ( ) v (M)
la,blp + [b,a]p = 2d{a, b), la, blvs — [b, alys = 2d(a, b) _

m By [Lewis, 1998], a distribution A < T'is geodesically invariant if and only if (I'(A) : I'(A))y: € I'(A).
prT(a)<b7 C>+ — <[a7 b]D7 C>+ + <b7 [a7 C]D>—|— prT<a)<b7 C>— — <[a7 b]Vsa C>— + <b7 [CL, C]VS>—
R? R [a, b, clplp = [[a, b]p, c]p + [b, [a, ¢]p]p -
Dirac structures V?-Dirac structures
/C)\ N pre-symplectic structures Killing 2-tensors
\J \ Poisson structures symmetric Poisson structures
\ foliations geodesically invariant distributions
A non geodesically invariant distribution. A geodesically invariant distribution.
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