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Introduction
Studying geometry of a smooth manifold M via its tangent bundle 7.
w € T(A’T™), (2-form)

m € T(A’T), (bivector field)
ALT, (distribution)



Introduction

Studying geometry of a smooth manifold M via its tangent bundle 7.

w e L(AT™), dw =0, (pre-symplectic)
(S F(/\QT)a [7"'7 W]SCnou(en = O, (POiSSOn)
ALT, [[(A),T'(A)w. CT(A). (foliation)

All of these geometrical conditions may be expressed using solely:

X f:=Xf, [X,Y].:=XoY —YoX.



Introduction

Studying geometry of a smooth manifold M via its tangent bundle 7.

w e L(AT™), dw =0, (pre-symplectic)
(S F(/\QT)a [7"'7 W]SCnou(en = O, (POiSSOn)
ALT, [[(A),T'(A)w. CT(A). (foliation)

All of these geometrical conditions may be expressed using solely:

X f:=Xf, [X,Y].:=XoY —YoX.

Generalized geometry proposes to change the perspective: T ~ T & T,
grw) <ToT, (2-form)
gr(m) <T T, (bivector field)
AGAMALT ST, (distribution)



Introduction

Studying geometry of a smooth manifold M via its tangent bundle 7.

w e L(AT™), dw =0, (pre-symplectic)
(S F(/\QT)a [7"'7 W]SCnou(en = O, (POiSSOn)
ALT, [[(A),T'(A)w. CT(A). (foliation)

All of these geometrical conditions may be expressed using solely:

X f:=Xf, [X,Y].:=XoY —YoX.

Generalized geometry proposes to change the perspective: T ~ T & T,

gr(w) <TOT", (pre-symplectic)
gr(m) <T®T*, (L), T(L)]p CIT(L). (Poisson)
AD®AMMALTST*, (foliation)

We still have the action on C>°(M) and the bracket (Dorfman bracket):

X+a) fi=Xf, X+a,Y+8lp:=[X,Y]i+ £x8 — tyda.



Natural pairings on T' & T™

There is the natural symmetric non-degenerate pairing on T'® T*:
1
(X +0,Y + 8}, = 5(a(Y) + BX)).
All of the subbundles gr(w), gr(r), A ® Ann A are maximally isotropic.

A common generalization for pre-symplectic, Poisson, and foliation:

Definition (T. Courant, 1990) ]

L <T@T~ is called a Dirac structure if it is max. isotropic w.r.t. {, ), and

(L), T(L)]p € T(L).

There is also the natural skew-symmetric non-degenerate pairing on T & T*:
1
(X +a Y+ = ;(aY) - X))
Natural question:

Can we do generalized geometry with (, )_7



Q: Is the Dorfman bracket not suitable?

1. Every subbundle of T @ T, which is Lagrangian w.r.t. (, )- and involutive w.r.t.
[, ]p, is of the form

A® Ann A, [D(A), D(A). C T(A).

2. The group of vector bundle automorphisms preserving {(, }_ and [, ]p is isomorphic
to Diff(M).

A: No. And rightly so:

The pairing (, ), induces the natural Clifford algebra action CI(T & T*) ¢ I'(A*T™):

(X4a) - ¢=txp+ane

[[(X-i_a)'vd]gv(y—"ﬁ)']g(p: [X+O‘7Y+B}D'<p'

We need a new bracket!

Compare with: [[tx,d]g, ty]g = LX,Y e



New bracket

The pairing (, )— induces the natural Weyl algebra action W(T' @& T*) ¢ I'(®°T™):

(X4+a) - oc=ixc+abo.
It means

(X4+a) Y4+8)-0-(Y+8) X+a)-0+2(X+a,Y+8)_o=0.
Inspired by the Dorfman bracket:

H(X-FO()',?L,(Y-Fﬁ)']gO'.



New bracket
The pairing (, )_ induces the natural Weyl algebra action W(T & T*) ¢ I'(©°T*):

(X4+a) - oc=ixc+abo.
It means

(X4+a) Y4+8)-0-(Y+8) X+a)-0+2(X+a,Y+8)_o=0.
Inspired by the Dorfman bracket:

(X + ), V) (V4 8)-]yo

Definition

For any affine connection V, we introduce the symmetric derivative:

Ve T(OT) - T(e*T"), Vo :=(lo| + 1) Sym(Vo).

Now it works!
(X +a), V] (Y +8)]=[ex, V] ev] + (Iex, V7]B) © +(ty VI )®
Cartan calculus on the space of symmetric forms?

Compare with: d¢ := (|¢| + 1) Skew(Vp).



Symmetric Cartan calculus — symmetric derivatives

Proposition

For every X € T'(T), we have tx € Der_,(I'(®°T™)).

= On the space I'(®*T™), derivations are more natural than graded derivations!

,—l Proposition I

The assignment V — V* gives the one-to-one correspondence:

torsion-free -, D € Der, (T'(®°T)) s.t.
affine connections DHX)=XTf '

,—( Proposition l

If dim M > 0, there is no D € Der, (T'(®*T*)) s.t. (Df)(X) = Xfand DoD = 0.

= A symmetric derivative V* is the only natural replacement for d.

= The theory depends on the choice of a torsion-free affine connection.



Symmetric Cartan calculus — symmetric Lie derivatives

r—l Definition :

We introduce the symmetric Lie derivative w.r.t. X € I'(T):

£Y° =[x, V°].

,—l Proposition l

1
v — i = ¥ X \* _
("€X U)m - }141;1'(1) n (Pzt,o (‘Ij—t)q;éi(m) U\Iff(m) Um) .

X

— A A ¥y = a A v >

i e e . e e .

Uit (m) . U3, (m)

i e e . e e e

i U . s U S e



Symmetric Cartan calculus — symmetric brackets

r—( Definition = N\

We introduce the symmetric bracket
< : )Vs : XZF(T) - F(T)7 UX:Y)gs = [[LX,VS]vLY}’

\. J

,—l Proposition I ,

(X:Y)ys = £ Y = VxY + Vy X.

. J

A distribution A C T is called geodesically inv. if every geodesic v: I — M satisfies:
Tty € I s.t. F(to) € Ayt = (t) € Ay forall t e 1.

R2

a non geodesically inv. distribution a geodesically inv. distribution

By [Lewis, 1998], a distribution A < T is geodesically inv. iff (T'(A) : T(A))vs C T'(A).



Symmetric multivector fields
The Schouten bracket is the unique R-bilinear map
[y Jsa: X’T(@°T) = T(O°T)
s.t.
(Schl) [X, ]sa € Derjx|—1(D(®°T)),
(Sch2) [X, Jsa = £x,
(Sch3) (X, V]sa = — [V, X]sa.

For every k € N, there is the one-to-one correspondence:

in momenta

degree-k symmetric PR degree-k polynomials
multivector fields

} C C=(T*M).

This correspondence X +— £+ is a Poisson algebra morphism, namely

Exiy =&x t &y, Sxoy =&x&y,  &avise = —{x: &y }an = wan(Ham Ex, Ham &y).



Symmetric multivector fields
The V#-Schouten bracket is the unique R-bilinear map
[ 5 ]Vbrsm : XZF(Q'T) — F(@'T)

s.t.
(VS—SCh].) [X, ]VS—S(h c DEI‘\X|_1(F(@'T)),

s

(V*—Sch2) [X, ]v&sch = £}V{ )
(vb'SCh:&) [X7y}VSrSch = +D}7 X]Vbrsm-

For every k € N, there is the one-to-one correspondence:

degree-k symmetric PR degree-k polynomials
multivector fields

} C C=(T*M).

in momenta
This correspondence X +— £+ is a Poisson algebra morphism, namely

Exiy =8x t &y, Exoy =&x&y,  Ea i = —1€x, Eytan = Wan(Ham Ex, Ham £y).
We have a new Lie derivative = a new Schouten bracket.

Can we say anything about & yg. ., 7



Patterson-Walker metric

A torsion-free affine connection induces the dual connection on 7" M, hence
T(T"M) = Hy &V ¢ pr*(TM & T*M).
= Equivalent definition of the canonical 2-form:
wan =2((, )-)v-

,_[ Definition (Patterson-Walker, 1952) 1

J
The Patterson-Walker metric is Gy € I'(®@*T*(T*M)) given by

,—l Proposition I

e Gy is a split signature metric on T*M, and Hy, V are maximally isotropic.
¢ Gy|puy =dp; ©da? —p, Flijdxi ®dx’.

® {ix,vigss, = Gv(gradg €x, gradg &y).

\

grady 1= Gg' od : C(T*M) — I(T(T* M)).



Patterson-Walker metric

Proposition

The Patterson-Walker metric Gy is related to the canonical 1-form:

Gv == VSOéca".

Remark: Dorfman bracket < bracket on T'(T*M).
If V is flat, we get a non-transitive Courant algebroid on T'(T*M) — T* M.

Can we do dynamics with Gv instead of w.,,?

The Hamiltonian h is conserved along the trajectories iff gradg h is isotropic.

Proposition

pry gradg h = —pry_ Hamh, and pry, grady h = pry, Ham h.

If gradg h is vertical or horizontal, the trajectories coincide with the classical ones.

Compare with: wean = dacan-



Patterson-Walker dynamics

The trajectories are locally governed by the system of ODEs:

. Oh oh
o= 2 5. = % 4 op, T
= o i =5 T2

on
I Op; ’

EOM of a mechanical system for 8: I — T*M covering v : I — M:

. 1 .
IV4y = —grad, f, B= 59(7)

is obtained by considering h(m,«) := %g;y‘ (or,a) — f(m) and V := 9V.

\

,—[ Example: Hamiltonian quadratic in momenta }

. 1
Let ¥ € T(®*TM) be possibly degenerate and h(m,«) := 519,n,((1,a).

. 1
(emerging EOM) = Vi = Suats [9, 9] v s sen-

= The tensor [, 9]v:s, € T(®*TM) is the obstruction for v to be a geodesic!

; _ oh ) oh

Compare with the Hamiltonian equations: T —_— pj = ———

- 9p; ' Oz




Symmetric Poisson structures

Definition

A pair (V,9) is called a symmetric Poisson structure (sPs) if [9,9]vssq = 0. ]

bivector fields {fi, fofo} = foASr fo3 {1, fod fs
grad ;==Y od: C>=(M) — I'(T) or in terms of the bracket grad f = {f, }.

,_‘ Proposition l <

(V,9)isasPs <  Jacg, 1(fr, fa, f5) = dfi({grad f, : grad fa)vs) + cye(1, 2, 3),
& VP =0, i.e. 971 is a Killing 2-tensor.

non-deg.

{ symmetric } -, { symmetric maps { , } : x2C>(M) — C>(M) s.t. }

\

—l Definition :

A pair (V,9) is called a strong sPs if grad{f., f.} = (grad f, : grad f,)vs.

,_| Proposition l <

(V,9) is astrongsPs < V,.;9=0 <«  Vis Levi-Civita w.r.t. 97"

non-deg.




Diagram of symmetric Poisson strcutures

symmetric Poisson structures

strong (pseudo-) non-degenerate

symmetric Poisson Riemannian Killing
structures metrics 2-structures




Back to generalized geometry!

The point where we stopped...

(X +a)-, V], (Y +5) -] = [lex, V], ev] + ([ex, V°]B) © +(ty VZ@)O

r—( Definition }

We introduce the V*-Dorfman bracket:

X +o,Y + fBlos = (X : Y)gs + £ B+ 1y Via

\

r—l Theorem :

The group of automorphisms preserving (, )_ and [, ]vs is isomorphic to

AfF(M, V) x KillZ, (M).

\

Compare with the result of standard generalized geometry:
The group of automorphisms preserving ( , ), and [, |p is isomorphic to

Diff (M) X Toouea (A°T™).

Compare with the Dorfman bracket: [X + o, Y + B]lp := [X,Y]le + £x 8 — tyda.



Lagrangian subbundles

r—l Definition :

L <T&T*is called a V*-Dirac structure if it is Lagrangian w.r.t. (, )_ and

[O(L),T(L)]vs CT(L).

,—[ Example: Killing 2-tensors }

Let K € I(®*T*), gr(K) is a V°-Dirac iff K is a Killing 2-tensor.

,—[ Example: symmetric Poisson structures ]

J
Let ¥ € I(®2T), gr(¥) is a V*-Dirac iff (V,9) is a symmetric Poisson structure.

Example: geodesically invariant distributions ]

Let A < T, A®Ann A is a V*-Dirac iff A is a geodesically invariant distribution.




Standard generalized geometry

Skew-symmetric generalized geometry

S (@) + (X))
CUT & T*) & T(AT)
X, Y] + £x8 — tyda
Diff (M) X Taoeea (A*T™)
la,b]p + [b,a]p = 2d{a, b)
pre(@)(bye), = (fa,blo,e). + (o o),

[av [bv C]D}D = [[a7b]Dvc]D + [b7 [av C]D]D

S (V) = B(X))

W(T & T*) & T(0*T*)
(X :Y)ys + £ 8+ 1y Via
AFE(M, V) x Kill2, (M)
[a,b]vs — [b,a]vs = 2d(a, b)_

prr(a)(b,c)—=([a,b]vs,c)_+(b,[a,c]vs)—

Dirac structures

V#-Dirac structures

pre-symplectic structures
Poisson structures

foliations

Killing 2-tensors
symmetric Poisson structures

geodesically invariant distributions

Thank you for your attention!




