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Introduction

Summary
Set-up
Disclaimer

> Discuss two “dual” operations on Dirac structures (modulo smoothness):

Tangent and cotangent product of L and R:

LxR L®R

Tangent product (always Dirac):

Description of the characteristic foliation of L x R )

When cotangent product Dirac, we say that L and R concur:

Concurrence is the natural compatibility condition for Dirac structures

o unifies classical compatibility conditions (Libermann,
Magri-Morosi, Frobenius-Nirenberg);

o clarifies constructions (coupling, normal forms);

@ produces new results
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Disclaimer

> Generalized tangent bundle TM =: TM @ T*M with

@ non-degenerate pairing

(ut&vtm =in+ik
@ Dorfman bracket
[u+&v+mn]:=[uv]+ Lin — ivdE

@ anchor prp,

is a Courant algebroid

- by 2l =[xyl 2l + s [x, 2] (Leibniz)
[x, ] = Flx,¥] + (Lory0f) ¥ (Leibniz property w.r.t. anchor)

- [yl + Iy, x] = d{x, y) (controlled failure of skew-sym)
- Lorly,2z) =[x, ¥],2) + (v, [x, 2]) (adjoints derive the pairing)

e [ C TM Dirac structure if
- Lagrangian subbundle
(F(L),T(L)) =0
- Involutive (<= trivial Courant tensor )
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> Guiding examples of Dirac structures:
i) Foliations F C TM Gr(F) = F @ F°

ii) Symplectic forms w € Q*(M) ~ Gr(w) = {u+iw]|u € X(M)}
iii) Poisson structures m € X2(M) ~ Gr(r) = {£ +iem| € € Q' (M)}

e Dirac structures makes precise smooth partitions of M by presympletic
leaves: L C TM Dirac is a Lie algebroid with the induced bracket and anchor

- characteristic foliation integrating pr,(L);

- leafwise presymplectic forms: m € M, a, b € pry(L)

w(a, b) = <a7 Z>7 z€E Lm7 prT(Z) =b

e Reasons to do Dirac geometry:

- Often constructions in Poisson geometry are better understood when
framed in Dirac geometry.

- Generalized complex geometry.

- Dirac geometry itself.
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Disclaimer

> It is often convenient to decouple smoothness and involutivity conditions

- L=]]Lm Lm C TmM Lagrangian subspace, is a Lagrangian family.
A Lagrangian subbundle is a smooth Lagrangian family.

- L Lagrangian family is involutive if

([x,¥],z) =0, forall x,y,z € I'(U, L) smooth local sections

Smooth involutive Lagrangian families = Dirac structures )

e Example: Given f : M — N, a € TM, b € TN are f-related (a L b) if
fprr(a) =pryb, f*pry.(b) =pry.a
- R C TN Dirac, pullback: f'(R) = {a€ T,M|3bc TN,a L b},
- L C TM Dirac, pushforward: fi(R) ={b € T,N|Ja e TM,a L b},

are involutive Lagrangian families (if pushforward f-invariant)
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Tangent product Tangent product (a.k.a. tensor product)

Clean intersection of characteristic foliations

> Gauge transformation by a closed 2-form
L C TM Dirac, w € Q3 (M) = Ru(L) :={a+ ipr (aw|a € L} is Dirac.
Regard w as a Dirac structure Gr(w)

Ru(L)={a+prr-(b)|ac L, be Gr(w), prr(a— b) =0}

> Tangent/tensor product [Gualtieri],[Alekseev,Bursztyn,Meinrenken]
o Algebraic definition
LxR={a+prr(b)=prr(a)+b]|(a,b)e LxR, pry(a—b)=0}.
@ Geometric definition

LxR:=A(LxR), A:M—-MxM

L x R is an involutive Lagrangian family

Smooth in the open dense where L& R — TM, (a, b) — pry(a — b) has ct. rank
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Tangent product Tangent product (a.k.a. tensor product)

Clean intersection of characteristic foliations

> Characteristic foliation of L x R

Presymplectic distribution
TmSier(m) = TSe(m) N TmSr(mM),  wiwr(m) = wi(m) + wr(m)

e Jumping phenomenom in Dirac geometry

Example: M =R3, [ = (%,derz%,dz — za%)

f:R — R
t — (t,0,t%)

f'(L) = TR ~» The unique induced leaf “jumps’ between ambient leaves
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Tangent product Tangent product (a.k.a. tensor product)

Clean intersection of characteristic foliations

If L% R is smooth then
@ its leaves are the clean intersection of leaves of L and R

o leaves of one Dirac structure get an induced Dirac structure from the other

Example: M = R*

o o o
Lim=g0 Ao~ %55 N o

R : F fibers of (x1,x2,x3,xs) — (x3 — %(xlz +x3),xa — %(Xl2 +x3))

- Lx R not Dirac (smooth)

- Leaves of R have induced L-structures, with jumping phenomenom
- Not all leaves of L have induced R-structures

- In x3 # 0 dense open subset, L x R agrees with

e}
ﬂ./: (TM+X1(BX3+BX4)) <6xz+X2 <8X3+8X4)>
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Concurrence

Dirac pairs

Transverse Dirac structures
Libermannn Theorem
Magri-Morosi

Cotangent product

> Cotangent product

L®R={a+pry(b) =prr(a) +b| (a,b) € L x R, pry.(a— b)

Smooth where L& R — T*M, (a, b) — pry«(a — b) has ct. rank (open dense)

Definition

If L® R is Dirac (involutive) we say that L and R concur (weakly)

Examples:
o Gr(m)® L =Rx(L) ={a+ipj.@mlacL}
o Gr(m) ® Gr(rn') = Gr(m + 7')
e E, F subbundles Gr(E) ® Gr(F) = Gr(E + F)
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Concurrence

Dirac pairs

Transverse Dirac structures
Libermannn Theorem
Magri-Morosi

Cotangent product

> Dirac pairs [Dorfman],[Kosmann-Schwarzbach]

Torsion of L and R:

(uL, ur, vi, VR, €, Curs Cr) > ([ue, vi], Co)—([ur, vr]+-[ur, vi], Cir)+([ur; VR, CR),

(ue+&ur+8),(vi+1n,ve+1),(e+ (e +Cr), (F + Cir, f +Cr) €T(L X R)

L and R are said to form a Dirac pair when their torsion vanishes identically

If L and R concur weakly (L ® R involutive), then L and R form a Dirac pair
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Concurrence

Dirac pairs

Transverse Dirac structures
Libermannn Theorem
Magri-Morosi

Cotangent product

> Transverse Dirac structures

LhR<= Lx—R=Gr(r) and L® —R = Gr(w), w¢€ X*(M),w e Q*(M) )

e Coupling: L Dirac is coupling for F if L th Gr(F)
Grlw)=L®Cr(F)=TF&C, C=TF‘NL ~H=R_,C

Gr(n)=LxGr(F)=N*F @D, D=NF'NL~ H =R_.D

Gr(H) = R—wR—x(L) L=Ru(H)®R:(H*) |
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Concurrence

Bitee et

Transverse Dirac structures
Libermannn Theorem
Magri-Morosi

Cotangent product

> Libermann Theorem

L Dirac on M, F siple foliation ~» p: M — M/F

3 R Dirac on M/F with p!(L) = R <= L and Gr(F) concur )

{ Dirac st. on M containing TF } 2 { pullbacks of Dirac st. on M/F?}
p(L) = Ris Dirac <= L®Gr(Z)=p'(R) <= L®Gr(F)is Dirac

e Local normal form: L Dirac, m € M, 3 U around m with

Lly = Raap Gr(m) a € QY(U), p: U— N submersion, 7 Poisson in NJ

trivial 4/

(R—dﬂ L) NnTU = . Libermann |
dim1 ~ R_ga(L) = Roaa(l) ® Gr(F) =" p Gr(m)
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Concurrence
Dirac pairs
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Cotangent product

Libermannn Theorem

Magri-Morosi

> Compatible endomorphisms and closed 2-forms and Poisson bivectors

e Twisted brackets, concomitants and a-symmetry
a:T™™ — TM  ~ [u,v]? := [au, v] — [y, av] — a[u, V]
7 TM = TM ~ [€,n]" = Laen — ixndE
w:TM = TM ~ [u,v]* = iyi,dw

a Nihenhuis <& N(a) =0, N(a)(u,v) = a[, ]’ — [a, 3
{ﬂ' Poisson <~ N(n) =0, N(m)(&n):=nx[,]" — [, 7]
w closed —=[,]*=0
Cla,m)(&mn) =a[,]" = ([a% 7] + [m,a"])
{C(aw(u v) =la,w]+w,a] —w[, " +a"[,]”
T a — symmetric &L an = 72" ~ aim bivector
w a — symmetric & wa=a'w~wa 2—form
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Concurrence
Dirac pairs

Cotangent product Transverse Dirac structures
gent P Libermannn Theorem
Magri-Morosi

m,ais a PN structure if 7 is a-symmetric and N(w) = N(a) = C(a,7) =0
w,ais a QN structure if w is a-symmetric and dw = N(a) = C(a,w) =0

m,w is a PQ structure if it is a PN and QN structure for a = wn

For a closed 2-form w and a Poisson bivector 7 the following are equivalent:
@ m,wis a PQ structure

@ Gr(w) and Gr(m) concur

© w is a complementary 2-form for .

w is a bivector on (T*M,[-,-]™). It is complementary if it is Poisson:

w ([ 17" = [w,w]" =0
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Involutive structures
Generalized complex structures

Complex Dirac structures

> Complex dirac structures:
Involutive Lagrangian subbundles of (TcM, (, )¢, [, |c)
Examples:
@ Scalar extensions of (real) Dirac structures
@ To L C-Dirac we associate two scalar extensions (modulo smoothness)

L+ L (involutive) L® L (Lagrangian family)

@ Involutive structures: E C TcM involutive subbundle ~~ Gr(E) C-Dirac

o Generalized complex structures: L C-Dirac with L i L

t with P. Frejlich



Involutive structures
Generalized complex structures

Complex Dirac structures

> Involutive structures

- Complex structures: TcM = E&® E

- CR structures: ENE = {0}

- Holomorphic foliations F: TcF = E® E.

- Transversaly holomorphic foliations F: TcF = ENE, TcM = E + E.

- Nirenberg structures: atlas ¢; : U; — RYImM=2n=d s ¢ » R

¢U(X7 Za)/) = (a(X)7 b(X7 2)7 C(Xa z,y)), b(X7 ) holomorphic

For an involutive structure E the following are equivalent:
© Cr(E) and Gr(E) concur
@ E is a Nirenberg structure of type (n,d), d = rank(E N E), n = rank(E) — d
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Involutive structures

Generalized complex structures

Complex Dirac structures

> Generalized complex structures L C TcM Lagrangian subbundle

L = (J+i)(TM), JeO(())

Ll <= 2o J:<a T

.| a®+ 1w, a*w =wa, ar = wa*
w —a

rainic N =V, 5 =
L generalized cx. Cpaly (m) =0 C(a,m) =0
N(a) = 771-[5 ]w, C(avw) =0

For a generalized complex structure L the following are equivalent:
@ L concurs with L (J concurs with J = —J)

@ m,ais a PN structure and w, a is an QN structure

L* (—Z) = Gr(%ﬂ') L® (—I) = Gr(%w).

L concurs with L <= dw =0
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