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The signature of a path

Given a path ~:[0,1] —» R"

The signature is the formal noncommurtative power series
S('y)zz:/ dx,';i/\---/\d:z:ﬁie“@---@ei’“.
T Josti<<ti<a

Goal Explain how Chen’s iterated integrals arise in algebraic
topology, in relation to differential forms on path spaces higher
dimensional holonomy



The signature as a holonomy

Any vector space V comes with a tautological connection on the
free Lie algebra on V:

idy € Hom(V,V) ~V*® V C Q(V, FreeLie(V))

This connection is universal with respect to translation
invariant connections on any Lie algebra.

The holonomy of this tautological connection is the signature.



The coeflicients of the signature

The coefficients of the signature are given by an iterated
integration of one forms on V.

The iterated iteration produces a function on the path
space associated to a sequence of one forms on V.

Goal: Show that this construction that assigns functions on path
spaces to sequences of one forms is very tautological and has natural
and interesting generalizations



Geometric description of connections

A connection is a
horizontal distribution on

the total space of a =
principal G bundle ~
w e QP g) 2l
W(Xv) =7 wp:TyP—=V, =g

: ker w, = H,
. . . X
w:T*P — g is equivariant



Flat connections and holonomies

The Maurer dw + %[w,w] =(

Cartan Equation

The topology of the principal bundle can be
Changed so that the projection becomes a
local diffeomorphism...

Holonomy becomes the lifting property for

paths in Covering spaces. l

Flat connections correspond to ///_.\\ ~

representations of the fundamental g yd
. T /

groupoid ~—"



Higher holonomies

There is a higher dimensional
version of this correspondence

Connections are replaced by
superconnections

The fundamental groupoid is
replaced by the infinity groupoid

of a space...

An instance of Lie

theory!

Idea

Assign holonomies to simplices of all dimensions...

D, = 0
:a/A]: B
[a/]zﬁ\_ﬁ +/»—A




Chen’s iterated integrals

For any manifold M there is a tautological map

eval : Ay, X PM +— M*

((tla " 'tk)77) = (V(tl)a Tt 77(tk)

where:

Ap ={(t1, -, tx)) ER*:0<t; <tp--- <t <1}




Chen's iterated integrals

Chen’s map is given by the following composition

Q(M)®k — e Q(PM)

Co

QM*F) —5 (AL x PM)

Where
(wg ® - Awg) =71 (w1) A=+ A g (wk)



The based loop space of M

Given a point x in M we consider:
P (M) = {v€ PM |~(0) =~(1) = z}

This space wants to be a group. It has a natural binary Operation
given by Composition of 100ps:

0(2t) 0<t<
Y2t—1) $<t<

(7*@@)={



Composition of 100ps 1S NOt quite associative...

\?/

\ﬁ/

But different results are homotopic



A different version of based loops

This issue is resolved by Moore’s version of the loop space

Po(M) ={(7,t) | 7v: [0,] = M,~¥(0) = »(t) = =, t > 0}

The Moore loop space of M is a topological monoid.

This monoid structure gives the space of singular chains special
algebraic structure



Singular chains on groups

The group structure on G gives the space of singular chains the structure of an
algebra with product given by the composition:

EZ

C.(G) ® C.(G) »y C.(G x Q) L, C.(G)

where the Eilenberg-Zilber map is defined by:

EZ(0gv) = Y (~)M(oxv)ox.,
XEGr,s
and
o Ar-l-s — A, X AS, X*(tl, 5 e ,tr+3) = ((tx(1)7 0o ’tX(”'))’ (tx('r'-l-l)? ; (1"+S)

These operations give C(G) the structure of a dg-Hopf algebra X é\/é



The Bar construction

Let A be a commutative differential graded algebra.

The Bar construction of A, is the differential graded Hopf algebra:
A) = P A%
k

With product and Coproduct given by:

[ar| ... |apl o [by] ... [bg] = D) (=)D ety Co1()| - |Co-1(pia)]
oeS(p,q)

A[a,1|a2|...‘an Z a1| |a,, [ai+1|...lan]

=0



The differentials on the Bar construction



Chen’s de Rham theorem

Let M be a simply connected manifold. The map

Q(M)®F — 2 (P, M)

Q(MF) —=2% (A, x P,M)

gives a homomorphism of differential graded algebras which induces
an isomorphism of Hopf algebras in cohomology.



Adams’ Cobar construction

Let C be a differential graded coalgebra. The Cobar construction of
C, is the free graded associative algebra on C:

C) =P C®*
k

with differential given by  d = dint + dext

dext (1@ ®cp) = Y. Zq@ RV ® - ®cn
=1

C

dint (1 ® -+ ® ¢x) =Z +Cl®"'®(dci)®"'®cn



Adams’ Construction

Adams constructed a sequence of maps

On: I""" — PA, °

which naturally defines a linear map:

Adams : C(M) — C,(PM)

o— Pood,

-




Adams’ theorem

The linear map

Adams : C(M) — Cy (P, M)

Extends to an algebra map

Adams : F(é(M)) — CD(PxM)

Which induces an isomorphism of Hopf algebras in cohomology



De Rham’s Theorem

Let M be a smooth manifold. The map
o+ QM) — C*(M)
n— o(n)

where  gp(n)(@) = | o*m)

A

Induces an isomorphism of algebras n Cohomology



Homotopy associativity

\?/

\(r



Homotopy associativity

K/ — Y Associativity
Homotopy
0 ( Y ) = - associativity



Homotopy associative algebras

A homotopy associative algebra 1S a vector space A together with
operations:

my, : A®™ - A

That satisfies

12 - n 1
(YY) -2

l<j<k



Stasheff Associahedron

AN

[

a(b(c(de)))

a(b((cd)e))  (ab)(c(de))

/

a((bo)(de))  a((b(cd))e)

a(((bo)d)e) / (ab)((cd)e)
(a(bc))(de) (a(b(Cd)))e

\/ (a((bc)d))e «ab)(cd))e

((ab)o)(de) ((a(bC))d)e

(((ab)c)d)e



Gugenheim’s version of de Rham’s theorem

The map G - B(Q(M)) R Co (M) Q(]T)®k — Q(ﬁM)
L fAk

Given by the Composition Q(M*) —2L Q(A, x PM)

G = Adams™ o ¢ o Chen
@ : QUP,M)— C(P,M)
[s an equivalence of homotopy

associative a]gebras.
Adams: C(M) — C,(PM)



A machine that produces holonomies....

Consider a connection

we QM,g) < QM,U(g))

By tensoring Gugenheim’s map with the enveloping algebra one
obtains a map:

G ®idy(g) : B(AUM))®U(g) — C*(M)®U(g)



Push forward Maurer-Cartan elements....
G ®idy(g) : B(AM))®U(g) - C*(M)QU(g)

This is an A—inﬁnity map.

By pushing fOI’WélI'd S()llltiOl’lS o the Maurer-Cartan
equation, one recovers the holonomy.

This applies to higher dimensional situations as well....

For instance one can take the dgla of endomorphisms of a
chain Complex...



Higher local systems...

Assign holonomies to simplices of all dimensions...
These are the equations for

[a , © o] = 0 a representation (up to

homotopy) of the infinity
[a/ A — -

[a/ &_<7 +/»_A

groupoid.




Lie theory

Consider a Lie algebroid T A—> M

The infinity groupoid of A is the simplicial set whose space of k-simplices is

(Hoo(A))k = HomDGCA(Q(A), Q(TAk))

Using the same explicit formulas as before, it becomes possible to integrate
representations up to homotopy of Lie algebroids.



Higher Riemann-Hilbert Correspondence

The following categories are A-infinity equivalent (Block-Smith, Arias-Schaetz,

Holstein, Igusa...)

Point of view Local systems Higher local systems
Differential geometry Flat connections Flat superconnections
Topology Reps of fundamental group | Reps of infinity groupoid
Homotopy theory Modules over the zero-th Modules over chains on

homology of the based loop | loop space
space



Integrating representations up o homotopy...

Arias Abad - Schaetz

Theorem. Let w: A — M be a Lie algebroid. There exists an Ay -functor:

Z : Repy(A) — Repy, (T (4))

which is constructed by computing higher holonomies.



The StOI’y

1. Adams Algebraic model for the homology of the loop space

2. Chen Algebraic model for the cohomology of the loop space

3=1+2 Gugenheim Homotopy version of de Rham theorem

4. Stashefl Homotopy associativity

5. Igusa, Block-Smith, Arias-Schaetz Gugenheim’s map is a machine to
produce (higher dimensional) holonomies

6. Arias, Arias-Quintero-Pineda: Higher local systems on classifying

spaces, Chern-Weil theory and the Cartan Relations...
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Thank you for

your attention!




