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Recalling Courant algebroids
The generalized tangent bundle TM := T'M & T* M is naturally equipped with

e the canonical symmetric form (X +a,Y+8)1 =alY)+8(X),
e the projection pryy s TM — TM,
e the Dorfman brakcet X+, Y+ 8] =[X,Y]ue + Lx B — tyda.

Properties of this structure motivate the definition [Liu, Weinstein, Xu 1997]:
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A Courant algebroid over M is a tuple (E,(, ), p,[,]) consisting of
e a vector bundle E — M,

e a non-degenerate symmetric form ( , ) € I'(Sym?E*), (the pairing)
e a vector bundle morphism p: E — T'M over iday, (the anchor)
e an R-bilinear map [, |: T'(E) x I'(E) — I'(E). (the bracket)
satisfying, for a,b,c € T'(E) and p* :== {, ) "' o p’: T*M — E, the following:
(Cal) [a,a] = p*d{a,a),
(Ca2) p(a)(b, c) = ([a,b], ) + (b, [a; c]),
(Ca3) [a, [b,c]] = [[a,b], ] + [b, [a, c]].




Transitive Courant algebroids

A Courant algebroid is called transitive
if p is surjective.
Every transitive Courant algebroid fits into the exact sequence:
0 — kerp— E -2 TM —0 = E=TM @ ker p.
As every Courant algebroid satisfies p o p* = 0, we get another exact sequence:

k
0 — imp* — kerp — 'er;:
im p




Transitive Courant algebroids

A Courant algebroid is called transitive

e LS = p*: T*"M — im p*
if p is surjective.

is an isomorphism.

Every transitive Courant algebroid fits into the exact sequence:
0 — kerp— E-25TM —0 = E=TM @ ker p.

As every Courant algebroid satisfies p o p* = 0, we get another exact sequence:
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0 — T°M 25 kerp — 2P 49
im p* = ExTM®G.
-G

[Chen, Stiénon, Xu 2013]: There is a choice of such vector bundle isomorphism that
transports the Courant algebroid structure from E to TM & G such that

e the anchor p: TM & G — T'M is the projection.

= Every transitive Courant algebroid over M is isomorphic to a Courant algebroid
on a vector bundle of the form E = T'M & F, for some bundle pr: £ — M.



Courant algebroid lifts
Given a Courant algebroid on E = T'M & E and a vector bundle connection V on E,
TE=H,®V~=pr'TM ®pr'E = pr'E.
Using the pull-back section map, we get the injective C°° (M )-module morphism
¢: T'(E) — X(F)
X+o— X" 4"

such that im ¢ locally generates X(E).

Courant algebroid structure (E, (, ), p, [, ]) induces

e the (pseudo-)Riemannian metric g on E gv(da, pb) = pr*(a,b),
o the map po: im ¢ — X(E) pe(6a) = dpla) = p(a)",
e themap [, ]v: Im¢ X im¢ — im ¢ [pa, pbl == dla, b].

The maps py and [, ] admit unique extensions to an anchor and a bracket on T'E by
e requiring py: X(E) — X(E) to be C*°(E)-linear,
e requiring [, |v: X¥(E) x X(E) — X(E) to satisfy
Vi, fValo = ..., [fVi,Vale = ...

Is (TE, g<,p<, | , |¢) a Courant algebroid?



Is (TE, g, ps,| » ]+) a Courant algebroid?

Theorem. Let (E=TM @ E,{, ),p,[,]) be a Courant algebroid over M and
V a vector bundle connection on pr: E — M. The tuple (T'E, g, pe, [, |v)
over F satisfies, for V1, V2, Vs € X(E), the following:

(Cal) [Wi,Wi]s = prdge(V1, V1),
(Ca2) pe(V1)ge(Va, V3) = go([Va, Valv, V3) + go(Va, [V1, Va]e),
(Ca3) the Jacobi identity is fails in general.

m However, for a,b € T'(E), we have that
pV([¢a7 ¢b]V) - [pv(¢a)7pV(¢b)]Lie = Rv(p(a)>p(b))vv
where R. € Q?(M,EndE) is the curvature of V.

m Moreover, (T'E, gv, ps, [ , |+) becomes a Courant algebroid if and only if

Rq(p(a), p(b)) = 0.

If E #0, the tuple (T'E, g+, ps, [ , |v) is always non-transitive.

The vertical lift of the field of endomorphisms A € T'(EndE) ~~ AY € X(E).



Examples of Courant algebroid lifts

The lift of a transitive Courant algebroid (regarded as TM @ G) by a connection V on
E=T"M & G is a Courant algebroid if and only if V is flat.

Example 1. The Courant algebroid (TM, ( , )+, prras [ 5 |) lifts to a Courant
algebroid on T'(T* M) by flat affine connections on M. In this case,

gv is the Patterson-Walker metric [P., W. 1952]

Golpey = dpi © dzt — pk(pr*I‘fj) dz' ©da’.

The B,-Courant algebroid is (TM & (M x R),(, ),prram |, ]), where

o (Xt+a+ Y +B+g)t=aY)+B(X)+2fg

e X+a+f,Y+F+g =[X,Y]ue+ (LxB —yda+2fdg) + (Xg—Yf)
~ The odd Patterson-Walker metric on T*M ¢ (M x R).

Example 2. For an almost complex structure J and a torsion-free connection V,
Vx(a+ f) =Vxa+ Xf+a(JX)

is a connection on T M & (M x R), which is flat if and only if (J, V) is a special
complex complex structure, that is, V is flat and dyJ = 0.




Courant algebroid lift of a non-transitive Courant algebroid

[Liu, Weinstein, Xu 1997]: A pair of Lie algebroids (4, pa, [, ]a) and
(A", pax,[,]ax) is said to be a Lie bialgebroid if

das[p,]a = [dax,¥]a + [@,dax]a.

m There is a natural Courant algebroid on the double of a Lie bialgebroud A & A™.

In particular, by choosing pa+ = 0 and [, Ja+ = 0, every Lie algebroid (A, pa,[, ]a)
induces the Courant algebroid (A@® A*,(, )4, paopry,|,]).

Poisson . . . Courant algebroid
structure - Lie algebroid on T M, - on TM & T* M,

. . *
mon M anchor: 7: T°M — TM anchor: 7o prop.«

Example 3. The Courant algebroid on TM induced by a Poisson structure 7
lifts to a Courant algebroid by an affine connection V if and only if V is flat on
Hamiltonian vector fields, that is,

Re(n(a),m(B)) =0

= Courant algebroid lifts are not restricted to the transitive case and flat connections.



Relation to Courant algebroid actions

[Li-Bland, Meinrenken 2009]: Let (E,(, ),p,[, ]) be a Courant algebroid over M.
A Courant algebroid action on a manifold M’ is a pair (¥, g) consisting of
U: M’ — M and an R-linear map ¢: I'(E) — X(M’) such that

TU.g0(a) = p(a)w(gy,  o(fa)= (" fle(a),  [o(a), 0(b)]Lic = o([a,D]).
m The stabilizer of the action at a point ¢ € M’ is the kernel of the map
Oq: Eq,(q) — Tqu
a— Q(a)lh

where a is an arbitrary section of E such that ay(,) = a.

m A Courant algebroid action with coisotropic stabilizers naturally induces a Courant
algebroid on the pull-back bundle ¥*E — M’.

Courant algebroid lifts provide large class of exampels of Courant algebroid actions:

Theorem. Let (E=TM & E,(, ),p,[,]) be a Courant algebroid over M and
V a vector bundle connection on pr: E — M such that R.(p(a), p(b)) = 0.
Then (pr, p-0¢) is a Courant algebroid action on E with Lagrangian stabilizers.




What if R.(p(a), p(b)) # 07

Given a tuple (E, (, ),p,[,]) over M, we define the map F: I'(E) x I'(E) — X(M

F(a,b) = p([a,b]) — [p(a), p(b)].

) by

A curved Courant algebroid over M is a tuple (E, (, ), p, [, ]) satisfying
(Cal) [a,a] = p*d{a,a),
(Ca2) p(a)(b,e) = ([a,bl, <) + (b, [a ),
and moreover,
(*) F € T(A*E* ® TM) such that F(a,b) = 0 if a € ker p.

m We call F the curvature of the curved Courant algebroid.

= The Courant algebroid lift by V is a curved Courant algebroid, whose curvature is

F(¢a, ¢b) = R (p(a), p(b))"

Every curved Courant algebroid still satisfies
e pop" =0,
e [a, fb]=(p ( ))b+ fla,b],
o [fa,b] = —(p(b)f)a+ fla,b] + 2(a,b)p*df.



Exact curved Courant algebroids

[Severa 1998]: Every exact (i.e. transitive such that ker p = im p*) Courant algebroid
over M is isomorphic to (TM, { , )+, prras |, Ju) for some H € Q% (M), where

(X +a,Y+ 0]y =[X,Y]uie + LxB — txda + tytx H.

m Moreover, Hip (M) <~ { exact Courant algebroids over M }/ ~.

Step 1. Curved exterior derivative

The exterior derivative si fully characterized by the formula
do = (k + 1) skew(V),
where ¢ € QF(M) and V is an arbitrary torsion-free connection on M.

operator on Q° (M)
~ depending only ~
on the torsion 7" of V

dropping the
torsion-freeness

the curved exterior
derivative =: d”

For an arbitrary T € Q*(M, TM), we still have d” € gDer' (Q°(M)) and
(AHX)=Xf,butd"od"=0 <« T =0. In fact,

Q*(M,TM) < { D € gDer'(Q*(M)) such that (Df)(X)=Xf }.



Step 2. Curved Cartan calculus

curved Lie derivative curved bracket

ng = [Lx,dT]g [X, Y]T = [X, Y]Lie —I-T(X, Y) =VxY —-VyX

Every T € Q*(M,TM) makes (End(Q°®(M)),[, ]¢) a curved differential graded Lie
algebra with the differential [d", ], and the curvature R := 1[d",d"]y =d" od".

[LXvLY}g =0, [andT]g = g(a [dTaLg(]g = [Ra LX]g,

[dT?dT}g = 2R, [LE(, LY]g =[x,y [ng, Lg]g = L[X,Y]T + [[LX?R]g? LY]E'

Theorem. Every exact curved Courant algebroid over M is isomorphic to
(TM, {, )4,Prrpss [ 5 |7) for some T € Q*(M, TM) and H € Q°(M), where

(X +a,Y+085=[X,Y]" + L%B — ixd"a+tyix H.
m Moreover,

] (M)

im d”

< { exact curved Courant algebroids over M }/ ~ .
TeQ2(M,TM)
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