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My two favourite
facts of generalized
complex structures
(actually examples):



Within generalized complex structures

complex

symplectic

The interior of the curve is eP-equivalent to symplectic structures.

Examples coming from hyperKahler or holomorphic symplectic structures.



Beyond complex and symplectic

X
almost complex

?

N 7
generalized complex
#3CP2
(Cavalcanti-Gualtieri'07,09, Torres'12...)

.
complex

symplectic
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My spiritual beliefs on generalized complex structures

Je€End(TMET*M)  Lc(TM & T*M)¢ locally p € Q2.(M)
J skew for () L maximally isotropic p pure
J2=—-Id LNL= {0} (p, p) volume
Ny =0 L Dorfman-involutive dp=v-p

Geometrically, symplectic leaf, transversally complex (type := dim¢),
as in product of symplectic by holomorphic Poisson (Bailey's theorem).

Good for the name, Good to see the Most basic object:
generically symplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type-change,

primv © J\1+m Lie algebroids. Z+dz A dw.



Hitchin's advice: best way to understand, develop...

2.4 Bj-generalized geometry

‘We will finish this section with one last example which is an original con-
struction. On an n-manifold M consider the bundle

E=TM&®1eTM
equipped with the natural pairing
(X+f+E6Y +g+m) =ixn+iv+ fg

of signature (n + 1,n) where X,Y € I'(TM), f,g € C*(M) and &,9 €
T(T*M). We define a Dorfman bracket as follows
{X++6Y +g+n} =X, Y]+ X(9) - Y(f) + Lxn — ivdg + gdf

* * *

aTl N V > math > arXiv:1101.0856

Mathematics > Differential Geometry

[Submitted on 5 Jan 2011 (v1), last revised 25 Apr 2011 (this version, v2)]

Leibniz algebroids, twistings and exceptional
generalized geometry

David Baraglia



Part Il



The generalized complex trinity

J € End(TM & T*M) LCc(TM & T*M)¢ locally p € Q2 (M)
J skew for ()

5 L maximally isotropic p pure
Jo=-d LN L={0} (p, p) volume
N7 =0 L Dorfman-involutive dp=v-p

Geometrically, symplectic leaf, transversally complex (type := dim¢),
as in product of symplectic by holomorphic Poisson.

Good for the name, Good to see the Most basic object:
generically symplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © I\ m Lie algebroids. z+dz A dw.



The B,-generalized complex trinity, 1 = M x R

F eEnd(TM@1® T*M) LCc(TM & T*M)¢ locally p € Q2 (M)

F skew for () L maximally isotropic p pure
FP+F=0 LnL={o} (p, ) volume
Nr=0 L Dorfman-involutive dp=v-p

Geometrically, symplectic leaf, transversally complex (type := dim¢),
as in product of symplectic by holomorphic Poisson.

Good for the name, Good to see the Most basic object:
generically symplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © I\ m Lie algebroids. z+dz A dw.



The B,-generalized complex trinity, 1 = M x R

F€End(TM1aT*M) L (TMa1eT*M)e locally p € Q(M)

F skew for () L maximally isotropic p pure
FP+F=0 LnL={o} (p, ) volume
Nr=0 L Dorfman-involutive dp=v-p

Geometrically, symplectic leaf, transversally complex (type := dim¢),
as in product of symplectic by holomorphic Poisson.

Good for the name, Good to see the Most basic object:
generically symplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © I\ m Lie algebroids. z+dz A dw.



The B,-generalized complex trinity, 1 = M x R

F€End(TM1aT*M) L (TMa1eT*M)e locally p € Q(M)

F skew for () L maximally isotropic p pure
F3LF=0 LN L={0} (p,p) volume
Nr=0 L Dorfman-involutive dp=vp

Geometrically, symplectic leaf, transversally complex (type := dim¢),
as in product of symplectic by holomorphic Poisson.

Good for the name, Good to see the Most basic object:
generically symplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © I\ m Lie algebroids. z+dz A dw.



The B,-generalized complex trinity, 1 = M x R

F€End(TM1aT*M) L (TMa1eT*M)e locally p € Q(M)

F skew for () L maximally isotropic p pure
F3+F=0 LNL={0} (p.p) volume
Nr=0 L Dorfman-involutive dp=vp

Geometrically, symplectic leaf, transversally maximal CR (type := dim¢).

Good for the name, Good to see the Most basic object:
generically symplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © I\ m Lie algebroids. z+dz A dw.



The B,-generalized complex trinity, 1 = M x R

F€End(TM1aT*M) L (TMa1eT*M)e locally p € Q(M)

F skew for () L maximally isotropic p pure
F3+F=0 LNL={0} (p.p) volume
Nr=0 L Dorfman-involutive dp=vp

Geometrically, symplectic leaf, transversally maximal CR (type := dim¢).

Good for the name, Good to see the Most basic object:
generically cosymplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © F|1+m Lie algebroids. z+dz A dw.



The B,-generalized complex trinity, 1 = M x R

F€End(TM1aT*M) L (TMa1eT*M)e locally p € Q(M)

F skew for () L maximally isotropic p pure
F3+F=0 LNL={0} (p.p) volume
Nr=0 L Dorfman-involutive dp=vp

Geometrically, symplectic leaf, transversally maximal CR (type := dim¢).

Good for the name, Good to see the Most basic object:
generically cosymplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © F|1+m Lie algebroids. z+dz A dw.



The B,-generalized complex trinity, 1 = M x R

F€End(TM1aT*M) L (TMa1eT*M)e locally p € Q(M)

F skew for () L maximally isotropic p pure
F3+F=0 LNL={0} (p.p) volume
Nr=0 L Dorfman-involutive dp=vp

Geometrically, symplectic leaf, transversally maximal CR (type := dim¢).

Good for the name, Good to see the Most basic object:
generically cosymplectic! Dorfman bracket, differential forms.
Poisson structure Dirac structures, Best for type change,

prim © F|1+m Lie algebroids. z + dz + idz A dt.



Let us see it concretely
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Quadratic form on TM @& 1@ T*M given by Q(X+f + ) = a(X)+F2

Cle(TM @ 1 & T*M)-module structure on A°*TAM
(X+f+a) - p=wxptfrp+aip
(A®TEM =~ the spinor representation)

Pure spinors are pointwise ~ eAti7eBHiwg A A0,
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Chevalley pairing on spinors (p” A YP)top OF (P A V) top
(AP TEM-valued) _|_

Weakening of dp =0 — dp=v-pforv=X+f+a
!
[(Ann p) involutive for Dorfman bracket
X+f+aY+g+p8=[X Y]+ Lx(g+B)—tyd(f +a) + 2gdf

o =T1(pt+ +p-) = pt+ — p-
a(X)+f? induces a pairing of signature (n+1, n), Lie type B,.
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The world of B,-generalized geometry

e A-fields e”, for A a closed 1-form, join B-fields eB.
e Generalized diffeomorphisms are enlarged to Diff (M) ix ngl(l\/l).
e Generalized GZ-structures on 3-manifolds [R., JGP'13].
e Twistings are given by H € Q3(M), F € Q2,(M) such that
dH + F* =0.
e Toy model for string or heterotic Courant algebroids
[Garcia-Fernandez,R., Tipler], [Baraglia,Hekmati].
e Metric side of the story developed by [Cortes,David].

But let us look at examples!
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Examples!

e Any usual generalized complex is B,-generalized complex.

2

e Cosymplectic structure: w € Q25;, 0 € Qi, such that o A w™ volume

p=e"t —14tjoc4iw—0cAw...

e Normal almost contact structure: J € End(TM), Y € X(M), o € Q1
p= e’ A (=C+ (—1)mi0 AC (with ¢ =~ (m,0)-form)

Where is Y? In the integrability dp = v - p! We must have v =Y + ...

e Type-change example: on C x R with coordinates (z, t),
p=2z+ Adz+ipdzA\dt

Local invariants (related to topology) and type change in dim > 2.
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.
almost contact

cosymplectic

nacs

. N
Bs-generalized
complex

#3(52 X Sl)
(Porti,R.)
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geometric
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almost contact
e R 1
2 Bs-generalized
. complex
nacs
; 3(q2 1
cosymplectic #°(5° x S%)
(Porti,R.)
N\ J
- J
- J

Theorem (Porti, R.; arXiv:2402.12471)

Any closed oriented 3-manifold admits a Bs-generalized complex structure,
which is moreover stable.
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Looking back again

While first developing B,-generalized geometry, | had the idea of...
Cp-generalized geometry

...and kept it in a drawer for ten years.

Four years ago, Filip Moucka wrote me an email

“I am mainly interested in differential geometry and | have a background in
(semi-)Riemannian geometry, general relativity, and the theory of Courant algebroids.”

...I think this was the beginning of a wonderful mathematical story.
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The C,-generalized meaning of Lagrangian
Consider TM & T*M with the skew-symmetric pairing

(X +a,Y +B) = a(Y) - B(X).
Lagrangian now captures symmetry!

Define a C,-generalized almost complex structure as a Lagrangian
LCc(TM & T*M)c such that LN L= {0} or J € End(TM & T*M) s.t.

J? = —id, (Ta,Tb)_ = (a,b)_.

Examples: for a metric g and an almost complex structure J,

_ (0 —gt _ (-4 0
C) (s 8

Lg := gr(—ig), Ly:=To1M® Tl*,oM-

Do we have ‘spinors’? What does integrability mean?
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Bad news first

The action of TM & T*M on a symmetric form o by

(X+a) o:=1x0+ab®o.

is a Weyl algebra action, a-(b-0)—b-(a-0) = —(a,b)_o,

...but we can only recover TM as an annihilator of o.

Dorfman-involutive C,-generalized almost complex structures are...

...just complex structures.



Looking at the positive side: Weyl algebra action
The Dorfman bracket is derived by [[(X + «)-,d]g, (Y + 3) - 1g p.



Looking at the positive side: Weyl algebra action
The Dorfman bracket is derived by [[(X + «)-,d]g, (Y + 3) - 1g p.

Can we derive a C,-bracket?

[[(X"'O‘)'v?]g?(y_‘_ﬁ)']g

Is there an analogue of d for symmetric forms?



Looking at the positive side: Weyl algebra action
The Dorfman bracket is derived by [[(X + «)-,d]g, (Y + 3) - 1g p.

Can we derive a C,-bracket?
[[(X + (,Y) : >vs]g7 (Y + B) ']g
Is there an analogue of d for symmetric forms?

(Mougka, R. Symmetric Cartan calculus, the Patterson-Walker metric and Killing vector fields)

For a torsion-free connection V, just as dp = (|p| + 1) Skew(Vp), define

Voo = (o] + 1)sym(Vo).



Looking at the positive side: Weyl algebra action
The Dorfman bracket is derived by [[(X + «)-,d]g, (Y + 3) - 1g p.

Can we derive a C,-bracket?
Is there an analogue of d for symmetric forms?

(Mougka, R. Symmetric Cartan calculus, the Patterson-Walker metric and Killing vector fields)

For a torsion-free connection V, just as dp = (|p| + 1) Skew(Vp), define

Voo = (o] + 1)sym(Vo).



Looking at the positive side: Weyl algebra action
The Dorfman bracket is derived by [[(X + «)-,d]g, (Y + 3) - 1g p.

Can we derive a C,-bracket?
(X +a) -, P (Y +5) Iy
Is there an analogue of d for symmetric forms?

(Mougka, R. Symmetric Cartan calculus, the Patterson-Walker metric and Killing vector fields)

For a torsion-free connection V, just as dp = (|p| + 1) Skew(Vp), define
Voo = (o] + 1)sym(Vo).
(X +a) -, V], (Y +5)-] € End(Sym® T*M) corresponds to

[X +a,Y + s = [X, Y]s + L5xB + 1y V0,

where [X, Y]s :=VxY + VyX and L5 := [1x, V°].
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The world of C,-generalized geometry

(TM D T*M, < ; >_, [ ; ]s,prTM)

o C-fields e for C Killing 2-tensor replace B-fields.

e The symmetries are now Aff(M, V) x Kill?>(M, V)...

e ...so Jacobi identity for [, |s is not generally satisfied.

e [, |s related, in general, to geodesically invariant distributions...

e ...working on a strong flavour dealing better with Jacobi/foliations.

Let us look at it through the examples!
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Examples, what does integrability mean?

Examples: for a metric g and an almost complex structure J,

_ (0 —gt _ (-1 0
jg<g 0 >7 j./(o J*>7

Lg := gr(—ig), Ly:=ToiM @ T{ oM.

Integrability means:
e V°g =0, or g non-degenerate Killing 2-tensor (metric), relativity!

e N5 =0, or Jis an anti-complex structure (~Gray-Hervella, nearly Kahler),
(for symmetric Nijenhuis N5(X,Y) = [JX, JY]s — [X, Y]s — J([UX, Y]s + [X,JY]s = 0) .
Some of them are complex, when (V xJ)Y = J(VxJ)Y.
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J skew for () L Lagrangian for (, )_
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The yin and yang of C,-generalized complex structures

J € End(TM & T*M) LCc(TM® T*M)c
J skew for (,)_ L Lagrangian for (, )_
J? = —1Id LnL={0}
N7=0 L involutive for [, ]s

Distribution+Killing metric, transversally anti-complex (type := dim¢).

Good for the name, Good to see the
generically Killing tensor! Cr-Dorfman bracket,
Symmetric Poisson structure* C,-Dirac structures,
prrm © J|1+m symmetric algebroids.

(*Mouéka, R. Symmetric Poisson geometry, totally geodesic foliations, Jacobi-Jordan algebras)
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More than the type, the signature!

Gy(u,v) ={(Ju,v)_

gives a non-degenerate symmetric pairing for TM & T*M,
its signature is an invariant (M connected)

If the signature of the pointwise metric is (p, q),
the signature of G is (2(type + p), 2(type + q)).

dim sgnGs type H induced structure
1 (2,0) 0 Riemannian metric
(4,0) 0 Riemannian metric
2 0 Lorentzian metric
(2,2)
1 complex structure
(6,0) 0 Riemannian metric
3 0 Lorentzian metric
(4.2) : .
1 1D Riemannian ¢ 2D complex




Type-changing example

dim sgnGs type H induced structure

(8,0) 0 Riemannian metric
Lorentzian metric

1 2D Riemannian @ 2D complex
split signature metric

0
(4,4) 1 2D Lorentzian @ 2D complex
2

complex structure



Type-changing example

dim sgnGs type H induced structure

(8,0) 0 Riemannian metric
Lorentzian metric
1 2D Riemannian @ 2D complex
0 split signature metric
(4,4) 1 2D Lorentzian @ 2D complex
2

complex structure

Example (Moutka, R.; to appear)

On M = R* = C?, deform L = TM%! @ T* M0, by acting with the
symmetric bivector z, 0,, © 0,,. We get:

e anti-complex structure (even parallel complex) on z, = 0,

e sum of 2D Lorentzian metric and 2D anti-complex structure on z, # 0.




Within C,-generalized complex structures

Example (Moutka, R.; to appear)

Given an anti-Kahler manifold, (g, J) such that
g(JX,JY)=—g(X,Y), EVJ =0,

we get a curve going from a complex structure to a metric!

complex

metric



Within C,-generalized complex structures

Example (Moutka, R.; to appear)

Given an anti-Kahler manifold, (g, J) such that
g(JX,JY)=—g(X,Y), EVJ =0,

we get a curve going from a complex structure to a metric!

complex

metric

These are definitely new directions in complex geometry.
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