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Program

Higher General Linear Groupoids and Higher Holonomy
@ Overture.
@ Act |. Non-abelian Stokes's theorem.
o Act Il. Higher general linear groupoids.
o Act Ill. Higher parallel transport and higher holonomy.



Overture

Scene 1. Lie algebroid holonomy



Lie algebroid holonomy

Let A— M be a Lie algebroid and E — M a vector bundle.

@ An A-connection on E is a degree 1 derivation

dV QA E) = Q(AE)
with symbol dy, i.e., satisfying the Leibniz rule
dV(aAB)=daa A B+ (-1)andVp.
e Curvature RY := (dV)? € Q?(A,End(E)).
e Holonomy: Hol(V) := {7, : ais an A-loop at x}.

Theorem (Fernandes 02)

hol(V) = span{7. 'RV (a, b)7e : e is an A-path with v.(0) = x
and a,be A, )}

+ span{7, 'V.7e : e is an A-path with v.(0) = x
and c € ker p, 1)}



Lie algebroid holonomy

We can define

curo(V) 1= span{7; 'RV (a, b)7e : e is an A-path with 7.(0) = x
and a,b€ A, (1)}
e It is an ideal of hol(V).
@ There is a normal subgroup Curv(V) C Hol?(V) integrating it.

Conclusion: there is an inclusion of Lie groups Curv(V) < Hol(V).
@ For a Lie theorist, this is just an inclusion of Lie groups.

@ For a higher Lie theorist, this is the easiest example of a strict
2-group.

Does the inclusion Curv(V) < Hol(V) have a higher life? Is it geometric?




Overture

Scene 2. Non-flat Riemann—Hilbert correspondence



Let V be a connection on E — M and H a homotopy between paths ~g

and 1. Then

_ \%
7'71—7'70—/R .
H




Let V be a connection on E — M and H a homotopy between paths ~g

and 1. Then
Ty — Ty :/ RY.
H

ItV is flat and vo ~ 1, then 7,, = 7,. In particular, V defines a Lie
groupoid morphism 7 : N1(M) — GL(E).

Recall:
o Mi(M) = M with My (M) = {[+] : v path},
e GL(E) = M with GL(E) = {(y,A,x) : x,y € M,A: E, 5 E,}.



Non-flat Riemann—Hilbert correspondence

Theorem (Riemann—Hilbert correspondence)

There is an equivalence of categories

Flatpy(E) — [M1(M), GL(E)]SC.

What if V is not flat? I

e We still have a functor 7 : P1(M) — GL(E). Anything else?
o Idea: if Hy and H; are two homotopies between o and 1 and L is a

homotopy from Hy to H; , then a non-abelian Stokes's theorem (?77)
would give, by the Bianchi identity,

/ RV—/ RV:/dVRV:o.
H; Ho L

Do we get a functor My(M) — 77 ?




Overture

Scene 3. Higher connections



Higher connections

Let A— M be a Lie algebroid and E = &, EX — M a graded vector
bundle. The space Q(A, E) is bigraded:

Q(A,E) = P QP(A EY)

Definition (Arias Abad—Crainic 07)
A higher A-connection on E is a degree 1 derivation
D:Q(AE) — Q(AE)
with symbol dj, i.e., satisfying the Leibniz rule
D(a A B) = daa A B+ (=1)¥a A Dp.
The (higher) curvature of D is D* € Endg ) (Q(A, E)). If D =0 we
say that D is flat or a representation up to homotopy (or ruth).



Higher connections

Decompose D into operators D; : Q(A, E) — Q(A, E) of bidegree (i,1—1i).
Proposition

Higher A-connections on E are equivalently given by tuples (6,V,w),
where

e & € End'(E),
@ V is a degree-preserving A-connection on E,
o w=>3,wi withw; € Q(A End'~'(E)).

Its curvature is represented by K =} ;- Ki, with K; € Q/(A,End®>~(E))
given by

o Ky := 042,

e Ky :=Vo,

@ Ko =RY 4w A6+ 6 Aws,

o K= de;,l+w,-/\5+5/\w;+zjwj/\w,-,j, fori > 2.



Higher connections

If E= E% @ E!, then a higher A-connection is given by
6 € Hom(E® EY), V' e Conna(E’), wy € Q%(A, Hom(E, EY))
Then Ky = 0 and
o Ky € QY(A, Hom(E?, EY)) is given by
Ki(a)eo = V3(de0) — 6(V3en),
o Ky € O%(A,End(E®) @ End(E?)) is given by
Ka(a, b)eyg = Rvo(a, b)eg + wo(a, b)dey,
Ka(a, b)ey = va(a, b)e; + dwoa(a, b)e;.
If (V — M, V) is a vector bundle with A-connection, then

E°=F'=V, 6=1, VI=V, w=—-RVe-RY
defines a ruth.




Idea. Integrate w; along appropriate surfaces.

Question. How do we integrate End(E)-valued forms? Do they satisfy
some form of non-abelian Stokes's theorem?



Act |
Non-abelian Stokes's theorem

Scene 1. Naive integrals



Naive integrals

Let E — M be a vector bundle.
Definition
A parallel pinched k-cube in E is a pair (¢,V),
smooth with
d(m,x1, ...y xk—1) = ¢(m,0,...0) =: wp, m=20,1

and V is a T/¥-connection on ¢*E — I
If n € QX(1%X,End(¢*E)), the integral of 7 is

/n —/ i} € Hom(Ew,, Ew,),

where ) € QK(1%, Hom(Ew,, Ew,)) is
ﬁ(ao, e ,8k71)(X0,X) = T()FXO,XT](@(), 000 ,8k,1)(x0, X)Tx0<—1,x-



Stokes?

/ n=/<dvn+RV®n—(—1)"n®RV>,
a6 ¢

where

k—1 1
/ Rv N = Z(_l)l /Ik / TO(—LI,XRV(807 8i)(u7X)Tu<—X0,X
¢ i=1 0

(00,01, -, 0y, - .., Ok—1) (%0, X) Trp-1,xdt d(x0, X)

Question. Is there a differential D (with D? = 0) such that

fo-fon
¢ ¢



Act |
Non-abelian Stokes's theorem

Scene 2. Bar construction



Bar construction for curved dgas

Definition
A curved dga is a tuple (o, A\, d, R), where (&, \) is a graded associative
algebra, d is a degree 1 derivation and R € &2 is such that

d®=I[R,], dR=0.

If (E— M, V) is a vector bundle with A-connection, then
(Q(A,End(E)), A, dY, RY)

is a curved dga.




Bar construction for curved dgas

Definition
The bar complex of the curved dga (o, A, d, R) is (B, D), where
Bdl = T([1]) = @0 Z[1]¥¥ is the tensor algebra and

k
D(a1®- - ® ax) 1= Z:(—1)|é’l|+"-+|a,>1|fi+1al ®

S ®da® - ® ag
i=1

+Z \31\+ Flail- a1 ®- c®aNar1® @
k+1
_|_Z \81\+ Flaioa|=i+1, 10 ®a_19R®ai® - ® a.

Ak

Theorem
D? =0.

Curved A.-algebras [Kontsevich-Soibelman, Keller—Lowen—Nicolds, Positselski...]



Act |
Non-abelian Stokes's theorem

Scene 3. lterated integrals



lterated integrals

Question. Can we define integrals on the elements of BQ(A, End(E))?
Definition

Let (¢, V) be a parallel pinched k-cube. We define the horizontal
integral over ¢ as the degree —1 linear operator

][ - Q(I%,End(¢*E)) — Q(I*,End(¢*E))
®
defined as follows: if n € Q1 (1%, End(¢*E)) and (xo, x) € IX, then

1
<][ 77) (aila CE 781'@)()(07 X) = / Txo%t,xn(a(b ail? O 7af[)(t7 X)Tt%XO,xdt-
¢

X0



lterated integrals

Definition
Let (¢, V) be a parallel pinched k-cube. Let n; € Q(/, End(#*E)) be such

that |m1| + -+ |me| — £+ 1 = k. Then we define the (iterated) integral
of M®R---®mn as

/(b(m®---®77£) =

= [ f (- (g ).

Different approaches: [Chen 77, Gugenheim 77, Arias Abad—Schaetz 12, Block—Smith
14] and [lgusa 09, Antweiler 24]



Iterated integrals

Let k =1 and E = R"” — | be the trivial rank r vector bundle over /. Let
A= A(t)dt € QY(1,gl,(R)) , then

Al (t) = 1A(s)ds
and I t
/IA®€:/01A(t1)/tllA(t2).. / (te— 1)/ A(te)dt; ... dt

The solution to the matrix linear equation H = —AH with H(1) =1 is

given by

>1



Act |
Non-abelian Stokes's theorem

Scene 4. Non-abelian Stokes's theorem



Non-abelian Stokes's theorem

Theorem (P., Holtrop)

Let E — M be a vector bundle, (¢, V) a parallel pinched (k + 1)-cube and
ni € ¢*Q(M,End(E)) such that |n1| + -+ |ne| — €+ 1= k. Then

/ (m@---@m)=/D(m®---®m)-
oL0) @

If ¢ =1 (and |np1| = k), then

/ m = / (dvm +RY®@m —(-1)"n RV) :
¢ ®
If £ =2 (and |n1| + |n2| = k + 1), then

/a¢(n1 ® M) = /¢ (dvm @ — (=1)Mly @ dVim — (=1)Mlpy Ay

+RY ® memn — (_]_)|771|771 RV ® m + (_1)|711|+|712|771 QM ® RV>

”



Act 1l
Higher general linear groupoids

Scene 1. Higher Lie groupoids



X0 8go1 X1



go1 go1 8go1 up(x1)

X0 up(xg) X X0 8o1 X1



Higher Lie groupoids

Definition
A simplicial manifold M is given by
e manifolds {M,},, where M, is called the space of n-simplices,

@ surjective submersions f; : M,, — M,,_1, for i =0,..., n, called the
face maps,
@ smooth maps u; : M,_1 — M,, for i =0,...,n— 1, called the units

or degeneracy maps,
satisfying the simplicial relations.



2
802 Ng(M)
X0 8o1 X1 2
N(M) \E*
X2 R
X0 8o1 X1
802 812

X0 A% ( M) X1



Higher Lie groupoids

Definition |
An (n, k)-horn is an n-simplex with the interior and the kth face removed.
The space of (n, k)-horns of M is denoted by A7(M).

There are natural horn maps A} : M, — A}(M).

Definition (Henriques, Zhu 06) |
A simplicial manifold G is
@ a Lie oco-groupoid if all the horn maps are surjective submersions,

@ a Lie n-groupoid if it is a Lie co-groupoid and the horn maps A} are
diffeomorphisms for m > n.




Higher Lie groupoids

If G = M is a Lie groupoid, its nerve N(G) is the Lie 1-groupoid defined
by

N(G)k = GXM (k) XMG.

If A— M is a Lie algebroid, its homotopy oco-groupoid [, (A) is the
oo-groupoid defined by

Moo (A)k := Homa(TAK A).
Its homotopy n-groupoid [1,(A) we define by N,(A)x = Mu(A)« for
k < n, and

Mn(A), := Homa(TA", A)/LA homotopy.




Act 1l
Higher general linear groupoids

Scene 2. Higher general linear groupoids



] _ .
X0 (5)(0
52, = Ko
ao1 Tao1
T N
X0 X1 6)(0 5x1



-

a2 T 402 Tar
e

Ho12 / w2

Ho1z

ao2

X0 EW X1 Oxy Taon 0x

Tagy — Tap1Tar = / RY = (Ko —wa A0 — 0 Awn)
Ho12 Ho12

= / K2 - (/ WZ) 5x2 + (ULJQ & V6)
Ho12 Ho12 Ho12

- 5x0/ Wy — / (Vi ® wy),
. Ho1z Ho12
equivalently,

Tags — Tagi Tary (/ w2) 5Xz+5Xo/ w2 = (Ko+wr®@Ki— K1 ®ws).
Ho12 Ho12 Ho12



We would like:
o GL(E)o = End!(E),
o GLo(E)1 = End* (7 E) @ GLO(n} E, ny E) @ End (7 E),

2
GLoo(E)2 = P End(n} E) P GLO(n} E, 7} E) @Hom ™ (m3 E, 73 E)
i=0 i<j

o ...



Higher general linear groupoids

Definition |

We define the higher general linear groupoid of E as the simplicial set
GLoo(E) defined as follows: for each k, consider the vector bundle

= @ Hom'i(nhE, mho)E) — MK
a:[i]—[k]
and set

GLoo(E)k :={B € Vi : B, is an isomorphism for all « : [1] < [K]},
and appropriate face and degeneracy maps.

“free” dg-nerve [Lurie, kerodon]

Proposition

If E = @)_5 EX, then GL.(E) is a Lie (n + 1)-groupoid, in which case
we also denote it by GL,11(E). Moreover the natural map

q: GLpt1(E) = N(M x M)
is @ morphism of Lie (n+ 1)-groupoids.



One term case

If E only has one term, then
o GLy(E)o = M,
o GLy(E)1 = {(x0,x1,A01) : xi € M and Agy : By, — Ex,} = GL(E)1,
o GLa(E)2 = {(x0, x1, %2, Ao1, Aoz, A12) : xi € M and Ajj : B, — Ex ).

v

E,

Very important: we do not impose
Ao1A12 — Ag2 = 0.




Act 1l
Higher parallel transport and higher holonomy

Scene 1. Higher parallel transport



Higher parallel transport

Definition
Let (0, V,w) be a higher A-connection on E. We define the higher
parallel transport as the higher functor 7 : M (A) — GL(E) acting on

o E noo(A)k by
7-(0)04:[0]<—>[k] = daras

T(0):1]o(k] = Taros

7—(U)oz:[i]<—>[k] = /* Zw®€‘

a*o 51

0 7(0)a:[2]—s[k] =/ w2,

a*o

o T(0)aplsik] = / (w3 + w2 ® wy).




Higher parallel transport

Definition
Let (9, V,w) be a higher A-connection on E. We define the higher
parallel transport as the higher functor 7 : N (A) — GL(E) acting on

(OIS noo(A)k by
7—((7)04:[0]‘—>[k] = daros

T(0) (1] [k] = Taros

T(O—)Oé:[f];)[k] = /* ZW®£'

aro p51

Remark. If E = @Z;(l) E* then 7 descends to a functor
T: |_|,,+1(A) — GLn+1(E).



Act 111
Higher parallel transport and higher holonomy

Scene 2. Curvature



Curvature bundle and curvature section

Definition
We define the curvature bundle Curv,,(E) — N(M x M) as the
simplicial vector bundle defined by

Curveo (E)k := @ Hom2*"(7rz(i)E, Ta@)E) = Mk+1
a:[i]—[k]
and appropriate face and degeneracy maps.
We define the curvature section Kg € I'(¢*Curv(E)) given by

i—1

KE(B)a:[i]<—>[k] = Z(_l)jBaodf + Z(_l)jBaoaf Bocoﬁi_j‘
=1 j=0

Proposition |

IfE = @Z;é E, then Curveo(E) is a Lie (n + 1)-groupoid, in which case
we also denote it by Curvyi1(E). Moreover the curvature section Kg is a
simplicial section.



If E has one term, then
Curva(E)p = Curvo(E)1 =0,
Curva(E)a = Hom (w3 E, w3 E),
and
Ke(xi, Ajj) = Aoz — Ao1A1a.

Hence,
Ke1(0) = N(GL(E)) & GLa(E).



Two terms case

If E = E% @ E! has two terms, then

and

CUrV2(E)0 = 0,
Curvi(E); = Hom!(7{ E, n$E),
Curva(E)2 = @ Homl(ﬂj-‘E,W}kE) @® Hom® (73 E, 73 E),

i<j
Curvy(E)s = @Y Hom'(x1 E, 77 E) & € Hom®(w}E, 77 E)
i<j i<j<k

® Hom™Y(m3E, n E)

Ke(di, Ao1) = doAo1 — Ao101
Ke(di, Aij, Hoi2) = (.- ., Aoz + doHo12 — Ao1A12 + Ho1202)
£(0i, Aij, Hiji, Lo123) = (. .., Ho23 — Ho1s

+ doLo123 — Ao1 Hi23 + Ho12A23 — Lo12393)



Higher parallel transport revisited

Theorem (P., Holtrop)

Higher parallel transport 7 : Ny (A) — GLo(E) satisfies the following
Stokes formula: if o € T (A)k, then

Ke(7(9))a:po1- 1k =
Ke(T(9))afij 1k = / 1)2w® @ K>1 @ w™.
E 74 €2>0
7*q*Curveo (E) q*Curvo(E) Curveo(E)

Kn( | | Jre |

(A) ——— GLoo(E) —5— N(M x M)

Ke :/ (12wt @ Kay @ Wt
£1,62>0



Higher gauge groupoids

Definition

We define the higher gauge groupoid of E as
Goo(E) := Kz 1(0) € GLoo(E).

dg-nerve [Lurie, kerodon]

Proposition

If E = @)_5 EX, then G (E) is a n-groupoid, in which case we also
denote it by G,(E). It is Lie if n < 2 and quasi-smooth if n > 2.

[Getzler-Behrend 17], n = 2 case: [Ortiz—Brahic 19, del Hoyo—Stefani 19]
Corollary (of the theorem)

IfE = @Z;é E* and the higher connection is flat, then higher parallel
transport descends to a functor 7 : I,(A) — G,(E).



Act Il
Higher parallel transport and higher holonomy

Scene 3. Higher Riemann—Hilbert correspondence
and higher holonomy



Higher Riemann—Hilbert correspondence and holonomy

Theorem (P., Holtrop) |

If E =@y E', there is a commutative diagram of As,-functors between
curved dg-categories

HConna(E) —— [Mp+1(A), GLy+1(E)]°

J J

HFlata(E) —— [M,(A), Go(E)]°
where the vertical arrows are inclusions of full subcategories.

flat case for Lie algebroids: [Arias Abad—Schaetz 12],

quasi-equivalence for tangent bundles: [Block—Smith 14]

Definition

We define the higher holonomy group of (4, V,w) at x € M as
Holy := 7(Mso(A))x.



The end

Thanks



