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Program

Higher General Linear Groupoids and Higher Holonomy

Overture.

Act I. Non-abelian Stokes’s theorem.

Act II. Higher general linear groupoids.

Act III. Higher parallel transport and higher holonomy.



Overture

Scene 1. Lie algebroid holonomy



Lie algebroid holonomy

Let A → M be a Lie algebroid and E → M a vector bundle.

An A-connection on E is a degree 1 derivation

d∇ : Ω(A,E ) → Ω(A,E )
with symbol dA, i.e., satisfying the Leibniz rule

d∇(α ∧ β) = dAα ∧ β + (−1)|α|α ∧ d∇β.

Curvature R∇ := (d∇)2 ∈ Ω2(A,End(E )).

Holonomy: Hol(∇) := {τa : a is an A-loop at x}.

Theorem (Fernandes 02)

hol(∇) = span{τ−1e R∇(a, b)τe : e is an A-path with γe(0) = x

and a, b ∈ Aγe(1)}
+ span{τ−1e ∇cτe : e is an A-path with γe(0) = x

and c ∈ ker ργe(1)}



Lie algebroid holonomy

We can define

curv(∇) := span{τ−1e R∇(a, b)τe : e is an A-path with γe(0) = x

and a, b ∈ Aγe(1)}.
It is an ideal of hol(∇).

There is a normal subgroup Curv(∇) ⊆ Hol0(∇) integrating it.

Conclusion: there is an inclusion of Lie groups Curv(∇) ↪→ Hol(∇).

For a Lie theorist, this is just an inclusion of Lie groups.

For a higher Lie theorist, this is the easiest example of a strict
2-group.

Question

Does the inclusion Curv(∇) ↪→ Hol(∇) have a higher life? Is it geometric?



Overture

Scene 2. Non-flat Riemann–Hilbert correspondence



Non-flat Riemann–Hilbert correspondence

Lemma

Let ∇ be a connection on E → M and H a homotopy between paths γ0
and γ1. Then

τγ1 − τγ0 =

ˆ
H
R∇.

⑩
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Non-flat Riemann–Hilbert correspondence

Lemma

Let ∇ be a connection on E → M and H a homotopy between paths γ0
and γ1. Then

τγ1 − τγ0 =

ˆ
H
R∇.

Corollary

If ∇ is flat and γ0 ∼ γ1, then τγ0 = τγ1 . In particular, ∇ defines a Lie
groupoid morphism τ : Π1(M) → GL(E ).

Recall:

Π1(M) ⇒ M with Π1(M) = {[γ] : γ path},
GL(E ) ⇒ M with GL(E ) = {(y ,A, x) : x , y ∈ M,A : Ex

∼=→ Ey}.



Non-flat Riemann–Hilbert correspondence

Theorem (Riemann–Hilbert correspondence)

There is an equivalence of categories

FlatM(E ) → [Π1(M),GL(E )]∞∗ .

Question

What if ∇ is not flat?

We still have a functor τ : P1(M) → GL(E ). Anything else?

Idea: if H0 and H1 are two homotopies between γ0 and γ1 and L is a
homotopy from H0 to H1 , then a non-abelian Stokes’s theorem (??)
would give, by the Bianchi identity,ˆ

H1

R∇ −
ˆ
H0

R∇ =

ˆ
L
d∇R∇ = 0.

Question

Do we get a functor Π2(M) → ?? ?



Overture

Scene 3. Higher connections



Higher connections

Let A → M be a Lie algebroid and E =
⊕

k E
k → M a graded vector

bundle. The space Ω(A,E ) is bigraded:

Ω(A,E ) =
⊕

p,q

Ωp(A,Eq)

Definition (Arias Abad–Crainic 07)

A higher A-connection on E is a degree 1 derivation

D : Ω(A,E ) → Ω(A,E )
with symbol dA, i.e., satisfying the Leibniz rule

D(α ∧ β) = dAα ∧ β + (−1)|α|α ∧ Dβ.
The (higher) curvature of D is D2 ∈ End2Ω(A)(Ω(A,E )). If D

2 = 0 we
say that D is flat or a representation up to homotopy (or ruth).



Higher connections

Decompose D into operators Di : Ω(A,E ) → Ω(A,E ) of bidegree (i , 1− i).

Proposition

Higher A-connections on E are equivalently given by tuples (δ,∇, ω),
where

δ ∈ End1(E ),

∇ is a degree-preserving A-connection on E,

ω =
∑

i≥2 ωi , with ωi ∈ Ωi (A,End1−i (E )).

Its curvature is represented by K =
∑

i≥0 Ki , with Ki ∈ Ωi (A,End2−i (E ))
given by

K0 := δ2,

K1 := ∇δ,

K2 := R∇ + ω2 ∧ δ + δ ∧ ω2,

Ki := d∇ωi−1 + ωi ∧ δ + δ ∧ ωi +
∑

j ωj ∧ ωi−j , for i > 2.



Higher connections

Example

If E = E 0 ⊕ E 1, then a higher A-connection is given by

δ ∈ Hom(E 0,E 1), ∇i ∈ ConnA(E
i ), ω2 ∈ Ω2(A,Hom(E 1,E 0))

Then K0 = 0 and

K1 ∈ Ω1(A,Hom(E 0,E 1)) is given by

K1(a)e0 = ∇1
a(δe0)− δ(∇0

ae0),

K2 ∈ Ω2(A,End(E 0)⊕ End(E 1)) is given by

K2(a, b)e0 = R∇
0
(a, b)e0 + ω2(a, b)δe0,

K2(a, b)e1 = R∇
1
(a, b)e1 + δω2(a, b)e1.

If (V → M,∇) is a vector bundle with A-connection, then

E 0 = E 1 = V , δ = 1, ∇i = ∇, ω2 = −R∇ ⊕−R∇

defines a ruth.



Higher parallel transport

Idea. Integrate ωi along appropriate surfaces.

Question. How do we integrate End(E )-valued forms? Do they satisfy
some form of non-abelian Stokes’s theorem?



Act I

Non-abelian Stokes’s theorem

Scene 1. Näıve integrals



Näıve integrals

Let E → M be a vector bundle.

Definition

A parallel pinched k-cube in E is a pair (ϕ,∇), where ϕ : I k → M is
smooth with

ϕ(m, x1, . . . , xk−1) = ϕ(m, 0, . . . 0) =: wm, m = 0, 1
and ∇ is a TI k -connection on ϕ∗E → I k .
If η ∈ Ωk(I k ,End(ϕ∗E )), the integral of η isˆ

ϕ
η :=

ˆ
I k
η̂ ∈ Hom(Ew1 ,Ew0),

where η̂ ∈ Ωk(I k ,Hom(Ew1 ,Ew0)) is

η̂(∂0, . . . , ∂k−1)(x0, x) := τ0←x0,xη(∂0, . . . , ∂k−1)(x0, x)τx0←1,x .



Näıve integrals

Stokes?

ˆ
∂ϕ

η =

ˆ
ϕ

(
d∇η + R∇ ⊗ η − (−1)kη ⊗ R∇

)
,

where

ˆ
ϕ
R∇ ⊗ η =

k−1∑

i=1

(−1)i
ˆ
I k

ˆ 1

0
τ0←u,xR

∇(∂0, ∂i )(u, x)τu←x0,x

η(∂0, ∂1, . . . , ∂̂i , . . . , ∂k−1)(x0, x)τx0←1,xdu d(x0, x)

Question. Is there a differential D (with D2 = 0) such thatˆ
∂ϕ

η =

ˆ
ϕ
Dη ?



Act I

Non-abelian Stokes’s theorem

Scene 2. Bar construction



Bar construction for curved dgas

Definition

A curved dga is a tuple (A,∧, d ,R), where (A,∧) is a graded associative
algebra, d is a degree 1 derivation and R ∈ A2 is such that

d2 = [R, ·], dR = 0.

Example

If (E → M,∇) is a vector bundle with A-connection, then

(Ω(A,End(E )),∧, d∇,R∇)
is a curved dga.



Bar construction for curved dgas

Definition

The bar complex of the curved dga (A,∧, d ,R) is (BA,D), where
BA := T (A[1]) =

⊕
k≥0A[1]⊗k is the tensor algebra and

D(a1⊗ · · · ⊗ ak) :=
k∑

i=1

(−1)|a1|+···+|ai−1|−i+1a1 ⊗ · · · ⊗ dai ⊗ · · · ⊗ ak

+
k−1∑

i=1

(−1)|a1|+···+|ai |−ia1 ⊗ · · · ⊗ ai ∧ ai+1 ⊗ · · · ⊗ ak

+
k+1∑

i=1

(−1)|a1|+···+|ai−1|−i+1a1 ⊗ · · · ⊗ ai−1 ⊗ R ⊗ ai ⊗ · · · ⊗ ak .

Theorem

D2 = 0.

Curved A∞-algebras [Kontsevich–Soibelman, Keller–Lowen–Nicolás, Positselski...]



Act I

Non-abelian Stokes’s theorem

Scene 3. Iterated integrals



Iterated integrals

Question. Can we define integrals on the elements of BΩ(A,End(E ))?

Definition

Let (ϕ,∇) be a parallel pinched k-cube. We define the horizontal
integral over ϕ as the degree −1 linear operator 

ϕ
: Ω(I k ,End(ϕ∗E )) → Ω(I k ,End(ϕ∗E ))

defined as follows: if η ∈ Ωℓ+1(I k ,End(ϕ∗E )) and (x0, x) ∈ I k , then
( 

ϕ
η

)
(∂i1 , . . . , ∂iℓ)(x0, x) :=

ˆ 1

x0

τx0←t,xη(∂0, ∂i1 , . . . , ∂iℓ)(t, x)τt←x0,xdt.



Iterated integrals

Definition

Let (ϕ,∇) be a parallel pinched k-cube. Let ηi ∈ Ω(I k ,End(ϕ∗E )) be such
that |η1|+ · · ·+ |ηℓ| − ℓ+ 1 = k . Then we define the (iterated) integral
of η1 ⊗ · · · ⊗ ηℓ asˆ

ϕ
(η1 ⊗ · · · ⊗ ηℓ) :=

=

ˆ
ϕ

(
η1 ∧

 
ϕ

(
η2 ∧

 
ϕ

(
η3 ∧ . . .

 
ϕ

(
ηℓ−1 ∧

 
ϕ
ηℓ

)
. . .

)))
.

Different approaches: [Chen 77, Gugenheim 77, Arias Abad–Schaetz 12, Block–Smith

14] and [Igusa 09, Antweiler 24]



Iterated integrals

Example

Let k = 1 and E = Rr → I be the trivial rank r vector bundle over I . Let
A = A(t)dt ∈ Ω1(I , glr (R)) , then( 

I
A

)
(t) =

ˆ 1

t
A(s)ds

and ˆ
I
A⊗ℓ =

ˆ 1

0
A(t1)

ˆ 1

t1

A(t2) . . .

ˆ 1

tℓ−2

A(tℓ−1)

ˆ 1

tℓ−1

A(tℓ)dtℓ . . . dt1

The solution to the matrix linear equation Ḣ = −AH with H(1) = 1 is
given by

H(t) = 1+
∑

ℓ≥1

ˆ 1

t
A⊗ℓ.



Act I

Non-abelian Stokes’s theorem

Scene 4. Non-abelian Stokes’s theorem



Non-abelian Stokes’s theorem

Theorem (P., Holtrop)

Let E → M be a vector bundle, (ϕ,∇) a parallel pinched (k + 1)-cube and
ηi ∈ ϕ∗Ω(M,End(E )) such that |η1|+ · · ·+ |ηℓ| − ℓ+ 1 = k. Thenˆ

∂ϕ
(η1 ⊗ · · · ⊗ ηℓ) =

ˆ
ϕ
D(η1 ⊗ · · · ⊗ ηℓ).

Example

If ℓ = 1 (and |η1| = k), thenˆ
∂ϕ

η1 =

ˆ
ϕ

(
d∇η1 + R∇ ⊗ η1 − (−1)|η1|η1 ⊗ R∇

)
.

If ℓ = 2 (and |η1|+ |η2| = k + 1), thenˆ
∂ϕ
(η1 ⊗ η2) =

ˆ
ϕ

(
d∇η1 ⊗ η2 − (−1)|η1|η1 ⊗ d∇η2 − (−1)|η1|η1 ∧ η2

+R∇ ⊗ η1 ⊗ η2 − (−1)|η1|η1 ⊗ R∇ ⊗ η2 + (−1)|η1|+|η2|η1 ⊗ η2 ⊗ R∇
)



Act II

Higher general linear groupoids

Scene 1. Higher Lie groupoids



Higher Lie groupoids

· ·

·

· ·

· ·

· ·
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<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="JmniSNXMONvJQNoBJRGEb65nt1A=">AAACI3icbZC9TsMwFIWd8lfCX4GRJaJCYqqSChVGBAtjERSQmqi6cW9aC9uJbAeooj4CKzwBT8OGWBh4F9wSJP7u9PmeY+ncE2ecaeP7b05lZnZufqG66C4tr6yu1dY3LnSaK4odmvJUXcWgkTOJHcMMx6tMIYiY42V8fTzRL29QaZbKczPKMBIwkCxhFIxdnd31mr1a3W/40/H+QlBCnZTT7q07bthPaS5QGspB627gZyYqQBlGOY7dMNeYAb2GAXYtShCoo2KadeztJKnyzBC96fu7twCh9UjE1iPADPVvbbL8T+vmJjmICiaz3KCk1mK1JOeeSb3JyV6fKaSGjywAVcym9OgQFFBji3HdUKHEW5oKAbJfhAkIxkd9TCDnZlyEOvniH4F0Ms1j2wt+d/UXLpqNoNVone7VD4/KHqtki2yTXRKQfXJITkibdAglA3JPHsij8+Q8Oy/O66e14pR/NsmPcd4/AD3opOk=</latexit>x2

<latexit sha1_base64="sfPPRg+1s5XXQ8wCwXzWYBT2C48=">AAACMXicbZBLS8NAFIUnvo2vqks3wSK4KomIuhTduFSwKjSl3Exv2sF5hJkbpYT+Erf6C/w17sStf8JpreDrrL655wwcTlZI4SiOX4Kp6ZnZufmFxXBpeWV1rba+ceVMaTk2uZHG3mTgUAqNTRIk8aawCCqTeJ3dno786zu0Thh9SYMC2wp6WuSCA/lTp7aWSqN7VvT6BNaa+06tHjfisaK/kEygziY676wHYdo1vFSoiUtwrpXEBbUrsCS4xGGYlg4L4LfQw5ZHDQpduxo3H0Y7ubER9TEav79nK1DODVTmMwqo7357o+N/Xquk/KhdCV2UhJr7iPfyUkZkotEAUVdY5CQHHoBb4VtGvA8WOPmZwjC1qPGeG6VAd6s0ByXkoIs5lJKGVeryL/5RyOXjPn695PdWf+Fqr5EcNA4u9uvHJ5MdF9gW22a7LGGH7JidsXPWZJyV7IE9sqfgOXgJXoO3z+hUMPmzyX4oeP8A2nqq3g==</latexit>

→↑

<latexit sha1_base64="JmniSNXMONvJQNoBJRGEb65nt1A=">AAACI3icbZC9TsMwFIWd8lfCX4GRJaJCYqqSChVGBAtjERSQmqi6cW9aC9uJbAeooj4CKzwBT8OGWBh4F9wSJP7u9PmeY+ncE2ecaeP7b05lZnZufqG66C4tr6yu1dY3LnSaK4odmvJUXcWgkTOJHcMMx6tMIYiY42V8fTzRL29QaZbKczPKMBIwkCxhFIxdnd31mr1a3W/40/H+QlBCnZTT7q07bthPaS5QGspB627gZyYqQBlGOY7dMNeYAb2GAXYtShCoo2KadeztJKnyzBC96fu7twCh9UjE1iPADPVvbbL8T+vmJjmICiaz3KCk1mK1JOeeSb3JyV6fKaSGjywAVcym9OgQFFBji3HdUKHEW5oKAbJfhAkIxkd9TCDnZlyEOvniH4F0Ms1j2wt+d/UXLpqNoNVone7VD4/KHqtki2yTXRKQfXJITkibdAglA3JPHsij8+Q8Oy/O66e14pR/NsmPcd4/AD3opOk=</latexit>x2

<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0

<latexit sha1_base64="7+zG6EShKiRFaCvg3+r5aDDy3hg=">AAACJnicbZDNSsNAFIUn9a/Gv6pLN8EiuCqJSHUpunFZwdZCE8rN9KYdnZmEmYlSQt/BrT6BT+NOxJ2P4rRG8O+uvrnnDJx74owzbXz/zanMzS8sLlWX3ZXVtfWN2uZWR6e5otimKU9VNwaNnElsG2Y4djOFIGKOV/HN2VS/ukWlWSovzTjDSMBQsoRRMHbVGfYL/2DSr9X9hj8b7y8EJdRJOa3+puOGg5TmAqWhHLTuBX5mogKUYZTjxA1zjRnQGxhiz6IEgToqZnEn3l6SKs+M0Ju9v3sLEFqPRWw9AsxI/9amy/+0Xm6S46hgMssNSmotVkty7pnUm17tDZhCavjYAlDFbEqPjkABNbYb1w0VSryjqRAgB0WYgGB8PMAEcm4mRaiTL/4RSCezPLa94HdXf6Fz0AiajebFYf3ktOyxSnbILtknATkiJ+SctEibUHJN7skDeXSenGfnxXn9tFac8s82+THO+weWnaYe</latexit>g02
<latexit sha1_base64="9+q2INbieH1zuhr/WXTQhVAMEDQ=">AAACI3icbZDNSgMxFIUz/tbxr9Wlm8EiuCozItVl0Y1LRatCp5Q76U0bTDJDklHK0Edwq0/g07gTNy58F9NawVbv6ss9J3DuSTLBjQ3DD29ufmFxabm04q+urW9slitb1ybNNcUmTUWqbxMwKLjCpuVW4G2mEWQi8Ca5Ox3pN/eoDU/VlR1k2JbQU5xxCtatLlkn6pSrYS0cT/AXoglUyWTOOxXPj7spzSUqSwUY04rCzLYL0JZTgUM/zg1mQO+ghy2HCiSadjHOOgz2WKoD28dg/P7tLUAaM5CJ80iwfTOrjZb/aa3csuN2wVWWW1TUWZzGchHYNBidHHS5RmrFwAFQzV3KgPZBA7WuGN+PNSp8oKmUoLpFzEByMegig1zYYREb9sNTgQwb53HtRbNd/YXrg1pUr9UvDquNk0mPJbJDdsk+icgRaZAzck6ahJIeeSRP5Nl78V69N+/92zrnTf5sk6nxPr8AHL2k1g==</latexit>

f1

<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01
<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0

<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="sfPPRg+1s5XXQ8wCwXzWYBT2C48=">AAACMXicbZBLS8NAFIUnvo2vqks3wSK4KomIuhTduFSwKjSl3Exv2sF5hJkbpYT+Erf6C/w17sStf8JpreDrrL655wwcTlZI4SiOX4Kp6ZnZufmFxXBpeWV1rba+ceVMaTk2uZHG3mTgUAqNTRIk8aawCCqTeJ3dno786zu0Thh9SYMC2wp6WuSCA/lTp7aWSqN7VvT6BNaa+06tHjfisaK/kEygziY676wHYdo1vFSoiUtwrpXEBbUrsCS4xGGYlg4L4LfQw5ZHDQpduxo3H0Y7ubER9TEav79nK1DODVTmMwqo7357o+N/Xquk/KhdCV2UhJr7iPfyUkZkotEAUVdY5CQHHoBb4VtGvA8WOPmZwjC1qPGeG6VAd6s0ByXkoIs5lJKGVeryL/5RyOXjPn695PdWf+Fqr5EcNA4u9uvHJ5MdF9gW22a7LGGH7JidsXPWZJyV7IE9sqfgOXgJXoO3z+hUMPmzyX4oeP8A2nqq3g==</latexit>

→↑<latexit sha1_base64="OLZkLPSmGlMHN4YtdFcjFs8P6C8=">AAACI3icbZDNSgMxFIUz/tbxr9Wlm8EiuCozItVl0Y1LRatCp5Q76U0bTDJDklHK0Edwq0/g07gTNy58F9NaQVvv6ss9J3DuSTLBjQ3DD29ufmFxabm04q+urW9slitb1ybNNcUmTUWqbxMwKLjCpuVW4G2mEWQi8Ca5Ox3pN/eoDU/VlR1k2JbQU5xxCtatLlnnoFOuhrVwPMEsRBOoksmcdyqeH3dTmktUlgowphWFmW0XoC2nAod+nBvMgN5BD1sOFUg07WKcdRjssVQHto/B+P3bW4A0ZiAT55Fg+2ZaGy3/01q5Zcftgqsst6iosziN5SKwaTA6OehyjdSKgQOgmruUAe2DBmpdMb4fa1T4QFMpQXWLmIHkYtBFBrmwwyI27If/BDJsnMe1F013NQvXB7WoXqtfHFYbJ5MeS2SH7JJ9EpEj0iBn5Jw0CSU98kieyLP34r16b977t3XOm/zZJn/G+/wCHnqk1w==</latexit>

f2



Higher Lie groupoids

·

· ·

· · · ·

<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0
<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01

<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0
<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0

<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01
<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01

<latexit sha1_base64="oiimBL2XHI/f86xEEXf0ABSmw0g=">AAACKHicbZDNSgMxFIUz/tbxr9Wlm8Ei1E2ZEakui25cKtgf6JRyJ73ThiaZIcmoZehLuNUn8GnciVufxLRWsOpdfbnnBM49UcqZNr7/7iwtr6yurRc23M2t7Z3dYmmvqZNMUWzQhCeqHYFGziQ2DDMc26lCEBHHVjS6nOqtO1SaJfLWjFPsChhIFjMKxq7aWc+vPPT8416x7Ff92Xh/IZhDmcznuldy3LCf0EygNJSD1p3AT003B2UY5Thxw0xjCnQEA+xYlCBQd/NZ4Il3FCfKM0P0Zu+f3hyE1mMRWY8AM9S/tenyP62Tmfi8mzOZZgYltRarxRn3TOJN7/b6TCE1fGwBqGI2pUeHoIAa247rhgol3tNECJD9PIxBMD7uYwwZN5M81PE3LwTS8SyPbS/43dVfaJ5Ug1q1dnNarl/MeyyQA3JIKiQgZ6ROrsg1aRBKOHkkT+TZeXFenTfn/cu65Mz/7JOFcT4+AU0Zpm4=</latexit>

u0(x0)

<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0
<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01

<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01

<latexit sha1_base64="ZjNjCVeBOFgK26FTOpdvuOtMHKo=">AAACKHicbZDNSgMxFIUz/tbxr9Wlm8Ei1E2ZEakui25cKtgf6JRyJ73ThiaZIcmoZehLuNUn8GnciVufxLRWsOpdfbnnBM49UcqZNr7/7iwtr6yurRc23M2t7Z3dYmmvqZNMUWzQhCeqHYFGziQ2DDMc26lCEBHHVjS6nOqtO1SaJfLWjFPsChhIFjMKxq7aWc+vPPSC416x7Ff92Xh/IZhDmcznuldy3LCf0EygNJSD1p3AT003B2UY5Thxw0xjCnQEA+xYlCBQd/NZ4Il3FCfKM0P0Zu+f3hyE1mMRWY8AM9S/tenyP62Tmfi8mzOZZgYltRarxRn3TOJN7/b6TCE1fGwBqGI2pUeHoIAa247rhgol3tNECJD9PIxBMD7uYwwZN5M81PE3LwTS8SyPbS/43dVfaJ5Ug1q1dnNarl/MeyyQA3JIKiQgZ6ROrsg1aRBKOHkkT+TZeXFenTfn/cu65Mz/7JOFcT4+AU7Xpm8=</latexit>

u0(x1)

<latexit sha1_base64="I37bXEHOQJFo4pCQcBB+xeWKkn0="></latexit>

→→→→→↑

<latexit sha1_base64="I37bXEHOQJFo4pCQcBB+xeWKkn0="></latexit>→→→→→↑

<latexit sha1_base64="eUt9Bw4eH9nFHiE1fh+yx6zZEEY=">AAACI3icbZC9TsMwFIWd8lfCb2FkiaiQmKoEocKIYGEEQQGpiaob96a1ajuR7YCqqI/ACk/A07AhFgbeBTcEib87fb7nWDr3xBln2vj+m1ObmZ2bX6gvukvLK6tr642NK53mimKHpjxVNzFo5ExixzDD8SZTCCLmeB2PTqb69S0qzVJ5acYZRgIGkiWMgrGri7zn99abfssvx/sLQQVNUs1Zr+G4YT+luUBpKAetu4GfmagAZRjlOHHDXGMGdAQD7FqUIFBHRZl14u0kqfLMEL3y/d1bgNB6LGLrEWCG+rc2Xf6ndXOTHEYFk1luUFJrsVqSc8+k3vRkr88UUsPHFoAqZlN6dAgKqLHFuG6oUOIdTYUA2S/CBATj4z4mkHMzKUKdfPGPQDop89j2gt9d/YWrvVbQbrXP95tHx1WPdbJFtskuCcgBOSKn5Ix0CCUDck8eyKPz5Dw7L87rp7XmVH82yY9x3j8ANTGk5A==</latexit>u0
<latexit sha1_base64="pa/GhfKJUEHdUF4NpWiTLXXIrkw=">AAACI3icbZC9TsMwFIWd8lfCb2FkiaiQmKoEocKIYGEEQQGpiaob96a1ajuR7YCqqI/ACk/A07AhFgbeBTcEib87fb7nWDr3xBln2vj+m1ObmZ2bX6gvukvLK6tr642NK53mimKHpjxVNzFo5ExixzDD8SZTCCLmeB2PTqb69S0qzVJ5acYZRgIGkiWMgrGri7wX9Nabfssvx/sLQQVNUs1Zr+G4YT+luUBpKAetu4GfmagAZRjlOHHDXGMGdAQD7FqUIFBHRZl14u0kqfLMEL3y/d1bgNB6LGLrEWCG+rc2Xf6ndXOTHEYFk1luUFJrsVqSc8+k3vRkr88UUsPHFoAqZlN6dAgKqLHFuG6oUOIdTYUA2S/CBATj4z4mkHMzKUKdfPGPQDop89j2gt9d/YWrvVbQbrXP95tHx1WPdbJFtskuCcgBOSKn5Ix0CCUDck8eyKPz5Dw7L87rp7XmVH82yY9x3j8ANu6k5Q==</latexit>u1



Higher Lie groupoids

Definition

A simplicial manifold M is given by

manifolds {Mn}n, where Mn is called the space of n-simplices,

surjective submersions fi : Mn → Mn−1, for i = 0, . . . , n, called the
face maps,

smooth maps ui : Mn−1 → Mn, for i = 0, . . . , n − 1, called the units
or degeneracy maps,

satisfying the simplicial relations.



Higher Lie groupoids

∠
·

·

-
··

·

<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0
<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="JmniSNXMONvJQNoBJRGEb65nt1A=">AAACI3icbZC9TsMwFIWd8lfCX4GRJaJCYqqSChVGBAtjERSQmqi6cW9aC9uJbAeooj4CKzwBT8OGWBh4F9wSJP7u9PmeY+ncE2ecaeP7b05lZnZufqG66C4tr6yu1dY3LnSaK4odmvJUXcWgkTOJHcMMx6tMIYiY42V8fTzRL29QaZbKczPKMBIwkCxhFIxdnd31mr1a3W/40/H+QlBCnZTT7q07bthPaS5QGspB627gZyYqQBlGOY7dMNeYAb2GAXYtShCoo2KadeztJKnyzBC96fu7twCh9UjE1iPADPVvbbL8T+vmJjmICiaz3KCk1mK1JOeeSb3JyV6fKaSGjywAVcym9OgQFFBji3HdUKHEW5oKAbJfhAkIxkd9TCDnZlyEOvniH4F0Ms1j2wt+d/UXLpqNoNVone7VD4/KHqtki2yTXRKQfXJITkibdAglA3JPHsij8+Q8Oy/O66e14pR/NsmPcd4/AD3opOk=</latexit>x2

<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01

<latexit sha1_base64="7+zG6EShKiRFaCvg3+r5aDDy3hg=">AAACJnicbZDNSsNAFIUn9a/Gv6pLN8EiuCqJSHUpunFZwdZCE8rN9KYdnZmEmYlSQt/BrT6BT+NOxJ2P4rRG8O+uvrnnDJx74owzbXz/zanMzS8sLlWX3ZXVtfWN2uZWR6e5otimKU9VNwaNnElsG2Y4djOFIGKOV/HN2VS/ukWlWSovzTjDSMBQsoRRMHbVGfYL/2DSr9X9hj8b7y8EJdRJOa3+puOGg5TmAqWhHLTuBX5mogKUYZTjxA1zjRnQGxhiz6IEgToqZnEn3l6SKs+M0Ju9v3sLEFqPRWw9AsxI/9amy/+0Xm6S46hgMssNSmotVkty7pnUm17tDZhCavjYAlDFbEqPjkABNbYb1w0VSryjqRAgB0WYgGB8PMAEcm4mRaiTL/4RSCezPLa94HdXf6Fz0AiajebFYf3ktOyxSnbILtknATkiJ+SctEibUHJN7skDeXSenGfnxXn9tFac8s82+THO+weWnaYe</latexit>g02

<latexit sha1_base64="zrdsyqOeu2amrOBGJXQmXXkBl2I=">AAACJnicbZDNSsNAFIUn9a/Gv6pLN8EiuCqJSHUpunFZwdZCE8rN9KYdnZmEmYlSQt/BrT6BT+NOxJ2P4rRG8O+uvrnnDJx74owzbXz/zanMzS8sLlWX3ZXVtfWN2uZWR6e5otimKU9VNwaNnElsG2Y4djOFIGKOV/HN2VS/ukWlWSovzTjDSMBQsoRRMHbVGfaL4GDSr9X9hj8b7y8EJdRJOa3+puOGg5TmAqWhHLTuBX5mogKUYZTjxA1zjRnQGxhiz6IEgToqZnEn3l6SKs+M0Ju9v3sLEFqPRWw9AsxI/9amy/+0Xm6S46hgMssNSmotVkty7pnUm17tDZhCavjYAlDFbEqPjkABNbYb1w0VSryjqRAgB0WYgGB8PMAEcm4mRaiTL/4RSCezPLa94HdXf6Fz0AiajebFYf3ktOyxSnbILtknATkiJ+SctEibUHJN7skDeXSenGfnxXn9tFac8s82+THO+weYXKYf</latexit>g12

<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0
<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="JmniSNXMONvJQNoBJRGEb65nt1A=">AAACI3icbZC9TsMwFIWd8lfCX4GRJaJCYqqSChVGBAtjERSQmqi6cW9aC9uJbAeooj4CKzwBT8OGWBh4F9wSJP7u9PmeY+ncE2ecaeP7b05lZnZufqG66C4tr6yu1dY3LnSaK4odmvJUXcWgkTOJHcMMx6tMIYiY42V8fTzRL29QaZbKczPKMBIwkCxhFIxdnd31mr1a3W/40/H+QlBCnZTT7q07bthPaS5QGspB627gZyYqQBlGOY7dMNeYAb2GAXYtShCoo2KadeztJKnyzBC96fu7twCh9UjE1iPADPVvbbL8T+vmJjmICiaz3KCk1mK1JOeeSb3JyV6fKaSGjywAVcym9OgQFFBji3HdUKHEW5oKAbJfhAkIxkd9TCDnZlyEOvniH4F0Ms1j2wt+d/UXLpqNoNVone7VD4/KHqtki2yTXRKQfXJITkibdAglA3JPHsij8+Q8Oy/O66e14pR/NsmPcd4/AD3opOk=</latexit>x2

<latexit sha1_base64="hGJvUOY8FCA/VMUGWtB4HuLP4/A=">AAACJnicbZDNSsNAFIUn/tb4r0s3wSK4KomIuhTduKxga6Ep5WZ6046dmYSZiRJC38GtPoFP407EnY/iNEbw766+uecMnHuilDNtfP/NmZmdm19YrC25yyura+sbm1ttnWSKYosmPFGdCDRyJrFlmOHYSRWCiDheR+PzqX59i0qzRF6ZPMWegKFkMaNg7Ko97Bd+MOlv1P2GX473F4IK6qSaZn/TccNBQjOB0lAOWncDPzW9ApRhlOPEDTONKdAxDLFrUYJA3SvKuBNvL06UZ0bole/v3gKE1rmIrEeAGenf2nT5n9bNTHzSK5hMM4OSWovV4ox7JvGmV3sDppAanlsAqphN6dERKKDGduO6oUKJdzQRAuSgCGMQjOcDjCHjZlKEOv7iH4F0XOax7QW/u/oL7YNGcNQ4ujysn55VPdbIDtkl+yQgx+SUXJAmaRFKbsg9eSCPzpPz7Lw4r5/WGaf6s01+jPP+AZTfph0=</latexit>g01
<latexit sha1_base64="zrdsyqOeu2amrOBGJXQmXXkBl2I=">AAACJnicbZDNSsNAFIUn9a/Gv6pLN8EiuCqJSHUpunFZwdZCE8rN9KYdnZmEmYlSQt/BrT6BT+NOxJ2P4rRG8O+uvrnnDJx74owzbXz/zanMzS8sLlWX3ZXVtfWN2uZWR6e5otimKU9VNwaNnElsG2Y4djOFIGKOV/HN2VS/ukWlWSovzTjDSMBQsoRRMHbVGfaL4GDSr9X9hj8b7y8EJdRJOa3+puOGg5TmAqWhHLTuBX5mogKUYZTjxA1zjRnQGxhiz6IEgToqZnEn3l6SKs+M0Ju9v3sLEFqPRWw9AsxI/9amy/+0Xm6S46hgMssNSmotVkty7pnUm17tDZhCavjYAlDFbEqPjkABNbYb1w0VSryjqRAgB0WYgGB8PMAEcm4mRaiTL/4RSCezPLa94HdXf6Fz0AiajebFYf3ktOyxSnbILtknATkiJ+SctEibUHJN7skDeXSenGfnxXn9tFac8s82+THO+weYXKYf</latexit>g12

<latexit sha1_base64="BiQK5mgtkujYCjjcZk1Jzg2zimM=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0B+pqaob96a1sJ3IdoAq6iOwwhPwNGyIhYF3wS1Foi13+nzPsXTuiVLOtPH9T2dhcWl5ZbWw5q5vbG5t7xR36zrJFMUaTXiimhFo5ExizTDDsZkqBBFxbER3lyO9cY9Ks0TemkGKbQE9yWJGwdjVzWPH7+yU/LI/Hm8eggmUyGSqnaLjht2EZgKloRy0bgV+ato5KMMox6EbZhpToHfQw5ZFCQJ1Ox9nHXqHcaI800dv/P7rzUFoPRCR9QgwfT2rjZb/aa3MxOftnMk0MyiptVgtzrhnEm90stdlCqnhAwtAFbMpPdoHBdTYYlw3VCjxgSZCgOzmYQyC8UEXY8i4Geahjn95KpCOx3lse8FsV/NQPy4Hp+XT65NS5WLSY4HskwNyRAJyRirkilRJjVDSI0/kmbw4r86b8+58/FgXnMmfPTI1ztc3Om6k5w==</latexit>x0
<latexit sha1_base64="l8gM84TfFoxW9JIdNjSby7HxAW4=">AAACI3icbZC9TsMwFIUdfkv4LYwsERUSU5UgBIwVLIxF0Bapqaob96a1sJ3IdoAo6iOwwhPwNGyIhYF3wQ1F4u9On+85ls49UcqZNr7/5szMzs0vLFaW3OWV1bX1jepmWyeZotiiCU/UVQQaOZPYMsxwvEoVgog4dqLr04neuUGlWSIvTZ5iT8BQsphRMHZ1cdcP+hs1v+6X4/2FYAo1Mp1mv+q44SChmUBpKAetu4Gfml4ByjDKceyGmcYU6DUMsWtRgkDdK8qsY283TpRnRuiV7+/eAoTWuYisR4AZ6d/aZPmf1s1MfNwrmEwzg5Jai9XijHsm8SYnewOmkBqeWwCqmE3p0REooMYW47qhQom3NBEC5KAIYxCM5wOMIeNmXIQ6/uIfgXRc5rHtBb+7+gvt/XpwWD88P6g1TqY9Vsg22SF7JCBHpEHOSJO0CCVDck8eyKPz5Dw7L87rp3XGmf7ZIj/Gef8APCuk6A==</latexit>x1

<latexit sha1_base64="JmniSNXMONvJQNoBJRGEb65nt1A=">AAACI3icbZC9TsMwFIWd8lfCX4GRJaJCYqqSChVGBAtjERSQmqi6cW9aC9uJbAeooj4CKzwBT8OGWBh4F9wSJP7u9PmeY+ncE2ecaeP7b05lZnZufqG66C4tr6yu1dY3LnSaK4odmvJUXcWgkTOJHcMMx6tMIYiY42V8fTzRL29QaZbKczPKMBIwkCxhFIxdnd31mr1a3W/40/H+QlBCnZTT7q07bthPaS5QGspB627gZyYqQBlGOY7dMNeYAb2GAXYtShCoo2KadeztJKnyzBC96fu7twCh9UjE1iPADPVvbbL8T+vmJjmICiaz3KCk1mK1JOeeSb3JyV6fKaSGjywAVcym9OgQFFBji3HdUKHEW5oKAbJfhAkIxkd9TCDnZlyEOvniH4F0Ms1j2wt+d/UXLpqNoNVone7VD4/KHqtki2yTXRKQfXJITkibdAglA3JPHsij8+Q8Oy/O66e14pR/NsmPcd4/AD3opOk=</latexit>x2

<latexit sha1_base64="7+zG6EShKiRFaCvg3+r5aDDy3hg=">AAACJnicbZDNSsNAFIUn9a/Gv6pLN8EiuCqJSHUpunFZwdZCE8rN9KYdnZmEmYlSQt/BrT6BT+NOxJ2P4rRG8O+uvrnnDJx74owzbXz/zanMzS8sLlWX3ZXVtfWN2uZWR6e5otimKU9VNwaNnElsG2Y4djOFIGKOV/HN2VS/ukWlWSovzTjDSMBQsoRRMHbVGfYL/2DSr9X9hj8b7y8EJdRJOa3+puOGg5TmAqWhHLTuBX5mogKUYZTjxA1zjRnQGxhiz6IEgToqZnEn3l6SKs+M0Ju9v3sLEFqPRWw9AsxI/9amy/+0Xm6S46hgMssNSmotVkty7pnUm17tDZhCavjYAlDFbEqPjkABNbYb1w0VSryjqRAgB0WYgGB8PMAEcm4mRaiTL/4RSCezPLa94HdXf6Fz0AiajebFYf3ktOyxSnbILtknATkiJ+SctEibUHJN7skDeXSenGfnxXn9tFac8s82+THO+weWnaYe</latexit>g02

<latexit sha1_base64="6jDmzDnPQojj3p4R4i6uMil+qlE=">AAACLnicbZDNSsNAFIUn/tb4W126CRZBNyURqS5FNy4UFKwtNLXcTG7s4MwkzEyUEvoebvUJfBrBhbj1MZzWCrZ6V9/ccwbOPVHGmTa+/+ZMTc/Mzs2XFtzFpeWV1bXy+rVOc0WxTlOeqmYEGjmTWDfMcGxmCkFEHBvR3clAb9yj0iyVV6aXYVvArWQJo2Ds6iY8s9YYbvY6wc75bmet4lf94Xh/IRhBhYzmolN23DBOaS5QGspB61bgZ6ZdgDKMcuy7Ya4xA3oHt9iyKEGgbhfD2H1vO0mVZ7roDd+/vQUIrXsish4BpqsntcHyP62Vm+SwXTCZ5QYltRarJTn3TOoNrvdippAa3rMAVDGb0qNdUECN7ch1Q4USH2gqBMi4CBMQjPdiTCDnpl+EOvnhsUA6Geax7QWTXf2F671qUKvWLvcrR8ejHktkk2yRHRKQA3JETskFqRNKFHkkT+TZeXFenXfn49s65Yz+bJCxcT6/ALshqKk=</latexit>

!2
1(M)

<latexit sha1_base64="j8d7Pe8Rvwqe5k0ZMKgtzv0r2H8=">AAACLnicbZDNSsNAFIUn/tb4W126CRZBNyURqS5FNy4UFKwtNLXcTG7s4MwkzEyUEvoebvUJfBrBhbj1MZzWCrZ6V9/ccwbOPVHGmTa+/+ZMTc/Mzs2XFtzFpeWV1bXy+rVOc0WxTlOeqmYEGjmTWDfMcGxmCkFEHBvR3clAb9yj0iyVV6aXYVvArWQJo2Ds6iY8s9YYbvY6/s75bmet4lf94Xh/IRhBhYzmolN23DBOaS5QGspB61bgZ6ZdgDKMcuy7Ya4xA3oHt9iyKEGgbhfD2H1vO0mVZ7roDd+/vQUIrXsish4BpqsntcHyP62Vm+SwXTCZ5QYltRarJTn3TOoNrvdippAa3rMAVDGb0qNdUECN7ch1Q4USH2gqBMi4CBMQjPdiTCDnpl+EOvnhsUA6Geax7QWTXf2F671qUKvWLvcrR8ejHktkk2yRHRKQA3JETskFqRNKFHkkT+TZeXFenXfn49s65Yz+bJCxcT6/ALlhqKg=</latexit>

!2
0(M)

<latexit sha1_base64="djDBbkRXVEzssgRQLUao1vqBR/A=">AAACBHicbVA9TwJBEJ3zE88v1NLmIjHBhtwRg5ZEGwtNMJGPBA6yt8zBhr2P7O6ZEELrb7DV2s7Y+j8s/Scu5xUCvurNvDeZmefFnEll21/Gyura+sZmbsvc3tnd288fHDZklAiKdRrxSLQ8IpGzEOuKKY6tWCAJPI5Nb3Q905uPKCSLwgc1jtENyCBkPqNE6Va3c6utfdIt98rFu7NevmCX7BTWMnEyUoAMtV7+u9OPaBJgqCgnUrYdO1buhAjFKMep2UkkxoSOyADbmoYkQOlO0qun1qkfCUsN0Urrv94JCaQcB572BEQN5aI2a/6ntRPlX7oTFsaJwpBqi9b8hFsqsmbPW30mkCo+1oRQwfSVFh0SQajSEZlza6SfbjF1Js5iAsukUS45lVLl/rxQvcrSycExnEARHLiAKtxADepAQcAzvMCr8WS8Ge/Gx691xchmjmAOxucPbw6XhA==</latexit>

!2
2(M)



Higher Lie groupoids

Definition

An (n, k)-horn is an n-simplex with the interior and the kth face removed.
The space of (n, k)-horns of M is denoted by Λn

k(M).

There are natural horn maps λn
k : Mn → Λn

k(M).

Definition (Henriques, Zhu 06)

A simplicial manifold G is

a Lie ∞-groupoid if all the horn maps are surjective submersions,

a Lie n-groupoid if it is a Lie ∞-groupoid and the horn maps λm
k are

diffeomorphisms for m > n.



Higher Lie groupoids

Example

If G ⇒ M is a Lie groupoid, its nerve N(G ) is the Lie 1-groupoid defined
by

N(G )k := G×M
(k). . . ×MG .

Example

If A → M is a Lie algebroid, its homotopy ∞-groupoid Π∞(A) is the
∞-groupoid defined by

Π∞(A)k := HomLA(T∆k ,A).
Its homotopy n-groupoid Πn(A) we define by Πn(A)k = Π∞(A)k for
k < n, and

Πn(A)n := HomLA(T∆n,A)/LA homotopy.



Act II

Higher general linear groupoids

Scene 2. Higher general linear groupoids



Desiderata

·

<latexit sha1_base64="qhEsadf2L/SvzDcvHuXbwFmGayo=">AAACBHicbZC7TgJBFIbP4g3XG2ppM5GYWJFdY9CSaGOJUS4JbMjscBYmzF4yM2skhNbOVl/Cztj6Hr6DD+EAayLgqb45/z855/x+IrjSjvNl5VZW19Y38pv21vbO7l5h/6Cu4lQyrLFYxLLpU4WCR1jTXAtsJhJp6Ats+IPrid54QKl4HN3rYYJeSHsRDzij2rTuHjtOp1B0Ss60yDK4GRQhq2qn8N3uxiwNMdJMUKVarpNob0Sl5kzg2G6nChPKBrSHLYMRDVF5o+mqY3ISxJLoPpLp+693REOlhqFvPCHVfbWoTZr/aa1UB5feiEdJqjFixmK0IBVEx2RyMelyiUyLoQHKJDdbEtankjJtcrHnxigazebY7V808biLYSxD/azklkvl2/Ni5SoLKg9HcAyn4MIFVOAGqlADBj14hhd4tZ6sN+vd+phZc1b25xDmyvr8AYmSmJo=</latexit>x0

<latexit sha1_base64="/lz8iUFa+wbn5AaWAe9buLgdOKM=">AAACNHicbVBNSwMxFMy2ftavVk/iZbEInsquaOux6MWjglWhW0o2vrahyWZJ3oplWfw1XvXmfxG8iVd/g9lawVrfaTIzeZNMGAtu0PNenUJxbn5hcWm5tLK6tr5RrmxeGZVoBi2mhNI3ITUgeAQt5CjgJtZAZSjgOhye5vr1HWjDVXSJoxg6kvYj3uOMoqW65e3gXtLYoEqDgYkpg9SvNY6YzLJuuerVvPG4s8CfgCqZzHm34hSDW8USCREyQY1p+16MnZRq5ExAVgoSAzZiSPvQtjCiEkwnHf8hc/d6Srs4AHd8/u1NqTRmJEPrkRQH5q+Wk/9p7QR7x52UR3GCEDFrsVovES4qN6/CveUaGIqRBZRpbl/psgHVlKEtbCol341KCZOVpnhDo+/4UvADbW3+35JmwdVBza/X6heH1ebJpMAlskN2yT7xSYM0yRk5Jy3CyAN5JE/k2Xlx3px35+PbWnAmd7bI1DifX7VTq0Y=</latexit>→↑↑↑↑↑↑↑↑↑↓ ·
<latexit sha1_base64="fiBZInI9Cg7vpfzAGCPtrHCXkek=">AAACJXicbVC7TsMwFHVaHqW8WhhZIiokpipBqDBWsDAWiT6kJooc97a16sSRfYOoov4GK2x8DRtCYuJXcB9ItOVMx+cc+16fMBFco+N8Wbn8xubWdmGnuLu3f3BYKh+1tEwVgyaTQqpOSDUIHkMTOQroJApoFApoh6Pbqd9+BKW5jB9wnIAf0UHM+5xRNJLn9UAgDbKnwJkEpYpTdWaw14m7IBWyQCMoW3mvJ1kaQYxMUK27rpOgn1GFnAmYFL1UQ0LZiA6ga2hMI9B+Nlt6Yp/1pbJxCPbs/Deb0UjrcRSaTERxqFe9qfif102xf+1nPE5ShJiZiPH6qbBR2tO/2z2ugKEYG0KZ4mZLmw2pogxNQ0tTpm+jlEJPiku6pvF8fNH7paY2d7WkddK6qLq1au3+slK/WRRYICfklJwTl1yROrkjDdIkjCTkmbyQV+vNerc+rM95NGct7hyTJVjfP2ZFpZQ=</latexit>

ωx0

<latexit sha1_base64="nHQIcP6MdFbXyWiW94rIHCMl3q4=">AAACHXicbVBPT8IwHG3BP4j/QI9eFomJJ7IZgx6JXjxiIkjCFtKVjjV07dL+ZkIWvoJXvflpvBmvxm/jBjMR8J1e33vt79fnx4IbsO1vXCpvbG5tV3aqu3v7B4e1+lHPqERT1qVKKN33iWGCS9YFDoL1Y81I5Av26E9uc//xiWnDlXyAacy8iIwlDzglkEsukGRYa9hNew5rnTgFaaACnWEdl92RoknEJFBBjBk4dgxeSjRwKtis6iaGxYROyJgNMipJxIyXzpedWWeB0haEzJqf/2ZTEhkzjfwsExEIzaqXi/95gwSCay/lMk6ASZpFMi9IhAXKyv9sjbhmFMQ0I4Rqnm1p0ZBoQiFrZmlK/jYoJcysuqQbIhfjq+4vzWpzVktaJ72LptNqtu4vG+2bosAKOkGn6Bw56Aq10R3qoC6iKETP6AW94jf8jj/w5yJawsWdY7QE/PUDz3WiJg==</latexit>ω

δ2x0 = K0

· - ·

<latexit sha1_base64="/lz8iUFa+wbn5AaWAe9buLgdOKM=">AAACNHicbVBNSwMxFMy2ftavVk/iZbEInsquaOux6MWjglWhW0o2vrahyWZJ3oplWfw1XvXmfxG8iVd/g9lawVrfaTIzeZNMGAtu0PNenUJxbn5hcWm5tLK6tr5RrmxeGZVoBi2mhNI3ITUgeAQt5CjgJtZAZSjgOhye5vr1HWjDVXSJoxg6kvYj3uOMoqW65e3gXtLYoEqDgYkpg9SvNY6YzLJuuerVvPG4s8CfgCqZzHm34hSDW8USCREyQY1p+16MnZRq5ExAVgoSAzZiSPvQtjCiEkwnHf8hc/d6Srs4AHd8/u1NqTRmJEPrkRQH5q+Wk/9p7QR7x52UR3GCEDFrsVovES4qN6/CveUaGIqRBZRpbl/psgHVlKEtbCol341KCZOVpnhDo+/4UvADbW3+35JmwdVBza/X6heH1ebJpMAlskN2yT7xSYM0yRk5Jy3CyAN5JE/k2Xlx3px35+PbWnAmd7bI1DifX7VTq0Y=</latexit>→↑↑↑↑↑↑↑↑↑↓ · - ·

<latexit sha1_base64="qhEsadf2L/SvzDcvHuXbwFmGayo=">AAACBHicbZC7TgJBFIbP4g3XG2ppM5GYWJFdY9CSaGOJUS4JbMjscBYmzF4yM2skhNbOVl/Cztj6Hr6DD+EAayLgqb45/z855/x+IrjSjvNl5VZW19Y38pv21vbO7l5h/6Cu4lQyrLFYxLLpU4WCR1jTXAtsJhJp6Ats+IPrid54QKl4HN3rYYJeSHsRDzij2rTuHjtOp1B0Ss60yDK4GRQhq2qn8N3uxiwNMdJMUKVarpNob0Sl5kzg2G6nChPKBrSHLYMRDVF5o+mqY3ISxJLoPpLp+693REOlhqFvPCHVfbWoTZr/aa1UB5feiEdJqjFixmK0IBVEx2RyMelyiUyLoQHKJDdbEtankjJtcrHnxigazebY7V808biLYSxD/azklkvl2/Ni5SoLKg9HcAyn4MIFVOAGqlADBj14hhd4tZ6sN+vd+phZc1b25xDmyvr8AYmSmJo=</latexit>x0
<latexit sha1_base64="fiBZInI9Cg7vpfzAGCPtrHCXkek=">AAACJXicbVC7TsMwFHVaHqW8WhhZIiokpipBqDBWsDAWiT6kJooc97a16sSRfYOoov4GK2x8DRtCYuJXcB9ItOVMx+cc+16fMBFco+N8Wbn8xubWdmGnuLu3f3BYKh+1tEwVgyaTQqpOSDUIHkMTOQroJApoFApoh6Pbqd9+BKW5jB9wnIAf0UHM+5xRNJLn9UAgDbKnwJkEpYpTdWaw14m7IBWyQCMoW3mvJ1kaQYxMUK27rpOgn1GFnAmYFL1UQ0LZiA6ga2hMI9B+Nlt6Yp/1pbJxCPbs/Deb0UjrcRSaTERxqFe9qfif102xf+1nPE5ShJiZiPH6qbBR2tO/2z2ugKEYG0KZ4mZLmw2pogxNQ0tTpm+jlEJPiku6pvF8fNH7paY2d7WkddK6qLq1au3+slK/WRRYICfklJwTl1yROrkjDdIkjCTkmbyQV+vNerc+rM95NGct7hyTJVjfP2ZFpZQ=</latexit>

ωx0

<latexit sha1_base64="nzGNdRpGYWQUe6oPUDq9NdxVenM=">AAACJXicbVC7TsMwFHVaHqW8WhhZIiokpipBqDBWsDAWiT6kJooc97a16sSRfYOoov4GK2x8DRtCYuJXcB9ItOVMx+cc+16fMBFco+N8Wbn8xubWdmGnuLu3f3BYKh+1tEwVgyaTQqpOSDUIHkMTOQroJApoFApoh6Pbqd9+BKW5jB9wnIAf0UHM+5xRNJLn9UAgDbKnwJ0EpYpTdWaw14m7IBWyQCMoW3mvJ1kaQYxMUK27rpOgn1GFnAmYFL1UQ0LZiA6ga2hMI9B+Nlt6Yp/1pbJxCPbs/Deb0UjrcRSaTERxqFe9qfif102xf+1nPE5ShJiZiPH6qbBR2tO/2z2ugKEYG0KZ4mZLmw2pogxNQ0tTpm+jlEJPiku6pvF8fNH7paY2d7WkddK6qLq1au3+slK/WRRYICfklJwTl1yROrkjDdIkjCTkmbyQV+vNerc+rM95NGct7hyTJVjfP2f8pZU=</latexit>

ωx1

<latexit sha1_base64="Ct8wvEF8O1h4Rdo7Qh8eMy3q9Bs=">AAACHHicbVDNTgIxGGzBH1z/QI9eGomJJ7JrDHokevGIUZAENqRbutDQbTdt10g2PIJXvfk03oxXE9/GLqyJgHOazkz7fZ0g5kwb1/2GheLa+sZmacvZ3tnd2y9XDtpaJorQFpFcqk6ANeVM0JZhhtNOrCiOAk4fgvF15j88UqWZFPdmElM/wkPBQkawsdLdU9/rl6tuzZ0BrRIvJ1WQo9mvwGJvIEkSUWEIx1p3PTc2foqVYYTTqdNLNI0xGeMh7VoqcES1n852naKTUCpkRhTNzn+zKY60nkSBzUTYjPSyl4n/ed3EhJd+ykScGCqIjVgvTDgyEmVfRgOmKDF8YgkmitktERlhhYmxxSxMyd42UnI9dRZ0jcV8vNP7pbY2b7mkVdI+q3n1Wv32vNq4ygssgSNwDE6BBy5AA9yAJmgBAobgGbyAV/gG3+EH/JxHCzC/cwgWAL9+AJrqoX4=</latexit>x1

<latexit sha1_base64="0FFHC8wGlB8cy70o+jfYtKM7PJs=">AAACH3icbVBLTwIxGGzBB64v0KOXRmLiiewagx6JXjxiIo8ENqRbulDptpu2a0I2+x+86s1f48145d9YYE0EnNN0Ztrv6wQxZ9q47gwWilvbO7ulPWf/4PDouFw5aWuZKEJbRHKpugHWlDNBW4YZTruxojgKOO0Ek/u533mhSjMpnsw0pn6ER4KFjGBjpTYepK6XDcpVt+YugDaJl5MqyNEcVGCxP5QkiagwhGOte54bGz/FyjDCaeb0E01jTCZ4RHuWChxR7aeLdTN0EUqFzJiixflvNsWR1tMosJkIm7Fe9+bif14vMeGtnzIRJ4YKYiPWCxOOjETzX6MhU5QYPrUEE8XsloiMscLE2G5WpszfNlJynTkrusZiOd7p/1Jbm7de0iZpX9W8eq3+eF1t3OUFlsAZOAeXwAM3oAEeQBO0AAHP4BW8gXf4AT/hF/xeRgswv3MKVgBnP+GGoq0=</latexit>a01
<latexit sha1_base64="IOrNRq0+D2ee+MsQ6BX196u+oOw=">AAACJnicbVDLTgIxFO2AD8QX6NLNRGLiiswYgy6JblxiIo8EJuROKdDQmY7tHRMyme9wqzu/xp0x7vwUO4CJgGd1es5p7+3xI8E1Os6XlctvbG5tF3aKu3v7B4el8lFLy1hR1qRSSNXxQTPBQ9ZEjoJ1IsUg8AVr+5PbzG8/MaW5DB9wGjEvgFHIh5wCGsnrIcT9BPqJ46Zpv1Rxqs4M9jpxF6RCFmj0y1a+N5A0DliIVIDWXdeJ0EtAIaeCpcVerFkEdAIj1jU0hIBpL5ltndpnQ6lsHDN7dv6bTSDQehr4JhMAjvWql4n/ed0Yh9dewsMoRhZSEzHeMBY2Sjv7vD3gilEUU0OAKm62tOkYFFA0FS1Nyd5GKYVOi0u6hnA+vtj7paY2d7WkddK6qLq1au3+slK/WRRYICfklJwTl1yROrkjDdIklDySZ/JCXq036936sD7n0Zy1uHNMlmB9/wAceKXw</latexit>ωa01

<latexit sha1_base64="nHQIcP6MdFbXyWiW94rIHCMl3q4=">AAACHXicbVBPT8IwHG3BP4j/QI9eFomJJ7IZgx6JXjxiIkjCFtKVjjV07dL+ZkIWvoJXvflpvBmvxm/jBjMR8J1e33vt79fnx4IbsO1vXCpvbG5tV3aqu3v7B4e1+lHPqERT1qVKKN33iWGCS9YFDoL1Y81I5Av26E9uc//xiWnDlXyAacy8iIwlDzglkEsukGRYa9hNew5rnTgFaaACnWEdl92RoknEJFBBjBk4dgxeSjRwKtis6iaGxYROyJgNMipJxIyXzpedWWeB0haEzJqf/2ZTEhkzjfwsExEIzaqXi/95gwSCay/lMk6ASZpFMi9IhAXKyv9sjbhmFMQ0I4Rqnm1p0ZBoQiFrZmlK/jYoJcysuqQbIhfjq+4vzWpzVktaJ72LptNqtu4vG+2bosAKOkGn6Bw56Aq10R3qoC6iKETP6AW94jf8jj/w5yJawsWdY7QE/PUDz3WiJg==</latexit>ω

τa01δx1 − δx0τa01 =

ˆ
a01

∇δ =

ˆ
a01

K1



Desiderata

· : · :<latexit sha1_base64="/lz8iUFa+wbn5AaWAe9buLgdOKM=">AAACNHicbVBNSwMxFMy2ftavVk/iZbEInsquaOux6MWjglWhW0o2vrahyWZJ3oplWfw1XvXmfxG8iVd/g9lawVrfaTIzeZNMGAtu0PNenUJxbn5hcWm5tLK6tr5RrmxeGZVoBi2mhNI3ITUgeAQt5CjgJtZAZSjgOhye5vr1HWjDVXSJoxg6kvYj3uOMoqW65e3gXtLYoEqDgYkpg9SvNY6YzLJuuerVvPG4s8CfgCqZzHm34hSDW8USCREyQY1p+16MnZRq5ExAVgoSAzZiSPvQtjCiEkwnHf8hc/d6Srs4AHd8/u1NqTRmJEPrkRQH5q+Wk/9p7QR7x52UR3GCEDFrsVovES4qN6/CveUaGIqRBZRpbl/psgHVlKEtbCol341KCZOVpnhDo+/4UvADbW3+35JmwdVBza/X6heH1ebJpMAlskN2yT7xSYM0yRk5Jy3CyAN5JE/k2Xlx3px35+PbWnAmd7bI1DifX7VTq0Y=</latexit>→↑↑↑↑↑↑↑↑↑↓

<latexit sha1_base64="qhEsadf2L/SvzDcvHuXbwFmGayo=">AAACBHicbZC7TgJBFIbP4g3XG2ppM5GYWJFdY9CSaGOJUS4JbMjscBYmzF4yM2skhNbOVl/Cztj6Hr6DD+EAayLgqb45/z855/x+IrjSjvNl5VZW19Y38pv21vbO7l5h/6Cu4lQyrLFYxLLpU4WCR1jTXAtsJhJp6Ats+IPrid54QKl4HN3rYYJeSHsRDzij2rTuHjtOp1B0Ss60yDK4GRQhq2qn8N3uxiwNMdJMUKVarpNob0Sl5kzg2G6nChPKBrSHLYMRDVF5o+mqY3ISxJLoPpLp+693REOlhqFvPCHVfbWoTZr/aa1UB5feiEdJqjFixmK0IBVEx2RyMelyiUyLoQHKJDdbEtankjJtcrHnxigazebY7V808biLYSxD/azklkvl2/Ni5SoLKg9HcAyn4MIFVOAGqlADBj14hhd4tZ6sN+vd+phZc1b25xDmyvr8AYmSmJo=</latexit>x0
<latexit sha1_base64="fiBZInI9Cg7vpfzAGCPtrHCXkek=">AAACJXicbVC7TsMwFHVaHqW8WhhZIiokpipBqDBWsDAWiT6kJooc97a16sSRfYOoov4GK2x8DRtCYuJXcB9ItOVMx+cc+16fMBFco+N8Wbn8xubWdmGnuLu3f3BYKh+1tEwVgyaTQqpOSDUIHkMTOQroJApoFApoh6Pbqd9+BKW5jB9wnIAf0UHM+5xRNJLn9UAgDbKnwJkEpYpTdWaw14m7IBWyQCMoW3mvJ1kaQYxMUK27rpOgn1GFnAmYFL1UQ0LZiA6ga2hMI9B+Nlt6Yp/1pbJxCPbs/Deb0UjrcRSaTERxqFe9qfif102xf+1nPE5ShJiZiPH6qbBR2tO/2z2ugKEYG0KZ4mZLmw2pogxNQ0tTpm+jlEJPiku6pvF8fNH7paY2d7WkddK6qLq1au3+slK/WRRYICfklJwTl1yROrkjDdIkjCTkmbyQV+vNerc+rM95NGct7hyTJVjfP2ZFpZQ=</latexit>

ωx0

<latexit sha1_base64="nzGNdRpGYWQUe6oPUDq9NdxVenM=">AAACJXicbVC7TsMwFHVaHqW8WhhZIiokpipBqDBWsDAWiT6kJooc97a16sSRfYOoov4GK2x8DRtCYuJXcB9ItOVMx+cc+16fMBFco+N8Wbn8xubWdmGnuLu3f3BYKh+1tEwVgyaTQqpOSDUIHkMTOQroJApoFApoh6Pbqd9+BKW5jB9wnIAf0UHM+5xRNJLn9UAgDbKnwJ0EpYpTdWaw14m7IBWyQCMoW3mvJ1kaQYxMUK27rpOgn1GFnAmYFL1UQ0LZiA6ga2hMI9B+Nlt6Yp/1pbJxCPbs/Deb0UjrcRSaTERxqFe9qfif102xf+1nPE5ShJiZiPH6qbBR2tO/2z2ugKEYG0KZ4mZLmw2pogxNQ0tTpm+jlEJPiku6pvF8fNH7paY2d7WkddK6qLq1au3+slK/WRRYICfklJwTl1yROrkjDdIkjCTkmbyQV+vNerc+rM95NGct7hyTJVjfP2f8pZU=</latexit>

ωx1

<latexit sha1_base64="Ct8wvEF8O1h4Rdo7Qh8eMy3q9Bs=">AAACHHicbVDNTgIxGGzBH1z/QI9eGomJJ7JrDHokevGIUZAENqRbutDQbTdt10g2PIJXvfk03oxXE9/GLqyJgHOazkz7fZ0g5kwb1/2GheLa+sZmacvZ3tnd2y9XDtpaJorQFpFcqk6ANeVM0JZhhtNOrCiOAk4fgvF15j88UqWZFPdmElM/wkPBQkawsdLdU9/rl6tuzZ0BrRIvJ1WQo9mvwGJvIEkSUWEIx1p3PTc2foqVYYTTqdNLNI0xGeMh7VoqcES1n852naKTUCpkRhTNzn+zKY60nkSBzUTYjPSyl4n/ed3EhJd+ykScGCqIjVgvTDgyEmVfRgOmKDF8YgkmitktERlhhYmxxSxMyd42UnI9dRZ0jcV8vNP7pbY2b7mkVdI+q3n1Wv32vNq4ygssgSNwDE6BBy5AA9yAJmgBAobgGbyAV/gG3+EH/JxHCzC/cwgWAL9+AJrqoX4=</latexit>x1
<latexit sha1_base64="0FFHC8wGlB8cy70o+jfYtKM7PJs=">AAACH3icbVBLTwIxGGzBB64v0KOXRmLiiewagx6JXjxiIo8ENqRbulDptpu2a0I2+x+86s1f48145d9YYE0EnNN0Ztrv6wQxZ9q47gwWilvbO7ulPWf/4PDouFw5aWuZKEJbRHKpugHWlDNBW4YZTruxojgKOO0Ek/u533mhSjMpnsw0pn6ER4KFjGBjpTYepK6XDcpVt+YugDaJl5MqyNEcVGCxP5QkiagwhGOte54bGz/FyjDCaeb0E01jTCZ4RHuWChxR7aeLdTN0EUqFzJiixflvNsWR1tMosJkIm7Fe9+bif14vMeGtnzIRJ4YKYiPWCxOOjETzX6MhU5QYPrUEE8XsloiMscLE2G5WpszfNlJynTkrusZiOd7p/1Jbm7de0iZpX9W8eq3+eF1t3OUFlsAZOAeXwAM3oAEeQBO0AAHP4BW8gXf4AT/hF/xeRgswv3MKVgBnP+GGoq0=</latexit>a01

<latexit sha1_base64="IOrNRq0+D2ee+MsQ6BX196u+oOw=">AAACJnicbVDLTgIxFO2AD8QX6NLNRGLiiswYgy6JblxiIo8EJuROKdDQmY7tHRMyme9wqzu/xp0x7vwUO4CJgGd1es5p7+3xI8E1Os6XlctvbG5tF3aKu3v7B4el8lFLy1hR1qRSSNXxQTPBQ9ZEjoJ1IsUg8AVr+5PbzG8/MaW5DB9wGjEvgFHIh5wCGsnrIcT9BPqJ46Zpv1Rxqs4M9jpxF6RCFmj0y1a+N5A0DliIVIDWXdeJ0EtAIaeCpcVerFkEdAIj1jU0hIBpL5ltndpnQ6lsHDN7dv6bTSDQehr4JhMAjvWql4n/ed0Yh9dewsMoRhZSEzHeMBY2Sjv7vD3gilEUU0OAKm62tOkYFFA0FS1Nyd5GKYVOi0u6hnA+vtj7paY2d7WkddK6qLq1au3+slK/WRRYICfklJwTl1yROrkjDdIklDySZ/JCXq036936sD7n0Zy1uHNMlmB9/wAceKXw</latexit>ωa01

<latexit sha1_base64="BEape7gnf2QzwO74d5s9hDoZ9Qg=">AAACJnicbVDLTgIxFO2ID8QX6NLNRGLiiswQgy6JblxiIo8EJuROKdDQmY7tHRMyme9wqzu/xp0x7vwUO4CJgGd1es5p7+3xI8E1Os6XtZHb3Nreye8W9vYPDo+KpeOWlrGirEmlkKrjg2aCh6yJHAXrRIpB4AvW9ie3md9+YkpzGT7gNGJeAKOQDzkFNJLXQ4j7CfQTp5qm/WLZqTgz2OvEXZAyWaDRL1m53kDSOGAhUgFad10nQi8BhZwKlhZ6sWYR0AmMWNfQEAKmvWS2dWqfD6Wycczs2flvNoFA62ngm0wAONarXib+53VjHF57CQ+jGFlITcR4w1jYKO3s8/aAK0ZRTA0BqrjZ0qZjUEDRVLQ0JXsbpRQ6LSzpGsL5+ELvl5ra3NWS1kmrWnFrldr9Zbl+sygwT07JGbkgLrkidXJHGqRJKHkkz+SFvFpv1rv1YX3OoxvW4s4JWYL1/QMeMKXx</latexit>ωa02
<latexit sha1_base64="ch/2O932x2tah5VhuDk92ECVIfY=">AAACJnicbVDLTgIxFO2ID8QX6NLNRGLiiswQgy6JblxiIo8EJuROKdDQmY7tHRMyme9wqzu/xp0x7vwUO4CJgGd1es5p7+3xI8E1Os6XtZHb3Nreye8W9vYPDo+KpeOWlrGirEmlkKrjg2aCh6yJHAXrRIpB4AvW9ie3md9+YkpzGT7gNGJeAKOQDzkFNJLXQ4j7CfQTt5qm/WLZqTgz2OvEXZAyWaDRL1m53kDSOGAhUgFad10nQi8BhZwKlhZ6sWYR0AmMWNfQEAKmvWS2dWqfD6Wycczs2flvNoFA62ngm0wAONarXib+53VjHF57CQ+jGFlITcR4w1jYKO3s8/aAK0ZRTA0BqrjZ0qZjUEDRVLQ0JXsbpRQ6LSzpGsL5+ELvl5ra3NWS1kmrWnFrldr9Zbl+sygwT07JGbkgLrkidXJHGqRJKHkkz+SFvFpv1rv1YX3OoxvW4s4JWYL1/QMf6aXy</latexit>ωa12

<latexit sha1_base64="uZD4O9+86gDTMxuHtl9pJeJoNBo=">AAACH3icbVDNTgIxGGzBH8Q/0KOXRmLiiewSgx6JXjxiIkgCG9ItXah0203bNSGbfQevevNpvBmvvI1dWBMB5zSdmfb7On7EmTaOM4eF4tb2zm5pr7x/cHh0XKmedLWMFaEdIrlUPR9rypmgHcMMp71IURz6nD7507vMf3qhSjMpHs0sol6Ix4IFjGBjpS4eJm4jHVZqTt1ZAG0SNyc1kKM9rMLiYCRJHFJhCMda910nMl6ClWGE07Q8iDWNMJniMe1bKnBItZcs1k3RRSAVMhOKFue/2QSHWs9C32ZCbCZ63cvE/7x+bIIbL2Eiig0VxEasF8QcGYmyX6MRU5QYPrMEE8XslohMsMLE2G5WpmRvGym5TssrusZiOb48+KW2Nne9pE3SbdTdZr35cFVr3eYFlsAZOAeXwAXXoAXuQRt0AAHP4BW8gXf4AT/hF/xeRgswv3MKVgDnP+T1oq8=</latexit>a12

<latexit sha1_base64="JY7WxRyqv0ufub8FgpGrzHDm5hU=">AAACH3icbVDNTgIxGGzBH8Q/0KOXRmLiiewSgx6JXjxiIkgCG9ItXah0203bNSGbfQevevNpvBmvvI1dWBMB5zSdmfb7On7EmTaOM4eF4tb2zm5pr7x/cHh0XKmedLWMFaEdIrlUPR9rypmgHcMMp71IURz6nD7507vMf3qhSjMpHs0sol6Ix4IFjGBjpS4eJk4jHVZqTt1ZAG0SNyc1kKM9rMLiYCRJHFJhCMda910nMl6ClWGE07Q8iDWNMJniMe1bKnBItZcs1k3RRSAVMhOKFue/2QSHWs9C32ZCbCZ63cvE/7x+bIIbL2Eiig0VxEasF8QcGYmyX6MRU5QYPrMEE8XslohMsMLE2G5WpmRvGym5TssrusZiOb48+KW2Nne9pE3SbdTdZr35cFVr3eYFlsAZOAeXwAXXoAXuQRt0AAHP4BW8gXf4AT/hF/xeRgswv3MKVgDnP+M9oq4=</latexit>a02
<latexit sha1_base64="cVzfJO5UGT1rQ2VBXSrvZS3dGUE=">AAACIHicbVBLTwIxGGzFB64v0KOXRmLiiewSgx6JXjhiIo8ENqRbCjR0203bNSGb/RFe9eav8WY86q+xC2si4JymM9N+XyeIONPGdb/gVmF7Z3evuO8cHB4dn5TKpx0tY0Vom0guVS/AmnImaNsww2kvUhSHAafdYHaf+d0nqjST4tHMI+qHeCLYmBFsrNRtDhPXq6XDUsWtugugTeLlpAJytIZlWBiMJIlDKgzhWOu+50bGT7AyjHCaOoNY0wiTGZ7QvqUCh1T7yWLfFF2OpUJmStHi/Deb4FDreRjYTIjNVK97mfif14/N+NZPmIhiQwWxEeuNY46MRNm30YgpSgyfW4KJYnZLRKZYYWJsOStTsreNlFynzoqusViOdwa/1NbmrZe0STq1qlev1h+uK427vMAiOAcX4Ap44AY0QBO0QBsQMAPP4AW8wjf4Dj/g5zK6BfM7Z2AF8PsHMrOi0A==</latexit>

H012

<latexit sha1_base64="iiZio3Oe8130C/zbOjCVn7byof0=">AAACMXicbVA9T8MwFHT4LOWrgMTCElEhMVVJhQpjBUvHItGC1FSRY15bC8eO7BekKuTPsMLGr+mGWPkTOG2RKHDT+e78nn1RIrhBz5s4S8srq2vrpY3y5tb2zm5lb79rVKoZdJgSSt9F1IDgEjrIUcBdooHGkYDb6OGq8G8fQRuu5A2OE+jHdCj5gDOKVgorhwGXGGatMPP8ep4HKoYhDethperVvCncv8SfkyqZox3uOcvBvWJpDBKZoMb0fC/BfkY1ciYgLwepgYSyBzqEnqWSxmD62fQDuXsyUNrFEbjT889sRmNjxnFkMzHFkfntFeJ/Xi/FwUU/4zJJESSzEesNUuGicose3HuugaEYW0KZ5vaVLhtRTRnatha2FLNRKWHy8oJuqJytLwff1Nbm/y7pL+nWa36j1rg+qzYv5wWWyBE5JqfEJ+ekSVqkTTqEkSfyTF7Iq/PmTJx352MWXXLmdw7IApzPL2A+qYs=</latexit>∫

H012

ω2

<latexit sha1_base64="XOBXWFycjfnS2HLTKzt74gp1mUE=">AAACHHicbVBLTwIxGGzBB64v0KOXRmLiiewSgx6JXjxilEcCG9ItBRq67abtGsmGn+BVb/4ab8arif/GLqyJgHOazkz7fZ0g4kwb1/2GufzG5tZ2YcfZ3ds/OCyWjlpaxorQJpFcqk6ANeVM0KZhhtNOpCgOA07bweQm9duPVGkmxYOZRtQP8UiwISPYWOn+qV/tF8tuxZ0DrRMvI2WQodEvwXxvIEkcUmEIx1p3PTcyfoKVYYTTmdOLNY0wmeAR7VoqcEi1n8x3naGzoVTIjCman/9mExxqPQ0DmwmxGetVLxX/87qxGV75CRNRbKggNmK9YcyRkSj9MhowRYnhU0swUcxuicgYK0yMLWZpSvq2kZLrmbOkaywW453eL7W1easlrZNWteLVKrW7i3L9OiuwAE7AKTgHHrgEdXALGqAJCBiBZ/ACXuEbfIcf8HMRzcHszjFYAvz6AZygoX8=</latexit>x2
<latexit sha1_base64="ErM4mIa5ORT0pql5ANazhv3sQc4=">AAACJXicbVC7TsMwFHUojxJeLYwsERUSU5VUqDBWsDAWiT6kpqoc97a16sSRfYOoovwGK2x8DRtCYuJXcB9ItOVMx+cc+16fIBZco+t+WRu5za3tnfyuvbd/cHhUKB43tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBePbqd96BKW5jB5wEkM3pMOIDzijaCTf74NA2kufepWsVyi5ZXcGZ514C1IiC9R7RSvn9yVLQoiQCap1x3Nj7KZUIWcCMttPNMSUjekQOoZGNATdTWdLZ875QCoHR+DMzn+zKQ21noSByYQUR3rVm4r/eZ0EB9fdlEdxghAxEzHeIBEOSmf6d6fPFTAUE0MoU9xs6bARVZShaWhpyvRtlFLozF7SNY3m423/l5ravNWS1kmzUvaq5er9Zal2sygwT07JGbkgHrkiNXJH6qRBGInJM3khr9ab9W59WJ/z6Ia1uHNClmB9/wBps6WW</latexit>

ωx2

<latexit sha1_base64="nHQIcP6MdFbXyWiW94rIHCMl3q4=">AAACHXicbVBPT8IwHG3BP4j/QI9eFomJJ7IZgx6JXjxiIkjCFtKVjjV07dL+ZkIWvoJXvflpvBmvxm/jBjMR8J1e33vt79fnx4IbsO1vXCpvbG5tV3aqu3v7B4e1+lHPqERT1qVKKN33iWGCS9YFDoL1Y81I5Av26E9uc//xiWnDlXyAacy8iIwlDzglkEsukGRYa9hNew5rnTgFaaACnWEdl92RoknEJFBBjBk4dgxeSjRwKtis6iaGxYROyJgNMipJxIyXzpedWWeB0haEzJqf/2ZTEhkzjfwsExEIzaqXi/95gwSCay/lMk6ASZpFMi9IhAXKyv9sjbhmFMQ0I4Rqnm1p0ZBoQiFrZmlK/jYoJcysuqQbIhfjq+4vzWpzVktaJ72LptNqtu4vG+2bosAKOkGn6Bw56Aq10R3qoC6iKETP6AW94jf8jj/w5yJawsWdY7QE/PUDz3WiJg==</latexit>ω

τa02 − τa01τa12 =

ˆ
H012

R∇ =

ˆ
H012

(K2 − ω2 ∧ δ − δ ∧ ω2)

=

ˆ
H012

K2 −
(ˆ

H012

ω2

)
δx2 +

ˆ
H012

(ω2 ⊗∇δ)

− δx0

ˆ
H012

ω2 −
ˆ
H012

(∇δ ⊗ ω2),

equivalently,

τa02−τa01τa12+

(ˆ
H012

ω2

)
δx2+δx0

ˆ
H012

ω2 =

ˆ
H012

(K2+ω2⊗K1−K1⊗ω2).



Guess

We would like:

GL∞(E )0 = End1(E ),

GL∞(E )1 = End1(π∗1E )⊕ GL0(π∗1E , π
∗
0E )⊕ End1(π∗0E ),

GL∞(E )2 =
2⊕

i=0

End1(π∗i E )⊕
⊕

i<j

GL0(π∗j E , π
∗
i E )⊕Hom−1(π∗2E , π

∗
0E )

. . .



Higher general linear groupoids

Definition

We define the higher general linear groupoid of E as the simplicial set
GL∞(E ) defined as follows: for each k , consider the vector bundle

Vk :=
⊕

α:[i ]↪→[k]

Hom1−i (π∗α(i)E , π
∗
α(0)E ) → Mk+1

and set

GL∞(E )k := {B ∈ Vk : Bα is an isomorphism for all α : [1] ↪→ [k]},
and appropriate face and degeneracy maps.

“free” dg-nerve [Lurie, kerodon]

Proposition

If E =
⊕n−1

k=0 E
k , then GL∞(E ) is a Lie (n + 1)-groupoid, in which case

we also denote it by GLn+1(E ). Moreover the natural map

q : GLn+1(E ) → N(M ×M)
is a morphism of Lie (n + 1)-groupoids.



One term case

Example

If E only has one term, then

GL2(E )0 = M,

GL2(E )1 = {(x0, x1,A01) : xi ∈ M and A01 : Ex1

∼=→ Ex0} = GL(E )1,

GL2(E )2 = {(x0, x1, x2,A01,A02,A12) : xi ∈ M and Aij : Exj

∼=→ Exi}.

·

· ·
<latexit sha1_base64="sY9QDJnbR7q0rIFvWpZI4EXNaZo=">AAAB/XicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WNRBI8V7Ae0IWy2k3bp5oPdjVhC8Td41bM38epv8eg/cRtzsK3v9GbeG2bm+QlnUtn2l1FaWV1b3yhvmlvbO7t7lf2DtoxTQbFFYx6Lrk8kchZhSzHFsZsIJKHPseOPr2d65wGFZHF0ryYJuiEZRixglCjd6tx42aNnT71K1a7ZOaxl4hSkCgWaXuW7P4hpGmKkKCdS9hw7UW5GhGKU49TspxITQsdkiD1NIxKidLP83Kl1EsTCUiO08vqvNyOhlJPQ156QqJFc1GbN/7ReqoJLN2NRkiqMqLZoLUi5pWJr9rU1YAKp4hNNCBVMX2nRERGEKp2NObdGBvkWU2fiLCawTNpnNadeq9+dVxtXRTplOIJjOAUHLqABt9CEFlAYwzO8wKvxZLwZ78bHr7VkFDOHMAfj8wedcJWF</latexit>

Ex0

<latexit sha1_base64="rruujSOqZnWWZY0ewhjd2UwoRSI=">AAAB/XicbVBNS8NAEJ3Urxq/qh69BIvgqSQi1WNRBI8V7Ae0IWy2k3bp5oPdjVhC8Td41bM38epv8eg/cRtzsK3v9GbeG2bm+QlnUtn2l1FaWV1b3yhvmlvbO7t7lf2DtoxTQbFFYx6Lrk8kchZhSzHFsZsIJKHPseOPr2d65wGFZHF0ryYJuiEZRixglCjd6tx42aPnTL1K1a7ZOaxl4hSkCgWaXuW7P4hpGmKkKCdS9hw7UW5GhGKU49TspxITQsdkiD1NIxKidLP83Kl1EsTCUiO08vqvNyOhlJPQ156QqJFc1GbN/7ReqoJLN2NRkiqMqLZoLUi5pWJr9rU1YAKp4hNNCBVMX2nRERGEKp2NObdGBvkWU2fiLCawTNpnNadeq9+dVxtXRTplOIJjOAUHLqABt9CEFlAYwzO8wKvxZLwZ78bHr7VkFDOHMAfj8wefBJWG</latexit>

Ex1

<latexit sha1_base64="pureOfpem2QouxPDsqdt5PxUms0=">AAAB/XicbVBNS8NAEJ34WeNX1aOXYBE8laRI9VgUwWMF+wFtCJvtpF26+WB3I5ZQ/A1e9exNvPpbPPpP3MYcbOs7vZn3hpl5fsKZVLb9Zaysrq1vbJa2zO2d3b398sFhW8apoNiiMY9F1ycSOYuwpZji2E0EktDn2PHH1zO984BCsji6V5ME3ZAMIxYwSpRudW687NGrTb1yxa7aOaxl4hSkAgWaXvm7P4hpGmKkKCdS9hw7UW5GhGKU49TspxITQsdkiD1NIxKidLP83Kl1GsTCUiO08vqvNyOhlJPQ156QqJFc1GbN/7ReqoJLN2NRkiqMqLZoLUi5pWJr9rU1YAKp4hNNCBVMX2nRERGEKp2NObdGBvkWU2fiLCawTNq1qlOv1u/OK42rIp0SHMMJnIEDF9CAW2hCCyiM4Rle4NV4Mt6Md+Pj17piFDNHMAfj8wegmJWH</latexit>

Ex2

<latexit sha1_base64="6ylMkcXOF6JSfNx+J9iQSRQsea4=">AAAB/HicbVC7TsNAEFyHVwivACXNiQiJKrIRCpQBGsogkYeUWNH5sk6OnB+6OyNFVvgGWqjpEC3/QsmfcDEuSMJUszuz2t3xYsGVtu0vq7Cyura+UdwsbW3v7O6V9w9aKkokwyaLRCQ7HlUoeIhNzbXATiyRBp7Atje+mentR5SKR+G9nsToBnQYcp8zqk2rddVPbWfaL1fsqp2BLBMnJxXI0eiXv3uDiCUBhpoJqlTXsWPtplRqzgROS71EYUzZmA6xa2hIA1Ruml07JSd+JIkeIcnqv96UBkpNAs94AqpHalGbNf/Tuon2L92Uh3GiMWTGYjQ/EURHZPY0GXCJTIuJIZRJbq4kbEQlZdpEU5pbo/xsS8lk4iwmsExaZ1WnVq3dnVfq13k6RTiCYzgFBy6gDrfQgCYweIBneIFX68l6s96tj19rwcpnDmEO1ucPac6U0Q==</latexit>

A01

<latexit sha1_base64="9MBRBUKfl99IwkbXJ9Vffs31i1E=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRXaEAmWAhjJI5CElVnS+rJMj54fuzkiRFb6BFmo6RMu/UPInXIwLkjDV7M6sdne8WHClbfvLWlldW9/YLGwVt3d29/ZLB4ctFSWSYZNFIpIdjyoUPMSm5lpgJ5ZIA09g2xvfzPT2I0rFo/BeT2J0AzoMuc8Z1abVuuqndnXaL5Xtip2BLBMnJ2XI0eiXvnuDiCUBhpoJqlTXsWPtplRqzgROi71EYUzZmA6xa2hIA1Ruml07Jad+JIkeIcnqv96UBkpNAs94AqpHalGbNf/Tuon2L92Uh3GiMWTGYjQ/EURHZPY0GXCJTIuJIZRJbq4kbEQlZdpEU5xbo/xsS9Fk4iwmsExa1YpTq9Tuzsv16zydAhzDCZyBAxdQh1toQBMYPMAzvMCr9WS9We/Wx691xcpnjmAO1ucPa2KU0g==</latexit>

A02
<latexit sha1_base64="8AjYA6TU8rKaMdiDbakbNlIdUVA=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRXaEAmWAhjJI5CElVnS+rJMj54fuzkiRFb6BFmo6RMu/UPInXIwLkjDV7M6sdne8WHClbfvLWlldW9/YLGwVt3d29/ZLB4ctFSWSYZNFIpIdjyoUPMSm5lpgJ5ZIA09g2xvfzPT2I0rFo/BeT2J0AzoMuc8Z1abVuuqnTnXaL5Xtip2BLBMnJ2XI0eiXvnuDiCUBhpoJqlTXsWPtplRqzgROi71EYUzZmA6xa2hIA1Ruml07Jad+JIkeIcnqv96UBkpNAs94AqpHalGbNf/Tuon2L92Uh3GiMWTGYjQ/EURHZPY0GXCJTIuJIZRJbq4kbEQlZdpEU5xbo/xsS9Fk4iwmsExa1YpTq9Tuzsv16zydAhzDCZyBAxdQh1toQBMYPMAzvMCr9WS9We/Wx691xcpnjmAO1ucPbPeU0w==</latexit>

A12

<latexit sha1_base64="1LE209RN0PUpJNGypS57P6SviuA=">AAAB+3icbVA9T8MwEHXKVwlfBUYWiwqJqUoQKowVLIxFIqVSG1WOe2mtOnZkO0hV1N/ACjMbYuXHMPJPcEMG2vKmd/fe6e5elHKmjed9OZW19Y3Nreq2u7O7t39QOzzqaJkpCgGVXKpuRDRwJiAwzHDopgpIEnF4jCa3c/3xCZRmUjyYaQphQkaCxYwSY1tBn0oxGtTqXsMrgFeJX5I6KtEe1L77Q0mzBIShnGjd873UhDlRhlEOM7efaUgJnZAR9CwVJAEd5sWxM3wWS4XNGHBR//XmJNF6mkTWkxAz1svavPmf1stMfB3mTKSZAUGtxWpxxrGReP4zHjIF1PCpJYQqZq/EdEwUocYm4y6s0XGxxbWZ+MsJrJLORcNvNpr3l/XWTZlOFZ2gU3SOfHSFWugOtVGAKGLoGb2gV2fmvDnvzsevteKUM8doAc7nD1OzlNE=</latexit> →=

<latexit sha1_base64="1LE209RN0PUpJNGypS57P6SviuA=">AAAB+3icbVA9T8MwEHXKVwlfBUYWiwqJqUoQKowVLIxFIqVSG1WOe2mtOnZkO0hV1N/ACjMbYuXHMPJPcEMG2vKmd/fe6e5elHKmjed9OZW19Y3Nreq2u7O7t39QOzzqaJkpCgGVXKpuRDRwJiAwzHDopgpIEnF4jCa3c/3xCZRmUjyYaQphQkaCxYwSY1tBn0oxGtTqXsMrgFeJX5I6KtEe1L77Q0mzBIShnGjd873UhDlRhlEOM7efaUgJnZAR9CwVJAEd5sWxM3wWS4XNGHBR//XmJNF6mkTWkxAz1svavPmf1stMfB3mTKSZAUGtxWpxxrGReP4zHjIF1PCpJYQqZq/EdEwUocYm4y6s0XGxxbWZ+MsJrJLORcNvNpr3l/XWTZlOFZ2gU3SOfHSFWugOtVGAKGLoGb2gV2fmvDnvzsevteKUM8doAc7nD1OzlNE=</latexit>→=

<latexit sha1_base64="1LE209RN0PUpJNGypS57P6SviuA=">AAAB+3icbVA9T8MwEHXKVwlfBUYWiwqJqUoQKowVLIxFIqVSG1WOe2mtOnZkO0hV1N/ACjMbYuXHMPJPcEMG2vKmd/fe6e5elHKmjed9OZW19Y3Nreq2u7O7t39QOzzqaJkpCgGVXKpuRDRwJiAwzHDopgpIEnF4jCa3c/3xCZRmUjyYaQphQkaCxYwSY1tBn0oxGtTqXsMrgFeJX5I6KtEe1L77Q0mzBIShnGjd873UhDlRhlEOM7efaUgJnZAR9CwVJAEd5sWxM3wWS4XNGHBR//XmJNF6mkTWkxAz1svavPmf1stMfB3mTKSZAUGtxWpxxrGReP4zHjIF1PCpJYQqZq/EdEwUocYm4y6s0XGxxbWZ+MsJrJLORcNvNpr3l/XWTZlOFZ2gU3SOfHSFWugOtVGAKGLoGb2gV2fmvDnvzsevteKUM8doAc7nD1OzlNE=</latexit>→= Very important: we do not impose

A01A12 − A02 = 0.



Act III

Higher parallel transport and higher holonomy

Scene 1. Higher parallel transport



Higher parallel transport

Definition

Let (δ,∇, ω) be a higher A-connection on E . We define the higher
parallel transport as the higher functor τ : Π∞(A) → GL∞(E ) acting on
σ ∈ Π∞(A)k by

τ(σ)α:[0]↪→[k] = δα∗σ,

τ(σ)α:[1]↪→[k] = τα∗σ,

τ(σ)α:[i ]↪→[k] =

ˆ
α∗σ

∑

ℓ≥1
ω⊗ℓ.

Example

τ(σ)α:[2]↪→[k] =

ˆ
α∗σ

ω2,

τ(σ)α:[3]↪→[k] =

ˆ
α∗σ

(ω3 + ω2 ⊗ ω2).



Higher parallel transport

Definition

Let (δ,∇, ω) be a higher A-connection on E . We define the higher
parallel transport as the higher functor τ : Π∞(A) → GL∞(E ) acting on
σ ∈ Π∞(A)k by

τ(σ)α:[0]↪→[k] = δα∗σ,

τ(σ)α:[1]↪→[k] = τα∗σ,

τ(σ)α:[i ]↪→[k] =

ˆ
α∗σ

∑

ℓ≥1
ω⊗ℓ.

Remark. If E =
⊕n−1

k=0 E
k , then τ descends to a functor

τ : Πn+1(A) → GLn+1(E ).



Act III

Higher parallel transport and higher holonomy

Scene 2. Curvature



Curvature bundle and curvature section

Definition

We define the curvature bundle Curv∞(E ) → N(M ×M) as the
simplicial vector bundle defined by

Curv∞(E )k :=
⊕

α:[i ]↪→[k]

Hom2−i (π∗α(i)E , π
∗
α(0)E ) → Mk+1

and appropriate face and degeneracy maps.
We define the curvature section KE ∈ Γ(q∗Curv∞(E )) given by

KE (B)α:[i ]↪→[k] := −
i−1∑

j=1

(−1)jBα◦δj +
i∑

j=0

(−1)jBα◦αjBα◦βi−j .

Proposition

If E =
⊕n−1

k=0 E
k , then Curv∞(E ) is a Lie (n + 1)-groupoid, in which case

we also denote it by Curvn+1(E ). Moreover the curvature section KE is a
simplicial section.



One term case

If E has one term, then

Curv2(E )0 = Curv2(E )1 = 0,

Curv2(E )2 = Hom0(π∗2E , π
∗
0E ),

and
KE (xi ,Aij) = A02 − A01A12.

Hence,
K−1E (0) = N(GL(E )) ⊊ GL2(E ).



Two terms case

If E = E 0 ⊕ E 1 has two terms, then

Curv2(E )0 = 0,

Curv1(E )1 = Hom1(π∗1E , π
∗
0E ),

Curv2(E )2 =
⊕

i<j

Hom1(π∗j E , π
∗
i E )⊕ Hom0(π∗2E , π

∗
0E ),

Curv2(E )3 =
⊕

i<j

Hom1(π∗j E , π
∗
i E )⊕

⊕

i<j<k

Hom0(π∗kE , π
∗
i E )

⊕ Hom−1(π∗3E , π
∗
0E )

and

KE (δi ,A01) = δ0A01 − A01δ1

KE (δi ,Aij ,H012) = (. . . ,A02 + δ0H012 − A01A12 + H012δ2)

KE (δi ,Aij ,Hijk , L0123) = (. . . ,H023 − H013

+ δ0L0123 − A01H123 + H012A23 − L0123δ3)



Higher parallel transport revisited

Theorem (P., Holtrop)

Higher parallel transport τ : Π∞(A) → GL∞(E ) satisfies the following
Stokes formula: if σ ∈ Π∞(A)k , then

KE (τ(σ))α:[0]↪→[k] = δ2α∗σ,

KE (τ(σ))α:[i ]↪→[k] =

ˆ
α∗σ

∑

ℓ1,ℓ2≥0
(−1)ℓ2ω⊗ℓ1 ⊗ K≥1 ⊗ ω⊗ℓ2 .

τ∗q∗Curv∞(E ) q∗Curv∞(E ) Curv∞(E )

Π∞(A) GL∞(E ) N(M ×M)

τ∗KE

τ

KE

q

τ∗KE =

ˆ ∑

ℓ1,ℓ2≥0
(−1)ℓ2ω⊗ℓ1 ⊗ K≥1 ⊗ ω⊗ℓ2



Higher gauge groupoids

Definition

We define the higher gauge groupoid of E as

G∞(E ) := K−1E (0) ⊆ GL∞(E ).

dg-nerve [Lurie, kerodon]

Proposition

If E =
⊕n−1

k=0 E
k , then G∞(E ) is a n-groupoid, in which case we also

denote it by Gn(E ). It is Lie if n ≤ 2 and quasi-smooth if n > 2.

[Getzler–Behrend 17], n = 2 case: [Ortiz–Brahic 19, del Hoyo–Stefani 19]

Corollary (of the theorem)

If E =
⊕n−1

k=0 E
k and the higher connection is flat, then higher parallel

transport descends to a functor τ : Πn(A) → Gn(E ).



Act III

Higher parallel transport and higher holonomy

Scene 3. Higher Riemann–Hilbert correspondence
and higher holonomy



Higher Riemann–Hilbert correspondence and holonomy

Theorem (P., Holtrop)

If E =
⊕n−1

i=0 E i , there is a commutative diagram of A∞-functors between
curved dg-categories

HConnA(E ) [Πn+1(A),GLn+1(E )]
∞
∗

HFlatA(E ) [Πn(A),Gn(E )]
∞
∗

where the vertical arrows are inclusions of full subcategories.

flat case for Lie algebroids: [Arias Abad–Schaetz 12],

quasi-equivalence for tangent bundles: [Block–Smith 14]

Definition

We define the higher holonomy group of (δ,∇, ω) at x ∈ M as

Holx := τ(Π∞(A))x .



The end

Thanks


