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Group of affine diffeomorphisms

¢ € Diff (M) is called an affine diffeomorphism for an affine connection V if
s © Pg,o = ngv O Pin(e)-

A-r-( (Hﬂ?’):c %a-“«f—‘i ne diffeomarflm's ms of {H,V)zﬁ D\‘F‘\((H)

n:sd-’m“
5> fipite - dimensional  Lie group | dim ME(H,7) € n(n+d)

s ACEGR, 75 )= GL R R

57 is Levi-Civite for @ = Tso (ﬂ.j) EAM(H,‘F)



Group of affine diffeomorphisms

¢ € Diff (M) is called an affine diffeomorphism for an affine connection V if
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¢ € Diff (M) is called an affine diffeomorphism for an affine connection V if
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A vector field X € X(M), whose flow lies in Aff(M, V), is called affine.
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¢ € Diff (M) is called an affine diffeomorphism for an affine connection V if
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Group of affine diffeomorphisms

¢ € Diff (M) is called an affine diffeomorphism for an affine connection V if

¢*mopg0:P§8wo¢*'y(s)‘

Proposition: For ¢ € Diff (M) and V torsion-free, ¢ € Aff(M, V) if and
only if any of the following equivalent statements is true:

1. ¢*OVS:V50¢*, 3. ¢*[X7Y]s: [¢*X7¢*Y]S'
2. Ly o¢* =¢* oL} x, 4. ¢ preserves geodesics.

A vector field X € X(M), whose flow lies in Aff(M, V), is called affine.
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Theorem: All of the six relations

[[’Xa LY] =0, [vs’ VS] =0, [LXv Vs] =5 L;{a
[Lg(aLY] = UX,Y]ss [LASXWLL;/] = LfX,Yk) [VS’L}] =0

are satisfied if and only if, for every (e,m) € R x M such that ¥X (m) is

defined, we have
Pg,o = (‘I’?):z




Theorem: All of the six relations

[tx,ty] =0, V5, V] =0, [tx, V] = L,
[LSXa LY] = L[X,Y]s) [L}v LSY] = L[SX7Y]S’ [VS’ L;{] =0

are satisfied if and only if X € affo(M, V).

affo(M,V) = {X € aff(M,V) |VX =0} < aff (M, V)
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The Patterson-Walker metric pe:THH—>H
A torsion-free connection V on M ~» T(T*M) = sz ©V = pr(TM & T M).
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The Patterson-Walker metric
A torsion-free connection V on M ~» T(T*M) = Hy @V Z pr*(TM & T*M).

the horizontal lift via V: ()': X(M) — X(T* M),
the vertical lift: ()¥: Q*(M) — X(T* M)

Vector fields of the form X" 4 " locally generate X (T M).

The Patterson-Walker metric [P-\V'52]:
go(X" 4+ ¥, Y 4 8Y) == pr*(a(Y) + B(X)).
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The Patterson-Walker metric
A torsion-free connection V on M ~» T(T*M) = Hy @V Z pr*(TM & T*M).

the horizontal lift via V: ()': X(M) — X(T* M),
the vertical lift: ()¥: Q*(M) — X(T* M)

Vector fields of the form X" + " locally generate X(T*M).

The Patterson-Walker metric [P-\V'52]:

gv(Xh +a", Y+ B8Y) =pr*(a(Y) + B(X)).

Proposition: A connection V on M lifts to the connection on T M:
@thh = (ny)h, @Xha/,v = (an)v, @ath = 0, @avﬁv =0.
The Patterson-Walker metric can be then expressed by

gv = V¥ oecan.
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Relation to symmetric Cartan calculus

Theorem: All of the six relations
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Relation to symmetric Cartan calculus

Theorem: All of the six relations

[Lx,Ly] ZO7 [vs,vs]=07 [Lx,vs] = ng,
L, ty] = UX,Y]s» Lk, Ly] = L[SX,Y]S’ V3, L] =0

are satisfied if and only if X¢ is a gradient Killing vector field for g..

Cartan calculus Symmetric Cartan calculus
The canonical symplectic structure: The Patterson-Walker metric:
Wean = darcan ge = V' acan
Symplectic vector fields Killing vector fields
Hamiltonian vector fields gradient Killing vector fields
X¢ is always Hamiltonian X¢ is gradient Killing & X € affo(M, V)
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