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∞⨁︂
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Υr(M)
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r!
φ(u, . . . , u)

gives the unital graded algebra isomorphism:

Υ•(M)
∼←→
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functions on TM
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Symmetric derivatives

d is the unique operator on Ω•(M) such that

• it is a degree-1 graded derivation of (Ω•(M),∧),
• (df)(X) = Xf

• d ◦ d = 0

{︃
degree-1 derivations of (Υ•(M),⊙)

such that (Df)(X) = Xf

}︃

Example: ∇sφ := (r + 1) sym(∇φ)

Under the identification Υ•(M)
∼←→ C∞hom(TM), we have

(∇sφ)∨ = X∇φ
∨.
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Group of affine diffeomorphisms

ϕ ∈ Diff(M) is called an affine diffeomorphism for an affine connection ∇ if

ϕ∗m ◦ P γ
ε,0 = Pϕ◦γ

ε,0 ◦ ϕ∗γ(ε).

Proposition: For ϕ ∈ Diff(M) and ∇ torsion-free, ϕ ∈ Aff(M,∇) if and
only if any of the following equivalent statements is true:

1. ϕ∗ ◦ ∇s = ∇s ◦ ϕ∗,
2. Ls

X ◦ ϕ∗ = ϕ∗ ◦ Ls
ϕ∗X

,

3. ϕ∗[X,Y ]s = [ϕ∗X,ϕ∗Y ]s,

4. ϕ preserves geodesics.

A vector field X ∈ X(M), whose flow lies in Aff(M,∇), is called affine.

Proposition: For X ∈ X(M) and ∇ torsion-free, X ∈ aff(M,∇) if and
only if any of the following equivalent statements is true

1. LX∇ = 0,

2. [∇s, LX ] = 0 3. 2 sym ιXR+RsX = 0.
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The Patterson-Walker metric
A torsion-free connection ∇ on M ⇝ T (T ∗M) = H∇ ⊕ V ∼= pr∗(TM ⊕ T ∗M).

the horizontal lift via ∇: ( )h : X(M)→ X(T ∗M),

the vertical lift: ( )v : Ω1(M)→ X(T ∗M)

Vector fields of the form Xh + αv locally generate X(T ∗M).

The Patterson-Walker metric [P-W’52]:

g∇(X
h + αv, Y h + βv) := pr∗(α(Y ) + β(X)).

Proposition: A connection ∇ on M lifts to the connection on T ∗M :

∇̂XhY h := (∇XY )h, ∇̂Xhαv := (∇Xα)
v, ∇̂αvXh := 0, ∇̂αvβv := 0.

The Patterson-Walker metric can be then expressed by

g∇ = ∇̂sαcan.
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Killing vector fields for the Patterson-Walker metric
Every vector field Q ∈ X(T ∗M) is fully determined by its values on

{degree-1 smooth homogeneous functions}.

Examples: XhZ∨ = (∇XY )h and αvZ∨ = pr∗(α(Z)).

The complete lift ( )c : X(M)→ X(T ∗M) is determined by

XcZ∨ := [X,Z]∨.

The horizontal lift ( )h : X2(M)→ X(T ∗M) is a natural extension of

(X ∧ Y )h := Y ∨Xh −X∨Y h.

Theorem: Killing vector fields for g∇ admit the natural decomposition:

{αv |α ∈ Kill1(M,∇)}

with the Lie algebra structure:

[Xc, αv] = (LXα)
v, [Xc, Y c] = [X,Y ]c,

[Xc, πh] = (LXπ)
h, [αv, πh] = (ιαπ)

c.
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Relation to symmetric Cartan calculus

Theorem: All of the six relations

[ιX , ιY ] = 0, [∇s,∇s] = 0, [ιX ,∇s] =: Ls
X ,

[Ls
X , ιY ] =: ι[X,Y ]s , [Ls

X , L
s
Y ] = Ls

[X,Y ]s
, [∇s, Ls

X ] = 0

are satisfied if and only if, for every (ε,m) ∈ R×M such that ΨX
ε (m) is

defined, we have
P γ
ε,0 = (ΨX

ε )∗m.

Cartan calculus

The canonical symplectic structure:

ωcan = dαcan

Symplectic vector fields

Hamiltonian vector fields

Xc is always Hamiltonian

Symmetric Cartan calculus

The Patterson-Walker metric:

g∇ = ∇̂sαcan

Killing vector fields

gradient Killing vector fields

Xc is gradient Killing ⇔ X ∈ aff0(M,∇)
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