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Intro: from manifolds to
(some) geometric structures.
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M gets a topology

(usually required to be Hausdorff + countable basis)
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M

T,M
n-dimensional
vector space,

Rn
(compatible thanks to smooth)
™= U T,M
peM
/ The tangent bundle
Notation: I'( TM)=vector fields

X : M — TM with X, € T,M

TM is more complicated than M, how does it help?
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We can push the geometric structure to the tangent bundle:

M

J € End(T,M)
S =-1d

(Cn
On TM= | T,M,
peM
J € End(TM)
J2=—-1d

(consistent thanks to holomorphic)

...but we are losing information.
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Starting with J (almost complex manifold):

M

J € End(TM)
J=—1d

cr /

! For T1,0 C TcM the +i-eigenbundle of J,

~

<= T1o “involutive”, that is,
[M(T10), T(T10)] € T(T10)
for the Lie bracket [, |
(Newlander-Nierenberg Thm.)
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On each tangent space we get a non-degenerate 2-form, globally:
M

w:TM = T*

skew-symmetri

<— dw=0
for exterior derivative d

(Darboux Thm.)
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Some observations:

e Geometric structures now have a ‘linear part’ (in terms of TM) plus a
‘geometric’ or integrability condition.

e By removing the integrability condition: almost complex structures and
almost symplectic structures (non-degenerate 2-forms).

e A manifold admits an almost complex structure if and only if it admits
an almost symplectic structure.

How strong are the integrability conditions?
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X
almost complex

CP?#(S x S3)#(S! x S9)

complex

St x g3

symplectic

CQ*)C1—>T2




Main ideas:
going beyond the
tangent bundle
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Q: What about
J integrable
(or dw =0)?

A: +i-eigenbundle T1 g
involutive, that is,
[M(T1,0): T(T1,0)] € T(T10).
for the Lie bracket
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J € End(TM)
J2=—1d

w:TM =S T*M
skew-symmetric

Q: What about
J integrable
(or dw =0)?

A: +i-eigenbundle T1 g
involutive, that is,

[M(T10),M(T10)] €T (T10),

for the Lie bracket

J € End(TM+T*M)
J? = —1Id and J skew

Examples:
7, = —-J 0
77 o
0 —w?

Here, L C TcM + TAM,
involutive...
but do we even have

a bracket on TM + T*M?
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The Dorfman bracket
X+, Y+ 8] =[X, Y]+ LxB —1yda

The +i-eigenbundle L C TcM + TEM is involutive, [I(L),I(L)] € T'(L),
e for 7, if and only if J is a complex structure.

e for 7, if and only if w is a symplectic structure.

J ~~ +i-eigenbundle
Ti0C TcM For 7 ~ LC TcM + TEM,
J complex <+ Ti g involutive

Definition

A generalized complex structure is a bundle map 7 € End(TM+T*M)
such that 72 = —Id, J is skew and its +i-eigenbundle L is involutive.
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The Dorfman bracket??

[X+a,Y+ﬁ]:[X,Y]+£Xﬂ—Zyda

X+ a,X+a] =[X,X]+ Lxa—1xda
= dixa+1xda —i1xda
=dixa=dX+a,X+a)

It is not skew-symmetric, but satisfies, for e, u, v € [(TM+T*M),
[e’ [Uv V]] = [[e’ u]v V] =+ [u, [e, V]]

ﬂ—TM(e)<u7 V> = <[e7 U], V> + <U7 [e, V]>

Actually, this structure has a name...
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The Courant algebroid (TM+T*M, (,),[,], 7tm)
Definition (Liu-Weinstein-Xu'97)

A Courant algebroid over M is a tuple (E, (,),[,], ) consisting of
a vector bundle £ — M,
a nondegenerate symmetric pairing (, ),
a bilinear bracket [,] on I'(E),
a bundle map 7 : E — TM covering idy,
such that, for any e € ['(E),
the map [e, ] is a derivation of both the bracket and the pairing,
we have [e,e] = 1*d(e, €).

For H € Q3,, define the H-twisted bracket

X+ a,Y+B8ly=1[X,Y]+LxS —1yda+ixiyH
The tuple (TM+T*M, (,),[,]H,77Mm) is a Courant algebroid




Automorphisms of Courant algebroids



Automorphisms of Courant algebroids

Definition

The automorphism group Aut E of a Courant algebroid E are the bundle
maps F : E — E, covering f € Diff(M), such that, for u,v € ['(E),

(Fu, Fv) = f{u,v),
[Fu, Fv] = f[u, v],

mrmoF =fiommm




Automorphisms of Courant algebroids

Definition

The automorphism group Aut E of a Courant algebroid E are the bundle
maps F : E — E, covering f € Diff(M), such that, for u,v € ['(E),

<Fu7 FV> = f*<u7 V>,
[Fu> FV] - f*[”? V],
mrmoF =fiommm |

On TM+T*M, for any f € Diff(M)

@:(’3‘ f) X +am £X+ fa

.




Automorphisms of Courant algebroids

Definition

The automorphism group Aut E of a Courant algebroid E are the bundle
maps F : E — E, covering f € Diff(M), such that, for u,v € ['(E),

<Fu7 FV> = f*<u7 V>,
[Fu> FV] - f*[”? V],
mrmoF =fiommm |

On TM+T*M, for any f € Diff(M) and B € Q2/(M),

@:(’3‘ f) X +am £X+ fa

Id 0
B _
e _(B Id>’ X+a—X+a+1xB

.




Automorphisms of Courant algebroids

Definition

The automorphism group Aut E of a Courant algebroid E are the bundle
maps F : E — E, covering f € Diff(M), such that, for u,v € ['(E),

<Fu7 FV> = f*<u7 V>,
[Fu> FV] - f*[”? V],
mrmoF =fiommm |

On TM+T*M, for any f € Diff(M) and B € Q2/(M),

@:(’3‘ f) X +am £X+ fa

d 0 € Aut(TM+T"M)
eBz( >, X+a—X+a+1xB

B Id

.




Automorphisms of Courant algebroids

Definition

The automorphism group Aut E of a Courant algebroid E are the bundle
maps F : E — E, covering f € Diff(M), such that, for u,v € ['(E),

<Fu7 FV> = f*<u7 V>,
[FU, FV] - f*[”? V],
mrmoF =fiommm |

On TM+T*M, for any f € Diff(M) and B € Q2/(M),

@:(’3‘ f) X +am £X+ fa

d 0 € Aut(TM+T"M)
eB:( >, X+a—X+a+1xB

B Id

Actually, the so-called generalized diffeomorphisms are
Aut( TM+4T*M) = Diff(M) x Q% (M)

.
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Enough structure, back to generalized complex structures
M generalized complex = M almost complex = dimM = n=2m

The triple life of complex structures is revealing and helpful:

J € End(TM), J2 = —1d

T1,0 involutive (Lie)

J € End(TM + T*M), J% = —Id
L involutive (Dorfman)

J skew (J +T* =0)

LC TeM, LnL={0}

L involutive (Lie)

LC(TM + T*M)¢, LN L= {0}
L involutive (Dorfman)

L maximally isotropic

local ¢ € QF, (AC#0,d(=0
(ldea: ( =dz A ... ANdzpy)
(T1,0=Ann(¢) = {X :1x( = 0})

What is ¢ here?
What is Ann here?

What extra property?
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What is Ann for (TM + T*M)c? Define, for ¢ € Q2.(M),
(X+a) - p=ixp+alep.

Unlike 1x2x¢ = 0, it satisfies (X + a)? - o = (1xa)p = (X + a, X + a)e.
So (X + «) - ¢ =0 implies (X + a, X + o) = 0 = Ann(y) isotropic.

Chevalley pairing (AP T M-valued): (0, %) = [T AY)top-
L = Ann(p)
LNnL={0} ‘ L involutive (Dorfman) ‘ L maximally isotropic
(p,p) #0 dp=(X+a)-p p~eBTivg A NG,
(nowhere for some X + « for B,w € N°T*M

vanishing) in (TM + T*M)¢ 0; € TEM, (p pure)
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Examples, recall: pure p ~ eBH0; A ... A6,

J complex w symplectic
T=0p) | =05
p=dzi A...\Ndzy p:eiw
(0,0) ~pAp#0 | (p,p) ~w™#0
dp=20 dp=0

pure (B =w =0)
For pure p, p':

Definition

pure (B=10,r =0)

Ann(p) = Ann(p’) <= p = fp’ for non-vanishing f.

For p = po + ...+ pn, define type: least index j with p; # 0 (function).

symp.

gen.cplx. ...

cplx.

0

m
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symp. cplx.
gen.cplx.

Proposition (Gualtieri'04)

The type determines the structure at each point: up to B-equivalence,
there are some symplectic directions and some transversal complex
directions (as many as the type).

Theoretically, the type may vary within a manifold, preserving the
parity and upper continuously. In particular, there is no unique local model.

Is it really possible for the type to change?
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Type change example, recall (p,p) # 0, dp = u - p, p pure
On R* 22 C2?, with complex coordinates (z, w),

p=2z+dzAdw

We check all the conditions:

(p,0) = [(z+ dz A dw)T A (Z+ dZ A dW)]rop = dw A dz A dZ A dw
dp=dz= (5, +0)p

dzAdw

Pure: z#O,pler@:e z , pure and type 0
z=20, p=dz A dw, pure and type 2

Type change: generically B-transform of symplectic, blows up along z =0
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What are generalized complex structures geometrically?

In other words, how are symplectic and complex combined?

To start with, for any generalized complex structure

P: T*M — TM is Poisson, which gives a symplectic foliation.

The Newlander-Nierenberg/Darboux-like theorem is:

Theorem (Bailey'13)

Locally, a generalized complex structure is B-equivalent to the product of
a symplectic structure by holomorphic Poisson structure.




What is interesting about generalized complex structures?

Within generalized complex structures:

complex

symplectic

Done by a convex combination of J; and 7,
coming from hyperKahler or holomorphic symplectic structures.

The interior of the curve is eB-equivalent to symplectic structures.
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A comment on the pre-history: Dirac structures

Dirac structures, introduced by Courant’90 and Weinstein, are
lagrangian and Dorfman-involutive subbundles of TM + T*M.

They encompass presymplectic and Poisson structures, as well as
integrable distributions.

Geometrically, they correspond to presymplectic foliations.

The Dorfman bracket, first appeared in 1987, describes, at the same
time, the integrability conditions of complex, symplectic and Poisson
structures, as well as distributions!



2 + ¢ recent directions



1. Another generalized geometry is possible



1. Another generalized geometry is possible
Denote 1 = M x R and consider



1. Another generalized geometry is possible
Denote 1 = M x R and consider

IM+14+T"M



1. Another generalized geometry is possible
Denote 1 = M x R and consider

IM+14+T"M

T(X+f4+a)=X
X+ f+a,X+Ff+a)=ixa+ f?
[X+f+aY+g+B)]=I[X Y]+X(@g) - Y(f)
+ Lxp —ryda + 2gdf.



1. Another generalized geometry is possible
Denote 1 = M x R and consider

IM+14+T"M

(X +f+a)=X
X+ f+a,X+Ff+a)=ixa+ f?
[X+f+aY+g+B)]=I[X Y]+X(@g) - Y(f)
+ Lxp —ryda + 2gdf.

is a Courant algebroid, and moreover an O(n + 1, n)-bundle.
As O(n+1,n) is a real form of O(2n+ 1,C), of Lie type B,:



1. Another generalized geometry is possible
Denote 1 = M x R and consider

IM+14+T"M

X+ f+a)=X
X+ f+a,X+Ff+a)=ixa+ f?
[X+f+aY+g+B)]=I[X Y]+X(@g) - Y(f)
+ LxB —1yda + 2gdf.

is a Courant algebroid, and moreover an O(n + 1, n)-bundle.
As O(n+1,n) is a real form of O(2n+ 1,C), of Lie type B,:

Generalized geometry of type B,
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B,-generalized complex geometry: examples and properties

e A Bj-generalized complex structure (R.'14) is a lagrangian and
involutive subbundle L C (TM + 1+ T*M)c such that LN L =0.

e Any usual generalized complex is B,-generalized complex.

e Cosymplectic and normal almost contact structures are examples,
in odd dimensions!

e Type change is now possible from dimension 3.
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N 7
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complex #°CP
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Zooming in

s )
geometric
e 7
almost contact
e R 1
2 Bs-generalized
. complex
nacs
; 3(q2 1
cosymplectic #°(5° x S%)
(Porti,R.)
= J
- J
- J

Theorem (Porti, R.'26)

Any closed oriented 3-manifold admits a Bs-generalized complex structure,
which is moreover stable.
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2. Complex Dirac structures

Complex Dirac =ger lagrangian and involutive L C TcM + TAM.

Theorem (Agiiero, R."22)

Complex Dirac structures are determined at each point by three invariants:
e the (normalized) type, e the real index, e the order.

At each point: presymplectic directions + transverse CR directions.

These invariants may vary (satisfying constraints like parity, upper
semi-continuity, order < real-index, ).

For constant order, a complex Dirac has associated a real Dirac.




type

symp. cplx.
gen.cplx.




real-index
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type
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- ~

gen.cplx.
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order real-index :
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type
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; ! ﬁ
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presymp. .. trans.hol.
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2 4+ e: C,-generalized complex structures

Example (Moutka, R.; to appear)

Given an anti-Kahler manifold, that is, (g, J) such that
g(UX,JY) = —g(X,Y), EVJ =0,

we get a curve going from a complex structure to a metric!

complex

metric
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