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Linearity of homogeneous solutions to degenerate elliptic
equations in dimension three

Pablo Mira
Universidad Politécnica de Cartagena

In this talk we will give an answer to the following problem: which linear elliptic equations
∑

aijuij =

0 in R3 satisfy that all their degree-one homogeneous solutions are linear functions? Alexandrov

conjectured in 1956 that this linearity result should hold for every such elliptic equation. However,

Martinez-Maure found in 2001 a striking counterexample to this claim. On the other hand, Han,

Nadirashvili and Yuan proved in 2003 that the Alexandrov conjecture holds if the equation is uniformly

elliptic. In this talk, we will extend this theorem to the degenerate elliptic case. Instead of uniform

ellipticity, we will just assume the following much weaker condition, which is actually sharp by Martinez-

Maure’s example. Let O be a connected open subset of S2 ⊂ R3 with the property that it intersects

any configuration of four disjoint geodesic semicircles of S2; for example, O can be chosen as a thin

neighborhood of a geodesic in S2. Assume that, on O, the ratio between the largest and smallest

eigenvalues of the coefficient matrix (aij) of the PDE lies in L1
loc. Then, we prove that any degree-one

homogeneous solution to the equation is linear. This is a joint work with Jose A. Galvez, from Granada.
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