THE LAW OF THE ITERATED LOGARITHM FOR
SMOOTH FUNCTIONS

JOSE G. LLORENTE AND ARTUR NICOLAU

ABSTRACT. A version of the Law of the Iterated Logarithm for smooth
functions in the upper-half space is proved. As a consequence, we show
that certain size conditions on the gradient and the gradient of the lapla-
cian of a smooth function, lead to self-improvement growth properties.
The results are applied in situations where harmonicity is not present.

1. INTRODUCTION

In this paper, we study self-improving growth properties of smooth func-
tions in the upper half-space RT™ = {(z,y) : € R?,y > 0} under size
restrictions on their derivatives. A function u € C’l(RiH) is called a Bloch
function if

B = sup{y|Vu(z,y)| : (z,y) € RT"} < 00

and we will refer to B as the Bloch constant of u. Analytic Bloch functions
in a half-plane play a crucial role in several topics as conformal mappings,
harmonic measure, Bergman spaces, trigonometric series and Zygmund func-
tions among others (see [13, [, 5, 8, [3, 11, 12] and references therein). Signif-
icant examples of harmonic Bloch functions are those of the form u = log | f'|
where f : Rf — C is a conformal mapping as well as harmonic extensions of
lacunary trigonometric series with bounded coefficients. Observe that if u is
a Bloch function in R‘f‘l with Bloch constant B, then the following global
estimate holds
o sup 19

y—0 log (1/3/)

The celebrated Makarov’s Law of the Iterated Logarithm (LIL) for Bloch
harmonic functions says that, in the presence of harmonicity, the global
bound log(1/y) can be substantially improved for almost every point = € R,
The following theorem is the half-space version of Makarov’s original result
in the unit disk ([11, 12]). See also [2}, [10] for further results, still in the
harmonic case.
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Theorem A. Let u be a harmonic Bloch function in Ri’” with Bloch con-
stant B. Then there exists a constant C' > 0 only depending on d and B
such that

‘ u(z,y)|
1 lim su
(1.1) 40" \/log(L/y) loglog log(1/y)

for almost every x € RL. Moreover (1.1]) is sharp in the sense that there
exist harmonic Bloch functions u for which the limsup in (1.1 is bounded
below by a positive constant for almost every x € R?.

Our main purpose is to understand to what extent harmonicity can be
relaxed in this result. This problem has already been considered in [7,
4] but the results there do not provide the right analog of the LIL. Note
that the function u(x,y) = log(1/y) is Bloch and exhibits the maximal
vertical growth allowed by the Bloch condition at every z € R so no self-
improvement occurs. Since Au(x,y) = y~2, this example suggests that in
order to obtain meaningful self-improvement results for non-harmonic Bloch
functions, the behavior of their laplacian may play an important role.

We introduce two classes of smooth functions in Riﬂ whose gradient
and the gradient of the laplacian have controlled growth in terms of certain
gauge functions. Let ¢, : (0,1] — (0,400) and define

By = {u e C*RI) : y|Vu(z,y)| <¢(y), zeRL0<y <1},
Bye =By {ue C3REY) P |VAu(z,y) < e(y), 2 €RL 0 <y <1}

We will eventually require the following assumptions on ¢ and e:

(1.2) 1 is non-increasing,

(1.3) e <,

(1.4) 1/y¢(t)dt<Aw() 0<y<l1
. v /o = Y) y=14

for some positive constant A. Observe that ((1.7)) and (1.9)) easily imply the
following doubling property:

(1.5) P(y/2) <2AY(y), 0<y<Ll

Associated to v, define the square function ¥ as

1,2
t
(1.6) \I/(y)—/ wt()dt, 0<y<1.
Yy
We will eventually require the following assumptions on ¢ and e:
(1.7) 1) is non-increasing,
(1.8) e <,

(1.9) 1/yw(t)dt<A¢() 0<y<l
. v /s =~ Y), y=>1
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for some positive constant A. Observe that ((1.7) and (1.9)) easily imply the
following doubling property:

(1.10) ¥(y/2) < 24¢(y), O0<y<L

Associated to 1, define the square function ¥ as

(111) U(y) = /1 wi(t)dt . 0<y<l.

The choice of the constant function ¢ = B > 0 gives ¥(y) = B?log(1/y)
and By, becomes then the class of Bloch functions with Bloch constant not
greater than B. We now state the main result of this paper.

Theorem 1.1. Suppose that u € By . where 1, e satisfy (1.7)), (1.8)), (1.9)
and let U be the square function associated to 1 defined by (1.11). Then

there exists a constant C' > 0 only depending on d, ¥, € such that

1
’u(w,y)—/ tAu(:r,t)dt’
(1.12) lim sup L)
y—0 V¥ (y) loglog ¥ (y)

for almost every x € R,

<C,

One of the remarkable ideas of the work of Makarov was that the boundary
behavior of a harmonic Bloch function in a half space can be related to the
asymptotic behavior of a dyadic martingale (see [11, 12]). Actually the
mean value property of harmonic functions can be understood as an analog
to the cancellation property of dyadic martingales. When the function u €
C3(Ri+1) is not harmonic, it turns out that instead of u, the following
expression

1
T(a,y) = u(w9) ~ v (o) = [ hau(e,h)dh, 0<y<1aeRe
Yy

can be compared with a dyadic martingale. Since one can estimate the
quadratic variation of this dyadic martingale by the functions ¢ and ¢, the
proof of Theorem[I.T]can be transferred to the context of dyadic martingales.

The assumptions on the function € in the next two corollaries guaran-
tee that the integral in the numerator of can be absorbed by the

denominator of (1.12)).

Corollary 1.1. Let 1, € and u € By, be as in Theorem [1.1. Suppose, in
addition, that

1
e(t)ttdt

(1.13) lim sup Y =M < oco.
u=0 /¥(y)loglog ¥(y)
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Then there exists a constant C' > 0 only depending on d, ¢ and M, such
that

L Julwy)

p S
y—~0  /¥(y)loglog ¥(y)
for almost every x € RY.

i

In the case of Bloch functions, one gets the following result.

Corollary 1.2. Let u € C3(R‘f1). Assume that there exists a constant
B > 0 such that

y[Vule,y)l < B, ¢*|VAu(z,y)| <e(y) < B
for 0 <y <1, x€RL Suppose, in addition, that
log (1/y)
logloglog (1/y)

Then there exists a constant C > 0 only depending on d, B and D, such
that (1.1)) holds for almost every x € RY.

=D < 0.

y—0

(1.14) lim sup 5(y)\/

Hence a version of the LIL for smooth (non-harmonic) Bloch functions u
holds under the restriction

(1.15) YA IVA(u)(z,y)| < Clog(1/y) /2

if 0 <y < 1and z € R% It is worth mentioning that the exponent 1/2 in
(1.15) is sharp. Actually for 0 < a < 1, the function u(z,y) = (log(1/y))*

is in By where ¥(y) = e(y) = (log(1/y))*~! while the LIL (L.I)) can only
hold for av < 1/2.

We know make two remarks.
1. Given two functions 1,7 : (0,1] — (0,400) consider the class Ky, of

functions u € C’Q(R‘fl) such that y|Vu(z,y)| < ¥(y) and y?|Au(z,y)| <

n(y) for any z € R? and 0 < y < 1. Assume that v satisfies (1.7) and (T.9)
and in addition, that there exists a constant A’ > 0 such that

(1.16) /1 77(:)(11& <AY(y), 0<y<l.
y

The proof of Theorem applies with minor modifications and holds
for any function u € Ky . Since the assumption implies that the in-
tegral in the numerator of is bounded by the denominator of ,
it follows that (1.1)) holds for any function u € ICy ,,. If 1) is a constant func-
tion, condition ([1.16)) reduces to the integrability of n(t)/t. In this case, one
can also prove (|1.1)) by decomposing u as the sum of a Green potential and
a harmonic Bloch function and applying Theorem [A] It is worth mentioning
that the functions in By . considered in Theorem (1.1 may not satisfy
and its laplacian may not have a convergent Green potential.

2. Regarding the growth of the gradient, one may ask until what extent
the Bloch condition can be relaxed and still obtain self-improvement results.
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We will show that there exists a growth threshold condition on the gradient
which provides self-improvement results as the LIL in Theorem (see
section {4.3| for details).

Theorem [I.1] can be applied to obtain versions of the LIL in two natural
situations where harmonicity is not available. The first one concerns loga-
rithms of positive harmonic functions. Let v be a positive harmonic function
in the upper half-space Riﬂ. Harnack’s inequality gives that there exists a
constant C' = C'(d) > 0 such that

|logv(z,y) —logv(z,1)] < Clog(1/y)

for 0 < y < 1/2 and € R%. Note that if v is the harmonic extension to
le_ﬂ of a finite singular measure in R?, then logv(z,y) — —o0, as y — 0
for almost every € R?. The next result shows that the right growth of
|logv| is given by a square function A(v) and its corresponding deviation
|logv(x,y) + A%(v)(z,y)| is governed by a LIL.

Corollary 1.3. Let v be a positive harmonic function in the upper half-space

R‘fl. Consider the square function

1 2
t|Vo(x,t)] d
A? = ————2dt, 0 1 R®.
(v)(z,y) /y 2p M O<y<lec
Then there exists a constant C' > 0 only depending on d, such that

2
y—0  +/log(1/y)logloglog(1/y)

for almost every x € R,

9

We will also show that there are positive harmonic functions v in R‘iﬂ
such that A%(v)(z,y) > Clog(1/y), for any 2 € R? and 0 < y < 1/2. In
particular, this will eventually show that the integral in (Theorem
can be larger than the denominator.

The second application of Theorem concerns analytic selfmappings of
the unit disc D of the complex plane. Let dp(z,w) denote the hyperbolic
distance in D between the points z,w € ). The Schwarz-Pick Lemma says
that any analytic mapping f : D — D is a contraction in the hyperbolic
metric, that is, dp(f(2), f(w)) < dp(z,w) for any z,w € D, or equivalently,
the hyperbolic derivative defined as

D) — tim BI@TE) (A= P ()
woz dy(w, 2) 1—|f(=)
is bounded by 1 for any z € D. Moreover, equality at a single point implies
equality at every point in the unit disc and that f is an automorphism of
D. Our last result can be understood as a holomorphic version of Corollary
.o
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Corollary 1.4. Let f : D — D be an analytic mapping. Consider the square
function

2 _ [T 4log(1/t)|f ()
A(f)(&?“)—/o 0 P? dt, 0<r<1,¢eaD.
Then there exists a constant C' > 0 such that
ey 000 = ANED
r—1 \/log(l/(l —r))logloglog(1/(1 —1))
for almost every & € OD.

)

It is worth mentioning that a conical analog of the square function A%(f)
was considered in [6]. In this conical analog, the radius and length appearing
in the definition of A%(f) are replaced by a Stolz angle and hyperbolic area.

The paper is organized as follows. Section 2 contains some preliminary
results. Section 3 is devoted to the LIL for dyadic martingales. Theorem
and Corollaries [I.1] and are proved in section 4, which also includes the
discussion of the threshold condition on the gradient giving self-improving.
Finally, Corollaries [I.3] and are proved in section 5.

2. PRELIMINARY RESULTS

Our first auxiliary result collects some elementary estimates about the
function W.

Lemma 2.1. Suppose that 1 satisfies conditions (L.7)) and (1.9) and let ¥
be its square function defined by (1.11)). Then

a) ¥(y) > %(1)log (%) for 0 <y < 1. In particular, ¥(y) — 400 as
y— 0T,
b) There exists a constant C = C(v)) > 0 such that ¥(y) > Cv*(y) for
any 0 <y <1/2.
¢) There exists a constant C = C(¢p) > 0 such that the function ¥
satisfies the following doubling property:
U(y/2) < C¥(y)

whenever 0 <y < 1/2.

Proof. Part a) easily follows from the assumption that 1 is non-increasing.
Now take 0 < y < 1/2. Then, using (1.10)), one has

2y 1,2
w2 [ > tog2ven) > TE ),
Y

which proves b). Finally, if 0 < y < 1/2 then

/ y Wt(t)dt < (log2)$*(y/2) < (log2)164%)*(2y)
y/2

IN

2y 1,2
16A4/ wt(t)dt < 16A%(y).
Yy
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Therefore,
Yo2(t 2(¢
@(;;/2):/ 4 ()dt+/ id ()dt<(1+16A4) T(y).
vz U y
O
A cube @Q in R? is a set of the form Q = H 1laj, bj], where a; < bj,
j=1,...,dand by —a; = —bd—ad—l—l(Q) > 0, the side length of Q.

Let Q = H?Zl[aj, b;] be a fixed cube in R? with side length | = (Q) < 1.
Given u € C2(Ri+1), denote, for x € Q and 0 <y <1,

ou !
Y y

Now, let 0 < s < t <[ and consider the block in ]Rffrl given by
(2.2) Ryy={(z,y) eRT 1z €Q,s <y <t}

Observe that OR,; consists of two horizontal faces parallel to @ at heights
s and t and 2d lateral faces L; = Q; X [s,t], 7 = 1,...,2% where Q, is a
(d — 1)-dimensional cube of the form

Qj = {(:L'l,.. Tj—1,Cjy Tjtly -y T d) X € [ai,bi] Cj S {aj,bj}}.
Given a cube @ C R? and 0 < ¢ < I(Q), we use the notation

]QT(xt |Q/ (x,t)d

The following lemma controls the vertical variation of 1" on cubes.

Lemma 2.2. Let u € By. Then for any cube QQ C R? of sidelength | < 1
and any 0 < s <t <1 we have

(2.3) ]éT(x,t)dfc :][ T(z,s)dr + = )] Z/ yan

where L; are the lateral faces of ORs; and n is the unit outward normal. In
particular,

(2.4) | ]é (T(w.t) = T(o.s))de] < 5 [ wly)dy

Proof. By Green’s first identity applied to the functions y and w in the
domain R,; we get

ou oy
2.5 / yAu = /
(2:5) Ret ORs.c ( 871 8n)
where, as usual, n denotes unit outward normal. Since g—y = 0 on the lateral
n
faces of OR,; and g = +1 on the horizontal faces of OR;, (2.5) reduces
n

to
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ou ou
/Q(u(a:,t) —u(z,s))dx = /Q(tay(x,t) - 88 (z,s))dx

A
+Z/y8n //y u(x,y)dydx

which, according to (2.1)), is exactly (2.3). Note that, if L; = Q; x [s,t] is
one of the lateral faces of OR,; then

‘IQ!/ vt <18 oy < 1 [ v

Adding over j, one obtains (2.4]). O

Corollary 2.1. Let u € By, where v is an integrable function in (0,1). Then
for any cube Q C R?, the limit

(2.6) lim 4 T(z,y)dx = Tg
y—0 Q

exists.

Proof. The corollary is a direct consequence of (2.4]) and the fact that ¢ is
integrable. (]

Corollary 2.2. Let u € By where v satisfies and . Then there
exists a constant C > 0 only depending on d and the constant A in inequality
, such that for any cube Q@ C R? of side length 1 < 1 and any 0 < s <
t <1 we have

(2.7) ‘][ (x,t) — T(z,s) dm’<C¢ l).
In particular,
(2.8) | ]é T, t)dz — To| < C(1)

whenever 0 < t <.

Proof. From (2.4)) and (L.9), it follows
‘][ (z,t) — T(z,s))dz </z/1 )dy < 2dA(1).

This gives (2.7)). Estimate ({2.8]) follows from Corollaryletting s—0. O

Our next auxiliary result collects estimates on the horizontal oscillation
of the function T
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Lemma 2.3. Given u € CQ(]le_H) let T(x,y) be the function defined in
(2.1). Let uw € By where 1), e satisfy (L.7) and (1.8). Then

(2.9) T(z1y) — T(a.y)] <2 (’z ol 1) b(y),

for z,z € R and 0 < y < 1. In particular, if |z — x| < My, then
(2.10) T(z,y) = T(z,y)| < 2(M + 1)¢(y).

Proof. Observe that T'(z,y) — T(x,y) = I — II — I11, where

) = u(z,y),

(21y) - g;‘w,y)),

I = u(zy

Ou

Jy

1

111 = /t(Au(z,t)—Au(az,t))dt.
y

(
I = y

Then |I| < |z—z|y(y)/y and |II] < 2¢(y). Note that |Au(z,t) — Az, t)| <
|z — z|e(t)t—>. Using (L.7) and (L.8), we deduce

ym|<\z—a;\/ dt<|z x\/ () dt < |Z;”“’|¢(y).

So (2.9) follows. This finishes the proof. O

Lemma 2.4. Let u € By . where 9, satisfy (1.7), (1.8) and (1.9). Let T
be the function defined in (2.1). Then there exists a constant C > 0 only

depending on d, ¥ and €, such that if @ C R is a cube with 1 = 1(Q) < 1,
r€Q and 0 <t <1/2<y<lI, then

(2.11) ‘ ][ T(z,t)dz — T(m,y)‘ < Cy(l).
Q

In particular,

(2.12) T — T(z,y)| < Cy(l)

whenever x € Q and 1/2 <y <.

Proof. By in Corollaryﬂ,
(2.13) ‘][ (2,1) — T(z,y))dz| < Cw()

where C' depends only on d and 1. On the other hand, from (2.10)) in Lemma
for any z € Q we have

(2-14) T(z,y) — T(x, y)\ < 2(2\/g+ Dy(y) < 22Vd +1)9(1/2).

Now follows from , } and the doubling property -
Lettmg t —> 0 in we obtaln
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Corollary 2.3. Let u € By . where 1, e satisfy (1.7), (1.8) and (1.9). Then
there exists a constant C > 0 only depending on d, ¢ and €, such that if

Q, Q" C R? are (closed) cubes such that (Q) =1(Q) =1 <1 and QNQ' #
then

(2.15) T — Ty | < Cy(l).
Proof. Choose z € QN Q. Then, from ([2.12)
Ty — Toy| < |To — T(x, )| + |T(,1) — Tey| < 2C(1).

3. DYADIC MARTINGALES

For simplicity, we will restrict our attention to the unit cube Qg = [0,1)%.
By D,, we denote the family of all dyadic cubes in Qg of generation n, that
is, those cubes of the form

d
[Tik; — 27 k27
j=1
where k; € {1,2,...,2"} for j = 1,...,d. A dyadic martingale in Qo is a
sequence {1}, of step functions T}, : Qo — R satisfying the following
two conditions:

(1) T, is constant on each dyadic cube of generation n. (Hereafter T,,(Q)
denotes the value of T}, on @, whenever Q € Dy,).

2)IfQeD, 1and Q =Q' UQ?U...U de is the decomposition of @
into its 2% descendants Q7 € D,,, then

1 & :
T1(Q) = 53 2 Ta(@),
j=1

that is, the value of T;,_1 on @) is the arithmetic mean of the values
of T}, on the 2¢ dyadic descendants of Q of generation n.

The first condition means that T;, is measurable with respect to the o-algebra
D; _, generated by the dyadic cubes of generation n — 1 and the second
one means that the conditional expectation of T}, with respect to D} _; is

Tpn—1. The increments of the martingale {7} are defined as Xy = Tj and
Xy =T, —Tr_1,k=1,2,.... Note that

n
T,=> X n=12,....
k=1

Given x € Qo and n € N there is a unique dyadic “tower” @, C Qn-1 C
. C Q1 C Qo such that Q € Dy, and z € Q, for k=0,1,...,n.

The asymptotic behaviour of a dyadic martingale {7}, } is governed by the
so called quadratic variation < T >, defined as follows. Fix n € N and,
for each z € g, consider the dyadic tower Q, C Qn,_1 C ... C Q1 C Qo
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containing x. Each member of the tower, say QQr_1, has a dyadic decom-
position Qk 1= Qk U..u Qk where Qj € Dy, (and there exists a unique
7=1,. 4 such that S Q]) Observe that X, = Ty — T)_1 is constant
on each Qi. The quadratic variation < T >,, of {T,} is defined as

n

<T >n Z 21d Z Tk QJ Tk’—l(x))2a T e QO-

Note that < T >, is constant on dyadic cubes of generation n — 1 and for
any = € Qo, the sequence < T >,, (z) is non decreasing. We denote
<T >y (x)= lim <T >, (z), z¢€Qo,

n—oo

regardless the limit is finite or infinite. By well known results in martingale
theory (see [14]), {T,,(z)} converges to a finite limit for almost every point
x €{x € Qy:< T > (x) < co}. Therefore, it is natural to ask about
the asymptotic behaviour of {T,,} on the set {x € Qp :< T > (x) = c0}.
One of the most beautiful results in Probability, the so called Law of the
Iterated Logarithm (LIL for short), gives an astonishingly precise answer to
this question. In our specific setting, it says that there exists a constant
C = C(d) > 0 such that

T,
(3.1) lim sup T ()l <
nooo \/<T >, (z)loglog < T >, (z)

9

for almost every = € {z € Qp :< T > (z) = c0}. Moreover is sharp
in the sense that, under certain size restrictions on the increments |Xg|, the
limsup is also bounded below for almost every = € Qg (see [2], [I5]). Note
that the LIL typically gives more information than the Law of Large
Numbers. If, for instance, the increments of the martingale are uniformly
bounded, that is, |Xy| = |Tx — Tkx—1| < C for any k = 1,2,..., then the
trivial uniform estimate is sup{|T,,(z)| : € Qo} < Cn, while the Law of
Large Numbers would give |T,,(z)| = o(n) a.e. = € @Qp. However, since
< T >, (r) < C?%n, the LIL gives that |T,,(z)| = O(v/nloglogn) for

a.e. T € (Qg, which is a substantial improvement of the previous estimates.

4. PROOFS OF MAIN RESULTS

4.1. Reduction to the martingale setting. Let u € B, where 1) satis-
fies and . In this section we will introduce a dyadic martingale
which captures the asymptotic behaviour of u(x,y) as y — 0. Since the
problem is local we will assume hereafter that z € Qo = [0,1)? and we will
define a dyadic martingale in ()g. Note that implies in particular the
integrability of 1 so, by Corollary the limit

1
(4.1) T,(Q) =Tg = lim — 1] /QT(x,y)da:

y—0
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exists for any @@ € D, where T(z,y) is given by (2.1). This assignment
clearly defines a dyadic martingale {7},} in Q9 whose main properties are
collected in the following auxiliary results.

Lemma 4.1. Let u € By where ¥ and € satisfy (1.7), (1.8)) and (L.9) and
let {T,,} be the dyadic martingale in Qo associated to u as in (4.1). Then

there exists a constant C' > 0 only depending on d, ¥ and &, such that
1
(4.2) u(a,y) - / A, 1)t~ Ty ()| < Cu2™),
Yy

for any z € Qo and 2=t <y <27 p=1,2,....
Proof. Using the function T'(z,y) defined in (2.1)), note that

ou

1
ulz,y) - / hAu(a, )t = To(o) = Ta) = Tula) + v (0.0)

From (2.12)) in Lemma [2.4] we get
T(x,y) = To(z)| < C(27"), x€Qon =1

On the other hand, using the doubling property ([1.10]),
ou _
\yafy(x,y)} <Py) <249(27")

and (4.2) follows. O

Lemma 4.2. Let u € By . where ¢, ¢ satisfy (L.7), (L.8) and (1.9) and let
{T,} be the dyadic martingale in Qo associated to u as in (4.1)). Then there

exists a constant C > 0 only depending on d, i and e, such that

(4.3) T (2) = Th—1(2)]

IN

Cp(27%), k=1,2,...,

1 2
(4.4) <T>,(x) < C ¢t(t)dt, n=12...,
2771

for any x € Qq.

Proof. Note that (4.3 is a direct consequence of (2.15)) in Corollary [2.3[and
the definition of martingale. As for (4.4)), observe that, from (4.3),

<T >, (z)< C2Z¢2(2_k), z € Qo,
k=1

and, since 1) is non-increasing and doubling, (4.4]) follows in an elementary
way. O
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4.2. Proofs of Theorem and corollaries

Proof of Theorem[1.1 Let u € By.. We can restrict our attention to the
unit cube @g. Let C' denote a positive constant only depending on d, 1
and € whose value may change from line to line. Let {7,} be the dyadic
martingale in ¢ associated to u as in . If 2-("+1) <y < 27" then by

E3)

bR
(4.5) U(y) > ” Ldt>C < T >, (z), =€Q.
2n

Then, by (£2) and (L),

1
‘u(x,y)—/ hAu(z, h)dh|

V¥(y) loglog U(y)
CIT(z) N 0 W
T/<T >, (@)loglog < T >, (x V¥ (y)loglog ¥ (y)
Now, from parts a) and b) of Lemmam
G —0 asy—>0+,
V¥ (y)loglog ¥(y) ~ +/loglog ¥ (y)

so the result follows from the LIL (3.1) applied to the martingale {7,,}. O

Proof of Corollary[1.1 Fix z € Qo. From the definition of £(¢) and Fubini’s
theorem we get

IN

1 1 )
’/y hAu(x,h)dh‘ ‘/ h(Au(z, h) — Au(z, 1))dh| + |Au(z, 1)/y hdh

16
/yh/h dtdh+f|Au(x D)
< ;/ War 4} 1aut. ).

So the corollary follows from ([1.12)) and assumption ([1.13)). O

Proof of Corollary[1.3 Since ¥(y) < B*log (1/y), it is sufficient to check,
by direct computation, that hypothesis ((1.14]) implies

1
/ e 4,
y t
lim sup

y—0 \/Iog (1/y) logloglog (1/y)

Then Corollary [I.2] follows from Corollary [I.1] O

IA

< Q.




14 JOSE G. LLORENTE, A. NICOLAU

4.3. Threshold condition for self-improving. The goal of this subsec-
tion is to understand which growth conditions on the gradient give self-
improving results as Theorem Standard examples of lacunary series
provide a negative answer in this direction: for any 0 < § < 1 there exists u
harmonic in R?, satisfying y|Vu(z,y)| < y~° for any (z,y) € R% and such
that
limsup °[u(=, y)| > 0,
y—0
for almost every = € R. Since the trivial global bound for |u(z,y)| is O(y~%)
as y — 0, no self-improvement occurs. On the other hand, if u € By then
1
t

(4.6) lu(z,y)| < |u(x,1)] +/ wi)dt, z € RY,

Yy
for 0 < y <1, therefore the vertical growth of |u| is governed by the integral
at the right hand side of (4.6). In view of Theorem 1.1} self-improvement
will occur provided that

1
(4.7) V¥ (y)loglog ¥(y) = 0(/ wfft) dt) as y — 0.

Yy

As usual, the notation f(y) = o(g(y)) means that f(y)/g(y) tends to 0 as
y — 0. It is then natural to ask if there exists a “threshold” growth condition
on ¢ implying (4.7)). This is the content of the next result.

Theorem 4.1. Suppose that 1 : (0,1] — (0, +00) satisfies (1.7)), (1.10) and

the following concavity condition

(4.8) P(y/2)v(2y) <P3(y), 0<y<1/2.
If, in addition,

log (1
(4.9) logw(y):0< g(y) )) asy — 0,

log log (%
then (4.7) holds.

Remark 4.1. The specific logarithmic expression at the right hand side of
(4.9) comes up, in a natural way, when solving the ODE derived from the
identity

1
V¥ (y)loglog ¥(y) = / wl(tt)dt
Yy

together with standard asymptotic estimates. Condition can be seen
as a threshold assumption on ¢ that guarantees self-improvement. Some
concavity property like seems to be necessary for the argument behind
Theorem to work. For instance one can take 1 (y) = (log(1/y))® where
a > 0.
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Note that the doubling property (1.10) provides constants Cy,Co > 0
such that, if 2=+ <y < 27" for some positive integer n, then

C1y (2 h) < /1 d’ff) dt < Cy» (27,
k=1 Y k=1

CrY WP < W) <G) W)
k=1 k=1

Then, taking ap = ¥(27%), k = 1,2,..., Theorem can be rephrased in
discrete terms as follows.

Lemma 4.3. Let {a,} be a sequence of positive numbers satisfying

(4.10) an < ap+1 < Cap, n=12 ...,

(4.11) ani1an-1 < a2, n=12 ...,
n

412 log a,, = ( )

( ) 08 n =0 logn

for some constant C' > 1. Then

n n

(4.13) (Z a?)loglog () a}) = 0( Z ak> asmn — oo.

k=1 k=1 k=1

Proof of Lemma[{.3 Let us perform some preliminary reductions. Consid-
ering the function F'(z) = zloglogx, x > 1, (4.13]) reads
n n
2
F(Y ) =o((Xa)’),
k=1 k=1
which is, in turn, equivalent to
n n
Zai:O(G( ak)>,
k=1 k=1
where G(z) = 2%/loglogz. By Stolz’s lemma and (#.10)), it is sufficient to

show that

a2

(4.14) lim n =0.
n—oo anG’( ZZ:1 ak)

Since G’(z) is comparable to H(z) = x/loglogx as z — oo, (4.14) is equiv-
alent to

(4.15) lim —— ),

n—oo H (34, ar)
Now, another application of Stolz’s lemma says that (4.15)) follows from

—a,_1)logl n_
(4.16) lin (@n = an-1) loglog (355 ax)

n—00 an

=0.
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We can assume a; = 1. It is now convenient to translate (4.16)) into multi-
plicative form. For that, put

n

an =[]+ M), n=12...
k=1

Then it is easy to check that (4.10)),(4.11)) and (4.12) translate, respectively,
into

(4.17) 0<\, <C—-1, n=1,2,...,
(4.18) An > A1, n=1,2...,

" n
4.1 A = .
(4.19) ; K 0(10gn)

On the other hand, since a, < C*, k= 1,2, ..., we deduce

n

log log (Z ak) < 2logn
k=1

if n is sufficiently large. Therefore,
n
Ap — Ap—1
T log log ( ; ak) <2\, logn
and would be deduced from the estimate
1
logn

Finally, to show (4.20]), observe that, from (4.18) and (4.19), we have
n
nh <3 A = o)

pt logn

so (4.20) follows. This proves Lemma and, consequently, Theorem
O

(4.20) An = o

) as n — oQ.

5. PROOFS OF COROLLARIES [I.3] AND [[.4]

Proof of Corollary[1.3 Consider u = logv. Harnack’s inequality provides a
constant B = B(d) > 0 such that

y|Vo(z,y)| d+1
yIVulz, y)| = <B, (z,y)€R{.
V)] = 1A (2.0) € B
A calculation shows that Au = —|Vv|?/v? and we deduce that there exists

a constant C' = C(d) > 0 such that
d
y3]V(Au)(3:7y)| <C, (z,y)€ R++1.
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So, u € By, . by choosing constant functions ¢ and . Since

1 1 2

t t

/ tAu(z, t)dt = —/ Iv;)($)|dt = —A%(v)(x,y), 0<y<l,zeRy
Y Y v (xvt)

part (a) of Theorem finishes the proof. O

Harnack’s inequality shows that there exists a constant B = B(d) > 0
such that A%(v)(z,y) < Blog(1/y) for any x € R% and 0 < y < 1/2. We
will now show that this inequality is sharp. Actually, we will construct
positive harmonic functions v in R‘fl verifying the converse inequality:
A%(v)(z,y) > Clog(1/y) for any z € R? 0 < y < 1/2 and a certain constant
C > 0. Functions v with this property will be constructed as harmonic ex-
tensions of certain positive measures x in R? that will be defined inductively,
declaring its mass on any dyadic cube. Let pu(Q) = 1 for any dyadic cube
Q C R? of side-length 1. Fix positive real numbers {p; : i = 1,...,2%} such
that

2d
Zpi = 1.
i1

Fix an integer n > 1. Let Q € D,_1 be a dyadic cube of generation n — 1
and assume, by induction, that ©(Q) has already been defined. Write

2d
Q= @,
j=1

where Q7 € D,,. Then set u(Q7) = p;u(Q), 7 = 1,...,2% This defines the
measure p. Let v = Plu] denote its harmonic extension to Riﬂ. Assume
that not all the weights p; are the same, that is, max{pi,...,pya} > 27%
Then there exist constants C; > 1, i = 1,2, such that for any = € R? and
any 0 < y < 1/2 we have

sup{v(z,t) : y <t < Cry} > Cru(z,y).

Hence

/ﬁﬂwmmﬁ
s vt

v

sup{|logv(z,t) —logv(z,y)| : y <t < Cry}
> logCh.

Cauchy-Schwarz inequality gives

Cry Cry 2 1/2
y v(z,t) y v2(x,t)

and one deduces

/Cly {Vo(z,)f . (logCh)”
Y v2(z,t) — logCy
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Given 0 < y < 1/2, let N be the largest non negative integer such that
CNy < 1. Then

Cty t|Vv )|2 Nlog?(Cs)
> dt > .
(2.9) Z / > o0s G

Hence there exists a constant C' > 0 such that A%(v)(x,y) > Clog(1/y),
0<y<1/2

Proof of Corollary[1.J. Consider u(z) = —log(1 — |f(2)?), z € D. Note
that sup{|u(z) — dn(f(2),0)| : z € D} < co. By Schwarz-Pick Lemma, there
exists a constant B > 0 such that

(1-|23)|Vu(z)| < B, zeD.

A calculation gives that Au(z) = 4|f'(2)[*(1 — |f(2)]*)72, 2 € D. Hence
there exists a constant C' > 0 such that

(1— |23 V(Au)(2)| < C, zeD.

So, u € By, . by choosing constant functions ¢ and €. Since

" _ log(1/t)| f'(t€)[?
/O log(1/¢) Au(te)dt — 4/0 A i 0<r<lgeom,

part (a) of Theorem in the setting of the unit disc, finishes the proof. [

Remark 5.1. Note that Schwarz-Pick Lemma gives that A%(f)(&,r) <
log(1—7)"1, 0 < r < 1, ¢ € OD. This estimate is sharp. For instance
if f is a finite Blaschke product, there exists a constant C = C(f) > 0
such that the converse estimate A2?(f)(¢,7) > C'log(1 — r)~! holds for any
1/2 < r <1 and £ € dD. There are also infinite Blaschke products ver-
ifying the converse estimate. A Blaschke product f is called of bounded
compression if there exists a constant ¢ = ¢(f) > 0 such that the hyperbolic
diameter of f(B) is bigger than ¢, for any hyperbolic disc B of hyperbolic
radius 1. It turns out that f is of bounded compression if and only if there
exists a constant ¢; = ¢1(f) > 0 such that

sup{|Di(f)(2)] : = € B} > ey,

for any hyperbolic disc B of hyperbolic radius 1 (see [9]). This condition
implies that there exists a constant ca = co(f) > 0 such that

(1 - 2)| ()2
d oD.
Alwzu—uuam t>e O<r<lic

We deduce that there exists a constant c3 = c3(f) > 0 such that A%(f)(¢,7) >
cglog(l—7r)"1 1/2<r <1, &€ OD.
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