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Abstract

We characterize the connected components of the subset CN* of H® formed by the products bh, where
b is Carleson-Newman Blaschke product and & € H® is an invertible function. We use this result to show
that, except for finite Blaschke products, no inner function in the little Bloch space is in the closure of one
of these components. Our main result says that every inner function can be connected with an element of
CN* within the set of products uh, where u is inner and 4 is invertible. We also study some of these issues
in the context of Douglas algebras.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Let H be the Banach algebra of bounded analytic functions in the unit disk D with the norm
Il flloo = sup,ep | f (2)]. A function in H* is called inner if it has radial limits of modulus one at
almost every point of the unit circle dD. A Blaschke product is an inner function of the form

b(Z) )\Zm 1—[ Zn Zn _

|Zn] 1 —Znz’
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where m is a nonnegative integer, A € 0D and {z,} is a sequence of points in D \ {0} satisfy-
ing the Blaschke condition ), (1 — |z,4]) < co. If A = 1, we say that b is normalized. Given
a Blaschke product b, we denote by Z(b) = {z,,} the sequence of its zeros repeated according
to their multiplicity. A classical result by O. Frostman tells us that for any inner function u,
there exists an exceptional set £ = E(u) C D of logarithmic capacity zero such that the Mo-
bius shift (u — «)/(1 — au) is a Blaschke product for any « € D \ E (see [4] or [5, p. 79]).
Hence, any inner function can be uniformly approximated by Blaschke products. The set of
invertible functions in H* will be denoted by (H %=1 and it consists of those functions
h € H* satisfying inf|h(z)| > 0, where the infimum is taken over all points z € D. Let J*
be the open set in H* of functions of the form f = uh, where u is an inner function and
h € (H*®)~!. Equivalently, J* consists of those functions in H> whose non-tangential limits on
the unit circle are bounded away from zero. A result by Laroco asserts that J* is dense in H*®
(see [15]).

A sequence of points {z,} of the unit disk is called an interpolating sequence if for any
bounded sequence of complex values {w,}, there exists a function f € H*® with f(z,) = wy,
n=1,2,.... A celebrated result by Carleson ([2] or [5, p. 287]) asserts that {z,} is an interpo-
lating sequence if and only if

igf(l —1zal?) [ z0)| > 0,

where b is the Blaschke product with zeros {z, }. Although interpolating Blaschke products com-
prise a small subset of all inner functions, they play a central role in the theory of the algebra H°.
See for instance the last three chapters of [5]. Marshall proved that finite linear combinations of
Blaschke products are dense in H* (see [16]). Later, this result was sharpened in [6] by show-
ing that one can use interpolating Blaschke products. However, the following problem remains
open.

Problem 1.1. For any inner function u# and ¢ > 0, does there exist an interpolating Blaschke
product b such that |ju — b|lo < €7

This question was posed in [14] and [5, p. 420], and it is one of the most important open
problems in the area. The following weaker version of Problem 1.1 is also open.

Problem 1.2. For any inner function u and ¢ > 0, does there exist an interpolating Blaschke
product b and an invertible function 4 € H such that ||u — bh|s < &?

This is really a question of approximation in BMO. Recall that a function f € L!(3D) is in
the space BMO if

1

I|f||*=SUPmI/|f—f1| < 00,

where the supremum is taken over all arcs I C 9D of the unit circle and f; = |I]|~! / 1 f
is the mean of f over the arc /. A classical result by Fefferman and Stein says that a
function f € L'(dD) is in BMO if and only if f can be written as f = r + §, where
r,s € L°°(9D). Here § means the harmonic conjugate of s. Moreover, | ||« is comparable to
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I flliBmMo = inf{||7]loc + [IS|lcc}, Where the infimum is taken over all possible decompositions
f =r+5+c, where c is a constant. It is easy to see that Problem 1.2 has a positive answer if
and only if for any inner function # and any ¢ > 0, there exists an interpolating Blaschke prod-
uct b such that a suitable branch Arg(u/b) of the argument of the function u(£)/b(§), & € 9D,
satisfies

| A /5) gy <=

Since Problem 1.1 amounts to find b such that the above estimate holds with sup-norm, we see
that Problem 1.2 is the BMO-version of Problem 1.1.

In connection with the theory of Toeplitz operators on Hardy spaces and the existence of
unconditional basis of reproducing kernels in model spaces, Nikolskii proposed the following
weak version of Problem 1.2, which is also still open [24, p. 210] (see also [25, pp. 91-93]).

Problem 1.3. For any inner function u, is there an interpolating Blaschke product b such that
dist(ub, H®) <1 and dist(bit, H*) < 1?

An equivalent formulation is to ask whether there is an interpolating Blaschke product » and
h e (H®)~! such that ||u — bh|ls < 1 (see [24, p. 220]).

A Blaschke product b is called a Carleson—-Newman Blaschke product if it can be decomposed
as a finite product of interpolating Blaschke products, or equivalently, if

up=y_ (1-1z0)s;

b(z)=0

is a Carleson measure. Here 8, denotes the Dirac measure at the point z. Recall that a complex-
valued measure u in the unit disk is called a Carleson measure if there exists a constant C > 0
such that

/|f(z)|dlul(z) <Clflh
D

for any function f in the Hardy space H'. The infimum of such constants C is denoted by
lielle. It is well known that any Carleson—-Newman Blaschke product can be approximated uni-
formly by interpolating Blaschke products (see [17]). Thus, one can interchange interpolating
and Carleson—Newman Blaschke products in the questions above, as well as in the rest of the
paper. Let CN* be the open set in H* of functions of the form f = bh where b is a Carleson—
Newman Blaschke product and 7 € (H*)~!. Equivalently, CN* consists of those functions
f € H® for which there exist numbers 0 < r < 1 and ¢ > 0, such that for any z € D one has
sup{|f(w)|: |lw —z| <r(1 —|z|)} > c. The equivalence follows from HoffmanSs theory on the
Gleason parts of H* (see [12] or [5, X]).

The main purpose of this paper is to study the connected components of J* and CN*. This
shall lead us to answer natural analogues of Problems 1.2 and 1.3, as well as to consider a number
of related questions. The components of the set of inner functions has been considered by Herrero
in [10] and by Nestoridis in [20] and [21].
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A continuous version of Problem 1.2 can be stated as follows: given an inner function «, does
there exist a path in CN* (except for the final point) which ends at #? Or more basically, is any
inner function in the closure of a connected component of CN*? We prove that the answer to
both questions is negative. Recall that an analytic function f on the unit disk is in the little Bloch
space if

i (1120 =0,

Blaschke products with finitely many zeros are in the little Bloch space but it also contains many
other inner functions. We prove in Theorem 2.10 that any inner function in the little Bloch space
which is not a finite Blaschke product does not belong to the closure of a single component of
CN*. The proof uses a description of the connected components of CN* given in Theorem 2.7.
Roughly speaking, the component of a function f € CN* is described in terms of the zeros of f
and the Fefferman—Stein decomposition of the Cauchy integral of a path measure associated to
those zeros.

In contrast to the situation described above for functions in the little Bloch space, any compo-
nent of J* contains an element of CN*. This is stated in the main result of the paper, Theorem 3.7.
It can be understood as a positive answer to a weaker version of Problem 1.3. Actually, if
lu — bh||so < 1, the segment y () = u + t(bh — u), where ¢ € [0, 1], is contained in J* and
joins ¥ (0) = u with y (1) = bh. Our proof shows that there exists a universal constant N such
that for any inner function u there is a polygonal path y: [0, 1] — J* formed by at most N seg-
ments so that y(0) = u and y (1) € CN*. The proof is constructive and it is the deepest part of
the paper. It uses a Carleson contour decomposition and a discretization of harmonic measures
in its interior. This provides a path in L°°(dD) which can be lifted to J*.

We will abbreviate Carleson—-Newman Blaschke product by CNBP. The paper is organized
as follows. Section 2 contains the description of the components of CN* and the result on inner
functions in the little Bloch space. Section 3 is devoted to the main result of the paper. Finally, in
Section 4 we relate the previous results to Douglas algebras, present an example that illustrates
the fact that two arbitrary functions in J* or CN* can be multiplied by a CNBP into a single
component, and mention some open problems.

2. The connected components of CN*

Let p be a finite complex measure in the complex plane. Let C.(u) be its truncated Cauchy
integral defined in the unit circle as

: d
o= [ S
|z—ei?|>¢

It was shown by Mattila and Melnikov that the Cauchy integral defined as C(u)(ef) =
lim,_,0 Cs (1) (e'?) exists at almost every point ¢/? € 9D (see [18]). This was a consequence
of the following weak-L! estimate: there is a universal constant C such that for any A > 0,
I{e! € aD: C*(w)(e'?) > A} < CA™ 1|\ w|l. Here C*(11) denotes the maximal Cauchy transform

defined as
dpu(z)
el —z

|z—ei?|>e

C*(w)(e"”) = sup

>0
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We start with a well-known result on Cauchy integrals of Carleson measures which will be used
later. For 0 < p < oo let HP be the Hardy space of analytic functions f in the unit disk for
which

2
I£FID = supf|f(re"9)|”d9 <00
r<l1 0

and H(f be the subspace of those f € H” with f(0) =

Lemma 2.1. Let i be a complex-valued Carleson measure on D and for 0 < r < 1, let u, be its
restriction to the disk rD. Then

(1) C(ur) converges in L2-norm to C(n)asr —1,
@) C(w) € H and C(w) 2 < Il |l (D)2,
3) C(n) € BMO and ||C(10)|lBMO < Cllitlle, where C is an absolute constant.

Proof. Given two functions f, g € L>(dID), let ( f, g) denote their scalar product in L2(3D). It is
obvious that &, (¢!) = e!?C(u,)(e'?) can be extended to a function in H*, and for f € H? we
have

2

(f,hﬁ:/f(e"@)/l_;_le ur(z) ff(z)dur(z)

0 D

By the Cauchy—Schwarz inequality
2 172 1/2
Mﬁmﬂs([ﬁ@ndm«n> i D)2 < e 121 £ Nl e (D)2
D

1/2

Since [|tr lle < llelles we get 11|z < [l [ |(D)'/2. Similarly,

1/2
lhy — Bl < llle?11er — s |(D)'/2,

from which &, converges in L2(dD) to a function & when r — 1, with ||| < |||l 1/2|y.|(]D))1/2.
Observe that |Ci—, () (€?) — C(u,r)(€?)] < C*(uw — pr)(€'?). Then the weak-L! estimate tells
us that C(u,) converges in measure to C (i) as r tends to 1. Thus A (e'?) = €?9C (1) (e'?) at almost
every point ¢'? € D and (1) and (2) follow.

Let f € H® and write f(e'?) — £(0) = ¢! g(¢!?), with g € H*®. Then

g(e’®) do
—ze—i9 21

du(z)

1£.C0)| = (7 — ﬂmcmw—y//

= ‘/g(Z)dM(z) ,
D
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which is bounded by [|e|lc |l f — FO) |1 < 2llellell f1l1. Since H* is dense in H', C() induces
a bounded linear functional on H'! with norm bounded by 2||t||.. This means that C(x) € BMO
with [[C(w)lIBMO < Clitlle. O

Remark 2.2. It is clear that the truncated measure u, in Lemma 2.1 can be replaced by xg, u,
where Eg, with 0 < s < 1, is any continuum of increasing compact sets in D such that for any
0 <r < 1 thereis s with rD C Ej.

Let ¢, (w) = (z — w)/(1 — wz) be the involution on D that interchanges 0 and z. The
pseudohyperbolic and hyperbolic distance between z and w in ID are respectively defined by
p(z, w) = |pz(w)| and

Bz, w) = log T P& W)

1 —p(z,w)

Let b, b* be two CNBP and let {zx}, {z}} be their zero sequences. Assume that there exists a
constant M > 0 such that B(zx, z;) < M for all k > 1. Let oy be a path measure from z; to z}
whose underlying path has bounded hyperbolic diameter. Consider the measures Sy = Z,](V:] Ok
and o =) 2, ox. It is clear that the Carleson norm of both measures is bounded by a constant
depending only on M and || Y32, (1 — |zx|)8z, llc. Thus, the previous lemma and remark say that
C(Sy) — C(0) in L?-norm. The next result tells us that on the unit circle the function 2ImC(o)
is an argument of the quotient b/b*.

Lemma 2.3. Let b (respectively b*) be a normalized CNBP with zero sequence {zy} (respectively
{2 }) such that sup, B(zk, zj;) < oc. Then

exp[iZImC(o)(eie)] = eiyb(eie)b*(em)

. . *
at almost every point €% € 9, where €'V = k>1 i—’;%, and we are interpreting here that
= k

z/1zl = |z|/z = —1 when z =0.

Proof. We can assume that z; # 0 # zj for all k > 1. Let o (w) = (Z/|z)(z — w)/(1 — Zw).
A straightforward calculation shows that

o, (@) |1 — ke 21— Zfe i 2
0y L, | oF *,—i0 —i0 2D
(xz;:(e ) |z I\l —zze 1—zre

Observe that

%

2 I .
/ ﬁdz = 2[L0g(1 — Zkeilg) . Log(l _ Zzeﬂe)],
2k
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where the imaginary part of Log(1 — w) varies between — /2 and 7 /2 for w € D. Hence,

N

N %
. 2 i i
2ImC(Sy)(e'”) =Imkz_;/ . dz= 2;[Arg(1 —zke ) — Arg(1 — zje )],

where Arg(1 — w) denotes the principal branch of the argument, which for w € ID takes values
between —m /2 and 7 /2. According to (2.1) one deduces

N *
exp[iZImC(SN)(eig)] = <H k| %k

*
k=1 %k

)bN (%) b% (). (2.2)

Zk

Here by (respectively b},) denotes the Blaschke product formed with the first N zeros of b
(respectively b*). Since ||C(Sy) — C(o)|l2 — 0, there is a subsequence N; such that the con-
vergence holds pointwise almost everywhere on 9D, and since the same holds for the partial
Blaschke products by and b*;\,, we can assume that the subsequence N; achieves the three con-

. b4
vergences at once. Furthermore, since ) [z} — zx| < 0o, we have that 1—[]1(\/:1 ;—’;|i| converges
* 1z

to a certain point ¢'? of the unit circle. Therefore, the corollary follows by taking limits in both
members of (2.2). O

Given a Carleson—-Newman Blaschke product we denote by w; the Carleson measure given
by up = > (1 — |z])8; where the sum is taken over all zeros z € D of b counting multiplicities.
Given a function v € L!(3), let § be its harmonic conjugate normalized so that #(0) = 0.

Corollary 2.4. Let b be a CNBP with zeros {zi} and &€ > 0. Then there is a = (e, || upllc) > 0
such that for any sequence {z;'} with supy B(zx,z;) < a and its corresponding Blaschke prod-
uct b*, there is h € (Ho")f1 such that

|b—b*h| <& and 2ImC(o) —loglhl € L®@HD).

Proof. We can assume that b and b* are normalized. Write o0 = Yoy, where oy is the
path measure in the segment from z; to z;. Then [lo|lc < C(a)|luplle, with C(a) — 0 as
o — 0. Therefore, given 1 > 0, we can choose o = «(n) small enough so that |o|. < n. By
Lemma 2.1 one has that ||C(o)|pmo < Cn, and the Fefferman—Stein decomposition of BMO
gives 2ImC (o) = u + 0, where |[i]loo + |V]lco < C'n. Here C’ > 0 is a fixed constant. Pick
h = e~V HT wwhere y is the constant appearing in Lemma 2.3. By Lemma 2.3, at almost every
point of the unit circle one has

bE*h—l — ei2ImC(a)e—v—iﬁ =e—v+iu
and consequently
[6= bRl <lhlloo[bB7A~" = 1], < el [l — 1], — 0

asn—0. O
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It is worth mentioning that two interpolating Blaschke products could be uniformly close but
still have zero sets which are hyperbolically far away one from the other. For instance consider
the singular inner function s(z) = exp((z + 1)/(z — 1)), z € D. For « € D let s, be its Mobius
shift given by s, = (¢ — s)/(1 — &s). It is easy to see that for any « € D \ {0}, the function sy
is an interpolating Blaschke product. It is clear that s, and sg are uniformly close if ||+ |B]
is small, but in this case, the hyperbolic distance between its zero sets is bounded below by
log(log ||/ log |B|) when || < |B]. Taking o = B% we see that the distance between their re-
spective zeros is bounded below by log 2.

Lemma 2.5. For 0 <t < 1, let u; be an inner function and h; € (H*®)~L. Assume that lu hyl
varies continuously with t in L°° (D). Then both |u;| and |h;| vary continuously in L°° (D).

Proof. Since |h,(e'?)| = |h; (e!)u, (¢'?)| varies continuously in L (dD) and

2
1z YL
Ihz(z)|=eXp(/7|l_Ze,»9|z log|h, (¢’ )|g ;
0

then |4, (z)| varies continuously on L (D). Thus, |u;(z)| = |h;(z)| " |k (z)u; (z)| varies contin-
uously in L*(D). O

We remark that the above lemma is false without taking modulus, that is, the continuity of
t = ushy in H* does not imply the continuity of ¢ — u,. An example will be given in Section 4
as a consequence of Proposition 4.5.

Lemma 2.6. For 0 <1 < 1, let b; be a CNBP and h; € (H®)~L. Assume that |bihy| varies contin-
uously in L°° (D). Then there is a reordering {z,i} of the zeros of by such that sup;, ,3(22, z}() < 00,

where {z,?} are the zeros of by.

Proof. Let {zx(¢): k =1,2,...} be the zeros of b;. By compactness it is enough to prove that
given 0 < ¢ < 1, for any #y € [0, 1] there is an open neighborhood V of 7y in [0, 1] depend-
ing on fg, such that whenever ¢’,t” € V, there is a reordering of the zeros of b,» such that
Bz (t"), zx(t")) < e, forany k > 1.

Fix 1y € [0, 1], since by, is a CNBP, its zero sequence Z(by,) can be split into n(¢y) sequences
Z(byy) = S1 U -+ U Sy such that B(z, w) > 1 for z, w € S with z # w. Consider the family
of open hyperbolic disks A; = {z e D: B(z,z;) < Mf—to)} for z; € Z(byy). We claim that any
connected component of | A j contains no more than n(zp) points of Z(by). In fact, suppose
that O =A; U---UA; is a maximal connected set such that z;,, ..., z;, belong to different
sequences S (not necessarily a component of [ J A ;). Then

d121m,30<m4 (0)\ (o)4 (fo) Eé—. (2.3)

Now, if z; € Z(b,,) belongs to the same sequence Sy as some of the points zj,, say z,, then
for every z € O,

1
B(zi z) 2 B(zi,zj) — B(zj,2) 21— 3
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So, B(zi, O) = 1/2 and consequently B(A;, O) > % 4’@ 5 = . Thus, A; cannot meet O,
which implies that O is indeed one of the connected components of U A j, and that the hyperbolic
distance between two of these components is > 1/4.

Since by, is a CNBP, there is some 7 > 0 such that |by,| > 7 in D\ Aj. Let Vi, C[0,1] be
a relatively open neighborhood of fy such that ||b; (2)| — |bs) (2)|| < % forall zeD and t € Vy,.
Then

{Ib:l <n/2} c byl <n} C UA forall € V.

Together with (2.3), this implies that every (simply) connected component §2 of the set {|b;| < n}
has hyperbolic diameter bounded by & /2.

The lemma will follow if we show that b, and b; have the same number of zeros in §2 for
t € Vi,. By a conformal mapping between §2 and D and the first paragraph of the proof, it is
enough to show that if B, are finite Blaschke products such that |B;| varies continuously for
0 <t < 1, then they have the same degree. By compactness, the degrees are bounded and there
is some 0 < r < 1 such that Z(B;) C rD for all ¢. Furthermore, composing at the right side
by some automorphism of ID we can also assume that B, (0) # O for all 7. If we write «j, with
1 < j < n(t), for the zeros of B; counting multiplicities, Jensen’s formula gives

n(r) z

n r 1 i
r (t):‘Bt(O)’jlj[lW:exp{gflog‘Bt(re 9)’5[9}.

-7

Since the right member of the equality is a continuous function of 7, so is #"®), which means that
n(t) is constant. 0O

We are ready now to prove our characterization of the components of CN*.

Theorem 2.7. Let b, b* be CNBP and h € (H®)™'. Then b and b*h can be joined by a path
contained in CN* if and only if the following two conditions hold.

(1) There is a reordering {z;;} of the zeros of b* such that supy B(zx, z;) < 00, where {zx} are
the zeros of b.
(2) If o =" ok, where oy is the path measure on the segment from zj to zj, then

2ImC(o) — log k] € L= (3D).

Proof. Let us first discuss the sufficiency of the conditions (1) and (2). Suppose that {z;} and
{z}} satisfy (1). Write M = sup; B(2k, 2) and zx(t) = zx + 1 (2} — zx) for 0 <t < 1. If b, is the
Blaschke product with zeros {zx(f): k =1,2,...} then ||up, llc < C1 = Ci(lplle, M) for all ¢.
Hence, there is a constant ¢ > 0 independent of ¢ such that

|bi(z)| =e if B(z, Z(b)) = 1. (2.4)

Leta = a(e/2, C1) < 1 be the quantifier of Corollary 2.4 and choose points 0 =79 < --- <1, =1
in the interval [0, 1] such that B(zx (1), zx(t")) < « for all k > 1, whenever ¢ and ¢’ belong to
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the same interval [¢;,¢;11], j =0,1,...,n — 1. By Corollary 2.4, for each 0 < j < n there is
gj+1 € (H°®)~! such that

|b1; = bi;igj41] <€/2 and  2ImCoy; ;) —log|gjt1] € L® (D). (2.5)

Here oy, ,,, is the sum of the path measures from zx () to zx(zj+1). Since |b;; (z)| > ¢ when
B(z, Z(by;)) = 1, for any 0 < s < 1, the zeros of the function by; + s(by;,,8j+1 — by;) are con-
tained in 2; ={z € D: B(z,Z (bt_/.)) < 1}. Moreover, by Rouche’s theorem on each connected
component of £2; it has as many zeros as b;;. Hence,

{b,j +5(be;, 8j+1 —bry): 0< s < 1}

is a segment contained in CN* which joins btj and b,jﬂng. Thus, b and b;, g1 ...8, can be
joined by a polygonal path contained in CN*. Write g =[]} gj € (H %)~1 and observe that

n—1
2ImC(oy,.q,) — loglgl =Y (2ImC(oy, 1;,,) — log|g;j411) € L™(ID),
j=0

and that C(o) = C(0y,,;,) on the unit circle. So far we have proved that if b and b* satisfy (1)
there is g € (H*°)~! that satisfies (2) and such that b and b*g can be joined by a path contained
in CN*. If h € (H*)~! is any function that satisfies (2) then

nl — -
tog ™! _ iogihl — fog lg| € L™ (D).

¥4

which implies that 4 = ge/ for f € H*. This means that # and g are in the same connected
component in (H*)~!. This proves the sufficiency.

The necessity of (1) follows from Lemma 2.6. Let us now prove that (2) is also necessary.
Let y : [0, 1] = CN* be a path joining y (0) = b and y (1) = b*h. Thus y (¢t) = b;h;, where b,
is a CNBP and i, € (Hoo)’l. By compactness, there exists a constant K > 1 such that K1g
|hi(z)] < K foranyzeDandany0<r < 1. Let0<e¢ < K ~2 be a number satisfying (2.4) and
choose points 0 =1y <t < --- < t, = 1 that simultaneously satisfy (2.5) and

&
bh; — bgh —
(12227 ss||oo<2K

for any t,5 € [tj_1,t;] and j =1,2,...,n. The existence of such points follows from Corol-
lary 2.4 and the first paragraph in the proof of Lemma 2.6. Hence, on 0D we have

16t biyyy — 8j41lloo < €/2 and by by, — htjlhwl | <272,
which leads to

Lo, 1] < K2y~ 15 ] < K2 < 1.
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1

Consequently, g J+1hf.iht_/+| = e/ with f € H*, which means that

log|gjt1| — (loglh;,,| —log|hy,|) € L*(0D).

Summing from j =0ton — 1 we get

n—1
log |g| —log|h| =) log|g; 1] — (log|hs,| — log |hyl) € L (D).
Jj=0

Since g satisfies (2), so does 2. O

It is important to notice that the invertible function /. of the above theorem is associated to
the particular reordering of the zeros of b*. Indeed, there could exist two different reorderings
of {z}} satisfying condition (1) of the theorem that lead to respective functions hy, hy € (H o0y ~1
with

log|hi| —log|ha| ¢ L™ (D).

An example of this phenomenon is given in Section 4, where in addition b = b*. We also remark
that instead of taking segments in the above proof, we can use an equicontinuous family (with
respect to the hyperbolic metric) of curves joining zx with z;; with bounded hyperbolic length. In
the proof of the theorem we have also showed the following

Corollary 2.8. Let b and b* be two CNBP. Then there exists a function h € (H®)™! such that b
and b*h can be joined by a continuous path contained in CN* if and only if there is a reordering
{z}} of the zeros of b* such that supy B(zk, 2f) < 00, where {z;} are the zeros of b.

We end this section applying Theorem 2.7 to the little Bloch space. The following lemma
is well known. It follows immediately from a couple of results given by Guillory, Izuchi and
Sarason: Theorem 1 of [8] and the first theorem in Section 3 of [9].

Lemma 2.9. Let u be an inner function and let b be a CNBP with zeros Z(b). The following two
conditions are equivalent:

(1) Timpy— 1 sup{lu(w)|: B(w, Z(b)) < a} =0 for any o >0,
(2) limpy|—1 lu()[(1 = [b(w)]) = 0.

In particular, if these conditions hold, sup{||u(z)| — |b(2)|]: z€ D} = 1.

Theorem 2.10. Let u be an inner function in the little Bloch space that is not a finite Blaschke
product and let 2 be a connected component of CN*. Then |u| cannot be approximated uni-
formly in D by functions | f|, with f € §2. In particular, u does not belong to the closure of any
component of CN*.

Proof. We argue by contradiction. Assume there exists a sequence b, of CNBP and a sequence
of functions A, € (H*)~! such that b,h, € £2 and sup{||u(z)| — |b,(2)h,(2)|]: z € D} — 0.
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Then |A,| tend to 1 uniformly on dID, and since 4, are invertible, it follows that |k,| — 1 uni-
formly on ID. Hence,

sup{[[u(2)] - b @)||: €D} 0.

Therefore, there is ng such that [[u(z)| — |bn,(z)|| < 1/2 for all z € D. Consequently, Lemma 2.9
says that there are constants m > 0, n > 0 and a subsequence {zx} of zeros of b,, such that
sup{|lu(z)|: B(z,zr) <m} > nforall k > 1. Since u is in the little Bloch space, |u(zx)| = n/2 for
all k sufficiently large. Now fix n such that ||u(z)| — |b,(2)|| < n/4 for all z € D. In particular,
|u(w)| < n/4 for any zero w of b,. Since u is in the little Bloch space,

B(zk: Z(ba)) = B({z: [u@)| =n/2and |z > |z}, {z: |u(z)| <n/d}) — o0

when k — oo. This holds because a function in the little Bloch space is Lipschitz with respect
to the hyperbolic metric, where the Lipschitz constant can be taken asymptotically tending to O
when approaching the boundary. By Theorem 2.7 there is no & € (H*)~! such that b,k and by,
connect in CN*, which is a contradiction. 0O

3. On the components of J*

We say that a Blaschke product b is floating if there is a sequence 0 < r, < 1, tending to 1,
such that infg |b(rye'?)| — 1 as n — oo.

Lemma 3.1. Every Blaschke product b can be factorized as b = b1by, where by and by are
floating Blaschke products.

Proof. Let Z(b) be the zeros of b counting multiplicities. Given any 0 <r < 1 and 8 < 1, there
are constants rg, r{, with r < rg < r; < 1, such that if By is the Blaschke product whose zeros
are the zeros of b that lie in {|z| <7} U{|z| > r1}, then infy | By(roe'?)| > B. Thus, if 0 < B < 1
is a sequence tending to 1 and 0 < r; < 1 is given, we can inductively construct a sequence
ry < rgs+1 — 1, such that if By is the Blaschke product whose zeros are those of b that lie in
{lz| < re=1} U {lz] = rk+1}, then infy |Bk(rkei9)| > Py for all k > 1. Define b; and b, as the
Blaschke products whose zeros are respectively

Z(by) ={z € Z(b): |z| <ryor ragy3 < |z| <rapys, fork >0},
Z(by) = {z € Z(b): rags1 < |z| < ragy3, fork >0}.

Then |b1(2)| > Pak+2 if |z| = rak42 and |b2(2)| > Bak if |z| = rax for all k > 1. It is also clear
thatb=>b1by. O

We say that an open set G C I is non-tangentially dense if for almost every ¢! € 8D, G con-
tains truncated cones

A;(em)z {zeD: |z—ei€| <a(l=lzl), lzl>r}, r<l<a

of arbitrarily large opening «. Since an inner function u has non-tangential limits of modulus 1 at
almost every point of dDD, the set {z € D: |u(z)| > &} is non-tangentially dense for any 0 < § < 1.
Next we state several technical results that will be used in the proof of our main theorem.
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Proposition 3.2. Let ug be a floating Blaschke product and u| be an inner function. Assume that
there exist a function h € (H®)~! with ||h||oo < 1, an open set 2 C D and a constant 0 < 8 < 1
such that:

(1) Fori=0,1, one has 2 C {Ju;| < 8}.

(2) Arclength Lyg on 352 is a Carleson measure.

(3) There exists an analytic branch of the logarithm of uih/ug in an open set of the unit disk
containing D\ §2, which we denote by log(u1h/ug), whose non-tangential limits

zeD\2, z—¢€!

lim , log(uih/ug)(z)
exist at almost every point ¢'® € 9D and define a function in L* (3).
(4) 108[[Aselc < infyp |A].
Then ug and urh can be joined by a path contained in J*.

Proof. First observe that for any ¢ € [0, 1], the function g, = ugexp(t log(u1h/up)) is a bounded
analytic function on a neighborhood of D\ §2. Moreover,

llOg(uulfh) _ 1—¢ Hhlt
|uge o | = luol" " |ur ||

Observe that |1]| < |g;| < 1 on the unit circle and |g;| < § on 9£2. Fix 0 <t < 1. By duality (see
[5, IV, Theorem 1.3]), one has

2

. ; ior dO
distz o) (g, H™) = sup g (e‘e)F(e’Q) >
FeH IFIi<1]y i

dz

= sup /gt(Z)F(Z)Z—"
FeH! | Fli<tly i
Fix F € H'. Cauchy Theorem and a limit argument shows that
dz dz
/g[(z)F(z)g = / 8 (Z)F(Z)Z' (3.6)

D 982
Indeed, since u is a floating Blaschke product, there are r; — 1 such that inf|;—, : luog(z)| = 1.

By condition (1) the circles |z| =r; do not meet §2 if j is sufficiently large. Let £2¢, k > 1, be
the connected components of £2. By Cauchy Theorem,

dz dz
F—: F_-
/g 2 Z /g 2

a(rj]D)) QkerDan
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By condition (2),
dz dz
li F— = F—.
]erolo / & 27 /g 21
3(r;D) 02
Now,
dz dw dw
g(Z)F(Z)gz g("jw)F("jw)”jE% g(w)F(w)E
a(r;D) aD oD

by the dominated convergence theorem, observing that |g(r;w) F (rjw)| is bounded by the non-
tangential maximal function of F' at w. This proves (3.6). Hence,

dz
‘/&(Z)F(Z)z—‘ <OlrallclFll.
T
oD

Consequently, (4) says to distzcm)(g:, H>) < infyp |#|/10. Therefore, there is f; € H* such
that

L.
lgr — fill Loy < 5 larglhl, (3.7

implying that at almost every point of dID one has

|h] |h| 4
Ile?lhlt—?%hl—?:glhl- (3.8)

In particular, f; € 3* for every ¢ € [0, 1].

Since log(u1h/ug) € L>(3D), the mapping from [0, 1] to L>°(3DD) given by ¢ > ¢’ 1021//10)
is continuous, and consequently there is a finite partition of [0,1], 0=t <t <--- <1, =1,
such that

1 log(“1t) 41 log(“dl) 1.
upe R I\ 4 “o o < —inf|h|,
” 0 0 ”L OD) < 5 4p I
which together with (3.7) implies that the three quantities
luo — fipllLo o) I fe; = frji o@Dy, lurh — fi, | Lo (om)

are bounded above by % infyp || for 0 < j < n. So, for any function in the segment joining f;;
with fljﬂ , that is for any 0 < s < 1, (3.8) says that

4 3. 1.
|[fij + 5z = Fipl 2 1yl = 1 fiy = ;] > 5 inf 1h] = S inf 3] = 2 inf |A],

and the same holds for the segments joining uo with f;,, and f; with uih. Hence, all these
segments are contained in J* and their union is a path in J* between ug and u1h. O
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We shall also use the following version of Proposition 3.2.
Proposition 3.3. Let ug be a floating Blaschke product and u| be an inner function. Suppose
that 2 C D is an open set and 0 < § < 1 is a constant satisfying properties (1) and (2) of
Proposition 3.2. Instead of (3) and (4) assume that:

(3°) There exists an analytic branch of the logarithm of the function u1/ug in an open set of the
unit disk containing D \ §2, which we denote by log(u1/ug), whose non-tangential limits

lim  log(u1/uo)(z)
zeD\$2, z—ei?

exist at almost every point e € 9D and define a function in BMO(0D).
4) 10810 |l < e 2logr/uo)lBymo,

Then there is h € (H®)~! with lhloo < 1 such that (3) and (4) of Proposition 3.2 hold.

Proof. Write y = || log( )||BM0 By hypothesis, on the unit circle one can decompose

log<u—l> =1mlog<ﬂ) —r 45 with [Flleo + 5loo < ¥
ug o

Taking h = e~ CF7+5 we have e=2” < |h| < 1. Thus (4) implies (4). Define log(u1h/ug) =
log(u1/ug) — (s + y +is). Therefore, at almost every point of the unit circle one has

h
log<ﬂ> =—(+y) +ir
uo

and (3) of Proposition 3.2 holds. Observe also that || log(%) Lo <3y. O

In certain cases, at almost every point of the unit circle the logarithm of the quotient of two
Blaschke products can be written as a Cauchy integral of a Carleson measure.

Lemma 3.4. Let u, b be Blaschke products. Let §2 be an open set of the unit disk containing
all the zeros of u and b such that D\ 2 is non-tangentially dense. Let v = v, — vy, where v,
(respectively vp) is the sum of the harmonic measures w(z, —, §2) on 952 from the zeros z of
u (respectively b). Suppose that the boundary I'; of each connected component 2; of 2 is a
Jordan rectifiable curve with 0 ¢ I'; satisfying

(1) Both functions u and b have the same finite number of zeros in each £2;.
(2) Arclength on the union of I'j is a Carleson measure.

(3) There is a constant Co > 0 such that for any arc y C I';, [v(y)| < Cop.

For each j > 1 fix a point & € I';. Then, there is a constant Cy such that for any z € D \ Q,

log§<z>=c1—2/ v(y (&), 5)——2/ v(y (&), s) i)s
i T
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where y (&, &) denotes the arc contained in I'j which goes from & to & in the counterclockwise
direction, defines a logarithm of u/b in D \ §2. Moreover, there exists a constant C such that

log %(z) =Cy+2i Imc[Zv(V@j, 5))dé|pf](z)

j
for almost every z € 9.

Proof. Let s (z) =( —2)/(1 — £7). For any z € D\ £2, the function

-t _ & 1
(1-E)E -2 (-F) (=9

(p/
—(3) =
1Z3

is harmonic with respect to & in the interior of I = | I';. Then

W) _ ) ¢, (2) Z/%(Z) dv, (&),

u(z) w(eryez P (2) J ¢ (2)
and the same holds for b. So, for any z € D \ 2,
u' () b 1 3

— —d . 3.9
@ b =5 1@ e

On the other hand, for j =1,2,...and z € ]D)\ﬁ,

GLJ s ] )
vV—2 1—-vz) v vE)

Iy yé;.6) v(&;.8)
Z/[ f (v—z>2 / a- ‘)Z}d”@)
Iy yé;.6) y(;.8)
3
— d , 3.10
/[(z—s) (1—&)] v© G10

/

because f r dv = 0. From (3.9) and (3.10), we deduce that there exists a constant C such that
on D\ £2 the function

d 1 dv
log%<z>=cl+zf[ / 2 / (l_ﬁz)ﬂdws)

Iy yE v (5.6
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is a logarithmic branch of u/b. Using Fubini, one gets

d dv
00 =C1 =3 [ vlr & 0) 2= 3 [ vlr e 0) .
I '

J]"/.

given that xy;.v) (V) = Xy(v.£,)(v) and v(I';) = 0. This gives the first statement. To prove the
second identity, consider the functions

zd
£ =Z/v(y(sj,v))%,
J r;
dv
g)= C —;/v(y(s,-,w)m,
1".

which according to Lemma 2.1, f € HO2 and g € H?. Observe that log(u/b) = f + g on dD.

Since log |u/b| = 0 = Re(f + g), the real part of the function g + f € H? vanishes. Hence,
g =—f +ic, where c € R is a constant, meaning that at almost every point of the unit circle,

10g%=f—f+ic=2ilmf+ic. O

Given a Blaschke product u, we will construct an interpolating Blaschke product b and a
Carleson contour I" = 92 verifying Lemma 3.4. The system of rectifiable Jordan curves I';
appearing in Lemma 3.4 is presented in the following result which is part of the proof of [23,
Lemma 3.2]. An explicit proof can be found in [11, Lemma 2]. This is a variation of the classical
corona construction given by Carleson in [3].

Lemma 3.5. Let u € H* with ||ullecc = 1. Let 0 < 8 < 1 be a fixed constant. Then there exist a
constant ¢ = £(8) > 0 and a system I' =) I'j of disjoint rectifiable Jordan curves I'; such that:

(@) |lu(z)| <8 when B(z,intI") <1,

() sup{lu(w)|: B(w,z) <15} > e whenz ¢intl,

(c) the arclength on I' is a Carleson measure A with ||Arl|l. < C, where C is a universal
constant independent of u and §.

Lemma 3.6. Let u be a Blaschke product and I' be a Jordan curve contained in D. Let int I
denote the interior of I', and consider the sum of harmonic measures

V= Z w(z, —, intI").
zeint I, u(z)=0
If L C T then

3

. . 1/vr (L)
diam, L > (11L1f|u|>

where diam, L = sup{p(z, w): z,w € L}.
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Proof. By harmonicity
. . — —1
w(z, L,intI")log(diam, L) ! < log’gow (z)|

for z €eintI" and w € L. Summing on z € Z(u) we obtain
1 —1
vr(L) log(diam, L)™' < log(irLlf|u|) .o

We are ready now to prove the main result of the paper.

Theorem 3.7. Let u be an inner function. Then there exists a path y : [0, 1] — J* such that
¥(0) = u and y (1) = bh, where b is a CNBP and h € (H*®)~!.

Proof. Using a Mobius transformation we can assume that u is a Blaschke product. By
Lemma 3.1 we can assume that u is a floating Blaschke product. Let 0 < § < 1 be a small
constant to be chosen later. Consider the contour I" given by Lemma 3.5 and decompose u as
u = uquy into two Blaschke products u1, us, where u; is formed with the zeros z of u that lie
inside the interior of I" such that 8(z, I") > 1. For each zero z of uj, part (b) of Lemma 3.5
provides a point w € D such that 8(z, w) < 16 and |uz(w)| = |u(w)| > €(§). This implies that
uy is a Carleson—-Newman Blaschke product. For each component [} of I" consider the measure

dv, €)=Y Y w@EInth), &€l

k>1u1(z)=0

where w(z, &, £2) denotes the harmonic measure from a point z € §£2 in the domain £2 C D.
Hence, the total mass v, (I;) is the number of zeros of u in the interior of I'y, which is finite by
(a) of Lemma 3.5, given that u is floating. Split each I'; into closed arcs that are pairwise disjoint
except for the extremes {I} ;: 1 <i < v, (I%)}, with v,, (Ik,;) =1 for all i, and locate a point
wg,; in Ik ;. Let by be the Blaschke product with zeros {wy ;: 1 <i < v,,(I%), k > 1}. Part (c)
of Lemma 3.5 and Lemma 3.6 show that b is a CNBP.

The theorem will follow if we show that the functions u and bju» satisfy the four conditions
of Proposition 3.3 when 4 is sufficiently small. Applying Lemma 3.4 to u; and b, we see that at
almost every point of 9D,

log(u1/b1) = Ca +2i ImC<Zv(y(sj,s)) dé|r,.),

J

where v =v,, — vp,. By (¢) of Lemma 3.5 and Lemma 2.1, log(u1/b1) belongs to BMO(dD),
where | log(u1/b1)|lBMo is bounded by an absolute constant (independent of u and §). Since
u/uzby = u1 /by, only (1) of Proposition 3.2 remains to be proved. This will follow if we show
that there is a constant ¢(§) such that

sup |usb1| < c¢(8) -0 when§ — 0. (3.11)
r
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Fix z € D with B(z,IntI") > 1 and observe that

1 1
= |1 dvy, (w). 3.12
Sl @)l F/Oglww(z)l Vi () S

Split the integral over I" as integrals over [ ; and consider the families of short and long arcs
defined by

S={TI;: diamg(I[},;) <1/4} and L= {I%;: diamg(I},;) > 1/4}.

Fix Iy ; € S. Since B(z,IntI") > 1, for w, wy; € Ik,

1
<C1(1= |ew@]?) < C2(1 = |puy, ]7) <2C2log ———,  (3.13)

1
2 low @) P, ()]

where C; and C, are universal constants. Hence

1 1
log dv,, (w) <2Cylog ——. (3.14)
F/ low@| o, @)
ki

Now for each Iy ; € £ let ay,; = ak i (z) € Ik,; such that

1 1
og ——— =supjlog——: we Fk,'}.
| (2] { low ()] ‘

Clearly,

Izl2
L < S ,
2 / 8 @l w( A< ) log o |¢ak,(z)| /|1 m()

Tielry Ieiel

where C; is the universal constant in (3.13) and m = > (1 — |ozk,,-|2)8ak4i. Next we will show
that m is a Carleson measure whose Carleson norm is bounded independently of z. Let O be a
Carleson square. If o ; € Q, since I ; is long, then 1 — |ozk,,-|2 < Clength(l;; N2Q), where
C is a universal constant. Thus m(Q) < Clength(I” N 2Q). Hence m is a Carleson measure
whose Carleson norm is bounded by a fixed multiple of the Carleson norm of the arclength of I".
Therefore, by [5, VI, Lemma 3.3],

dvy S K, 3.15
Z/ |w<>|”1() G-15)

Fk ,eﬁrk

where K is another universal constant. Applying (3.14) and (3.15) in (3.12) we get

1

1 1
<1
@] S lne)|

+2C; ) log——— +K,
2z 1, @)
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for B(z,intI") > 1. Since (a) of Lemma 3.5 says that |u(z)| < 6 when B(z,intI") = 1, and we
can assume that 2C» > 1,

1 1 1
log - <2C; |:log + log i| + K
b luz(2)| b1(2)]

Therefore

1/2C,

lu2(2)b1(2)] < (eX8) c(8),

which together with the maximum modulus principle proves (3.11). Summing up, if § is suffi-
ciently small, we can apply Propositions 3.2 and 3.3 to deduce that there exists & € (H*)~! such
that # and u2b1h can be joined by a path contained in J*. O
Remark 3.8. A careful examination of the proofs of Proposition 3.2 and Theorem 3.7 shows that
there exists a universal constant N such that any inner function can be joined in J* to a function
in CN* by a polygonal path formed by the union of at most N segments.
4. Applications and examples
4.1. The invertible group of a Douglas algebra

Given an inner function u, the Douglas algebra H*[i] is the closed subalgebra of L°°(dDD)
generated by H* and u. The maximal ideal space of H®[u] is naturally identified with the
subset of the maximal ideal space M (H°) of H* given by

M, ={xe M(H®): |u(x)| =1}.

Here we are looking at the functions of H* as defined on the whole maximal space M (H*)
(that is, we are identifying f € H® with its Gelfand transform). Given two inner functions u

and uy, it is well known that H*[iio] C H*[u] if and only if M,,, D M,,, (see [5, IX]).

Lemma 4.1. For 0 <t < 1 let u; be an inner function such that the mapping t — |u;| is contin-
uous from [0, 1] to L°° (D). Then, given € > 0O there is § > 0 such that

()| >1-8 = |u@|>1—¢ foral0<r<1.
In particular, H*®[ug] = H*®[u,] for all 0 <t < 1.

Proof. Forany # € [0, 1] we have |u;(z)| —1/8 < |us (2)] < us(2)|+1/8 for all z € ID whenever
|t — o] is small enough. Therefore, for these values of ¢ one has

{ze]D): |us(2)] > %} C {zeID): |ugy ()| > %} C {zeID): |u/(2)| > ;‘}

The first inclusion implies that u,;l e H*®({|u;] > 1/2}), and since ul_ol(eie) = ity (e'?) for al-
most every 0, [5, IX, Theorem 5.2] says that it;, € H°[i,;]. Analogously, the second inclusion
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shows that u, € H*[i;,]. That is, H*[u;] = H*[u,,]. Furthermore, let §, > 0 be a sequence
that tends to 0 and denote I = [0, 1]. The set

{t.x) eI x M(H™): |u;(x)| > 1—¢}

is an open neighborhood of I x M,, = (,{(t.,x) € I x M(H*): |ug(x)| > 1 — §,}. So, by
compactness there is some n such that

[, ) Juo()| > 1 =8} {0 |u,x)| >1—¢}. O

An immediate corollary of Lemma 4.1 is that if u, (0 < ¢ < 1) are inner functions such that
|u;| varies continuously in || ||o and ug is a floating Blaschke product, then

ir91f|uo(rnei9)} -1 = ir91f|u,(r,1ei9)| — 1 uniformly on 0 <7 < 1.

In particular, u, is a floating Blaschke product for all . Observe that this argument shows that in
Propositions 3.2 and 3.3, the inner function u is also a floating Blaschke product.

If A is a commutative Banach algebra with unit, and A~! is the group of invertible elements,
the connected component of the unit in A~! is exp A = {¢%: a € A}. Therefore, two elements
a,b e A~! are in the same component if and only if b € aexp A.

Theorem 4.2. Let ug, uy be two inner functions such that M,, = M,, and h| € (H®)"L. The
following conditions are equivalent:

(1) hiuy € ugexp(H*[ug]).

(2) For some open neighborhood U of My, in M (H®) with infy |uou1| > 0, there is a bounded
analytic branch of log(h1u1/ug) on U ND.

(3) There exists a CNBPb (or b = 1) with M}, 2 M,,, such that buy and bhyuy can be joined by
a path contained in J*.

Proof. (1) = (2). Let f € H®[iig] such that hju; = uge’. Since f € H*®[iig], given > 0
there are g € H* and n > 0 integer such that U, lugg + f| < n. The set {x € M(H):
lug(x)| > 1/2} is a neighborhood of M,,, where the function

o)
exXp — —1
uo ug

is continuous. In addition, on M,: A, = |ef+’73g — 1] < e — 1. Thus, by choosing 1 > 0 small
enough so that sup My, Ay < 1/4, we get that

Ay =

U:= {x € M(HOO): |u0(x)| > % and |A,7(x)| < %}

is an open neighborhood of M, such that the function (uh 1/u0)exp(g/u8) has a bounded
analytic logarithm on U N D. Clearly, so does u1h1/uy.
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(2) = (1). Let g € H>*(U N D) such that hjui/ug = e? on U N, where U is an open
neighborhood of M,,,. Then U N'ID is non-tangentially dense, and the function ¢ has a non-
tangential limit at almost every point of dDD that belongs to H*[ig] (see [5, IX, Theorems 5.1
and 5.2)).

(1) = (3). Let f € H®[iig] such that hju; = uge’ . Since the set

{g%: ge(H®)"', a,b e CNBPN Hm[ﬁo]—l}

is dense in H>[iig]~" (see [27, Theorem 3.3]), the homotopy ¢/, 0 <t < 1, in H*®[iip]~" can
be approximated by a polygonal path p(¢) formed by segments joining finitely many functions
of the form

a

0
p0) = Lgo—o,gl

a -
. L gn—, el = p(D),

ai

b b

where g; € (H®)™!, and a;,b; € CNBP N H>®[iio]~". Setting b = []}_b;, we have that
bugp(t), 0 <t < 1, implements a path in J* between bugy and buoef = bhu. Since each
bje H>®[iig]~!, so is b, meaning that M, D M,y,.

(3) = (1). Let y : [0, 1] — T* be a path joining y (0) = bug with y (1) = bhju;, where b is
as in (3), and denote by v, the inner part of y(¢). By Lemma 2.5, the map ¢ — |v;]| is continuous
from [0, 1] into L°°(DD), and consequently Lemma 4.1 says that y (¢) € (H®[5p])~! forall r €
[0, 1]. Hence, bug and bhiu; are in the same connected component of (H ©bue]) "L, meaning
that

bhiuy € bugexp(H>®[bug]) = bug exp(H*[iio]),

where the last equality holds because the hy[_)othesis My D M, implies that H lbug] =
H*[up]. So, multiplying the above formula by b we obtain (1). O

4.2. Nice Blaschke products
For a Blaschke product b and r > 0 write
ap(r) =inf{|b(2)|: B(z, Z(B)) > r}.

This function increases with r, so ap(00) := sup, ap(r) = lim, o 0tp(r) € [0, 1]. It is well
known that if b is a CNBP then «(c0) > 0. For a while it was mistakingly believed that the
converse is also true. However, in [7] the authors exhibit a Blaschke product b constructed
by Treil that satisfies op(00) > 0 but it is not a CNBP. Moreover, a quick examination of
the example shows that o (00) = 1. Notice that op(00) = 1 just means that |b(z)| — 1 when
B(z, Z(b)) — oo.

The significance of this constant is that if w € D satisfies 0 < |w| < ap(00) then by, =
(w —b)/(1 — wb) is a CNBP. Indeed, if » > 0 is such that |w| < o (r) then for every z € Z(by,)
there is some point £ € Z(b) with B8(z,&) <r. So, |by(§)| = |w|, implying that b,, is a CNBP.

Let 'y~ be the set of trivial points in M (H®°), that is, the points of M (H°) whose Gleason
part is a singleton. It is well known that an inner function is a CNBP if and only if it never
vanishes on 'y
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Corollary 4.3. Let b be a CNBP. Then
ap(00) = inf{‘b(x)|: X € FHoo}.

Proof. Let us denote the above infimum by y. If |w| < ap(00) then by, = (w — b)/(1 — wb)
is a Carleson—-Newman Blaschke product, and consequently never vanishes on I'ye. So,
Y 2 ap(00).

If y > ap(c0) there is a sequence {z,} such that §(z,, Z(b)) — oo and b(z,) — A, with
ap(00) < |A| < y. The last of these inequalities implies that b, = (A — b) /(1 — Ab) is a CNBP,
and consequently S(z,, Z(b,)) — 0 when n — oco. Hence, there is a subsequence of zeros of b;,,
say {wg}, such that 8(wg, Z(b)) — oo. By Theorem 2.7, b and b, cannot be joined by a contin-
uous path contained in CN*, which means the path by, with 0 <7 < 1, cannot consist entirely
of CNBP. In other words, there is 79, 0 < fo < 1 such that b, vanishes at some point of 'y,
a contradiction. O

A description of the CNBPs b that satisfy o(c0) =1 in terms of the distribution of their
zeros can be found in [22]. The techniques are based on a previous result by Bishop [1], where
he characterized the Blaschke products in the little Bloch space By in terms of their zeros. Not
surprisingly, the distribution of the zeros in both cases are diametrically opposed. Similarly, we
have seen in Theorem 2.10 the bad behaviour of the Blaschke products in By with respect to the
components of CN*, and next we show how nicely behaves a CNBP b with «(00) = 1.

Corollary 4.4. Let b be a CNBP and h € (H®)™'. Then a,(00) = 1 if and only if CN* (hb) =
J*(hb), where CN*(hb) (respectively 3*(hb)) is the component of hb in CN* (respectively T*).

Proof. First assume that o(c0) = 1. We prove the nontrivial inclusion. So, suppose that
ush, € 3* is a path, where u, is inner, h; € (H*®)~! and ughg = bh. By Corollary 4.3 and
Lemma 4.1,

Tue C{xe M(H™): [b(x)| =1} ={x e M(H*): |u;(x)| =1}

for all ¢. In particular, u; never vanishes on I'yoo and therefore it is a CNBP. Thus, the path is
actually in CN*. Now suppose that ap(00) < 1. Then by Corollary 4.3 there is some w € D such
that by, = (w — b) /(1 — wbh) vanishes at some point of I'y. Thus, hb,, € T*(hb)\ CN*(hb). O

In [21] Nestoridis proved that if « is an inner function such that for every 0 < ¢ < 1, the hy-
perbolic diameter of the components of {z € D: |u(z)| < ¢} is bounded by a constant depending
on g, then u and zu cannot be joined by a path of inner functions. Since by [12] such u must be
a CNBP satisfying «,, (c0) = 1, Corollaries 4.4 and 2.8 imply that there is no h € (H °)~1 guch
that uh and zuh are in the same component of J*.

4.3. Oddities
Proposition 4.5. Let f, g € J*. Then there is a CNBPb such that bf and bg can be joined by

a path contained in J*. Moreover, if f, g € CN*, then b can be chosen such that bf and bg are
Jjoined by a path contained in CN*,
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Proof. As will be explained later, only the second statement needs to be proved. So let f, g €
CN*. Tt is known that 'y is totally disconnected (see [26, Theorem 3.4]), and that the set of
functions

{hb1/by: h e (H®) ™" and by, by are CNBP}

is dense in C(I'y~) (see the comments preceding Lemma 4.3 in [26]). Since ['yoo is totally
disconnected, C (I'y~)~! is connected (see [19, Theorem I11.4]), and consequently there is a path
in C(I'y)~"! joining f with g. We can assume that this path is a polygonal path y : [0, 1] —
C(I'y)~" joining finitely many functions:

aop ai

h iy
boa lbla-"’ nbnag

fiho
where h; € (H*)~! and aj,bj are CNBP. Consider b = ]_[;f:0 bj, then by(t) is a polygonal
path in CN* that joins bf with bg. The proof of the first statement is analogous once [geo is
replaced by the Shilov boundary of H*. O

Let 1 € (H*®)~! which is not in the connected component of the unity. By Proposition 4.5
there exists a CNBP b such that b and bh are in the same component of CN*. Let b;h;, 0 <7 < 1,
be the path joining b and bh in CN*. Observe that 7 — b, cannot be continuous because ¢ > h;,
is not.

In [13] Jones used interpolating Blaschke products to find a constructive method of obtain-
ing the Fefferman—Stein decomposition of a BMO function. Our next result points in the same
direction.

Corollary 4.6. Let u be a real-valued function in L°°(0D), and let u be its harmonic conju-
gate. Then there exists a CNBP b with zeros {z;} and a permutation of these zeros {z;'} with
sup B(zk, zg) < 00 such that if o is the measure associated to these zeros by the comments pre-
ceding Lemma 2.3, then

ii e ImC(o) + L= (D).

Proof. Consider the function & = e“+% ¢ (H>)~! and apply Proposition 4.5 to i and 1. Then
there is a CNBPb such that bk and b can be joined by a path contained in CN*. Applying
Theorem 2.7 the proof is completed. O

4.4. Open questions

This subsection is devoted to mention several questions that appear naturally in this context.

The first one is to find a description of the connected components of J* from which one could
deduce our main result, Theorem 3.7. Let u and b be inner functions and i € (H*)~!. According
to Lemma 4.1 and Theorem 4.2 if u and bh are in the same component of J* then M,, = M}, and
there is a bounded branch of the logarithm of u/bh in a natural open subset of the unit disk.
However, these conditions do not seem to be sufficient.

Let u be an inner function and let J* () be the connected component of J* containing u. Does
there exist a function f in CN* such that the segment {u + 7 (f — u): 0 <7 < 1} is contained in
J*(u)? In other words, can we take N = 1 in Remark 3.8?
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Our main result says that any inner function can be joined in J* to a function in CN*. Can
it be also joined in J* to a CNBP? Observe that a positive answer to Problem 1.1 would imply
a positive answer to this question. Indeed, if ||u — b|loo < 1, the segment {u + #(b — u): 0 <
t < 1} is contained in J*. Also, it is not difficult to show that there are plenty of components of
3%\ (H*®)~! which contain no inner function. An easy example is provided by a finite Blaschke
product b and i € (H*®)~! \ exp H*®. It follows immediately from Theorem 2.7 that there is no
inner function in J*(bh).

Theorem 2.10 tells us that the boundary of a single connected component of CN* cannot con-
tain any inner function in the little Bloch space except for finite Blaschke products. It is natural
to ask for a description of the functions which are in the boundary of a connected component
of CN*.

Given a component U of J* describe all the components of CN* contained in U. Corollary 4.4
gives an answer in a particular case.

Acknowledgments

Both authors are supported in part by the grants MTM2011-24606 and 2009SGR420 (Spain),
and the second author by PICT2009-0082 (Argentina). The second author has also being sup-
ported by the Ramén y Cajal program while expending several years in the wonderful environ-
ment of the Universitat Autonoma de Barcelona.

References

[1] C.J. Bishop, Bounded functions in the little Bloch space, Pacific J. Math. 142 (2) (1990) 209-225.
[2] L. Carleson, An interpolation problem for bounded analytic functions, Amer. J. Math. 80 (1958) 921-930.
[3] L. Carleson, Interpolations by bounded analytic functions and the corona theorem, Ann. of Math. 76 (1962) 547—
559.
[4] O. Frostman, Potential d’equilibre et capacité des ensembles avec quelques applications a la théorie des functions,
Medd. Lunds. Univ. Mat. Sem. 3 (1935) 1-118.
[5] J.B. Garnett, Bounded Analytic Functions, revised first edition, Grad. Texts in Math., vol. 236, Springer-Verlag,
New York, 2007.
[6] J.B. Garnett, A. Nicolau, Interpolating Blaschke products generate H°°, Pacific J. Math. 173 (2) (1996) 501-510.
[71 P. Gorkin, R. Mortini, N. Nikolskii, Norm controlled inversions and a corona theorem for H°°-quotient algebras,
J. Funct. Anal. 255 (2008) 854-876.
[8] C. Guillory, K. Izuchi, D. Sarason, Interpolating Blaschke products and division in Douglas algebras, Proc. R. Ir.
Acad. 84 (1984) 1-7.
[9] C. Guillory, D. Sarason, Division in H* + C, Michigan Math. J. 28 (1981) 173-181.
[10] D. Herrero, Inner functions and the uniform topology, Pacific J. Math. 51 (1) (1974) 167-175.
[11] G.A. Hjelle, A. Nicolau, Approximating the modulus of an inner function, Pacific J. Math. 228 (1) (2006) 103-118.
[12] K. Hoffman, Bounded analytic functions and Gleason parts, Ann. of Math. 86 (1967) 74-111.
[13] P. Jones, Carleson measures and the Fefferman—Stein decomposition of BMO, Ann. of Math. (2) 111 (1) (1980)
197-208.
[14] P. Jones, Ratios of interpolating Blaschke products, Pacific J. Math. 95 (1981) 311-321.
[15] L.A. Laroco, Stable rank and approximation theorems in H°°, Trans. Amer. Math. Soc. 327 (1991) 815-832.
[16] D.E. Marshall, Blaschke products generate H°°, Bull. Amer. Math. Soc 82 (1976) 494-496.
[17] D.E. Marshall, A. Stray, Interpolating Blaschke products., Pacific J. Math. 173 (2) (1996) 491-499.
[18] P. Mattila, M.S. Melnikov, Existence and weak-type inequalities for Cauchy integrals of general measures on recti-
fiable curves and sets, Proc. Amer. Math. Soc. 120 (1) (1994) 143-149.
[19] J. Nagata, Modern Dimension Theory, Sigma Ser. Pure Math., vol. 2, Heldermann-Verlag, Berlin, 1983.
[20] V. Nestoridis, Inner functions: invariant connected components, Pacific J. Math. 83 (2) (1979) 473-480.
[21] V. Nestoridis, Inner functions: noninvariant connected components, Pacific J. Math. 87 (1) (1980) 199-209.
[22] A. Nicolau, Finite products of interpolating Blaschke products, J. London Math. Soc. 50 (1994) 520-531.



3774 A. Nicolau, D. Sudrez / Journal of Functional Analysis 262 (2012) 3749-3774

[23] A. Nicolau, D. Sudrez, Approximation by invertible functions of H°°, Math. Scand. 99 (2) (2006) 287-319.

[24] N.K. Nikolskii, Treatise on the Shift Operator, Springer-Verlag, Berlin, New York, 1986.

[25] K. Seip, Interpolation and Sampling in Spaces of Analytic Functions, Univ. Lecture Ser., vol. 33, Amer. Math. Soc.,
2004.

[26] D. Suérez, Trivial Gleason parts and the topological stable rank of H°°, Amer. J. Math. 118 (1996) 879-904.

[27] D. Sudrez, Approximation by ratios of bounded analytic functions, J. Funct. Anal. 160 (1) (1998) 254-269.



	Paths of inner-related functions
	1 Introduction
	2 The connected components of CN*
	3 On the components of I*
	4 Applications and examples
	4.1 The invertible group of a Douglas algebra
	4.2 Nice Blaschke products
	4.3 Oddities
	4.4 Open questions

	Acknowledgments
	References


