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Abstract. Let {φ∗
n} be the sequence of reflected orthogonal polynomials on

the unit circle T generated by a measure µ of Szegő class, and let Dµ be the
Szegő function of µ. We prove the uniform Cesàro asymptotics

sup
z∈Γζ

(
1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣)→ 0, n → ∞,

for almost all Stolz angles Γζ , ζ ∈ T. This extends a well-known asymptotic
result of Máté, Nevai, and Totik (1991) from the local scale O(1/n) near T
to the global scale O(1). We also study asymptotic behavior of arguments of
orthogonal polynomials and extend a classical theorem due to Grenander and
Szegő using a new technique. As an application, we derive global asymptotic
results for polynomial reproducing kernels under various assumptions on the
orthogonality measure.

1. Introduction

Let µ be a probability measure on the unit circle T = {z : |z| = 1}. Consider
its Radon-Nikodym decomposition, µ = w dm + µs. Here and in what follows m
is the Lebesgue measure on T normalized by m(T) = 1, the function w belongs to
L1(T) = L1(m), and µs is the singular part of µ. The measure µ is said to belong
to the Szegő class Sz(T) if logw ∈ L1(T), or, equivalently,∫

T
logw dm > −∞. (1.1)

Measures of Szegő class play a prominent role in the theory of orthogonal polynomi-
als [32], [30], [31]. With each µ ∈ Sz(T) one can associate the unique outer function
Dµ in the open unit disk D = {z : |z| < 1} satisfying |Dµ|2 = w almost everywhere
on T and such that Dµ(0) > 0. This function is called the Szegő function of µ. Let
{φn} be the sequence of orthogonal polynomials in L2(µ), degφn = n, and let φ∗

n

be the corresponding reflected polynomials defined by φ∗
n(z) = znφn(1/z̄). We use

the standard normalization

∥φn∥L2(µ) = 1, φ∗
n(0) > 0, n ⩾ 0. (1.2)

Szegő theorem determines the asymptotic behavior of reflected polynomials φ∗
n in

the open unit disk D. It says that

sup
n⩾0

φ∗
n(0) < ∞ ⇐⇒ µ ∈ Sz(T),

and, moreover, for every µ ∈ Sz(T) we have

lim
n→∞

φ∗
n(z)Dµ(z) = 1, (1.3)

uniformly on compact subsets of D. See Theorem 2.4.1 and Theorem 2.7.15 in
Simon book [30] for the proof. One of the most studied questions in the theory of
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orthogonal polynomials asks under which assumptions on the orthogonality measure
µ, relation (1.3) holds almost everywhere on the unit circle T. Let us briefly describe
known results (the reader familiar with the history of the problem can go directly
to Section 2 for the results of the present paper).

1.1. Regular measures, uniform convergence. When studying uniform con-
vergence of {φ∗

n} on T, it is natural to require smoothness properties on the measure
µ. Let us state apparently the best known result in this direction. Let µ ∈ Sz(T) be
such that µ = w dm and logw is a continuous function in T. Assume its modulus
of continuity ω(t) = sup{| logw(ξ) − logw(z)| : |ξ − z| ⩽ t} satisfies the following
Dini condition ∫ 1

0

ω(t)

t
dt < ∞. (1.4)

Then (1.3) holds uniformly on T. Geronimus and Golinski [16] attributed this result
to Grenander and Szegő [19]. A proof can be found in Golinski [17] and a local
version, that is, considering the modulus of continuity in an arc, in Badkov [4]. It
is worth mentioning that the condition on the continuity of logw is not sufficient
and (1.4) is really needed. Actually Golinski [18] proved that there exist weights w
such that logw is a continuous function on T whose modulus of continuity satisfies
ω(t) log(t) → 0 as t → 0, such that {φ∗

n} does not converge uniformly on T.

1.2. Steklov problem for weights uniformly separated from zero. Given
0 < δ < 1, a probability measure µ = w dm is in the Steklov class Sδ if w ⩾ δ at
almost every point in T. To emphasize the role of the measure µ, the orthonormal
polynomials with respect to the measure µ will be denoted by φn(z, µ). In 1921,
Steklov raised the conjecture of deciding if supn |φn(z, µ)| < ∞ for any z ∈ T pro-
vided µ ∈ Sδ. This conjecture was solved in the negative by Rahmanov [29] leading
to the problem of finding the right asymptotics of ∥φn(z, µ)∥∞ = sup{|φn(z, µ)| :
z ∈ T}. Consider M(n, δ) = sup{∥φn(z, µ)∥∞ : µ ∈ Sδ}. Aptekarev, Denisov
and Tulyakov [3] proved the remarkable result that fixed 0 < δ < 1, M(n, δ) is
comparable to

√
n. Later Denisov [11] considered positive measures µ = w dm

with w, 1/w ∈ L∞(T) and proved that there exists a constant C > 0 such that
sup{∥φn(z, µ)∥∞ : 1 ⩽ w ⩽ 1 + ε} ⩽ CnCε if 0 < ε < 1 and sup{∥φn(z, µ)∥∞ : 1 ⩽
w ⩽ T} ⩽ Cn1/2−C/T if T > 2. Moreover these estimates are sharp up to the value
of the constant C. See also Ambroladze [2] for continuous weights, Denisov and
Rush [10] for BMO weights, and Alexis, Aptekarev, Denisov [1] for Muckenhoupt
Ap weights.

1.3. Averaged convergence, general Szegő measures. In 1991, Máté, Nevai,
and Totik [23] proved a fundamental result on Christoffel functions generated by
general measures µ of Szegő class Sz(T). In the equivalent language of orthogonal
polynomials, it establishes Cesàro convergence

lim
n→∞

1

n

n−1∑
k=0

|φ∗
k(z)Dµ(z)|2 = 1 (1.5)

for Lebesgue almost every point z on the unit circle T. In 2008, Findley [13] showed
that (1.5) holds almost everywhere on an open arc I ⊂ T if we assume that the
measure µ is regular in the sense of Ullman and the local Szegő condition holds, i.e.,
logw ∈ L1(I). Originally, the study of asymptotic behaviour of Christoffel functions
was motivated by the problem of Cesàro summability of Fourier series generated
by orthogonal polynomials [22], in particular, by the previous work of Freud [14].
Surprisingly, (1.5) turned out to be very important in the seemingly unrelated area
of universality properties of orthogonal polynomials. The first application of (1.5)
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in this context is due to Lubinsky [21], it fast became a standard method. Totik
[33] discusses a general idea of usage of (1.5) in universality problems and gives
another proof of Findley’s result. A recent breakthrough by Eichinger, Lukić, and
Simanek [12] showed that Szegő condition (1.1) is not really needed for universality,
this phenomenon is much more general. Still, under the Szegő condition we know
the scale at which universality holds (∼ 1/n), and this knowledge follows directly
from (1.5), see the discussion after Theorem 1.2 in [12]. In the Szegő case we also
know a qualitative estimate for the rate of convergence of universality limits, see
[5]. This information is not available in the general non-Szegő case due to a usage
of compactness in [12].

1.4. Assumptions on the side of recurrence coefficients. In the next portion
of convergence results, assumptions on the orthogonality measure µ are formulated
in terms of the so-called recurrence coefficients. Let us recall that orthogonal poly-
nomials generated by a probability measure µ with an infinite support on T satisfy
the following recurrence relation:

φn+1(z) =
zφn(z)− anφ

∗
n(z)√

1− |an|2
, n ⩾ 0, (1.6)

for all z ∈ C and some numbers an ∈ D, n ⩾ 0, that are called recurrence coefficients
of µ. It is also known that any sequence {an}n⩾0 ⊂ D is the sequence of recurrence
coefficients of a unique probability measure µ with an infinite support on T. See
Sections 1.5, 1.7 in [30] for the proofs of these facts. Heuristically, small recurrence
coefficients {an} give rise to “regular” measures µ, Szegő functions Dµ, and reflected
orthogonal polynomials φ∗

n. For example, we have µ = m, Dµ = 1, φ∗
n = 1, n ⩾ 0,

for identically zero recurrence coefficients {an}n⩾0. It is therefore natural to ask
about the almost sure convergence property

lim
n→∞

φ∗
n(z)Dµ(z) = 1 for Lebesgue almost every z ∈ T, (1.7)

in terms of the size of the sequence {an}n⩾0. Using formula (2.4.35) in Simon [30]
for polynomials P = φk, one can see that

(Dµ(0)−1Dµ(z)
−1, φk)L2(w dm) = φk(0), k ⩾ 0.

Denote by S a subset of T such that m(S) = 1, µs(S) = 0, and let χS be the
characteristic function of S. It is known that χSD

−1
µ can be approximated in

L2(µ) by analytic polynomials, see formula (2.4.34) in [30]. It follows that χSD
−1
µ

belongs to the closed linear span of the orthonormal sequence {φk}k⩾0 in L2(µ).
Then basic Fourier analysis tells us that

χS(z)Dµ(0)−1Dµ(z)
−1 =

∞∑
n=0

φk(0)φk(z), z ∈ T, (1.8)

in the sense of convergence in L2(µ). Moreover, we have

φ∗
n(0)φ

∗
n(z)− φn(0)φn(z) =

n−1∑
k=0

φk(0)φk(z), z ∈ C, n ⩾ 1,

see (2.2.42) in [30]. From here and the Szegő asymptotic relation (1.3) at z = 0 we
see that (1.7) holds if and only if the orthonormal series

∞∑
k=0

ckφk (1.9)

converges pointwise almost everywhere on the unit circle T for the special choice of
Fourier coefficients ck = φk(0). The problem of pointwise convergence of orthogonal
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series was studied in much detail by Menshov. One of his most striking results [25]
says that for each ε > 0 and any square-summable sequence of coefficients {ck}k⩾0

the condition ∑
k: 0<|ck|<1

|ck|2
(
log log

1

|ck|

)2+ε(
log

1

|ck|

)2

< ∞

implies the pointwise convergence of (1.9) almost everywhere on T. In particular,
the above condition holds if ∑

k⩾0

|ck|p < ∞

for some 0 < p < 2. Another theorem of Menshov [24] (obtained independently by
Rademacher [28]) says that condition∑

k⩾1

|ck|2 log2 k < ∞,

is also sufficient for the pointwise convergence of (1.9) almost everywhere on T.
Using the fact that the product

∏∞
k=0(1−|ak|2) converges to a positive number for

every µ ∈ Sz(T) (this is another version of the Szegő theorem, see Theorem 2.7.14
in [30]), and the formula

φk+1(0) = − ak√∏k
j=0(1− |aj |2)

, k ⩾ 0,

from Section 1.5 in [30], we see from Menshov theorems that any of the assumptions∑
k: ak ̸=0

|ak|2
(
log log

1

|ak|

)2+ε(
log

1

|ak|

)2

< ∞ for some ε > 0, (1.10)

∑
k⩾0

|ak|p < ∞ for some 0 < p < 2, (1.11)

∑
k⩾1

|ak|2 log2 k < ∞, (1.12)

implies (1.7). Similarly, yet another Menshov result [25] implies that assumption∑
k⩾3

|ak|2(log log k)2 < ∞

guarantees the Cesàro convergence

lim
n→∞

1

n

n−1∑
k=0

φ∗
k(z)Dµ(z) = 1

almost everywhere on the unit circle T. The reader can find more information
on Menshov’s works and their subsequent development in the review paper by
Ul’yanov [34].

1.5. A theorem by Poltoratski and Denisov’s counterexample. Theory of
orthogonal polynomials on the unit circle (OPUC) is strongly related to the spectral
theory of self-adjoint differential operators with simple spectrum. Let us mention
two important papers in that field related to our work. In [26], a nonlinear Carleson
theorem for Dirac operators is proved, i.e., a continuous version of the statement

lim
n→∞

|φ∗
n(z)Dµ(z)| = 1 for every µ ∈ Sz(T) and Lebesgue almost every z ∈ T.

An error in [26] was found by Gevorg Mnatsakanyan. A new variant of the proof
is avaliable in the form of arXiv preprint [27].
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In recent preprints [8], [9], Denisov provides a counterexample to a strong version
of the nonlinear Carleson theorem. He actually constructs [8] a measure µ ∈ Sz(T)
such that (1.7) fails.

2. Main results

Consider a signed Borel measure µ of finite variation on the unit circle T. Let
us denote by P(µ, z) the Poisson integral of µ at z ∈ D, given by

P(µ, z) =

∫
T

1− |z|2

|1− ξ̄z|2
dµ(ξ), z ∈ D.

For u ∈ L1(T) and µ = u dm, we set P(u, z) = P(µ, z). Consider now a probability
measure µ = w dm+µs on T that belongs to the Szegő class Sz(T). Recall that the
latter means logw ∈ L1(T). Our analysis of asymptotic behaviour of orthogonal
polynomials will be largely connected with the following entropy function of µ:

K(µ, z) = logP(µ, z)− P(logw, z), z ∈ D.

By Jensen inequality, K(µ, z) ⩾ 0 for every z ∈ D. Take ζ ∈ T and consider the
Stolz angle with vertex at ζ, i.e., the convex hull

Γζ = conv
(
{z ∈ C : |z| ⩽ 1/2}, {ζ}

)
.

Here the constant 1/2 can be replaced by any constant r ∈ (0, 1) without essential
changes in the forthcoming statements and their proofs. Properties of the Poisson
kernel imply that for every µ ∈ Sz(T) we have

lim
z→ζ,
z∈Γζ

K(µ, z) = 0 (2.1)

for Lebesgue almost every ζ ∈ T. Sometimes we will also require more regularity
from the measure µ than just the membership in the Szegő class Sz(T). Take ζ ∈ T
and set zn(ζ) = (1 − 2−n)ζ for n ⩾ 0. Note that {zn(ζ)} is a sequence in Γζ

approaching the point ζ exponentially fast. As we will check (see the discussion
after Proposition 2.4 below), both conditions∑

n⩾0

K(µ, zn(ζ)) < ∞, (2.2)

∑
n⩾0

√
K(µ, zn(ζ)) < ∞, (2.3)

are weaker than the Dini condition (1.4) or its local version on an arc containing ζ.
In particular, assumptions (2.2), (2.3) do not force w to be continuous near ζ.
Observe also that (2.2) and (2.3) are the discrete versions of conditions∫ 1

0

K(µ, rζ)

1− r
dr < ∞,

∫ 1

0

√
K(µ, rζ)

1− r
dr < ∞.

Our main results are the following theorems.

Theorem 2.1. Let µ ∈ Sz(T) and ζ ∈ T be such that |Dµ| has a non-zero finite
non-tangential limit at ζ. If (2.1) holds at ζ, then

sup
z∈Γζ

(
1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣)→ 0, n → ∞. (2.4)

In particular, (2.4) holds for Lebesgue almost every ζ ∈ T for any µ ∈ Sz(T).
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(a) Stolz angle Γζ (b) Tiling the domain of convergence

Figure 1. Different asymptotic methods work in different regions.
On compact subsets of D, the classical Szegő argument applies.
Near the unit circle, at disks of radii ∼ 1/n, one can use Máté,
Nevai, and Totik approach. We prove the uniform Cesàro asymp-
totics in the whole Stolz angle Γζ . See also Theorem 4.8 for the
convergence in the bigger domain shown in Figure 1b.

Theorem 2.2. Let µ ∈ Sz(T) and ζ ∈ T be such that Dµ has a non-zero finite
non-tangential limit at ζ. If (2.2) holds at ζ, then

sup
z∈Γζ

(
1

n

n−1∑
k=0

∣∣φ∗
k(z)Dµ(z)− 1

∣∣)→ 0, n → ∞. (2.5)

Theorem 2.3. Let µ ∈ Sz(T) and ζ ∈ T be such that (2.3) holds at ζ. Then

sup
z∈Γζ

|φ∗
n(z)Dµ(z)− 1| = 0, n → ∞. (2.6)

Let us make some remarks on Theorems 2.1–2.3. First, we would like to note that
Theorem 2.1 implies Máté, Nevai, and Totik theorem [23], see (1.5). Indeed, the
property

sup
z∈Γζ

(
1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣)→ 0, n → ∞, (2.7)

is stronger than property

1

n

n−1∑
k=0

|φ∗
k(ζ)Dµ(ζ)|2 → 1, n → ∞, (2.8)

established in [23] for almost all ζ ∈ T. Besides the fact that (2.7) holds globally
in the Stolz angle Γζ , see Figure 1, there is another important difference between
(2.7), (2.8). Namely, (2.8) tells us that for n large enough the arithmetic mean of
the sequence {|φ∗

k(ζ)Dµ(ζ)|2}1⩽k⩽n is close to 1, while (2.7) implies that most of
the members of this sequence are close to 1.

Our second remark concerns sharpness of Theorem 2.1. Based on construc-
tion in [8], we conjecture that (2.4) cannot hold with |φ∗

k(z)Dµ(z)|2 replaced by
φ∗
k(z)

2Dµ(z)
2 for general measures of Szegő class.

Let us now discuss assumptions (2.2), (2.3) in Theorems 2.2, 2.3. Without trying
to formulate the most general results, we would like to demonstrate which properties
of µ can yield (2.2), (2.3).
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Proposition 2.4. Assume that µ = w dm is such that u = logw is bounded on T
and its Fourier coefficients û(k) = (u, zk)L2(T) satisfy∑

k⩾1

|û(k)|2 log k < ∞. (2.9)

Then (2.2) holds at Lebesgue almost every ζ ∈ T.

Proposition 2.5. Let µ = w dm be a probability measure in Sz(T) and let ζ ∈ T.
Assume that logw is bounded at a neighborhood of ζ and∫

T

| logw(ξ)− logw(ζ)|2

|ξ − ζ|
dm(ξ) < ∞. (2.10)

Then (2.2) holds at ζ.

Proposition 2.6. Let µ = w dm be a probability measure in Sz(T), let ζ ∈ T and
In = {ξ ∈ T : |ξ−ζ| < 2−n}, n ⩾ 0. Assume that logw is bounded in a neighborhood
of ζ and

∞∑
n=1

(
1

|In|

∫
In

∣∣logw − logw(ζ)
∣∣2 dm)1/2

< ∞. (2.11)

Then (2.3) holds at ζ.

Theorem 2.3 and Proposition 2.6 imply the classical result of Grenander and
Szegő and its improvement by Badkov (see Section 1.1). Indeed, for t = |ξ − ζ| we
have

| logw(ξ)− logw(ζ)| ≲ |w(ξ)− w(ζ)| ⩽ sup
|z1−z2|⩽t

|w(z1)− w(z2)| = ω(t)

if w is positive and continuous near ζ and t is small enough (as usual, we write
g1 ≲ g2 if g1 ⩽ cg2 for a constant c that does not depend on the parameters under
consideration, i.e., in the above case, on t). Therefore, (2.11) is weaker than the
classical Dini condition (1.4):

∞∑
n=1

(
1

|In|

∫
In

∣∣logw − logw(ζ)
∣∣2 dm)1/2

≲
∞∑

n=1

ω(|In|) ≲

≲
∞∑

n=1

∫ 2−n+1

2−n

ω(t)

t
dt ⩽

∫ 1

0

ω(t)

t
dt < ∞,

or its local version on an arc. Since our estimates for the remainders are qualitative,
Theorem 2.3 and Proposition 2.6 imply the uniform convergence φ∗

nDµ → 1 on any
open arc of T where w is positive and satisfies the Dini condition.

We would like to emphasize that assumptions in Propositions 2.4-2.6 (or, more
generally, assumptions (2.1)–(2.3)) are given directly in terms of the measure µ.
Therefore, they are much easier to check than assumptions (1.10)–(1.12) in terms
of recurrence coefficients when one starts from the orthogonality measure µ. On
the other hand, if one starts with recurrence coefficients of µ (such a situation
occurs in direct spectral theory of differential operators with simple spectrum), then
assumptions (1.10)–(1.12) are much easier than (2.1)–(2.3). From this perspective,
(2.1)–(2.3) and (1.10)–(1.12) complement each other.

Next, we apply our results to the study of the asymptotic behaviour of the
polynomial reproducing kernels

kµ,n(z1, z2) =
φ∗
n(z2)φ

∗
n(z1)− φn(z2)φn(z1)

1− z2z1
(2.12)
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generated by a measure µ ∈ Sz(T). It is well-known that these kernels have the
following universal asymptotic behaviour

kµ,n(z1, z2) = |D−1
µ (ζ)|2 1− z̄n2 z

n
1

1− z̄2z1

(
1 + rn(z1, z2)

)
, (2.13)

lim
n→∞

sup{
∣∣rn(z1, z2)∣∣ : z1,2 ∈ C, |z1,2 − ζ| ⩽ A/n} = 0, (2.14)

for every A ⩾ 0 and almost every point ζ ∈ T. Moreover, a bound for the rate of
convergence in (2.14) is known, see [5]. Let us write g1 ≍ g2 for two functions g1,
g2 if g1 ≲ g2 and g2 ≲ g1. Recall that the hyperbolic distance in D is defined by

dH(z1, z2) =
1

2
log

1 + ρ(z1, z2)
2

1− ρ(z1, z2)2
, ρ(z1, z2) =

∣∣∣∣ z1 − z2
1− z2z1

∣∣∣∣ . (2.15)

Note that dH(z1, z2) ≲ 1 for two points z1, z2 in some Stolz angle Γζ if and only
if 1 − |z1| ≍ 1 − |z2|. We prove the following extension of the local universality
relation (2.13).

Theorem 2.7. Let µ ∈ Sz(T) and ζ ∈ T be such that Dµ has a non-zero finite
non-tangential limit at ζ. Take A ⩾ 0. Define the function rn in D× D by

kµ,n(z1, z2) = D−1
µ (z2)D

−1
µ (z1)

1− z̄n2 z
n
1

1− z̄2z1

(
1 + rn(z1, z2)

)
. (2.16)

We have

lim
n→∞

sup
z1,z2∈Γζ ,

dH(z1,z2)⩽A

∣∣rn(z1, z2)∣∣= 0, if (2.1) holds, (2.17)

lim
n→∞

sup
z1,z2∈Γζ

1

n

n−1∑
k=0

∣∣rk(z1, z2)∣∣= 0, if (2.2) holds, (2.18)

lim
n→∞

sup
z1,z2∈Γζ

∣∣rn(z1, z2)∣∣= 0, if (2.3) holds. (2.19)

In particular, we have (2.17) for almost every ζ ∈ T for any measure µ ∈ Sz(T).

3. Preliminaries

In this section we recall the basic theory of orthogonal polynomials and collect
some results from [5]. Given a probability measure µ on T, its Schur function f is
defined by the relation

1 + zf(z)

1− zf(z)
=

∫
T

1 + ξ̄z

1− ξ̄z
dµ(ξ), z ∈ D. (3.1)

Taking the real part in (3.1), we get

1− |zf(z)|2

|1− zf(z)|2
=

∫
T

1− |z|2

|1− ξ̄z|2
dµ(ξ) = P(µ, z), z ∈ D. (3.2)

Since expressions in (3.2) are positive in D, we have |zf(z)| < 1 for every z ∈ D. In
other words, zf is an analytic mapping from D into itself. By Schwarz lemma and
the maximal modulus principle, the same is true about f (with the exceptional case
when f is a unimodular constant, it corresponds to the case where µ is the point
mass measure concentrated at a point of T). Conversely, any analytic mapping f
from D into itself leads to a probability measure µ on T defined by formula (3.1).
It is not difficult to check that in this correspondence the finite Blaschke products
generate probability measures µ supported on finite subsets of T. In what follows
we will always exclude this case from consideration assuming that µ is not a finite
linear combination of point masses.
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Consider a pair µ = w dm+ µs, f related by (3.1). Fatou’s theorem (see Theo-
rem 5.3 in Section I.5 in Garnett [15]) implies that for Lebesgue almost every ξ ∈ T
we have

1− |f(ξ)|2

|1− ξf(ξ)|2
= w(ξ). (3.3)

Note that Re(1− zf(z)) ⩾ 0 for z ∈ D, hence the function 1− zf is outer in D (see
Corollary 4.8 in Section II.4 in Garnett [15]). Hence, we have log |1− ξf | ∈ L1(T)
and ∫

T
log |1− ξf(ξ)|2 dm(ξ) = log |1− zf(z)|2

∣∣∣
z=0

= 0. (3.4)

This formula and (3.3) imply∫
T
log (1− |f |2) dm =

∫
T
logw dm,

where both sides are finite or equal to −∞ simultaneously. In other words, we have
µ ∈ Sz(T) if and only if log(1− |f |2) ∈ L1(T).

Let us now recall the definition of Schur’s algorithm. Take a probability measure
µ on T with an infinite support and consider the Schur function f of µ. Define the
analytic functions fn : D → D by Schur’s algorithm:

zfn+1(z) =
fn(z)− fn(0)

1− fn(0)fn(z)
, n ⩾ 0, f0(z) = f(z), z ∈ D, (3.5)

and let µn be the measures generated by fn via (3.1). Note that f0 = f and µ0 = µ.
Szegő theorem says that the measure µ is in the Szegő class Sz(T) if and only if∑

n |fn(z)|2 < ∞ for any z ∈ D, and, moreover, in this case∫
T
logw dm =

∫
T
log(1− |f |2) dm =

∞∑
n=0

log(1− |fn(0)|2). (3.6)

See Theorem 2.7.14 and Theorem 3.1.4 in Simon [30]. In [6], the following general-
ization of (3.6) was found:

K(µ, z) =

∞∑
k=0

log

(
1 + (1− |z|2) |fk(z)|2

1− |fk(z)|2

)
, z ∈ D, (3.7)

for every µ ∈ Sz(T). Nonnegativity of summands in this formula implies that the
entropy decreases in the Schur algorithm, that is,

K(µn+1, z) ⩽ K(µn, z), z ∈ D, n ⩾ 0. (3.8)

Let us also mention the useful relation

K(µ, z) = log(1− |zf(z)|2)− P(log(1− |f |2), z), z ∈ D, (3.9)

that follows from the definition of K(µ, z), formula (3.2) and the fact that 1 − zf
is an outer function in D (in particular, P(log |1− ξf(ξ)|2, z) = log |1− zf(z)|2 for
every z ∈ D). The same formula for µn, fn reads as

K(µn, z) = log(1− |zfn(z)|2)− P(log(1− |fn|2), z), z ∈ D, n ⩾ 0. (3.10)

Further, for λ ∈ D, we define

φ̃λ,n(z) =
zφn−1(z)− fn−1(λ)φ

∗
n−1(z)√

1− |fn−1(λ)|2
, n ⩾ 0, (3.11)

where we set f−1 ≡ 0, zφ−1 ≡ 1, φ∗
−1 ≡ 1. Let also φ̃∗

λ,n(z) = znφ̃λ,n(1/z̄) be the
corresponding reflected polynomials. Note that

φ̃∗
λ,n(z) =

φ∗
n−1(z)− zfn−1(λ)φn−1(z)√

1− |fn−1(λ)|2
, n ⩾ 0, (3.12)
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while the usual reflected polynomials φ∗
n can be written in the form

φ∗
n(z) =

φ∗
n−1(z)− zfn−1(0)φn−1(z)√

1− |fn−1(0)|2
= φ∗

0,n(z), n ⩾ 0,

as follows from Szegő recurrence (1.6) and Geronimus theorem,

an = fn(0), n ⩾ 0,

see Theorem 3.1.4 in Simon [30]. In particular, for n ⩾ 1 we have

φ̃∗
λ,n(z)

φ∗
n(z)

√
1− |fn−1(λ)|2√
1− |fn−1(0)|2

=
1− zfn−1(λ)bn−1(z)

1− zfn−1(0)bn−1(z)
, bn−1 =

φn−1

φ∗
n−1

, (3.13)

which yields the estimate

1− |fn−1(λ)|
1 + |fn−1(0)|

⩽

∣∣∣∣ φ̃∗
λ,n(z)

φ∗
n(z)

∣∣∣∣
√
1− |fn−1(λ)|2√
1− |fn−1(0)|2

⩽
1 + |fn−1(λ)|
1− |fn−1(0)|

, (3.14)

that will allow us to switch between φ̃∗
λ,n and φ∗

n provided that fn−1(λ), fn−1(0)

are small. Note that (3.14) trivially holds also for n = 0 because φ̃∗
λ,0 = φ∗

0 = 1.
The main feature of the polynomials {φ̃λ,n} is the entropy bound

K(νλ,n, λ) ⩽ K(µ, λ), n ⩾ 0, νλ,n =
dm

|φ̃∗
λ,n|2

, (3.15)

see Corollary 4 in [6]. Relation (3.15) could be rewritten in the form

P

∣∣∣∣∣ φ̃∗
λ,n(λ)

φ̃∗
λ,n

− 1

∣∣∣∣∣
2

, λ

 ⩽ eK(µ,λ) − 1, (3.16)

see Lemma 2.3 in [5]. The bound (3.16) has important consequences that we state
and prove below in Lemma 3.1 and Lemma 3.2. These lemmas are not specific
for orthogonal polynomials as they work for any polynomials that satisfy entropy
bounds of type (3.16) with the small enough right hand side. For consistency, we
will use notation φ∗ for a polynomial without zeroes in the open unit disk. The
lemmas will be used later for φ∗ = φ̃∗

λ,n.

Lemma 3.1. Let φ∗ be a polynomial of degree at most n without zeroes in the open
unit disk D, and let φ(z) = znφ∗(1/z̄) be the corresponding reflected polynomial.
Denote by b = φ/φ∗ the Blaschke product generated by φ, φ∗. Fix ζ ∈ T, r ∈ (0, 1),
A > 0, and consider the Stolz angle Γζ = conv

(
{z ∈ C : |z| ⩽ r}, {ζ}

)
. For every

ε > 0 there exists η0 > 0 depending only on r, A, ε, such that if

P

(∣∣∣∣φ∗(λ)

φ∗ − 1

∣∣∣∣2 , λ
)

⩽ η0 (3.17)

for some λ ∈ Γζ , then there exists α(λ) ∈ T such that

sup
z: dH(z,λ)⩽A

∣∣b(z)− α(λ)zn
∣∣ ⩽ ε, (3.18)

where dH(z, λ) is the hyperbolic distance between z, λ, see (2.15).

Proof. Put E′
ε(λ) = {ξ ∈ T : |φ∗(λ)/φ∗(ξ)− 1| > ε}, Eε(λ) = T \ E′

ε(λ), and

η = P

(∣∣∣∣φ∗(λ)

φ∗ − 1

∣∣∣∣2 , λ
)
.

We have

sup
z: dH(z,λ)⩽A

∫
E′

ε(λ)

1− |z|2

|1− ξ̄z|2
dm(ξ) → 0, η → 0. (3.19)
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Since on the set Eε(λ) the argument of φ∗ (to be denoted by argφ∗) is close to the
argument of φ∗(λ) modulo 2πZ, and since b(ξ) = ξn · e−2i argφ∗(ξ) for all ξ ∈ T, we
have

sup
ξ∈Eε(λ)

|b(ξ)− α(λ)ξn| ≲ ε, α(λ) =
φ∗(λ)

φ∗(λ)
= e−2i argφ∗(λ).

We now see from (3.19) that

sup
z: dH(z,λ)⩽A

∫
T
|b(ξ)− α(λ)ξn| 1− |z|2

|1− ξ̄z|2
dm(ξ) ≲ ε

if η is small enough. This relation and the analyticity of b, zn imply (3.18) provided
that (3.17) holds with η0 > 0 small enough. □

Next lemma was implicitly used in [5] but not proved there. We fill this gap
below.

Lemma 3.2. Let φ∗ be a polynomial of degree at most n without zeroes in the open
unit disk D, let ζ ∈ T, A1, A2 > 0. Assume that max(A1, A2)/n ⩽ 1/2 and set
λn = (1−A1/n)ζ. There exists η0 > 0 depending only on A1, A2 such that if

P

(∣∣∣∣φ∗(λn)

φ∗ − 1

∣∣∣∣2 , λn

)
⩽ η0, (3.20)

then the polynomial φ∗ has no zeroes in B(ζ, A2/n) = {z ∈ C : |ζ − z| ⩽ A2/n}.

Proof. Define

η = P

(∣∣∣∣φ∗(λn)

φ∗ − 1

∣∣∣∣2 , λn

)
.

Our first goal is to show that if η is small enough, then φ∗ cannot have zeroes in
the “ε-strip”

{z ∈ B(ζ, A2/n) :
∣∣1− |z|

∣∣ < ε/n},
for some ε > 0. Suppose, on the contrary, that for a given ε ∈ (0, A2/2) there is
z∗ ∈ B(ζ,A2/n) such that |1− |z∗|| < ε/n and φ∗(z∗) = 0. Since φ∗ has no zeroes
in D, we have |z∗| ⩾ 1. Choose a wide Stolz angle Γ = ΓA2,ε

ζ with vertex at ζ and
aperture sufficiently large such that the Hausdorff distance between Γ∩B(ζ, A2/n)
and the unit circle T is comparable to ε/n (see Figure 2). Observe that the point
zλn

=
(
1− A2

n

)
z∗

|z∗| belongs to Γ. Denote by zε the point on the boundary of Γ

such that zε/|zε| = z∗/|z∗|. Since all three points λn, zε, and zλn belong to the
same Stolz angle Γ and have comparable distances to the unit circle T, we have∣∣∣∣ φ∗(λn)

φ∗(zλn)
− 1

∣∣∣∣ ⩽
√√√√P

(∣∣∣∣φ∗(λn)

φ∗ − 1

∣∣∣∣2 , zλn

)

≲

√√√√P

(∣∣∣∣φ∗(λn)

φ∗ − 1

∣∣∣∣2 , λn

)
≲

√
η,

∣∣∣∣φ∗(λn)

φ∗(zε)
− 1

∣∣∣∣ ⩽
√√√√P

(∣∣∣∣φ∗(λn)

φ∗ − 1

∣∣∣∣2 , zε
)

≲

√√√√P

(∣∣∣∣φ∗(λn)

φ∗ − 1

∣∣∣∣2 , λn

)
≲

√
η,
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Figure 2. Objects appearing in the proof of Lemma 3.2.

with constants depending only on A1, A2 and ε. This gives∣∣∣∣φ∗(zλn)

φ∗(zε)

∣∣∣∣ = 1 +O(
√
η) (3.21)

for all η < η00 (again, the value of η00 depends solely on A1, A2 and ε). At the
same time, Lemma 2.3 in [7] implies the estimate∣∣∣∣φ∗(zλn

)

φ∗(zε)

∣∣∣∣ ⩾ (1 + rε
2

)n−1 ∣∣∣∣zλn
− z∗

zε − z∗

∣∣∣∣ , rε =

∣∣∣∣zλn

zε

∣∣∣∣ ,
if we factorize φ∗ = (z− z∗)pn−1 and use the fact that the polynomial pn−1 has no
zeroes in D (the first usage of such estimates in the context of orthogonal polyno-
mials is due to Máté and Nevai [22]). Observe that(

1 + rε
2

)n−1

⩾

(
1 + |zλn

|
2

)n−1

⩾

(
1− A2

2n

)n−1

⩾ cA2
,

for some constant cA2
> 0, and ∣∣∣∣zλn

− z∗

zε − z∗

∣∣∣∣ ⩾ A2

ε
.

So, if ε > 0 is so small that(
1 + rε

2

)n−1 ∣∣∣∣zλn
− z∗

zε − z∗

∣∣∣∣ ⩾ A2cA2

ε
⩾ 2,

and η00 > 0 is so small that for η ⩽ η00 relation (3.21) gives∣∣∣∣φ∗(zλn
)

φ∗(zε)

∣∣∣∣ ⩽ 3

2
,

we obtain a contradiction. In other words, for chosen ε, η00 there is no point
z∗ ∈ B(ζ,A2/n) satisfying assumptions

|1− |z∗|| ⩽ ε/n, φ∗(z∗) = 0,

provided η ⩽ η00. Our next aim is to prove that for this fixed value ε > 0 the
polynomial φ∗ has no zeroes also in the remaining part of the disk B(ζ, A2/n) (in
fact, for this we will need to change η00 by a smaller constant).

Set φ(z) = znφ∗(1/z̄) and note that b = φ/φ∗ is a Blaschke product. Lemma
3.1 implies that for every A > 0, γ > 0 there exists η01 > 0 such that if η ⩽ η01,
then

sup
z: dH(z,λ)⩽A

∣∣∣|b(z)| − |z|n
∣∣∣ ⩽ γ. (3.22)
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For S ⊂ D, we will denote S∗ = {z ∈ C : 1/z̄ ∈ S}. Let us take A so large that the
hyperbolic disk Ωn(A) = {z ∈ D : dH(z, λn) ⩽ A} satisfies

Ωn(A) ∪ {z ∈ C :
∣∣1− |z|

∣∣ < ε/n} ∪ Ωn(A)∗ ⊃ B(ζ,A2/n). (3.23)

Note that the choice of A depends only on parameters ε, A2 and can be made
independent of n. In fact, we have

inf
z∈Ωn(A)

(1− |z|) ≍ 1/n,

which guarantees that γ defined by

γ =
infz∈Ωn(A) |z|n

2
is bounded below by a constant only depending in A. Then, for this choice of A,
γ we use Lemma 3.1 to find η01 > 0 such that (3.22) holds for η ⩽ η01. Note
that (3.22) implies that the Blaschke product b has no zeroes in Ωn(A). Hence, the
same is true about φ, and then the polynomial φ∗ has no zeroes in the reflected set
Ωn(A)∗. Finally, (3.23) and the first part of the proof imply that φ∗ has no zeroes
in the whole disk B(ζ,A2/n). We now see that the claim of the lemma holds for
η0 = min(η00, η01). □

The following result is Lemma 2.6 in [5].

Lemma 3.3. Let µ ∈ Sz(T), A > 0, ζ ∈ T. Assume that n ⩾ 2A and set
λ = (1−A/2n)ζ. There exists a constant η0 > 0 depending only on A, such that if
K(νλ,n, λ) ⩽ η0, then ∣∣∣∣∣ φ̃∗

λ,n(λ)

φ̃∗
λ,n(z)

− 1

∣∣∣∣∣ ⩽ ce2A
√
K(νλ,n, λ),

for every z ∈ ∂Ωn, where Ωn is a domain in C with a piece-wise smooth boundary
∂Ωn such that B(ζ, A/n) ⊂ Ωn ⊂ B(ζ, 4A/n), B(ζ, r) = {z ∈ C : |ζ − z| ⩽ r}.
Here, the constant c is universal.

Let η0 be the best possible η0 in Lemma 3.2, Lemma 3.3 for the choice of pa-
rameters A1 = 2, A2 = 8, A = 2. In other words, let η0 be the maximum of the all
numbers η0 for which both Lemma 3.2 and Lemma 3.3 work for A1 = 2, A2 = 8,
A = 2. Take a point ζ ∈ T such that (2.1) holds. Set λj = (1− 1/j)ζ and define

n0 = min
{
n ⩾ 8A : eK(µ,λj) − 1 ⩽ η0 for all j ⩾ n

}
. (3.24)

We arrive at the following estimates.

Lemma 3.4. For every n ⩾ n0 and 0 ⩽ k ⩽ n, we have∣∣∣∣∣ φ̃∗
λn,k

(z)

φ̃∗
λn,k

(λn)
− 1

∣∣∣∣∣ ≲√K(µ, λn), z ∈ B(ζ, 1/n). (3.25)

Consequently, we have∣∣∣∣∣ φ̃∗
λn,k

(z)

φ̃∗
λn,k

(λn)

∣∣∣∣∣
2

= 1 +O(
√
K(µ, λn)), z ∈ B(ζ, 1/n), (3.26)

where the constant in O(·) does not depend on µ, k, and z.

Proof. Take n ⩾ n0, 0 ⩽ k ⩽ n. Let us use Lemma 3.2 for φ∗ = φ̃∗
λn,k

with
the parameters ñ = k, Ã1 = k/n, Ã2 = 8k/n in place of n, A1, A2. We have
max(Ã1, Ã2)/ñ = 8/n ⩽ 8/n0 ⩽ 1/2, as required in Lemma 3.2. We also have

λñ = (1− Ã1/ñ)ζ = (1− 1/n)ζ = λn.
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Note that Ã1 ⩽ 1, Ã2 ⩽ 8, therefore, the optimal (i.e., largest possible) number η̃0
in Lemma 3.2 for this choice of parameters satisfies η0 ⩽ η̃0. Let us check the main
assumption (3.20) in Lemma 3.2:

P

(∣∣∣∣φ∗(λn)

φ∗ − 1

∣∣∣∣2 , λn

)
= eK(νλn,k,λn) − 1 ⩽ eK(µ,λn) − 1 ⩽ η0 ⩽ η̃0. (3.27)

Lemma 3.2 now tells us that φ̃∗
λn,k

has no zeroes in B(ζ, Ã2/ñ) = B(ζ, 8/n). This
information will be used at the last part of the proof.

Next, we use Lemma 3.3 for ñ = k, Ã = 2k/n in place of n, A. With this choice
of parameters, we have λ̃ = (1− Ã/2ñ)ζ = λn. Moreover,

K(νλ̃,ñ, λ̃) ⩽ K(µ, λ̃) = K(µ, λn) ⩽ eK(µ,λn) − 1 ⩽ η0 ⩽ η̃0,

for n ⩾ n0. Here η̃0 is the largest possible number in Lemma 3.3 for ñ, Ã, and we
have used the fact that Ã ⩽ 2, so η0 ⩽ η̃0. We see that∣∣∣∣∣ φ̃∗

λn,k
(λn)

φ̃∗
λn,k

(z)
− 1

∣∣∣∣∣ =
∣∣∣∣∣ φ̃

∗
λ̃,ñ

(λ̃)

φ̃∗
λ̃,ñ

(z)
− 1

∣∣∣∣∣ ≲ e2Ã
√
K(νλ̃,ñ, λ̃) ≲

√
K(µ, λn), (3.28)

for every z ∈ ∂Ωñ, where Ωñ is a domain in C with a piece-wise smooth boundary
∂Ωñ such that B(ζ, 2/n) ⊂ Ωñ ⊂ B(ζ, 8/n). In the last chain of inclusions we have
used the fact that Ã/ñ = 2/n, 4Ã/ñ = 8/n. Then from the maximum modulus
principle for the function 1/φ̃∗

λn,k
in the domain Ωñ, we obtain∣∣∣∣∣ φ̃∗

λn,k
(λn)

φ̃∗
λn,k

(z)
− 1

∣∣∣∣∣ ≲√K(µ, λn), z ∈ Ωñ. (3.29)

In other words, (3.28) holds everywhere in Ωñ, not just at the boundary ∂Ωñ. We
used here the fact that φ̃∗

λn,k
has no zeroes in B(ζ, 8/n), hence the function 1/φ̃∗

λn,k

is analytic in Ωñ ⊂ B(ζ, 8/n). Since we also have Ωñ ⊃ B(ζ, 2/n), relations (3.25),
(3.26) follow from (3.29). □

The bounds (3.25), (3.26) will be among the main ingredients in the proofs of
Theorem 2.1 and Theorem 2.2.

4. Proof of Theorem 2.1

Define the nonnegative functions ηn, η̃n in the open unit disk D by

ηn(z) =
1

n

n−1∑
k=0

K(µk, z), (4.1)

η̃n(z) =
1

n

n−1∑
k=0

log
1

1− |fk(z)|
. (4.2)

Lemma 4.1. Let µ ∈ Sz(T). We have supz∈Γζ
ηn(z) → 0 as n → ∞ for every

ζ ∈ T such that (2.1) holds.

Proof. The estimate (3.8) gives ηn(z) ⩽ K(µ, z) for any z ∈ D and n ⩾ 1. Hence,
it is sufficient to prove that sup{K(µn, z) : |z| < r} → 0 as n → ∞, for any
0 < r < 1. Observe that (3.9) gives

K(µn, z) ⩽ −P(log(1− |fn|2), z) ⩽ −1 + |z|
1− |z|

∫
T
log(1− |fn|2) dm
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and one only needs to check that the last integral tends to 0 as n → ∞. In turn,
this follows from Szegő formula (3.6) for the pair µn, fn, i.e., from∫

T
log(1− |fn|2) dm =

∞∑
k=n

log(1− |fk(0)|2). (4.3)

Since by (3.6) we have
∑

k⩾0 |fk(0)|2 < ∞ for every µ ∈ Sz(T), the right hand side
in (4.3) indeed tends to 0 as n → ∞. □

Lemma 4.2. Let µ ∈ Sz(T), and let

Γζ,n = Γζ ∩ {z ∈ C : |z − ζ| ⩾ 1/n}, n ⩾ 1.

We have supz∈Γζ,n
η̃n(z) → 0 as n → ∞ for every ζ ∈ T such that (2.1) holds.

Proof. We first deal with z ∈ Γζ,n such that K(µ, z) ⩽ log 2. Let us divide the set
of indices In = {k : 0 ⩽ k ⩽ n− 1} into two subsets

In,s = {k ∈ In : |fk(z)| ⩽ 1/2} , (4.4)
In,b = {k ∈ In : |fk(z)| > 1/2} . (4.5)

For k ∈ In,s, we have

1

n

∑
k∈In,s

log
1

1− |fk(z)|
≲

1

n

n−1∑
k=0

|fk(z)| ⩽

√√√√ 1

n

n−1∑
k=0

|fk(z)|2

≲

√√√√(1− |z|2)
n∑

k=0

|fk(z)|2 ≲
√
K(µ, z), (4.6)

where in the last estimate we have used (3.7) and the fact that x ≲ log(1 + x) for
x ∈ [0, 1]. Next, for k ∈ In,b we have

1

n

∑
k∈In,b

log
1

1− |fk(z)|
⩽

1

n

∑
k∈In,b

1 + |fk(z)|
1− |fk(z)|2

≲
∑

k∈In,b

(1− |z|2)|fk(z)|2

1− |fk(z)|2
.

Each summand in the last sum satisfies

0 ⩽
(1− |z|2)|fk(z)|2

1− |fk(z)|2
⩽ 1,

for otherwise we cannot have K(µ, z) ⩽ log 2, see (3.7). Thus, one can use again
the elementary inequality x ≲ log(1 + x) for x ∈ [0, 1] and obtain

1

n

∑
k∈In,b

log
1

1− |fk(z)|
≲
∑

k∈In,b

log

(
1 +

(1− |z|2)|fk(z)|2

1− |fk(z)|2

)
⩽ K(µ, z). (4.7)

Combining (4.6), (4.7), we arrive at

η̃n(z) =
1

n

∑
k∈In,s

log
1

1− |fk(z)|
+

1

n

∑
k∈In,b

log
1

1− |fk(z)|

≲
√
K(µ, z) +K(µ, z) ≲

√
K(µ, z), (4.8)

for every z ∈ Γζ,n such that K(µ, z) ⩽ log 2. Moreover, the constants in (4.8)
are universal. Thus, the result will follow from (2.1) if we show that η̃n tends
to zero uniformly on compact subsets of D. In turn, this will follow if we show



16 R.BESSONOV AND A.NICOLAU

that max|z|⩽r |fn(z)| → 0 as n → ∞ for every r ∈ (0, 1). So, let us take z with
|z| ⩽ r < 1 and estimate

|fn(z)|2 ⩽ log
1

1− |fn(z)|2
= − log

(
1− |P(fn, z)|2

)
⩽

⩽ −P
(
log(1− |fn|2), z

)
≲ −1 + r

1− r

∫
T
log(1− |fn|2) dm,

where we used Jensen’s inequality for the convex function x 7→ − log(1 − x2) and
the basic bound for the Poisson kernel. Then, as in the proof of Lemma 4.1,

lim
n→∞

∫
T
log(1− |fn|2) dm = lim

n→∞

∞∑
k=n

log(1− |fk(0)|2) = 0,

and the result follows. □

Lemma 4.3. Let µ = w dm+ µs be a measure in Sz(T), let Dµ be the correspond-
ing Szegő function, and let {φn}n⩾0 be the sequence of orthonormal polynomials
generated by µ, see (1.2). We have

φ∗
nDµ =

On

1− zbnfn
, bn =

φn

φ∗
n

, n ⩾ 0, (4.9)

for the outer function On defined by the conditions On(0) > 0 and |On|2 = 1−|fn|2
almost everywhere on T.

Proof. Recall that the reflected polynomials φ∗
n have no zeroes in the closed unit

disk, see, e.g., Theorem 1.7.1 in Simon [30]. Therefore, bn is a finite Blaschke
product, Re(1− zbnfn) ⩾ 0 in D, and the function 1− zbnfn is outer (see Corollary
4.8 in Section II.4 in Garnett [15]). From here we see that functions φ∗

nDµ and
On(1− zbnfn)

−1 are outer as well. Note that they have positive value at 0. Thus,
we only need to check that

|φ∗
nDµ| =

∣∣∣∣ On

1− zbnfn

∣∣∣∣ , (4.10)

almost everywhere on T. Taking the square and using the definitions of Dµ, On,
we see that (4.10) is equivalent to

|φ∗
n|2w =

1− |fn|2

|1− zbnfn|2

almost everywhere on T. This formula is due to S.Khrushchev, see Theorem 2 on
page 173 in [20]. □

Lemma 4.4. We have

1

n

n−1∑
k=0

∣∣∣log(1− zbk(z)fk(z))
∣∣∣ ⩽ η̃n(z), (4.11)

1

n

n−1∑
k=0

log |Ok(z)|−2 ⩽ ηn(z) + η̃n(z), (4.12)

for every z ∈ D. In (4.11), we deal with the main branch of the logarithm, log 1 = 0.

Proof. Inequality (4.11) is immediate from the definition of η̃n and the estimate∣∣∣log(1− zbk(z)fk(z))
∣∣∣ ⩽ log

1

1− |zbk(z)fk(z)|
⩽ log

1

1− |fk(z)|
, z ∈ D.
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To prove (4.12), we write

1

n

n−1∑
k=0

log |Ok(z)|−2 =
1

n

n−1∑
k=0

P(log |Ok|−2, z)

= − 1

n

n−1∑
k=0

P(log(1− |fk|2), z)

=
1

n

n−1∑
k=0

K(µk, z)−
1

n

n−1∑
k=0

log(1− |zfk(z)|2)

⩽ ηn(z) + η̃n(z).

First equality here holds because Ok is an outer function for each k ⩾ 0. In the
second line we used the fact that that |Ok|2 = 1 − |fk|2 on T, k ⩾ 0. Equality in
the third line follows from (3.10), and the last estimate from − log(1− |zfk(z)|2) ⩽
− log(1− |fk(z)|). □

Below we will use the bound

1

n

n−1∑
k=0

|Dµ(z)φ
∗
k(z)|2 ⩽ 1 + δn(µ, z), z ∈ D, (4.13)

where

δn(µ, z) = 2

√
eK(µ,z) − 1

n(1− |z|2)
+ 4

eK(µ,z) − 1

n(1− |z|2)
.

For the proof of (4.13), see Lemma 2.2 in [7].

Lemma 4.5. We have

1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣ ≲ δn(µ, z) + ηn(z) + η̃n(z),

for every z ∈ D.

Proof. Fix z ∈ D. Let us divide the set of indices Jn = {k : 0 ⩽ k ⩽ n− 1} into
two subsets,

Jn,s =
{
k ∈ Jn :

∣∣∣log |φ∗
k(z)Dµ(z)|

∣∣∣ ⩽ 1
}
, (4.14)

Jn,b =
{
k ∈ Jn :

∣∣∣log |φ∗
k(z)Dµ(z)|

∣∣∣ > 1
}
. (4.15)

For k ∈ Jn,s, we have∣∣∣|φ∗
k(z)Dµ(z)|2− 1

∣∣∣ ≲ ∣∣∣log |φ∗
k(z)Dµ(z)|2

∣∣∣ ⩽ ∣∣∣log |Ok(z)|2
∣∣∣+ ∣∣∣log |1− zbk(z)fk(z)|2

∣∣∣,
where in the second inequality we have used Lemma 4.3. From (4.11), (4.12) we
obtain

1

n

∑
k∈Jn,s

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣ ≲ ηn(z) + η̃n(z), z ∈ D. (4.16)

To handle indices k ∈ Jn,b, we use (4.13). Together with (4.16) it gives

1

n

∑
k∈Jn,b

|φ∗
k(z)Dµ(z)|2 =

1

n

n−1∑
k=0

|Dµ(z)φ
∗
k(z)|2 −

1

n

∑
k∈Jn,s

|φ∗
k(z)Dµ(z)|2

⩽ 1 + δn(µ, z)−
|Jn,s|
n+ 1

+O(ηn(z) + η̃n(z))

=
|Jn,b|
n+ 1

+ δn(µ, z) +O(ηn(z) + η̃n(z)). (4.17)
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It follows that

1

n

∑
k∈Jn,b

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣ ⩽ 2
|Jn,b|
n

+ δn(µ, z) +O(ηn(z) + η̃n(z)). (4.18)

Recall that the sets In,s, In,b were defined in (4.4), (4.5), respectively. We have

|Jn,b|
n

=
|Jn,b ∩ In,s|

n
+

|Jn,b ∩ In,b|
n

⩽
|Jn,b ∩ In,s|

n
+

|In,b|
n

.

Note that

η̃n(z) =
1

n

n−1∑
k=0

log
1

1− |fk(z)|
⩾

|In,b|
n

log 2,

and if k ∈ Jn,b ∩ In,s, Lemma 4.3 gives log |Ok(z)|−2 ≳ 1. Then (4.12) yields

|Jn,b ∩ In,s|
n

≲
1

n

n−1∑
k=0

log |Ok(z)|−2 ⩽ ηn(z) + η̃n(z).

We deduce that
|Jn,b|
n

≲ ηn(z) + η̃n(z). (4.19)

Taking into account (4.18), this completes the proof. □

Lemma 4.5 together with Lemma 4.1 and Lemma 4.2 will give us the asymptotic
relation

sup
z∈Γζ,n

1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣→ 0, n → ∞. (4.20)

In the remaining piece Γ′
ζ,n := Γζ \Γζ,n of the Stolz angle Γζ we will need a different

argument. For convenience, let us reproduce the definition of Γ′
ζ,n in the following

form:
Γ′
ζ,n = Γζ ∩ {z ∈ C : |z − ζ| < 1/n}, n ⩾ 1.

We also define

R1(n) = sup
z1,2∈Γ′

ζ,n

∣∣∣∣Dµ(z1)

Dµ(z2)

∣∣∣∣2 , (4.21)

R2(n) = sup
z∈Γζ,n

(δn(µ, z) + ηn(z) + η̃n(z)). (4.22)

It is clear that R1(n) → 1 and R2(n) → 0 for every ζ ∈ T such that (2.1) holds and
|Dµ| has a non-zero finite non-tangential limit at ζ.

Lemma 4.6. Let ζ ∈ T. For every Λ ⊂ {0 ⩽ k ⩽ n− 1} we have

sup
z∈Γ′

ζ,n

∑
k∈Λ

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣
n

≲
R1(n)|Λ|

n
+R1(n)R2(n), (4.23)

for all n ⩾ 1.

Proof. Take z ∈ Γ′
ζ,n and consider λ(z) = rz where r ∈ (1 − 1/n, 1) is chosen so

that |λ(z)| = 1− 1/n. Note that λ(z) ∈ Γζ,n. Since φ∗
k has no zeroes in D, we have

|φ∗
k(λ(z))|2 ⩾

(
1 + r

2

)k

|φ∗
k(z)|2 ≳ |φ∗

k(z)|2, 0 ⩽ k ⩽ n− 1,



ORTHOGONAL POLYNOMIALS 19

see Lemma 2.3 in [7]. Next, consider the sets Jn,s, Jn,b defined in (4.14), (4.15)
with λ(z) in place of z. We have∑

k∈Λ

|φ∗
k(z)Dµ(z)|2 ≲ R1(n)

∑
k∈Λ

|φ∗
k(λ(z))Dµ(λ(z))|2

≲ R1(n)
( ∑
k∈Λ∩Jn,s

1 +
∑

k∈Λ∩Jn,b

|φ∗
k(λ(z))Dµ(λ(z))|2

)
≲ R1(n)|Λ|+R1(n)

∑
k∈Jn,b

|φ∗
k(λ(z))Dµ(λ(z))|2.

Now the claim follows from (4.17), (4.19) applied to λ(z) in place of z. □

In the next proof we switch from the polynomials φ∗
n to polynomials φ̃∗

λ,n defined
in (3.12). The fact that polynomials φ̃∗

λ,n have a small distortion near ζ (see (3.26))
will make it possible to get the asymptotics of φ∗

n(z) for z ∈ Γ′
ζ,n by using the

asymptotics of φ∗
n(λn) at the point λn = (1− 1/n)ζ in the region Γζ,n. The latter

asymptotics was already found in (4.20).

Given λ ∈ D and ε ∈ (0, 1), let us consider the sets In,s(ε), In,b(ε) defined by

In,s(ε) = {0 ⩽ k ⩽ n− 1 : |fk−1(λ)| ⩽ ε} , (4.24)
In,b(ε) = {0 ⩽ k ⩽ n− 1 : |fk−1(λ)| > ε} , (4.25)

where, as before f−1 = 0. By construction, see (3.14), for every k ∈ In,s(ε) we have∣∣∣∣∣
∣∣∣∣ φ̃∗

λ,k(z)

φ∗
k(z)

∣∣∣∣2 − 1

∣∣∣∣∣ ≲ ε, z ∈ D. (4.26)

Lemma 4.7. Let µ ∈ Sz(T), ζ ∈ T, be such that (2.1) holds and |Dµ| has a non-
zero finite non-tangential limit at ζ, let n0 be defined by (3.24), λn = (1 − 1/n)ζ.
For ε > 0, consider the set In,s(ε) from (4.24) generated by λ = λn. We have

lim sup
n→∞

sup
z∈Γ′

ζ,n

 1

n

∑
k∈In,s(ε)

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣
 ≲ ε.

Proof. At first, observe that for every k ∈ In,s(ε) and z ∈ D relation (4.26) implies∣∣∣|φ∗
k(z)Dµ(z)|2 − |φ̃∗

λn,k(z)Dµ(z)|2
∣∣∣ ≲ ε|φ∗

k(z)Dµ(z)|2.

Therefore, we have

∑
k∈In,s(ε)

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣ ≲ ∑
k∈In,s(ε)

∣∣∣|φ̃∗
λn,k(z)Dµ(z)|2 − 1

∣∣∣+ ε

n−1∑
k=0

|φ∗
k(z)Dµ(z)|2.

Recall that
1

n

n−1∑
k=0

|φ∗
k(z)Dµ(z)|2 ⩽ 1 + δn(µ, z)

by (4.13), and limn→∞ supz∈Γ′
ζ,n

δn(µ, z) = 0. Thus, we only need to check that

lim sup
n→∞

sup
z∈Γ′

ζ,n

 1

n

∑
k∈In,s(ε)

∣∣∣|φ̃∗
λn,k(z)Dµ(z)|2 − 1

∣∣∣
 = 0.
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For z ∈ Γ′
ζ,n and 0 ⩽ k ⩽ n, n ⩾ n0, with n0 from (3.24), relation (3.26) gives

1 +O(
√
K(µ, λn))

R1(n)
⩽

∣∣∣∣∣ φ̃∗
λn,k

(z)Dµ(z)

φ̃∗
λn,k

(λn)Dµ(λn)

∣∣∣∣∣
2

⩽ R1(n) · (1 +O(
√
K(µ, λn))),

where R1(n) is defined in (4.21), limn→∞ R1(n) = 1. It follows that

sup
z∈Γ′

ζ,n

∣∣∣|φ̃∗
λn,k(z)Dµ(z)|2 − |φ̃∗

λn,k(λn)Dµ(λn)|2
∣∣∣ ⩽ εn|φ̃∗

λn,k(λn)Dµ(λn)|2,

for some sequence εn such that limn→∞ εn = 0. By triangle inequality, we have

sup
z∈Γ′

ζ,n

∣∣|φ̃∗
λn,k(z)Dµ(z)|2 − 1

∣∣ ≲ ∣∣|φ̃∗
λn,k(λn)Dµ(λn)|2 − 1

∣∣+ εn|φ̃∗
λn,k(λn)Dµ(λn)|2.

Finally, Lemma 4.5 for the point z = λn gives
1

n

∑
k∈In,s(ε)

∣∣|φ̃∗
λn,k(λn)Dµ(λn)|2 − 1

∣∣ ≲ δn(µ, λn) + ηn(λn) + η̃n(λn),

and the claim follows from Lemma 4.1, Lemma 4.2, and the fact that λn ∈ Γζ,n. □

Proof of Theorem 2.1. The proof is a combination of previous results. Lemma 4.5
gives

1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣ ≲ δn(µ, z) + ηn(z) + η̃n(z), z ∈ D.

Therefore, we have

sup
z∈Γζ,n

1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣→ 0, n → ∞,

by Lemma 4.1 and Lemma 4.2. To deal with the region Γ′
ζ,n = Γζ \Γζ,n, we take ε >

0, the point λn = (1−1/n)ζ and consider the sets In,s(ε), In,b(ε) from (4.24), (4.25)
corresponding to the points λn, that is, In,s(ε) = {0 ⩽ k ⩽ n− 1: |fk−1(λn)| < ε}
and In,b(ε) = {0 ⩽ k ⩽ n− 1: |fk−1(λn)| ⩾ ε}. Lemma 4.7 gives

lim sup
n→∞

sup
z∈Γ′

ζ,n

 1

n

∑
k∈In,s(ε)

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣
 ≲ ε.

Choosing Λ = In,b(ε) in Lemma 4.6, we obtain

sup
z∈Γ′

ζ,n

 1

n

∑
k∈In,b(ε)

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣
 ≲

R1(n)|In,b(ε)|
n

+R1(n)R2(n).

Recall that R1(n) → 1, R2(n) → 0 for every ζ ∈ T such that (2.1) holds and |Dµ|
has a non-zero finite non-tangential limit at ζ. The definition (4.2) of η̃n implies

|In,b(ε)|
n

log
1

1− ε
⩽ η̃n(λn).

Since λn ∈ Γζ,n, we have lim supn→∞
|In,b(ε)|

n = 0 by Lemma 4.2. This gives us

lim sup
n→∞

sup
z∈Γ′

ζ,n

(
1

n

∑
k∈In,b(ε)

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣) = 0.

Collecting the estimates, we obtain

lim sup
n→∞

sup
z∈Γ′

ζ,n

(
1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣) ≲ ε.
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Figure 3. The region appearing in Theorem 4.8 (filled with gray)
contain the region from Figure 1b (filled here with dots).

The theorem follows by letting ε → 0. □

We have proved Theorem 2.1 for Stolz angles. The same method gives a bit
more general result that we formulate below.

Theorem 4.8. Let µ ∈ Sz(T) and ζ ∈ T be such that (2.1) holds and |Dµ| has a
non-zero finite non-tangential limit at ζ. Fix A > 0 and let B(ζ, A/n) = {z ∈ C :
|z − ζ| ⩽ A/n}. Then

sup
z∈Γζ∪B(ζ,A/n)

(
1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z̃)|2 − 1

∣∣∣)→ 0, n → ∞, (4.27)

where we set z̃ = ζ for z ∈ B(ζ, A/n) and z̃ = z for z ∈ Γζ \B(ζ, A/n).

The regions Γζ ∪ B(ζ, A/n) in Theorem 4.8 are shown on Figure 3. Note that
the width of the Stolz angle Γζ and the parameter A > 0 are arbitrary, hence
these regions contain the area shown on Figure 1b. This area is filled with dots on
Figure 3.

5. Proof of Theorem 2.2

The proof of Theorem 2.2 uses the same tools as the proof of Theorem 2.1:
Khrushchev-type formula (4.9) and the entropy function K(µ, z). The latter con-
trols Schur functions of µ that appear in (4.9), see Lemma 4.1 and Lemma 4.2.
Recall that we already know the averaged asymptotic behaviour of |φ∗

nDµ| under
assumption (2.1), that is, when limr→1 K(µ, rζ) = 0, see Theorem 2.1. The stronger
assumption (2.2), that we reproduce here,∑

n⩾0

K(µ, zn(ζ)) < ∞, zn(ζ) = (1− 2−n)ζ, (2.2)

will allow us to pass from |φ∗
nDµ| to φ∗

nDµ. For this we utilize the fact that φ∗
nDµ

is an outer function in D with a positive value at 0, hence logφ∗
nDµ is a properly

defined analytic function in D which is completely determined by its real part
log |φ∗

nDµ| via the operator of harmonic conjugation,

Q : u 7→
∫
T
u(ξ) Im

(
1 + ξ̄z

1− ξ̄z

)
dm(ξ), z ∈ D.

Assumption (2.2) will allow us to prove that Im logφ∗
nDµ = Q(log |φ∗

nDµ|) is small
in Γζ , hence logφ∗

nDµ is close to log |φ∗
nDµ|, which, in turn, is close to 0. This will
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lead to the fact that φ∗
nDµ converges to 1 in the strong Cesàro sense uniformly in

Γζ , i.e., to the conclusion of Theorem 2.2.

Let us recall the definition of truncated cones Γζ,n = {z ∈ Γζ : |z − ζ| ⩾ 1/n}. We
start with a simple lemma.

Lemma 5.1. Let u ∈ L1(T). Then

lim
n→∞

supz∈Γζ,n
|(Qu)(z)|
n

= 0, ζ ∈ T.

Proof. For every u ∈ L1(T) and n ⩾ 1, we have

supz∈Γζ,n
|(Qu)(z)|
n

⩽ sup
z∈Γζ,n

∫
T

2|u(ξ)|
n|1− ξ̄z|

dm(ξ) ⩽ 2∥u∥L1(T). (5.1)

Let uε ∈ L1(T) be a function with Quε ∈ L∞(D) and such that ∥u− uε∥L1(T) ⩽ ε.
Applying (5.1) to u− uε, we obtain

lim sup
n→∞

supz∈Γζ,n
|(Qu)(z)|
n

⩽ lim sup
n→∞

supz∈Γζ,n
|(Qu−Quε)(z)|

n
+

+ lim sup
n→∞

supz∈Γζ,n
|(Quε)(z)|
n

⩽ 2ε.

Since ε > 0 is arbitrary, the lemma follows. □

Lemma 5.2. Suppose that µ ∈ Sz(T) and ζ ∈ T are such that (2.2) holds. Then

lim
n→∞

sup
z∈Γζ,n

1

n

n−1∑
k=0

| Im logOk(z)| = 0.

Proof. We will use outer functions On from Lemma 4.3. Set αk(z) = Im logOk(z)
for z ∈ D, k ⩾ 0. Given a positive integer n, let Kn be the integer part of log2 n.
We first show that there exists a constant c(µ, ζ) > 0 such that

1

n

n−1∑
k=0

|αk(zj+1)− αk(zj)| ⩽ c(µ, ζ)K(µ, zj), 1 ⩽ j ⩽ Kn, (5.2)

where we set zj = zj(ζ) = (1− 2−j)ζ for brevity. Fix 1 ⩽ j ⩽ Kn. We have

|αk(zj+1)− αk(zj)| ⩽
1

2

∫
T
| log(1− |fk|2)|

∣∣∣∣1 + ξ̄zj+1

1− ξ̄zj+1
− 1 + ξ̄zj

1− ξ̄zj

∣∣∣∣ dm
≲
∫
T
| log(1− |fk|2)|

1− |zj |2

|1− ξ̄zj |2
dm

= K(µk, zj)− log(1− |zjfk(zj)|2).

Last identity is formula (3.10). Since by (3.8) we have K(µk, z) ⩽ K(µ, z) for any
z ∈ D, summing up over k for fixed j and using |zjfk(zj)| ⩽ |fk(zj)|, we obtain

1

n

n−1∑
k=0

|αk(zj+1)− αk(zj)| ≲ K(µ, zj)−
1

n

n−1∑
k=0

log(1− |fk(zj)|2).

As in (4.4) and (4.5), consider the sets In,s = {0 ⩽ k ⩽ n− 1: |fk(zj)| ⩽ 1/2} and
In,b = {0 ⩽ k ⩽ n− 1: |fk(zj)| > 1/2}. Since j ⩽ Kn, we have 1/n ≲ 1− |zj |2 and
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then

− 1

n

∑
k∈In,s

log(1− |fk(zj)|2) ≍
1

n

∑
k∈In,s

|fk(zj)|2

≲
n−1∑
k=0

(1− |zj |2)|fk(zj)|2 ≲ K(µ, zj),

where in the last estimate we have used (3.7). Next we consider the contribution
coming from indices in In,b. Since c1(µ, ζ) = supj⩾0 K(µ, zj) is finite, formula (3.7)
gives

sup
k,j

(1− |zj |2)|fk(zj)|2

1− |fk(zj)|2
⩽ ec1(µ,ζ).

It follows that for k ∈ In,b we have

−(1− |zj |2) log(1− |fk(zj)|2) ⩽
1− |zj |2

1− |fk(zj)|2
⩽

1

4

(1− |zj |2)|fk(zj)|2

1− |fk(zj)|2
⩽

⩽ c2(µ, ζ) log

(
1 +

(1− |zj |2)|fk(zj)|2

1− |fk(zj)|2

)
,

with the constant

c2(µ, ζ) = sup
0⩽y⩽ec1(µ,ζ)

y/4

log(1 + y)
.

Since 1/n ≲ 1− |zj |2, we deduce from (3.7) the bound

− 1

n+ 1

∑
k∈In,b

log(1− |fk(zj)|2) ⩽ c2(µ, ζ)K(µ, zj).

This finishes the proof of (5.2). Now using (5.2) and the fact that αk(z0) =
Im logOk(0) = 0 for all k ⩾ 0, a telescopic sum argument shows that

1

n

n−1∑
k=0

|αk(zj+1)| ⩽ c(µ, ζ)

j∑
s=0

K(µ, zs), 1 ⩽ j ⩽ Kn. (5.3)

Next, given z ∈ Γζ,n, let j(z) ⩾ 1 be the integer such that |zj(z)| < |z| ⩽ |zj(z)+1|.
Repeating the proof of (5.2), we obtain

1

n

n−1∑
k=0

|αk(z)− αk(zj(z))| ⩽ c(µ, ζ)K(µ, zj(z)),

with a possibly larger constant c(µ, ζ) that still does not depend on n and z ∈ D.
Then (5.3) gives

1

n

n−1∑
k=0

|αk(z)| ⩽ c(µ, ζ)

j(z)∑
s=0

K(µ, zs).

Recall that measures µn, n ⩾ 0, were defined using the Schur’s algorithm (3.5).
Since K(µn, z) ⩽ K(µ, z) for every n ⩾ 0, z ∈ D by (3.8), our construction gives
c(µn, ζ) ⩽ c(µ, ζ) for every n ⩾ 0. Now take a large number ℓ ⩾ 0 and apply the
first part of the proof to µℓ in place of µ. We obtain

1

n

n−1∑
k=0

|αℓ+k(z)| ⩽ c(µℓ, ζ)

j(z)∑
s=0

K(µℓ, zs) ⩽ c(µ, ζ)

∞∑
s=0

K(µℓ, zs). (5.4)

Note that the last expression tends to 0 as ℓ → ∞. Indeed, assumption (2.2) implies
that

∑∞
s=s0

K(µℓ, zs) ⩽
∑∞

s=s0
K(µ, zs) → 0 as s0 → ∞, and we have shown in the

proof Lemma 4.1 that K(µℓ, zs) → 0 for each fixed point zs as ℓ → ∞ (note that
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Lemma 4.1 holds under the assumption (2.1) which is weaker than (2.2)). Since for
each fixed ℓ ⩾ 0 we have

lim
n→∞

sup
z∈Γζ,n

1

n

ℓ∑
s=0

|αs(z)| ⩽
ℓ∑

s=0

lim
n→∞

supz∈Γζ,n
|αs(z)|

n
= 0,

by Lemma 5.1, relation (5.4) implies the claim. □

We are now ready to prove the uniform convergence on the truncated cones Γζ,n.

Lemma 5.3. Suppose that µ ∈ Sz(T) and ζ ∈ T are such that (2.2) holds. Then

lim
n→∞

sup
z∈Γζ,n

1

n

n−1∑
k=0

|φ∗
k(z)Dµ(z)− 1| = 0.

Proof. For z ∈ Γζ,n, consider the sets of indices

Jn,s = {0 ⩽ k ⩽ n− 1: |φ∗
k(z)Dµ(z)| ⩽ 2},

Jn,b = {0 ⩽ k ⩽ n− 1: |φ∗
k(z)Dµ(z)| > 2}.

By Lemma 4.5, we have

1

n

∑
k∈Jn,b

∣∣∣φ∗
k(z)Dµ(z)− 1

∣∣∣ ≲ 1

n

n−1∑
k=0

∣∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣∣
≲ δn(µ, z) + ηn(z) + η̃n(z),

which by Lemma 4.1 and Lemma 4.2 tends to 0 uniformly on Γζ,n as n → ∞. Next,
Lemma 4.4 says that

1

n

n−1∑
k=0

∣∣∣log(1− zbk(z)fk(z))
∣∣∣ ⩽ η̃n(z), z ∈ D,

1

n

n−1∑
k=0

log |Ok(z)|−2 ⩽ ηn(z) + η̃n(z), z ∈ D.

We also have φ∗
kDµ = Ok(1 − zbkfk)

−1 by Lemma 4.3. Using the elementary
estimate

|reiθ − 1| ⩽ |r − 1|+ |eiθ − 1| ≲ | log r|+ |θ|,
for 0 < r ⩽ 2, |θ| ⩽ π, we get for k ∈ Jn,s

|φ∗
kDµ − 1| ≲

∣∣log |Ok(1− zbkfk)
−1|
∣∣+ ∣∣Im logOk(1− zbkfk)

−1
∣∣,

⩽
∣∣log |Ok|

∣∣+ 2
∣∣log(1− zbkfk)

−1
∣∣+ | Im logOk|,

⩽ log |Ok|−2 + 2
∣∣log(1− zbkfk)

∣∣+ | Im logOk|.
Then

1

n

∑
k∈Jn,s

|φ∗
k(z)Dµ(z)− 1| ≲ ηn(z) + η̃n(z) +

1

n

∑
k∈Jn,s

| Im logOk(z)|,

which by Lemma 4.1, Lemma 4.2 and Lemma 5.2 tends to 0 uniformly on Γζ,n.
This finishes the proof. □

Next we focus on the uniform convergence on Γ′
ζ,n = Γζ \ Γζ,n.

Lemma 5.4. Let µ ∈ Sz(T) and ζ ∈ T be such that Dµ has a non-zero finite
non-tangential limit at ζ. Assume that condition (2.2) holds at ζ. Then

lim
n→∞

sup
z∈Γ′

ζ,n

1

n

n−1∑
k=0

|φ∗
k(z)Dµ(z)− 1| = 0.
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Proof. For z ∈ Γ′
ζ,n, let Jn,b(z) = {0 ⩽ k ⩽ n − 1: |φ∗

k(z)Dµ(z)| > 2}. Observe
that

1

n

∑
k∈Jn,b(z)

|φ∗
k(z)Dµ(z)− 1| ≲ 1

n

∑
k∈Jn,b(z)

∣∣|φ∗
k(z)Dµ(z)|2 − 1

∣∣,
which by Theorem 2.1 tends to 0 uniformly on Γζ . Set λn = (1− n−1)ζ for n ⩾ 1.
Fix ε > 0. Recall that we put f−1(z) = 0 for all z ∈ D. Consider the sets of integers

In,s(ε) = {0 ⩽ k ⩽ n− 1: |fk−1(λn)| ⩽ ε},
In,b(ε) = {0 ⩽ k ⩽ n− 1: |fk−1(λn)| > ε}.

We have
1

n

∑
k∈In,b(ε)\Jn,b(z)

|φ∗
k(z)Dµ(z)− 1| ⩽ 1

n

∑
k∈In,b(ε)\Jn,b(z)

3 ⩽ 3
|In,b|
n

.

The definition (4.2) of η̃n gives
|In,b(ε)|

n
≲

η̃n(λn)

| log(1− ε)|
, (5.5)

which by Lemma 4.2, tends to 0 as n → ∞. We see that

lim
n→∞

sup
z∈Γ′

ζ,n

1

n

∑
k∈In,b(ε)\Jn,b(z)

|φ∗
k(z)Dµ(z)− 1| = 0 (5.6)

for every ε > 0. On the other hand, formula (3.13) gives∣∣∣∣ φ̃∗
λn,k

(z)

φ∗
k(z)

− 1

∣∣∣∣ ≲ ε, k ∈ In,s(ε). (5.7)

By Lemma 3.4, see (3.25), there exists n0(ε) ⩾ 1 such that

sup
z∈Γ′

ζ,n

∣∣∣∣∣ φ̃∗
λn,k

(z)

φ̃∗
λn,k

(λn)
− 1

∣∣∣∣∣ ≲ ε, 0 ⩽ k ⩽ n, (5.8)

for every n ⩾ n0(ε). Since Dµ has a non-zero finite non-tangential limit at ζ, we
also may assume that

sup
z∈Γ′

ζ,n

∣∣∣∣ Dµ(z)

Dµ(λn)
− 1

∣∣∣∣ ⩽ ε, n ⩾ n0(ε). (5.9)

For ε > 0 small enough, a combination of (5.7), (5.8) and (5.9) gives

sup
n⩾n0(ε)

sup
z∈Γ′

ζ,n

sup
k∈In,s(ε)\Jn,b(z)

|φ∗
k(z)Dµ(z)− φ∗

k(λn)Dµ(λn)| ≲ ε.

Then,
1

n

∑
k∈In,s(ε)\Jn,b(z)

|φ∗
k(z)Dµ(z)− 1| ≲ 1

n

∑
k∈In,s(ε)\Jn,b(z)

|φ∗
k(λn)Dµ(λn)− 1|+ ε,

for n ⩾ n0(ε), z ∈ Γ′
ζ,n. Since λn ∈ Γζ,n, we have

lim
n→∞

1

n

∑
k∈In,s(ε)\Jn,b(z)

|φ∗
k(λn)Dµ(λn)− 1| = 0,

for every ε > 0 by Lemma 5.3. Thus, for any small enough ε > 0 we have

lim sup
n→∞

sup
z∈Γ′

ζ,n

1

n

∑
k∈In,s(ε)\Jn,b(z)

|φ∗
k(z)Dµ(z)− 1| ≲ ε. (5.10)

Summing up (5.6), (5.10), and sending ε → 0, we conclude the proof. □

Proof of Theorem 2.2. The result follows from Lemma 5.3 and Lemma 5.4. □
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6. Proof of Theorem 2.3

Lemma 6.1. Let µ ∈ Sz(T), ζ ∈ T be such that (2.3) holds. Consider the Schur
functions fn of µ, see (3.5). We have lim

n→∞
sup
z∈Γζ

|fn(z)| = 0.

Proof. Recall the notation zk = zk(ζ) = (1− 2−k)ζ, k ⩾ 0. We have

|fn(zk+1)− fn(zk)| ⩽ P(|fn − fn(zk)|, zk+1) ≲ P(|fn − fn(zk)|, zk) ≲
√

K(µn, zk),

see Theorem 2 of [6] for the last estimate. Thus, for every j ⩾ 1 we have

|fn(zj)− fn(z0)| ⩽
j−1∑
k=0

|fn(zk+1)− fn(zk)| ≲
j−1∑
k=0

√
K(µn, zk).

Given z ∈ Γζ pick the positive integer j(z) such that 2−j(z)−1 ⩽ 1−|z| < 2−j(z). A
variant of the previous argument shows |fn(z)− fn(zj(z))| ≲

√
K(µn, zj(z)). Hence

|fn(z)| ≲
∞∑
k=0

√
K(µn, zk) + |fn(z0)|. (6.1)

By Szegő theorem, see (3.6), we have

lim
n→∞

∫
T
log(1− |fn|2)dm = 0. (6.2)

It follows that fn → 0 in Lebesgue measure on T as n → ∞. In particular, we have
limn→∞ fn(z) = 0 for every z ∈ D. Moreover, (6.2) yields limn→∞ K(µn, z) = 0 for
each z ∈ D, see (3.10) Since K(µn, z) ⩽ K(µ, z) at every z ∈ D by (3.8), we now
derive from (2.3) that

lim sup
n→∞

∞∑
k=0

√
K(µn, zk) = lim

ℓ→∞
lim sup
n→∞

∞∑
k=ℓ

√
K(µn, zk)

⩽ lim
ℓ→∞

∞∑
k=ℓ

√
K(µ, zk) = 0, (6.3)

which completes the proof. □

Lemma 6.2. Let µ ∈ Sz(T), ζ ∈ T be such that (2.3) holds. Consider the outer
functions On, n ⩾ 0, from Lemma 4.3. We have

lim
n→∞

sup
z∈Γζ

|Re logOn(z)| = 0.

Proof. Formula (3.9) says that

− log |On(z)|2 = P(log(1− |fn|2), z) = K(µn, z)− log(1− |zfn(z)|2), (6.4)

for any z ∈ D and any n ⩾ 0. As we have seen in the proof of Lemma 6.1, K(µn, z)
tends to 0 uniformly on compacts in D. Since K(µn, z) ⩽ K(µ, z) which tends to 0
as z non-tangentially tends to ζ, we obtain

lim
n→∞

sup
z∈Γζ

K(µn, z) = 0. (6.5)

By Lemma 6.1, we have log(1−|zfn(z)|2) → 0 uniformly on Γζ . Now formula (6.4)
and the fact that Re logOn = log |On| finish the proof. □

Lemma 6.3. Let µ ∈ Sz(T), ζ ∈ T be such that (2.3) holds. Consider the outer
functions On, n ⩾ 0, from Lemma 4.3. We have

lim
n→∞

sup
z∈Γζ

| Im logOn(z)| = 0. (6.6)



ORTHOGONAL POLYNOMIALS 27

Proof. We use again notation zk = (1 − 2−k)ζ, k ⩾ 0. Let us first check that
there exists a constant c(µ, ζ) depending only on µ, ζ such that

| Im logOn(zk+1)− Im logOn(zk)| ⩽ c(µ, ζ)
√

K(µn, zk), (6.7)

for every k ⩾ 0, n ⩾ 0. Take a constant λ ∈ R. Since the kernel Im(1+ξ̄z)(1−ξ̄z)−1

is odd, we have

Im logOn(z) = Im
1

2

∫
T
(log(1− |fn|2)− λ)

1 + ξ̄z

1− ξ̄z
dm(ξ), z ∈ D.

Then

| Im logOn(zk+1)− Im logOn(zk)| ⩽

⩽
1

2

∫
T
| log(1− |fn(ξ)|2)− λ|

∣∣∣∣1 + ξ̄zk+1

1− ξ̄zk+1
− 1 + ξ̄zk

1− ξ̄zk

∣∣∣∣ dm(ξ)

≲
∫
T
| log(1− |fn(ξ)|2)− λ| 1− |zk|2

|1− ξ̄zk|2
dm(ξ).

Now, for the special choice λ = P(log(1− |fn|2), zk), we have∫
T
| log(1− |fn|2)− λ| 1− |zk|2

|1− ξ̄zk|2
dm ≲ max(K(µn, zk),

√
K(µn, zk)), (6.8)

by Lemma 3 in [6] (see also page 12 in [6]). Since

sup
n, k⩾0

K(µn, zk) ⩽ sup
z∈Γζ

K(µ, z) < ∞,

there is a constant c(µ, ζ) such that the right hand side in (6.8) does not exceed
c(µ, ζ)

√
K(µn, zk) for every k ⩾ 0, n ⩾ 0. So, (6.7) is proved. Next, given z ∈ Γζ ,

pick the positive integer j(z) such that 2−j(z)−1 ⩽ 1 − |z| < 2−j(z). Similarly to
(6.7), we have

| Im logOn(z)− Im logOn(zj(z))| ⩽ c(µ, ζ)
√
K(µn, zj(z)). (6.9)

Using (6.7), (6.9), and Im logOn(z0) = 0, a telescopic sum argument gives

| Im logOn(z)| ⩽ c(µ, ζ)

j(ζ)∑
k=0

√
K(µn, zk) ⩽ c(µ, ζ)

∞∑
k=0

√
K(µn, zk). (6.10)

Recall that limn→∞
∑∞

k=0

√
K(µn, zk) = 0 under assumption (2.3), see (6.3). We

now see that (6.6) follows from (6.10). □

Proof of Theorem 2.3. The claim of the theorem follows immediately from
Lemma 6.1, Lemma 6.2, and Lemma 6.3 using formula φ∗

nDµ = On/(1 − zbnfn)
from Lemma 4.3. □

7. Proof of Theorem 2.7

Recall that we study the asymptotic behaviour of kµ,n(z1, z2), z1,2 ∈ Γζ , by
estimating the function rn defined by

kµ,n(z1, z2) = D−1
µ (z2)D

−1
µ (z1)

1− z̄n2 z
n
1

1− z̄2z1

(
1 + rn(z1, z2)

)
. (7.1)

Given δ > 0, ∆ > 0, define

Γζ,n(δ,∆) = {z ∈ Γζ : ∆ ⩽ |z| ⩽ 1− δ/n}, (7.2)

Γ′
ζ,n(δ) = {z ∈ Γζ : |z| > 1− δ/n}, (7.3)

Γ′′
ζ (∆) = {z ∈ Γζ : |z| < ∆}. (7.4)
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We first consider the “diagonal” case of Theorem 2.7.

Lemma 7.1. Let µ ∈ Sz(T) and ζ ∈ T be such that |Dµ| has a non-zero finite
non-tangential limit at ζ. If (2.1) holds at ζ, we have

kµ,n(z, z) = |D−1
µ (z)|2 1− |z|2n

1− |z|2
(
1 +Rn(z)

)
, (7.5)

sup
z∈Γζ

∣∣Rn(z)
∣∣→ 0, n → ∞. (7.6)

Proof. It follows from general Szegő theory (see (1.3) and (2.12)) that for every
µ in Sz(T) we have

kµ,n(z1, z2) →
Dµ(z1)

−1Dµ(z2)−1

1− z̄1z2
, n → ∞,

on compact subsets of D × D. Hence, there exists an increasing sequence ∆n → 1
such that

sup
z∈Γ′′

ζ (∆n)

∣∣Rn(z)
∣∣→ 0, n → ∞,

for the functions Rn defined by (7.5). We can also choose a slowly increasing
sequence δn → ∞, δn = o(n), such that

sup
z∈Γ′

ζ,n(δn)

∣∣Rn(z)
∣∣→ 0, n → ∞.

Indeed, the existence of such a sequence is a consequence of Theorem 1.1 in [5]
and Máté, Nevai, and Totik asymptotic relation (2.8). Note that (2.8) holds un-
der the assumptions of Theorem 2.7 by Theorem 2.1. Thus, to prove (7.6) we
need to check that supz∈Γζ,n(δn,∆n) |Rn(z)| → 0 as n → ∞. Moreover, since
supz∈Γζ,n(δn,∆n) |z|

2n → 0 as n → ∞, we actually need to prove that

sup
z∈Γζ,n(δn,∆n)

∣∣R∗
n(z)

∣∣→ 0, n → ∞, (7.7)

for functions R∗
n defined by

kµ,n(z, z) =
|D−1

µ (z)|2

1− |z|2
(
1 +R∗

n(z)
)
.

A computation of Fourier coefficients similar to (1.8) leads to the well-known for-
mulas

kµ,n(z1, z2) =

n−1∑
k=0

φk(z1)φk(z2), (7.8)

D−1
µ (z1)D

−1
µ (z2)

1− z̄1z2
=

∞∑
k=0

φk(z1)φk(z2), (7.9)

for z1, z2 ∈ D. In particular,

kµ,n(z, z) ⩽
|D−1

µ (z)|2

1− |z|2
, z ∈ D, (7.10)
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therefore, we just need to estimate kµ,n(z, z) from below. Let Pn denote the n-
dimensional space of polynomials of degree at most n− 1. Since kµ,n is the repro-
ducing kernel, we have

kµ,n(z, z) = ∥kµ,n(·, z)∥2L2(µ)

= sup{|(p, kµ,n(·, z))L2(µ)|2, p ∈ Pn, ∥p∥L2(µ) ⩽ 1}
= sup{|p(z)|2, p ∈ Pn, ∥p∥L2(µ) ⩽ 1}

= sup

{
|p(z)|2

∥p∥2L2(µ)

, p ∈ Pn

}
.

Substituting p(ξ) = 1−z̄nξn

1−z̄ξ into the last supremum, we get

kµ,n(z, z) ⩾

(
1− |z|2n

1− |z|2

)2

·

(∫
T

∣∣∣∣1− z̄nξn

1− z̄ξ

∣∣∣∣2 dµ(ξ)

)−1

.

Using |z|n → 0 and |z| → 1 for z ∈ Γζ,n(δn,∆n) when n → ∞, we obtain

kµ,n(z, z) ⩾

(
1

1− |z|2

)2

·
(∫

T

1

|1− z̄ξ|2
dµ(ξ)

)−1

· (1 + o(1))

=
1

1− |z|2
·
(∫

T

1− |z|2

|1− z̄ξ|2
dµ(ξ)

)−1

· (1 + o(1))

=
1

1− |z|2
· P(µ, z)−1 · (1 + o(1))

=
1

1− |z|2
· |Dµ(z)|−2 · (1 + o(1)). (7.11)

In the last line we have used the fact that P(µ, z)|Dµ(z)|−2 = eK(µ,z), z ∈ D,
because Dµ is an outer function. In particular, we have P(µ, z) = |Dµ(z)|2(1+o(1))
in Γζ,n(δn,∆n) provided (2.1) holds. Combining (7.10), (7.11), we obtain (7.7) and
complete the proof. □

Lemma 7.2. Let µ ∈ Sz(T) and ζ ∈ T be such that Dµ has a non-zero finite
non-tangential limit at ζ. If (2.1) holds at ζ, then for every A ⩾ 0 we have

lim
n→∞

sup
z1,z2∈Γζ ,

dH(z1,z2)⩽A

∣∣rn(z1, z2)∣∣= 0

for the functions rn defined in (7.1).

Proof. Let Γ′
ζ,n(δ) be defined by (7.3), and let Γζ,n(δ) = Γζ(δ)\Γ′

ζ,n(δ). As in the
proof of Lemma 7.1, it follows from Theorem 1.1 in [5] that there exists a sequence
δn → ∞, δn = o(n), such that

sup
z1,z2∈Γ′

ζ,n(δn)

∣∣rn(z1, z2)∣∣→ 0, n → ∞,

and we only need to check that

sup
z1,z2∈Γζ,n(δn),
dH(z1,z2)⩽A

∣∣r∗n(z1, z2)∣∣→ 0, n → ∞,

for r∗n defined by

kµ,n(z1, z2) =
D−1

µ (z2)D
−1
µ (z1)

1− z̄2z1

(
1 + r∗n(z1, z2)

)
.
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For this we will use formulas (7.8), (7.9). Cauchy-Schwarz inequality gives∣∣∣∣∣D−1
µ (z2)D

−1
µ (z1)

1− z̄2z1
− kµ,n(z1, z2)

∣∣∣∣∣
2

⩽
( ∞∑
k=n

|φk(z1)|2
)
·
( ∞∑
k=n

|φk(z2)|2
)
. (7.12)

By Lemma 7.1, for every z ∈ Γζ,n(δn) we have
∞∑

k=n

|φk(z)|2 =
|D−1

µ (z)|2

1− |z|2
− kµ,n(z, z) =

|D−1
µ (z)|2

1− |z|2
R̃n(z),

for some R̃n such that supz∈Γζ,n(δn)
|R̃n(z)| → 0 as n → ∞. Now (7.12) gives∣∣∣∣∣D−1

µ (z2)D
−1
µ (z1)

1− z̄2z1
− kµ,n(z1, z2)

∣∣∣∣∣ = |D−1
µ (z1)D

−1
µ (z2)|√

1− |z1|2
√

1− |z2|2

√
|R̃n(z1)R̃n(z2)|,

≍

∣∣∣∣∣D−1
µ (z2)D

−1
µ (z1)

1− z̄2z1

∣∣∣∣∣
√
|R̃n(z1)R̃n(z2)|,

where we used √
1− |z1|2

√
1− |z2|2 ≍ |1− z̄2z1|

for z1, z2 ∈ Γζ such that dH(z1, z2) ≲ 1. In particular, we have

|r∗n(z1, z2)| ≲
√
|R̃n(z1)R̃n(z2)|,

and the result follows from Lemma 7.1. □

Lemma 7.3. Let µ ∈ Sz(T), bn = φn/φ
∗
n and fn be the Schur functions of µ

defined in (3.5). Then for every n ⩾ 1 we have

|bn(z)| ≲ |fn−1(z)|+ |fn−1(0)|+ |z|n +
√
eK(µ,z) − 1, (7.13)

provided max{|fn−1(z)|, |fn−1(0)|} ⩽ 1/2. In particular, if (2.1) holds, we have

lim
n→∞

sup
z∈Γζ,n(δn)

1

n

n−1∑
k=0

|bk(z)| = 0, (7.14)

for every δn → ∞, δn = o(n).

Proof. For z ∈ D, set b̃n = φ̃z,n/φ̃
∗
z,n, see (3.11), (3.12). Note that the definition

of b̃n depends on the choice of the reference point z. Thus, b̃z,n would be a more
accurate notation for this function. However, we will deal with b̃n only at the same
point z, therefore, the short notation b̃n should not lead to misunderstanding. By
definition, we have

|b̃n(z)− bn(z)| =

∣∣∣∣∣ zbn−1(z)− fn−1(z)

1− zbn−1(z)fn−1(z)
− zbn−1(z)− fn−1(0)

1− zbn−1(z)fn−1(0)

∣∣∣∣∣
⩽

2|fn−1(0)|+ 2|fn−1(z)|
(1− |fn−1(0)|)(1− |fn−1(z)|)

.

It follows that |b̃n(z)− bn(z)| ≲ |fn−1(0)|+ |fn−1(z)| if max{|fn−1(z)|, |fn−1(0)|} ⩽
1/2. Moreover, we have

|b̃n(z)− αzz
n|2 ≲ eK(µ,z) − 1, |αz| = 1,
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by Lemma 2.5 in [5] and (3.15). Then (7.13) follows. To prove (7.14), we estimate

2

n

n∑
k=n/2

|bk(z)| ≲
√
eK(µ,z) − 1 +

2

n(1− |z|)
+

+
2|{n/2 ⩽ k ⩽ n : |fk−1(z)| > 1/2}|

n
+ η̃n(z)

≲
√

eK(µ,z) − 1 +
2

n(1− |z|)
+ η̃n(z),

where η̃n(z) is defined in (4.2). Then

lim
n→∞

sup
z∈Γζ,n(δn,∆n)

2

n

n∑
k=n/2

|bk(z)| = 0,

for any sequences ∆n → 1, δn → ∞ with δn = o(n), by (2.1) and Lemma 4.2 (for
the definition of Γζ,n(δn,∆n), see (7.2)). At the same time, we have φ∗

n → D−1
µ ,

φn → 0 uniformly on compact subsets of D by Szegő theorem, hence

lim
n→∞

sup
z∈Γζ(∆n)

2

n

n∑
k=n/2

|bk(z)| = 0

for some sequence ∆n → 1. Since Γζ(∆n)∪Γζ,n(δn,∆n) = Γζ,n(δn), see (7.2)-(7.4),
this implies that

Bn := sup
z∈Γζ,n(δn)

2

n

n∑
k=n/2

|bk(z)| → 0, n → ∞.

Now given a positive integer N , pick the positive integer n with 2n−1 ⩽ N < 2n.
Then

1

N

N∑
k=1

|bk(z)| ⩽
2

2n

n∑
j=0

2jB2j

which tends to 0 as N → ∞. This implies (7.14). □

Lemma 7.4. For every ε > 0 and every complex numbers xk, yk, such that

1

n

n−1∑
k=0

(
|xk − 1|+

∣∣|xk|2 − 1
∣∣+ |yk − 1|+

∣∣|yk|2 − 1
∣∣) < ε

we have
1

n

n−1∑
k=0

|xkyk − 1| < 6ε.

Proof. Define In,s = {0 ⩽ k ⩽ n − 1: |xk| + |yk| ⩽ 4} and In,b = {0 ⩽ k ⩽
n− 1: |xk|+ |yk| > 4}. We have

1

n

∑
k∈In,s

|xkyk − 1| ⩽ 1

n

∑
k∈In,s

|xk − 1||yk|+
1

n

∑
k∈In,s

|yk − 1|

⩽
4

n

n−1∑
k=0

|xk − 1|+ 1

n

n−1∑
k=0

|yk − 1| < 4ε.

On the other hand, for k ∈ In,b we have either |xk| > 2 or |yk| > 2, hence

|xkyk − 1| ⩽ 1 + max(|xk|2, |yk|2),
⩽ max(|xk − 1|, |yk − 1|) + 2max(

∣∣|xk|2 − 1
∣∣, ∣∣|yk|2 − 1

∣∣),
⩽ 2(|xk − 1|+

∣∣|xk|2 − 1
∣∣+ |yk − 1|+

∣∣|yk|2 − 1
∣∣),
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and our assumption implies the bound n−1
∑

k∈In,b
|xkyk − 1| < 2ε. □

Lemma 7.5. Let µ ∈ Sz(T) and ζ ∈ T be such that Dµ has a non-zero finite
non-tangential limit at ζ. If (2.2) holds at ζ, then we have

lim
n→∞

sup
z1,z2∈Γζ

1

n

n−1∑
k=0

∣∣rk(z1, z2)∣∣= 0

for the functions rn defined in (7.1).

Proof. Given a sequence δn → ∞, δn = o(n), let

Ωn(δn) = {(z1, z2) : z1 or z2 ∈ Γζ,n(δn)},
Ω′

n(δn) = {(z1, z2) : z1, z2 ∈ Γζ \ Γζ,n(δn)}.

It follows from Theorem 1.1 in [5] that there exists a sequence δn → ∞, δn = o(n),
such that the numbers

E1,n = sup
(z1,z2)∈Ω′

n(δn)

|rn(z1, z2)|

tend to 0 as n → ∞. Therefore, we need to estimate rn(z1, z2) for the pairs (z1, z2)
in Ωn(δn). Set bn = φn/φ

∗
n. Using the formula (2.12) written in the form

kµ,n(z1, z2) = φ∗
n(z1)φ

∗
n(z2)

1− bn(z1)bn(z2)

1− z̄2z1
, bn =

φn

φ∗
n

,

we express funtions rn in (7.1) in the form

rn(z1, z2) =
(Dµ(z2)Dµ(z1)φ

∗
n(z1)φ

∗
n(z2)− 1)(1− bn(z1)bn(z2))

1− z̄n2 z
n
1

+

+
z̄n2 z

n
1 − bn(z1)bn(z2)

1− z̄n2 z
n
1

,

by means of an algebraic manipulation. For (z1, z2) ∈ Ωn(δn) and n/2 ⩽ k ⩽ n, we
have |1− z̄k2z

k
1 | ≍ 1. Consider the numbers

E2,n = sup
(z1,z2)∈Ωn(δn)

2

n

∑
n/2⩽k⩽n

|rk(z1, z2)|

≲ sup
z1,z2∈Γζ

2

n

∑
n/2⩽k⩽n

|Dµ(z2)Dµ(z1)φ
∗
k(z1)φ

∗
k(z2)− 1|+

+ sup
(z1,z2)∈Ωn(δn)

2

n

∑
n/2⩽k⩽n

|zk1 z̄k2 |+ sup
(z1,z2)∈Ωn(δn)

2

n

∑
n/2⩽k⩽n

|bk(z1)bk(z2)|.

Theorem 2.1, Theorem 2.2 and Lemma 7.4 imply that

lim
n→∞

sup
z1,z2∈Γζ

1

n

∑
0⩽k⩽n−1

|Dµ(z2)Dµ(z1)φ
∗
k(z1)φ

∗
k(z2)− 1| = 0.

The last relation, the fact that δn → ∞, and Lemma 7.3 give E2,n → 0 (recall that
bn is a Blaschke product, so |bn| < 1 in D and one can apply Lemma 7.3 to the
point z (= z1 or z2) lying in Γζ,n(δn) for estimating 2

n

∑
n/2⩽k⩽n |bk(z1)bk(z2)|).

Combining this fact with E1,n → 0, we see that the quantities

E3,n = sup
z1,z2∈Γζ

2

n

∑
n/2⩽k⩽n

|rk(z1, z2)|
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also tend to zero as n → ∞. At the same time, for every integer ℓ ⩾ 1 we have

sup
z1,z2∈Γζ

1

2ℓ

∑
1⩽k⩽2ℓ

|rk(z1, z2)| ⩽
E3,2ℓ
2

+
E3,2ℓ−1

4
+

E3,2ℓ−2

8
+ . . .+

E3,2
2ℓ

.

This estimate and the fact that E3,n → 0 yield the statement. □

Lemma 7.6. Let µ ∈ Sz(T) and ζ ∈ T be such that Dµ has a non-zero finite
non-tangential limit at ζ. If (2.3) holds at ζ, then we have

lim
n→∞

sup
z1,z2∈Γζ

∣∣rn(z1, z2)∣∣= 0

for the functions rn defined in (7.1).

Proof. As in the proof of Lemma 7.3, for each z ∈ D we set bn = φn/φ
∗
n,

b̃n = φ̃z,n/φ̃
∗
z,n, so that |b̃n(z)−bn(z)| ≲ |fn−1(0)|+ |fn−1(z)| if |fn−1(z)|, |fn−1(0)|

are less than 1/2. By Lemma 6.1, the last assumption holds for all z ∈ Γζ if n is
sufficiently large. On the other hand, we have

|b̃n(z)− αzz
n|2 ≲ eK(µ,z) − 1

by Lemma 2.5 in [5]. Here,

αz =
φ̃∗
z,n(z)

φ̃∗
z,n(z)

=
φ∗
n(z)

φ∗
n(z)

(1 + o(1)) =
Dµ(z)−1

Dµ(z)−1
(1 + o(1)),

with uniform in Γζ remainders o(1) by Lemma 6.1 and Theorem 2.3. Since Dµ has
a finite non-zero limit at ζ, the quantity αz tends to some α ∈ T when z approaches
ζ non-tangentially. We also have bn(z) → 0 uniformly on compact subsets of D by
the Szegő theorem. It follows that

lim
n→∞

sup
z1,z2∈Γζ

|bn(z1)bn(z2)− z̄n2 z
n
1 | = lim

n→∞
sup

z1,z2∈Γζ

|αzn2 · αzn1 − z̄n2 z
n
1 | = 0.

It remains to use the fact that

kµ,n(z1, z2) = φ∗
n(z1)φ

∗
n(z2)

1− bn(z1)bn(z2)

1− z̄2z1
,

and the uniform asymptotic relation (2.6) in Theorem 2.3. □

Proof of Theorem 2.7. See Lemma 7.2, Lemma 7.5, and Lemma 7.6. □

8. Proofs of Propositions 2.4, 2.5 and 2.6

Proof of Proposition 2.6. Denote u = logw. Since the value K(µ, z) of the
entropy of µ at any point z ∈ D is invariant under multiplication of µ by a constant,
we can assume that u(ζ) = 0. Since u is bounded at a neighborhood of ζ and
condition (2.3) is local (provided that u ∈ L1(T) as we always assume), we can
suppose that u is bounded on T and vanishes on T \ I0. We have

P(w, z) = P(eu, z) = 1 + P(u, z) +O
(
P(u2, z)

)
,

and, since P(u, z)2 ⩽ P(u2, z),

logP(w, z) = P(u, z) +O
(
P(u2, z)

)
.

At the same time, we have P(logw, z) = P(u, z) by definition. Thus, we have

K(µ, z) ≲ P(u2, z), z ∈ D.
Standard estimates of the Poisson kernel give (recall that u = 0 on T \ I0)

P(u2, zn(ζ)) ≲
n∑

k=0

22k−n

∫
Ik

u2 dm.
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Thus, √
K(µ, zn(ζ)) ≲

n∑
k=0

2k−n/2

(∫
Ik

u2 dm

)1/2

,

and hence
∞∑

n=0

√
K(µ, zn(ζ)) ≲

∞∑
k=0

2k/2
(∫

Ik

u2 dm

)1/2

.

The result follows. □

Proof of Proposition 2.5. As in the proof of Proposition 2.6, we denote u =
logw, assume that u(ζ) = 0 and u is bounded on T, and then

K(µ, z) ≲ P(u2, z), z ∈ D.
We see that

∞∑
n=0

K(µ, zn(ζ)) ≲
∞∑

n=0

P(u2, zn(ζ)),

and one only needs to use the estimate
∞∑

n=0

1− |zn(ζ)|2

|1− zn(ζ)ξ|2
≲
∫ 1

0

dr

|ξ − rζ|2
≲

1

|ξ − ζ|
, ξ, ζ ∈ T,

to complete the proof. □

Proof of Proposition 2.4. We need to show that condition (2.2) holds for almost
every point ζ ∈ T. Arguing as in the proof of Proposition 2.6, we arrive at the
estimate

K(µ, rζ) ≲
∫
T
(u(ξ)− u(ζ))2

1− r2

|ξ − rζ|2
dm(ξ), 0 ⩽ r < 1, ζ ∈ T.

Denote by A the Lebesgue measure on C normalized by A(D) = 1. We have∫
D

K(µ, z)

1− |z|2
dA(z) =

∫
T

∫ 1

0

K(µ, rζ)r

1− r2
dr dm(ζ) ≲

≲
∫
T

∫
T
(u(ξ)− u(ζ))2

∫ 1

0

dr

|ξ − rζ|2
dm(ξ) dm(ζ).

Since ∫ 1

0

dr

|ξ − rζ|2
≲

1

|ξ − ζ|
, ξ, ζ ∈ T,

we deduce that∫
D

K(µ, z)

1− |z|2
dA(z) ≲

∫
T

∫
T

(u(ξ)− u(ζ))2

|ξ − ζ|
dm(ξ) dm(ζ).

Denoting ζ = e2πiθ and ξ = e2πi(θ+h), the last double integral rewrites as∫ 1

0

1

|1− e2πih|

∫ 1

0

(u(e2πiθ)− u(e2πi(θ+h)))2 dθ dh.

The Fourier coefficients of the real-valued function θ 7→ u(e2πiθ)−u(e2πi(θ+h)) with
respect to the basis {e2πikθ}k∈Z in L2[0, 1] are (1 − e2πikh)û(k), k ∈ Z. Then,
Parseval’s identity gives∫

T

∫
T

(u(ξ)− u(ζ))2

|ξ − ζ|
dm(ξ) dm(ζ) =

+∞∑
k=−∞

|û(k)|2
∫ 1

0

|1− e2πikh|2

|1− e2πih|
dh

≍
+∞∑

k=−∞

|û(k)|2 log(2 + |k|).
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Hence assumption (2.9) implies∫
D

K(µ, z)

1− |z|2
dA(z) < ∞.

Fubini theorem then gives∫
T

∫
Γζ

K(µ, z)

(1− |z|2)2
dA(z) dm(ζ) =

∫
D

K(µ, z)

(1− |z|2)2
m({ζ ∈ T : z ∈ Γζ})dA(z)

≲
∫
D

K(µ, z)

1− |z|2
dA(z),

from where we deduce that ∫
Γζ

K(µ, z)

(1− |z|2)2
dA(z) < ∞,

for almost every ζ ∈ T. Hence condition (2.2) holds for almost every ζ ∈ T. □
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