FROM LOCAL TO GLOBAL ASYMPTOTIC BEHAVIOUR
OF ORTHOGONAL POLYNOMIALS

R.BESSONOV AND A.NICOLAU

ABsTrACT. Let {¢%} be the sequence of reflected orthogonal polynomials on
the unit circle T generated by a measure p of Szegd class, and let D, be the
Szegé function of p. We prove the uniform Cesaro asymptotics

1 n—1
sup | = > |lek()Du(=)P —1] | =0, n— o,
#€l¢ \"™ ;2o

for almost all Stolz angles I'¢, ¢ € T. This extends a well-known asymptotic
result of Maté, Nevai, and Totik (1991) from the local scale O(1/n) near T
to the global scale O(1). We also study asymptotic behavior of arguments of
orthogonal polynomials and extend a classical theorem due to Grenander and
Szegs using a new technique. As an application, we derive global asymptotic
results for polynomial reproducing kernels under various assumptions on the
orthogonality measure.

1. INTRODUCTION

Let p be a probability measure on the unit circle T = {z : |z| = 1}. Consider
its Radon-Nikodym decomposition, 1 = wdm + us. Here and in what follows m
is the Lebesgue measure on T normalized by m(T) = 1, the function w belongs to
LY(T) = L'(m), and us is the singular part of . The measure y is said to belong
to the Szegd class Sz(T) if logw € L'(T), or, equivalently,

/logwdm > —00. (1.1)
T

Measures of Szeg6 class play a prominent role in the theory of orthogonal polynomi-
als [32], [30], [31]. With each u € Sz(T) one can associate the unique outer function
D,, in the open unit disk D = {z : |2| < 1} satisfying |D,|* = w almost everywhere
on T and such that D, (0) > 0. This function is called the Szegd function of x1. Let
{¢n} be the sequence of orthogonal polynomials in L?(u), deg ¢, = n, and let ¢},

be the corresponding reflected polynomials defined by ¢ (2) = 2", (1/2z). We use
the standard normalization

||(107LHL2(/1) =1, @Z(O) > 0, n > 0. (1.2)

Szeg6 theorem determines the asymptotic behavior of reflected polynomials ¢} in
the open unit disk D. It says that

suppr(0) < oo <= p € Sz(T),
n=0

and, moreover, for every u € Sz(T) we have
lim 5 (2)Du(2) = 1, (1.3)

uniformly on compact subsets of D. See Theorem 2.4.1 and Theorem 2.7.15 in
Simon book [30] for the proof. One of the most studied questions in the theory of
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orthogonal polynomials asks under which assumptions on the orthogonality measure
, relation (1.3) holds almost everywhere on the unit circle T. Let us briefly describe
known results (the reader familiar with the history of the problem can go directly
to Section 2 for the results of the present paper).

1.1. Regular measures, uniform convergence. When studying uniform con-
vergence of {¢}} on T, it is natural to require smoothness properties on the measure
. Let us state apparently the best known result in this direction. Let p € Sz(T) be
such that g = wdm and logw is a continuous function in T. Assume its modulus
of continuity w(t) = sup{|logw(&) — logw(z)| : |§ — z| < t} satisfies the following

Dini condition )
t
/ w(t) dt < oo. (1.4)
0 t

Then (1.3) holds uniformly on T. Geronimus and Golinski [16] attributed this result
to Grenander and Szegd [19]. A proof can be found in Golinski [17] and a local
version, that is, considering the modulus of continuity in an arc, in Badkov [4]. It
is worth mentioning that the condition on the continuity of logw is not sufficient
and (1.4) is really needed. Actually Golinski [18] proved that there exist weights w
such that logw is a continuous function on T whose modulus of continuity satisfies
w(t)log(t) — 0 as t — 0, such that {¢} does not converge uniformly on T.

1.2. Steklov problem for weights uniformly separated from zero. Given
0 < § < 1, a probability measure g = wdm is in the Steklov class Ss if w > 0 at
almost every point in T. To emphasize the role of the measure p, the orthonormal
polynomials with respect to the measure p will be denoted by ¢, (z, 1). In 1921,
Steklov raised the conjecture of deciding if sup,, |¢n, (2, p)| < oo for any z € T pro-
vided p € Ss. This conjecture was solved in the negative by Rahmanov [29] leading
to the problem of finding the right asymptotics of ||on (2, 1) |lec = sup{|en(z, 1) :
z € T}. Consider M(n,d) = sup{|¢n(z, p)]lco : 1 € Ss}. Aptekarev, Denisov
and Tulyakov [3] proved the remarkable result that fixed 0 < § < 1, M(n,0d) is
comparable to y/n. Later Denisov [11] considered positive measures p = wdm
with w, 1/w € L*(T) and proved that there exists a constant C' > 0 such that
sup{[|@n (2, )] : 1 S w < 14} < Cn if 0 < e < 1 and sup{||@n(2, 1)]loo : 1 <
w< T Cnt/2=C/T it T > 2. Moreover these estimates are sharp up to the value
of the constant C. See also Ambroladze [2] for continuous weights, Denisov and
Rush [10] for BMO weights, and Alexis, Aptekarev, Denisov [1] for Muckenhoupt
A, weights.

1.3. Averaged convergence, general Szegd measures. In 1991, Maté, Nevai,
and Totik [23] proved a fundamental result on Christoffel functions generated by
general measures p of Szegd class Sz(T). In the equivalent language of orthogonal
polynomials, it establishes Cesaro convergence

n—1
: 1 * 2 __
Jm 53 DR =1 (15)

for Lebesgue almost every point z on the unit circle T. In 2008, Findley [13] showed
that (1.5) holds almost everywhere on an open arc I C T if we assume that the
measure p is regular in the sense of Ullman and the local Szegé condition holds, i.e.,
logw € LY(I). Originally, the study of asymptotic behaviour of Christoffel functions
was motivated by the problem of Cesaro summability of Fourier series generated
by orthogonal polynomials [22], in particular, by the previous work of Freud [14].
Surprisingly, (1.5) turned out to be very important in the seemingly unrelated area
of universality properties of orthogonal polynomials. The first application of (1.5)
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in this context is due to Lubinsky [21], it fast became a standard method. Totik
[33] discusses a general idea of usage of (1.5) in universality problems and gives
another proof of Findley’s result. A recent breakthrough by Eichinger, Lukié¢, and
Simanek [12] showed that Szegd condition (1.1) is not really needed for universality,
this phenomenon is much more general. Still, under the Szegé condition we know
the scale at which universality holds (~ 1/n), and this knowledge follows directly
from (1.5), see the discussion after Theorem 1.2 in [12]. In the Szeg6 case we also
know a qualitative estimate for the rate of convergence of universality limits, see
[5]. This information is not available in the general non-Szegd case due to a usage
of compactness in [12].

1.4. Assumptions on the side of recurrence coefficients. In the next portion
of convergence results, assumptions on the orthogonality measure p are formulated
in terms of the so-called recurrence coefficients. Let us recall that orthogonal poly-
nomials generated by a probability measure p with an infinite support on T satisfy
the following recurrence relation:

S0n+1(z) — Z()On(Z) G,nQDn(Z)’ n 2 07 (16)
for all z € C and some numbers a,, € D, n > 0, that are called recurrence coefficients
of p. It is also known that any sequence {ay, }n>0 C D is the sequence of recurrence
coefficients of a unique probability measure p with an infinite support on T. See
Sections 1.5, 1.7 in [30] for the proofs of these facts. Heuristically, small recurrence
coefficients {a, } give rise to “regular” measures y, Szegd functions D,,, and reflected
orthogonal polynomials ¢},. For example, we have p =m, D, =1, ¢y =1, n >0,
for identically zero recurrence coefficients {a,}n>0. It is therefore natural to ask
about the almost sure convergence property

lim ¢} (2)D,(2) =1 for Lebesgue almost every z € T, (1.7)
n— oo

in terms of the size of the sequence {ay,},>0. Using formula (2.4.35) in Simon [30]
for polynomials P = ¢y, one can see that

(Du(0) ' Du(2) ™" o) L2 wamy = ¢1(0),  k>0.
Denote by S a subset of T such that m(S) = 1, us(S) = 0, and let xs be the
characteristic function of S. It is known that XSD,II can be approximated in
L?(u) by analytic polynomials, see formula (2.4.34) in [30]. It follows that XSD,Il
belongs to the closed linear span of the orthonormal sequence {py}r>0 in L?(p).
Then basic Fourier analysis tells us that

o0

xs(2)Du(0)71Du(2) " = > en(0)pn(z),  z€T, (1.8)

n=0

in the sense of convergence in L?(). Moreover, we have

06— 2 @pn(z) = S e @ps(s),  z€C, n>1,
k=0

see (2.2.42) in [30]. From here and the Szegd asymptotic relation (1.3) at z = 0 we
see that (1.7) holds if and only if the orthonormal series

Z CLPk (1.9)
k=0

converges pointwise almost everywhere on the unit circle T for the special choice of
Fourier coefficients ¢, = ¢x(0). The problem of pointwise convergence of orthogonal
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series was studied in much detail by Menshov. One of his most striking results [25]
says that for each ¢ > 0 and any square-summable sequence of coefficients {ck }r>0

the condition
1 2+¢ 1 2
Z e (loglog ) <1og ) < o0
|ck| |ex|

k: 0<|ck|<1

implies the pointwise convergence of (1.9) almost everywhere on T. In particular,
the above condition holds if
E lek|P < oo

k>0
for some 0 < p < 2. Another theorem of Menshov [24] (obtained independently by
Rademacher [28]) says that condition

Z k]2 log? k < oo,
k>1

is also sufficient for the pointwise convergence of (1.9) almost everywhere on T.
Using the fact that the product [[p- (1 — |ax|?) converges to a positive number for
every p € Sz(T) (this is another version of the Szegd theorem, see Theorem 2.7.14
in [30]), and the formula
¢k+1(0) = - % ak 3 k > 0>
[Tj—o(1 = la;[?)

from Section 1.5 in [30], we see from Menshov theorems that any of the assumptions

1 24e 1 2
Z |ax|® <10g log > <10g > < oo for some & >0, (1.10)
k: ap#0 ‘ak‘ |ak|
Z lak|? < oo for some 0<p <2, (1.11)
k>0
Z lax|* log® k < oo, (1.12)
k>1

implies (1.7). Similarly, yet another Menshov result [25] implies that assumption
Z lax|? (log log k)? < oo
k>3

guarantees the Cesaro convergence

n—1
! ) B
Jim — kgo er(2)Dy(z) =1

almost everywhere on the unit circle T. The reader can find more information
on Menshov’s works and their subsequent development in the review paper by
Ul'yanov [34].

1.5. A theorem by Poltoratski and Denisov’s counterexample. Theory of
orthogonal polynomials on the unit circle (OPUC) is strongly related to the spectral
theory of self-adjoint differential operators with simple spectrum. Let us mention
two important papers in that field related to our work. In [26], a nonlinear Carleson
theorem for Dirac operators is proved, i.e., a continuous version of the statement

lim |} (2)D,(2)] =1 for every p € Sz(T) and Lebesgue almost every z € T.
n— oo

An error in [26] was found by Gevorg Mnatsakanyan. A new variant of the proof
is avaliable in the form of arXiv preprint [27].
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In recent preprints [8], [9], Denisov provides a counterexample to a strong version
of the nonlinear Carleson theorem. He actually constructs [8] a measure p € Sz(T)
such that (1.7) fails.

2. MAIN RESULTS

Consider a signed Borel measure p of finite variation on the unit circle T. Let
us denote by P(u, z) the Poisson integral of u at z € D, given by

Pz = [ 2L due),  ze
’ T |1 —&2[? ’ .
For u € L*(T) and p = udm, we set P(u,z) = P(u, z). Consider now a probability
measure p = wdm + g on T that belongs to the Szegs class Sz(T). Recall that the
latter means logw € L'(T). Our analysis of asymptotic behaviour of orthogonal

polynomials will be largely connected with the following entropy function of p:
K(p, z) =logP(p, z) — P(logw, ), zeD.

By Jensen inequality, K(u,z) > 0 for every z € D. Take ¢ € T and consider the
Stolz angle with vertex at (, i.e., the convex hull

I'¢ =conv({z € C: |z] <1/2}, {¢}).

Here the constant 1/2 can be replaced by any constant r € (0,1) without essential
changes in the forthcoming statements and their proofs. Properties of the Poisson
kernel imply that for every pu € Sz(T) we have

lim C(p,2) =0 (2.1)

z—(,

z€el'¢
for Lebesgue almost every ¢ € T. Sometimes we will also require more regularity
from the measure p than just the membership in the Szeg6 class Sz(T). Take ¢ € T
and set z,({) = (1 —27™)¢ for n > 0. Note that {z,({)} is a sequence in I'¢

approaching the point ¢ exponentially fast. As we will check (see the discussion
after Proposition 2.4 below), both conditions

> K, 2(0)) < o0, (2.2)

n>=0
> VK 2(Q)) < o0, (2.3)
n=>0

are weaker than the Dini condition (1.4) or its local version on an arc containing (.
In particular, assumptions (2.2), (2.3) do not force w to be continuous near (.
Observe also that (2.2) and (2.3) are the discrete versions of conditions

1
K VK
/ K,r¢) dr < oo, / VA Q) d < 0.

o 1—7r 1—r
Our main results are the following theorems.

Theorem 2.1. Let pp € Sz(T) and ¢ € T be such that |D,| has a non-zero finite
non-tangential limit at {. If (2.1) holds at ¢, then

sup (711 i“cp,’:(z)D#(z)F - 1’) 50,  n— oo (2.4)
k=0

zel'¢

In particular, (2.4) holds for Lebesgue almost every ¢ € T for any p € Sz(T).
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(A) Stolz angle T'¢ (B) Tiling the domain of convergence

F1GURE 1. Different asymptotic methods work in different regions.
On compact subsets of D, the classical Szegd argument applies.
Near the unit circle, at disks of radii ~ 1/n, one can use Maté,
Nevai, and Totik approach. We prove the uniform Cesaro asymp-
totics in the whole Stolz angle I'c. See also Theorem 4.8 for the
convergence in the bigger domain shown in Figure 1b.

Theorem 2.2. Let p € Sz(T) and ( € T be such that D, has a non-zero finite
non-tangential limit at ¢. If (2.2) holds at , then

n—1
sup <% Z‘wZ(Z)DH(Z) - 1’) — 0, n — 0. (2.5)
k=0

z€l¢
Theorem 2.3. Let € Sz(T) and ¢ € T be such that (2.3) holds at (. Then
sup |on(2)Du(z) — 1] =0, n — oo. (2.6)
zel¢

Let us make some remarks on Theorems 2.1-2.3. First, we would like to note that
Theorem 2.1 implies Maté, Nevai, and Totik theorem [23], see (1.5). Indeed, the

property

zel'¢

n—1
sup (% ZM(,DZ(Z)DH(Z)F - 1)) — 0, n — 0o, (2.7)
k=0

is stronger than property

1 n—1
- D IekODLQOP =1, n— oo, (2.8)
k=0

established in [23] for almost all ( € T. Besides the fact that (2.7) holds globally
in the Stolz angle I'¢, see Figure 1, there is another important difference between
(2.7), (2.8). Namely, (2.8) tells us that for n large enough the arithmetic mean of
the sequence {|¢5(¢)D,(€)|?}1<k<n is close to 1, while (2.7) implies that most of
the members of this sequence are close to 1.

Our second remark concerns sharpness of Theorem 2.1. Based on construc-
tion in [8], we conjecture that (2.4) cannot hold with |} (2)D,(2)|? replaced by
©5(2)2D,,(2)? for general measures of Szegd class.

Let us now discuss assumptions (2.2), (2.3) in Theorems 2.2, 2.3. Without trying
to formulate the most general results, we would like to demonstrate which properties
of u can yield (2.2), (2.3).
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Proposition 2.4. Assume that p = wdm is such that v = logw is bounded on T
and its Fourier coefficients a(k) = (u,z¥)2(r) satisfy

> Ja(k) P log k < oo. (2.9)
E>1

Then (2.2) holds at Lebesque almost every ¢ € T.

Proposition 2.5. Let = wdm be a probability measure in Sz(T) and let ¢ € T.
Assume that logw is bounded at a neighborhood of ¢ and

| log w(§) —log w(¢)|?
/T = dm(&) < oo. (2.10)

Then (2.2) holds at (.

Proposition 2.6. Let u = wdm be a probability measure in Sz(T), let ¢ € T and
I,={¢cT:|6-(| <27"},n > 0. Assume thatlogw is bounded in a neighborhood
of ¢ and

o 1 ) 1/2
Z <|I|/ |log w — logw(()’ dm) < 0. (2.11)
n=1 n In

Then (2.3) holds at .

Theorem 2.3 and Proposition 2.6 imply the classical result of Grenander and
Szegd and its improvement by Badkov (see Section 1.1). Indeed, for ¢t = |£ — (| we
have

[logw(§) —logw(Q)| S [w(§) —w(() < sup  |w(z1) — w(z2)| = w(t)
|21 —22|<t
if w is positive and continuous near ¢ and ¢ is small enough (as usual, we write
91 < g2 if g1 < cgo for a constant ¢ that does not depend on the parameters under
consideration, i.e., in the above case, on t). Therefore, (2.11) is weaker than the
classical Dini condition (1.4):

oo

1/2 oo
3 <1/ |1ogw_1ogw(g)|2dm> < w(l)) €
—\ || J1, —
e 1
<> g < [ 9D g o,
n=1 t 0

t
or its local version on an arc. Since our estimates for the remainders are qualitative,
Theorem 2.3 and Proposition 2.6 imply the uniform convergence ¢} D, — 1 on any
open arc of T where w is positive and satisfies the Dini condition.

g—n+1
w

—-n

We would like to emphasize that assumptions in Propositions 2.4-2.6 (or, more
generally, assumptions (2.1)—(2.3)) are given directly in terms of the measure pu.
Therefore, they are much easier to check than assumptions (1.10)—(1.12) in terms
of recurrence coefficients when one starts from the orthogonality measure p. On
the other hand, if one starts with recurrence coefficients of p (such a situation
occurs in direct spectral theory of differential operators with simple spectrum), then
assumptions (1.10)—(1.12) are much easier than (2.1)—(2.3). From this perspective,
(2.1)—(2.3) and (1.10)—(1.12) complement each other.

Next, we apply our results to the study of the asymptotic behaviour of the
polynomial reproducing kernels

@ (22)05(21) — n(22)Pn(21)
1-— Z221

kun(z1,22) = (2.12)
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generated by a measure p € Sz(T). It is well-known that these kernels have the
following universal asymptotic behaviour

_ 1—ZzZhz7
Kun(z1,22) = ‘Dﬂl(C)‘gl—izzzi(l + Tn(ZlyzQ))v (2.13)
li_>m sup{’rn(zl,ZQ)‘: 212 €C, |z12—¢| <A/n} =0, (2.14)

for every A > 0 and almost every point { € T. Moreover, a bound for the rate of
convergence in (2.14) is known, see [5]. Let us write g; =< go for two functions gy,
g2 if g1 < g2 and g2 < g1. Recall that the hyperbolic distance in D is defined by

1 1+p 217Z2)2
dp(21,22) = 5 log w

2
Note that dg(z1,22) S 1 for two points z;, 22 in some Stolz angle I'¢ if and only
if 1 —|z1] < 1 — |z2]. We prove the following extension of the local universality
relation (2.13).

Rl — ?2

p(z1,22) = . (2.15)

1727221

Theorem 2.7. Let p € Sz(T) and ( € T be such that D, has a non-zero finite
non-tangential limit at . Take A > 0. Define the function r, in D x D by

_— 1 — znn
k“m(zl, 22) = D# 1(22)DH 1(21)17?1(1 + Tn(zh 2’2)) (216)
— k221
We have
lim sup  |ra(z1,22)|=0, if (2.1) holds, (2.17)
N0 2,29€l,
dy(z1,22)<A
1 n—1
lim sup -— re(z1,22)|= 0, if (2.2) holds, 2.18
o, el e =
lim  sup |rn(z1,22)|=0, if (2.3) holds. (2.19)

n—00 z1,22€l¢

In particular, we have (2.17) for almost every ¢ € T for any measure p € Sz(T).

3. PRELIMINARIES

In this section we recall the basic theory of orthogonal polynomials and collect
some results from [5]. Given a probability measure p on T, its Schur function f is
defined by the relation

14+2z2f(2)  [1+¢&
= 2f(2) _/11' s du(§), z € D. (3.1)
Taking the real part in (3.1), we get
_ 2 1|2
LGl _ (Lol ) = Pz), 2eD. (3.2)

1=zf)P  Jr[1—&z?
Since expressions in (3.2) are positive in D, we have |2f(z)| < 1 for every z € D. In
other words, zf is an analytic mapping from D into itself. By Schwarz lemma and
the maximal modulus principle, the same is true about f (with the exceptional case
when f is a unimodular constant, it corresponds to the case where u is the point
mass measure concentrated at a point of T). Conversely, any analytic mapping f
from D into itself leads to a probability measure p on T defined by formula (3.1).
It is not difficult to check that in this correspondence the finite Blaschke products
generate probability measures p supported on finite subsets of T. In what follows
we will always exclude this case from consideration assuming that p is not a finite
linear combination of point masses.



ORTHOGONAL POLYNOMIALS 9

Consider a pair g = wdm + ps, f related by (3.1). Fatou’s theorem (see Theo-
rem 5.3 in Section L.5 in Garnett [15]) implies that for Lebesgue almost every £ € T

we have
1— 2
e 33

Note that Re(1 —zf(z)) > 0 for z € D, hence the function 1 — zf is outer in D (see
Corollary 4.8 in Section I1.4 in Garnett [15]). Hence, we have log |1 — £f| € L1(T)
and

[0l = @) amie) = 10g 1 = =)
This formula and (3.3) imply

/log(1—|f|2)dm=/logwdm,
T T

where both sides are finite or equal to —oo simultaneously. In other words, we have
w € Sz(T) if and only if log(1 — |f|?) € L*(T).

Let us now recall the definition of Schur’s algorithm. Take a probability measure
pon T with an infinite support and consider the Schur function f of p. Define the
analytic functions f,, : D — D by Schur’s algorithm:

Z2fnt1(2) = ——————, 0, z) = f(z), =ze€D, 3.5
frt1(2) = 7.0 fa(2) fo(z) = f(2) (3.5)
and let u, be the measures generated by f,, via (3.1). Note that fo = f and pg = p.
Szegd theorem says that the measure p is in the Szegd class Sz(T) if and only if
> | fa(2)]? < oo for any z € D, and, moreover, in this case

=0 (3.4)

/T log w dim = / log(1— %) dm = 3_ g1 = 1, 0)) (3.6)

See Theorem 2.7.14 and Theorem 3.1.4 in Simon [30]. In [6], the following general-
ization of (3.6) was found:

Re LR |f(2) s
K(u,z)—kz:olog <1+(1 |2| )1—|fk(z)|2>’ €D, (3.7)

for every p € Sz(T). Nonnegativity of summands in this formula implies that the
entropy decreases in the Schur algorithm, that is,

K(ppng1,2) < K(pn, 2), zeD, n>=0. (3.8)
Let us also mention the useful relation
K(u,2) =1log(1 = [2f(2)]*) = P(log(1 = |f[*),2),  z€D, (3.9)

that follows from the definition of IC(u, z), formula (3.2) and the fact that 1 — zf
is an outer function in I (in particular, P(log |1 — £f(€)|?,2) = log|1 — 2 f(2)|? for
every z € D). The same formula for u,, f, reads as

K(Unaz) = 1Og(1 - |an(2:)|2) - P(IOg(l - |fn|2)’z)7 zeD, n=0. (3'10)
Further, for A € D, we define

o (z)  2Enm1() T 054 (2)
" =[P

where we set f_1 =0, zp_1 =1, p*; = 1. Let also $3 ,(2) = 2@ n(1/Z) be the
corresponding reflected polynomials. Note that
_ on_1(2) = 2fa—1(N)pn-1(2)

Pan(2) = T RSOVE , n>0, (3.12)

. n>0, (3.11)
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while the usual reflected polynomials ¢} can be written in the form

ei(e) = Bt Qan B ) o

as follows from Szegd recurrence (1.6) and Geronimus theorem,
ap = fn(o)a n =0,

see Theorem 3.1.4 in Simon [30]. In particular, for n > 1 we have

@Kn(’z) 1-— |fn—1(/\)‘2 _ 1-— anfl()\)bnfl(z) b L= Pn—1 (3 13)
@5(2) 1= [faci O 1= 2f0 1(0)bp_1(2) ey '

which yields the estimate

L= |fna ] ‘¢K,n(z) L—|fn-1(N)[? o L faa (V)]

L+ fam1 (O] 7| 05(2) | /T [faci (O ~ 1= |fa-1(0)]
that will allow us to switch between ¢3 , and ¢}, provided that f,_1(A), fn—1(0)
are small. Note that (3.14) trivially holds also for n = 0 because @3 , = @5 = 1.
The main feature of the polynomials {®y ,} is the entropy bound

(3.14)

d
KwamA) K@), n20, vy,= - (3.15)
SDAJL'
see Corollary 4 in [6]. Relation (3.15) could be rewritten in the form
2

5 ()

P M —1 A | g g, (3.16)
(p)\,n

see Lemma 2.3 in [5]. The bound (3.16) has important consequences that we state
and prove below in Lemma 3.1 and Lemma 3.2. These lemmas are not specific
for orthogonal polynomials as they work for any polynomials that satisfy entropy
bounds of type (3.16) with the small enough right hand side. For consistency, we
will use notation ¢* for a polynomial without zeroes in the open unit disk. The
lemmas will be used later for ¢* = ¢ ..

Lemma 3.1. Let p* be a polynomial of degree at most n without zeroes in the open
unit disk D, and let ¢(z) = 2"p*(1/Z) be the corresponding reflected polynomial.
Denote by b = p/* the Blaschke product generated by o, ¢*. Fiz ( € T, r € (0,1),
A >0, and consider the Stolz angle T'¢ = conv({z € C: [z| <1}, {¢}). For every
e > 0 there exists ng > 0 depending only on r, A, €, such that if

*(\ 2
P(“D(*)1 ,A)gne (3.17)
¥
for some A € T'¢, then there exists () € T such that

sup  |b(z) — a(N)2"] <&, (3.18)
z:dp(z,\)<A

where dg(z,\) is the hyperbolic distance between z, X, see (2.15).

Proof. Put EL(A) ={£ € T:|o*(\)/¢*(&) — 1| > ¢}, E.(\) =T\ EL(A), and

nP(“p*(A)12,A>.

1— 2
sup / 7|f‘ 5 dm(§) — 0, n— 0. (3.19)
= di(zn<Aate oy 11— E2]

We have
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Since on the set E.(A) the argument of ¢* (to be denoted by arg ¢*) is close to the
argument of ¢*(\) modulo 277, and since b(¢) = £ - e~ 221827 (©) for all £ € T, we
have

sup  [b(&) —a(N)E" Se,  a()) = PN _ viarset ()

¢eB.(\) @*(A)
We now see from (3.19) that
— |z
sup |b en 2L 5 dm(§) Se
2 di (2,0 <A 11— &2

if n is small enough. This relation and the analyticity of b, 2™ imply (3.18) provided
that (3.17) holds with 79 > 0 small enough. O

Next lemma was implicitly used in [5] but not proved there. We fill this gap
below.

Lemma 3.2. Let p* be a polynomial of degree at most n without zeroes in the open
unit disk D, let ¢ € T, Ay, Ay > 0. Assume that max(A;, Asz)/n < 1/2 and set
An = (1= Ay /n)C. There exists ng > 0 depending only on Ay, Ay such that if

(e

then the polynomial ¢* has no zeroes in B(¢, As/n) ={z€ C: |( — z| < Az/n}.

2

Our first goal is to show that if 7 is small enough, then ¢* cannot have zeroes in
the “e-strip”

2
,An> < 1o, (3.20)

Proof. Define
©* (An)

*

-1

{z € B(¢, A2/n) : |1 - |z|} <e/n},

for some € > 0. Suppose, on the contrary, that for a given e € (0, A3/2) there is
z* € B((, A2 /n) such that |1 —|2*|| < e/n and ¢*(2*) = 0. Since ¢* has no zeroes
in D, we have |z*| > 1. Choose a wide Stolz angle T = 1"?2’5 with vertex at ¢ and
aperture sufficiently large such that the Hausdorff distance between I'N\ B((, A3 /n)
and the unit circle T is comparable to €/n (see Figure 2). Observe that the point
Z\, = (1 - %) \i*l belongs to I'. Denote by z. the point on the boundary of T"
such that z./|ze| = 2*/|z*|. Since all three points A,, 2z, and z), belong to the
same Stolz angle I' and have comparable distances to the unit circle T, we have

* * 2
“P()‘n) 1‘< P 4'0()\”),1 2,
©*(2x,) ©*
. 2
< 7><*";§n>_1 Mn) < Vi
. . 2
’30 ()‘n) _1‘ < |p ' (/\n) 1] =
SD*(ZE) p*
" 2
< P( “”;f”)l ,An> < VA
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e/n

FIGURE 2. Objects appearing in the proof of Lemma 3.2.

with constants depending only on Ay, As and €. This gives

“p*(z*n) — 1+ 0(v7) (3.21)

©*(2¢)

for all n < ngp (again, the value of 79y depends solely on A;, As and €). At the
same time, Lemma 2.3 in [7] implies the estimate
‘w*(ZAn)

> (1 + Te)nl
©*(ze) 2

if we factorize ¢* = (z — 2*)p,—1 and use the fact that the polynomial p,_; has no
zeroes in D (the first usage of such estimates in the context of orthogonal polyno-
mials is due to Maté and Nevai [22]). Observe that

n—1 n—1 n—1
L+ > M >(1- & > ca,,
2 2 2n

for some constant c4, > 0, and

zZz, —2° Z

n

y Te = ’

"
Ze — 2 Ze

zZy, — 2* A
An s Az
Ze — 2% 15
So, if € > 0 is so small that
147 n-t zx, — 2* Asca,
2 2,
2 Ze — 2* €

and ngp > 0 is so small that for n < ngo relation (3.21) gives

©*(2x,) <3 7

©*(ze) 2

we obtain a contradiction. In other words, for chosen €, 79y there is no point
z* € B((, A2 /n) satisfying assumptions

1] <e/n,  ¥7(2") =0,

provided 1 < 199. Our next aim is to prove that for this fixed value € > 0 the
polynomial ¢* has no zeroes also in the remaining part of the disk B(¢, A2/n) (in
fact, for this we will need to change 7o by a smaller constant).

Set ¢(z) = 2"p*(1/Z) and note that b = ¢/¢* is a Blaschke product. Lemma
3.1 implies that for every A > 0, v > 0 there exists ny; > 0 such that if n < 7o,

then

sup ’|b(z)| — 2" < 7. (3.22)

zidg(z,\)<A
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For S C D, we will denote S* = {z € C:1/z € S}. Let us take A so large that the
hyperbolic disk ,(A) ={z €D : du(z,\,) < A} satisfies

Qu(A)U{z€C: |1 —|z]| <e/n} UQL(A)* D B((, Az/n). (3.23)
Note that the choice of A depends only on parameters €, A; and can be made

independent of n. In fact, we have

inf (1—|z2]) < 1/n,

which guarantees that v defined by

B ianeQH(A) |Z|n

B 2
is bounded below by a constant only depending in A. Then, for this choice of A,
~v we use Lemma 3.1 to find 19, > 0 such that (3.22) holds for < n91. Note
that (3.22) implies that the Blaschke product b has no zeroes in ,,(A). Hence, the
same is true about ¢, and then the polynomial ¢* has no zeroes in the reflected set
Q,(A)*. Finally, (3.23) and the first part of the proof imply that ¢* has no zeroes
in the whole disk B((, A2/n). We now see that the claim of the lemma holds for

Mo = min(7oo, Mo1)- U
The following result is Lemma 2.6 in [5].

Lemma 3.3. Let p € Sz(T), A > 0, ( € T. Assume that n > 2A and set
A= (1—A/2n)¢. There exists a constant ny > 0 depending only on A, such that if
Pn(N)

IC(V)\,na A) < 7o, then
— 1] < ce®\/K(vam, N),
Prn(2) ’

for every z € 09, where Q,, is a domain in C with a piece-wise smooth boundary
0y, such that B(¢,A/n) C Q, C B(¢,4A/n), B({,r) ={z € C: |( — 2| < r}.
Here, the constant c is universal.

Let 1y be the best possible 779 in Lemma 3.2, Lemma 3.3 for the choice of pa-
rameters A; = 2, Ay =8, A = 2. In other words, let 79 be the maximum of the all
numbers 1y for which both Lemma 3.2 and Lemma 3.3 work for A; = 2, Ay = 8§,
A = 2. Take a point ¢ € T such that (2.1) holds. Set A; = (1 —1/5)¢ and define

ng = min{n >8A: ) 1< 1o for all j > n} (3.24)
We arrive at the following estimates.

Lemma 3.4. For everyn > ng and 0 < k < n, we have

5 (s
Gkl KGaa, e B 1), (3.25)
@Amk(An)
Consequently, we have
Fuc®) |
z
Dk D 1 o(/KmA). e B/, (320)
<P,\n,k(>‘n)

where the constant in O(-) does not depend on p, k, and z.

Proof. Take n > ng, 0 < k < n. Let us use Lemma 3.2 for ¢* = @;mk with
the parameters i = k, A; = k/n, Ay = 8k/n in place of n, Ay, As. We have
max (A1, As)/n = 8/n < 8/ng < 1/2, as required in Lemma 3.2. We also have

i =(1—A/n)C=(1—1/n)C =\,
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Note that A; < 1, Ay < 8, therefore, the optimal (i.e., largest possible) number 7jg
in Lemma 3.2 for this choice of parameters satisfies 179 < 7g. Let us check the main
assumption (3.20) in Lemma 3.2:

(e

2
,An>"”C(”"”““)1<e'<<w L<m < (3.27)

Lemma 3.2 now tells us that ¢, has no zeroes in B(¢, Ay/n) = B((,8/n). This
information will be used at the last part of the proof.

Next, we use Lemma 3.3 for v = k, A = 2k/n in place of n, A. With this choice
of parameters, we have A = (1 — 4/2n)¢ = A,,. Moreover,

K(vs a0 A) < K A) = K, An) < 502 — 1 <o <o,

A0

for n = ng. Here 7jo is the largest possible number in Lemma 3.3 for 7, A, and we
have used the fact that A < 2, so 179 < 79. We see that

< K (s 20 M) S VKA (3.28)

for every z € 0f);, where 5 is a domain in C with a piece-wise smooth boundary
08 such that B(¢,2/n) C Qi C B((,8/n). In the last chain of inclusions we have
used the fact that A/i = 2/n, 4A/f = 8/n. Then from the maximum modulus
principle for the function 1/ ©3, x in the domain 5, we obtain

SVEW ), 2 € Q. (3.29)

In other words, (3.28) holds everywhere in Q;, not just at the boundary 9Q;. We
used here the fact that ¢35 has no zeroes in B((,8/n), hence the function 1/,
is analytic in Q5 C B((,8/n). Since we also have Q5 D B((,2/n), relations (3.25),
(3.26) follow from (3.29). O

som(
ENe)

Pron(n)
@3, k()

ny

Fonh)
Sbin,k(z)

The bounds (3.25), (3.26) will be among the main ingredients in the proofs of
Theorem 2.1 and Theorem 2.2.

4. PROOF OF THEOREM 2.1

Define the nonnegative functions 7, 7, in the open unit disk D by

n—1

1n(2) :% K(prs 2), (4.1)
k=0

MTRTEES < D S

O TR (42)

Lemma 4.1. Let p € Sz(T). We have sup.cp, nn(2) — 0 as n — oo for every
¢ €T such that (2.1) holds.

Proof. The estimate (3.8) gives 1, (z) < K(u, z) for any z € D and n > 1. Hence,
it is sufficient to prove that sup{K(pn,z2) : |z\ < r} — 0asn — oo, for any
0 < r < 1. Observe that (3.9) gives

1+ |z]

log(1 — | ful?

’C(Nmz) < _P(IOg(l - |fn|2)’z) < -
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and one only needs to check that the last integral tends to 0 as n — co. In turn,
this follows from Szegé formula (3.6) for the pair uy,, fn, i-e., from

[ 1081 = 15,7 = 3 log(1 - RO (43)

k=n
Since by (3.6) we have 3, - |11 (0)|? < oo for every p € Sz(T), the right hand side
n (4.3) indeed tends to 0 as n — cc. O

Lemma 4.2. Let p € Sz(T), and let

Fen=Tcn{ze€C: |z—(] >1/n}, n>1.
We have sup.cp, , 7n(2) = 0 as n — oo for every ¢ € T such that (2.1) holds.
Proof. We first deal with z € T'¢ ,, such that IC(y, z) < log 2. Let us divide the set
of indices I, = {k: 0 < k < n — 1} into two subsets

Lo ={k €Lt |fulz)| <1/2}, (4.4)
Lip={kel,: |fu(z)]>1/2}. (4.5)

For k € I,, s, we have

P e

kEIn s

Syl A= 1z7) Z|fk K(u, 2), (4.6)

where in the last estimate we have used (3.7) and the fact that « < log(1 + z) for
€ [O7 1]. Next, for k € I, ;, we have

1 LHIAG (1= o))
n 2 T a2 A \ZNZ T RGE

keI“b kel kel,

Each summand in the last sum satisfies
(1= 2P| fu(2)?
L —|fe(2)|?

for otherwise we cannot have K(u,z) < log2, see (3.7). Thus, one can use again
the elementary inequality z < log(1 + ) for = € [0,1] and obtain

(1= [zP)fr(2)”
Z Og |fk( )| = Z tog (1+ 1= [fu(2)]? )SK(u,z)_ (4.7)

kEI kel,,

0< <1,

Combining (4.6), (4.7) we arrive at

Z ST TG Z RETAE)

ke[ keI
S VKR, 2) + Kp, 2) S ’C(M,z), (4.8)

for every z € T'¢, such that K(u,2) < log2. Moreover, the constants in (4.8)
are universal. Thus, the result will follow from (2.1) if we show that 7, tends
to zero uniformly on compact subsets of . In turn, this will follow if we show
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that max,|<, [fn(2)| — 0 as n — oo for every r € (0,1). So, let us take z with
|z| < r <1 and estimate

1
| fn(2)? < logw = —log (1= [P(fn,2)]*) <
< =P (log(1 = ful?).2) S —1 [ toa(1 = £, dm.

where we used Jensen’s inequality for the convex function z +— —log(1 — %) and
the basic bound for the Poisson kernel. Then, as in the proof of Lemma 4.1,

n—oo

lim [ log(1—|fu]*)dm = lim " log(1 —[fu(0)]*) =0,
T n—o00 —
and the result follows. O

Lemma 4.3. Let u = wdm+ ps be a measure in Sz(T), let D, be the correspond-
ing Szegd function, and let {4, }n>0 be the sequence of orthonormal polynomials
generated by u, see (1.2). We have

O, ©n
[ — b = — 2 s 4.
1—zbyfn’ " n=0 (4.9)

for the outer function O,, defined by the conditions O,,(0) > 0 and |0,|?> = 1—|f.|?
almost everywhere on T.

<P;Du =

Proof. Recall that the reflected polynomials ¢} have no zeroes in the closed unit
disk, see, e.g., Theorem 1.7.1 in Simon [30]. Therefore, b, is a finite Blaschke
product, Re(1— zb,, f,,) = 0 in D, and the function 1 — zb,, f,, is outer (see Corollary
4.8 in Section I1.4 in Garnett [15]). From here we see that functions ¢}, D, and
O, (1 — zb, fn)_1 are outer as well. Note that they have positive value at 0. Thus,
we only need to check that

On
1- anfn

almost everywhere on T. Taking the square and using the definitions of D,,, Oy,
we see that (4.10) is equivalent to

lonDul = , (4.10)

|<p*|2w: 1_|fn|2
" |]- - anfn|2
almost everywhere on T. This formula is due to S. Khrushchev, see Theorem 2 on
page 173 in [20]. O
Lemma 4.4. We have
1 n—1
=3 J1og(1 = 2be(2)fi(2))| < in(2), (4.11)
k=0
1 n—1
3 108 0k ()| 2 < =) + (), (4.12)
k=0

for every z € D. In (4.11), we deal with the main branch of the logarithm, log1 = 0.

Proof. Inequality (4.11) is immediate from the definition of 7,, and the estimate

1
log(1 — 2bi(2) fx(2))| < log <1 z e D.

1
1= 22 )] S B T= )]
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To prove (4.12), we write

n—1 n—1

1 _ 1 _

— > 1og|0x(2)[ 72 = — > P(log [0x| %, 2)
k=0 k=0

n—1
= 3" Pllog(1 ~ [, 2
k=0

n—1 n—1
Y T % S log(1— [2fu(2)]?)
k=0 k=0

n

< n(2) + 7 (2)-
First equality here holds because Oy is an outer function for each k£ > 0. In the
second line we used the fact that that |Ox|? =1 — |fx|?> on T, k > 0. Equality in
the third line follows from (3.10), and the last estimate from — log(1 — |z f5(2)|?) <
O

—log(1 — [fr(2)])-

Below we will use the bound

n—1
1
= Z 1D, (2)@5(2)]? < 1+ 6n(p, 2), z €D, (4.13)
" =0
where
eKlwz) — 1 eKlwz)
5n(,u7 Z) =2

4 .
(=) " R TeP)
For the proof of (4.13), see Lemma 2.2 in [7].
Lemma 4.5. We have

n—1
1 N .
=3 ek (DU = 1] S uli2) + m(2) + i 2),
k=0
for every z € D.

Proof. Fix z € D. Let us divide the set of indices J,, = {k : 0 < k < n — 1} into
two subsets,

Jns={k e Tu: [logloi(x)Du(2)l| < 1}, (4.14)
T = {k € Jy: ‘log \QDZ(Z)D#(Z)M > 1}. (4.15)
For k € J,, s, we have
() Du(2)? = 1| $ [1og Ik (2)Du2) 2| < [10g |08(2) 2| + [tog [1 = 2bu(2) ().

where in the second inequality we have used Lemma 4.3. From (4.11), (4.12) we
obtain

1 . _
= 3 |k EDUEE 1] S ) +(z). z€D. (416)
k€Jn,s
To handle indices k € J, 1, we use (4.13). Together with (4.16) it gives

= D =5 S D - Y I ID)
k=0

k€Jnb kedn,s
[ Jn.s] .
_ s
< 1+5n(u,z) nt1 +O(77n(z)+77n(z))
In 5
= Wt 45 ) 4 Oa(z) + n(2). (4.17)

n+1
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It follows that

LS le@nu@r 1 <2720 )+ 0 ). (418)
kEdn

Recall that the sets I,, s, I, were defined in (4.4), (4.5), respectively. We have

‘Jn,b| _ |Jn,bﬁln,s| + |Jn,bﬂln,b| < |Jn,bmln,s| + ‘In,b|
n n n = n n

Note that
|In,b|

n—1
1 1
Mn(z) = — log > log 2,
() =5 2l )

and if k € J, 5 N I, 5, Lemma 4.3 gives log |Ox(2)|72 2 1. Then (4.12) yields

n—1
Jn,b N In,s 1 — ~
Vo Ol < 5™ 105 104 (2)172 < ma(2) + in(2).
k=0
We deduce that
I .
sl < z) + ). (1.19)
Taking into account (4.18), this completes the proof. O

Lemma 4.5 together with Lemma 4.1 and Lemma 4.2 will give us the asymptotic
relation

1 n—1
sup — Z‘\(pi(z)D#(z)F —1] =0, n — oo. (4.20)
z€l¢ n n =0
In the remaining piece Flc,n :=T'¢\T'¢,, of the Stolz angle I'¢ we will need a different
argument. For convenience, let us reproduce the definition of F/C,n in the following
form:
I, =Tcn{zeC: [z <1/n}, n>1.

We also define

Ry(n) = Slelll‘)’ gzgz;; (4.21)
Ra(n) = _sup (6n(ps 2) + 00 (2) + 110 (2))- (4.22)

It is clear that Rj(n) — 1 and R2(n) — 0 for every ¢ € T such that (2.1) holds and
|D,| has a non-zero finite non-tangential limit at ¢.

Lemma 4.6. Let ( € T. For every A C {0 < k < n— 1} we have

* (o D# - 2_1 n
. > ken| |9k (2) Du(2)] < BN p oy, (4.23)

Zer,(,'n, n n

foralln > 1.

Proof. Take z € I'; , and consider A(z) = rz where r € (1 —1/n,1) is chosen so
that |A(z)| = 1—1/n. Note that A(z) € I'¢ ,,. Since ¢} has no zeroes in I, we have

k
AP () WP 2GR 0<k<n-1
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see Lemma 2.3 in [7]. Next, consider the sets J, s, Jyp defined in (4.14), (4.15)
with A(z) in place of z. We have

D 1ek(:)Du(2)? S Ru(n) Y lei(A (A(2))

[

kEA keA
smm( Y 1+ Y |soz<A<z>>D#<A<z>>|2)
kEANTn,s  kEANT,p
S Rim)|Al+ Ra(n) Y 10i(A(2))Du(A(2))[*
kEJ,L b
Now the claim follows from (4.17), (4.19) applied to A(z) in place of z. O

In the next proof we switch from the polynomials ¢}, to polynomials 3 ,, defined
n (3.12). The fact that polynomials @5 ,, have a small distortion near ¢ (see (3.26))
will make it possible to get the asymf)totics of ¢ (2) for z € I'; , by using the
asymptotics of ¢} (A,) at the point A, = (1 — 1/n)( in the region I'¢ ,. The latter
asymptotics was already found in (4.20).

Given A € D and ¢ € (0, 1), let us consider the sets I, s(¢), I, 4(¢) defined by
I,:(e)={0<k<n—1: |fim1(N)] < e}, (4.24)
Inp(e)={0<k<n—1: [fim1(N)] > ¢}, (4.25)

where, as before f_; = 0. By construction, see (3.14), for every k € I,, s(¢) we have

<e

~

Exk(2) ?
‘ ’ zeD. (4.26)

or(2)

Lemma 4.7. Let pn € Sz(T), ¢ € T, be such that (2.1) holds and |D,| has a non-
zero finite non-tangential limit at C, let ng be defined by (3.24), A\, = (1 — 1/n)¢.
For e > 0, consider the set I, s(¢) from (4.24) generated by A = \,,. We have

1
S ‘|@Z(z)DM(Z)\2_1‘ <e.
n— o0 zGF’C’n nkeln,s(g)

Proof. At first, observe that for every k € I, ;(¢) and =z € D relation (4.26) implies

197()DW() P = 185, () D) 2| S elgi(2) Du2) .

Therefore, we have

k(DR =1 S Y [185, 42D 1]+ leil(2)D
kel s(e) kel s(e) =

Recall that
= ek (2)Du(2)]> < 1+ n(p, 2)

by (4.13), and lim,, SUp_er, On (i, 2) = 0. Thus, we only need to check that

' 1
lim sup SUP I Z ’|‘P>\,L,k( ) ( )|2 -1 =0.
n— 00 ZGFC n kel, s(e)
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For z € F/C,n and 0 < k < n, n = ng, with ng from (3.24), relation (3.26) gives

1+ O0(v/K(, M) X, k6 (2)Dpu(2)
Rl(n) @K Jf()\n)Du(/\n)

where Rj(n) is defined in (4.21), lim, o R1(n) = 1. It follows that

22, k() Du(2) = 183, k(A )Du(/\n)\2’<€n|s5§n,k()\n)Du(/\n)\2,

2
< Ri(n) - (14 O(VK (1, Mn))),

for some sequence &, such that lim, . €, = 0. By triangle inequality, we have

sup |23, x(2) Du(2)]* = 1] S [18%, s (An) D) |* = 1] + nl @3, 1 (An) DA .

zEFC)n

Finally, Lemma 4.5 for the point z = A, gives

1 N
n Z “‘»OA k ()‘n)|2_ 1| S 0n (i An) + 00 (An) + 70 (An),
kely s(e)

and the claim follows from Lemma 4.1, Lemma 4.2, and the fact that \,, € I'¢c,,. O

Proof of Theorem 2.1. The proof is a combination of previous results. Lemma 4.5
gives

n—1

1 -

= 3|k )DUAI ~ 1] S ulp2) +mal2) +7in(2), = €D
k=

Therefore, we have

sup — ‘|<p,c D()|2—1‘—>0, n — 0o,
z€l¢ n
by Lemma 4.1 and Lemma 4.2. To deal with the region F,C,’I’L =T \I¢ pn, we take e >
0, the point A, = (1—1/n)¢ and consider the sets I,, s(¢), I, »(¢) from (4.24), (4.25)
corresponding to the points A, that is, I, s(¢) = {0 <k <n—1: |fr_1(A)| < &}
and I, p(e) = {0 <k <n—1:|fsu1(An)| = €} Lemma 4.7 gives

1
tmsup sup (L3 ‘|¢Z(z)DM(Z)\2_1 Se.
n—oo ZGFE’TL nkeln,s(s)

Choosing A = I, () in Lemma 4.6, we obtain

 Ru(n)[1a(6)

sp [ S JleiDuP 1] + Ba(n) Ra(n).

!
€l \ 7 kel (o)

Recall that Rq1(n) — 1, Re(n) — 0 for every ¢ € T such that (2.1) holds and |D,,|
has a non-zero finite non-tangential limit at (. The definition (4.2) of 7,, implies

[In5(e)] 1
b0 < i (An)-
- log 7 <l (An)

[Inb (o)

Since A, € I'¢ ,,, we have limsup,,_, = 0 by Lemma 4.2. This gives us

: 1 «
limsup sup (n Z ’|<Pk(Z)DH(z)|2—1’> =0.

n—o00 ZGFC n keI, »(e)

Collecting the estimates, we obtain

n—1
1
limsup sup (n ZM@Z(:{:)DM(Z«)\? _1‘> Se
k=0

’
n— oo ZeFC,n
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FIGURE 3. The region appearing in Theorem 4.8 (filled with gray)
contain the region from Figure 1b (filled here with dots).

The theorem follows by letting e — 0. O

We have proved Theorem 2.1 for Stolz angles. The same method gives a bit
more general result that we formulate below.

Theorem 4.8. Let u € Sz(T) and ¢ € T be such that (2.1) holds and |D,| has a
non-zero finite non-tangential limit at (. Fix A > 0 and let B((,A/n) = {z € C:
|z —¢| < A/n}. Then

Z’W |2—1’ 50,  n o0, (4.27)
zeFCUB(C A/n)

where we set Z = ( for z € B(¢,A/n) and Z = z for z € T'¢ \ B((,A/n).

The regions I'c U B(¢, A/n) in Theorem 4.8 are shown on Figure 3. Note that
the width of the Stolz angle I'c and the parameter A > 0 are arbitrary, hence
these regions contain the area shown on Figure 1b. This area is filled with dots on
Figure 3.

5. PROOF OF THEOREM 2.2

The proof of Theorem 2.2 uses the same tools as the proof of Theorem 2.1:
Khrushchev-type formula (4.9) and the entropy function IC(u, z). The latter con-
trols Schur functions of u that appear in (4.9), see Lemma 4.1 and Lemma 4.2.
Recall that we already know the averaged asymptotic behaviour of |} D,,| under
assumption (2.1), that is, when lim,_,1 (u,7¢) = 0, see Theorem 2.1. The stronger
assumption (2.2), that we reproduce here,

> K z(Q) <00, z(¢) =(1—27"), (2.2)
n=0

will allow us to pass from |} D,,| to ¢} D,,. For this we utilize the fact that ¢} D,
is an outer function in D with a positive value at 0, hence log ¢} D,, is a properly
defined analytic function in D which is completely determined by its real part
log |¢7 D,,| via the operator of harmonic conjugation,

Q:uH/Tu(g)Im(HgZ)dm(g), zeD.

1-¢2

Assumption (2.2) will allow us to prove that Imlog ¢} D, = Q(log |¢? D,|) is small
in I'¢, hence log ¢} D,, is close to log |¢} D,,|, which, in turn, is close to 0. This will
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lead to the fact that ¢ D, converges to 1 in the strong Cesaro sense uniformly in
I'¢, i.e., to the conclusion of Theorem 2.2.

Let us recall the definition of truncated cones I'c ,, = {z € T'¢ : |z — (| > 1/n}. We
start with a simple lemma.

Lemma 5.1. Let u € L'(T). Then

sup, Qu)(z
i SiPzere,, [(Qu)( )‘:0, CeT.

n—00 n

Proof. For every u € L*(T) and n > 1, we have

Mt BV < [ U <l 6
z€l¢ n

n n|l — &2|

Let u. € L*(T) be a function with Qu. € L>(ID) and such that [Ju — uc|[L1m) < &
Applying (5.1) to u — u,, we obtain

sup.er, , [(Qu)(2)|

Sup.er, , [(Qu — Que)(2)| N

lim sup < lim sup
n—00 n n—00 n
sup Qu.)(z
N I
n—oo n
Since € > 0 is arbitrary, the lemma follows. O

Lemma 5.2. Suppose that p € Sz(T) and ¢ € T are such that (2.2) holds. Then

n—1

1
lim sup 72|Imlog0k( )| =0.

n—s 00 n
ZEF( n k=0

Proof. We will use outer functions O,, from Lemma 4.3. Set a;(z) = Imlog O (2)
for z € D, k > 0. Given a positive integer n, let K, be the integer part of log, n.
We first show that there exists a constant ¢(u,¢) > 0 such that

N

DY el — onl(=)] el OK o), 1<j <K (52)

where we set z; = z;(¢) = (1 — 277)( for brevity. Fix 1 < j < K,,. We have

1+E€z  1+&z
X \ 1 _.] _ _] d
lak(zj41) — /| og(1 — | fil )|’1_£Zj g,

z
/|log<1—|fk| el
Zj
= K, ;) = log(1 = |25 fi(%)]?)-
Last identity is formula (3.10). Since by (3.8) we have K(ug, z) < K(u, z) for any
z € D, summing up over k for fixed j and using |z; fx(2;)| < |fr(z;)|, we obtain

1 n—1
- D lan(zi) = an(z)] S K z) Zlog (1= fu(z) ).
k=0

As in (4.4) and (4.5), consider the sets I,, s = {0 < k <n—1: |fp(z;)] < 1/2} and
Iy ={0 <k <n-—1:|fu(z) >1/2}. Since j < K,,, we have 1/n <1 —|z;|? and
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then

— Z log(1 — | fi(z;)] Z | fi(2)]

kelns kelns
Z 1— 121 fu(z)1* < K, 25),
=0

where in the last estimate we have used (3.7). Next we consider the contribution
coming from indices in I, 5. Since c1(p, () = sup;~q K(p, 2;) is finite, formula (3.7)
gives

sup (1= |2z fe(z)? < 1 ()|

ki L= 1fe(z)?
It follows that for k € I,,;, we have

L= 105 PR )P
=l es =)D < TR AR < 3T [AGR

(1= | ) 2
<02(“’<“°g(1+ = ()P )

with the constant

y/4
c2(p, ) = sup = ——.
2l <) o<y<eer 0 1og(1 +y)

Since 1/n <1 — |zj|2 we deduce from (3.7) the bound

3 log(1— [£i(z)?) < 2l OK (. 2)).

k€l

n+1

This finishes the proof of (5.2). Now using (5.2) and the fact that ax(z9) =
Imlog O (0) =0 for all £ > 0, a telescopic sum argument shows that

1 J
) < K, zs) 1<j<K,. 5.3
" Eﬁ ok (25+1)] SE:O (1, 2 J (5.3)

Next, given z € I'¢ ,, let j(2) = 1 be the integer such that |z;.y| < [z| < |2j(z)41]-
Repeating the proof of ( .2), we obtain

7Z|O‘k —Oék (z))| (/U' C) (,uv ](Z)

with a possibly larger constant ¢(u, () that still does not depend on n and z € D.
Then (5.3) gives

n—1
I o)l < ef Zm,zs
k=0

Recall that measures pu,, n > 0, were defined using the Schur’s algorithm (3.5).
Since K(un,2) < K(p, z) for every n = 0, z € D by (3.8), our construction gives
c(tin, ¢) < c(p, ¢) for every n > 0. Now take a large number ¢ > 0 and apply the
first part of the proof to py in place of u. We obtain

n—1 j(z) oo
1
LN () < elraes O 3 Klper20) < el ) Kl ). (5.4)
k=0 s=0 s=0
Note that the last expression tends to 0 as £ — co. Indeed, assumption (2.2) implies
that D507 K(ue, zs) < 352, K(p, 25) — 0 as sg — oo, and we have shown in the
proof Lemma 4.1 that K(pe, zs) — 0 for each fixed point z5 as £ — oo (note that
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Lemma 4.1 holds under the assumption (2.1) which is weaker than (2.2)). Since for
each fixed ¢ > 0 we have

lim sup *Z|Oés gze: lim wzo,
N0 2T, o™ n
by Lemma 5.1, relation (5. 4) implies the claim. O
We are now ready to prove the uniform convergence on the truncated cones I'¢ ,,.
Lemma 5.3. Suppose that p € Sz(T) and ¢ € T are such that (2.2) holds. Then
lim sup —Z|gpk (2) =1l =0.

n— o0 ZEFC n

Proof. For z € I'¢ ,,, consider the sets of indices
Ins ={0 <k <n—1: @i (2)Dpu(2)] < 2},
Inp ={0 <k <n—1:|op(2)Dy(z)| > 2}

By Lemma 4.5, we have

=Y |er@pae) - 1] 2 Z\m * 1

k€Jnp
S 0n(p, 2) + 1n(2) + 7n(2),

which by Lemma 4.1 and Lemma 4.2 tends to 0 uniformly on I'¢ ,, as n — 0o. Next,
Lemma 4.4 says that

n—1
% Z‘log(l — 2bi(2) fi(2))| € T(2), z €D,
k=0

1'— _ B
-~ Zlog |0k(2)| 7 < Mu(2) +7n(2), z€D.
k=0

We also have ¢;D, = Oy(1 — zbf)~* by Lemma 4.3. Using the elementary
estimate
re 1] < | — 1 + [ — 1] 5 |og | + |6],
for 0 <r <2, 10| <7, we get for k € J s
lopDy — 1] < [log [0k (1 — 2by fir) || + [Imlog Ok (1 — zby frr)
< }log|0k|| + 2|log (1 — zbgfr) 1| + | Imlog O],
<log |02 + 2‘log (1 — zbg fr) | + | Imlog O|.

)

Then
_ 1
LS D) ~ U S @)+ )+ S [mlog Ox(),

keJn s keJn,s

which by Lemma 4.1, Lemma 4.2 and Lemma 5.2 tends to 0 uniformly on I'¢ .
This finishes the proof. t

Next we focus on the uniform convergence on I'; ,, =T'¢ \ I'¢ .

Lemma 5.4. Let p € Sz(T) and ¢ € T be such that D, has a non-zero finite
non-tangential limit at (. Assume that condition (2.2) holds at . Then

. 1 .
lim sup - Z lor(2)Dyu(z) — 1] = 0.
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I}’lroof. For z € I'. , let Jp(2) = {0 < k <n—1:|pp(2)Dyu(z)| > 2}. Observe
that

SRS

1 § .
- > wk@Du() -1S = D lei(z)Du(z))> = 1],
k€Jn b(z) k€Jn b(2)
which by Theorem 2.1 tends to 0 uniformly on I'c. Set A, = (1 —n~!)¢ forn > 1.
Fix € > 0. Recall that we put f_1(z) = 0 for all z € D. Consider the sets of integers

1(
Ina(e) = {0 <k
<

<n—1:[fr-1(\)] < e},
In,b(f‘:) :{O k<n-—1: |fk—1(/\n)| >€}.
We have
1 * 1 In,b
Loy wene-t<s Y scslnl
keln,b(e)\']n,b(z) ke[7z,b(5)\Jn,b(Z)

The definition (4.2) of 7, gives
[0(2)] < Tin(An)
n "~ llog(l—¢)|’
which by Lemma 4.2, tends to 0 as n — co. We see that
. 1 X
Bmoswp Y fi()Du() ~ 1 =0 (56)
FEen T kel (9)\n b (2)

for every € > 0. On the other hand, formula (3.13) gives

5 (s
%1’7’€() -1 5e  kelns(e). (5.7)
er(2)
By Lemma 3.4, see (3.25), there exists ng(e) > 1 such that
5 (s
sup M‘l Se 0<k<n, (5.8)
zel'y <P)\m}c()\n)

for every n > ng(e). Since D, has a non-zero finite non-tangential limit at ¢, we
also may assume that

DM(Z)
Dyu(An)

sup ’ - 1’ <e, n2=nple). (5.9)

ZEF/CJL

For £ > 0 small enough, a combination of (5.7), (5.8) and (5.9) gives

sup ~ sup sup “PZ(Z)DM(Z) - ‘Plt(/\n)Du(/\n” Se.
n>ng(e) 2€T% , k€In,(€)\Jn,b(2)
Then,
1 N 1 "
- > |k (2)Du(z) =1 S > ok (An)Dp(An) — 1] + &,
k€ln,s(e)\JIn,b(2) k€ln,s(e)\Jn,b(2)

for n > ng(e), z € F/C,n' Since A, € I'¢ ,, we have
o1 . -
Jim = YT ek Du(n) — 1] =0,
k€ln,s(e)\Jn,b(2)
for every € > 0 by Lemma 5.3. Thus, for any small enough € > 0 we have
1
limsup sup — > li(2)Dyu(z) — 1] S e. (5.10)
n=o0 2€0 L M et (N (2)

Summing up (5.6), (5.10), and sending ¢ — 0, we conclude the proof. O

Proof of Theorem 2.2. The result follows from Lemma 5.3 and Lemma 5.4. O
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6. PROOF OF THEOREM 2.3

Lemma 6.1. Let p € Sz(T), ¢ € T be such that (2.3) holds. Consider the Schur

functions fn of p, see (3.5). We have lim sup |f,(z)| = 0.
n—oo GF(

Proof. Recall the notation z; = 2;(¢) = (1 — 27%)¢, k > 0. We have
[fn(zhe1) = Fu(z)| S P(fn = Fu(ze)] 2641) S P(fn = fuze)l 21) S VK (i, 28),

see Theorem 2 of [6] for the last estimate. Thus, for every j > 1 we have

|fn(z] fn ZO Z |fn ZkJrl fn(zk)| S Z \/m
k=0

Given z € T'¢ pick the positive integer j(z) such that 279() =1 < 1 —|z| < 279(), A
variant of the previous argument shows |f,,(2) — fn(2;(2))| S \/K(kn, 2j(z)). Hence

(S D2 VK (pns 21) + | fa(20)]- (6.1)
k=0

By Szegd theorem, see (3.6), we have
lim [ log(1 — |f,]*)dm = 0. (6.2)
n—oo T

It follows that f, — 0 in Lebesgue measure on T as n — co. In particular, we have
lim;, 00 frn(2) = 0 for every z € D. Moreover, (6.2) yields lim,, o K(pin, z) = 0 for
each z € D, see (3.10) Since K(un,z) < K(u,2) at every z € D by (3.8), we now
derive from (2.3) that

hmsupzv (i, 25) = hm hmsupZ\/ (tn, 2)

n—o0

< lim Z VK, z) = 0, (6.3)
£—00 Py’

which completes the proof. O

Lemma 6.2. Let p € Sz(T), ¢ € T be such that (2.3) holds. Consider the outer
functions O, n = 0, from Lemma 4.5. We have
lim sup |Re log On(z)| =0.

n—oo ZGFg

Proof. Formula (3.9) says that

—log|On(2)[* = P(log(1 = [ ful?), 2) = K(kn, 2) —log(1 = |2fu(2)[*),  (6.4)
for any z € D and any n > 0. As we have seen in the proof of Lemma 6.1, K(up, 2)
tends to 0 uniformly on compacts in D. Since (g, 2) < K(u, 2z) which tends to 0
as z non-tangentially tends to (, we obtain

lim sup K(pn,z) =0. (6.5)

n—oo ZGF(

By Lemma 6.1, we have log(1 — |z f,(2)[?) = 0 uniformly on I'c. Now formula (6.4)
and the fact that Relog O,, = log|O,,| finish the proof. O

Lemma 6.3. Let p € Sz(T), ¢ € T be such that (2.3) holds. Consider the outer
functions O, n > 0, from Lemma 4.5. We have

lim sup |ImlogO,(z)| = 0. (6.6)

n—o0 zng
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Proof. We use again notation z, = (1 —27%)¢, k > 0. Let us first check that
there exists a constant ¢(u, ¢) depending only on u, ¢ such that
| Im log O (2k+1) — Imlog On (2k)| < c(pt, )/ K(tins 2), (6.7)

for every k > 0, n > 0. Take a constant A € R. Since the kernel Im(1+£z)(1—£2) 7t
is odd, we have

Imlog O, (z) = Iml/(log(l —fal®) = A)l e
2 Jr

1—¢&z

dm(§), z € D.
Then

|Im log On(zk+1) — Imlog On(zk)l <
1 +§_Zk+1 B 1 +§_Zk

1 _ 2y _
<5 [ s — 1)) = [Tt — L2 ame)
2 1 — |z
S/T“Og(l* | fn (&) )*Mm dm(§).

Now, for the special choice A = P(log(1 — |f.|?), 21), we have

B — |zl?
[ o1 = 117) = A=

by Lemma 3 in [6] (see also page 12 in [6]). Since

dm < max(K(un, 2k) VK, 21))s (6.8)

sup K(Mnazk) X sup IC(;“‘? ) 00,
n, k=0 zel¢

there is a constant ¢(u,¢) such that the right hand side in (6.8) does not exceed

O/ K(pn, zx) for every k > 0, n > 0. So, (6.7) is proved. Next, given z € I'¢,
pick the positive integer j(z) such that 277()=1 < 1 — |z| < 277(3), Similarly to
(6.7), we have

| Imlog On(z) — Imlog On(zj(2))| < c(pt; )/ Kttns 2j(2))- (6.9)
Using (6.7), (6.9), and Imlog O, (29) = 0, a telescopic sum argument gives
i)

‘ImlOgO M7 Z \/ M’mzk ,u C Z \/ Mnazk (61())

Recall that lim, o0 Y 5o g \/K(ttn, 2z) = 0 under assumption (2.3), see (6.3). We
now see that (6.6) follows from (6.10). O

Proof of Theorem 2.3. The claim of the theorem follows immediately from
Lemma 6.1, Lemma 6.2, and Lemma 6.3 using formula ¢} D, = O, /(1 — zb, f»)
from Lemma 4.3. O

7. PROOF OF THEOREM 2.7
Recall that we study the asymptotic behaviour of k, ,(z1,22), 212 € T'¢, by
estimating the function r,, defined by
Fun(21,22) = D (22) D, (1)
Given § > 0, A > 0, define
Fen(0,A)={2€T¢: A< |z <1—-6/n}, (7.2)
[, (0) ={zeTl¢: [2] >1-3d/n},
TY(A) ={zeT¢: [2] <A}

1— 2827
—(1 . 1
1= 22, ( + (21, 22)) (7.1)
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We first consider the “diagonal” case of Theorem 2.7.

Lemma 7.1. Let p € Sz(T) and ¢ € T be such that |D,| has a non-zero finite
non-tangential limit at ¢. If (2.1) holds at ¢, we have

Fn(2:2) = 1D (2) 211—_|ZZ|:(1 T Ra(2), (7.5)
sup |Ry(2)]— 0, n — . (7.6)

zel'¢
Proof. It follows from general Szegd theory (see (1.3) and (2.12)) that for every
w in Sz(T) we have

Du(zl)_lDu(z2)_1
1— Z122

kpn(z1,22) = n — 0o,

on compact subsets of D x ID. Hence, there exists an increasing sequence A, — 1
such that

sup ‘Rn(z)’—> 0, n— oo,
2€TY (An)

for the functions R, defined by (7.5). We can also choose a slowly increasing
sequence 0,, — 00, d, = o(n), such that

sup  |Rn(2)|— 0, n— oo
ZEFZ,T,,((Sn)

Indeed, the existence of such a sequence is a consequence of Theorem 1.1 in [5]
and Méaté, Nevai, and Totik asymptotic relation (2.8). Note that (2.8) holds un-
der the assumptions of Theorem 2.7 by Theorem 2.1. Thus, to prove (7.6) we
need to check that sup.cp.  (5,.a,)Bn(2)] = 0 as n — oco. Moreover, since
SUDeT, , (8,,A0) |z|*™ — 0 as n — oo, we actually need to prove that

sup |R:(2)|= 0, n— oo, (7.7)
2E€T¢ (8, An)

for functions R} defined by

D—l P 2
kun(z,2) = |1M—|(z|)2|(1 + R} (2)).

A computation of Fourier coefficients similar to (1.8) leads to the well-known for-
mulas

n—1
ku,n(zla Z2) = Z (Pk(zl)gpk(zﬁ): (78)

k=0

D' (z1)Di' () &
I H _

1— 22 = Z er(21)pr(22), (7.9)

k=0

for z1, 29 € D. In particular,
1D, (2)?

kun(z,2) < zeD, (7.10)

L=z
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therefore, we just need to estimate k, ,(z,z) from below. Let P, denote the n-
dimensional space of polynomials of degree at most n — 1. Since k,, ,, is the repro-
ducing kernel, we have

k(2 2) = [Kun (5 2) 122
= Sup{'(pa ku n(7z)) 2( , DE PTH Hp||L2(p,) < 1}
= sup{[p(2)[*, p € Pn, IpllL2(uy <1}

2)[2
= sup 7|p(2)\ , PEPn .
HPHLz‘(H)

Substituting p(¢) = 1=2"¢" into the last supremum, we get

I—z¢
du(ﬁ))

1— ‘Z|2n 2
> PR .
ku7n(z’Z) - < ]' - |'2:|2 ) /T

Using |2|* — 0 and |z| — 1 for z € T'¢ »,(dp, Ay) when n — 0o, we obtain

| 2

1 - zngn
1-z¢

2 -1
tuots9> (=) - (L r=sgp ) - 0+ow)
1 1—z2 -t '
- 1— ‘Z|2 ( T |1 _ 26‘2 d:u(f)> (1 +0(1))
- ﬁ Pl 2)7 - (L o(1))
= 1_71‘Z|2'|Du(2)|_2-(1+0(1))- (7.11)

In the last line we have used the fact that P(u,z2)|D,(z)| =2 Kw2) 2 € D,
because D,, is an outer function. In particular, we have P(u, z) = |D (2)[*(1+0(1))
in Fg,n((Sn, A,,) provided (2.1) holds. Combining (7.10), (7.11), we obtain (7.7) and
complete the proof. O

Lemma 7.2. Let y1 € Sz(T) and ¢ € T be such that D, has a non-zero finite
non-tangential limit at . If (2.1) holds at {, then for every A > 0 we have

lim sup |7‘n(z1, z2)|= 0
N0 2y,29€T,
dy(z1,22)<A

for the functions r,, defined in (7.1).

Proof. Let I'; ,,(d) be defined by (7.3), and let I'¢ ,,(6) = T'¢(0) \I'; ,,(6). As in the
proof of Lemma 7.1, it follows from Theorem 1.1 in [5] that there exists a sequence
dn — 00, 0, = 0(n), such that

sup ’T‘n(Zl,ZQ)‘—) 0, n— oo,
21,226F’<)n(6n)

and we only need to check that
sup ’r;(zl,22)|ﬁ 0, n— oo,
21,22€0¢ n(0n),
dm(z1,22)<A
for r} defined by
Dyi'(22)D, (=1)
1-— 2921

kun(z1,22) = (1+r:(z1,22)).
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For this we will use formulas (7.8), (7.9). Cauchy-Schwarz inequality gives

Dy (22) Dyt (z1)
1— 292

- ku,n(zly ZQ)

< (D lerEOP) - (D len(z2)P).  (7.12)
k=n k=n

By Lemma 7.1, for every z € I'¢ ,,(d,,) we have
= D (2))? 1D (2)P
2 | © o
= ——" —kun(z,2) = —/——R,(2),
3 el = P bl 2) = Rl

for some R,, such that SUP.er. . (5,) |R,(2)| = 0 as n — oo. Now (7.12) gives

D, (2)D; (1)

1— 2921

|D;; (21) D (22)] - -
= e =\ 1B (21) B (22)],
1—[z1[2y/1— [z
| Dt (22) D (=)
1— 22

- k,u,,n (21, 22)

| R (21) R (22)]

~

where we used

V1= z212y/1 = |22 X |1 — 22|

for z1, zo € I'¢ such that dg(z1,22) < 1. In particular, we have

Iri (21, 22)] S /| Ru(21) R (22)],

and the result follows from Lemma 7.1. O

Lemma 7.3. Let p € Sz(T), b, = @n/¢) and f, be the Schur functions of p
defined in (3.5). Then for every n > 1 we have

b (2)] S a1 ()] + [fa1(0)] + |2]" + Vel —1, (7.13)
provided max{|fn—1(2)|, |fn-1(0)|} < 1/2. In particular, if (2.1) holds, we have

n—1
1
lim sup — Z |br(2)] =0, (7.14)
)™ k=0

n*}OOZGF(,"(an n —

for every §, — oo, §, = o(n).

Proof. For z € D, set b, = Gz / Pk, see (3.11), (3.12). Note that the definition
of by, depends on the choice of the reference point z. Thus, lN)ZVn would be a more
accurate notation for this function. However, we will deal with b,, only at the same

point z, therefore, the short notation by, should not lead to misunderstanding. By
definition, we have

7 o an—l(z) - fn—l(z) an—l(z) - fn—l(o)
b (2) = bn(2)] = 1= 2bp_1(2)fu_1(2) 1—2by_1(2)fn_1(0)
o _ 21 (0)] + 2[fn-1(2)|
S (= [faa O = [fra(2)])

It follows that [by(2) = bn(2)] S [ fu-1(0)|+ | fa-1(2)] if max{| fo1(2)], | fa-1(0)]} <
1/2. Moreover, we have

|Bn(z) — ozZz”|2 < efClmz) _ 1, la.] =1,
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by Lemma 2.5 in [5] and (3.15). Then (7.13) follows. To prove (7.14), we estimate

% Z lbr(2)] SV ek —1 4 — =

1—|Z|
k=n/2
WMn/2<k<n: |fur(z)>1/2}
r=yre— 2
5 eK(M’z)_1+W+ﬁn(z)7
n — |2

where 7},,(z) is defined in (4.2). Then
lim sup — |br (2
N0 2€T¢ n (On,An) T k%:ﬂ

for any sequences A,, — 1, d,, — oo with d,, = o(n), by (2.1) and Lemma 4.2 (for
the definition of T'¢ (6, Ap), see (7.2)). At the same time, we have ¢} — D!,
@n — 0 uniformly on compact subsets of D by Szegd theorem, hence

lim  sup |bx (2
n—00 Z€F< (A, ) k}z’ﬂ:/z
for some sequence A,, — 1. Since 't (A,)UL¢ »(6n, An) =T¢ n(0n), see (7.2)-(7.4),
this implies that
B, = sup Z|bk ) =0, n—oo.
ZEFC n(57L) . n/2

Now given a positive integer N, pick the positive integer n with 2771 < N < 2™,

Then
1 2 &
N > Ibe(2)] < 2722 Bai
k=1 j=0
which tends to 0 as N — oco. This implies (7.14). O

Lemma 7.4. For every € > 0 and every complex numbers xy, yi, such that
1 n—1
- > (k= 1+ loel = 1)+ lye — 1)+ [luel* = 1)) <&
k=0

we have
n—1

1
— E \xkyk — 1‘ < be.
n

k=0

Proof. Define I,, s = {0 < k < n—1: |zg| + |yg] < 4} and I, = {0 < k <
n—1: |xg| + |yk| > 4}. We have

1 1 1
H SN T S S AR S T

kel, s k€ln,s k€ln,s

n—1
Z|xk—1|—|— Z|yk—l|<4€
On the other hand, for k € I,, ;, we have either |xy| > 2 or |yg| > 2, hence
|y — 1 < 1+ max(|apf?, [yel),
< max(|zy, — 1, |y — 1) + 2max(|lox]* — 1], [lyel* — 1),
<2(Jze = 1+ [lal® = 1 + fys = 1 + [lysl?
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and our assumption implies the bound n~! > oker, , [Ty — 1| < 2e. O

Lemma 7.5. Let p1 € Sz(T) and ¢ € T be such that D, has a non-zero finite
non-tangential limit at (. If (2.2) holds at ¢, then we have

n—1
> |rk(z1,22)[= 0
k=0

) 1
lim sup —
N0 21 ,z0€T 1

for the functions r,, defined in (7.1).

Proof. Given a sequence J,, — 00, d,, = o(n), let

Qn(6n) = {(21,22) : z1 0r 20 € T¢ 5 (0n)},
an((sn) = {(21,22) 21,22 € Fc\rcn((sn)}

It follows from Theorem 1.1 in [5] that there exists a sequence d,, — o0, &, = o(n),
such that the numbers

Ein = sup |7 (21, 22)|
(zlaz2)EQ;L(6n)

tend to 0 as n — co. Therefore, we need to estimate 7, (21, 22) for the pairs (z1, 22)

in 2,(6,). Set by, = ¢, /¢, Using the formula (2.12) written in the form

1 —bp(21)bn(22) b — #n

kun (21, 22) = @ (21) @5 (22) ——— ENE o
n

we express funtions 7, in (7.1) in the form
(Dpu(22) Dy (21) 5 (21) 5 (22) = DA = ba(21)bn(22))
1—2327

zy 21 — bu(21)bn(22)

=N M
1 — 2527

rn(z1,22) = +

)

by means of an algebraic manipulation. For (z1,22) € Q,(d,,) and n/2 < k < n, we
have |1 — z52¥| < 1. Consider the numbers

2

Eon = sup = Y k(e 20)]
(21,22)€Q, (8n) n n/2<k<n
2 - % 7N
S sup = Y [Du(22)Du(zn)ei(21)er(z2) — 1+
z1,22€0¢ n n/2<k<n
2 bk 2
foap 2% b s 2 bl
(21,22)€Qn (8,) T n/2<k<n (21,22) E€EQn (8,) T n/2<k<n

Theorem 2.1, Theorem 2.2 and Lemma 7.4 imply that

. 1 —_— vl N
s &Y (DaGaDu(a)ek (a)eiGa) — 1 = 0.
N0 21,206 T o<k<n—1

The last relation, the fact that §, — oo, and Lemma 7.3 give &, — 0 (recall that
b, is a Blaschke product, so |b,| < 1 in D and one can apply Lemma 7.3 to the
point z (= 2z or z2) lying in I'¢ ,(6,) for estimating %Zn/nggn |br (21)br (22)])-
Combining this fact with £, — 0, we see that the quantities

2
Esm= sup = > [|ri(z1,2)]

n
z1,22€l¢ n/2<k<n
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also tend to zero as n — oco. At the same time, for every integer ¢ > 1 we have

1 5 £ 5 £—1 5 —2 g
sup = > (e ;)| < SR 4 B2 4 B2y 4 282
z1,22€l¢ 2 L ket 2 4 3 B
This estimate and the fact that &3, — 0 yield the statement. 0

Lemma 7.6. Let p € Sz(T) and ¢ € T be such that D, has a non-zero finite
non-tangential limit at . If (2.3) holds at ¢, then we have

lim sup |rn(zl,22)|:0
N0 21,206l

for the functions r,, defined in (7.1).

Proof. As in the proof of Lemma 7.3, for each z € D we set b, = ©,/¢},

by = @zn/%.s 50 that [0 (2) =bn(2)] S | fam1(0)[+ [ frmr () a1 ()], | fm1(0)]
are less than 1/2. By Lemma 6.1, the last assumption holds for all z € T'¢ if n is
sufficiently large. On the other hand, we have

b (2) — . 2"|? < ) —q

by Lemma 2.5 in [5]. Here,

Pin(2) _ op(2) Du(z)~!
S s = S o() = (1+o(1),

Gin(z)  @h(2) Du(2)~
with uniform in I'; remainders o(1) by Lemma 6.1 and Theorem 2.3. Since D,, has
a finite non-zero limit at ¢, the quantity a, tends to some o € T when z approaches
¢ non-tangentially. We also have b,,(z) — 0 uniformly on compact subsets of D by
the Szeg6 theorem. It follows that

z

lim  sup |bn(21)bn(22) — 2527 = lim  sup |azl - a2zl — 2527 = 0.
N0 z1,20€0 M09 21,22€T¢

It remains to use the fact that

kun(21,22) = ¢y, (zl)mw

1— 292
and the uniform asymptotic relation (2.6) in Theorem 2.3. O
Proof of Theorem 2.7. See Lemma 7.2, Lemma 7.5, and Lemma 7.6. (|

8. PROOFS OF PROPOSITIONS 2.4, 2.5 AND 2.6

Proof of Proposition 2.6. Denote u = logw. Since the value K(u, z) of the
entropy of p at any point z € D is invariant under multiplication of u by a constant,
we can assume that u(¢) = 0. Since w is bounded at a neighborhood of ¢ and
condition (2.3) is local (provided that u € L'(T) as we always assume), we can
suppose that u is bounded on T and vanishes on T \ I,. We have

Plw,z) =P(e",2) =1+ P(u,2) + O (P(u2, 2)),
and, since P(u,2)? < P(u?,2),
log P(w, z) = P(u, 2) + O (P(u?,2)) .
At the same time, we have P(logw, z) = P(u, z) by definition. Thus, we have
K, z) S P 2), zeD.

Standard estimates of the Poisson kernel give (recall that u =0 on T\ Ij)

P(u?, 2,(¢)) < 22%_”/ u? dm.
k=0 T
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Thus,
n 1/2
VG an@) 8 32 ([ aam)
k=0 Tk
and hence
00 0o 1/2
Z\/ (1, 2n (¢ 22’“/2</ u2dm> .
n=0 k=0 T
The result follows. O

Proof of Proposition 2.5. As in the proof of Proposition 2.6, we denote u =
log w, assume that «(¢) = 0 and u is bounded on T, and then

K(u,2z) SP?z2), ze€D.
We see that

D K 2n(€)) S PP, 20(C))
n=0 n=0

and one only needs to use the estimate
o 1
1-— 2 1
S ol o [ s ecer
o 11— 2n(Q)¢] o [E—rCPP T IE=d]

to complete the proof. O

Proof of Proposition 2.4. We need to show that condition (2.2) holds for almost
every point ¢ € T. Arguing as in the proof of Proposition 2.6, we arrive at the
estimate

1—7r?

Kl11.70) S [ () = w0 ey dm

Denote by A the Lebesgue measure on C normalized by A(D) = 1. We have

L5 e o 44 / / U T 4 () <
// / |§_d::c|2 m(&) dm(Q).

dr 1
T
/olé“—rCIQN\é“—CI’ “eel

m(§), 0<r<l1, (¢eT.

Since

we deduce that

[ s [ [ SO g0

Denoting ¢ = 627”9 and 5 = €2W1(9+h) the last double integral rewrites as

27ru9 2mi(0+h

The Fourier coefficients of the real-valued function 6 — u(e*>7) — u(e2™*(0+")) with
respect to the basis {€2™*%}; 7 in L2[0,1] are (1 — e*™*")q(k), k € Z. Then,
Parseval’s identity gives

() ~u()® 4y = NS o [ L €T
L e am@anc = 3 juor [ e

Z [a(k)|* log(2 + |K]).

k=—o0
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Hence assumption (2.9) implies

K(p,2)
/LVPMU

Fubini theorem then gives

_ [ Ke) . i
//Fc 1—|Z| dA( ) dm (C)__/D(l_lzg)g {¢eT: GFC})dA( )
JEEE

1—|[z[?

from where we deduce that

K, 2) ) < 0o
Aglvm”M)<’

for almost every ¢ € T. Hence condition (2.2) holds for almost every ¢ € T. O
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