COLEMAN’S POWER SERIES AND WILES’ RECIPROCITY FOR
RANK 1 DRINFELD MODULES

FRANCESC BARS, IGNAZIO LONGHI

ABSTRACT. We introduce the formalism of Coleman’s power series for rank 1
Drinfeld modules and apply it to formulate and prove the analogue of Wiles’
explicit reciprocity law in this setting.

1. INTRODUCTION

Andrew Wiles discovered an explicit reciprocity law for local fields [16], gener-
alizing earlier work of Artin-Hasse [2] and Iwasawa [8]. Since the publication of
[16], different proofs of this reciprocity law were found: see the expositions in [10,
chapter 9], [5, I, §4] (where the main tool are Coleman’s power series) and [13, §3.3]
(a cohomological approach, inspired by Kato’s formulation in [9, §1]).

Wiles’ explicit reciprocity law has its foundation in the theory of Lubin-Tate
formal groups: torsion points of the formal group generate a “cyclotomic” tower of
local fields and the action of local norm symbols on the torsion is expressed by an
analytic formula.

A rank 1 Drinfeld module of generic characteristic can be seen as originating a
special instance of Lubin-Tate formal group: therefore there should be an analogue
of Wiles’ reciprocity law in this setting. For the Carlitz module, this was proven
by Angles: his paper [1] follows the approach of [10, chapter 9].

In the present paper we introduce the formalism of Coleman’s power series in
the additive setting of (formal) rank 1 Drinfeld modules. As a first application we
obtain our main result, the explicit reciprocity law for Drinfeld modules over any
global field F' (Theorem 24): i.e., we work with any sign-normalized rank 1 Drinfeld
module, with no restriction on the class number. Following [5, I, §4] we formulate
the law directly in its limit form, as the equality of two pairings on systems of
groups.

In the classical situation over Q,, one can exploit the Coleman isomorphism
(corresponding to Theorem 11 in our setting) to construct p-adic L-functions: e.g.,
the Kubota-Leopoldt zeta function comes from the system of cyclotomic units. We
hope to be able to recover this aspect of the theory in a future paper.

Let us finally give a rough sketch of the contents of this paper. In §2 we introduce
the basic notation and properties for formal Drinfeld modules and the “cyclotomic”
tower we are working with. In §3 we rewrite Coleman’s formalism in the setting of
Drinfeld modules: our construction is quite detailed, in the hope it can be a good
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introduction to the subject (the differences with characteristic 0 are irrelevant). In
84 we introduce the two pairings and prove their equality.

2. SETTING

Let F' be a global function field, with field of constants IF,, ¢ a power of p. Given
a place v of F, q, := ¢3°8(") will indicate the cardinality of its residue field F,,.
Besides, we denote by 7 the operator  — 27 and, for an Fp-algebra R, by R{r}
the ring of skew polynomials with coefficients in R: multiplication in R{7} is given
by composition.

2.1. Review of rank 1 Drinfeld modules. We briefly recall Hayes’ theory of
explicit construction of class fields by means of rank 1 Drinfeld modules; our main
references will be [7] and [6, chapter 7]. We fix a place oo of F and let A C F be
the ring of functions regular away from oco.

As in [7] and [6] we fix a sign-function sgn : Fw — Foo: then the basic extensions
of F are H and H™, the Hilbert class field and the normalizing field (see e.g. [7,
§14-15] or [6, §7.1 and §7.4]), with B and BT the integral closure of A in H and
HT respectively. (It might be worth to recall that H depends only on the choice
of oo, while HT is determined by both co and sgn.) Let ® be a sgn-normalized
rank 1 Drinfeld A-module: i.e., ® is a ring homomorphism A — BT{7}, a — ®,,
such that the constant coefficient of ®, is a and the leading coefficient map is a
Gal(F /F,)-twist of sgn. We fix such a ®.

As usual, if I is an ideal of A, ®[I] denotes the I-torsion of ® (i.e., the common
zeroes of all ®,, a € I) and P; is the unique monic generator of the left ideal of
HT{r} generated by ®,, a € I. One sees immediately that

()= [[ (@—w

u€P[I]

and since elements in ®[I] are all integral above BT, it follows that ®; € BT {r}.
By [7, Proposition 11.4], in case I = p™, p a prime, all irreducible factors (over B)
of the polynomial ®;(z) are Eisenstein at p.

To conclude, we recall that the extension HT(®[p"])/F is abelian and

Gal(H* (D[p"])/HT) = (A/p")"
([6, §7.5]): the isomorphism is given by the A-action on ®[p"].

Caveat. The notation @, (or @) will be used to denote both the operator ®, €
Bt{r} and the polynomial ®,(x) € BT[z]; the context should make clear which
one we mean.

2.2. Our local setting. From now on, we fix a prime ideal p in A: since ® is
sgn-normalized, it has good reduction in p. Let F}, and A, be the completions at p.
We also fix C,,, completion of an algebraic closure of F},, and choose an embedding
H* < Cy; let K be the topological closure of H* in C, and O = Ok its ring of
integers, with maximal ideal m = mg. Let 9 := B(0,1) = {z € C, : |z| < 1}. In
what follows, all extensions of F' are assumed to be contained in C,. The valuation
v on Cy is normalized so that v(Fy) = Z.
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The extension HT /F is unramified outside of co: in particular, it follows that
K/F, is unramified.

Let Z be the group of fractional ideals of A and P+ the subgroup of the positively
generated principal ones. By Hayes’ theory we know that Z/P+ ~ Gal(H" /F) ([7,
Theorem 14.7]); this isomorphism is given by the action of ideals on the set of
sgn-normalized rank 1 Drinfeld modules. In particular the image of p in Z/PT
corresponds to the Frobenius at p: its order is f := [K : F], hence we have
p/ = (n), with € A a positive element (i.e., sgn(n) = 1). Then, by definition of
sgn-normalized, ®, is monic and therefore ®, = ®,;. Notice that 7 is uniquely
defined once we have fixed sgn.

Finally, we remark that, since all factors of ®,~» are Eisenstein, ®[p”] C I for
all n. In particular, all coefficients (but the leading one) of ®,, are in m.

2.3. The formal module. Consider the ring of skew power series O{{7}}: it is a
local ring, complete in the topology induced by its maximal ideal m+ O{{7}}r. As
observed by Rosen ([11, p.247]), the homomorphism ® : A — BT{r} C O{{r}}
can be extended to the localization of A at p and then to its completion: we get a
formal Drinfeld module ® : A, — O{{7}}.

Proposition 1 (Rosen). There exists a unique A € K{{7}} of the form A =1+ ...
and such that ah = A\®, for all a € Ap. Besides, A converges on I and it enjoys
the following properties:

(1) A= c¢imt with v(c;) > —i;

(2) ifv(z) > (g —1)7L, then v(\(x)) = v(x).

For the proof the reader is referred to [11, Proposition 2.1 and Proposition 2.3].

2.4. The “cyclotomic” tower. Define the tower of field extensions K, /K by
K, = K(®[p/™]), n > 1, with ring of integers 0,, and maximal ideal m,,. (This
choice of indexing seemed to us more convenient even if slightly unusual - com-
monly, one calls the tamely ramified extension Ky.) Let 777 : K, — K,, and
N : K — K denote respectively trace and norm.

We also put Ko :=Up2 K, .

Consider the Tate module T, ® := lim ®[p/™] (the limit is taken with respect to

z+— ®,(x)).! The ring A4, acts on T,® via ®: i.e., a-u = ®,(u). Since ® has rank
1, T, ® is a free Ap-module of rank 1.

Let w = {wy }n>1 be a generator: T,® = A, - w. This means that the sequence
{wn} satisfies

7 (wn) =0 # @Zil(wn) and @, (wn41) = wy.

(Here and in the following, when we write ®? the power is always taken in O{7} -
that is, with respect to composition.)

By definition K,, = K(w,). Being a root of an Eisenstein polynomial, w,, is a
uniformizer for the field K,,: it follows that the extensions K,,/K are totally rami-
fied, Gal(K,/K) ~ (A/p/™)* and O,, = O[[w,]] = Olw,] .

I'More canonically, T, ® is usually defined as Homy, (Fp /Ay, lim ®[p"]) ([6, Definition 4.10.9]

and following remarks), but the two are isomorphic and our definition suits better our purpose.
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The Galois action on T,,® is via the “Carlitz-Hayes” character x : Gx — Aj,
defined by ow = x(0) - w for 0 € Gg := Gal(Ksep/K): that is, x(o) is the unique
element in Ay such that @, () (w,) = ow, for all n.

Lemma 2. The elements w, form a compatible system under the norm maps:
N (wny1) = wn.

Proof. Either [K, 1 : K,] is odd or the characteristic is 2: in both cases, it follows
that —N*1(w, 1) is the constant term of the minimal polynomial of w11 on K.
It is immediate to see that the latter is ®,(z) — w, (it is Eisenstein). O

We also remark that the Gal(K,;/K,)-orbit of w,; is exactly wy,,; + ®[p*f].

Lemma 3. Let ©,, := Dk, /5, be the different of K, /F,: then D,, is generated by
an element of valuation
1

(Ip_l.

nf —
Moreover, w, has valuation
Vwn) = [Kn : K] =gy (g = )"

Proof. The last assertion is obvious from the already remarked fact that w, is a
uniformizer in a totally ramified extension. As for the first, let 1, be the irreducible
polynomial of w,, over H, n > 1: then ®,, = D, /i because K/F, is unramified
and since D, /g = (¢}, (wn)) we just need to compute this derivative.

From [7, Proposition 11.4] we get the equality in BT [z]

Ga(@) B0t (2) = Dy (2) = By ().

Differentiating and evaluating in w,, we get

v( (wn)) = nf = v(@prn-r(wn)) = nf — (g = 1)

(Observe that ®,sn-1(wy,) has valuation (g, — 1)~" because ®,sn-1(x) is a monic

f

polynomial of degree g," ~1 all whose coefficients but the leading one areinmg.) O

Corollary 4. Let Tr, : K, — F, be the trace map. Then
v(Try(2)) 2 [o(@) +nf = (g — 1))
where || denotes the largest integer < r. Similarly, for m > 1,
v(Try(z)) >v(@)+ (n—m)f —v(wn).

Proof. Let k = |v(z)+nf — (g, — 1)~ : then 20,, C p*D,! by Lemma 3 and this
means that T, (x0,) C p*A,, by a basic property of the different (see e.g. [14,
I1I, §3, Proposition 7]).

In the same way, using the fact (obvious from Lemma 3) that the generator of
Dk, /K, has valuation (n —m)f, one gets

v(@) + (n—m)f

U(Wm)

v (Try (@) = | Jo(wm) s

the second statement follows. O
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2.5. Local class field theory. The Carlitz-Hayes character induces an isomor-
phism of topological groups

x 1 Ay — Gal(Kw/K)

(recall that we put Ko = U2, K,,). This should be compared with the local norm
symbol map

(-, Koo/ Fy): FY — Gal(Ko/Fy).

By class field theory, the image of A} in Gal(Ku/Fy) is exactly Gal(Ko/K). Let
a € A be a generator of a prime ideal q # p and assume sgn(a) = 1, so that
®, = ®4; moreover, let Froby; € Gal(H* (®[p>])/F) denote the Frobenius at q.
Passing from local to global class field theory one finds Froby = (a™!, K /F,). By
[6, Proposition 7.5.4] ®, acts on w as Froby and hence x !(a) = (a7}, Koo /F}).
By Tchebotarev for any n all elements in Gal(H'(®[p™])/H™") can be represented
as Froby for some q as above. Therefore the corresponding a’s are dense in A7 and
we get

(1) (u, Koo/ K)(w) = @41 (w)
for all u € A;;.

3. COLEMAN’S FORMALISM

Let K be a local field and {K,} the tower of extensions of K generated by the
torsion of a Lubin-Tate formal module: in [4], Coleman discovered an isomorphism
between lim K, and the subgroup of Ox((z))* fixed under a certain operator A.

The same formalism can be used in the context of Drinfeld modules, as follows.

3.1. A bit of functional analysis. Let R be a subring of C,: then, as usual,
R((z)) := R[[z]](z™!) is the ring of formal Laurent series with coefficients in R.
Moreover, following [4] we define R[[z]]; and R((z)); as the subrings consisting of
those (Laurent) power series which converge on the punctured open ball

B = B(0,1) — {0} C C,.

These latter rings are endowed with a structure of topological R-algebras, in-
duced by the family of seminorms {| - ||}, where r varies in |C,| N (0,1) and
I f]l- := sup{|f(2)| : |2| = r}. One easily checks that this is the same as the
“compact-open” topology of [4, pag. 93]: in particular a sequence {f,} in O((z))1
converges to f € O((x)); if and only if for each closed annulus C' around zero in B’
and for each € > 0 there exists a positive integer N(C, €) such that |f,,(a)— f(a)| < €
for all a € C and all n > N(C,¢).

Let ¢ € O{7} be an additive polynomial having all its zeroes in 9. One checks
easily that, since |¢(z)| < |z| for all z € B’, the map o¢ : g — g o ¢ defines a
continuous endomorphism of K{[x]];.

Lemma 5. Let ¢ be as above; furthermore assume that ¢(x) is separable. Then the
image of o¢ : K[[z]]1 — K[[z]]1 consists exactly of those g such that g(x+u) = g(x)
for all u zeroes of ¢.

This is essentially Lemma 3 of [4].
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Proof. For u € M let T;, be the automorphism of C,[[z]]1 given by g — g(z + u).
The inclusion
op(K[[z]i) € () ker(T, —id)
#(u)=0
is clear.

Vice versa, assume that f € K[[z]]1 is Ty,-invariant for all u’s. Let K[[z]]7
consist of those power series converging on the closed ball B(0,r): then K[[z]]; is
the inverse limit of K[[z]}7 for r < 1. The Weierstrass division Theorem holds in
each K[[z]]r and reasoning as in [4, Lemma 3] one can find f;’s such that

n—1
f@) =" fi(0)p(z)" + fulz)d(x)"
1=0

for all n > 0. It remains to show that f,¢™ tends to zero: one proves inductively
that || fullr < || fll- [|6]l;™, which implies, for s > r,

1126”1 < W falls 6711 < 1I£1s (HZ”l)

because ||g|l» < |lg]ls . To conclude notice that ||@]], < ||¢||s - O

Remark. For the goals of this paper, it would have been enough to prove the
weaker statement that (o¢)(K[[x]]1) is the closure of the subspace of T,-invariant
polynomials. This can be done without Weierstrass theory, as follows.

Suppose f € K[z] is T,-invariant for all the zeroes of ¢: we can assume induc-
tively (taking as first step the constants) that if g € K[z] enjoys this property and
deg(g) < deg(f) then g belongs to the image of o¢. By the euclidean algorithm for
Klx], f = fi¢ + r; evaluation in the zeroes of ¢ shows that » = f(0) is a constant
and then it is immediate to check that f; is T, -invariant. Finally observe that K[x]
is dense in K[[z]]; and the maps are all continuous.

Corollary 6. The map o¢ induces an isomorphism of topological algebras between
Kl[z]]1 and its image.

Proof. Observe that K[[z]]; is a Fréchet space over K (for definitions and basic
properties, see e.g. [12, 1,§8]). Lemma 5 implies that og(K[[z]]1), being closed, is
Fréchet as well. Since o¢ is injective, the corollary follows from the open mapping
Theorem, as in [12, Corollary 8.7]. |

3.1.1. Some topological rings. To enhance clarity, we add a brief digression on topo-
logical structures for rings of power series. As above R is a subring of C,.

We let R[[z]] ~ RN be a topological R-algebra with the product topology: that
is, a fundamental system of neighbourhoods of 0 is given by

Uep = {Z a;x’ € R[[z]] : as] < e Vi< n}

When we just write R((x)), we think of it as the additive group with the topology
induced by the one on R][[z]] (observe however that with this topology R((z)) is
not exactly a topological ring, since multiplication by x~! is not continuous).

To compare structures remember that if {f,} converges to f in R[[z]]; then the
individual coefficients of the power series f, converge to those of f: it follows that
the inclusion R[[z]]s < R[[z]] is continuous. Observe, however, that R((z)); is
not continuously injected in R((z)): e.g., if |a] < 1 then a™2~" converges to 0
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in O((z))1, but not in O((x)). This example shows as well that R((x)); is not
complete.

When R is a subring of the closed ball B(0,1) C Cy, R[[z]]; ~ R[[z]] as topo-
logical spaces and R((x)); = R((z)) as sets. Moreover in this case we can furnish
R((z)) with a third topology, defined (if the restriction of v to R is discrete) by
the valuation v(>" a;2%) := min;{v(a;)}. Once again, continuity of the inclusion
(R[[z]],v) < R][z]]1 fails to extend to Laurent series.

Lastly we remark that, for ¢ as above, o¢ is a continuous endomorphism of
K((x)) (but, of course, not of K((z))1, unless ¢ has no zeroes in B’) and even an
automorphism if ¢(x) is separable. In fact ¢(x) separable means that its degree 1
coefficient is not zero, hence one can find ¢ € K|[z]] such that ¢(p(x)) = =.

3.2. Coleman’s Theorems.

Theorem 7 (Coleman). There exist unique continuous operators
TN K((x) — K((2))
such that respectively

Y. glztu)=(Tgo?,

u€P[p/]
H glx+u)=Ng)o®

u€P[p/]
Moreover, T is a homomorphism of the additive group K ((z))1 and N of K((z))}.
Proof. On K[[z]]; the theorem is an immediate consequence of Corollary 6: 7
(respectively ) is just the composition of (o®,)~! with > T, (vesp. [[Ty).
In order to extend 7 and N to K((x));, remember that ®, belongs to zO[z]:
then, if ¢ € K((x))1, for some ¢ > 0 one has ®,(z)'g € K[[z]]; and we put

T(g9) :== 27T (®,(z)'g), N(g) == x*q;fj\/'(@n(x)ig). These are well-defined: e.g., if
g € K[z]]1,

N(®y(2)g)o®y = [ [ Tu(®y(w)g) = [ [ Tu(® ‘I’»qvaT = (2% N g)od,.

Additivity of 7 and multiplicativity of A" are immediate. O
As usual, we call 7 and A respectively the Coleman trace and norm.

Lemma 8. The equality N*g o <I>§ = H g(x + u) holds for any g € K((z))3.
u€P[pfk]

Proof. Assume by induction that the statement is true up to k—1. Let W C ®[p/¥]

be a set such that ®, : W — ®[pf*~/] is a bijection. We have the following

equalities:

NFg(®)(2)) = N INg(@F 1 (@, (2))) =
= H Ng(@,(x) +v) = HNg(‘I)n(x+w)):

vEP[plF—1] weWw

= [[Wgod)@+w) =] [I s@+u+w)y= [ 9@+1).

weWw W ued[pf] ted[plk]
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Lemma 9. One computes:

(NEg)(wn) = Ny (g(wnsr))-
Similarly, T*g(w,) = Trit* (g(wngr))-
Proof. Replace w,, = @f] (wn+k) and apply Lemma 8. O

Lemma 10. The restriction to O((z))i of the sequence of operators N'* converges
to a continuous endomorphism N

Proof. Observe that O((x)); = 2% x O[[z]]* and that Nz = x. Therefore the
lemma is proven if we show that, for any g € O[[z]]*, Mg is a Cauchy sequence
with respect to the valuation topology on OJ[z]] (uniformly on g). More precisely,
we are going to prove that N**1g = A*g mod m%+! by induction on k.

First notice that

o, (z) = H (:c—u)zxqg mod mg
u€P[pf]

since v(u) > 0 for u € ®[p/]. Therefore
g% = Hg(w +u)=Ngo®, = Ng(z®) = (Ng(z))% mod my

where the last congruence is true because q,{ = |Ok/mg]|. Tt follows that Ng = ¢
mod mg.
k

Now put h := NA,fi_’ig , so that our claim becomes Nh =1 mod m];;rl. By the
induction hypothesis h = 1 + 7%¢g; and this implies

(Nho®,)(x) = H (147 g1 (z +u)) = (1+ wkgl(x))q;{ =1 mod mh.

u€P[pf]

To conclude, observe that since ®,, is monic v(ho ®,) = v(h) for any h (where v is
the valuation on O[[z]] defined in §3.1.1). O

Of course N o N = N> and N is a projection.

Theorem 11 (Coleman). The evaluation map ev : f — {f(w,)} gives an isomor-
phism _
(O((@) V=" =~ lim K,

where the inverse limit is taken with respect to the norm maps.

Proof. The map is injective, because a function is uniquely determined by its values
at the wy,’s (e.g., observe that |w,| < 1 and use [6, Proposition 2.11]).
Notice that O((x))* = 2% x O[[z]]* and lim K = w” x lim O} since ev(z) = w,

it suffices to show (O[[z]]*)V=14 ~ lim O}

Consider the diagram

where N is the norm map (z,,) — (N2, ). It commutes by Lemma 9; lim O},

is the kernel of the right-hand side: hence ev(g) € lim O} if Ng = g. Since
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(O[[z]] V=14 = N>°(O[[z]]*) is compact (because so is O[[x]]*), the theorem is
proven if we show that the image of ev is dense in a set containing lim O},. For this

we use the argument given in [15, Page 307]. For any u = (u,) € lim O} and any

k there exists g € O[[z]]* such that g(way) = ugg. Let h := ng.&Remembering

(from the proof of Lemma 10) that N*g = N**"g mod m* for any r > 0, we get
h(w;) = N7 g(w;) = N (g(war)) = u; mod mF

for all i = 1,..., k: density follows. O

In particular, w € lim O}, corresponds to z € O((x))* and, more generally, for

a € A the element a - w corresponds to ®,(x) € O((z))* (this is equivalent to
changing generator of T, ®).

We conclude with a lemma we are going to use in the next section.

Lemma 12. Let dlog : K((x)); — K((x))1 be the logarithmic derivative operator,
dlog (9) := <. Then
Tdlog g = ndlog Ng.

Proof. One just computes:
(T dlog g)o®,, = ZTu(dlog g) = dlog HTu(g) = dlog (N go®,) = n(dlog (N g)o®,)
using the fact that dlog is a homomorphism and %@n(x) =. O

3.3. Higher rank Drinfeld modules. As the reader may have noticed, the rank
of the Drinfeld module ® plays essentially no part in Theorem 7. This suggests
the possibility of extending Coleman’s results to Drinfeld modules of any rank: we
sketch an approach.

In this subsection (and only here) our notations are slightly modified. For sim-
plicity we take F' := Fy(T) and A := F,[T]: then, fixing a prime ideal p = (7) of
A, we have K = F, and O = A,. Let ® : A — O{7} be a rank r Drinfeld module,
r > 1; we need the hypothesis that ® has good reduction mod mg and that the
height is maximal: h = r. In particular, it follows that all zeroes of ®, are in the
open unit ball B(0,1) C C,. We also assume that ®,(x) is a monic polynomial.
Then, reasoning exactly as in Theorem 7 and Lemma 10, one proves the following.

Theorem 13. There exists a continuous homomorphism N : K((z))} — K((z))}
such that

1 oz +w) = W) oo,
]

u€P(p
The restriction to O((x))} of the sequence of operators N'* converges to a continuous
endomorphism N

As in section 2.4, we choose a sequence {wy, }>1 so that
DT (wy) =0 # B2 (wy,) and @x(Wpt1) = wn

and construct a tower {K,} by K, := K,_1(w,), with Ky := K. Because of the
rank, these extensions are much smaller than K(®[p”]) and they are not Galois;
however, since the polynomials ®,(z)z~! and ®,(r) — w, are Eisenstein, it still
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holds that each K,,/K is totally ramified, with uniformizer wy,.
For any n > 1 there is a norm map

NI KL, - Kl am [ ol
0ESnt1
where the product is taken on the set of embeddings
Spy1:={0: Kypy1 — Cyp : 0|k, =idk, }.

It follows from the additivity of ®, that the assignment o — o(w,41) — wWpy1 1S &
bijection S,,+1 — ®[p]: therefore N"*1(w, 1) = w, and, more generally,

W) (wn) = Ng(@r(wnr1)) = ] g@ns1 +u) = NI (g(wns))-
u€P[p]

Theorem 14. The evaluation map ev : f — {f(wn)} gives an isomorphism
(O((2)) V=" ~ lim K, .

The proof is the same as for Theorem 11.

4. THE EXPLICIT RECIPROCITY LAW

The reader is reminded that T'r,,, N, denote respectively trace and norm from
K, to Fy,. Also, we let
(L%/L): L* — G
be the local norm symbol map and write Col, for the power series in O((x))*
associated to u € liin K by Coleman’s isomorphism of Theorem 11. To lighten

notation, in this section the action of A, via ® will be often denoted by a-z := ®,(z).

4.1. The Kummer pairing. Next to lim K we consider lim K,,, defined as the
direct limit of the maps ®, : K,, — K,41: that is, lim K, consists of sequences

a = (an)n>n (for some N € N) such that ay € Ky and a,4+1 = ®,(ay), modulo
the relation (an)n>n = (bp)n>n if an = b, for n > 0.
Kummer theory yields a pairing ( , ), : K, x K — ®[p/"] defined by

(a,u)n = ((u, K3/ Kn) = 1)( 43/a).
Here ,{/a is a solution of ®}(z) = a: since any two roots differ by an element in
®[p/"] C K, the value of (a,u), is independent of the choice of ,i/a.
Observe that, since by definition ,{/a ="1/®,(a),

(@y(a), Wnr1 = ((u, Kphy [ Knpr) = 1)/ @y(a)) =
= (N3 (w), K3/ Kn) = D) (/@) = (a, Ny (w)n

This means that, given a = (ay,) € lim K, and u = (u,) € lim K, one has (for any
n large enough that a,, exists) B -

(@n+1, Unt1)n+1 = (Qn, Un)n
Therefore we can define a limit form of the Kummer pairing

(,) slim K, % liinK;fb — P[p™]

by (a,u) := (an, upn), for n > 0.
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One checks immediately that ( , ) is bilinear, additive in the first variable and
multiplicative in the second. In particular, since values are in a group of exponent
p, it follows that (-,¢),, = 0 for any root of unity ¢ € K.

Lemma 15. All the pairings ( , ), are continuous. Furthermore, (a,-), = 0 for
any a € K,, such that v(a) > nf + (g, — 1)L

Proof. For any a € K,, (a,-), is continuous: therefore the first assertion follows
from the second, which in turn is an easy application of Krasner’s Lemma. In fact,
if one can choose v = ,{/a so that v(«) is big enough, then it follows (a,u) = 0
because |(a,u)| < |a| = |(u, K2 /K,)(a)| and ®[p™/] is a discrete subset of Cq.

We are left with a valuation computation. First of all, observe that for any j > 1
if u € ®[p/] — ®[p? '] then

1

vii=ou) = [K(®p)): K™ = |(4/pP) | = ————
j = v(u) = [K(®[p’]) : K] I(A/p7)"| T 1)

@, (2)
(because <I>p:—1 @)

®[p"/] have valuation v; = (g, — 1)~*. We also put vy := oo.
Now choose a a root of ®'(z) = a such that v(a) is maximal: we get

a= H (¢4 u) and v(a) = Z v(a+u),

ued[pfn] ued[pfn]

is Eisenstein). In particular the smallest non-zero elements in

with v(a + u) = min{v(a),v(u)} for all u’s because of the maximality hypothesis.
Hence if v; > v(a) > vj41 we obtain

v@= Y v+ Y o(w)=gpua) +nf -]

u€P[p7] u€P[pnf]—P[p7]
and 1+nf—j+(gp — 1)~ = qlv; +nf —j>v(a) >nf —j+ (g —1)"". O

For a more detailed analysis of how v(a) determines the extension K ( ,/a)/K;
see [1, Proposition 2.1].
We remark that the computation in the proof of Lemma 15 yields immediately the
following result.

Lemma 16. For any a = (an)n>n € limm,, there exists a constant c(a) such that
v(an) > nf —c(a) for alln > N.

Lemma 17. Let a € K: then (a,a), = 0.

Proof. Let a be a representative of ,i/a and put L := K, (a). Kummer theory
identifies Gal(L/K,) with a subgroup V of ®[p™/]: then one sees that

a= H H(a+u+v)= H Np/k, (a+wu)

wED[pnI]/V VeV BlpnT]/V
and consequently (a, K% /K, acts trivially on L. O

Lemma 18. Let b € m,, — {0}: then (¢,1 —b), = ({25,b71), for all c € K,,.
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Proof. If ¢ = 0 both sides are 0. If not, by applying Lemma 17 to a = ¢(1 — b) we
get, by bilinearity,
(C7 1- b)n = (Cba c)n + (Cba 1- b)n

and, by recurrence,
o0

(e, 1 =D =Y (cb/,ct/ "),
j=1
(the sum converges because only a finite number of terms are not 0, by Lemma 15).
By Lemma 17 we have (cb/,cb/™1),, = (cb?,cb?), + (cb?, b7 1), = (cb/,b7 1), and
therefore

00 o b
1- b n: - n = c 71n-
(e, 1=b)n = (cb/,b (c;b’,b o =(3—5:07")

Jj=1

Proposition 19. Let a € hm my, U € hm K> : then
(a, u) = (anwndIOg Coly, (wn), wn)n
for all n sufficiently large.
Proof. The statement is clearly true for u = w. As for u € lim O}, we are going to
prove that, more generally,
(c,w), = (cwn
for all (¢, w) € m;» x O}, for some s,,. Here dlog : O;, — Qo /o is the map x — df.

The module of differentials is free over O,,/®,, with generator dw,: by Lemma 3 if
¢ € my, with v(c) > # —v(wy) and § € D, the inequality

v(ewnd) > v(c) + v(wy) +nf — ! 1>nf+

Qp — g —1
holds and so Lemma 15 shows that (cw,, d(liijgw wn)n is well-defined. Thanks to
Lemma 16 this is enough for our purposes.

Observe that it suffices to prove the claim for w = 1—(wk (¢ varying among roots
of unity in K,), because one can choose a topological basis of 1+ m,, consisting of
elements of this form and the pairing is continuous and linear.

Applying Lemma 18 with x = (wF we get

cCwk _ dlog (1 — (wk
(c, 1 _Cw )n (1 _chﬁawnk)n = (Cwn%vwn)n
because
—kCwhkt
ky _
leg (1 — Cwn) = ﬁd&)n .
. . . " dlog u.,
To conclude just notice that, for u € lim K", dlog Col, (wy,) = ¥ . (Caveat! In
- w

this last formula the symbol dlog appears with two different meani?ngs: on the left-
hand side dlog Col,, is the power series l Colu (o) dxC'ol (z), evaluated in w,,, while
on the right-hand side dlog : O}, — Qp, /0 is the map we defined above.) (]
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4.2. The analytic pairing. As above, let u € liin K. Lemmata 9 and 12 together
with the AM-invariance of Col, yield
TTZH“dlog Coly(Wntk) = n*dlog Coly, (wn).
Besides, for a = (a,) € limm,,, Man+r) = n*A(a,) by definition of A (Proposition
1). It follows that B
Tk (7" F N angr)dlog Coly (wnik)) = 78 Tr, (17" M ay )dlog Coly, (wy)).
Lemma 20. Tr,(n""A(a,)dlog Col,(wy)) € Ay for n>> 0.

Proof. By Lemma 16, v(a,) > nf —c for some constant ¢ (depending on a): Propo-
sition 1 implies that the same is true for A(a,). Since Col, € x” x O[[z]]* one has
v(dlog Coly,(wy)) > —v(wy) and the last value, in turn, is controlled by Lemma 3.
Now apply Corollary 4. O

Therefore one can define a second pairing
[, ]:limm, x lim K} — ®[p*]
putting
[a,u] :== Tr,(n~" A ay,)dlog Coly (wy,)) - wn
for n > 0. (Recall that, by definition, a - w, = ®4(wy).)
4.2.1. Tt is convenient to define also a level n pairing |, ], : mir x K — ®[p"/]
for some t,, > 1.

The logarithmic differential we used in the proof of Proposition 19 can be extended
to a homomorphism

dl
8 . ks =i % 0; =2,
dl i
by putting ;)g Wn . iw, b
w

n

Lemma 21. The pairing

[a,ulp :=Try, <77_")\(a) dcli(iiu) “Wn

is well defined for v(a) > 2(q — 1)~ 1.

Proof. We have to show that Tr,(n~"A(a)b) belongs to A, for any b € m;! and
that

o (Tra( " Na)0)) = nf
for § € ©,,. Since the hypothesis implies v(A(a)) = v(a), both assertions are easy

consequences of Lemma 3 and Corollary 4. |
It is clear that if (a,u) € limm,, x lim K, the equality [a,u] = [an, us], holds
for n > 0.

Proposition 22. For n large enough, [a,u] = [anw,dlog Coly(wy ), wn]n-
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Proof. To lighten notation, put D = w,dlog Col,(w,); observe that D € O,,. One
has to check that

Trn(n*")\(an)Dw;l) CWy, = Trn(n*”)\(anD)wgl) “Wn,

i.e. that
ManD) — Man)D

Wn

U(Trn( ))22nf.

By Proposition 1,
_ — Lt pd > mind gt o
v(AManD) — Xay,)D) v(;qan (D D)) > 111121{1{(] v(an) —i}

which for n > 0 is at least 2nf — ¢ for some ¢ independent of n, by Lemma 16.
Now apply Corollary 4 to get rid of c. O

4.3. The reciprocity law. In this paragraph we prove Wiles’ explicit reciprocity
law for rank 1 Drinfeld modules (Theorem 24).
Proposition 23. Let a € m,, v(a) > 2(q — 1)7: then [a,wn]n = (a;wn)n

Proof. Our proof is divided in many steps, along the lines of [5, I, §4].

1. To start with, we put a,, := ®;*""(a) for all m > n and let b,, := Amwt.
Thanks to Lemmata 16 and 3 there is a constant ¢ (depending only on a) such that
v(bm) > mf —c.

As a consequence of Lemma 17 we get

0= (am + Wi, (1 + bm)wm)m = (ama (“-)m)m + (amv 1+ bm)m + (Wma 1+ bm)m

for m > n.

2. Claim: if m > 0, then (a,, 1 + by)m = 0.
Proof. By definition of the Kummer pairing, for m > n we have

(@m, 14+ bm)m = (an, N (1 + b))

Since 1 + by, tends to 1, so does also N'(1 + b,,): the claim is proven because
(a,-), is continuous and ®[p™f] discrete.

3. Claim: (an,wn)n = Wam — Pw,, (14b,,)~1 (Wam) for m > 0.
Proof. From the above, we have

(anzwn)n = (amawm)m = _(wma 1+ bm)m = (1 - (1 + bma Kzlb/Km))( nm wm)~
We can take ,%/w,, = way,. The extension Ky, / F, is abelian: hence
(1 + bm,ngb/Km)lem = (Nm(l + bm)>ng/Fp)|K2m .

Now one applies formula (1).

4. Claim: Ny, (1 +b,,)"t =1 —Tr,(b,) mod p>™/ for m big enough.

Proof. Take k € N such that kf > ¢+ 1 where c is the constant which appeared in
step 1. We can assume m > k.

Put 8 :=Tr7_, (by): then v(B) > v(by,) + kf — v(wm—x) by Corollary 4. We have

) >
m L Yo1 64
m=k\1+b, /) ’
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where § is an element of K,,_j such that v(d) > 2v(b,,). Now apply N,,_x to the
above equation to obtain

Ny (14b) ™ = Ny (1= B+6) = 1=Tr_(3—0)+0 = 1=Trp, (by,)  mod p>™/,
because summands in 6 have valuation at least
20(8—0) > 2min{(m+k)f —c — v(wm—k),2mf — 2c}
and v(Try,—x(6)) > [(3m — k) f —2¢— (gp — 1) ].
5. From steps 3 and 4 we get (a,wn)n = Trm(amw,') - wap . On the other hand

[a, wn]n = [(am), w] = [@m,wWm]m . Since Col,, = z, dlog Col,, = % and by definition
we obtain

[, W] = Trm<>\(am) > g = ;nTrm()\(am))(nmwgm) = Trm<)\(am))-a)2m.

N W Wm W

The proof is completed by the same reasoning as in Proposition 22. O

Combining Propositions 19, 22 and 23, we get our reciprocity law:

Theorem 24. The two pairings (, ) and [, ] on lim m,, x lim K} — ®[p>], defined
respectively by
[a,u] := Trp(n~ "X ay)dlog Coly,(wy)) - wn
and
(a,u) = ((un, K"/ Kn) = 1)( i/an)

forn >0, are equal.

4.3.1. The Kummer pairing in practice. A weaker form of our explicit reciprocity
law can be used to calculate the Kummer pairing also when w, € K is not a
coordinate in an inverse limit or, even if it is the case, one does not know how to
explicitly find Col,,.

Given u,, € K and a,, € m,, we want to compute (an, un), . We need to impose
that there exists u,, for some convenient m > n such that NJ*(um,) = u,. If so we
have:

(@ny Un)pn = (q)n(an)aunJrl)nJrl =...= ((I)gy(an)vunJrj)nH
for any integer 0 < j <m —n. Put an4; := @%(an).

In particular suppose we can take m big enough to have v(an,) > 2/(¢—1) (and
hence v(ay,) > ﬁ —v(wp)). (An estimate on the required size of m — n can be
obtained from the computations proving Lemma 16.) Then

(amaum)m = (amwm d 7wm)m
m

(see the proof of Proposition 19) and by Proposition 23 we have

dlog dlog

(am;um)m = (amwm awm)m = [amwm 7wm]m .

dwm dwm

mi nl>1{q ‘v(z) — i}; in particular this
2(g—1)~1. Hence a blmple computation
%(mf +1+(gp — 1)+ v(wn,)) implies

By Proposition 1 we have v(A(z) — z) >
minimum is attained in ¢ = 1 when v( ) >
shows that the further condition v(a,,) >

dl m m dl m
[amwm ;)gu 7wm]m = Trm <am sgu > W = [am7 um]m
Wm n Wm
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The limit form of the Kummer pairing, as in Theorem 24, is useful rather for

the purposes of Iwasawa theory (which is not yet well understood in our setting)
than for a concrete calculation of the pairing at a level n. Historically, the interest
in computing the Kummer pairing for local fields at a finite level was originated by
the study of diophantine equations, in particular the Fermat one. For a survey on
various explicit reciprocity laws in the local case we refer to [3].
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