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Group Representations and 2-group Representations
Representation theory of a group G in a category C":
e Representations are just functors p: G — C.

e ‘Intertwiners’ between reps are natural transformations.

Representation theory of a 2-group G in a 2-category C:
e Representations are (strict) 2-functors p: G — C.
e ‘Intertwiners’ are pseudonatural transformations.

e ‘2-Intertwiners’ are modifications.

Problem: What’s a good target 2-category? Kapranov—Voevodsky
2-vector spaces are “too discrete” for interesting reps of Lie 2-groups:
e.qg. any automorphism of Veet?V is essentially described by some per-
mutation of the basis 2-vectors

62':(0,..., C ,...,O) 1 =1...N.

1th place

but Lie groups have too few interesting actions on finite sets!



Higher Hilbert Spaces



Toward infinite dimensional 2-Hilbert spaces

Lie groups have important representations on Hilbert spaces, espe-
cially L? spaces; we expect infinite-dimensional 2-Hilbert spaces, es-
pecially “2L? spaces” to be important for Lie 2-group representations.
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So far there’s no definition of infinite dimensional 2-Hilbert spaces!
A step in the right direction: “Measurable categories” |Described in

work of Crane and Yetter|



First step toward L?(X):

the set of measurable C-valued functions on X.

A possible first step toward “2L?(X)":
the category of “measurable Hilb-valued fields on X"
More precisely, this category has:
e “measurable fields of Hilbert spaces” as objects
e “measurable fields of linear operators” as morphisms

This is the approach used by Yetter to define “measurable categories”.

(The measurable fields themselves are classical analysis; they're im-
portant, e.g. for Von Neumann algebras) . ..



Measurable Fields (classical definitions)

Definition 1 Let X be a measurable space. A measurable field

of Hilbert spaces H on X is an assignment of a Hilbert space
H, to each v € X, together with a subspace My C |, Hy called
the measurable sections of H, satisfying the properties:

o V§ € My, the function x — |&x|p, s measurable.

o For anyn € ||, Hy such that x v (N, &), is measurable for
all £ € My, we have n € Myy.

o There is a sequence & € My such that {(&)x};2, is dense in
H, forall x € X.

As with ordinary measurable functions, it is often useful to identify
measurable fields that differ only on a set of measure zero:
We say ‘H and IC are pu-equivalent if H, = K, p-a.e. in x.



Similarly, we have:

Definition 2 Let ‘H and IC be measurable fields of Hilbert spaces
on X. A measurable field of bounded linear operators
o:H — K on X is an X-indexed family of bounded operators
GOr: Hy — Ky such that £ € My implies ¢(&) € My, where

O(&)z = Px(&a)-

If : ' H — K and we consider the p-equivalence class of ‘H, and the
v-equivalence class of IO, we can consider the *, /ur-equivalence’ class
of . Here /uv is a measure called the geometric mean of the
two measures. The important point is that the equivalence relation
Wpv-a.e.” 1s the transitive closure of ‘p-a.e. OR v-a.e.’

There is also a notion of measurable field of measures assigning
to each y € Y a measure on X.



Higher Hilbert Spaces

Given a locally compact Hausdorft Borel-measurable space X, denote
by H X the category whose:

e objects are measurable fields of Hilbert spaces on X

e morphisms are and bounded measurable fields of linear operators

on X .

Morally, H* = Hilb* with some measurability restrictions. (oo-dim.
analogue of the Kapranov—Voevodsky 2-vector space Vect?Y )

Informally, we call H* a higher Hilbert space.

More generally: as shown by Yetter, H X s a C*-category; any C*-
category that is C*-equivalent to some H Xisa ‘higher Hilbert space’.

As with 2-vector spaces, morphisms will be certain functors and nat-
ural transformations whose composition laws can be given by “matrix
multiplication”, but here direct sums replaced by direct integrals. . .



Direct Integrals of Hilbert spaces

Given:

e X — a measurable space

e H — measurable field of Hilbert spaces on X

® [, — a measure on X

A measurable section x — 1, € H, is an L? section if

[ auta) sl < oo
The direct integral of H:

[ antar s

X
is the Hilbert space of all L? sections of H, with inner product

(6,) = /X d() (s 0V

If i ="Hy p-a.e., then f)? dp I = f)? dyH in a canonical way, so
| © respects p-a.e. classes of fields.



Direct Integrals of Operators

Suppose ¢: H — H' is a p-essentially bounded measurable field of
linear operators on X. The direct integral of ¢ is the linear oper-
ator acting pointwise on sections:

[ o [~ [ autnr

X X

JEdua) e — [ dp() du(tn)

where [ )@(9 dpu(x) 1y s just a cute notation for an L?-section.



Morphisms Between Higher Hilbert Spaces

A morphism

HXLHY

1S:
e a Y-indexed measurable family ¢, of measures on X;

e a t-class of measurable fields of Hilbert spaces 7" on Y x X, such

that ¢ is concentrated on the support of 1" that is, for each y € Y,

This gives a functor by H € H* — TH € HY with
TH), = /X Sty Ty Ha

and (¢: H — H') — (T¢: TH — TH') with
(T'¢)y = /X ) dty 17, , @ ¢z

(More generally, a morphism is any functor in C*Cat of the form
K>SaXi gx> K’ w. T naturally iso. to one as above.)



Composition

To compose morphisms:

T,t U UT, ut
HX %HY %UHZ = HX o HZ

we first define the Z-indexed tamily of measures on X by

(ut)Z:/}/duz(y)ty.

The composite of the fields T" and U is then given by a direct integral:

D
(UT)Zyﬂj ~ A/ dkz7$(y> UZ,ZU X Tyaz’

where k; 5 1s defined by

/ A(uut) () (ks @ 62) — / du=(y) (6, ® ty),
X Y

Why this measure “k; 5”7



Geometry of Matrix Multiplication
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Similarly. . .
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2-Morphisms

Tt

A 2-morphism  px 7 o > pgv is a Vit'-class of bounded
—~— 7
Tt

measurable fields of linear operators oy o: Ty 7 — Téjx on Y x X.

Composition:
Tt
m A’ [de! [a
T, t°V / . Y Y Yy oo
H* H* (07 )y = \ a, \ e\ e, “ort
Oél " ~ /
! =1if¢t, ¢/, ¢" are
T ¢ equivalent
Tt U,u
— T — A
HX e HY NZE H?

~N . 7 ~— N 7

Tt U’

AWt [P [du, |dt,
(ﬁ o O‘)z,x (¢z,x) = d(ut)z /Y dkz’x [ d—ulz d_%ﬁz,y X &y,x} (wz,y,x)




Meas

The 2-category whose objects are ‘higher Hilbert spaces’, and whose
morphisms and 2-morphisms are as just described, is denoted Meas.

We'll now study the representation theory of 2-groups in this 2-category



Representation Theory



2-Groups and Crossed Modules

I'll consider only strict 2-groups, and often identity a 2-group G with
its crossed module (G, H, >, 0). Conventions:

e 0: H — (G a group homomorphism

e action > of G on H

e axioms: O(g>h)=gd(h)g~' O(h)>h =hh'h T,
Vg e G,h,h € H.

Composition convention:

g1 92 9291

* * * =  * *
J g
m T
*—0(h)g *x = % “h’h *
ﬂh/ \.___//
oo h)g o hs
. 0 9291
*\Jﬁl/"*\#ﬂ’jﬁ/j = % ha(ga>hy) %

9591



Representations in Meas

Definition 3 If G is a 2-group, a representation of G in Meas
is a strict 2-functor p: G — Meas. If p(x) = H*, we say p is a
representation on H X

Theorem 1 Let G = (G, H,0,>) be a 2-group. A representation
of G on H™ is specified by a measurable right G-action < on X,
together with a measurable field x of group homomorphisms x(x):

x(z): H— C*
satisfying:
(i) x<10h)=x forallhe HxeX
(i1) x(x)|lg>h| = x(x < g)lh] forallge G, he H, z € X.

We call a representation unitary when y(x)[H| C U(1).



Geometric Interpretation
The left action > of G on H induces a right action on
H* =hom(H,C*) (or hom(H,U(1)) for unitary reps.)
and then the second property becomes
(i) x(z) < g =x(z < g)
i.e. the measurable space X is a G-equivariant bundle over the char-
acter group H™:
X
|

H*

There are notions of irreducible and indecomposable represen-
tations. Geometrically they amount to:

e A representation is indecomposable iff the action of G on X is
transitive. (Can’t decompose into sum of G-equivariant bundles.)

e A representation is irreducible iff it is indecomposable and
x: X — x(X) is an isomorphism of measurable G-sets.



Example
Let G be the “Euclidean 2-group of the plane”:
G=S0(2) H=R* =0 1 defining action of SO(2)

Every character R? — U(1) is of the form § — exp(ip-§), so (R?)
R?, and under this identification the action of G on (R?)* is naturally
isomorphic to its action on RZ. S0, a representation consists of a
measurable SO(2)-equivariant bundle y: X — R?

* v



Intertwining operators

Definition 4 Given reps p1, po of G in Meas, an intertwiner
O p1 — po 18 a pseudonatural transformation of 2-functors.

Theorem 2 Given reps p1, po on HX, HY given by:

X Y
A
)25

an intertwiner ¢: p1 — po is specified by:
(1) a Y -indexed measurable family of measures p, on X that’s:

o quasi-equivariant: fy<g(A) =0 <= py(A < g H=0
o supported on {z € X|x1(z) = x2(y)};

(1) a p-class of fields of Hilbert spaces ¢y on'Y X X;
(iii) for each g € G, a u-class of fields of invertible linear maps
CIDZ;E: Oy.x — gb<y 7)g—] satisfying, a.e., the cocycle condition

/

/
99 _ 49 g
Pye = (I)(y,ﬂri)g‘lq)y’aj



Geometric Interpretation
The Hilbert spaces form a bundle over Y x X

For (y,z) € Y x X, let Sy » be the stabilizer of (y,x). The cocycle
condition

gives us:

e Fach ¢y  Is a representation of the group Sy 4
@?‘j’x: Oy — Oy Vs € Sy

e for any ¢ € G we get an intertwiner of group representations:
Cbg,x: Oy.x — gb@’ )g—1 These give a notion of “parallel transport”

of the representations ¢y 5 along G-orbits in Y x X

In other words, the ¢y, form a measurable equivariant bundle of
Hilbert spaces over Y x X.



Intertwiner Example

An intertwiner between two irreducible unitary representations of the
Euclidean 2-group of the plane:

For unifar irreps

Oy Hhe Spacesjafe j"‘S+

| circles wo y=0
. S

(Note this is completely trivial if yx and yy don’t map to the same orbit in R*.)



2-Intertwiners

Theorem 3 A 2-intertwiner m 1s specified by a /uv-class of
fields of linear maps my oz of Qyx onto Py, satisfying a.e. the
rule

g _ g
Vo My 2 = My x)g=! by o

Y,)

For g = s € Sy ¢ C G (the stabilizer of (y,z) € Y x X under the
diagonal action), this equation says my ; is an intertwiner between
stabilizer representations.



Looking Ahead

e The 2-category Meas is an important step toward infinite dimen-
sional 2-Hilbert spaces, but not the last word; we’'d like:

— Inner products for objects, calculated using direct integrals, but
also reducing to the “hom” inner product in Baez’s 2-Hilbert
Spaces [HDA II}. This should lead to:
> A categorified notion of Hilbert space duality
> A good definition of unitary transformations H* — HY (and

a theorem that says (some of) our “unitary representations”
really are unitary in an appropriate sense).

(Work in progress, with Jeffrey Morton)

— An aziomatic definition of infinite dimensional 2-Hilbert spaces
(or even of measurable categories), not relying on ‘linear equiva-
lence’” with the prototypical 2-Hilbert spaces, maps, and 2-maps
described by ‘matrix multiplication’.

e One should also study weak representations of 2-groups in Meas.



e Physics and topology applications. e.g. generalizations of the Baratin—
Freidel state sum model.



