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The Whitehead group of a ring R

@ For anyring R, if GL,(R) is the general linear group of invertible
matrices n x n with entries in R, there is a sequence

GL{(R) C GLy(R) C GLg(R) C ---

whose direct limit is denoted GL(R).

@ The subgroup E(R) of GL(R) generated by the elementary
matrices (e,-]A-) is just the derived subgroup [GL(R), GL(R)]

@ The quotient group, GL(R)/E(R), which is an abelian group, is the
Whitehead group of R and is denoted by K R.

@ Note that, Kj is a covariant functor from the category of rings to
the category of abelian groups.
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Introduction Preliminaries

Steiner groups.

@ The Steiner groups St,(R) are groups given by generators x,-j- and
relations encapsulating the key rules of the elementary matrices
e;-

@ The canonical homomorphism ¢, : Sty(R) — En(R),

X} — e,.?., induces a homomorphism in the corresponding direct

A
limits

St(R) - GL(R) .
e Im(®) = E(R).
@ Ker(®) = Kx(R), the 2-th group of algebraic K-theory.

@ St(R) 2, GL(R) is a crossed module of groups (we explain this
fact soon)
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Higher K-groups.

@ Higher K-groups were defined by Quillen

@ Givenaring R, K;R, i > 1, is given by the composition of covariant
functors,

K:: R— GLR — BGLR — BGLR" — m;BGLR*

@ BGL(R) is the classifying space of the group GL(R).
@ BGL(R)™ its Quillen plus-construction.

mBGL(R) _ GL(R)
E(R) ~ E(R)

I

7 BGL(R)+ = K1R,

mBGL(R)* = KA.

@ Quillen K-groups KiR and K>R are recognized, as the cokernel
and the kernel of St(R) 2, GL(R) (a crossed module of groups).
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Introduction Preliminaries

The fundamental crossed module of a fibration

For any fibration p : (X, xo) — (B, bp) with fiber F = p~'(by), the
morphism _

™1 (F, x0) — 71 (X, Xo),
induced by the inclusion i : (F, xp) — (X, Xp), is a crossed module of
groups, the fundamental crossed module of the fibration p.
If [a] € 71(F, Xo), and [w] € 71 (X, Xo), then p(w ® a ®w™") is homotopic
to the constant loop in B, through a homotopy of loops H: | x | — X.

w®o¢®w’1
—_—

I X
_ /7

iol /H/ p

Ix[— B

Then “[a] = [Hq] € 71(X, Xo)
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Introduction Preliminaries

The fundamental crossed module of a fibration

Standard procedure in homotopy theory of factoring a map of pointed
spaces f: (X, x0) — (Y, ¥):
@ Homotopy equivalence (X, xp) — (X, Xp)
(X ={(x,w) € X x Y Jw(1) = f(x)})
@ Fibration 7 : (X,X3) — (Y, yo)
gives a functor f — f from maps to fibrations.

f:(X,x)— (Y, ) ~ fundamental crossed module

If Kf is the homotopy kernel of f (the fiber of )

71 (KF, x0) ™ 7 (X, x0)
is called the fundamental crossed module of the fiber homotopy

sequence Kf Mxty
¢ : St(R) — GL(R) is a crossed module arising from this general
procedure.
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Introduction Preliminaries

A basic structure for Algebraic K-theory

@ The fiber homotopy sequence
F(R) — BGL(R) — BGL(R)™"

@ The associated fundamental crossed module
= F(R) % n1BGL(R) is equivalent to St(R) -2 GL(R) .
@ Coker(8) = K1 and Ker(0) = Kz
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Introduction The aim

Where we go!

We’'ll need:

@ Notion of homotopy categorical groups associated to any pointed
space.

@ Existence of 2-exact sequences associated to any pair of pointed
spaces and to any fibration.

© Notion of crossed module in the 2-category of categorical groups.

© Existence of such structure associated to any fibration of pointed

spaces (the fundamental categorical crossed module of a
fibration).

1) and 4) allows to define notions of K-theory categorical groups of a

ring R, K;R, i > 1, and identify the K-categorical groups K;R, i = 1,2,

respectively as the homotopy cokernel and the homotopy kernel of the

fundamental categorical crossed module associated to the fibre

homotopy sequence F(R) — BGL(R) — BGL(R)™* .
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The fundamental categorical crossed module of a fibration Categorical group background

Notation.

@ We will denote by G a categorical group.

@ We will denote by CG the 2-category of categorical groups and by
BCG the 2-category of braided categorical groups.

@ The set of connected components of G, mo(G), has a group
structure (which is abelian if G € BCG) with operation
[X]-[Y]=[X® Y]

@ 71(G) = Autg(/) is an abelian group.
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The fundamental categorical crossed module of a fibration Categorical group background

2-exactness.

@ The kernel of a homomorphism T = (T, ) : G — H consists of a
universal triplet (K(T), j, ¢), where K(T) is a categorical group,
j: K(T) — G is a homomorphism and ¢ : Tj — 0 is a monoidal
natural transformation.

@ The categorical group K(T) is also a standard homotopy kernel
and is determined, up to isomorphism, by the following strict
universal property:

~N
> j
AFT S 0

K(T)
such that jF" = F and ¢F' = 7.
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The fundamental categorical crossed module of a fibration Categorical group background
2-exactness.

@ Given adiagramin CG

H/

| N

K(T)——H

H//

the triple (77, 3, T) is said to be 2-exact if the factorization of T’
through the homotopy kernel of T is a full and essentially
surjective functor.

e If (T',3, T)is 2-exact, then m;(H' LI = LN H"), i=0,1,is an
exact sequence of groups.
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The fundamental categorical crossed module of a fibration Categorical group background
Homotopy categorical groups.

We will denote by p1(Y) the fundamental groupoid of a topological
space Y.

If (X, xo) is a pointed topological space with base point xg € X,
then (X, x0) = p1(Q2(X, Xp)), the fundamental groupoid of the
loop space Q(X, xp), is enriched with a natural categorical group
structure and refer to it as the fundamental categorical group of
(X, Xo).

If we define for all n > 2, pn(X, x0) = 1(Q"1(X, X)), then

03(X, Xo) is a braided categorical group and pn(X, xo), n > 4, are
symmetric categorical groups.

There is a categorical group action of po(X, Xo) on pn(X, Xo).

pn, N > 2, define functors from the category of pointed topological
spaces to the category of (braided or symmetric) categorical
groups, with mopn(X, Xo) = mh—1(X, Xo) and

™ @l’l(X7 XO) = 7TH(X7 XO)'
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The fundamental categorical crossed module of a fibration Categorical group background

Relative Homotopy Categorical Groups.

@ For any pointed topological pair (X, A, Xp), the homotopy kernel of
the inclusion i : (A, xo) — (X, Xo) is given by the subspace
Ki = {(a,w) € Ax X'/ w(0) = xp, w(1) = a} and the map
Ki: (Ki,xo) — (A, Xo) is given by ki(a,w) = a.
@ We define:
@2(X7 Av XO) = 1 (Klv (XO, wo))

and, for n > 3,
on(X, A x0) = p1(Q"2(Ki, (X0, wo))) -

@ Thus, p2(X, A, Xp) is a groupoid, p3(X, A, Xp) is a categorical
group, p4(X, A, Xo) is a braided categorical group and
on(X, A, X9), n > 5, is a symmetric categorical group. We refer to
these categorical groups as the relative homotopy categorical
groups of the pair (X, A, xp).
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The fundamental categorical crossed module of a fibration Categorical group background

2-exact sequences.
@ Forn> 3,
Wopn(x, A, Xo) = Tn—1 (X, A, Xo)
T pn(X, A, Xo) = TI'n(X, A, Xo)

@ For any pointed map f: (X, xp) — (Y, ¥o), the map

q: Q( Y7 yO) - (ka7 ((X07w}/o)7wxo))s given by q(w) = ((X07w)7wxo)
is a homotopy equivalence. Then the sequence of iterated
homotopy kernels

- Kkkf — Kkf 20 kf X x Ly
is homotopy equivalent to the sequence

QKF— QX — QY — KF Ko x Ly
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The fundamental categorical crossed module of a fibration Categorical group background

2-exact sequences.

Proposition.*

For any pointed map f: (X, xo) — (Y, o), there exists a long 2-exact
sequence of categorical groups and pointed groupoids (in the last

three terms)

R pn(Kfv (X07w}/o)) - pn(X, XO) - pn(yv YO) - pn—‘l(Kfa (Xovw}’o)) e

- = pa(Kf, (X0, wy,)) = p2(X; X0) = p2(Y, y0) = p1(KF) — p1(X) — p1(Y).

* M. Grandis, E.M. Vitale, A higher dimensional homotopy sequence,

Homology, Homotopy and Appl. 4 (1), 59-69, 2002
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The fundamental categorical crossed module of a fibration Categorical group background

2-exact sequences.

Corollary.(The 2-exact homotopy sequence of a pair of spaces)

For any pointed topological pair (X, A, xp) there exists a long 2-exact
sequence of categorical groups and pointed groupoids (the last three
terms)

R pn+1(X7 A, XO) - pn(A, XO) - pn(X, XO) - @n(XaA>XO) .
. — 03(X, A X0) — p2(A, X0) — p2(X, X0) — p2(X, A, X0) — p1(A) — p1(X).

that is called the 2-exact homotopy sequence of the pair (X, A, Xp).

@ The exact homotopy sequence of the pair (X, A, ) follows, from
this 2-exact sequence, by taking m:

Tt (X, A, %) = mp(A, %) — mp(X, *) = ma(X, A, %) — ...
— ma(X, A %) — m(A, x) — m (X, %) = m1(X, A, x) — mo(A, *) — mo(X, ).
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The fundamental categorical crossed module of a fibration Categorical group background
2-exact sequences.

Theorem.

Let p: X — B a fibration and suppose by € B' C B. Let X' = p~'(B')
and let x, € p~'(bp). Then, p induces a functor

P on(X, X', X0) — pn(B, B, by) which is a full and essentially
surjective functor, for n = 2, and a monoidal equivalence for all n > 3.

Proof (for n > 3):

on(X, X', Xo) and pn(B, B', by) are categorical groups and

p:mq(X, X', x0) — mq(B, B', by) is a bijection for every q > 1, then we
have that

7I_Opl7()(7 X/7X0)) = 7TI’I—1(X7 X,u XO) = 7Tn—1(Ba Blv bO) = 7I_Opn(By B/7 bO))
and
US| @n(Xa X,7X0)) = 7Tn(X7 X/a XO) = 7TI’I(Bv Blu bO) = US| @n(Ba Blu bO))
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The fundamental categorical crossed module of a fibration Categorical group background

2-exact sequences.

Using a result given by Sinh * we conclude that
p: @n(X7 le XO) - ﬁon(B7 Blv bO)
is a monoidal equivalence for n > 3.

Corollary.

Let p: (X, x0) — (B, by) be a fibration with fiore F = p~'(bg). Then,
the induced functor p : pn(X, F, Xo) — ©n(B, by), is a full and
essentially surjective functor, for n = 2, and a monoidal equivalence for
n>3.

Now, combining the 2-exact sequence of the pair (X, F, xp) with the
equivalence of this corollary:

* H.X. Sinh, Gr-catégories, Université Paris 7, Thése de doctorat,1975
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The fundamental categorical crossed module of a fibration Categorical group background

2-exact sequences.

Corollary.(The 2-exact homotopy sequence of a fibration)

Let p: (X, X) — (B, by) be a fibration with fiore F = p~'(bg). Then,
there exists a long 2-exact sequence

= 911 (B,b0) 2 0n(F,x0) - 0n(X, X0) & on(B, bo) 2 ...

— 03(B, bo) 2 pa(F, x0) - p2(X, X0) — p2(X, F,X0) — 91(F, X0) — p1(X, X0)

that is called the 2-exact homotopy sequence of the fibration p.
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The fundamental categorical crossed module of a fibration Categorical group background

2-exact sequences

@ We remark that
mogp2(X, F,X0) = m(X, F, Xg) = m1(B, by) = mogp2(B, by)

and then, applying m to previous sequence, we obtain the
well-known group exact sequence of the fibration p:

oo = Tt (B, bo) 2 1n(F, X0) = mn(X, X0) 2 7n(B, bo) 2 ...

— 7T2(B, bo) 2) 7T1(F,X0) *I> ’/T1(X,X0) — ’/T1(B, bo) — ’/T()(F,Xo) — 7T0(X,X0).
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The fundamental categorical crossed module of a fibration Categorical Crossed modules background

Crossed modules of groups

@ A crossed module of groups is a system £ = (H, G, ¢, ), where
0 : H— Gis a group homomorphism and ¢ : G — Aut(H) is an
action (so that H is a G-group) for which the following conditions
are satisfied:

5(*h) = xo(h)x~1 , MK = hHHT .

@ The category of crossed modules is equivalent to the following
categories:

e The category of cat'-groups. (A cat'-group consist of a group G
with two endomorphisms dy, d; : G — G, such that

d0d1 = d1 , d1 do = do R [Kerdo,Kerd1] =0 )

e The category of internal groupoids in Groups.
e The category of strict categorical groups.
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The fundamental categorical crossed module of a fibration Categorical Crossed modules background

Categorical crossed modules

@ A categorical crossed module * (H, G, T, v, x), consists of a
morphism of categorical groups T = (T, ) : HH — G together with
an action of G on H, G x H — H, (X, A) — %A, and two families
of natural isomorphisms in G and H, respectively

_ T X .
v = (VX,A T e X — X T(A))(XA)EGxH

. TA
X= (XAvB  TBeA— AR B)(A,B)eH
such that the coherence conditions hold.
@ Categorical crossed modules and morphisms between them form
a 2-category.
@ Categorical crossed modules are crossed modules of categorical
groups.

* P. Carrasco, A.R. Garzén, E.M. Vitale, On categorical crossed modules, TAC 16 (22),
585-618, 2006
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The fundamental categorical crossed module of a fibration Categorical Crossed modules background

Equivalent categories??

@ Weak groupoids internal to the 2-category of categorical groups
@ cat'-categorical groups

@ Certain monoidal bicategories

@ Others?

@ Any crossed module of groups H 2 Gisa categorical crossed
module when H and G are seen has discrete categorical groups.

@ The zero-morphism 0 : A — 0,with A braided, is a categorical
crossed module where, forany A,B€ A, xap:!B® A— A® Bis
given by the braiding cx g, up to composition with a canonical
isomorphism.

© Consider a morphism T : H — G of categorical groups and
P2 : G x H — H as action of G on H. Then, if G is braided,
UX A= c)‘(fTA and x4 g = Cp 4 Qives a categorical crossed module
structureto T: H — G.
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Categorical Crossed modules background
Advantages: Parallelism with the theory of groups

The category of groups (abelian) is a reflexive subcategory (coreflexive
subcategory) of the category of crossed modules of groups.

Theorem *

i) The category of categorical groups is a reflexive subcategory of
the category of categorical crossed modules. The left adjoint to the
inclusion functor is given by the homotopy cokernel construction.

i) The category of braided categorical groups is a coreflexive
subcategory of the category of categorical crossed modules. The

right adjoint to the inclusion functor is given by the homotopy
kernel construction.

* P. Carrasco, A.M. Cegarra, A.R. Garzén, The homotopy categorical crossed module
of a CW-complex, Topology and its Applications 154, 834-847, 2007
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The fundamental categorical crossed module of a fibration Categorical Crossed modules background

The cokernel

The cokernel of a categorical crossed module < H, T: H — G, v, x >,
is define in the following way:
@ Objects: those of G
@ Premorphisms pairs: (A, f) : X — Y with A€ H and
f:X—>TAQRY.
@ Morphisms: classes of premorphisms [A, f], where two pairs [A, f]
and [A', f'] are equivalent if there is a: A — A’ in H such that

X
- S /
TARY T@aty TA®Y
@ Tensor: given [A,f]: X ——Y and [B,g]: H——= K,
[A, f] ® [B, g] is given by

—1 .
[A2Y B, XoH 2f T(A)eYaT(B)oK '©* %" T(A)eT(YB)o YoK < T(A2Y B)o Yo K
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The fundamental categorical crossed module of a fibration Categorical Crossed modules background
Homotopy types

@ Carrasco, Garzén and Vitale, observed that if (H, G, T, v, x) is a
categorical crossed module, then KerT, the homotopy kernel of T,
is a braided categorical group and CokerT the homotopy cokernel

of the categorical crossed module is a categorical group.
@ moKerT = 71 CokerT,
@ The homotopy groups of the categorical crossed module are

defined by *:
moCokerT for =1
Ni(H,G, T,v,x) =< moKerT = w1 CokerT for =2
m1KerT for i=3.

* P. Carrasco, A.M. Cegarra, A.R. Garzén, The homotopy categorical crossed module
of a CW-complex, Topology and its Applications 154, 834-847, 2007
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The linkage with algebraic 3-type

@ A categorical crossed module is associated with any pointed pair
of spaces*

@ A categorical crossed module is associated with any pointed
CW-complex

If (X, %) is a pointed CW-space, the pointed topogical pair (X, X', %)
gives a categorical crossed module.
There is a functor W : CW-complexes, — Categorical crossed module and
My (W(X7 *) = (X7 *)
HQ(W(X, *) = 7T2(X, *)
HB(W(X7 *)) = 7T3(X7 *)
W(X, ) represents the homotopy 3-type of (X, x).

* P. Carrasco, A.M. Cegarra, A.R. Garzoén, The classifying space of a categorical crossed module
to appear in Math. Nachr.
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The linkage with algebraic 3-type

There is a functor

B : Categorical crossed module —— CW-complexes

L=<HG,T,vx>—>B(L),

where BL is the classifying space of L.

The only homotopy groups of this space are just 71 BL, moBL and
WSB[,.

Composing both functors, there is a continuos map X — BWX,
inducing and isomorphism of the homotopy groups

X 27 BWX, fori=1,2 3.
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The linkage with algebraic 3-type

@ Crossed squares correspond, up to isomorphisms, to strict
categorical crossed modules (H and G are strict categorical
groups, the action of G on H is strict and T is strictly equivariant
and x is an identity)

@ 2-crossed modules correspond, up to isomorphisms, to special
semistrict categorical crossed modules (H is a strict categorical
groups and G is a discrete categorical group acting strictly on H)

@ Every reduced Gray groupoid has associated a special semistrict
categorical crossed module

@ Associated to any semistrict categorical crossed module there is a
reduced Gray groupoid (H and G are strict categorical groups, the
action of G on H is strict and T is strictly equivariant )
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The fundamental categorical crossed module of a fibration The result

The fundamental categorical crossed module of a fibration.

Theorem

Let p: (X, *) — (B, ) be a fibration with fiore F = p~'(x) and consider
the induced categorical group homomorphism gz (F, ) LN oa(X, *)
given in the 2-exact homotopy sequence of the fibration p. Then the
homotopy categorical group po(F, *) is a po(X, *)-categorical group
and, for any w € po(X, x) and «, o’ € po(F, ), there are natural
isomorphisms

V=Vya: ia)pw—-wea , X = Xa,a! - i<a)0/®04—>05®0/

such that (po(F, *), p2(X, %), i,v, x) is a categorical crossed module
which we call the fundamental categorical crossed module of the
fibration p.
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The fundamental categorical crossed module of a fibration

Proof:
To define a categorical group action of po(X, Xg) on p2(F, Xp)

2(X, X0) x p2(F, X0) =5 p2(F, Xo)
we consider the continuous map
Q(X, x0) X QF, %) — QF,x0) , (w,a)— “«a

where “« is defined as follows.

Letw®a®w™' € Q(X, Xg) and consider the projection
plw®a®w™) € Q(B, by) which is homotopic, to the constant loop in
B at by through a homotopy of loops H: [ x | — B.

Then, Hy(s) = H(s,0) = p(w ® a ® w1)(s) and H;(s) = H(s, 1) = by.
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The fundamental categorical crossed module of a fibration The result

The fundamental categorical crossed module of a fibration

Since p is a fibration, using the homotopy lifting property in the diagram

w®a®w’1
_—

/ X
= 7

fol /H/ P

I - —B

Huow = H: 1 x1— X such that
Ho(s)=H(s,0) =w@a@w!
and
pH=H
pﬁ1(3) = pﬁ(sa 1) = H(Sa 1) = bO

Imﬁ1 C F,that iS,ﬁ1 € Q(F, xp)
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The fundamental categorical crossed module of a fibration The result

The fundamental categorical crossed module of a fibration

S X
A 1.
0®u®a" H | “a=H,
X, t

The fundamental groupoid functor g4 preserves products,
ac(w,a) =%«

on arrows (w, «) RGN (W, ),

PR = [ : “a — “o/

where ("B)(s, u) = (Hi, »,)1() = Flg, 1, (5, 1)
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The fundamental categorical crossed module of a fibration The result

The fundamental categorical crossed module of a fibration

0'®a'®w'

h- -
1’1‘=(HF1 u’h u )l
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The fundamental categorical crossed module of a fibration The result

The fundamental categorical crossed module of a fibration

For any w,w’ € pa(X, Xp) and « € po(F, xo), we define a natural

isomorphism & = &, ./, : “®a — “(“'a).We define &, s o = [¢]

S

(0R0)Ro'(0R0') "

(o®(oa'®oc'®(o"l)® o’

() =
H o,
O’ . u
©@%0® o
¢ oa(co('x)

o(s,u)
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The fundamental categorical crossed module of a fibration

For any w € Q(X,*) and «, o/ € Q(F, ) the natural isomorphism
V=V, ,n: Ya®d)— “a®

is defined as the class of the front face of the following cube

A

Ru®n H®(O®a'®w?)

o',®

Pa®P
w(s,u)
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The fundamental categorical crossed module of a fibration

Forany w € p2(X, xp) and a € pa(F, by), the natural isomorphism
V="Vyo Y0Qw—w®a,

is the class of the front face of the cube

o®a

v(s,u)
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The fundamental categorical crossed module of a fibration

For any a, o’ € po(F, by), the natural isomorphism
X = Xa,o! Yo' o — Oé@O/,

we define

Xo,o! = Va,a!

With all this natural isomorphisms we prove that
< 92(F,Xp), 92(X, X0), I, v, x > is a categorical crossed module.
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The fundamental categorical crossed module of a fibration
The projection by g,

mo(p2(F, X0) 5 p2(X, x0))

gives the fundamental crossed module
m1(F, X0) = 1 (X, Xo)

of the fibration p.
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The fundamental categorical crossed module of a fibration

If (KT, (xo,wo), kf) is the homotopy kernel of f (the fiber of f)

kf
s ma(Y, vo) 2w (K, (x0,wy0)) " 0 (X, X0) — m1(Y, Yo) — <

and
1 (kf)

1 (KF, (X0, wy))

is called the fundamental crossed module of the fibre homotopy
sequence

UR (X7 XO)

(Kfv (Xoﬂw}/o)) (X XO) (Y yO)

There is also the 2-exact sequence

— 03(Y,v0) 2 pa(KT, (x0,wy)) © 2 KDz(X Xo0) — ©2(X, F,X0) — ©1(F, %) — ©1(X, Xo)
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The fundamental categorical crossed module of a fibration

Definition
The fundamental categorical crossed module of a fibre homotopy

sequence (Kf,(xo,wy,)) — (X, X9) — (Y, yo) is defined as the
categorical crossed module

2(kf)

@2(Kf7 (Xva.Vo)) @Z(XaXO)

obtained from the fibration f : (X, Xp) — (Y, yo) according to previous
Theorem. )
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The fundamental categorical crossed module of a fibration

Note that in the particular case in which we consider a pair of pointed
topological spaces (X, A, xp), associated to the inclusion, there is the
fibration A — X where A is the space of paths in X ending at some
point of A and the maps send each path to its starting point. The fibre
of this fibration is given by the subspace

Ki = {(a,w) € Ax X' /w(0) = xp, w(1) = @} whose homotopy
categorical groups are pn(X, A, xo) = p1(Q"2(Ki, (X0, wx,)) , N > 3. In
this way, just we obtain the homotopy categorical crossed module

9 p3(X, A Xo) — p2(A, X0),

so that, as in the group case, the fundamental categorical crossed
module of a pair of spaces can be deduced from the fundamental
categorical crossed module of a fibration.
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Recall that given aring R, K;R, i > 1, is given by the composition of
K;: R— GLR— BGLR — BGLR" — m;BGLR™
0i(X, X0) = p1(2 (X, %))
Definition

For any ring R we define K-categorical groups K;R, i > 1, as the
composition of covariants functors

K;: R+~ GLR+~— BGLR — BGLR" — p;,1BGLR" .

o moK;R = mopi1BGLRT = m;BGLR" = K;R

(] 7['1K,‘R = T1§i4+1 BGLR* = UYER BGLR* = K,'+1 R.
K;R, i > 2, are completely determined, up to isomorphisms, by the
KiR and K;, 1R and the quadratic map KiR — K 1R.
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F(R) & BGL(R) %& BGL(R)* .
This has associated the crossed module
i F(R) ™% 1 BGL(R)

which is equivalent to
St(R) - GL(R)

whose cokernel is Ky R and its kernel K> R. According to the previuos
theorem, associated to the homotopy fibration there is also the
categorical crossed module

oo(F(R)) 2% 0o(BGL(R))
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Theorem

For any ring R, KR and K»R are, respectively, up to monoidal
equivalence, the cokernel and the kernel of the categorical crossed
module p»(dg), that is:

K41R ~ Coker pg(d,q) , KQ(R) ~ Ker pg(d,q) .

Corollary
For any ring R,
WoCOkerng(dH) = KR ,
m1Cokerpz(dr) = KoR (= moKerpa(dr))

and
T Kefpg(d[q) = K3R .
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