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Abstract

Since their introduction by Kolyvagin, Euler systems have been used in several
important applications in arithmetic algebraic geometry. For a p-adic Galois module
T, Kolyvagin’s machinery is designed to provide an upper bound for the size of the
Selmer group associated to the Cartier dual T™*.

Given an Euler system, Kolyvagin produces a collection of cohomology classes
which he calls “derivative” classes. It is these derivative classes which are used to
bound the dual Selmer group.

The starting point of the present memoir is the observation that Kolyvagin’s
systems of derivative classes satisfy stronger interrelations than have previously
been recognized. We call a system of cohomology classes satisfying these stronger
interrelations a Kolyvagin system. We show that the extra interrelations give Koly-
vagin systems an interesting rigid structure which in many ways resembles (an
enriched version of) the “leading term” of an L-function.

By making use of the extra rigidity we also prove that Kolyvagin systems
exist for many interesting representations for which no Euler system is known, and
further that there are Kolyvagin systems for these representations which give rise
to exact formulas for the size of the dual Selmer group, rather than just upper
bounds.
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Introduction

Since their introduction by Kolyvagin in [Ko|, Euler systems have been used
in several important applications in arithmetic algebraic geometry ([Ko|, [Ka2],
[Ru3]). For a p-adic Galois module T attached to a motive over a number field K,
Kolyvagin’s machinery is designed to provide an upper bound for the size of the
p"-Selmer group associated to the Cartier dual T* (for any n > 0), and it proceeds
in three steps.

The first step is to establish an Euler system as input to his machine. Kolyvagin
used the “classical” Euler systems of cyclotomic units, elliptic units, and Heegner
points. More recently Kato constructed an Euler system of classes of algebraic
K-theory attached to elliptic curves [Ka2]. This input provides one with a large
collection of cohomology classes over abelian extensions of the base field K.

The second step gives as intermediate output a new collection of cohomology
classes, which Kolyvagin calls “derivative” classes, this time over K itself with
coefficients in certain quotient Galois modules.

The third step uses this system of derivative classes to obtain an upper bound
on the size of the p™-Selmer group attached to T™*, by constructing a large collection
of linear functionals (on direct sums of local cohomology groups of the kernel of
multiplication by p™ in T*) with the property that the image of the Selmer group
in question is in the kernel of these linear functionals.

The starting point of the present paper is the observation that Kolyvagin’s sys-
tems of derivative classes satisfy stronger interrelations than have previously been
recognized. If one defines (as we will) a Kolyvagin system to be a system of coho-
mology classes satisfying these stronger interrelations, one obtains an interesting
rigid structure which in many ways resembles (an enriched version of) the “leading
term” of an L-function. In this introduction we will try to explain what we mean
by this, leaving precise definitions and assumptions to the main text of the article.

0.1. Selmer sheaves and Kolyvagin systems

Suppose R is a complete noetherian local ring with finite residue field of char-
acteristic p, and T is a free R-module of finite rank with a continuous action of
Gq = Gal(Q/Q).

Imposing local conditions on cohomology classes in H'(Q,T) allows us to de-
fine the basic Selmer R-module H(1) C H'(Q,T). The reason for the adjective
“basic,” and the “1” in the notation, is that this basic Selmer module is just one
of a constellation of interrelated Selmer modules which are essential to the under-
standing of Kolyvagin systems. Namely, let ' be the set of squarefree positive
integers that are divisible only by primes where T' is unramified. For every n € N
we define a Selmer module H(n) C H*(Q,T/I,T) (where I,, is an explicitly defined
ideal of R) by modifying the local Selmer conditions at primes dividing n.

1



2 INTRODUCTION

Let X denote the graph whose set of vertices is A/, and whose edges join vertices
of the form n and nf, where ¢ is prime. We package our Selmer modules into a
natural sheaf of R-modules on the graph X', which we denote by H. The stalk at
n is H(n), and if n and nf are joined by an edge then there are homomorphisms
comparing H(n) and H(nf). A Kolyvagin system for T is then defined to be a
global section of H, or in other words a collection of cohomology classes k, €
H(n) C HY(Q,T/I,T) that are coherent with respect to the maps comparing H(n)
and H(nf). We show that under suitable hypotheses an Euler system give rises (via
Kolyvagin’s construction) to a Kolyvagin system.

Denote by KS(T') the R-module of Kolyvagin systems for T. If R is a principal
ideal domain then KS(T') is controlled by a single cohomological invariant (7')
(see Definitions and which we call the core rank of T'. The core rank is
characterized by the fact that for every n (resp., for infinitely many n) the Selmer
module H(n) contains (resp., is) a free R/I,-module of rank x (7). If R is a discrete
valuation ring or a finite field, then under suitable hypotheses (see we show
(Theorems |5.2.10| and |5.1.1[)E| that if x(T) is zero or one then KS(T') is a free
R-module of rank x (7). The case of core rank one occurs frequently in classical
examples, and in that case we conclude that Kolyvagin systems exist and that there
is a “primitive” one unique up to multiplication by a unit in R. This proves the
existence of Kolyvagin systems for many interesting Galois representations T'.

The rigid structure of Kolyvagin systems has surprised us. Here is an example
of this. If R is a principal ideal domain, M an R-module, and r a nonnegative
integer, define the r-stub of M to be the (unique) maximal R-submodule of M of
the form m'e*eth(M/N) A1 where m is the maximal ideal of R and N C M ranges
over submodules of M that can be generated by r elements. The r-stub of M is a
canonical submodule which can be generated by r elements. For example, if R is a
field then the r-stub of M is M itself if dimp(M) < r, and zero otherwise.

Returning to our Selmer sheaf when R is a discrete valuation ring or a field,
write H'(n) for the x(T)-stub of H(n). There is a natural sub-sheaf of R-modules
H' C H whose stalks are precisely the H’'(n). Under fairly general hypotheses, we
show (Theorems and [4.4.3)) that Kolyvagin systems (i.e., global sections of H)
are in fact sections of the sub-sheaf H’. In other words, if k is a Kolyvagin system
then k,, lies in the x(T')-stub H’'(n) for every n. A Kolyvagin-type bound on the size
of the Selmer module attached to 7 follows directly from this (Corollary .

If R is a field then every stub Selmer module H’(n) is either an R-vector space
of dimension x(7T') or zero. In the special case mentioned above where R is a discrete
valuation ring or a field and x(7') = 1, the stub Selmer modules H(n) are all cyclic,
and for a primitive Kolyvagin system x,, generates H'(n) for every n.

0.2. Resemblance to the leading term of an L-function

With notation as above, consider the following definitions.

e The R-module of L-values £ C H(1) is the image of the map KS(T') —
H(1) that sends a Kolyvagin system k to its value x1 in the stalk over
the vertex 1.

e The order of vanishing of k is min{v(n) : k, # 0} where v(n) is the
number of prime divisors of n,

1 An essential step (Theorem D in the proof of this was supplied by Benjamin Howard.
The authors thank him for including his proof of this result in Appendix
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e If R is principal we will define a sequence of elementary divisors of k (see
Definitions and .

e In we give an explicit functorial construction of an R-module we call
the Kolyvagin-constructed dual Selmer module attached to a Kolyvagin
system.

e If ] is an ideal of R then a Kolyvagin system for T gives a Kolyvagin sys-
tem for the R/I-module T/IT. We will define the blind spot of KS(T).
As a first approximation (see in Definition for the precise defini-
tion), the blind spot is the set of ideals I C R such that the natural
homomorphism KS(T) — KS(7T'/IT) is identically zero.

We now attempt to justify the terminology of these definitions. Write T =
Hom(T', pty) for the Cartier dual of 7. The choice of local Selmer conditions
which we used to define the Selmer module H(1) provides also (by local duality)
local Selmer conditions which we can use to define a Selmer module Sel(T™*) C
HY(Q,T*). (Hidden in the discussion above, but essential for the understanding of
the Selmer sheaf H, is the dual Selmer sheaf with stalks H*(n) C HY(Q,T*[I,.]),
where H*(1) = Sel(T™).)

If R is a discrete valuation ring and x(7T") = 1, then we show (see Theorem
5.2.14)) that under suitable hypotheses the Fitting ideal of the quotient H(1)/L of
the Selmer module by the submodule of L-values is equal to the Fitting ideal of the
Pontrjagin dual Hom(Sel(T*), Q,/Z,). If R is a discrete valuation ring or a field,
x(T) =1, and K is a nonzero Kolyvagin system, then the R-corank of Sel(T*) is the
order of vanishing of k, and the elementary divisors of the quotient of Sel(T™*) by
its maximal divisible submodule are the elementary divisors of £ (Theorem [5.2.12)).

We will construct a map from the classical Selmer module Sel(T*) to the Pontr-
jagin dual of our Kolyvagin-constructed dual Selmer module which, in good cases,
we show to be an isomorphism (Theorem . Le., in good cases we give a
functorial construction of Sel(T*) from the data given by a Kolyvagin system.

When the blind spot is nonempty we expect that our Kolyvagin-constructed
dual Selmer module may be larger than the dual of Sel(T™*). It would be interesting
to understand whether there is a connection between our Kolyvagin-constructed
module and the extended Selmer modules defined by Nekovar in [Ne].

If R is an Iwasawa algebra, then the blind spot is related to the “exceptional
zeros” of p-adic L-functions, and (as usual with suitable hypotheses) we show (The-
orem that away from the blind spot, the Fitting ideal of H(1)/L is equal to
the Fitting ideal of the Pontrjagin dual Hom(Sel(T*), Q,/Z,).

0.3. Applications

As discussed above, in “good” situations we get an equality of Fitting ideals
Fitt(H(1)/L) = Fitt(Sel(T™)).

If we have one Kolyvagin system, then we have one element of £, and we get an
upper bound for Fitt(Sel(T*)) exactly as in the traditional application of an Euler
system. But if we know all of £, then we can determine Fitt(Sel(T™*)) exactly.
In particular if the one Kolyvagin system we know is primitive, then it generates
KS(T') and hence gives all of L.



4 INTRODUCTION

For example, fix an elliptic curve F defined over Q and let T be the p-adic Tate
module T,,(E) of E. Take R = Z,, and assume further that the p-adic representa-
tion Gq — Autz, (T, (E)) is surjective. Then all of the hypotheses mentioned above
hold, and the core rank x(7,(E)) is 1. Let kX2 € KS(T,(F)) be the Kolyvagin
system constructed from Kato’s Euler system [Ka2|. If we have further that

KK i primitive *)

(i.e., if there is at least one n such that kX is nonzero in H*(Q, E[p])), then the

reasoning above shows that Kato’s upper bound for the order of the Selmer group
of E is sharp (Theorem [6.2.4)).

In fact, the upper bound of Theorem should not always be sharp, because
it does not include the Tamagawa factors in the Birch and Swinnerton-Dyer con-
jecture. In Proposition we show directly that if at least one of the Tamagawa
factors is divisible by p, then %% is not primitive.

Continuing with the elliptic curve example, take R now to be the Iwasawa
algebra A = Z,[[Gal(Q/Q)]], where Qo is the cyclotomic Zj,-extension of Q,
and T' = T,(F) ® A. Kato’s Euler system provides a Kolyvagin system rKato,0o ¢
KS(T,(E)®A) and reasoning as above we deduce (Theorem [6.2.7)) that if (*) holds
(in fact a slightly weaker hypothesis suffices) then the Iwasawa main conjecture
(relating the p-adic L-function of E with the p-power Selmer group of E over Qo)
holds.

0.4. Layout of the paper

In Chapters [I] and [2] we introduce the local and global cohomology groups we
will use, and recall basic facts about them. In particular in we introduce the
concept of a Selmer structure on a Galois module and its corresponding Selmer
module.

In Chapter [3] we introduce the Selmer sheaf and Kolyvagin systems. In we
describe the connection between Euler systems and Kolyvagin systems, although
the proof that the derivative classes of an Euler system form a Kolyvagin system
is postponed until Appendix [A]l In we define our Kolyvagin-constructed dual
Selmer module. Section studies general properties of sheaves on graphs, and
discusses several simplifying assumptions which we will make in most of the
remainder of the paper.

In Chapter [f] we study Kolyvagin systems in their simplest setting, where the
ring R of coefficients is a principal artinian local ring (for example, Z/p*Z). We
introduce our fundamental cohomological invariant, the “core rank” of T, in
and in the following sections we show that the rank of the R-module of Kolyvagin
systems is zero, one, or infinity according as the core rank is zero, one, or greater
than one, respectively. Along the way we prove in §4.4] that a Kolyvagin system, a
priori a global section of the Selmer sheaf, is actually a global section of the stub-
subsheaf. This extra information allows us in to recover the structure of the
Selmer group of T* from a Kolyvagin system for T.

In Chapter [5| we prove analogous results first in the case where the ring of
coefficients R is a discrete valuation ring (by reducing to quotients of R which are
principal artinian local rings), and then in the case where R is an Iwasawa algebra
(by reducing to quotients of R which are subrings of discrete valuation rings).
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Finally, in Chapter [6] we illustrate our results with the basic examples: cyclo-
tomic units and ideal class groups in and then Kato’s Kolyvagin system and
Selmer groups of elliptic curves in §6.2l The reader may find it useful to follow

these examples while reading the paper, rather than waiting until the end.

0.5. Notation

Fix a rational prime p. Throughout this paper, R will denote a complete,
noetherian, local ring with finite residue field of characteristic p. Let m denote the
maximal ideal of R and k = R/m the residue field. The basic cases to keep in mind
are R=F,, R=17Z,, and R = A, a suitable Iwasawa algebra.

If Ais an R-module and = € A, then Anng(z) C R will denote the annihilator
of . If I is an ideal of R, we will write A[I] for the submodule of A killed by I. If
A is a Gg-module, we write Q(A) for the fixed field in Q of the kernel of the map
Gq — Aut(A).

If a group H acts on a set X, then the subset of elements of X fixed by H is
denoted X*.

We write v(n) for the number of distinct prime factors of a nonzero integer n.

0.6. Acknowledgments
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CHAPTER 1

Local Cohomology Groups

For § K will be a local field (archimedean or nonarchimedean), K a
fixed separable algebraic closure of K, and Gk = Gal(K/K).

If K is nonarchimedean let O be the ring of integers in K, F its residue field,
and K" C K the maximal unramified subfield of K. Let Z denote the inertia
group Gal(K/K""), and Gp = Gal(K""/K). These groups fit into the exact
sequence

{1} - 7 — Gx — Gr — {1}. (1)
Note that if F is an algebraic closure of F, then Gg = Gal(F/F) = Z (the latter
isomorphism sending the Frobenius automorphism in Gal(F/F), = +— z/F! to 1 €
Z).

Let T be an R-module endowed with a continuous G k-action. By H*(K,T) =
H*(Gk,T) we mean cohomology computed with respect to continuous cochains.
If K is nonarchimedean, the vanishing of H?(Gg,T7) yields the canonical exact
sequence

0 — HY(Gp,T*) — HYK,T) — HY(Z,T)°F — 0. (2)

1.1. Local conditions

DEFINITION 1.1.1. A local condition on T (over K) is a choice of an R-sub-
module of H'(K,T). If we refer to the local condition by a symbol, say F, we will
denote the corresponding R-submodule

Hp(K,T)C H'(K,T).

If T is a category whose objects are certain R-modules endowed with continuous
R-linear G k-action (and possibly equipped with further structure) and whose mor-
phisms are certain R-module homomorphisms, a local condition functorial over T
will mean a subfunctor (of one-dimensional G g-cohomology)

T HYL(K,T) € HY(K,T)

where T ranges through the objects of the category 7.
ExAMPLE 1.1.2. Suppose T is an R[[Gk]]-module as above, and F is a local
condition on T. If 7" is a submodule of T and T" is a quotient module, then F
induces local conditions (also denoted by F) on 7" and T”, by taking Hx(K,T")

and Hx(K,T") to be the inverse image and image, respectively, of Hx(K,T) in
HY(K,T'") and H3(K,T") under the maps induced by

T T, T-T"

In other words the local condition F “propagates” to submodules and quotients of
T.
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In particular if [ is an ideal of R, then a local condition on T induces local
conditions on T'/IT and T|[I].

One can similarly propagate the local condition F to arbitrary subquotients of
T. Namely, if T} C T» C T, then one can define a local condition on T5/T; either
by viewing it as a quotient of the submodule T of T, or as a submodule of the
quotient T'/T of T. Tt is an exercise to show that these two choices define the same
local condition on the subquotient T5 /7.

Similarly, if R — R’ is a homomorphism of complete noetherian local rings,
then F induces a local condition on the R'-module T®pg R’ by taking H-(K,T®R)
to be the image in H*(K,T® R') of Hx(K,T) ® R’

EXAMPLE 1.1.3. Let Quoty(T') be the category whose objects are quotients
T/IT for all ideals I of R, and where the morphisms from T'/IT to T/JT consist
of all scalar multiplications r such that I C J. It is immediate that the local
condition F, propagated to the category Quot(7), is functorial over Quot (7).

Similarly one can define categories of submodules and subquotients of T', and
again the propagated local conditions are functorial.

DEFINITION 1.1.4. A local condition F is cartesian on a category T of R[[Gk]]-
modules (or on a category of such modules equipped with some extra structure) if
F is functorial over 7 and for any injective R[[G k|]-module homomorphism (in the
category 7) « : 11 — T3 the square

H}:(KaTI) — Hl(KaTl)

al la
H3(K,T») — H' (K, T>)
is cartesian.
Equivalently, F is cartesian on 7 if whenever « : T7 — T5 is injective, the local

condition F on Tj is the same as the local condition obtained by propagating F
from T5 to T7.

LEMMA 1.1.5. Suppose R is principal and artinian of length k, and suppose
that the local condition F is cartesian on the category Quoty(T) of Example .
Then there is an integer v such that for 0 <1 < k,

length(H° (K, T/m'T)) — length(Hy(K,T/m'T)) = ri

(where we use the same symbol F to denote the local condition propagated to all
quotients of T).

PROOF. Let A\(i) = length(H°(K,T/m'T)) — length(H = (K, T/m'T)).

Suppose 4,7 € ZT and i + j < k. Using the cartesian condition (for exactness
in the center) and the definition of the propagation of F to T/m/T (for exactness
on the right), the long exact cohomology sequence arising from

0 — T/m'T — T/m™HT — T/mIT — 0
restricts to an exact sequence
0 — HYK,T/m'T) — H°(K,T/m"T) — H°(K,T/m’T)
— He(K, T/m'T) — Hp(K,T/m"™T) — Hp(K,T/m/T) — 0.
Thus A(i) + A(j) = A(i + J), and the lemma follows. O
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DEFINITION 1.1.6. Most (but not all) of the local conditions we deal with in

this paper will be of the following form. Suppose L is a (possibly infinite) extension
of K in K, and define

H}(K,T)=H'(L/K,T¢") = ker[H'(K,T) — H'(L,T)] ¢ H'(K,T).

It is clear that for every L this defines a local condition functorial over any category
of R[[Gk]]-modules.
We have the following important special cases.

(i) the unrestricted or relaved condition (L = K)
H,yaxea (K, T) = Hi (K, T) = H' (K, T),
(ii) the strict condition (L = K)
Hieo(K,T) = Hi (K, T) =0C H'(K,T),
(iii) the wnramified condition (L = K"")
H! (K,T)= Hju:(K,T) = H(Gp,T') c HY(K,T).

If K is nonarchimedean and T is unramified (i.e., Z acts trivially on T'), we
will also call this the finite condition and write H} (K,T) = HL (K,T) =
HY(Gw,T).

(iv) the L-transverse condition (K nonarchimedean, and L/K totally ramified
and abelian of degree |[F*|)

H%/—tr(Ka T) = Hlll(Ka T) - Hl(Kv T)

When K = Q; and L = Qg(p,), we will call this simply the transverse
condition and write H}(Qy, T) = H(:.LQ@(W)(QZ7T)'

Suppose now that K is nonarchimedean and 7 is unramified. We will call
the R-submodule H}(K,T) the finite part of H'(K,T), and we call the quotient
HYK,T)=HYK,T)/H}(K,T) = HY(Z,T)°F the singular quotient of H'(K,T).
The exact sequence thus can be written in this case as

0 — HNK,T) — HY(K,T) — H}(K,T) — 0. (3)

If c € HY(K,T) its image under projection to HI(K,T) will be denoted ¢, €
HY(K,T).

REMARK 1.1.7. The unrestricted, strict, and unramified local conditions can
be expressed as étale one-dimensional cohomology over Spec O of natural sheaf-
theoretic extensions to Spec O of the Gg-module T viewed as an étale sheaf over
Spec K. This does not seem to be the case with the transverse conditions.

REMARK 1.1.8. In general the local condition defined by an extension L of
K will not be cartesian, nor will the propagation of the L-condition on a module
T to its subquotients (see Example coincide with the L-condition on the
subquotients. However, for the finite condition we have the following lemma.

LEMMA 1.1.9. (i) Suppose T is an unramified R[[Gk|]-module and T' is
a subquotient of T. Then the local condition induced on T' by the finite
condition on T is the same as the finite condition on T,

(ii) The finite condition is cartesian on any category of unramified R[[Gk]]-
modules.
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PROOF. Suppose T7 — T is a map of unramified R[[Gk]]-modules. Since they
are unramified, the definition of Hf1 gives a diagram

0 —— HNK,T\) —— HYK,T\) —2— Hom(Z,T})

| ] g
0 —— HNK,Ty) —— HYK,Ty) —2— Hom(Z,T»).
If Ty — Ty is surjective, then coker(a) = H?(K" /K, ker[Ty — Ty]) = 0, and
so H} (K, Ty) is the image of H} (K, Ty) in H(K,Ty), as desired.
If Ty — Ty is injective, then c is injective, so b=t (ker(dz)) = ker(d;), i.e., the
inverse image of H} (K, T») in H (K, T1) is H} (K, T}).
This proves (i), and (ii) is just (i) applied to the case of submodules. O

1.2. The finite/singular homomorphism

Suppose for this section that the local field K is nonarchimedean, and has
residue characteristic £ # p. Suppose also that the R-module T is of finite type,
the action of Gg on T is unramified, and

[F*|-T=0.
LEMMA 1.2.1. There are canonical functorial isomorphisms

(i) Hf (K,T)=T/(Fr - 1T,
(ii) H)(K,T) = Hom(Z, T™=') and H(K,T) @ F* =~ TF=1,

ProOOF. This is well known; see for example [Ru6] Lemma 1.3.2. The isomor-
phism of (i) is induced by evaluating cocycle classes in H'(Gg,T) on Frobenius.
For (ii), the exact sequence gives an isomorphism

HMK,T) = Hom(Z,T)™ "
Since |F*|-T = 0 and Z/|F*|Z is canonically isomorphic to F*, we also have
Hom(Z, T)™=! = Hom(Z/|F*|Z,T)"=" = Hom(F*,T)"=! = Hom(F*, T"=1)
and (ii) follows. 0

DEFINITION 1.2.2. Suppose that T is free of finite rank as an R-module, and
that det(1 — Fr | T') = 0. Define P(z) € R[z] by

P(z) =det(l —Frz|T).
Since P(1) = 0, there is a unique polynomial Q(z) € R[z] such that
(x —1)Q(z) = P(z) in R[x].

By the Cayley-Hamilton theorem, P(Fr~!) annihilates T, so Q(Fr™")T < T™=1,
We define the finite-singular comparison map ¢£S on T to be the composition, using
the isomorphisms of Lemma [1.2.1

-1
HN K, T) = T/(Fr — 17 28, pP=1 > gl(K, T) o F*.

LEMMA 1.2.3. Suppose that R is artinian, |[F*|- R =0, and T is free of finite
rank over R. Suppose further that T/(Fr — )T is a free R-module of rank one.
Then det(1 — Fr | T) = 0 and the maps

QEFr™):T/(Fr — )T — TF=1, o8 HYK,T) — HYNK,T) @ F*
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of Definition are isomorphisms. In particular both H} (K,T) and H}(K,T)
are free of rank one over R.

PRrROOF. Choose an R-basis {x1,...,24} of T such that {xo,...,24} is a basis
of (Fr — 1)T. With this basis it is clear that det(1 — Fr | T') = 0.

That ¢ is an isomorphism will follow immediately once we show that Q(Fr_l)
is an isomorphism, and then the fact that H{ (K, T) and H}(K,T) are free of rank
one will follow from Lemma [1.2.1]i) and (ii).

It remains to show that Q(Fr™') is an isomorphism. When R is a field this is
Corollary A.2.6 of [Ru6]. Applying that case to the R/m-module T//mT and using
Nakayama’s Lemma we see that Q(Frfl) is surjective. The exact sequence

0—7"= 7 2L 7 T/ (R-1)T —0

shows that T'/(Fr — 1)T and T™=! have the same length, so Q(Fr™') is an isomor-
phism. ([l

Now fix an abelian extension L/K which is totally and tamely ramified, and
moreover is a maximal such (abelian, totally, tamely ramified) extension of K.
There is a natural isomorphism Gal(L/K) = F*. (When K = Q; we will take

L= K(p))
Since L is fixed we will suppress it from the notation and write simply H[. for
the local condition H} ., of Definition iv).

LEMMA 1.2.4. The transverse subgroup H.(K,T) C H (K, T) projects isomor-
phically to HX (K, T) in . In other words, has a functorial splitting (depending
on L)

Hl(Kﬂ T) = Hfl(Kv T) D Htlr(Kv T)

PROOF. Since L/K is totally ramified and T is unramified, 76t = T¢x =

T¥=1. Hence we have a commutative diagram

(K, 1) H(K,T) HY(K, T) —> Hom(Z, T"=")

| d

Hl(L/K7 TGL) —~> HOm(Gal(L/KL TFr:l) L) Hom(I/lFX |I’ TFr:l)

in which the all maps marked as such are isomorphisms (the upper right map by
Lemma [I.2.1fii)). This proves the lemma. O
1.3. Local duality
DEFINITION 1.3.1. Define the dual of T to be the R[[G k]]-module
T = Hom (T, p,c ).
We have the (perfect) local Tate cup product pairing
() ) HY(K,T) x HY(K,T*) — H*(K, pry) = Qp/Zy.

A local condition F for T determines a local condition F* for 7™, by taking
HY.(K,T*) to be the orthogonal complement of H(K,T) under the Tate pairing

{0
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Clearly the dual of the unrestricted local condition in the strict condition, and
the dual of the strict condition is the unrestricted condition. The next proposition
says that (on suitable modules T') the finite and transverse conditions are self-dual.

PROPOSITION 1.3.2. Suppose K is nonarchimedean of residue characteristic
different from p, and T is unramified.
(i) H/(K,T) and H}(K,T*) are orthogonal complements under { , ).
(ii) If [F*|-T =0 and L/K s a totally ramified abelian extension of degree
|FX|, then HL(K,T) and HL(K,T*) are orthogonal complements under
{0
PRrROOF. The first assertion is (for example) Theorem 1.2.6 of [Mil]. Asser-
tion (ii) will follow from (i) and Lemma once we show that HL.(K,T) and
HL(K,T*) are orthogonal.
Suppose first that R = Z, and T = Z/p*Z (with trivial G g-action) with p*
dividing |[F*|. Then p,. C K* and we can identify

HL(K,T) = Hom(Gal(L/K), Z/p"Z) = Hom(K* /N L%, Z/p"Z),
HL(K,T*) = Hom(Gal(L/K), p,) = ker[K* /(K )" — L* /(L*)"]
by class field theory and Kummer theory, respectively, and the cup product pairing
is induced by the natural pairing
Hom(K*,Z/p"Z) x K* — Z/p"Z.
Suppose « € ker[K* — LX/(LX)”k], say a = B with 8 € L*. Then a simple
computation shows that Ny /i3 = olF*1/P"  Since K> /Ny g L* is cyclic of order
|F*|, o is divisible by p* in K* /Np/kL* and so « is sent to zero by every element
of Hom(K* /Ny, L*,Z/p*Z). This proves (ii) in this case.
In general, since T is unramified and L/K is totally ramified we have Tt =
TCx  (T*)%t = (T*)%x and hence
H{\(K,T)=H'(L/K,T) = H'(L/K,T%) = Hj.(K,T%),
H{(K,T*) = H(L/K,(T*)%") = H'(L/K,(T*)9%) = H (K, (T9<)").
Writing T¢% = ©Z/p*:Z, the general case of (ii) follows from the case T = Z/p*Z
above. (]

ExAMPLE 1.3.3. Suppose F is a local condition on T and I is an ideal of R.
There are two ways to induce a local condition on T*[I]: we can induce F to the
quotient T/IT and then to the dual (T/IT)* = T*[I], or we can induce F to the
dual T* and then to the submodule T*[I]. It is an easy exercise to show that these
give the same local condition on T*[I].



CHAPTER 2

Global Cohomology Groups and Selmer Structures

For the rest of this paper, T" will be a finitely generated R-module with a
continuous action of Gq, which is unramified outside a finite set of rational primes.

Global notation. Let Q C C be the algebraic closure of Q in C, and for
each rational prime ¢ fix an algebraic closure Q; of Q, containing Q. If £ = oo,
then Q; = R and we take Q, = C. Let D, = Gal(Q;/Qy), which we identify
with a closed subgroup of Gq = Gal(Q/Q). In other words Dy is a particular
decomposition group at ¢ in Gq, and H*(D,,T) = H'(Qu,T). Let Z, C Dy be the
inertia group, and Fry € D;/Z, the Frobenius element. If T' is unramified at ¢, then
Dy/Iy acts on T, and hence so does Fry. If we choose a different decomposition
group at ¢, then the action of Fr, changes by conjugation in Gq.

If T is unramified at £, the transverse submodule of H'(Qy,T') is the submodule

H(Qe, T) = H' (Qe(py)/Qe, TP)

of Definition [[.1.6{iv) with L = Qe(p,).

If c€ HY(Q,T) we will write ¢, for the image of ¢ under the localization map
HYQ,T) — HY(Qg,T). If further ¢ # p, T is unramified at ¢, and (¢ — 1)T = 0,
then we write ¢ = ¢ + cotr, Where cor and ¢, are the projections of ¢, under
the decomposition H(Q, T) = H}(Qe,T) & HL(Qy, T) of Lemma[1.2.4]

2.1. Selmer modules

DEFINITION 2.1.1. A Selmer structure F on T is a collection of the following
data:

e a finite set X(F) of places of Q, including oo, p, and all primes where T'
is ramified,

o for every ¢ € X(F) (including ¢ = c0), a local condition (in the sense
of Definition on T viewed as an R[[D,]]-module, i.e., a choice of
R-submodule

Hy(Qe,T) C HY(Qe, T).

If ¢ ¢ $(F) we will also write H=(Qg, T) = H{ (Qe, T).

Let SS(T") denote the set of Selmer structures on 7'

If F is a Selmer structure, we define the Selmer module H}(Q, T)C HY(Q,T)
to be the kernel of the sum of restriction maps

H'(Qs#/QT) — @ (H'(QuT)/HE(QpT))
LEX(F)

where Qs ) denotes the maximal extension of Q which is unramified outside X (F).
In other words, H3(Q,T) consists of all classes which are unramified (or equiva-
lently, finite) outside of ¥(F) and which locally at £ belong to H:(Qg,T) for every
e X(F).

13
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There is a natural partial ordering on the set SS(T"). Namely, we will say that
F < F'if and only if
o H.(Q,,T)C Hy(Qe,T) if £ € X(F)NS(F),
o HL(Qu,T) C H}(Qu,T) if £ € S(F) — S(F'),
o Hz (QuT)D HH(Qu,T) if L € B(F') — X(F).
If 7 < F' then we clearly have HL(Q,T) C H:(Q,T).

EXAMPLE 2.1.2. Let R = Z/p*Z and T = Z/p*Z with trivial Galois action.
Let E(f) = {p7 OO}, H}:(Rv Z/pkz) = 07 and H]l:(QPa Z/pkz) = H&nr(Ql)a Z/ka)
Then HY(Q,Z/p*Z) = Hom(Gq,Z/p*Z), and Hx(Q,Z/p"*Z) is the subgroup
of unramified homomorphisms. Since Q has no abelian unramified extensions,
HE(Q,Z/p"Z) = 0.

Still with R = Z/p*Z, let T = p,.. Let ¥(F) = {p, 00}, HE(R, p,.) = 0,
and H-(Q,,Z/p*Z) = H(Qp, Z/p*Z). Then HY(Q,Z/p*Z) = QX/(QX)pk, and
HL(Q,Z/p"Z) is the subgroup of totally positive p-units, i.e., Hx(Q,Z/p*Z) =

Z |, p*Z
pe /e

For generalizations of these examples, involving ideal class groups and units of

abelian extensions of Q, see

EXAMPLE 2.1.3. Let R = Z/p*Z and T = E[p*] where F is an elliptic curve
defined over Q. Let X(F) be any finite set of places containing p, oo, and the
primes where E has bad reduction. If ¢ € X(F), let H-(Qq, E[p*]) be the im-
age of F(Qu)/p"E(Qy) in H'(Qy, E[p*]) under the natural Kummer map. Then
HL(Q, E[p"]) is the classical pF-Selmer group of E.

See for much more on this example.

LEMMA 2.1.4. If (T/mT)%2 =0 and S is a quotient of T then S¥Q = 0.

PrOOF. Since the k[[Gq]]-module T'/mT has no nontrivial Galois invariants,
the same is true of its quotient S/mS. Further, if i > 1 then m*~1S/m'S is a
quotient of S ® (mi~1/mi) 2 (S/mS)dime(m"™"/m") g5 it follows by induction that
(S/m'S)%e = 0. Since S = @S/mis we have S¢@ = 0. O

PROPOSITION 2.1.5. The Selmer module Hx(Q,T) is a finitely generated R-
module. If R is an integral domain, T is a torsion-free R-module, and (T /mT)%Q =
0, then H-(Q,T) is a torsion-free R-module.

PRrROOF. It will suffice to prove the proposition with H}(Q,T') replaced by the
larger module H'(Qs;5)/Q,T). The first assertion is well-known, see for example
[PR3|] Appendix A.1. For the second, if @ € R then cohomology of the exact

sequence 0 — T % T — T/aT — 0 gives a surjective map
(T/aT)%? - H'(Qx(x)/Q,T)lal.

so by Lemma we see that if (T/mT)¢2 = 0 then H'(Qs(#)/Q,T) has no
a-torsion. g

EXAMPLE 2.1.6. Suppose that F is a Selmer structure and ¥’ is a finite set
of primes containing ¥(F). We can extend F to F' with X(F') = ¥ by tak-
ing Hy/(Qe,T) = H}(Q,T) for £ € ¥ — B(F). Then F < F', F' < F, and
H3(Q,T)=H%(Q,T), so we will identify F and F’ inside SS(T).
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EXAMPLE 2.1.7. A Selmer structure F on T induces a Selmer structure (also
denoted by F) on every subquotient 7" of T as follows. Keep the same set X(F),
and for £ € ¥(F) take HL(Qy,T") be the local condition on 7" induced by the one
on T (as in Example [[.1.2). This construction defines a map SS(T) — SS(T").

In particular if I is an ideal of R, then a Selmer structure on 7" induces Selmer
structures on T'/IT and T'[I].

Similarly, if R — R’ is a homomorphism of complete noetherian local rings,
then there is a natural map SS(T") — SS(T ®g R’): a Selmer structure F on the
R-module T induces a Selmer structure (denoted F ® R’, or simply F) on the R’-
module T'®g R’ with the same set X(F) by taking H:(Qg, T ® R’) to be the image
in HY(Qu,T ® R') of HE(Qu,T) ® R/, for £ € X(F).

EXAMPLE 2.1.8. Suppose F is a Selmer structure and ¢ is a prime not in
Y(F). There are several natural ways to extend F to a new Selmer structure F’
with X(F') = X(F) U {¢}, which will be important in what follows. We can take
H:/(Qe,T) to be 0, or all of H'(Qu,T). If we take H: (Qu,T) = H{(Qe, T)
then we have identified 7' with F (see Example . Finally, if we can take
HL,(Qu,T) = HL(Qu, T).

We can repeat these constructions with several primes, and we will use the
following notation. If a,b,c € Z™ are relatively prime, and c is not divisible by any
primes in X(F), we write F2(c) for the Selmer structure defined by

o X(F(e)) =X(F)u{l: L] abel,

HL(Qu,T) if £ € X(F) and €1 ab
0 if £ a,

Hl(Qg,T) if £,

HL(Qu,T) ifl]ec.

o Hpyo(QuT) =

In other words, F2(c) consists of F together with the strict condition at primes
dividing a, the unrestricted condition at primes dividing b, and the transverse
condition at primes dividing c.

If any of a, b, ¢ are equal to 1, we will suppress them from the notation. If o’ | a,
b |V, and ¢ = ¢ then F2(c) < F2(¢'), and otherwise there will be in general no
order relation between these Selmer structures. In particular for every n we have
F,<F<F"and F, < F(n) < F™

EXAMPLE 2.1.9 (Universal deformations). Let k be a finite field and V an
absolutely irreducible finite dimensional continuous representation of Gq over k.
Suppose further that V' is unramified outside of ¥ = {p, oo}.

Let T and R denote the universal deformation and universal deformation ring
attached to V and ¥ (see [Mall). That is, R is a complete noetherian local ring
with residue field k, T is a free R-module of rank dimg(V'), and T' comes with a
continuous R-linear action of G'q, unramified outside X, and an isomorphism of
k[[Gq]]-modules ¢ : T ®@ k = V. Moreover, the triple (R,T,t) is universal in the
evident sense (see [Mall).

Define a Selmer structure on 7' by X(F) = X, Hx(R,T) = H'(R,T) and
HL(Q,,T)=H'Q,,T). We will call this the universal deformation Selmer module
attached to V and S.
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2.2. Comparing Selmer modules

DEFINITION 2.2.1. Suppose now that T is free over R, £ # p, oo is prime, and
T is unramified at ¢. Let Pp(z) = det(1 — Frp x | T) € R[z], and let I; be the ideal
of R generated by ¢ — 1 and Py(1).

Let P denote a set of rational primes, disjoint from X(F). Generally P will be
infinite; for example it could be the set of all primes not in X(F). Let N' = N(P) C
Z* denote the set of squarefree products of primes in P (with the convention that

1eN). IfneN let
I,=Y LLCR
4

and let
Gn = QF, = ®Gal(Q(k,)/Q).

Ln Ln
Since each Gal(Q(p,)/Q) is cyclic of order ¢ — 1, we see that G,, ® (R/I,) is free
of rank one over R/I,. By convention, we set G1 = Z,.
If ¢ is a prime dividing n, then I, annihilates T'/I,, T, so we can apply the results
of to the local cohomology group H(Qy,T/I,T). In particular we will write

¢ HE Qe T/ T) — HY(Qe, T/1,T) @ Ge
for the finite-singular map of Definition with K = Qq.

EXAMPLE 2.2.2. Suppose P is a set of primes as above and n € A. Recall
that the Selmer structure F(n) is the Selmer structure F modified by replacing
the finite local condition at primes dividing n by the transverse local condition. In
what follows we will be interested in the modules H}(n) (Q,T/1,T)®G,, forn € N.

If 7 is a prime and n¢ € N, then we can compare H}(n)(Q, T/1,T)® G, and
H}(ne)(Qv T/IL.T) ® Gy by localizing at ¢ and using the finite-singular map ¢%:

H}(n) (Q,T/I,.T)® G,

loclgl

HHQu, T/1/T) © G, 4)

¢£°‘®1l
locy

H.}-'(né)(Q’ T/[ngT) QR Gpy — Hsl(Qg, T/IngT) ® G-

2.3. Global duality
DEFINITION 2.3.1. The dual of T is the R[[Gq]]-module
T = Hom (T, pt,c ).
For every prime ¢ < oo we have the local Tate pairing
() HYQuT) x HY(Qe, T*) — Qp/Zy

as in If ce H(Q,T) and d € H'(Q,T*) we will write (c,d), for (ce,dy),.
Just as every local condition on T' determines a local condition on T* (Definition

, a Selmer structure F for T' determines a Selmer structure F* for T*. Namely,

take $(F*) = X(F), and for £ € £(F) take Hk:.(Qe, T*) to be the local condition
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induced by F: the orthogonal complement of Hx(Q,T) under (, ),. If 7 < F’
then (F')* < F*.

ExXAaMPLE 2.3.2. By Proposition the dual F2(c)* of the Selmer structure
Fale) is (F)a(c).

LEMMA 2.3.3. The Selmer module Hx:.(Q,T*) is co-finitely generated, i.e., the
R-module Hom(H . (Q,T*), Q,/Z,) is finitely generated.

PROOF. As in the proof of Lemma H:.(Q,T*) € H'(Qs#/Q,T%)
so it is enough to show that H'(Qx(#)/Q,T*) is co-finitely generated. This is a
standard result, see for example [PR3|] Appendix A.1. O
THEOREM 2.3.4. Suppose that G1, Go are Selmer structures and G; < Go.
(i) There are exact sequences

0 — HY(QT) — HY(QT) —< DHJ,(Qu 1)/ H, (Qn. )

o1
locg5

I @Héf (QE;T*)/Hé; (Qe, T)

where the sums are over primes { such that HéQ(Qg,T) % Hél(Qg,T),

and the maps locgf, locg% are the natural localization maps.

(ii) The images locgf and locgg are orthogonal complements with respect to
the pairing Y, ( , ),-

PROOF. Assertion (i) is immediate from the definition of these Selmer groups.
The second statement is part of Poitou-Tate global duality; see for example [T]
Theorem 3.1 or [Mi] Theorem 1.4.10 (see also [Ru6] Theorem 1.7.3). O

The next proposition is Proposition 1.6 of [Wil], adapted to include the case
p = 2. It is a consequence of Poitou-Tate global duality, and the proof is the same
as in [Wi.

ProrosiTION 2.3.5. If T is finite, then
length(Hx(Q,T)) — length(H 7. (Q,T™))
= length(H°(Q,T)) — length(H°(Q, T*))
— 5" (length(H(Qr, T)) — length(H:(Qq, T))).
LES(F)

COROLLARY 2.3.6. Suppose that R is artinian and T is free of finite rank over
R. Suppose n € ZT is not divisible by any primes in X(F), and further that every
prime £ dividing n satisfies the hypotheses of Lemma m Iy =0and T/(Fr,—1)T
is free of rank one over R. Then

length(Hx(Q,T)) — length(Hz.(Q, T*))
= length(H}(n)(Q, 7)) — 1ength(H]1_-(n)* (Q, 7).

PROOF. By Lemma [1.2.3] length(H} (Qy, T)) = length(HL(Qg, T)) for every ¢
dividing n, so the right-hand side of Proposition [2.3.5]is unchanged when we replace
F by F(n).
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(Alternatively, the corollary can be seen by applying Theorem [2.3.4] first with
(G1,G2) = (F,F") and then with (G1,G2) = (F(n),F").) O



CHAPTER 3
Kolyvagin Systems

We assume for the rest of this paper that T is free of finite rank over R, in
addition to being a Gq-module which is unramified outside finitely many primes.

A Selmer triple is a triple (T, F, P) where F is a Selmer structure on 7" and P
is a set of rational primes, disjoint from X (F).

3.1. Kolyvagin systems

DEFINITION 3.1.1. If X is a simplicial complex, and C a category, a simplicial
sheaf S on X with values in C is a rule assigning;:

e to each simplex ¢ in X, an object S(o) of C, and
e to each pair (o,7) of simplices of X such that o is a face of 7 (of codi-
mension one), a morphism S(o) — S(7) in the category C.

Note that such a simplicial sheaf gives rise to a sheaf on the topological realization
of X which is locally constant on the open stars of simplices of X, and whose set
of sections on the open star of a simplex o is just S(o). A morphism & — &’ of
sheaves on X is a collection of morphisms S(o) — S’(o) for each simplex ¢ in X,
which commute with the face-to-simplex morphisms of S and &’ in the obvious
sense.

In this paper we will only be concerned with the case where X is a graph. In
that case, if V' is the set of vertices of X and F is the set of edges, a simplicial sheaf
S on X with values in the category of R-modules is a collection of the following
data:

e an R-module S(v) (the stalk of X at v) for every vertex v € V,
e an R-module S(e) for every edge e € E,
e an R-module map ¢¢ : S(v) — S(e) whenever the vertex v is an endpoint
of the edge e.
A global section of § is a collection {x, € S(v) : v € V} such that for every
edge e € E, if e has endpoints v,v" then ¥¢(k,) = ¢S (ky) in S(e). We write
I'(S) = S(X) for the R-module of global sections of S.

DEFINITION 3.1.2. Suppose (T, F,P) is a Selmer triple. We define a graph
X = X(P) by taking the set of vertices of X to be N' = N(P) (Definition 2.2.1)),
and whenever n,nf € N (with £ prime) we join n and nf by an edge.

The Selmer sheaf associated to (T, F,P) is the simplicial sheaf H = H (1 7 p)
of R-modules on X defined as follows. Take

e H(n) = Hjl_-(n)(Q, T/I,T)® G, forn e N,
and if e is the edge joining n and nf we take
o H(e) = Hsl(QE; T/InZT) & ana

19
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o Y, : H}(M)(Q,T/IMT) ® Gue — HY(Qu, T/1,4T) @ Gy is localization
at ¢ followed by projection to H},
o < H}_(n)(Q,T/InT)é?Gn — HYX(Qu, T/I,/T)®G,y is the composition
of localization at £ with the map gb@s of Deﬁnition (see Example[2.2.2))
Hy,)(Q,T/1,T) ® Gy — H{ (Qe, T/TuiT) ® Gy, — HY(Qe, T/ 1neT) @ G-
We call H(n) = H}:(n)(Q,T/InT) ® G, the Selmer stalk at n.

DEFINITION 3.1.3. A Kolyvagin system for (T, F,P) is a global section (over
X(P)) of the Selmer sheaf H(r 7 py. We write KS(T', F,P), or simply KS(T') when
there is no risk of confusion, for the R-module of Kolyvagin systems I'(H).

Concretely, a Kolyvagin system for (T, F,P) is a collection of cohomology
classes

{kn € Hr(,y(Q,T/I,T) ® G : n € N}
such that if ¢ is prime and nf € N,
(’inE)é,s = ¢£S(Kn) in Hsl(va T/ITMT) ® Gne. (5)
In other words, the images of k,, and ke in HX(Qg,T/I,,¢T) ® Gpe coincide in the
diagram ().
For examples of Kolyvagin systems, see the next section.
REMARK 3.1.4. The assignments
(Ta ‘F7 P) = H(T,]:,'P)? (Ta F7 P) = KS(T7 f} P)
have the following functorial properties (where we suppress the indices which are
not varying).
e Commutation with direct sums: There are natural isomorphisms

H(Tl@T277'_1@]'—2) = H(Th]'_l) @ H(Tz,]‘_z)7
KS(T1 O Ty, F1® .7:2) = KS(Tl,fl) D KS(TQ,}-Q).

e Change of ring: If R — R’ is a homomorphism of complete local noe-
therian rings we have a natural homomorphism of sheaves of R’-modules
over X

Hirr) Or R — Hrgnr Fonr)
KS(T, F) ©r B — KS(T @ R, F ©r R).

e Change of P: If P/ C P then Hpp: is the restriction of Hrp to the
subgraph X(P’) C X(P), and there is a natural map KS(7T,P) —
KS(T,P").

e Change of F: If 7/ < F, and P is disjoint from X(F) U X(F’), then
Hr 7 is naturally a subsheaf of R-modules in Hr x, and KS(T,F’) C
KS(T,F).

DEeFINITION 3.1.5. If k is a nonzero Kolyvagin system, the order of vanishing
of Kk is
ord(k) = min{v(n) : k, # 0}
where as usual v(n) is the number of prime divisors of n.
The module of L-values of T is

L(T)={x:k €KS(T)} C H=(Q,T).
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Under suitable hypotheses, we would like to relate
e ord(k) and corankg(Hr.(Q,T*)),
e the Fitting ideals of H:-(Q,T)/L(T) and Hom(H 1. (Q,T*),Q,/Z,).
See in particular Theorem (for R a field), Theorems [5.2.12| and [5.2.14] (for R
a discrete valuation ring), and Theorem (for R an Iwasawa algebra).

DEFINITION 3.1.6. If k € Z™ let P}, be the set of primes ¢ ¢ X(F) satisfying
o T/(m*T + (Fr, — 1)T) is free of rank one over R/m*, and
o [, C mF.
Then P; D Py D P3 D ---. Define
KS(T) = KS(T, F,P) = lim (lim KS(T/m*T,P N P;))
k J

with respect to the functorial maps of Remark [3.1.4] There is a natural map
KS(T) — KS(T), which in general need not be either injective or surjective. For
example if R is artinian, then the kernel of this map consists of Kolyvagin systems
whose restriction to N (P NP;) is zero for large j. We will show that in many cases
of interest (Corollary and Proposition the map KS(T') — KS(T) is an
isomorphism.

If Kk € KS(T) then we have a well-defined element #; € liLnH}(Q,T/ka) =
H3(Q,T). We can define ord(%) by an obvious modification of Definition
above. Essentially all of our results about Kolyvagin systems will apply equally to
KS(T), although we will not always state this explicitly.

The blind spot of k is the set of ideals I C R such that the image of k under
the composition

KS(T) — KS(T/I) — KS(T/I)
is zero. In other words, I is not in the blind spot if for some k£ € Z*, the image
of k in KS(T/(I,m*)T, P NP;) is nonzero for every j € Z*. In particular, if the
image of k in KS(T/I) is zero then I is in the blind spot of .

The blind spot of the module of Kolyvagin systems for T is the intersection
over all kK € KS(T) of the blind spot of k.

REMARK 3.1.7. Suppose k is a Kolyvagin system and nf € A. Then k., €
H (,0(Q.T/1T), so in particular (kne)¢ € Hyy(Qe,T/I,T). Thus by Lemma
and (B)), (kne)e is completely determined by (k,,)e.

The requirement that x, € H }(nz)(Q, T/I,T) in the definition of a Kolyvagin
system is stronger than what is needed for standard applications found in the
literature (bounding the size of the Selmer groups of the dual Gg-module T%).
For those purposes (see for example [Ru6]) the following collections of classes will
suffice.

DEFINITION 3.1.8. Define a sheaf 7 of R-modules on X as follows. Take
e H(n) = H:.(Q,T/I,T) ® G,, for n € N,
and define H(e) and the maps ¢, 1¢ exactly as in Definition Clearly H is
a subsheaf of H.

A weak Kolyvagin system for (T, F,P) is a global section of the sheaf H. Con-
cretely, a weak Kolyvagin system is a collection of cohomology classes

{kn € Hrn(Q, T/, T)® Gy : n € N}



22 3. KOLYVAGIN SYSTEMS

satisfying (5]).

REMARK 3.1.9. In a weak Kolyvagin system, (x,)¢s is determined, for every
prime ¢ dividing n, by the k4 for d properly dividing n. Equivalently, x,, is uniquely
determined modulo H1+(Q,T/I,T) by the k4 for d properly dividing n.

In a Kolyvagin system (see Remark[3.1.7), £, is determined modulo Hx(Q,T)N
H}(n)(Q,T) = H}_—n(Q,T/InT) by the kg for d properly dividing n, and for suffi-
ciently divisible n this group will be zero.

The following example exhibits this lack of rigidity of weak Kolyvagin systems,
as compared to Kolyvagin systems.

ExAMPLE 3.1.10. Suppose p > 2, R = Z, and T = Z,(1). Kummer theory
shows that H(Q,T) is the p-adic completion of Q*. Define F by X(F) = {p, oo},
H:(Q,,T) = H(Qp, Zy(1)), and H-(R,T) = 0. Let P be the set of all primes
different from p.

For every squarefree n prime to p, and every prime £ dividing n, we have a
commutative diagram (the upper isomorphism is Kummer theory, and the lower
isomorphism is Lemma

Hp (Q,T/1,T) —— Z[1/(pn)]* © (Zy/1n)

| ora

~

HYQ,T/I,T) —— Z,/1,.

We can build a weak Kolyvagin system inductively as follows.

Choose any k1 € H*(Q,Z,(1)). Next, suppose n is a positive squarefree integer
prime to p, and we have chosen x; for every proper divisor ¢ of n. Choose k, €
Z[1/(pn)]* ®(Zp/I,) @Gy, so that ordg(ky) = ¢F (ki e) in the diagram above. (This
determines k,, up to a power of p; take any such choice.) In the limit this process
will construct a weak Kolyvagin system for 7. Because of the choices involved at
each step, this will produce infinitely many weak Kolyvagin systems x with the
same Ki.

Most of the weak Kolyvagin systems constructed in this way will not be Koly-
vagin systems. We will see in §5.2] that in this setting every choice of k; extends
uniquely to a Kolyvagin system.

EXAMPLE 3.1.11. Suppose H:(Q,T/IT) = 0 for every ideal I C R. We
will show that every weak Kolyvagin system for 7' must be identically zero. More
precisely, if k is a weak Kolyvagin system, we will show by induction on the number
of primes dividing n that ,, = 0 for every n € N.

By definition, k; € H}(Q,T) = 0. Suppose that kg = 0 for every d properly
dividing n. We need to show that x, = 0.

We have k,, € Hy.(Q,T/1,T) ® Gy, but the coherence relations (5 show that

(Kn)e,s = 0 for every prime ¢ dividing n. Hence k,, € Hx(Q,T/I,T) ® G,, = 0.

EXAMPLE 3.1.12. Suppose k € KS(T, F,P) and n € N. Let P(n) be the set of
primes in P not dividing n. If ¢ € Hom(G,,, R/I,,) then the collection &™) defined
by

K =l @& for m € N prime to n
is a Kolyvagin system for (T'/I,T,F(n),P(n)). (We view ®¢ here as a map from
Gum®(R/1,) = GG, ®(R/1,) to Gy, ®(R/1,) for every m.) This construction
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defines a homomorphism
KS(T,F,P) ® Hom(G,, R/I,) — KS(T/I,T,F(n),P(n)).
(Recall that Hom(G,,, R/I,) is a free, rank-one (R/I,)-module.)

3.2. Euler systems and Kolyvagin systems

Suppose for this section that R is the ring of integers of a finite extension of
Q,. For similar results when R is an Iwasawa algebra, see

DEFINITION 3.2.1. We define a canonical Selmer structure Fe,, on T by

o Y(Fean) = {£: T is ramified at £} U {p, o},
o if { € ¥(Fean) and £ # p, 00 then

Hy,, (Qe,T) = ker[H'(Qe, T) — H'(Q/™, T ® Qp)],

can

o H}_—wn (Qiﬂ? T) = Hl(Qp’ T)?

. H}CM](R, T)=H'(R,T).
If T is an ideal of R we define the canonical Selmer structure on T'/IT to be
Fean® R/ 1, the Selmer structure induced by Fean on T/IT. (Note that this depends
on T, not only on T/IT.) We will write simply Fean instead of Fean ® R/I. Tt is
not true in general that Hy (Q,,T/IT) = H'(Q,,T/IT); see Lemma

DEFINITION 3.2.2. Fix a set P of primes, different from p, where T' is unramified

(so (T, Fean, P) is a Selmer triple), and a (possibly infinite) abelian extension K of
Q. An Euler system c for (T,P,K) is a collection

{er € HY(F,T): F C K, F/Q finite}
such that whenever F' C F' C K and F'/Q is finite,

Ngjpep = (HP@(Frz_l)) cF.

Here N/ p is the corestriction map from F’ to F, the product is over primes
¢ € P which ramify in F'/Q but not in F/Q, and P;(z) = det(1 —Fry 2 | T) as in
Definition 22,71

Let ES(T,P,K) (or simply ES(T), if there is no danger of confusion) denote
the collection of Euler systems for (T, P, K). Then ES(T) is a Z,[[Gq]]-module.

REMARK 3.2.3. The “Euler factors” P;(Fr,') in Definition are slightly
different from the ones used in [Ru6| Definition 2.1.1. However, it is easy to switch
back and forth between the two choices, and they give equivalent theories and
isomorphic modules ES(T'). See §9.6 of [Ru6]. We use the present choice here
because it simplifies the formulas in the proof of Theorem [3.2:4]

THEOREM 3.2.4. Suppose that KC contains the mazimal abelian p-extension of
Q which is unramified outside of p and P, and

(a) T/(Fry — 1)T is a cyclic R-module for every £ € P,

(b) Fr) —1 is injective on T for every £ € P and every k > 0.
Then there is a canonical homomorphism ES(T) — KS(T, Fean, P) which is Gq-
equivariant (with Gq acting trivially on KS(T')) with the property that if ¢ maps
to Kk, then k1 = cq.
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If further H%(Q,,T*) is a divisible R-module, then there is a canonical Ggq-
equivariant homomorphism ES(T) — KS(T, Fean, P) with the property that if c
maps to K, then k1 = cq.

The proof of this theorem is given in Appendix If we let {k,} denote the
collection of derivative classes of the Euler system c as defined for example in
Chapter 4 of [Ru6], then the results of that chapter show that this collection is a
weak Kolyvagin system. A minor modification of these classes gives a Kolyvagin
system. Since the proof is tedious and unrelated to the rest of this paper, we defer
it to Appendix [A]

REMARK 3.2.5. Suppose p : Gal(K/Q) — R* is a character of finite order.
Writing P, = {¢ € P : p is unramified at ¢}, and again writing Fc., for the canon-
ical Selmer structure on T'® p, we get a new Selmer triple (T'® p, Fean, Pp)-

As in §2.4 of [Ru6], if we fix a generator of the free rank-one R-module p, we
obtain a map

ES(T,P,K) — ES(T ® p, P,, K)
with the property that if ¢ — ¢” and L is the fixed field of the kernel of p, then the
image of cg, under the composition
H\Q,T®p) ™ H'(LT®p) = H(LT)
IS D secal(r/qQ) p(d)c}. Thus, using Theorem (and increasing the ring R as
necessary, to include the values of p), an Euler system for T gives rise to a Kolyvagin
system for T' ® p for every character p of finite order of Gal(K/Q).

It is not difficult to show that the Kolyvagin systems obtained in this way
“interpolate”, in the sense that if p = p’ (mod m*), then the induced Kolyvagin
systems coincide in KS((T/m*T) ® p) = KS((T/m*T) @ p').

REMARK 3.2.6. In Theorem above, we require that K contains the cyclo-
tomic Zp-extension Qo of Q. In other words, the Euler system “extends in the
p-direction”, and in particular each class cr is a universal norm from FQ..

As discussed in §9.1 of [Ru6l, it is possible to remove this requirement if we
replace it with some other appropriate condition. The following variant of Theorem
is proved by combining §9.1 of [Ru6] with the proof of Theorem in

Appendix [A]

THEOREM 3.2.7. Suppose that KC contains the mazimal abelian p-extension of
Q which is unramified outside of some cofinite set of primes containing P, and that
(a) and (b) of Theorem hold. Suppose in addition that cp € Hy.(F,T) for
every F' and that there is a v € Gq such that v — 1 kills p,ec and v —1 is injective
on T. Then there is a canonical homomorphism ES(T) — KS(T, Fean) with the
property that if ¢ maps to K, then K1 = cq.

If further HY(Qy, T*) is a divisible R-module, then this homomorphism factors
through a map ES(T) — KS(T, Fean, P).

For examples of Euler systems and applications of the corresponding Kolyvagin

systems, see and

3.3. Simplicial sheaves and Selmer groups

Suppose P is a set of primes, X = X(P) is the graph defined in Definition
and S is a (simplicial) sheaf on X as in Definition If ¢ is prime and
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nl € N, we will write e,, ,,¢ for the edge in X joining the vertices n and nf, and we
will write simply e, for e; 4.

DEFINITION 3.3.1. Suppose further that for every edge e, ¢ we have an iso-
morphism of edge stalks
S(enne) — S(er) (6)
Using these isomorphisms to identify S(e, n¢) and S(eg), we define for every vertex
n of X

Yn 2 S(n) — ?5(64)

en/t,n €n/t,n

by ¥n = ©gjn¥n , where 1y, : S(n) — S(enye,n) is the vertex-to-edge map of
S.

If k is a global section of S, then for every n € A and j > 0 we define the
Kolyvagin-constructed dual Selmer group by

Sel(r;n) = (S(er)) /(S valRra))
ln d|n
If n | m there is a natural map Sel*(k;n) — Sel*(x;m), and we define

Sel*(k) = lim Sel*(k;n).
nen

EXAMPLE 3.3.2. Fix a Selmer triple (T, F,P), and let S be the Selmer sheaf
H(T’]:’p) of Definition

Suppose first that I, = 0 for every £ € P. (For example, this will be true if
R is artinian, say m* = 0, and P = P}, where Py, is as in Definition ) Then
for every n € N we have S(enne) = HH(Qr,T) @ Gy Fixing a generator of Gy
for every ¢ € P induces isomorphisms S(epn ne) = S(er) = HY(Qe, T) as in (6]), and
with these identifications we have Sel” (k) as above for every k € KS(T').

PROPOSITION 3.3.3. With notation and assumptions as in Example for
every k € KS(T) there is a canonical map

Hz.(Q,T*) — Hom(Sel"(k), Qp/Zp)
with kernel mnENH}:; (Q, T).
PROOF. Global duality (Theorem gives an exact sequence
0— Hp.(Q,T*) — Hzp.(Q,T")
— Hom((@H:(Qu, 7)/image(H3(Q.T), Qp/Z).

Since kg € Hx.(Q,T) ® Gy for every d dividing n, the proposition follows directly
from this. U

If P is large enough so that ﬂneNHl:L(Q,T*) = 0, then the map of Proposi-
tion will be injective. Under suitable hypotheses on T and k (see Theorem
e will show that this map is surjective as well, so that H:. (Q,T*) =
Hom(Sel*(k), Qp/Zp).

DEFINITION 3.3.4. Fix a Selmer triple (T, F,P), but we no longer assume that
I, =0 for £ € P. For k > 0 let S be the Selmer sheaf Hp/nkr 7 pap,) Where Py
is as in Definition In particular I, = 0 in R/m* for every ¢ € Py, so we can
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apply Example and Proposition to Sp. If k € KS(T) let &* denote
the image of k in KS(7T/m*T). The maps T/mk — T/mJ for j < k induce maps
Sel* (k")) — Sel*(k7)), and we define

Sel’, () = lim Sel* (k*).
k

For every j < k we have a commutative diagram

HL.(Q, T*[m*]) —— Hom(Sel*(x*"), Q,/Z,)

I I

HL. (Q,T*[mI]) —— Hom(Sel*(k"),Q,/Z,)

where the horizontal maps are from Proposition [3.3.3] Passing to the limit and
using that HL. (Q,T*) = h_rr)lH}*(Q,T* [m*]), we get a canonical map

HE:.(Q,T*) — Hom(Sel’, (k), Qp/Zy).

3.4. Sheaves and monodromy

Suppose for this section that S is a sheaf on a graph X, as in Definition [3.1.1}

DEFINITION 3.4.1. If v and w are vertices of X, a path in X from v to w is a
sequence of vertices (v = v1,va,...,vr = w) in X such that for each ¢, v; and v;41
are joined by an edge e;. The graph X is connected if every pair of vertices v, w
there is a path from v to w. A loop in X (at v) is a path from v to v.

Let r be a positive integer. We say that S is locally free of rank r if all the
R-modules §(v), S(e) are free of rank r and all the maps ¢¢ are isomorphisms. If S
is locally free and P = (v1,vs,...,v;) is a path in X, we can define an isomorphism

¥p:S(vr) = S(ug) by

vp = (Vo) T o o (YnkTy) oo (W) T oy
We say that S has trivial monodromy if S is locally free and for every vertex v of
X and every loop P at v, ¢p is the identity map in Aut(S(v)).

DEFINITION 3.4.2. We say that S is locally cyclic if all the R-modules S(v),
S(e) are cyclic and all the maps ¢ are surjective.

If S is locally cyclic then a surjective path (relative to S) from v to w is a path
(v=v1,v9,...,v, = w) in X such that for each i, if v; and v;41 are joined by the
edge e;, then ¢y is an isomorphism. We say that the vertex v is a hub of S if for
every vertex w there is an S-surjective path from v to w.

Suppose now that the sheaf S is locally cyclic. If P = (vy,va,...,vk) is a
surjective path in X, we can define a surjective map 1, : S(v1) — S(vg) by

wp = (W) T o gniT o (Yrim) oo (Y) T oy
since all the inverted maps are isomorphisms. We will say that S has trivial
monodromy if whenever v, w,w’ are vertices, P, P’ are surjective paths (v,...,w)
and (v,...,w'), and w,w’ are joined by an edge e, then ¥, o ¥p = ¢S, o hp, €
Hom(S(v),S(e)). In particular for every pair v, w of vertices and and every pair
P, P’ of surjective paths from v to w, we require that ¢)p = ¢)p, € Hom(S(v), S(w)).
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REMARK 3.4.3. If S is locally free of rank one, then it is also locally cyclic, every
path is a surjective path, and the definitions of “trivial monodromy” in Definitions
and are equivalent. If S is locally free of rank one and connected, then
every vertex is a hub.

Recall that a global section of S is a collection of elements &, € S(v) for every
vertex v, which are compatible with respect to the maps ;.

PROPOSITION 3.4.4. Suppose S is locally cyclic and v is a hub of S.
(i) The map f, : T'(S) — S(v) defined by k — K, is injective, and is surjec-
tive if and only if S has trivial monodromy.
(ii) T(S) is (noncanonically) isomorphic to an ideal of R.
(iii) If k € T(S), and if u is a vertex such that k, # 0 and K, generates
miS(u) for some i € ZT, then k., generates m'S(w) for every vertez w.

ProoF. For every vertex w fix a surjective path P, from v to w. If k € T'(S)
then k., = ¢ p (k) for every w, so the map f, of (i) is injective.

Now fix ¢ € S(v) and for every vertex w define k,, = ¥p_(c). If S has trivial
monodromy then this is independent of the choice of P,,, and defines a global section
k. Thus c is in the image of f, and hence f, is surjective as well.

Conversely, suppose f, is surjective. Then for every ¢ € S(v) we can find
Kk € I'(S) with k, = ¢. If w,w’ are vertices connected by an edge e, then we must
have

b © ¥p, (€) = Y (Fw) = Y (Fur) = Y5 0 Pp , (c) € S(e).
Thus S has trivial monodromy.
This proves (i), (ii) is immediate from (i), and (iii) follows from the surjectivity
of the maps ¢p, . ([l

DEFINITION 3.4.5. A global section x € T'(S) will be called primitive if for
every vertex v, k(v) € S(v) is a generator of the R-module S(v).

It follows from Proposition [3.4.4] that a locally cyclic sheaf S has a primitive
global section if and only if S has trivial monodromy.

3.5. Hypotheses on T, F, and P

In this section we record and discuss several hypotheses which will play a role
in the following sections. Fix a Selmer triple (T, F,P).
Consider the following properties:

(H.0) T is a free R-module of finite rank.
(H.1) T/mT is an absolutely irreducible k[Gq|-representation.
(H.2) There is a 7 € Gq such that 7 =1 on pe and T'/(7 —1)T is free of rank
one over R.
(H3) HYQ(T, pp)/Q, T/mT) = HY(Q(T, o)/ Q, T*[m]) = 0.
(H.4) Either
(H.4a) HomFP[[Gq]] (T/l‘('LT7 T* [m]) =0, or
(H.4b) p>4.

(H.5) Py C P C P for some t € ZT, where for k € Z™ Py, is given by Definition
. 1.0l
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(H.6) For every £ € X(F), the local condition F at £ is cartesian (in the sense of
Definition|1.1.4]) on the category Quot (T of quotients of T' of Example
L13

These hypotheses hold in many, but not all, cases of interest. See §6.1]and §6.2]
especially Lemmas and We have already assumed that (H.0) holds.

REMARK 3.5.1. Note that (H.2) holds trivially when rank(7") = 1, with 7 = 1.
The condition P C P; in (H.5) is reasonably harmless because we can always
replace P by P N P;. Condition (H.6) holds trivially when R is a field, because in
that case category Quoty(7') has only two objects, 0 and T

Also, if R — R’ is a surjective homomorphism of (complete) local rings and
T satisfies (H.i), then so does T ®gr R’ viewed as an R'[[Gq]]-module, for any
i=0,... 4.

Condition (H.1) implies that T%*[m] is also an absolutely irreducible k[[Gq]]-
representation.

LEMMA 3.5.2. Suppose that (H.3) holds. Then for every subquotient S of T or
of T*, S%a = 0.

ProoOF. It follows from (H.3) that (T/mT)%@ = T*[m]%@ = 0. If S is a
subquotient of T', then S“2 = 0 by Lemmaﬁ

The proof for subquotients of 7* is similar, applying Lemma[2.1.4] to the finitely
generated R-module Hom(T™*,Q,/Z,). O

LEMMA 3.5.3. Suppose that (H.1) and (H.3) hold, and I is an ideal of R. Then
the inclusion T*[I] — T* induces an isomorphism
Hy-(Q,T°[T)) = Hy.(Q,T7)1].
PRrROOF. Suppose first that I is principal with a generator 3. Cohomology of
the exact sequences

0— T[] — T* 25 17" —0

0 —IT" —T"—T"/IT" — 0

gives (writing G = Gal(Qg(r)/Q), and using Lemma m to obtain the zeros on
the left)

0 — HY(G,T*[I]) — HY(G,T*) 2 HY(G,IT")
0 — HYG,IT*) — H'(G,T").
Thus we have an isomorphism

H'(Qs7)/Q, T 1)) = H'(Qsx)/Q, TH)I] (7)

in this case.

By induction the isomorphism extends to all ideals I: if T = (B1,...,05:)
just apply with R replaced by R' = R/(f1,...,08i-1), T replaced by T ® R/,
and I = G;R’.

The Selmer structure F* on T[] is the one induced on it (as a submodule)
by the Selmer structure F* on T™* (see Example . Consider the commutative
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diagram
OHJLJUT*(QT"‘[T])HHl(Qz(f)/CLT"[T])HZ g?f)Hl(Qz,T*[ID/H}*(Q@,T*[I])
€
! ! !
0— Hz.(Q,T)[I] = H(Qx(x)/Q, T*)I] — . g?fffl(Qe,T*)/Hl*(QeaT*)
€

The rows are exact by definition of H k., shows that the center vertical map is
an isomorphism, and by definition of the induced Selmer structure the right-hand
vertical map is injective. Therefore the left-hand vertical map is an isomorphism,
which proves the lemma. (I

LEMMA 3.5.4. Suppose R is artinian and principal of length k, T satisfies (H.0),
(H.1), (H.3), and (H.6), 0 < i <k, and 7 is a generator of m. Then the injection
7=t T/miT — T induces isomorphisms

(7"~ Hp(Q,T/m'T) — Hz(Q,T)[m],
[ HY(Q, T/m'T) — HY(Q, T)[m],
and H-(Q,T)[m!] = ker[H=(Q,T) — H:(Q,T/m*~'T)].

PROOF. As in the proof of Lemma [3.5.3] (using Lemma [3.5.2)), cohomology of
the exact sequences

. k—i .
0 —T/m'T =— T —T/m" ‘T —0
0— T/m*~T " T
shows that [7*~] : HY(Q,T/m'T) — H'(Q,T)[m’] is an isomorphism.
It is easy to check that [7%~] maps H:(Q, T/m'T) into Hx(Q, T)[m]. To prove
the lemma we need to show that [7*~¢|"1HL(Q,T) satisfies the local conditions
to lie in H3(Q,T/m'T). For primes ¢ € (F) this holds by (H.6), so suppose

¢ ¢ %(F). We need to show that [7*~¢|"LH}(Q,, T) C H} (Qu, T/m'T).
Writing Z, for the inertia group in Gq,, we have a diagram with exact rows

0 — HNQ,T/m'T) —— HY(Qu,T/m'T) —— Hom(Zy, T/m'T)

[wk*f‘]l W*i]l wfﬂ

0 — H{Q,T) —— HYQ),T) —— Hom(Zy,T).

The right-hand vertical map is injective, so if ¢ € H(Qy, T/m'T) and [7*~t]c is
unramified, then ¢ is unramified. |

DEFINITION 3.5.5. Recall the set Py of Definition and let N = N (Py)
be the corresponding set of positive integers as in Definition [2.2.1} all squarefree
products of primes in Py.

LEMMA 3.5.6. Suppose k € ZT and T satisfies (H.0), and p® generates the
kernel of the map Z, — R/mk.

(i) Suppose T € Gq satisfies (H.2). If ¢ ¢ X(F) and the Frobenius class of £
in Gal(Q(T /mFT, Hyi)/Q) is the conjugacy class of T, then £ € Py.
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(ii) Suppose R is principal and artinian of length k, and ¢ € Py. Then
HY(Qq, T), H(Qe, T), H(Qu, T*), and H(Qq, T*) are free of rank one
over R, and the map (bﬁs of Deﬁnition is an isomorphism.

PROOF. If the Frobenius of £ in Gal(Q(T/m*T, p,.)/Q) belongs to the conju-
gacy class of 7, then

T/(w*T 4 (Fry — 1)T) = T/(m*T + (1 — 1)T)
which is free of rank one over R/m* by (H.2). Further
Py(1) = det(1 — Fry|T) =det(1 =7 | T) =0 (mod m")
and, writing €.y for the cyclotomic character,
€ —1=¢cya(Fre) =1 =cepaa(t) =1 =0 (mod p?)

so Iy C m*. Thus ¢ € Py, which proves (i).

For (ii), suppose ¢ € P;. Then Lemma shows that H}!(Qg,T) and
H!(Qqe,T) are free of rank one and ¢f is an isomorphism. Local duality (Proposi-
tion gives perfect pairings

Hp (Qe, T%) x Hi(Qe,T) = Qp/Zy,  Hi(Qe,T") x H (Qr, T) — Qp/Zyp.

Since R is artinian and principal we conclude that H} (Qg, T*) and H}(Qy, T*) are
free of rank one over R as well. (]

3.6. Choosing useful primes

In this section we apply the Cebotarev theorem carefully to produce primes with
properties that we will need in the following sections. For this section we assume
that R is artinian and principal, and that T is an R[[Gq]]-module satisfying the
Hypotheses (H.0-5) of In particular, it is (only) for the results of this section
that we use (H.4).

Note that T* also satisfies (H.0-5), so the arguments below for T" apply equally
to T*.

This section is devoted to the proofs of the following two propositions.

PROPOSITION 3.6.1. Suppose c1,co € HY(Q,T) and c3,cq4 € HY(Q,T*) are all
nonzero. For every k € ZT there is a set S C Py, of positive density such that for
every £ € S, the localizations (¢;)¢ are all nonzero.

PROPOSITION 3.6.2. Fiz a finite R-submodule C C H'(Q,T), a homomorphism
¢:C — R, and k € ZT. Suppose that the image of R — End(T) is contained in
the image of Z,[[Gq]] — End(T).

(i) There is a set S C Py of positive density such that for every £ € S,
ker[locy : C — H'(Qq, T)] = ker(¢)

where locy is localization at /.

(ii) Suppose in addition that (H.4a) holds, that D is a finite submodule of
HYQ,T*), and that v : D — R is a homomorphism. Then there is a set
S C Py of positive density such that for every £ € S,

ker[loc, : C — H*(Qy,T)] = ker(¢), ker[loc, : D — H*(Qq, T*)] = ker(v)).
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Propositions [3.6.1] and [3.6.2] will be proved below.

Increasing k if necessary, we may assume that m* = 0. Let F = Q(T, /.l/pk) =
Q(T,T*, p,.), and note that F' is a finite Galois extension of Q. Fix 7 € Gq
satisfying (H.2).

Suppose that C ¢ H'(Q, T) is a finite submodule, and consider the composition

Cc =5 gY(F,T)92 = Hom(Gp,T)9? — Hom(Gp, T/(T — 1)T).  (8)
The first map is injective by (H.3). If f belongs to the kernel of the last map then the
image of f is a Gq-stable subgroup of (7 —1)T". Using (H.1) and (H.2) we conclude
that f = 0, and hence the composition is injective. Let F¢ be the smallest
extension of F' such that the image of C' in Hom(G g, T) factors through Gal(F¢/F).
Then F/Q is Galois, and Gal(F/Q) acts on Gal(F¢/F) by conjugation.

Proor or ProrosiTION 3.6.1] Let C; be the R-module generated by c;. Let
F, F¢,, and F¢, be as defined above, and F,, F¢, the analogous fields defined
with T* instead of 7. We will write simply F; for Fe,.

Define Hy, Ho C G by

Hi={yeGp:c(ty)=0inT/(r —1)T}.

Note that ¢;(77) is well-defined in T'/(7 — 1)T since 7 acts trivially on T'. Define
Hj, Hy similarly with 7™ in place of T
If vy € G — H; and { is a rational prime whose Frobenius conjugacy class in
Gal(F;/Q) is the class of 7, then (¢;)¢ # 0 and Lemma [3.5.6i) shows that ¢ € Py.
Let p be Haar measure on G, normalized so that u(Gg) = 1, and let ¢; be
the image of ¢; in Hom(Gp, T/(7 — 1)T) under (8). For every i, H; is either empty
or a coset of ker(¢;), so

w(H;) <1/|ei(Gr)| < 1/p 9)

the last inequality by the injectivity of .
Suppose first that (H.4b) holds. Then u(H;) < 1/5, so

,[L(Hl U Hy U Hjs UH4) <1l= ,U,(GF).

Choose a v € Grp — (Hy U Hy U H3 U Hy), and let S be the set of rational primes
whose Frobenius conjugacy class in Gal(Fy F>F5F,/Q) is the class of 7y. Then S
satisfies the conclusions of the proposition.

Now suppose hypothesis (H.4a) holds, so T/mT and T*[m] have no nonzero
isomorphic F,[[Gq]]-subquotients. The map identifies Gal(FyF»/F) (resp.
Gal(F3Fy/F)) with a Z,[[Gq]]-stable submodule of Homg(C1 + C5,T) (resp. of
Hompg(C5 + Cy, T*)), so it follows that Fy Fo N F3Fy = F.

Suppose that Hy UHs; = Gg. By @D this is only possible if p = 2 and ker(¢;) =
ker (&) is a subgroup of index 2 in Gg. Since T/(7 — 1)T is free of rank one over R,
we conclude that R¢; = ¢o. It follows from the injectivity of that Rcy = Reg
and Hy = H,, so Hy U Hy cannot be equal to Gg.

Similarly H3 U Hy # Gr. Choose v € Gp — (H; U Hy) and v* € Gp — (H3 U
Hy). Again, if S is the set of rational primes whose Frobenius conjugacy class in
Gal(F1F>/Q) (resp. Gal(F3F,/Q)) is the class of 7y (resp. of 7v*), then S satisfies
the conclusions of the proposition. (I

LEMMA 3.6.3. Suppose that the image of R — End(T) is contained in the image
of Z,[[Gal] — End(T).



32 3. KOLYVAGIN SYSTEMS

(i) The map Gal(F¢/F) — Hompg(C,T) induced by the first part of is a
Z,[[Gql]-isomorphism.

(ii) The map Gal(Fo/F) — Homp(C,T/(t — 1)T) induced by is surjec-
tive.

PRrROOF. We will prove (i), and then (ii) follows from assumption (H.2).

The map of (i) is Gal(F/Q)-equivariant, so its image is Z,[[Gq]]-stable and
hence by our assumption is an R-submodule of Homp(C,T). We give Gal(F¢/F)
the structure of an R-module by identifying it with its image in Homg(C,T). In
particular every Jordan-Holder factor of Gal(F¢/F) is a Jordan-Holder factor of
T, and hence (since T'/mT is irreducible by (H.1)) is equal to T/mT.

With this definition, the composition factors through an injection of R-
modules

C— HomR[[Gq]] (Gal(Fc/F), T).
Now using the fact that R is artinian and principal we have
HomR[[GQH(T/mT, T) = HomR[[GQ]} (T/mT, T[m]) = HomR[[GQH(T/mT, T/mT)

which is free of rank one over k since T'/mT is absolutely irreducible. Hence we see
by induction on the length of Gal(F¢/F) that

length(Gal(Fe/F))
length(C) < length(Hompaq)(Gal(Fe/F),T)) < rankn (T)

By definition the map of (i) is injective, so it must be surjective as well. (]

PROOF OF PROPOSITION [3.6.21 Suppose k is large enough so that m* = 0.
With F and F¢ as above, let G be the subgroup of Gal(Fx/Q) generated by
Gal(F¢/F) and 7. There is a well-defined evaluation homomorphism

ev:G — Hom(C,T/(r — 1)T)

where ev(7) is evaluation of cocycles at .
Fix an isomorphism 7 : T/(t —1)T = R. By Lemma ii) we can find
v € Gal(F¢/F) so that
ev(y) = (n"" o ¢) —ev(r).
Fix such a«. If £is a rational prime whose Frobenius in Gal(F¢/F) is the conjugacy
class of 77, and such that every element of C is finite at ¢, then the composition

C 2% HH Qe T) = T/(Fry = )T =T/(r ~ )T
is the map
ev(Fry) =ev(ty) =n"to¢
so in particular ker(locy) = ker(¢). Also by Lemma i) £ € Py, so this proves
(1).

Now repeat the argument above with T replaced by T and C' replaced by D.
Then with the obvious notation, there is an element 6 € Gal(Fp/F) such that if
¢ is a rational prime whose Frobenius in Gal(Fp/F) is the conjugacy class of 76,
and such that every element of D is finite at £, then ker(locy) = ker(¢)) in D.

We claim that FocNFp = F. For by Lemma i), every simple subquotient of
the Z,[[Gql]-module Gal(FcNFp/F) is isomorphic both to a subquotient of 7'/mT
and to a subquotient of T*[m]. By our assumption (H.4a) every such module must
be zero.
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Now define S to be the set of rational primes whose Frobenius in Gal(F¢/F)
(resp. Gal(Fp/F)) is the conjugacy class of 7y (resp. 76), and such that every
element of C' and every element of D is finite at ¢. Then .S satisfies the conclusions
of (ii). O

3.7. Some remarks about hypothesis (H.6)

In practice, the conditions (H.0) through (H.6) of are generally straight-
forward to verify with the possible exception of (H.6). In this section we discuss
(H.6), and give sufficient conditions for it to hold.

LEMMA 3.7.1. Suppose R is a discrete valuation ring and for every £ € S(F)
the R-module H*(Qq, T)/H%(Qq, T) is torsion-free. Then for every k € Z7,

(i) the induced Selmer structure on the R/m*-module T /m*T satisfies (H.6),
(ii) the map T — T/m*T induces an injection
Hz(Q,T)/m"Hp(Q,T) — Hy(Q,T/m"T).
whose cokernel has order bounded independently of k.

PROOF. Fix a prime ¢ € X(F), integers 4,7, with 0 < ¢ < j < k, and a
generator 7 of m. Consider the diagram with exact rows (all cohomology groups
are over Q)

H\T) —"— HY(T) —— H'(T/0'T) — HX(T)[m'] —— 0

ol e I

HYT) —™— HY(T) —— HY(T/wT) —— H2(T)[m/] — 0.

Suppose ¢ € H(Qq, T/m'T) and [r?/~%c € H-(Qu, T/m/T). To prove that (H.6)
holds for 7//m*T, we need to show that ¢ € Hx(Qg, T/m'T).

By definition (Example of the Selmer structure on T/m/T, the fact
that (777 %"c € H3(Qu,T/m’T) means that there is a d € Hx(Q,T) whose
image in H'(Qg,T/m/T) is [x7""]c. From the diagram it follows that there is
ad € HY(Q,T) whose image in H'(Qy,T/m'T) is c¢. But then 77~'d — d’' €
7 HY(Qg, T), so adjusting d if necessary we may assume that 7/~id = d'. If
HY(Qu,T)/HE(Qq, T) is torsion-free then we conclude that d € Hx(Qy,T), and
hence ¢ € Hx(Qg, T/m'T). This proves (i).

Write G = Gal(Qyx(r)/Q). Let f denote the map of (ii) and C' its cokernel.
By definition we have an injection

HY(G,T)/HFQ.T) — @ H'(QwT)/Hx(QuT), (10)
(eS(F)
and the R-modules on the right are all torsion-free by our assumption on the
H:(Qg,T). Therefore H'(G,T)/H%(Q,T) is torsion-free as well. This proves
the injectivity of the map ¢; in

0 —— HEQT)/m* —L— HLQT/m') —— ¢  —— 0

.| .| .|

0 —— HYG,T)/m* —— HYG,T/m*) —— H*G,T)m"] — 0.
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It follows that f is injective, and hence both rows of the diagram are exact. Since
gs is injective we have a snake lemma isomorphism

ker(gs) — ker[coker(g;) — coker(gz)],

and the latter is the kernel of the composition
HY(G,T)/(H£(Q,T) + m"H'(G,T))

— @ HY(QuT)/(Hr(Qe,T)+m H (Q,, T)
LeX(F)

— @ HY(QuT/m"T)/HE(Qe, T/m*T).
LES(F)
Another straightforward diagram-chasing argument shows that the second map is
injective. The kernel of the first map is D[m*] where D is the cokernel of .
Thus we have

length(C) < length(D[m*]) + length(H*(G, T)[m"]).

Since D and H?(G,T) are finitely-generated R-modules, this is bounded indepen-
dently of k. This proves (ii). O

REMARK 3.7.2. Suppose R is the integer ring of a local field. If H}(Qg, T') is the
subgroup H{ (Qg,T) defined by Bloch and Kato [BK], then H(Q, T)/Hx(Qq,T)
is torsion-free and Lemma [3.7.1{i) shows that (H.6) is satisfied for all quotients of
R. Similarly if Hx(Qq,T) = H' (Qq,T) then Lemma applies.

LEMMA 3.7.3. Suppose that R is artinian and principal, F satisfies (H.6), and
j € ZT. Then the induced Selmer structure on the R/m’-module T/m'T satisfies
(H.6).

PROOF. This clear from the statement of (H.6), since Quot (T /m?T) is a sub-
category of Quoty (7). O

LEMMA 3.7.4. Suppose R is artinian and principal of length k, (H.2) holds, F
satisfies (H.6), and n € Ny. Then F(n) satisfies (H.6).

PRrOOF. Fix a prime ¢ dividing n; we need to check the condition of (H.6) for
L.

Fix a generator m of m, and 0 < 7 < k. We have a commutative diagram,
where the left-hand horizontal maps come from the splitting of Lemma and
the isomorphisms on the right are from Lemma [1.2.1)1)

HYQu, T/m'T) —— Hfl(Qg,T/miT) —=— T/(n*, Fry — 1)T

| | i |
Hl(Qg,T) —_— Hfl(Qg,T) ; T/(Frg — 1)T

We have ¢ € Py, so H}(Q,T) (vesp. H(Qp, T/m'T)) is free of rank one over R
(resp. over R/m?) by Lemma ii). Hence the right-hand and center vertical
maps are injective. Thus if ¢ € H'(Q, T/m’T) and [7*~!|c projects to zero in
H}(Qq,T), then ¢ projects to zero in H} (Qg, T/m'T), i.e., c € H}-(n)(Qg,T/miT).
This proves the lemma. O



CHAPTER 4

Kolyvagin Systems over Principal Artinian Rings

We now study Kolyvagin systems in the simplest setting, where R is artinian
and principal (e.g., R = Z/p*Z). In Chapter |5 we will study Kolyvagin systems
over integral domains by reducing to the case of principal artinian rings.

We assume for all of Chapter [4] that R is a principal local artinian ring, and
we let k = length(R), i.e., m¥ = 0 and m*¥~! # 0. Clearly the quotient of a discrete
valuation ring by the k-th power of its maximal ideal is such a ring; conversely it
is not difficult to show that every principal local artinian ring is a quotient of a
discrete valuation ring (but we will not need this).

We fix for all of Chapter a Selmer triple (7', F, P) satisfying hypotheses (H.0)
through (H.6) of By propagating the Selmer structure F to quotients of T
we get Selmer triples (T/miT, F,P) (with R replaced by R/m?) for 0 < i < k. We
will usually suppress F and P from the notation. By restricting to P NPy, we will
also assume that P C Py. Thus N' C Ny, so for all n € N the ideal I,, vanishes,
and the stalk of the Selmer sheaf H at n is H(n) = ]_-(n)(Q, T) ® G,,. Also, for

every £ in P, Lemma 11) shows that H} (Qg7 T), H{(Q,,T), H} (Qe, T*), and
H1(Qq,T*) are free of rank one over R, and ¢ is an isomorphism.

Note that since R is principal artinian, 7™ is also a free R-module; this is not
true for general R.

Since we will use it frequently, we let T = T//mT. Then T* = T*[m].

4.1. The core Selmer module

LEMMA 4.1.1. Supposen € N and 0 <1 < k.
(i) The exact sequence 0 — T/miT — T — T/m*= T — 0 induces an iso-
morphism f(n)(Q,T/m 'T) = ]_-(n)(Q, T)[m?] and an exact sequence

(ii) The inclusion T*[m’] — T* mduces an isomorphism
) (Q T [m]) = Hy,.(Q,T%)[m].

Proor. By Lemma (T, F(n),P) satisfies the hypotheses (H.0) through
(H.6). Thus (i) follows from Lemma and (i) follows from Lemma[3.5.3] O

DEFINITION 4.1.2. For every n € A define
A(n,T) = length(H}-(n)(Q, T)) = length(H(n)),
An, T*) = length(H}-(n)*(Q,T*)).

Note that the second definition is equivalent to the first applied to T, since F (n)* =
F*(n) by Example |2 These definitions apply equally well when T is replaced
by T/m’ for i € Z.

35
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PROPOSITION 4.1.3. Ifn € N then
A(n,T) =0 <= A(n,T) =0, A(n, T*) =0 <= A\(n,T*) = 0.
PROOF. By Lemma [{.1.1] we have

and the proposition follows. ([l

PROPOSITION 4.1.4. The differences A(n,T) — A(n, T*) are independent of n €
N.

Proor. This follows immediately from Corollary and Lemma ii).
O

THEOREM 4.1.5. There are nonnegative integers r, s, one of which can be taken
to be zero, such that for every n € N there is a noncanonical isomorphism

Hy,,(Q,T) ® R" = Hy(,.(Q,T") ® R°.

PROOF. Since R is principal, every finitely generated R-module is a direct sum
of cyclic modules R/m7i. It follows that the isomorphism class of an R-module B
is determined by the numerical function on {1,2,...,k}

i +— length(B[m’]).
Thus to prove the theorem we need to show that there is an integer ¢ such that
length(H () (Q, T)[m']) — length(Hz,,)- (Q, T*)[m']) = ti

for 1 < i < k and for every n € N. By Lemma [.1.1] the left-hand side of this
equation is A(n, T/m'T) — X(n, T*[m']), which is mdependent of n by Proposition
[414] so we need only consider n = 1.

Proposition m gives a formula for A\(n, T/m'T) — X(n, T*[m?]) in which the
first two terms are zero by Lemma and the others are linear in ¢ by Lemma
and hypothesis (H.6). Therefore A\(n, T/m'T) — X(n, T*[m?]) has the desired
form, and the theorem follows. ([

The next lemma is an application of the Global Duality Theorem and is
crucial in many of the calculations that follow.

LEMMA 4.1.6. Suppose £ is prime and nl € N'. We have the following diagrams
of inclusions, in which the labels on the arrows are the lengths of the corresponding
cyclic cokernels.

Hp,(Q,T) H () (Q,T)
H;-‘z(n)(QvT) fe(n (QaT*)

These lengths satisfy
(i) 0 < a,b,c,d,a*,b",c*,d* <k,
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(ii) a+c=b+d, a* + ¢* =b* + d*,
(iii) a+a*=b+b*=c+c*=d+d" =k,
(iv) a>d, b>¢c, c* >b*, d* > a*.
PRrROOF. By definition
H;:(n) (Q7 ) - ker[H‘}":l (Q T) - H (leT)]v
H, () (Q.T) = ker[H(, (Q,T) — H{ (Qr, T),

etc. The two diagrams come from the definitions in this way. Since Hfl(Qg,T ),
HY(Qu,T), H (Q¢, T*), and H1(Qg, T*) are all free of rank one over R by Lemma
3.5.6(ii), the inequalities (i) hold. The equalities (ii) are immediate from the dia-
grams.
The equality a + a* = k follows from the Global Duality Theorem [2.3.4] with
G = F(n) and Go = F%(n), and similarly for the other three equalities of (iii).
Finally, by definition H}:(n)(Q,T) N Hjl_-(nz)(Q, T) = ]_- (n)(Q, T). The first two
inequalities of (iv) follow from this, and the other two sumlarly with (T, F) replaced
by (T*,F*). O
LEMMA 4.1.7. Suppose nf € N with { prime.
(i) |A(nl,T) — A(n,T)| < k and |A(nl, T*) — A(n, T*)| < k.
(ii) If the localization map Hx (n)(Q, T) — H}(Qe,T) is surjective, then

Foney (QT7) = Hpe(). (Q.T7) € Hp () (Q, 1)
(iii) The image of the composition
n,T* oy o7
mTIHL ) (QUT) < HEQeT) = HAQeT)
is equal to the image of m)‘(”Z’T*)H}(M)(Q,T) loce, HY(Q,,T).
(iv) If both localization maps
Hry(Q,T)[m] — H{ (Qr, T), Hy (- (Q,T%)[m] — H{ (Qp, T*)
are nonzero, then \(nl,T) = \(n,T) — 1 and \(nl,T*) = A\(n,T*) —

ProOF. Consider the diagrams of Lemma Assertion (i) is immediate.
Recall (Lemma ii)) that H(Qe, T), HX(Q, T), H}(Qe, T*), and H}(Qq, T™)

are free of rank one over R, and ¢f is an isomorphism.

If the localization map in (ii) is surjective, then ¢ = k in the left-hand diagram
of Lemma [£.1.6] Therefore by (iii) and (iv) of that lemma, b* = 0, which proves
(ii).

To prove (iii) it is enough to show that length(C,) = length(C)¢) where C,
and C,, are the images of m’\("’T*)H}(n)(Q,T) and mAn6T" )H}( »(Q.T), re-
spectively, under localization at £. The left-hand diagram of Lemma m shows
that

length(C),) = max{0,¢c — A(n,T")}, length(C)¢) = max{0,d — A(nf,T")}.
The right-hand diagram shows that
A, T*) = A(nl, T*) =d" —c" =c—d,
so length(C),) = length(Cyy).
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For (iv), if the localization maps in question are nonzero, then using Lemma
we see that the localization maps

are surjective. By (ii) we have A(nf,T*) = A(n,T*) —1, and so by Proposition
A(nt, T) = \n,T) — 1. O
DEFINITION 4.1.8. If m € N and either A(m,T) = 0 or A(m,T*) = 0, we say

that m is a core vertex (of the graph & of Definition |3.1.2)). By Proposition 113
this definition is unchanged if we replace T by T.

Recall that v(n) denote the number of prime divisors of n € Z™.
COROLLARY 4.1.9. Let r = min{dimy H-(Q, T),dimy H:.(Q,T*)} and j > k.
(i) If n is a core vertex then v(n) > r.

(ii) There are core vertices n € Nj with v(n) = r.
(iii) For every m € N there are core vertices n € Nj divisible by m.

PRrROOF. The first assertion follows from Lemma(i).

Suppose m € N is not a core vertex, so A(m,T) > 0 and A(m,T*) > 0. It
follows easily from Proposition and Lemma [£.1.7iv) that there is an ¢ € P;
such that A(mé,T) = AX(m,T) — 1 and A(ml,T*) = AX(m,T*) — 1. Proceeding
inductively, after r steps we reach an multiple n € N of m satisfying v(n) =
v(m) +r and A(n, T)\(n, T*) = 0.

This argument proves (iii), and when m = 1 it proves (ii). O

THEOREM 4.1.10. Suppose that n € N is a core vertex. Then H}_-(n)(Q, T) and
H}(n)*(Q, T*) are free R-modules. The ranks of these modules are independent of
the choice of core vertex n, and one of them is zero.

PRrROOF. This is immediate from Theorem [4.1.5l O

DEFINITION 4.1.11. The core Selmer rank of T is the rank of the free R-module
H}(n)(Q,T) for any core vertex n. We will denote the core rank of T' by (7).
Similarly we define x(7%) = rankR(H]l_.(n)*(Q,T*)) for any core vertex n. By
Theorem these nonnegative integers are well-defined, independent of the
choice of n, and one of them is zero.

ExAMPLE 4.1.12. Suppose that R is a quotient of a discrete valuation ring D,
and T = Ty ® R where T is a free D-module of finite rank with a continuous
action of Gq, unramified outside a finite set of primes. Then the canonical Selmer
structure Fon, on T induced from Tp (Definition satisfies (H.6) by Lemma
B.7Z1 We will show in Theorem below that

X(T, Fean) = rankpT}; + corankp H°(Q,, T¢)
where T, denotes the submodule of T on which (some fixed) complex conjugation
acts by —1.

See §6.1] and §6.2] especially Propositions [6.1.6] and [6.2.2] for important exam-
ples with x(T) = 1.

THEOREM 4.1.13. (i) If x(T) > 0 then x(T*) = 0 and for every i >0
and every n € N,

Hy (o (Q,T/m'T) = (R/m' ™) & H (). (Q, T*[m'])
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(ii) If x(T) = 0 then for every i > 0 and every n € N,
H}(n)* QT [mz]) = (R/mi)X(T*) ® Hfl:(n)(Qv T/miT)'

PRrROOF. Taking n to be a core vertex shows that r = x(7*) and s = x(7T) in
Theorem [4.1.5} so for ¢ > k the theorem is immediate from Theorem Taking
the m’-torsion and applying Lemma m proves the theorem for arbitrary . O

COROLLARY 4.1.14. If x(T) > 0 then for everyn € N'
A(n,T) — A(n, T*) = kx(T).
If x(T) = 0 then for everyn € N
A, T) = A(n,T*) = —kx(T™).
ProoF. This follows immediately from Theorem (]

DEFINITION 4.1.15. Suppose x(T) > 0, so x(T%) = 0. If v(n) is less than
dimy H%.(Q,T*) then Lemma (1) (applied to T') shows that A\(n, T*) > 0, and
hence n is not a core vertex. On the other hand, Corollary ii) shows that
there exist core vertices n with v(n) = dimy Hx. (Q, T*); we will call such an n a
leading vertex.

Note that if 1 is a core vertex (i.e., if H}. (Q,T*) = 0) then 1 is the only leading
vertex.

THEOREM 4.1.16. Suppose (in addition to our other standard hypotheses) that
x(T) > 0, that 1 is not a core vertex, that (H.4a) holds, and that the image of
R — End(T) is contained in the image of Z,[[Gq]] — End(T).

Suppose L C HE(Q,T) and dimg(L[m]) = x(T). Then there are infinitely
many leading vertices n € N such that L C H}(n)(Q, 7).

PROOF. Let j = dimg H-(Q,T) — x(T). Then by Lemma and Theorem

T1.13(1),

j =dimg Hr. (Q,T*) = dimy Hz..(Q,T*)[m] > 1
and

j = dimy H=(Q, T)[m] — dimy(L[m]).

Choose homomorphisms ¢1,...,¢; : Hx(Q,T) — R such that N; ker(¢;) = £ and
Y1,...,0;  H= (Q,T*) — R such that N; ker(y;) = 0. Using Proposition ii)
choose primes ¢1,...,¢; € P so that for every 1,

ker[lOCgi : H}:(Qa T) - Hl(Q&:v T)] = ker(¢i)v

ker[locy, : Hz.(Q,T*) — H'(Qq,, T*)] = ker(1;).

In particular if n = []; £ then v(n) = dimy Hy.(Q,T*) and £ = Hy (Q,T) C
H}-(n)(Q,T)7 so we only need to show that n is a core vertex. Since Proposition
[3:6.2] provides infinitely many ¢; with the desired properties, this will give infinitely
many suitable n.

By construction we have injections

HY(Q.T)/Llm] — @HNQe. T),  H:(QT") — HN(Q:,. T").

Applying Lemma iv) inductively to n; = [, ; shows that A(n;, T*) = j —1,
so n = n; is a core vertex as desired, and the proof is complete. [
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REMARK 4.1.17. Theorem [£.1.16]is not true without the assumption that the
image of R — End(T) is contained in the image of Z,[[Gq]] — End(T"). Consider
the case where R =k is a field, and T' = Ty ® k with an F,[[Gq]]-module T. Then
Hy () (Q.T%) = H (). (Q. T5) @ k for every n, so only F-rational subspaces £
can occur as the stalk at a leading vertex.

4.2. Kolyvagin systems and the core rank

The existence or nonexistence of Kolyvagin systems is completely determined
by the core Selmer rank. Namely,

x(T)=0=KS(T)=0,
x(T) =1 = KS(T) is free of rank one over R,
x(T) > 1= KS(T) contains a free R-module of rank r for every r.

The first assertion is Theorem [f.2.2] below. The other two will follow using Howard’s

Theorem and (for the second one) the other results of and See
LEMMA 4.2.1. Suppose k € KS(T) and n € N. If £ € P is such that
(a) localization at £ maps m’\("’T*)H}(n)(Q,T) to zero,
(b) ke € m,\(ne,T*)H}(nz)(Q,T) ® Gpe,
then (kn)e = 0.
PROOF. Let c and d be as in the left-hand diagram of Lemma Then
A, T) =AXn,T) —c+d.

It follows from condition (a) that ¢ < A(n,T*), and then by Proposition [4.1.4]
d < X(n,T*). Thus it follows from (b) that (£n¢)¢ = 0. Now by definition of a
Kolyvagin system, we conclude that (k)¢ = 0. O

THEOREM 4.2.2. If the core rank x(T') = 0, then KS(T') = 0.

PrOOF. Since x(T) = 0, Theorem shows that A(n,T) < A(n,T™*) for
every n € N. In particular m/\("’T*)H;_-(n)(Q, T) = 0 for every n, so condition (a)
of Lemma [£.2.T] is always satisfied.

Suppose k € KS(T'). We will prove that k,, = 0 for every n € N by induction
on A\(n,T). If \(n,T) = 0 then Hjl_-(n)(Q, T) = 0 by Proposition and there is
nothing to prove.

Choose n € N with A(n,T) > 0, and suppose that x, # 0. Since x(T) = 0,
Theorem shows that A(n,T*) > 0 as well. Therefore we can use Proposition
to choose a prime ¢ satisfying

(a) (kn)e # 0,

(b) the localization maps

are both nonzero.

It follows from (b) and Lemma iv) that A(n¢,T) < A(n,T). Hence our induc-
tion hypothesis applies, and so x,, = 0. In particular we can apply Lemma
to conclude that (ky)e = 0, which contradicts (a). Hence &,, = 0. O
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4.3. The sheaf of stub Selmer modules

We define a subsheaf of the Selmer sheaf H = Hr = H (7 7 p) of Definition
[B.12 as follows.

DEFINITION 4.3.1. The sheaf of stub Selmer modules H' = HETJ_-)P) C Hr is
the subsheaf of H defined by

o H'(n) = mA(n,T*)H(n) = mA(n,T*)H}T(n)(Q, T)® G, CH(n)ifn e N,

e H'(e) is the image of H'(n) in H(e) = H(Qy,T)® Gpe under the vertex-

to-edge map of H, if e is an edge joining n and n/,

and the vertex-to-edge maps are the restrictions of those of the sheaf H:

e H'(n) — H'(e) is localization at ¢ followed by ¢f,

e H'(nf) — H'(e) is localization at £.

The latter map is well-defined (its image lies in H’(e)), and both maps are surjective,

by Lemma iii).
Clearly we have I'(H') C T'(H).

LEMMA 4.3.2. Suppose n € N. Then H'(n) = 0 if X(n,T*) > k, and oth-
erwise H'(n) is free of rank x(T) over R/mF=AnT) " [f 2 € H'(n) then x €
mk—lcngth(Rm)H(n)'

PrROOF. This is immediate from Theorem E1.13l O
The following theorem is due to Benjamin Howard. The authors thank him for
including his proof as Appendix [B] of this paper.

THEOREM 4.3.3 (Howard).

(i) For every n the map I'(H') — H'(n) is surjective.
(ii) If x(T) =1, then T(H') has a free R-submodule of rank one.
(iii) If x(T) > 1, then for every d, IT'(H') has a free R-submodule of rank d.

THEOREM 4.3.4. Suppose x(T) = 1. Then the sheaf H' is locally cyclic and
connected, and every n € N with A\(n,T*) = 0 is a hub.

Before proving Theorem we give the following corollary.

COROLLARY 4.3.5. Suppose that x(T') = 1. Then the locally cyclic sheaf H’
has trivial monodromy, and T'(H') is free of rank one over R.

Proor. Fix n so that A(n,T*) = 0. Using Theorem [4.1.13(i) we see that
H'(n) = Hr(, (Q,T) = R& Hy(,).(Q,T*) = R

is free of rank one over R. Howard’s Theorem shows that T'(H’) contains a free,
rank-one R-submodule, so the corollary follows by Theorem [£.3.4] and Proposition

B, 0

The rest of this section is devoted to the proof of Theorem The reader
may prefer to skip to the applications in the following sections.

We assume for the rest of this section that x(7') = 1. The heart of the proof is
a study of the restriction of H’ to a subgraph X defined as follows.
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DEFINITION 4.3.6. Define a subgraph X° = X°(T,F,P) of the graph X =
X(P) of Definition as follows. The vertices of X° are the core vertices of X,
the n € N with A(n,T*) = 0. We join n and nf by an edge in X if and only
if the localization map }-(n)(Q7 T) — H}(Qu,T) is nonzero (equivalently, is an
isomorphism).

Now define the sheaf H° on X to be the restriction of the Selmer sheaf H of
Definition B.1.2] to X°. Then H? is also the restriction of the stub Selmer sheaf M’
to X0, since the vertices of X are precisely those n for which H'(n) = H(n), and
the edges are those e for which H'(e) = H(e).

LEMMA 4.3.7. The sheaf H° is locally free of rank one.

PROOF. By Propositionf4d.1.3] if n is a vertex of X° then A(n,T*) = 0 so by
Lemma 2| H(n) is free of rank one.
Suppose e is an edge joining n and nf in X°. As usual we have Hjl_-(n)(Q, T) =
HE(,)(Q, T)[m] and H{ (Q,T) = Hy (Qe, T)[m], and HE,, (Q,T), H{(Qr, T) are
both free of rank one, so the nontriviality of f(n)(Q7 T) — H}(Qq,T) implies
that H}(n)(Q, T) — H}(Qg,T) is an isomorphism. Now by Lemmas (iii) and
3.5.6(ii) the maps from H°(n) and H°(nf) to H%(e) are both isomorphisms. O

The key to the proof of Theorem is the fact that the graph X is connected
(Theorem m below). Since X0 was deﬁned in terms of T, we can work with T
and k instead of T’ and R.

LEMMA 4.3.8. Suppose n and nt are vertices of X°. The following are equiva-
lent.

There is an edge of X° joz'm'ng n and nt. -
The localization map H (n)(Q7 ) — HN(Qqe, T) is nonzero.

(i)
(i)
iii e localization map — ¢, T) is an isomorphism.
iii) The localizati Hf(n) HNQ, T h
(iv)
v e loca Zzatzon map , ¢, T) is an isomorphism.
The localizati (nz)Q HY(Q,T h

PROOF. By the various deﬁmtionb (i) is equivalent to (ii), (ii) is equivalent to

the assertion H;.(n)(Q7 T) ¢ }-(M)( ,T), and (iv) is equivalent to the assertion
H}:(ne)(Q, T)¢ ]—‘(n)( T). Since (using Lemma W(ii))
dimy Hz(,y(Q,T) = dimy Hz(,,(Q, T) = dimy, H{ (Qe, T) = dimy, H (Qy, T) = 1,

the remaining equivalences follow. O

The localization map .F(nf)(Q’ _) HY(Qg,T) is nonzero.

LEMMA 4.3.9. Suppose n and nt are vertices of the graph X°. Then there is a
path in X0 from n to nl.

PROOF. If n and nf are connected by an edge there is nothing to prove. So
suppose not, i.e., the localization map }-(n)(Q, T) — H}(Qq, T) is zero. Then by
Lemma@we have Hz(,\(Q,T) = Hz(,,,(Q,T).

Further, in the diagrams of Lemmal[4.1.6] we have ¢ = 0, so ¢* = 1. By definition
of X9 we have H (Q7 *) =0, so we deduce that dimy Hjl_- (n)* (Q, T*) =1.

Now applying Proposmon “ we can choose (using (H. 5)) a prime ¢q¢ € P,
prime to nf, such that the localization maps
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(a) 1 (Q? ) }"(ng) (Q7 ) l> Hfl(qu T)7
(b) f(n)*(QaT*) —7 Hf (Qan*)
are both isomorphisms. By Lemma [4.1.7(ii) it follows from (a) that ng and nfq are

both vertices of X°, and there is an edge from n to ng and from nf to nfq.
By (b) we have H}_.Z(n)*(Q,T*) = 0, so applying Theorem with G, =

Fi(n) and G = F9(n) shows that the localization map fq(n)(Q, ) — H}(Qu, T)

is nonzero. From the left-hand diagram of Lemma4.1.6{(with £ replaced by ¢), using
that Hy ., (Q.T) # ]_-(nq)( ,T) by Lemma we see that H}-q(n (Q,T) =

Hy ., (Q, )@Hl (ng)(Q,T). Since the image of Hf(n)(Ql I') in H} (Qg,T) is zero,
we conclude that the image of H}(nq)(Q,T) in H}(Qy,T) is nonzero. Therefore
there is an edge in X joining ng to nfg, and so there is a path (n,ng,nfq,nf) in
X0 from n to nt. ]

PROPOSITION 4.3.10. Suppose n is a vertex of X° and v(n) > dimy H-(Q, T).
Then there is a vertex m of X° with v(m) < v(n) such that there is a path in X°
from n to m.

PRrROOF. We consider two cases.

Case 1: for some £ dividing n, the localization map ]_-(n)(Q, T) — HYQu,T) is
nonzero. In the left-hand diagram of Lemma applied to n/¢ and ¢, we have
d = 1. Since A\(n/¢,T) > x(T) = A(n,T), we conclude that n/¢ is a vertex of X°.
By Lemma there is an edge of X joining n and n/f.
Case 2: for every £ dividing n, the localization map H}(n)(Q,T) — HY(Qy,T) is
zero. Then

Hy(,)(Q.T) = Hr (Q,T) = () Hx,(Q,T).

Ln

Since this intersection of at least dimy H:(Q,T) subspaces of Hx(Q,T) is non-
empty, there is a proper divisor g of n, say g = n/q for some prime ¢, such that
H}-‘ﬂ(Q? ) H]-' (Qv )

If \(g9,T) = 1 then by Lemma [4.3.9 “there is a path from n to g, and again we
are done. So we may assume that A(g,7’) > 1. By Lemma H.1.74), Mg, T) = 2, so
by Corollary |4 we have H . (Q,T%) 7% 0.

Choose nonzero elements ¢ € H} Fy)(QT) C H}(g)(Q, T),de H}E (Q,T%),
and apply Proposition to get a prime ¢ € P, prime to n, such that cz # 0 and

de # 0.
By Lemma iv) we have A(gf,T) = 1, so g/ is a vertex of X°. From the
left-hand diagram of Lemma it follows that H}W)(Q7 T)C H}(g)(Q7 T), and

hence
H;:(n)(QV ) ker[H}' (Q7 ) - Ijl-f1 (Qan)]a
Hi(y0)(Q, T) = ker[H}(,)(Q,T) — H{ (Qq, T))].

Since the class ¢ belongs to the first kernel but not the second, these two kernels
are different; since both are one-dimensional, they are disjoint. It follows that the
localization maps

H}(n)(Q’T) - Hfl(QfaT)v H.;:(gf)(QaT) - Hfl(Qan)
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are both nonzero, so by Lemmas ii) and nl is a vertex of X° and there
are edges joining n to nf and gf to nt.

Finally, we claim that there is a prime r dividing g# such that the localization
map H;_-(ge)(Q,T) — H(Q,,T) is nonzero. If not, then

H;—'(gé) (QaT) = H}:ge <Q7T> C H,/l"-'n (QvT) = Hjl”-'(n)(Q7T)

which we have seen is not the case. Thus by Case 1 there is an edge connecting g¢
and g¢/r, and so the path (n,n¢, g¢, g¢/r) satisfies the proposition. a

PROPOSITION 4.3.11. Suppose that n and m are vertices of X% and v(n) =
v(m) = dimg H-(Q,T) — 1. Then there is a path in X° from n to m.

PrOOF. We will prove this by induction on dimy Hx(Q,T) — v(ged(n, m)).
This quantity is always at least one, and when it is equal to one we have n = m
and there is nothing to prove.

Suppose n # m, and fix distinct primes ¢ | n and r | m. Applying Lemma
i) repeatedly we conclude that A(n/q, T) = A(m/r,T) = 2. As in the proof of
Proposition it follows that

Hy,)(Q,T) = ker[Hz (/) (Q. T) — H{ (Qq. T)],
H () (Q.T) = ker[HE ./, (Q, T) — H{ (Q,, T)],
dimy H(,,))+ (Q, T*) = dimy Hz (/. (Q, T*) = 1.
Choose nonzero elements ¢ € H;_-(n)(Q, T),c € H}(m)(Q, T),d e H}(n/q)* (Q,T),
and d’ € H}_-(m/r)* (Q,T*). By Proposition we can find a prime ¢ € P, prime
to nm, such that ¢, ¢}, dg, d, are all nonzero.
Exactly as in the proof of Proposition it follows that

e \(nl/q,T) = M\(nt,T) = 1 and there are edges in X° connecting n to nf
and nl/q to nt,
e \(mf/r,T) = A\(ml,T) = 1 and there are edges in X° connecting m to
ml and mf/r to ml.
We have v(ged(n€/q, ml/r)) = v(ged(n,m)) + 1, so our induction hypothesis shows
that there is a path in X° connecting nf/q and m#/r. Therefore there is a path
(n,nl,nl/q,--- ,ml/r,ml,m) connecting n and m. O

THEOREM 4.3.12. The graph X° is connected.

PROOF. Suppose n and m are vertices of X°. By Lemma i), we must
have v(n),v(m) > dimy H=(Q,T) — 1. Applying Proposition inductively we
can find paths connecting n to a vertex n’ and m to a vertex m’ with v(n’) =
v(m') = dimy H-(Q,T) — 1. By Proposition there is a path from n’ to m/,
and the proof is complete. ([

ProoF oF THEOREM [£34l Since x(T) = 1, Lemma shows that the
stalks of H' are cyclic. If ¢ is an edge joining vertices n and nf, then the vertex-
to-edge map H'(n) — H’(e) is surjective by definition, and then H'(nf) — H'(e) is
surjective by Lemma iii).

It remains to show that if n € N and A(n,T*) = 0, then n is a hub of H'.
Fix such a vertex n, and let m be any other vertex. We will show by induction on
A(m, T*) that there is a surjective path from n to m.
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Note that n is a vertex of X0. If A(m,T*) = 0 then m is also a vertex of X°,
and so there is a path in X° from n to m. Every path in X° is a surjective path
(because all vertex-to-edge maps in X are isomorphisms by Lemma, so there
is an ‘H’-surjective path from n to m.

Now suppose A(m,T*) > 0. Using Proposition choose a prime £ € P
such that the localization maps

m* T HE (0 (Q,T) — HE Qe T),  Hp,) (Q,T%)[m] — H{ (Qe, T7)

are both nonzero. (Note that mk_lH}(n)(Q, T) # 0 by Theorem [4.1.13]) Then by

Lemma [4.1.7(iv), A(mf, T*) < A\(m, T*), so by our induction hypothesis there is an
H'-surjective path from n to mf. Further we see that localization H}(m)(Q, T)—
H!(Qe,T) is surjective, so m’\(m*T*)H}(m)(Q,T) — mA T HN(Qy, T) is surjec-
tive as well. These two modules are both cyclic of length max{0,k — A(m,T*)},
so if e is the edge joining m and m¥, we conclude that the map H’'(m) — H’(e)
is an isomorphism. Therefore the path from mf to m is a surjective path, so by
composition we obtain a surjective path from n to m. This concludes the proof. [

4.4. Kolyvagin systems and the stub Selmer sheaf

In this section we show that under fairly general hypotheses, a Kolyvagin sys-
tem, a priori a global section of the Selmer sheaf H, is actually a global section of
the subsheaf H’. This is the content of Theorems [£.4.1] and [£.4.3] These results
play a central role in the rest of the paper. As an immediate consequence we obtain
(Corollary the Kolyvagin upper bound for the Selmer group Hx.(Q,T*) in
terms of a Kolyvagin system k € KS(7T') (compare with, for example, Theorem
2.2.2 of [Rus]).

THEOREM 4.4.1. Suppose that (at least) one of the following three conditions

is satisfied.

o \(T)=1,

e k=1, i.e., R is a field, or

e (H.4a) holds, and the image of R — End(T) is contained in the image of

Z,([Gq]] — End(T).

Then the inclusion I'(H') C T'(H) is an isomorphism. In other words, for every
k € KS(T) and n € N we have k,, € H'(n).

ProoF. Fix a k € KS(T). We treat the three hypotheses separately, but in
each case we will show by induction on A(n,T*) that r, € H'(n) for every n € N.
If A(n, T*) = 0 we have A\(n, T*) = 0 (Proposition 4.1.3) so H'(n) = H(n) and there
is nothing to prove.

Case 1: k= 1. Suppose A(n,T*) > 0. In this case H'(n) = m*™T)H(n) = 0, so
we need to show , = 0. If k,, # 0, then using Proposition [3.6.1] we can fix a prime
¢ € P not dividing n such that

(a) (rn)e # 0,

(b) the localization map H;_-(n)* (Q,T*) — H}(Qg, T*) is nonzero.
It follows from (a), (b) and Lemma [4.1.7(iv) that A(nf,T*) < X(n,T*), so our
induction hypothesis shows that k., € H'(nf). Thus by Lemma we conclude
that (kp)e = 0. But this contradicts (a), so we must have &, = 0.
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Case 2: (H.4a) holds, and the image of R — End(T) is contained in the image of
Z,[[Gq]] — End(T). By Theorem we may assume that x(7') > 0. Suppose
that A(n, T*) > 0.

Since x(T') > 0, it follows from Theorem that

H(n)[m] ¢ H'(n).
If k,, ¢ H'(n) we can find a homomorphism ¢ : H(n) — R such that

¢(H'(n)) =0, ¢(H(n)[m]) #0, ¢(kn) # 0.
Hence by Proposition ii) we can fix a prime ¢ € P, prime to n, such that

(a) the localization map m*™7T" )H}( )(Q,T) — H} (Qy, T) is zero,
(b) (Kn)e #0,

(c) the localization maps
are both nonzero.

By (c¢) and Lemma iv), we have A\(n¢,T*) < A(n,T*), so by our induction
hypothesis we have x,y € H'(nf). Therefore by Lemma (kn)e = 0, which
contradicts condition (b). This contradiction shows that x,, € H'(n).

Case 3: x(T) = 1. Choose a core vertex m. By Howard’s Theorem [£.3.3{i) there is
a section k' € I'(H') such that x'(m) = k(m). Let k = k — k' € KS(T), 80 Ry, = 0.
We will show that k& = 0.

Let X° be the subgraph of X of Definition whose vertices are the core
vertices of X, and H° the restriction of H to X°. By Theorem and Lemma
X? is connected and H° is locally free of rank one. Since K,, = 0 at the
vertex m of X0, the restriction of & to X° must be identically zero (Proposition
3.4.4(i)). In other words, &, = 0 for every core vertex n.

Now let n € NV be any vertex of X. We will show by induction on A(n,T*) that
Kn = 0. We have already dealt with the case of core vertices, A(n, T*) = 0.

Suppose now that A\(n,T*) > 0, and suppose &, # 0. Using Proposition
choose a prime ¢ € P, prime to n, such that

(a) (Fn)e # 0,

(b) the localization maps

Hz ) (Q,T)[m] — Hf (Qe, T),  Hiy () (Q,T7)[m] — H{ (Qe, T™)
are both nonzero.
By (b) and Lemma [.1.7(iv), we have A\(nf,T*) < A(n,T*), so by our induction
hypothesis we have %,y = 0. But by (a) and the definition of a Kolyvagin system,

we must have (Rne)es # 0. This contradiction shows that &, = 0, and so k, =
K, € H'(n). O
DEFINITION 4.4.2. Suppose R is a complete noetherian local ring such that R

is a quotient of R. We say that (T, F,P) is a lifting of (7', F,P) to Rif T is an
R[[Gq]l-module, (T, F,P) is a Selmer triple over R, T = T®z R, and F = F@ 4 R

THEOREM 4.4.3. Suppose k € KS(T') is sufficiently liftable in the sense that
there is a local principal artinian ring R of length k>2k—1and a lifting (T, F, P)
of (T, F,P) to R such that:

o (T,F,P) satisfies (H.0) through (H.6) and P C P;.
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e K is in the image of the natural map KS(T) — KS(T).

Then K is a global section of the subsheaf H' of stub Selmer modules (i.e., for all
n € N we have k, € H'(n)).

PrOOF. We will prove that &, € H'(n) by induction on both k and A(n, T*).
The case k = 1 is part of Theorem and if A(n,T*) = 0 then A\(n,T*) = 0
(Proposition so H'(n) = H(n) and there is nothing to prove. If A(n,T) = 0
then H(n) = 0 and there is again nothing to prove, so we may suppose that A(n, T*)
and \(n, T*) are both positive.

Case 1: A(n,T*) < k.
Let j = A(n,T*). By Lemma [£.1.1](ii) we have

s0 AM(n, T*[m7]) = A\(n, T*) = X(n, T*) = j.
Consider the image k) of k in KS(T/m’T). By our induction hypothesis
applied to the R/m’-module T/mIT, we have

k) e W H () (Q,T/mIT) ® Gy, = 0.

By Lemma i) (with i = k — j) it follows that x, € H(n) mF7]. )
Since A(n,T*) = j < k — k, Theorem {4.1.13] and Lemma 4.1.1(i) applied to T
show that the image of H]l:_(n)(Q, T)RG, in H}_(n)(Q, T)®G,, is free over R. Since
K, belongs to this image, and is killed by m*~7, we conclude that x,, € m/H(n) =
H'(n) as desired.
Case 2: A(n,T*) > k. In this case H'(n) = 0, so we need to prove that k, = 0.
Suppose k, # 0. Using Proposition [3.6.1| we can fix a prime ¢ such that
(a) (kn)e #0,

(b) the localization maps
Hy)(Q,T)[m] — H{ (Q, T), Hy () (Q,TH)[m] — H{ (Qe, T*)

are both nonzero.

It follows from (b) and Lemma Miv) that A(nf,T*) < A(n,T*). Thus by our
induction hypothesis k,¢ € H'(nf), so Lemma shows that (kn)¢ = 0. But this
contradicts (a), so we must have k,, = 0. O

REMARK 4.4.4. Our typical examples of “sufficiently liftable” Kolyvagin sys-
tems will arise when R is a quotient of a discrete valuation ring D, T'=Tp ® R
with a D[[Gq]]-module T, and « belongs to the image of KS(Tp) — KS(T').

The following corollary is the standard application of a Kolyvagin system (or
Euler system): an upper bound on the size of the dual Selmer group HL. (Q,T*), in
terms of the divisibility of k1 (compare with, for example, Theorem 2.2.2 of [Ru6]).
In Theorem below, we will show that under some extra hypotheses this upper
bound is sharp, so we get an exact formula for the size of HL. (Q,T*).

COROLLARY 4.4.5. Suppose k € KS(T). If one of the three hypotheses of
Theorem holds for T, or if the hypothesis of Theorem[{.4.3 holds for T and
K, then

length(Hr. (Q,T*)) < max{i: x; € M'HL(Q,T)}.
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PRrROOF. By Theorem or [£433]
rre H (1) = TIHE(Q,T) = ms e QTN Q. 7). =
4.5. Kolyvagin systems over principal artinian rings

This section contains the main results and applications of Kolyvagin systems
over principal artinian rings.

COROLLARY 4.5.1. (i) If x(T) = 0 then KS(T) = 0.
(ii) If x(T) > 2 then for every d € Z*, KS(T) contains a free R-module of
rank d.
PROOF. Assertion (i) is Theorem and (ii) is Theorem iii). O

The rest of this section will deal with the case x(T) = 1. In particular this
means we can apply Theorem [£:4.T]

COROLLARY 4.5.2. Suppose x(T) = 1.

(i) KS(T) is a free R-module of rank one.

(ii) Suppose k € KS(T), m € N, and kp, # 0. Let j > 0 be such that k.,
generates m?H'(m). Then k,, generates mH'(n) for everyn € N, so in
particular r, € m AT )VH(n) for every n.

(iti) Suppose k € KS(T). If n € N is a core vertex then the map KS(T) —
H(n) which maps k — K, is an isomorphism.

(iv) If j > k then the natural restriction map KS(T,P) — KS(T,P N'P;) is
an isomorphism.

(v) If j < k then the projection map T — T/mIT induces a surjective map
KS(T) — KS(T/m’T).

Proor. Since KS(T) = I'(H’) (Theorem [4.4.1), the first three assertions of
the corollary are immediate from Corollary Theorem [4.3.4] and Proposition
B4

By (iii) applied to (T,P) and to (T, PN P;), if n € N NN, is a core vertex
(such n exist by Corollary then we have isomorphisms

KS(T,P) = H(n) < KS(T,P;)
compatible with the restriction map KS(T',P) — KS(T,P NP;). By (iii) applied
to T and T/mIT, if n € N is a core vertex we get a commutative diagram with
vertical isomorphisms

KS(T) KS(T/miT)

lg |-

H;_-(n)(Q;T) R Gy — H;_-(n)(Q,T/mj) @ G,,.

Since n is a core vertex, Lemma [4.1.1|(i) shows that bottom map is surjective. This
completes the proof of the corollary. O

COROLLARY 4.5.3. If x(T) = 1 then the natural map KS(T) — KS(T) (see
Deﬁnition s an isomorphism.

PROOF. This is immediate from the definition of KS(7T') and Corollary m
O
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If x(T) > 2 then the map KS(7) — KS(T) need not be an isomorphism. See
Example [4.5.11

COROLLARY 4.5.4. Suppose that x(T) =1 and k € KS(T). Then the following
are equivalent.

(i) There is ann € N such that H'(n) # 0 and k,, generates H'(n).
(i) Ky generates H'(n) for everyn € N.
(iii) The global section of T'(H') corresponding to k is primitive in the sense
of Definition[3.4.5
(iv) The image of K in KS(T) is nonzero.
PROOF. The equivalence (i) <=> (ii) is Corollary [.5.2(ii), and (ii) <= (iii) is
Definition B.4.5
Suppose n € A'. By Lemma i)7 %, maps to zero in H'(Q,T) if and only
if m¥~1k,, = 0. Thus if the image of s, in H'(Q,T) is nonzero, then x, must
generate the free, rank-one R-module H'(n), so (iv) = (i). Conversely, suppose (ii)
holds and n is a core vertex of X' (these exist by Corollary [f.1.9). Then H'(n) is
free of rank one over R, so m* !k, # 0, and therefore the image of «,, in H*(Q,T)
is nonzero. Thus (ii) = (iv). O

DEFINITION 4.5.5. We say that k € KS(T) is primitive if the image of & in
KS(T) is nonzero.

The following theorem is a sharpening of the more general Corollary

THEOREM 4.5.6. Suppose x(T) = 1 and k € KS(T) is primitive. If k1 £ 0
then

length(HE. (Q,T*)) = k — length(Rrk;) = max{i : k; € M Hx(Q,T)}.
If K1 = 0 then length(H . (Q,T*)) > k.

ProoF. By Corollary k1 generates H'(1) C mlensth(Fr- (QT) HL(Q, T),
and by Lemma length(H'(1)) = k — max{length(H . (Q,T™)), k}. O

We can formulate a more precise version of Theorem [4.5.6] which at least
partially determines the R-module structure of Hx.(Q,T*).

DEFINITION 4.5.7. If k € KS(T') and r > 0, define
9" (k) = min{k — length(Rk,) : n € N,v(n) = r}.
The elementary divisors of k are defined by
ei(k) =09 (k) — ) (k), i>0.

PROPOSITION 4.5.8. Suppose x(T) = 1, k € KS(T), m € N, and k,, # 0.
Write H:.(Q,T*) & &;R/m% with nonnegative integers di > dy > -+, and fix
J >0 such that kn, generates mIH'(m).

Then for every r > 0,

0" (k) = min{k,j + Z d;}.

i>r
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PRrOOF. Note that since x,, generates a nonzero submodule of the cyclic R-
module H’(m), there is a unique j > 0 such that ,, generates mH’(m). By
Corollary ii), k, generates m7H/(n) for every n. Therefore by Lemma [4.3.2]
we have

0" (k) = min{k,j + A(n, T*) : n € N,v(n) = r}.
In particular when r = 0 we get the desired equality since A\(1,77*) = . d;.

Suppose n € N and v(n) = r. Consider the map

H3.(Q. 1) — @H}Qu, T,
Ln
The right-hand side is free of rank r over R, so the image is a quotient of H%. (Q,T*)
generated by (at most) 7 elements. Hence the image has length at most >, d;.
Therefore the kernel has length at least ) .. d;. But by definition this kernel
is contained in H}:(n)*(Q,T*), so we conclude that A(n,T*) > > ,_ d;. Hence
a(r)(m) = min{k7j + Zi>r dl}

We will prove the opposite inequality by induction on r. The case r = 0 was

proved above.

Since x(T) = 1, Theorem [4.1.13{i) shows that m* 'HL(Q,T) # 0. Fix a
nonzero element ¢ € m* 1HL(Q,T) C H:(Q,T)[m]. If d; > 0 then choose a
nonzero element ¢ € m“@~1HL, (Q,T*) C HL:.(Q,T*)[m]. Using Propositionm
choose a prime ¢ € P such that the localization ¢, is nonzero and, if dy > 0, such
that ¢} is nonzero as well.

It follows that

e the localization map H-(Q,T) — H} (Qq, T) is surjective, and
© Hipy.(Q,T%) = @iz R/mbitt.
By Theorem i) we have Hz,.(Q,T") = H iz (Q,T).
Let k¥ € KS(T,F(¢),P — {£}) be the Kolyvagin system defined in Exam-

ple [3.1.12] which is obtained by setting Iisf) = Knpe ® & for some generator & of
Hom(Gy, R). We have

0" (k) > 0V (k®) = min{k, j + Z dis1}.
i>r—1
where the inequality is clear from the definition and the equality follows from our
induction hypothesis applied to x*). This completes the proof. [
THEOREM 4.5.9. Suppose x(T) =1, k € KS(T), and k1 # 0. Then

90 (k) 2 0V (k) = 0P (k) = -,
eo(k) > e(k) > exlw) > -+ >0,

and

Hr.(Q,T") = @OR/mei("‘).

PROOF. If k1 # 0 then 0(°)(k) < k, so in Proposition we have 0(") (k) =
J+ > i, di for every r. The theorem follows immediately. O

REMARK 4.5.10. Theorem [£.5.9] shows that the elementary divisors of k are
independent of k as long as k1 # 0.
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We conclude this section with a mildly pathological example in which the map
KS(T) — KS(T) is not injective.

EXAMPLE 4.5.11. Let R = Z/p*Z, and take T to be a free, rank-one R-module
with Gq acting via an odd character p of conductor p, not the Teichmuller character
giving the action of Gq on p,,. Define a Selmer structure F by %(F) = {p, oo} and
H:(Q,,T) = HY(Q,,T) (our assumptions force p > 2, so H'(R,T) = 0).

Fix primes ¢, ¢ congruent to one modulo p, with ¢ not congruent to one modulo
p?. It follows without difficulty from Proposition that

X(T,F)=1, x(T.F) =2, x(T/pT,F)=1.
Let P = {rational primes r : » = 1 (mod p),r # ¢,£}. Both of the Selmer triples
(T, F*,PU{q}) and (T/pT, F},P) satisfy hypotheses (H.0) through (H.6)

By Corollary i) we can fix ' € KS(T/pT, F.,P) C KS(T/pT,F*,P),

k' # 0. Define k by

0 ifnenN,
Kn = .
Ky HneNPU{g}).q|n.

Note that if n € N(P U {q}) and ¢ | n, then I, = pR. It follows that k is
a nonzero Kolyvagin system in KS(T,F*,P U {q}), but the restriction of & to
KS(T, F*, (PU{q}) NPs) is zero. Thus k is a nonzero element of the kernel of the
map KS(T, F*, P U {q}) — KS(T, F*, P U {q}).

We now return to the dual Selmer group Sel” (k) of Definition[3.3.1]and Example
[3:3:2 attached to a Kolyvagin system k.

THEOREM 4.5.12. Suppose that x(T) = 1, that the image of R — End(T) is
contained in the image of Z,[[Gq]] — End(T), and that hypothesis (H.4a) holds.
If k € KS(T) is primitive then the canonical map

Hr.(Q,T*) — Hom(Sel*(k), Q,/Z,)
of Proposition|3.5.8 is an isomorphism.

The proof of Theorem [4.5.12] will be given after the following lemmas and
proposition. Let X° be the core subgraph of X' of Definition

LEMMA 4.5.13. Suppose n is a core vertex and £ € P, £ {n. Then either nl is
a core vertex and n,nl are connected by an edge in X°, or there is a prime ¢ € P
such that ng and ngl are core vertices and there are edges of X° connecting n to
ng and ng to ngt.

PROOF. Let T = T/mT. If the localization map Hjl_.(n)(Q,T) — HY(Qu,T)

is nonzero then n is a core vertex by Lemma ii), and there is an edge of A"°
joining n and nf by Lemma [4.3.8 - -
Suppose now that the map H}(n)(Q, T) — H(Qq,T) is zero. Then the proof

of Lemma shows (among other things) that there is a prime ¢ € P such that
ng and ngf are core vertices and there are edges of X° connecting n to ng and ng
to ngl. O

Recall that if kK € KS(T) and n € N then
Sel*(k;n) = (@H;(Qg,TD/(Z image(Rmd))
ln

d|n
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after choosing generators of Gy for every ¢ to view kg € H jlc( d)(Q, 7).

LEMMA 4.5.14. If n and nl are vertices of X0, connected by an edge, and
k € KS(T) is primitive, then the natural map Sel* (k;n) — Sel”(k; nf) is surjective.

PROOF. Since nf is a core vertex and & is primitive, k,, generates the free,
rank-one R-module H}(nz)(Q, T) ® Gpe by Corollary By Lemma the
localization map H }'(nz (Q7 T) — HX(Qg,T) is surjective. It now follows directly
from the definition that the map Sel*(x;n) — Sel*(k;nf) is surjective. O

Recall (Definition that n € N is a leading vertex if n is a core vertex
and v(n) = dimyg Hr. (Q, T*[m]).

PROPOSITION 4.5.15. Suppose x(T) = 1, the image of R — End(T) is con-
tained in the image of Z,[[Gql] — End(T), (H.4a) holds, and k € KS(T) is
primitive. If n is a leading vertex then there is a prime q such that nq is a core
vertex and the natural map H:(Q,T*) — Hom(Sel*(k;nq), Q,/Z,) of Proposition
is an tsomorphism.

PROOF. Let T =T/mT, and let r = dimy H-(Q,T) = dimg H:. (Q,T*)+1 =
v(n) + 1. Then localization gives exact sequences

0 — Hk(QT) — HEQ,T) 225 glaﬂf(Qz, T) — 0,

— DH{(Q,,T*) — 0.

ln
Using Proposition ii), choose a prime ¢ € P so that the localization map

®locy ¢

0 — Hr.(Q,T*) —=

1
f(n (Q, T) ety Hf (Qq, T) is nonzero and such that for every prime r dividing

ng,
®locy, — %
— @ H{(QuT")

Ling/r

is an isomorphism. (For the latter, we can choose ¢ so that the kernel of loc, s on
H%.(Q,T*) is equal to the kernel of > ¢n Ve 0 locys where 1y : H} Q. T*) = Kk
is a fixed isomorphism.) We conclude that

Hr(Q,T) —

Tt @ HNQ,,T)

l|ng
is an isomorphism.

By Lemma [£.1.7(ii), nq is a core vertex. Applying Lemma[{.1.7(iv) inductively
we see that ng/¢ is a core vertex for every prime ¢ dividing ng, and that locyy :
H}(nq/e)(Q,T) — H}(Qg,T) is an isomorphism.

Fix generators of Gy for every /¢, so that we can view k,, € H}.(m)(Q,T) for
every m. By Theorem from Howard’s Appendix [B| H}.,(Q,T) is free of rank
r+1 over R. We claim that {r,q} U {kne/e : £ | ng} is an R-basis of Hp.,(Q,T).
For, suppose that

QKng + Z Qgkinge =0
£ng
with a,a, € R. Applying locy ¢ shows that ask,q/¢ = 0 for each ¢, and then that
akng = 0 as well. Since k is primitive, each kg, finq/¢ generates a free, rank-one
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R-module (Corollary [4.5.4), so we must have a = a; = 0 for every £ and the claim
follows.

Now the proposition follows from global duality (Theorem [2.3.4)) applied with
G1 = F and Gy = F™ (using that H(IJ_-M)*(Q7T*) C H}(nq)*(Q,T*) =0). O

Proor or THEOREM [£.5.12] Fix a leading vertex n and a prime ¢ as in
Proposition for any m € N we can choose, using Lemma [4.5.13] a se-
quence of primes /1, ..., {; such that every m; = ng Hle {; is a core vertex, there
is a sequence of edges in X% forming a path n—ng—mi—mao— - -—my, and m; is
divisible by m. By Lemma the map Sel”(k;ngq) — Sel*(k;m;) is surjective.
On the other hand, Proposition shows that the composition

Hr.(Q,T*) — Hom(Sel*(k;m¢), Qp/%,) — Hom(Sel*(k;nq), Q,/Zy)

is an isomorphism. Hence Sel* (k;ng) — Sel*(k;m;) is an isomorphism, and so pass-
ing to the direct limit over m we conclude that H:(Q,T*) — Hom(Sel*(k), Q,/Z,)
is an isomorphism. O

REMARK 4.5.16. The proof of Theorem [4.5.12] (specifically Lemma 4.5.14 and
Proposition |4.5.15)) shows that, under the hypotheses of that theorem, if we fix gen-
erators of Gy for every ¢ to view k,, € H}(n)(Q7 T) for every n, then the collection

{kn :n € N'} generates U, HL,.(Q,T). More precisely, we can find an m € A and
order the set {£ € P: £{m} = {l1,0s,05...} so that

{Kmye €| m}uU {Kmﬂlefi 1§ >0}
generates U, HE:, (Q, T).






CHAPTER 5

Kolyvagin Systems over Integral Domains

5.1. Kolyvagin systems over a field

Suppose for this section that R = k is a field, and that the Selmer triple
(T, F,P) satisfies hypotheses (H.0) through (H.5) (hypothesis (H.6) is vacuous when
R is a field).

In particular R is principal and artinian, so we can apply the results of Chapter
[4 with k£ = 1. The following theorem summarizes our results in this case. Recall
that the order of vanishing of kK € KS(T') is ord(k) = min{v(n) : n € N, k,, # 0}.

THEOREM 5.1.1. Suppose R =k is a field.
(i) If x(T) <1 then dimy KS(T') = x(T).
(ii) If x(T') = 1 and k € KS(T) is nonzero, then k, # 0 if and only if n is
a core vertezr.
(iii) If x(T) =1 and k € KS(T) is nonzero, then dimy H.(Q,T*) = ord(k).

PROOF. Assertion (i) is Theorem (when x(T") = 0) and Corollary i)
(when x(T') = 1). If x(T) = 1 we have

H'(n) #0 < A(n,T") =0 <= n is a core vertex,

so (ii) is Corollary [4.5.2(ii) in this setting.
Assertion (iii) is immediate from (ii) and Corollary O

REMARK 5.1.2. Howard’s Theorem iii) shows that if x(7') > 1, then
KS(T) is infinite dimensional over k.

Recall (Definition [4.1.15)) that a leading vertex is an n € N such that v(n) =
dimy, H]l_-* (Q,T*) and Hj,l__(n)* (Q,T*) =0.

THEOREM 5.1.3. Suppose x(T) = 1, hypothesis (H.4a) is satisfied, and k €
KS(T) is nonzero. If L is a line in H=(Q,T), then there is a leading vertexn € N
such that k., generates L ® G,. If dimgx H=(Q,T) > 1 then there are infinitely
many such n.

ProOF. If dimy H:(Q,T) > 1 then by Theorem there are infinitely
many leading vertices n such that £L C H ;:(n)(Q,T), and since a leading vertex
has dimy Hy(,,\(Q,T) = 1, we must have £ = Hz,(Q,T). If dimy Hx(Q,T) =1
then £ = Hx-(Q,T) and n = 1 is a leading vertex.

In either case, Theorem (ii) shows that x,, # 0, so k, is a generator of
H}(n)(Q,T)Q@Gn:L@Gn. O

55
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5.2. Kolyvagin systems over a discrete valuation ring

For this section we assume that R is a discrete valuation ring. We assume that
the triple (7', F,P) satisfies Hypotheses (H.0) through (H.5). We assume also that
the Selmer structure F is such that H'(Qe,T)/H%(Qe,T) is torsion free for every
¢ € X(F). Then for every k, T/m*T (with the induced Selmer structure) satisfies
(H.0) through (H.6) (this clear for (H.0) through (H.5), and for (H.6) it follows from
Lemma m(l)) Thus we can apply the results of Chapter [4| to study the image
of KS(T) in KS(T/mFT) for every k, and use this information to study KS(T).

Again we write T = T'/mT. For simplicity we suppose that P = P.

Writing Frac(R) for the field of fractions of R, we define the rank of an R-
module M to be rankpM = dimpae(ry M ® Frac(R) and the corank of M to be
corankp M = rankpHom(M, Q,/Z,).

DEFINITION 5.2.1. If kK € KS(T'), define
00 (k) =max{j: k1 e M HE(Q,T)}
(we allow 9(¥) (k) = oo). This is a special case of Definition below.
THEOREM 5.2.2. If k € KS(T) then
length, HE. (Q, T*) < 0 (k).
In particular if k1 # 0 then Hx.(Q,T*) is finite.

PROOF. We may assume that x; # 0 or else there is nothing to prove. Then
9 (k) is finite, because H'(Q, T) has no nonzero divisible submodules.

For every k € Z*, let K be the image of k in KS(T/m*T). Then ngk) is
the image of x; under the natural map H'(Q,T) — HY(Q,T/m*T), so K;:(Lk) €
m? () (FL(Q, T/m*T). By Corollary it follows that

lengthp Hr. (Q, T*)[m*] = lengthp Hx. (Q, T*[m*]) < 8©) (k).
Since Hx.(Q,T*) = UH%.(Q,T*)[m*], this proves the theorem. O
REMARK 5.2.3. The definition of 9(?) (k) also makes sense for k € KS(T') (see

Definition [3.1.6). Then Theorem remains true, with the same proof, if we
replace KS(T') by KS(T) in the statement.

DEFINITION 5.2.4. For every k € Z* we have the Selmer triple (T/m*T, F, Py)

over R/mF  with the induced Selmer structure F. By Theorem the core

ranks x(7T/mkT) and x(T*[m*]) are independent of k. We define x(T'), the core

rank of T, to be this common value x(7/m*T), and similarly x(T*) = x(T*[m*]).
In particular either x(7') =0 or x(T%*) = 0.

THEOREM 5.2.5. For every k € Z" and every n € Ny, there is a noncanonical
isomorphism

Hy () (Q,T/m*T) & (R/mF)XT™) = (R/m* )X @ HE (). (Q, T*[m*)).

PrOOF. Since x(T) = x(T/m*T) and x(T*) = x(T*[m¥]), this is just a re-
statement of Theorem L.T.13| O

COROLLARY 5.2.6. rankr(Hx(Q,T))—corankg(Hr. (Q,T*)) = x(T) —x(T™).
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PrOOF. We have
HY(Q.T) = lim HE(Q.T/m*T),  HE(Q.T") = lim H. (Q, T [m"),
so (using Lemma [4.1.1)) this follows from Theorem O
LEMMA 5.2.7. The natural map KS(T,P) — liLnKS(T/ka, Pr) is injective
PRrOOF. Suppose & € KS(T') is nonzero. Then we can find an n such that
kp # 0 in H}__(n)(Q,T/InT). If I,, # 0 then let k be such that m* = 1I,,. If I, = 0
(for example, if n = 1) choose k so that &, # 0in H}-(n) (Q,T/m*T)®G,,. In either
case I, C mF, so n € N} and the image of k in KS(7/m*T, P;) is nonzero. O
LEMMA 5.2.8. Suppose x(T) = 1 and j < k. The projection map T /m*T —
T/mIT and restriction to Py induce a surjection and an isomorphism, respectively
KS(T/m*"T, Py) — KS(T/mT, Py,) < KS(T/miT,P;).

Proor. This is Corollary iv) and (v). O
PROPOSITION 5.2.9. If x(T) = 1 then the natural maps give isomorphisms
KS(T) = lmKS(T/m"T,P,) — KS(T).

Proor. Lemma shows that for every k we have
KS(T/m*T,Py) = limKS(T/m"T, P;))
J
which gives the second isomorphism of the proposition. The injectivity of the first
map is Lemma [5.2.7] so we need only show surjectivity.
Suppose {k*)} € @KS(T/mk,Pk). If n € NV, let j be maximal such that
n € Nj. If j < oo then I,, = m?, and we define x,, = w) € H}c(n)(Q,T/InT)(X)Gn.

If j = oo (for example, when n = 1) then we set x,, = limy, kE) e Hjl_.(n)(Q, T)®G,.
It is straightforward to verify that this defines an element x € KS(T') which maps
to k*) € KS(T/mFT) for every k. O

THEOREM 5.2.10. (i) If x(T') = 0 then KS(T) = 0.
(ii) If x(T) = 1 then KS(T) is a free R-module of rank one, generated by a

rx € KS(T) whose image in KS(T') is nonzero.

PrOOF. If x(T) = 0 then KS(T/m*T,P;) = 0 for every k by Theorem m
and (i) follows by Lemma

Suppose now that x(7') = 1. By Corollary i), KS(T/mk, Py) is free of
rank one over R/m* for every k. The maps KS(T/m**+1, Py, 1) — KS(T/m*, Py)
are surjective by Lemma so (ii) follows by Proposition O

DEFINITION 5.2.11. Recall that the order of vanishing of a nonzero k € KS(T')
is ord(k) = min{v(n) : n € N, K, # 0}.
For k € KS(T) and r € Z" define (compare Definition [4.5.7)

0" (k) = max{j : K, € ij]l_-(n)(Q,T/InT) ® G, for every n € N with v(n) = r}
(we allow (") (k) = 00), and the sequence of elementary divisors

ei(k) =09 (k) — 8" Y (k), i>ord(k).
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Then 0 (k) = max{j : k1 € W HL(Q,T)} as in Deﬁnition | and if r < ord(k)
then 0(") (k) = co. Theorem [5.2.12((ii) below shows that 9(") (k ) is finite if x(T) =1
and r > ord(k), so the e;(k) are well-defined. Define

9 (k) = min{0™ (k) : r > 0}.
As in Definition we say k € KS(T) is primitive if its image in KS(T) is

nonzero.

THEOREM 5.2.12. Suppose x(T) =1 and k € KS(T), k #0. Then

(i) for every s, 0% (k) = limy oo ) (K*)) where k*) is the image of K in

KS(T/m*T, Py) and 0 () is given by Deﬁmtwn

(ii) the sequence 0®) (k) is nonincreasing, and finite for s > ord(k),

(iii) the sequence e;(K) is nonincreasing, nonnegative, and finite for i >
ord(k),

(iv) ord(k) and the e;(k) are independent of the choice of nonzero k €
KS(T),

(v) corankr(HE. (Q,T*)) = ord(k),

(vi) Hp(Q.T)/(Hyo(Q.T*)aiv = Dizora(ey R /m™ =),

(vii) Tength (k. (Q, T*)/ (. (Q, T*))aie) = 0" (1) — 0(%9) (1),

(viil) & is primitive if and only if () (k) = 0.

PROOF. Write r = corankg(H . (Q,T*)) and
Hz (Q,T)/(Hp (Q.T%))aiv = P R/m®

1>r
with dyy1 > dpgo >+, Let dy =---d, = co. If k € Z™ then
3 (QuT" ) = HE.(Q )] = @ Rjmm(h),
i>1

Fix a generator m of m. By Theorem we can choose a primitive ko €
KS(T) and a j > 0 such that K = m/k¢. Then Proposition shows that for
every s and k

) (k™)) = min{k, j + Zmin{k, di}}. (11)
i>s

Fix s > 0, and let h = 9®®)(k). Then we can find n € N (necessarily in
Npt1), with u( ) = s, such that s, ¢ mh“H1 Q. T/, T) ® Gy. Therefore
by Theorem and Lemma 2 0 (k h“)) < h. By (11) it follows that
o) (k) < h = 3(‘5 (k) for all k.

On the other hand, since k,, € th}(n)(Q,T/InT) ® G, for every n with
v(n) = s, by definition we have 9*)(k(*)) > h for every k > h. Thus 0) (k) =
sup{0®) (k™) : k € Z*}. Since 9*) (k*)) is a nondecreasing function of k by (TI),
this proves (i).

The rest of the theorem follows from (i) and (LI). O

COROLLARY 5.2.13. Suppose x(T) =1 and k € KS(T) is nonzero.
(i) length(HE. (Q,T™)) is finite if and only if k1 # 0.
(ii) length(Hx. (Q,T*)) < 0 (k) = max{j : k; € M H-(Q, T)}, with equal-
ity if and only if K is primitive.
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PROOF. If 1 = 0 then ord(k) > 1, so length(H L. (Q,T*)) is infinite by Theo-

rem [5.2.12v). The other direction of (i) is Theorem
Assertion (ii) is immediate from Theorem [5.2.12{(vii) and (viii). O

Let £ ={k1: Kk € KS(T)} C H-(Q,T) denote the module of L-values given
by Definition [3.1.5

THEOREM 5.2.14. If x(T') =1 then
length(Hr. (Q,T*)) = length(H:(Q, T)/L).

PROOF. By Lemma H°(Q,T) = 0. It follows that H'(Q,T) has no R-
5.2.6)

torsion, and then Corollary [5.2.6| shows that H}(Q,T) is a free R-module of rank
equal to corankg(H7. (Q,T%)) + 1

By Theorem ii), KS(T) is generated by a primitive Kolyvagin system k,
and then £ = Rr;. If k1 = 0 then both Hx(Q,T)/L and (by Corollary [5.2.13(i))
H7.(Q,T™) have infinite length. If x; # 0 then (again using Corollary [5.2.13(i))
HL(Q,T) is free of rank one over R, so length(Hx(Q,T)/L) = 0¥ (k) which by

Corollary [5.2.13[(i) is the length of H}.(Q,T*). O
Let d= = rankg(T~), where T~ is the minus part of T for the action of some

complex conjugation.

THEOREM 5.2.15. Suppose F = Fean, the canonical Selmer structure on T
given by Definition|3.2.1. Then x(T*) =0 and
X(T) = d~ + corankg(H°(Q,, T*)).
Proor. If f, g are functions of k € Z*, we will write f(k) ~ g(k) to mean that
|f(k) — g(k)| is bounded independently of k.

By Proposition m (with T replaced by T*[m*]) and Lemma for every
keZ*

length(HA(Q, T/m"T)) — length(Hk. (Q, T"[m"]))
= Z (length(H%(Qy, T*[m*])) — length(H k. (Qg, T*[m*]))). (12)
LeS(F)
By Theorem the left-hand side of is k(x(T) — x(T™)). When ¢ = 0o, we
have length(H (R, T*[m*])) ~ 0 and length(H°(R, T*[m*])) ~ kd~.

Suppose ¢ € 3(F), £ # p. Recalling (Definition |1.1.6(iii))

Hyne (Qe, T [m"]) = H(QF™/Qe, T* [m*] ™) = [mk]z’/(Fre = )T [m*}*
we have an exact sequence

0 — H(Qe, T"[m*]) — T"[m"
and so length(H°(Qg, T*[m*])) = length(H}, .(Qs, T*[m*])). It now follows from
Lemma 1.3.5 of [Ru6]| that

length(H®(Qg, T*[m*])) — length(H :. (Qg, T*[m*])) ~ 0.

When ¢ = p, we have H:.(Q,,T*) = 0 by definition of the canonical Selmer
structure, so Hx. (Qp, T*[m*]) = ker[H'(Q,, T*[m*]) — H(Q,,T*)], which is a
quotient of H°(Qy, T*)/H®(Qp,T*)aiv, which has finite length independent of k.
Thus

length(H°(Q,, T*[m*])) — length(H 1. (Q,, T*[m*])) ~ k corank(H’(Q,, T*)).

7o BTl 7 b Pe s B (Qe, TH[m]) — 0

unr



60 5. KOLYVAGIN SYSTEMS OVER INTEGRAL DOMAINS

Combining these observations we conclude that
k(X(T) = X(T™*)) ~ k(d~ + corankp(H°(Qp, T))
and the theorem follows. O

For applications of these results see and

5.3. Kolyvagin systems over A

Let Qo denote the cyclotomic Z,-extension of Q, and Q,, C Qs the (unique,
cyclic) extension of degree p™ over Q. Let A denote the Iwasawa algebra

A =7,[[Gal(Qe/Q)]] = lim Z,[Gal(Q,/Q)].

For this section suppose that 1" is a free Z,-module of finite rank with a contin-
uous action of Gq, unramified outside a finite set of primes. We set T =T ® A with
Gq acting on both factors, and we take R = A. Let A denote the augmentation
ideal of A, so that T/AT =T, and let T = T/pT = T /mT.

We assume throughout this section that T satisfies hypotheses (H.0) through
(H.4), and then it follows immediately that T satisfies (H.0) through (H.4) as well.
For simplicity we fix P = P;. Fix a finite set of primes ¥ containing p, co, and
the primes where T is ramified, and let Qx denote the maximal extension of Q
unramified outside of X.

LEMMA 5.3.1. (i) H(Q=/Q,T) =1lim H'(Qx/Q,, T).
(i) If £ # p then HY(Qu, T) = HL . (Qy, T).
(i) H1(Q,T) = H'(Qx/Q,T).
PRrROOF. (See [Co|] Proposition II.1.1.) By Shapiro’s Lemma,
Hl(QE/Q7 T® Zp[Gal(Qn/Q)D = Hl(QE/Q’I’H T)a

and so we have

H'(Qs/Q,T) = H'(Qs/Q,lim T ® Z,[Gal(Q,/Q)]) = lim H'(Qx/Qn, T).
Similarly, if £ is a prime we have an isomorphism
H'(Qp, T) = lim &y H' (Qu, T).
By a standard argument (see [Ru6|] Proposition B.3.4 for details),
liﬂl EB)\MHl (QTL,)ﬂ T) = m EB)\MH&HI‘(QTL,)\? T)
This proves (ii), and then (iii) follows from (i) and (ii). O

DEFINITION 5.3.2. We define a Selmer structure Fa on T by setting ¥ (Fp) =
Y and H:(Q,,T) = HY(Q,,T) for v € £. By Lemma [5.3.1(ii) we also have
H}(Q,,T) = HY(Q,, T) for v ¢ £. Thus this Selmer structure is independent of
the choice of ¥, and we have Hy (Q,T)=H'(Q,T).

Note that the induced Selmer structure F, on quotients T/IT (such as T and
T) will not usually satisfy Hz, (Q,, T/IT) = H'(Q,, T/IT).

We have the following analogue of Theorem which says that an Euler
system for T gives rise to a Kolyvagin system for T. Let ES(T) = ES(T,P,K) be
the Galois module of Euler systems for T as given in Definition [3.2.2] and recall
the generalized module of Kolyvagin systems KS(T) of Deﬁnition
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THEOREM 5.3.3. Suppose that I contains the mazimal abelian p-extension of
Q which is unramified outside of p and P, and
(a) T/(Fry — 1)T is a cyclic R-module for every £ € P,
(b) Frfk — 1 is injective on T for every £ € P and every k > 0.
Then there is a canonical homomorphism ES(T,KC,P) — KS(T,Fa,P) with the
property that if ¢ maps to Kk, then

K1 = {CQn} € thHl(QvuT) = Hl(QaT)~
This theorem will be proved in Appendix [A] along with Theorem [3.2.4]

LEMMA 5.3.4. For every i > 0, the A-modules H(Qx/Q,T) and H'(Q,,T)
are finitely generated, and H'(Qs/Q, T*) is co-finitely generated.
Further, H*(Q,, T) is a torsion A-module.

PROOF. These are standard results. For the global cohomology groups see for
example [Gr2| Proposition 3 or §3 of [PRI]. For the local cohomology groups see
for example [Gr2| Proposition 1 or [PR2] Proposition 3.2.1. O

LEMMA 5.3.5. The A-module H}_—A(Q, T) = H'(Q, T) is finitely generated and
torsion-free, and H}_—X(Q,T*) is co-finitely generated.

PrOOF. The fact that these modules are (co-) finitely generated follows from
Lemma m By Lemma T%a = 0, so by the lemma of §1.3.3 of [PR3],
H'(Q, T) has no A-torsion. O

THEOREM 5.3.6. Suppose k € KS(T), and k1 # 0. Then Hlx(Q,T*) 8 a
co-torsion A-module.

Theorem will be proved below. The assertion that HJl”X (Q, T*) is a co-
torsion A-module is a form of the weak Leopoldt conjecture. See for example [Gr2]
Conjecture 2 or [PR3] §1.3.

DEFINITION 5.3.7. If X is a finitely generated A-module, then there is a pseudo-
isomorphism (A-module map with finite kernel and cokernel) X — @;A/f; A, where
the f; are elements of A (which can be zero). If further X is a torsion A-module then
the characteristic ideal char(X) of X is the (nonzero) ideal (], fi)A. If convenient
we may assume that each nonzero f; is a power of an irreducible element of A.

DEFINITION 5.3.8. If ¢ € H'(Q, T), we let Ind(c) denote the principal ideal of

A
Ind(c) = Char((Hl(Q, T)/Ac)tors)-

By Lemma m H'(Q,T) is pseudo-isomorphic to a free A-module. If we fix a
pseudo-isomorphism ¢ : H*(Q, T) — A" and write ¥(¢) = (a1, ..., a,), then Ind(c)
is the greatest common divisor of the a;. It follows that there is an ideal B of finite
index in A such that Be € Ind(c)H}(Q, T).

If K € KS(T) (or k € KS(T)) we will write Ind(x) = Ind(xy).

DEFINITION 5.3.9. If k € KS(T), we will say that & is A-primitive if the blind
spot of k (see Definition contains no height-one primes of A.

This is not in general the same as being primitive (Definition , which
requires that the image of & be nonzero in KS(T').

Let Xoo = Hom(H}X(Q, T%),Q,/Z,).
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THEOREM 5.3.10. Suppose k € KS(T).
(i) char(Xy) divides Ind(k).
(ii) If x(T) =1, k1 # 0, and P is is a height-one prime of A not in the blind
spot of k, then ordyg(char(X)) = ordg(Ind(k)).
(iii) If x(T) =1, k1 # 0, and Kk is A-primitive then char(X,) = Ind(k).

REMARK 5.3.11. Theorems and [5.3.10]remain true (with the same proofs)
if KS(T) is replaced by KS(T). This is useful when starting with an Euler system
and applying Theorem m For simplicity we will give the proof only for KS(T).

Theorem [5.3.10] can be used to prove “main conjectures”. See the examples of

51 and 53

The rest of this section is devoted to the proofs of Theorems and
We will apply the results of to quotients T /BT for appropriate primes P of
A, and deduce the desired results about T.

Suppose P is a height-one prime ideal of A. Let Sy denote the integral closure
of A/PB. Then Sy is a discrete valuation ring, [Sy : A/P] is finite, and T ®p Sp =
T ®z, Sp. We will study Kolyvagin systems on T by studying their images in
KS(T ® Sg), and applying the results of to the latter. We will make frequent
use of the exact sequence, obtained by fixing a generator p of 3,

0—T % T— T/PT — 0. (13)

As in Definition we have a canonical Selmer structure Fcan on 7' ® Syp
given by

o Y(Fean) = {£: T is ramified at £} U {p, oo},
o if { € ¥(Fean) and £ # p, 00 then

Hy (Q¢, T ® Sy) =ker[H'(Q, T ® Sy) — H'(Q)™, T ® Frac(Sy))],

o H: (Q,,T®Sy) = H(Q,, T ® Sy),
o Hy,,(R.T®Sy)=H'(R,T® Sy),
where Frac(Sg) is the field of fractions of Sy.

DEFINITION 5.3.12. Define an exceptional set of height-one primes of A by
YA ={P: H*(Qx/Q, T)[P] is infinite} U {P : H*(Q,, T)[R] is infinite} U {pA}.
It follows from Lemma that X, is finite.
LEMMA 5.3.13. Suppose B is a height-one prime ideal of A. The inclusion
T/PT =T (A/B) =T @ Sy
induces maps

Hz, (Qu, T/BT) — Hy,, (Qu.T ® Sp),

HE, (Qu,(T®Sp)") — Hr (Qu, (T/FT)"),

for every place v. If P ¢ X, then the kernels and cokernels of these maps are
finite with order bounded by a constant depending only on T and [Sy : A/P].

PrOOF. First suppose that v is a prime ¢ # p, and let Z be the inertia group
of £. By definition, Hx (Q, T/PT) is the image of H'(Qy,T) in H'(Q,, T/PT).
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Using Lemma ii) for the first equality, the map H*(Qg, T) — H'(Q,, T/BT)
factors through

H'(Qe, T) = H'(Qi™/Qe, T) — H'(Q}™/Qu, T /FTY)
— HY(QJ™/Qe, (T/PT)*) = Hy,,o(Qe, T/PT).  (14)
Hence Hx (Qq, T/PT) C H},.(Qs, T/PT), and so the image of Hy (Qg, T/PT)

in H'(Qu, T ® Sy) is contained in H},  (Q, T ® Sg). By definition this is a sub-
module of H}-CM(QZ, T ® Sg), so we obtain the desired map
HE, (Qu, T/PT) — Hg,, (Q, T @ Sy). (15)

can

The kernel of H'(Q, T/PBT) — H*(Qs, T ® Sg) is a quotient of H*(Q,, T ®
(S /(A/P))), which has order bounded by [Sq : A/P]"***2 . Hence the same
bound holds for the kernel of (15)).

We now consider the cokernel of . In , the map

HY(QE™/Qe, TF) — HY(Q)™/Qu, T /PTY)
is surjective because Gal(Q}™/Q¢) has cohomological dimension one. Taking Z-
cohomology of yields

0 — T?/PT* — (T/PT)* — H'(Z,T)[P] — 0.
Since ¢ # p the action of 7 on A is trivial, and since A is free over Z, we get
HY(Z,T)[F] = (H'(Z,T) ® A)[B].

But P # pA € Xy, so (recall that 9B acts only on the second factor of this tensor
product) HY(Z,T) ® A has no B-torsion. Thus the composition is surjective.

The cokernel of H}, (Qs, T/PT) — H., . (Qe, T ® Sy) has order bounded by
T @ (Sp/(A/B))|. A straightforward diagram chase (see the proof of Lemma 1.3.5
of [Ru6]) shows that

H: (Qo, T ® Sy)/Hn (Qo, T ® So) = HY(T, T @ Syp) e

Since T acts trivially on the free Z,-module Sy, H'(Z,T ® Sy) = H'(Z,T) ® Sy
and HY(Z,T @ Sq)tors = H(Z,T)tors ® Syp. But HY(Z, T )4ors is finite for every ,
S0

|HYT, T ® Sy )its | = [H'(Z, T)iors ® Sp @ A/ (Fry — 1)A].

tors
Since A/(Frp, — 1)A has finite Z,-rank, the right-hand side has finite order with a
bound depending only on T and ¢. If T is unramified at ¢ then H'(Z,T)iors =
Hom(Z, T)tors = 0, and we conclude that the cokernel of is finite with a bound
depending only on T" and [Sy : A/9].

Now consider the case v = p. Taking Gq,-cohomology of the sequence
shows that the cokernel of H'(Q,, T) — H'(Q,, T/PBT) is H*(Q,, T)[P]. Since
B ¢ T, we have that H?(Q,, T)[B] is finite. Hence this cokernel is no bigger
than the maximal finite submodule of the finitely-generated A-module H?(Q,, T),
so [H(Q,, T/PT) : H}A (Qp, T/PT)] is finite and independent of P.

By definition H}Can(Qp,T ® Sp) = HY(Q,, T ® Sg), so the first map of the
lemma is just the composition

H, (Qp, T/PT) — H'(Q,, T/PT) — H'(Q,, T ® Syp).



64 5. KOLYVAGIN SYSTEMS OVER INTEGRAL DOMAINS

The kernel and cokernel of the map H'(Q,, T/PT) — H'(Q,,T ® Sy) are con-
trolled by H (Q,, T® (Sy/(A/P))) with i = 0 and 1, respectively, and these groups
have bounds of the desired sort.

When v = o0, it is straightforward to check that H*(R, T) — H'(R, T/BT) is
surjective, so Hy (R, T/PBT) = H'(R, T/PBT), and then the kernel and cokernel
of HY(R, T/PT) — H'(R,T ® Sy) are bounded exactly as for v = p.

This gives the desired properties of the first map of the lemma for every v. The
proof for the second map is similar (the “dual” of the proof above). O

PROPOSITION 5.3.14. For every height-one prime ideal P of A, the composition
T —>T®(AP) —T® Sy induces maps

o HY(Q, T)/BPH'(Q,T) — Hy._ (Q,T ® Sy),

my t Hi. (Q,(T'® Sp)*) — HE, (Q, T7)[%].

For every P the map my is injective. If P ¢ X then coker(my), ker(my), and
coker(w%}) are all finite with order bounded by a constant depending only on T and

[Syp = A/F.

ProoOF. By Lemma iii), H1(Qx/Q, T) = H*(Q, T). Thus Gal(Qs/Q)-
cohomology of yields an injective map

HY(Q,T)/BH'(Q,T) — H'(Qs/Q, T/$T) (16)
with cokernel H?(Qx/Q, T)[B]. If B ¢ 4, then H?(Qx/Q, T)[P] is contained in
the maximal finite submodule of the finitely-generated A-module H%(Qyx/Q, T), so
the cokernel of is finite and bounded by a constant depending only on 7.

The map
H'(Qs/Q, T/$T) — H'(Q=/Q,T ® Sy) (17)
has kernel and cokernel controlled by H(Qs/Q,T ® (Sg/(A/%))) with i = 0 and
1, respectively.
The A-module Sy /(A/%) has a Jordan-Holder filtration in which all quotients
are Z/pZ (with trivial Galois action). Hence by Lemma[3.5.2]

H(Qs/Q,T @ (Sp/(A/F))) =0,
SO is injective. On the other hand, H*(Qx/Q,T ® (Syp/(A/$))) is finite with
order bounded by a function of rankz T, [Sp : A/%], and X. Thus the cokernel of
is bounded in terms of T" and [Syp : A/P].
Lemma [5.3.13| shows that restricts to a (still injective) map

HE, (Q T/$T) — Hz, (Q,T ® Sy). (18)
It follows from the bounds on the kernels and cokernels in Lemma that the
cokernel of is finite with order bounded by a constant depending only on T'
and [Sgp : A/PB]. The map my is the composition of and , so combining
the observations above we get the desired properties of ker(my) and coker(mg).
The map ﬂg’% and the bounds on its kernel and cokernel follow from Lemma

in the same way, using Lemma as well to identify H }-f\ (Q, T*[B]) with
Q. ")), .

COROLLARY 5.3.15. For every height-one prime P of A, there is a natural map
KS(T,Fx) = KS(T ® Sg, Fean)-
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PROOF. We have maps KS(T,F,) — KS(T/PBT,Fr) — KS(T ® Sy, Fean),
the first by functoriality (Remark [3.1.4) and the second by Lemma [5.3.13 O

LEMMA 5.3.16. If P is a height-one prime of A, and P ¢ 3, then
X(T (%9 Sgp, ]:can) = rankszf

where T~ is the minus part of T for complex conjugation.

ProOOF. By Theorem [5.2.15]

X(T ® Syp) = rankg,, (T'® Syp)~ + corankg,, H°(Q,, (T ® Sg)*)

where (T'® Sg)~ is the minus part of T ® Sg for complex conjugation. But (T'®
Sp)” =T~ ®Syp, sorankg, (T®Sy)~ = rankg, T~ . Further, H°(Q,, (T/PT)*) is
dual to H?(Q,, T/PBT), and H?(Q,, T/PT) = H*(Q,, T)/PH?(Q,, T) because
Gq, has cohomological dimension 2. Since H 2(Qyp, T) is a finitely-generated torsion

A-module (Lemmal5.3.4) and P ¢ 4, we see that H2(Q,,, T)/BH?*(Q,, T) is finite.
Hence H°(Q,, (T ® Sg)*) is finite as well, and this proves the lemma. O

DEFINITION 5.3.17. We define x(T) to be the common value (by Lemma|5.3.16)
of X(T'® S, Fean) for P ¢ ¥p. Equivalently, x(T) = rankz 7.

REMARK 5.3.18. By Proposition 1.3.2 of [PR3], if the weak Leopoldt conjec-
ture holds for T then ranky H'(Q,T) = x(T).

If K € KS(T) and P is a height-one prime of A, let x*) denote the image of
K in KS(T ® Sy, Fean) under the map of Corollary |5.3.15

COROLLARY 5.3.19. Suppose k € KS(T) and k1 # 0. Then for all but finitely
many height-one primes P of A, the class Hgm) € HY(Q,T ® Sy) is nonzero.

PROOF. Since ki1 is a nonzero element of the finitely-generated torsion-free
(Lemma5.3.5) A-module H*(Q, T), there are only finitely many height-one primes
B such that k1 € PHY(Q, T). Thus the corollary follows from the injectivity of

the map mg in Proposition [5.3.14 g

LEMMA 5.3.20. Suppose k € KS(T) and B is a height-one prime of A, and ‘B
is not in the blind spot of k. Then kF) #£0.

Proor. Write Ty = T/PT. Fix nonzero elements o, 5 € A/P such that
aSy C A/P and the image of k in KS(Typ /BTy, P;) is nonzero for every j. In
particular (taking j such that m7(A/9PB) C aB(A/P)) we can find an n € N such
that I,,(A/B) C aB(A/P) and the image of k,, in H(Q, Tty /BTy) ® G, is nonzero.

Since P is prime, we have an injection Ty /BTy — Typ/aBTy and hence
(by Lemma [3.5.2) an injection H'(Q, Tip/8Ty) < HY(Q,Tp/aBTy). Thus the
image of ak, in H(Q, Ty /afTy) @ G, is nonzero. From the composition

HY(Q,Ty/afTy) — HY(Q, (T ® Syp)/af(T ® Sy)) = H'(Q,Ty/abTy)

we conclude that the image of k,, in H*(Q, (T ® Sg)/aS(T @ Sg)) ® Gy, is nonzero,
and so k(P £ 0. |

ProOF oF THEOREM [5.3.6l By Corollary [5.3.19] we can choose a height-one
prime B of A such that P ¢ ¥, and Hgm) # 0.
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Applying Theorem [5.2.2 to £ shows that H}C*a (Q, (T'® Sg)*) is finite, and
then Proposition [5.3.14f shows that H}X (Q, T*)[B] is finite. But A*[P] = (A/P)*
is infinite, and so H fX(Q’ T*) must be co-torsion. |

Proor oF THEOREM [B.3.10l If k1 = 0 then Ind(k) = 0 and there is nothing
to prove. So we assume from now on that x; # 0.

Fix a height-one prime B of A, and suppose first that 8 # pA. For convenience
we identify A with the power series ring Z,[[U]], and we fix a generator p(U) of
B which is a distinguished polynomial (a monic polynomial congruent to Udes(r)
modulo p). For every N let

By = (p(U) +p™)A.

Since B # pA, the Py are distinct ideals of A, and different from 3.
Fix a pseudo-isomorphism

Xoo — DBA/B™) DA/ fiM) (19)

where each f; is prime to . In particular ordgp(char(Xo)) = >, m;.
We first claim that if N is sufficiently large, then By satisfies the following
properties:

(i) Bu is a prime ideal and A/P = A/Py,
(ii) the image of k1 in H'(Q,T ® Sy, ) is nonzero,
(iii) the cokernel of the injection

HY(Q,T)/B~H'(Q,T) — Hf, (QT ® Syy)

is finite with order bounded by a constant independent of NV,
(iv) P is prime to each f; in (19), and P ¢ Sa.

It follows without difficulty from Hensel’s Lemma that the first property holds for
N sufficiently large. The second property holds for all but finitely many N by
Corollary and the third holds for all but finitely many N by Proposition
(and using property (i)). The fourth property clearly holds for all but finitely
many N.

Fix an N large enough so that these properties hold, write Q = By, and let
£ denote the image of k in KS(T ® Sq, Fean). We will apply the results of
to k().

Let d = ordyp(Ind(k)), and let e be the ramification degree of Sq/Z,. Since
A/(PR4,Q) = A/(Q,pN9), it follows from (ii) and (iii) above that |9(?) (k) — Nde|
is bounded independently of N. Hence by Theorem (writing O(1) for an
integer bounded independently of N)

lengthg H}-C*an(Q, (T'® Sq)") < Neordg(Ind(k)) + O(1), (20)
and so by Proposition [5.3.14] writing r = rankz, Sq,

lengchPH}-X (Q, T")[Q] < Nrordgp(Ind(k)) + O(1).
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On the other hand, using (19)),
lengthy Hz. (Q,T*)[Q] = lengthy (Xoo/QXo0)

= lengthy A/(F™, Q)+ O(1)
= Z lengchPA/(Q7mei) +0(1)
— ermi + O(1) = Nr ordg(char(X)) + O(1),

so taking N sufficiently large shows that ordg(char(X)) < ordg(Ind(k)). Since
B was arbitrary, this proves (i).

Now suppose further that x(T) = 1 and B is not in the blind spot of k. Let
myp and mgy denote the maximal ideals of Sy and Sq, respectively. By Lemma
@ there is an n such that the image of , in HY(Q, (T ® Sp)/I.(T @ Sy))
is nonzero. Fix k such that I,,Sp C mf%ng and such that the image of &, in
HYQ, (T ® ng)/m’%(T ® Sg)) is nonzero (we can suppose I,Sp = mf%Scp unless
1,53 =0).

Suppose N is large enough so that properties (i) through (iv) above hold, and in
addition N > k. Then (T'®Sq)/mk (T ®Sq) = (T®Sq3)/m’§3(T®Sq3) so the image
of ky, in HY(Q, (T ® Sq)/mk (T ® Sq)) is nonzero. In particular () (k) < k.
By Lemma we have (T ® Sy, Fean) = X(T) = 1, so Theorem [5.2.12|(vii)
shows that equality holds in . With this equality the argument above shows
that ordg(char(X)) = ordgp(Ind(k)).

This proves what we need for primes P # pA. When B = pA, we can repeat
the argument above with Py = (UY + p)A, to obtain the same result. Combining
all of this information proves the theorem. O

We end this section with some questions and speculation.

Recall the module of Euler systems ES(T) = ES(T,P) given by Definition
The natural action of Gq on H'(F,T) for finite abelian extensions F of Q
gives an action of G’ on ES(T). Further, H'(Q, T) and all of the H(Q, T/I,T)
have a natural A-module structure induced by the A-module structure on T (al-
ternatively this action can be defined using Lemma [5.3.1[i)), so KS(T) also has a
G%Qb action which factors through Gal(Q./Q).

Let A be the kernel of the restriction map Zp[[Gg)]] — A. Since A annihilates
KS(T), AES(T) maps to zero under the Euler-system-to-Kolyvagin-system map of
Theorem Consider the composition

¥ : ES(T)/AES(T) =5, KS(T) 4% HY(Q,T)
where ¥k is the map induced by Theorem and ¥1(k) = k1. Then ¥(c) =
{cq, }, and all of these maps are A-module homomorphisms.
QUESTION 5.3.21. Is % injective?

Even in the basic examples we do do not know the answer to this question.
Assuming the weak Leopoldt conjecture for T', we have (Proposition 1.3.2 of [PR3])
that ranky H'(Q, T) = x(T). In many examples (see and we have that
X(T) = 1, and in some of those examples we know that the image of ¢ is free of
rank one, and we know an Euler system ¢ such that 1/(c) generates the image of 1.
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If ¢ were injective, it would follow that ES(T)/AES(T) would be free of rank one
over A, and therefore (Nakayama’s Lemma) ES(T") would be cyclic over Zp[[G?Qb]],
generated by c.

Assuming a conjecture of Greenberg [Grl] and using a result of Seo (Theorem

C of [Sed)), it is possible to show that 1) is injective for the cyclotomic unit Euler
system discussed in below.

QUESTION 5.3.22. [s Yk surjective?

In other words, does every Kolyvagin system for T come from an Euler system?
Again, this seems to be very difficult.

QUESTION 5.3.23. Is 11 injective?

The analogous map KS(T) — HL(Q,T) is not injective if x(T) > 1 (see
Remark . However, the construction that leads to Remark does not
work over A.

Note that if the answers to Questions [5.5.21] and [5.3.22] are “yes”, then the
answer to Question [5.3.23]is also “yes”.

QUESTION 5.3.24. What is the image of 1 ?

Let H1(Q,T) denote the double A-dual Hom(Hom(H!'(Q,T),A),A). Then
H'(Q,T) is a free A-module and there is a natural injection H'(Q, T) — H(Q, T)
(since H'(Q, T) is torsion-free) with finite cokernel. Let 1) denote the composition
of ¢ with this inclusion.

It follows from Theorem that image (1) C char(X)H(Q, T).

When y(T) = 1, conjecturally we have ranky H'(Q,T) = 1 and it seems

reasonable to hope that image(¢) = char(Xo)HY(Q,T). If the weak Leopoldt
conjecture holds for T and KS(T) contains a A-primitive Kolyvagin system, then
this equality follows from Theorem Both of these conditions do hold in
many examples, see §6.1]

When x(T) > 1, it is less clear what to expect. The simplest answer would

be image(1)) = char(Xo)H(Q, T); some evidence for this can be found in §6 of
[Rud]. But at present there are no well-understood examples with x(T) > 1.



CHAPTER 6

Examples

6.1. The multiplicative group

For this section fix a character p : Gq — Z, of finite order. Assume that p > 2,
so that the order of p is prime to p. Let L be the cyclic extension of Q which is the
fixed field of p, and A = Gal(L/Q). If M is a Zy[A]-module, then M?” will denote
the submodule of M on which A acts via p.

First, suppose k € Z*, and let R = Z/p*Z and T = Bk @ p~ %, a one-
dimensional representation with Gq acting via the product of p=! and the cy-
clotomic character.

We have
HY Q. T) = HY(Q, pyp ® p~) = (HY(L, pye) @ p~ )™ = (L*/(L*)P")P,  (21)

the last isomorphism depending on a choice of generator of the free rank-one R-
module p~!. Similarly for every prime ¢ we have

HY Qe T) = (L /(LY (22)

where Ly = L ® Qg is the sum of the completions of L at primes above .
The dual representation 7* = Hom (T, upm) is a one-dimensional representation
with Gq acting via p. We have

HYQ,T*) = (H'(L,Z/p"Z) @ p)® = Hom(Gy, Z/p*Z)" ", (23)

the subgroup of Hom(Gy,Z/p*Z) on which Gq acts via p~1.
prime ¢ we have

Similarly for every

H'(Q), T") (ﬁﬂomwmzmkznp“. (24)

DEFINITION 6.1.1. Define a Selmer structure F by taking ¥(F) to be the set
of primes where p is ramified, together with p and co. For every prime ¢ ¢ X(F)
one can check that

H{ (Q,,T) = (Oz,e/(of,e)pk)p

under the identification , where Op ¢ = Or ® Zy. For primes { € X(F) we
define H3(Qy, T) = ((’)Zl/((’)z’z)pk)p as well. (Since p > 2, we have H'(R,T) =0
so we can safely ignore the infinite place.)

Let Fean be the “canonical” Selmer structure on T' induced from Z,(1) ® ,0’1
as in Definition One can check ([Ru6] §1.6.C) that F.ny is obtained from F
by relaxing the condition at p, i.e., Hr (Q,,T) = H(Qp,T) and Hy  (Qe,T) =
Hy(Qe,T) for £ # p.

69
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The dual Selmer structure F* is given as follows ([Ru6] §1.6.B). For every
prime ¢ ¢ X(F*) = X(F) we have

HE(Qe, T*) = @y (Hom (G, /Tr, Z/p"Z))"

under the identification , where Z, is the inertia group in Gp,. For primes
¢ € B(F) we have Hx.(Qe, T*) = (@, Hom(Gr, /Tx, Z/p*Z)) " as well.

The Selmer structure F7,, is obtained from F* by strengthening the condition

at p, ie., Hr (Qp,T*) =0 and Hy. (Qu,T*) = Hy.(Qe, T*) for £ # p.
LEMMA 6.1.2. If p(p) # 1 then F = Fean.

PROOF. If p is nontrivial on the decomposition group of p, then it follows from

and that H*(Q,,T) and H'(Q,, T*) are both zero. O
ProPOSITION 6.1.3. We have natural exact sequences
0 — (OF /(OF)")" — HE(Q.T) — CUL)p) — 0
0 — (OL1/p)* /(OL[1/p])"))" — HF, (Q,T) — CI(L)[p*) — 0

and isomorphisms
HY.(Q.T") = Hom(CI(L)", Z/p"Z), HE. (Q,T*) = Hom(Cl(L),Z/p"Z)

where C1(L) is the ideal class group of L, and Cl'(L) is Pic(OL[1/p]), the quotient
of CI(L) by the classes of primes above p.

PROOF. From the definition of F, under the identification we have
H-(Q,T)={z € (LX/(LX)pk)p cordy(z) =0 (mod p*) for every A}.

This gives the first exact sequence of the proposition, where the map Hx(Q,T) —

CI(L)[p*]? sends z to the class of an ideal a such that aP* is the ideal generated by
(any representative of) x.

The second exact sequence is similar.

Under the identification (23), H}.(Q,T*) consists of the unramified homo-
morphisms in H(Q,T*), and Hf.. (Q,T*) consists of those unramified homomor-
phisms which are trivial on the dé?:%mposition group at p, i.e.,

H}.(Q,T*) = Hom(CL(L), Z/p"2)"",
HY. (Q,T*) = Hom(CY (L), Z/p"Z)"".
This gives the rest of the proposition. ([
Similarly if we take R = Z, and T = Z,(1) ® p~! we get isomorphisms
HE(Q,T)= (0} ©2,)", Hp,, (QT)=(OL[1/p]" ©Z,)"  (25)
since liLnCl(L)[pk] =0, and
k
Hz.(Q,T*) = Hom(C(L)",Qy/Z,), Hg, (Q,T")= Hom(Cl'(L)", Qp/zp()Q.G)
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DEFINITION 6.1.4. Take P to be the set of all primes different from p. Fix a
collection {¢, : n € Z™T} such that ¢, is a primitive n-th root of unity and ¢™, = ¢,
for every m and n. If F'is a finite abelian extension of Q of conductor f, we define
cr to be the image of NQ(pr)/F(Cfp — 1) under the Kummer map

F* — HY(F,Z,(1)).
One can check without difficulty that this defines an Euler system in the sense of
[Ru6] Chapter 2, the Euler system of cyclotomic units. To obtain an Euler system
c € ES(Z,(1),P, Q) satisfying Definition we need to modify these units
slightly (see Remark [3.2.3) as in [Ru6] §9.6.

By Remark the Euler system c gives an Euler system ¢” € ES(T, P,, Q=)
where P, is the set of primes not dividing pm, and m,, is the conductor of p. For
r prime to m,, using the identification , we have

—1
Quu,) = II (Grpm,, —1)7 2. (27)
SEGAIQ1ty )/ QH,))

Hypotheses (a) and (b) of Theorem are satisfied, and H%(Q,, T*) is either
zero (if p(p) # 1) or all of T* (if p(p) = 1). Thus by Theorem c” gives rise to
a Kolyvagin system k” € KS(T, Fcan, P,) with

- 1-p~'(p)
== (  TI Gu—17"0") . (28)
5€Gal(QUk,0,)/Q)

This will be trivial unless p is an even character and p(p) # 1.

There is no way to get something nontrivial when p is odd, because cyclotomic
units have no “odd components”. However, we can eliminate the assumption that
p(p) # 1. Namely, if Q*"? denotes the maximal abelian extension of Q which is
unramified at p, then we can define an Euler system ¢” € ES(T, P,, Q2bP) satisfying

= O
Qu,) = I Gm 1@
6€Gal(Q(kym, )/ Q1))
in place of . As long as p # 1 we get a Kolyvagin system «” € ES(T, Fean, Pp)
by Theorem [3.2.7]
Thus for every even nontrivial p we get a Kolyvagin system ” satisfying
Ky = 11 (Gm, — 1) 2, (29)
6€Gal(Q(Kyn,)/Q)
and using the fact that (; is a unit when f is not a prime power one can show that
in fact k? € KS(T, F,P,).
Let w: Gq — Z, denote the Teichmuller character giving the action of Gq on
-
LEMMA 6.1.5. Suppose p # 1 and p # w. Then T satisfies hypotheses (H.0),
(H.1), (H.2), (H.3), and (H.4a) of 3.5, and F and Fean both satisfy (H.6).

PrOOF. Hypotheses (H.0) and (H.1) are trivially satisfied, and (H.2) holds
with 7 = 1. If p # 1 and p # w, then (H.3) holds as well (note that since p has
order prime to p, it is not congruent to either 1 or w modulo p). Since p takes
values in Z), p® cannot equal w and therefore (H.4a) holds. Lemma shows
that (H.6) holds for F and Feap. O



72 6. EXAMPLES

PROPOSITION 6.1.6.

1 if p is even, 1,
(T, F) = fpi p#
0 ifpisodd, p#w

Proo¥F. From Theorem [4.1.13| and Proposition we have (when R =
Z/p"Z)

kx(T, F) = length(H:(Q,T)) — length(H}.(Q, T*)) = length(O} /(OF)"")”

and the proposition follows. ([

For x(T, Fcan) see Theorem [5.2.15

The following result is the main application of the cyclotomic unit Kolyvagin
system k. Originally known as the Gras conjecture, it was proved by the first
author and Wiles in [MW]. The proof sketched here is essentially due to Kolyvagin
(IKol, see also [Rull).

THEOREM 6.1.7. If p is an even character, and C, C OF denotes the subgroup
of cyclotomic units of L, then

|CL(L)?| = |OF /CL|”.

PrOOF. Apply Corollary[5.2.13((ii) to the Kolyvagin system k” € KS(T, F, P,)
satisfying (29). Equations and show that 09 (k) = length((O} /CL)"),
and together with this yields

ICI(L)?| < |OF /CL|”.

By a standard method using the analytic class number formula, (see for example
[Rul] Theorem 4.2) this inequality for all p implies that equality must hold for all
p- (Il

REMARK 6.1.8. The proof of Theorem shows, using Corollary [5.2.13((ii),
that k” is primitive.

Now take R=A, T =Z,(1)®p~!, and T =T @ A as in By Theorem
the cyclotomic unit Euler system defined by gives rise to a Kolyvagin
system k”>° € KS(T, F,) where F, is the Selmer structure of Definition
We have

R = (e, } € lim (LX)? C HY(Q,T)

where L, = LQ,, and ¢ € (L))" is given by
“1(6)s
an = H (Cpn+1mp — 1>p () .

5€G31(Q(F‘pn+lmp )/Qn)

Applying the results of to k”>° leads to the following theorem, equivalent to
Iwasawa’s “main conjecture” which was proved by the first author and Wiles in
[IMW]. Let C,, C (’)fn denote the group of cyclotomic units in L,, and let Cy, and
& denote the inverse limits (with respect to norm maps) of the p-adic completions
of the C,, and Of , respectively.

THEOREM 6.1.9. If p is an even character then
char(lim (C(L,)[p>])”) = char(£4,/C5,).
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PROOF. Suppose first that p(p) # 1. Then HY(Q,T) = &2 and s{"™ is a
generator of C%_, so
Ind(k?>°) = char(€L, /CL.).

As in Proposition (and using Lemma [6.1.2) we have
Hom(H, (Q,T"), Qp/Zy) = lim (CI(L,,)[p™])".

It follows from Remark [6.1.8] that x> is A-primitive, so in this case the theorem
follows directly from Theorem (and Remark .

When p(p) = 1, the statements above still hold “up to” powers of the augmen-
tation ideal A of A. But one can show that char(lim(Cl(Ly)[p>])”) is not divisible
by A. See [Ru6] §3.2 for details.

Taking these facts into account, Theorem (together with Remark
shows in this case that

char(lim (C1(L,)[p>])”) divides char(EL,/CL,).

Once again a standard argument using the analytic class number formula (see for
example [MW] §1.6 or [Rul] p. 414) allows us to turn this divisibility (for all p)

into an equality. O
REMARK 6.1.10. When p(p) # 1, it follows from Remark that the blind
spot of kK8t is empty.

Suppose now that p(p) = 1. Let A denote the augmentation ideal of A, and
kP24 denote the image of k”> in KS(T/AT) = KS(Z,(1) ® p~!). Then
shows that /<;’1”°°’A vanishes. But KS(Z,(1) ® p~') is free of rank one over

Z, (Theorem [5.2.10(ii) and Proposition [6.1.6), and the Kolyvagin system & €
KS(Z,(1) ® p~") of Definition has nonvanishing 1 (given by (29)). Since

HY(Q,Z,(1) ® p~') is torsion-free, we conclude that >4 = 0. Thus (using
Proposition [5.2.9) A is in the blind spot of k#°°.

6.2. Elliptic curves

For this section fix an elliptic curve E defined over Q. We will assume that

p >3, (30)

the p-adic representation Gq — Aut(E[p™]) = GL3(Z)) is surjective. (31)
Suppose first that k € Z*, and let R = Z/p*Z and T = E[p"], the p*-torsion in
E(Q).

DEFINITION 6.2.1. Define a Selmer structure F by taking 3(F) to be the set

of primes where E has bad reduction, together with p and oo. For every prime
¢ ¢ X(F) one can check that H}(Qg, E[p*]) is the image of the Kummer map

E(Qu)/p"E(Qi) — H'(Qu, EP")).

For primes ¢ € %(F) we define H:(Qg, T) to be the image of the Kummer map as
well.

With this Selmer structure Hx(Q, E[p¥]) is the classical p*-Selmer group of E,
which sits in an exact sequence

0— B(Q)/p"E(Q) — Hx(Q, Ep"]) — W] — 0 (32)
where g is the Tate-Shafarevich group of E.
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The Weil pairing identifies E[p*]* = E[p*], and one can show that F* = F.
Similarly if R = Z, and T is the p-adic Tate module T,(E), we define F
analogously and get

0—-EQ®Z, — H}-‘(Qan(E)) - liﬂlmE[pk] — 0.

If I is finite then this becomes an isomorphism Hx(Q,T,(E)) & E(Q) ® Z,,.
Now let Fean be the “canonical” Selmer structure on T' as in Definition [3.2.1
Then F.,y is obtained from F by relaxing the condition at p, i.e.,

image[H'(Q,,T,(F)) — H'(Q,, E[p* if £ =p,

HE (Qu E[pH]) = { [H( " »(E)) (Qp, E[p™])] .
Hy(Qe, E[p*]) if £ # p.

Similarly F7  is obtained from F by setting

Hz. (Qp. Elp*]) = ker[H'(Qp, E[p"]) — H'(Qp, E[p™]))-

< F < Fean and so

Hy. (Q,E]p*)) C H(Q,EPp") C Hy,_ (Q, E[p"]).
PROPOSITION 6.2.2. x(T,F) =0 and x(T, Fean) = 1.

PROOF. Since H-(Q, E[p]) = H:.(Q, E[p]*), we have x(T,F) = 0 by Theo-
rem [LT13] Also

X(T, Fean) = X(Tp(E), Fean) = rankz, T),(E)” =1
by Theorem [5.2.15] O

LEMMA 6.2.3. With assumptions as above, T satisfies hypotheses (H.0), (H.1),
(H.2), (H.3), and (H.4) of 3.5 and F and Fean both satisfy (H.6).

ProOF. Hypothesis (H.0) is trivially satisfied, (H.1), (H.2), and (H.3) hold
thanks to (3I), and (H.4b) holds because of (30). Lemma shows that (H.6)
holds for F and Fean. ([l

Let N be the conductor of E. Kato [Ka2] (see also [Sch] and §3.5 of [Ru6])
has constructed an Euler system for (T,(E),P’), where P’ is the set of primes
not dividing NpDD’ with two auxiliary positive integers D, D’ used in Kato’s
construction. Every £ € P’ satisfies hypothesis (b) of Theorem let P be the
subset of £ € P’ which also satisfy (a) of Theorern Then P satisfies hypothesis
(H.5).

Using Theorem (along with Propositions and if E(Qp)[p] #
0), Kato’s Euler system gives a Kolyvagin system x**° € KS(T},(E), Fean, P)-
Reducing k¥#° modulo p* gives a Kolyvagin system for E[p*] for every k.

The following is an application of Kato’s Kolyvagin system xX8t°. Let L(E, s)
denote the Hasse-Weil L-function attached to E, and Ly (FE, s) the L-function with
the Euler factors at primes dividing the conductor NV of E removed. Let {2 be the
fundamental real period of E. We continue to suppose that p satisfies and

(31).
THEOREM 6.2.4 (Kato [Ka2]).
(i) If L(E,1) # 0 then E(Q) and Ulg[p*>] are finite. If L(E,1) = 0 and
kKato £ 0 then either E(Q) is infinite or I g[p™] is infinite (or both).
(ii) Suppose further that p satisfies

Then F*

can
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(a) E has good reduction at p,

(b) pt|E(F,),

(¢c) p does not divide the integer rg of Theorem 7.1 of [Rub].

If L(E,1) # 0 then

LN(Ev 1) )

—q )

18 primitive.

PrOOF. Applying Corollary |5.2.13(ii) to £¥2'° shows that
length(HE. (Q, E[p™])) < 9 (k¥*)

length(IIg[p™]) < ord, (

with equality if and only if KK

with equality if and only if £K2*° is primitive. Combining this with Kato’s compu-

tation of k8 the exact sequence , and using global duality to compare the
true Selmer group H:(Q, E[p™]) with HL. (Q, E[p*]), will prove the theorem.
For the details see [Ru5] or Theorem 2.2.10 of [Ru6]. O

REMARK 6.2.5. In general one does not expect the inequality in Theorem
ii) to be sharp. Besides the missing Euler factors in the L-value, the Birch
and Swinnerton-Dyer conjecture for the order of Il g involves other terms as well,
namely |E(Q)iors| and ¢, = [E(Qy) : Eo(Qy)] for primes ¢ of bad reduction. A
stronger inequality than Theorem ii)7 which includes those factors, follows
from Theorem below (see [PR5] Proposition 3.3.1). One consequence of this
is that kK2 is not always primitive. The following proposition gives a direct proof
of this.

PROPOSITION 6.2.6. Suppose L(E,1) # 0 and p satisfies the hypotheses of
Theorem [6.2.4(i3). If p | co for some £ # p, then kX3 is not primitive.

PROOF. Define a Selmer structure F, on T,,(E) by taking

HL(Qu Ty(E)) if £ #p,
Hr (Qu, T,(E)) = {H?rzéiz%p(pé»)) 1f£ i ?

We also write F,, for the Selmer structure on E[p] induced by this. Then F, < Fean
(see for example [Ru6] Lemma 1.3.5), and we will take advantage of the fact that
under the hypotheses of the lemma, F; < Fean-

Suppose £ # p and p | ¢g. Then (for example [Si], Corollary 15.2.1 of Appendix
C) E has split multiplicative reduction at £, so E(Q) = Q,/¢% with ¢ € Q. and
p | orde(q). Tt follows that the image of £ under

Q; /q® - E(Qe)/pE(Qe) — H'(Qs, Elp))
does not lie in Hz, (Qg, E[p]). The image of this map is precisely Hx_ (Qy, E[p]),

an

so we conclude that H} (Qg, E[p]) is strictly smaller than Hy (Qe, E[p]).
It now follows from Propositions and that
dimp, HF, (Q, Elp]) — dimp, Hz. (Q, Ep])
<dimg, Hz, (Q, Elp]) — dimp, Hf. (Q,E[p]) =1,

and therefore x(E[p], Fy) = 0.

Thus by Theorem [5.1.1[i), KS(E[p], F.) = 0. But (see Remark the proof
of Theorem actually shows that the image of kK¥*° in KS(E[p|, Fean) lies in
KS(E[p], F.). Hence this image must be zero, and £X2% is not primitive. O
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Now take R = A and T = T,(F) ® A as in By Theorem Kato’s
Euler system gives rise to a Kolyvagin system xX#%>° ¢ KS(T, F,) where F, is
the Selmer structure of Definition Applying the results of §5.3| to rKato:>®
leads to the following theorem.

THEOREM 6.2.7 (Kato [Ka2]). Suppose E has good ordinary reduction or non-
split multiplicative reduction at p, and p does not divide the integer ri of Theorem
7.1 of [Rub|]. Then

char(Hom(Sel, (E/Qw0), Qp/Zy)) divides L N

where Lrp Ny € A is the p-adic L-function attached to E with the Euler factors
at primes dividing N removed, and Selp~(E/Qoo) is the classical p-power Selmer
group attached to E over Qx-

If E has split multiplicative reduction at p then the augmentation ideal A of A
divides Lg.n and

char(Hom(Sel,~ (E/Qx), Qp/Zy)) divides A~ L n.
If kK3t s A_primitive then both divisibilities are equalities.

PROOF. We can relate Sely (E/Quo) with Hx. (Q, T*) and Ind(k¥2%*:>°) with

Lg n, and then the theorem follows from Theorem [5.3.10| (and Remark[5.3.11). See
[Ru5| for the details. O

6.3. The multiplicative group, revisited

Return to the setting of p>2,p:Gq — Z, is a character of finite order,
L is the cyclic extension of Q which is the fixed field of p, A = Gal(L/Q), R = Z,,
and T = Z,(1) ® p~!. Let F be the Selmer structure on T given by Definition
0. 1. 1!

For this section we suppose that p is an odd character, different from the Te-
ichmuller character w. By Proposition we have x (7T, F) = 0, so by Theorem
[.2.10(i), KS(T,F) = 0. However, we can modify F to obtain Kolyvagin systems
as follows.

Recall (Example that 7 denotes the Selmer structure obtained from F
by relaxing the local condition at ¢, i.e., we set HL,(Q,T) = H'(Qy,T).

PROPOSITION 6.3.1. Suppose £ # p is prime and p(£) = 1. Then x (T, F*) = 1.
PRrOOF. By Proposition [2.3.5| we have
X(T,F*) — x(T,F) = dimp, Hy.(Qq,T) — dimp, Hx(Qe, T).
But x(T,F) = 0 by Proposition and under the identification
Hz(Qe T) =2, /(Z7)", Hz(Qe,T) = Q7 /(Q)).
Thus x(7, F*) = 1. O

THEOREM 6.3.2. Suppose p : Gq — Z, is an odd character, p # w. For every
prime £ # p with p(f) = 1, the Z,-module KS(T, F") is free of rank one and is
generated by a primitive Kolyvagin system.

PROOF. This follows from Theorem [5.2.10(ii) and Proposition [6.3.1] (using
Lemma [6.1.5]). O
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REMARK 6.3.3. Kolyvagin’s “Gauss sum Euler system” (see [Ko] or [Ru2])
gives an Euler system c©) € ES(T, F*,P®) for each ¢ with p(¢) = 1, where P
is the finite set of primes dividing ¢ — 1. These “finite” Euler systems give rise to
Kolyvagin systems &) € KS(T, F¢, P®). Theorem says that k() can be
extended to KS(T, F*, P) where P is the set of all primes not dividing plm, where
m, is the conductor of p. It is not clear whether the Euler systems themselves can
be extended.

The family of Kolyvagin systems {x(9)} satisfies a “compatibility in £”, in that
the classes {;@5‘) € (L* ®Z,)"}, which are given by Gauss sums, are the values ¢(¢)
of a Hecke character .

REMARK 6.3.4. A similar phenomenon occurs in the work of Flach [Fl]. Let E
be an elliptic curve defined over Q, R =Z,, and T = Sym? (T, (E)), the symmetric
square of the p-adic Tate module of E. Assume that the p-adic representation
Gq — Aut(T,(E)) is surjective, so that the hypotheses of will be satisfied.

Theorem shows that x (7T, Fean) = 1. If Fpk denotes the Bloch-Kato
Selmer structure on T used in [F1], then Fpk differs from Fe,, only at p, Fpx <
Fean, and one can show that x(Fpk,T) = 0. For every rational prime ¢ # p
where E has good reduction, the automorphism Fr, of T has the eigenvalue ¢ with
multiplicity one, and it follows that with the relaxed-at-¢ Selmer structure F, we
have

X(T, F) = X(T, Fx) +1=1.
Therefore by Theorem ii) the Z,-module KS(T, F§y) is free of rank one,
generated by a primitive Kolyvagin system, for every prime ¢ # p where F has
good reduction.

In [E]], Flach constructs what can be viewed as the classes nﬁ“ € H}éK(Q, T)

for these Kolyvagin systems. So far no further classes nﬁf) have been constructed,
but the classes n(lé)
details.

are compatible in an important way. See [Ma2] or [We| for






APPENDIX A

Proof of Theorem [3.2.4

In this appendix we prove Theorems and The proof requires the
setting, notation, and results from Chapter 4 of [Ru6]. We recall most of the
essential information here and refer to [Ru6] for the details.

Let T, R, F = Fcan, and P be as in Theorem [3.2.4l Thus R is the ring of
integers of a finite extension of Q,,, P is a set of primes different from p where 7T is

unramified, and such that for every ¢ € P,
e T/(Fry — 1)T is a cyclic R-module,
k
e Fr{ —1is injective on T for every k > 0.

As usual let A be the set of all squarefree products of primes in P.

LEMMA A.l. If H(Q,,T*) is a divisible R-module then for every ideal I of
R, we have Hx(Q,, T/IT) = H'(Q,,, T/IT).

PrROOF. When I = 0 this is the definition of the Selmer structure F at p.
For general I the Selmer structure on T'/IT is the one induced from T, i.e.,
H:(Qp,T/IT) is the image of H-(Q,,T) = H'(Q,,T) in H(Q,,T/IT). Fixing
a generator o of I, cohomology of the exact sequence 0 — T' % T — T/IT —0
shows that

coker[H'(Q,,T) — H'(Q,, T/IT)] = H*(Q,, T)[1],
the kernel of I in H?(Q,,T). By local duality

H2(Qp7 T) [I] = HOI’H(HO(QP, T*)/IHO(QIM T*)v Qp/zp)
which is zero if H%(Q,,T™) is divisible. O

Fix an Euler System ¢ € ES(T) = ES(T, P, K) with K as in Theorem
Definition 4.4.10 of [Ru6] associates to ¢ a collection

{kn € HY(Q,T/I,T)® G, : n € N}

such that k1 = cq. Here we write simply k,, for the class denoted k|q,n,1,] Of
[Ru6]. (The arguments of [Ru6] use a fixed generator of each Gy, and hence of
each Gy, and produced K(q n,1,] € HY(Q,T/I,T). Without these choices the same
construction gives kiqn.1,] € H'(Q,T/1,T) ® Gy.)

PROPOSITION A.2. If H°(Q,,T*) is a divisible R-module then the collection
{kn} is a weak Kolyvagin system for (T,F,P) in the sense of Definition .

In general, if k € ZT then for all sufficiently large j the collection {Kink 'n €
N} is a weak Kolyvagin system for (T /mKT, F,P;), where k¥ denotes the image
of kin in HY(Q,T/(IL,,,m*)T) ® G,,.

79
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PRrROOF. By [Ru6] Theorem 4.5.1, k,, € H:,., (Q, T/, T) ® G,,. If H(Q,,T*)
is divisible then Lemma shows that H}.,(Q,T/1,T) = H-.(Q,T/1,T).

In general H:(Q,,T/m*T) is the image of H'(Q,,T) in HY(Q,, T/m*T),
which is finite, so H:(Qp,T/m*T) is the image of H'(Q,,T/miT) for all suffi-
ciently large j. For such j, if n € N then I, C m’ so nﬁf) is in the image of
HY(Q,T/mIT) ® G, and hence £ € HL,(Q,T/m*T) @ G,.

Theorem 4.5.4 of [Ru6] shows that the x,, satisfy of Thus in either
case the definition of a weak Kolyvagin system is satisfied. O

The collection {k,} (or {nslk)}) is not in general a Kolyvagin system, because
we will not have k,, € H]l_-(n)(Q,T/InT) ® G,,. However, by computing the finite
projections (kn)es at primes £ dividing n, we will show that a slight modification
of the k, (or {KL’“)}) gives a Kolyvagin system. Thus it remains to compute the
(Kn)es

DEFINITION A.3. If ] is an ideal of R and ¢ € P, let A, 1 denote the augmen-
tation ideal of (R/I)[G¢ ® R/I]. Then there is a canonical isomorphism

pe=per:Anr/Al — Gi@R/T

which sends o — 1 to o ® 1.
If n € N let &(n) denote the set of permutations of the primes dividing n, and
let &1(n) C &(n) be the subset

{m € &(n) : the £ not fixed by 7 form a single m-orbit}.
If m € &(n) let de =L (p—e t-

THEOREM A.4. Ifn €N and £ | n then

(Kn)et = Z (1)) (4 Ver @ Pq(Pq(Fr;(lq)))

7€S1(n) ql(n/dx)

where as usual v(d) is the number of prime factors of d.

We will prove Theorem [A4] below, after using it to prove Theorems and
£33

ProoF oF THEOREM [3.2.4]l Fix an Euler system c¢ and keep the rest of the
notation above.
First suppose that H°(Q,, T*) is a divisible R-module. For every n € N define

K=y sign(mra, @ p(P(Fr ) € H(QT/LT) @G,  (33)
TeES(n) £ (n/dx)

where sign(7) is the sign of the permutation 7. By inspection we see that since the
Ky, satisfy of so do the x/,. On further inspection we see that if £ | n then
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we can group the terms in the definition of &/, as

Kl = Z sign(m)kq, ® Pq(P (Frﬂ(q)))
TeS(n) al(n
T(l)=~L
+ Z Z sign(r7m’)kq_, @ Pq(Pq(Fr;;'(q)))
TFEG(TL) ﬂ'/€61(d7\—) Q|(n/d1r’)
T(0)=¢ 7! (£)F#L
= Z sign(m)sr @  pq(Fy (Frw(q)))
reS(n) ql(n/dx)
T(£)=¢L

where

Se=fa, — > (D5 Q@ py(Py(Frii,):
i) d@ran
T ()78

Theorem shows that (sx)es = 0 for every =, so (k],)es = 0. Combining this
with Proposmon 2| we see that ], € H} (Q, T/I T) ® Gy, and the collection
{k,} is a Kolyvagln system k' € KS(T). We have K] = K1 = cq, so the association
¢ — k' gives the desired map ES(T) — KS(T') in Theorem

Now we no longer suppose that H 0(QP,T"‘) is divisible. Let k € ZT, let j be
sufficiently large as in Proposition and let m% ) be as in Proposition For
n € Nj define k), € HY(Q,T/m*T) ® Gn exactly as in (33)), but with x,, replaced
by /{(k). Then the identical computation shows that n(k’j) ={k, :n e N;} €
KS(T/m*T,P;). The collection {x*))} is an element of KS(T'), and this gives the
desired map ES(T) — KS(T). O

REMARK A.5. The proof of Theorem [3.2.4] actually produces a Kolyvagin sys-
tem for a possibly finer Selmer structure. Define F, by

HY(Q,,T) ift=p

Hyo(Qe, T) i £ # p.
Then F, < F, and it can happen that F, < F. More precisely, if T' is unramified
at £ then Hx(Qg,T) = H}u (Qe¢, T), but if T is ramified at ¢ they may be different
(see [Ru6] Lemma 1.3.5(iv)).

The proof of Theorem 4.5.1 of [Ru6] shows that in fact the classes , used in

the proof of Theoremhe in H z ! #n (Q, T/I,T). Therefore the map of Theorem
factors through

Hz (Q),T) = {

ES(T) — KS(T, F,) — KS(T, F).
See Proposition for an application of this observation.

Proor oF THEOREM [5.3.3l The proof of Theorem[5.3.3]is essentially the same
as that of Theorem [3.2.4] We sketch the argument again here. Fix an Euler system
c.

In n € N let I/, C A be the ideal generated by ¢ — 1, Py(1), and Fry — 1 for ¢
dividing n. Then I,, C I}, and both ideals have finite index in A when n > 1. If F),
denotes the fixed field in Q. of the automorphisms Fry for ¢ dividing n, and M,
is the smallest power of p in I}, then A/}, = (Z/M,Z)[Gal(F,,/Q)] and the class
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K[F, n,M,] associated to ¢ by Definition 4.4.10 of [Ru6]| lies in H*(F,,T/M,T) =
H'(Q,T/I)T). We will denote this class simply by k,,.

We need to construct an element of KS(T). In other words, for every k € Z+
we need to construct, for some j, a Kolyvagin system in KS(T/m"* P;), and these
need to be compatible in the obvious sense.

Fix k € Z*. Let A, C m* be the ideal of A generated by 'y”k —1 and p*, where
7 is a topological generator of Gal(Q.,/Q). Since m* has finite index in A, we can
choose j > k so that the image of

Hl(Qp’ T/A;T) — Hl(Qpa T/ka)
is equal to the image of H*(Q,, T) in H'(Q,, T/m*T), ie., is Hy (Qp, T/mFT).

Now suppose n € N;. It is not hard to check that I/, C A;. Let k) denote the
image of k, in H'(Q, T/m*T) ® G,. Just as in the proof of Proposition we
have (using Theorems 4.5.1 and 4.5.4 of [Ru6]) that the collection {n%’“) :n e N}
is a weak Euler system for (T/m*T,P;).

Theorem remains true in this setting. The only difference in the proof is
that instead of working over R = Z,, and its quotient Z,/I,,Z,, we need to work
over R = Z,[Gal(F,,/Q)] and its quotient A/I], = (Z/M,Z)[Gal(F,/Q)]. The key
points are that R is a free Z,-module, and that Fr, = 1 in R for every ¢ dividing n.

Now using Theorem exactly as in the proof of Theorem [3.2.4 we can modify
the collection {/-cg,k)} to produce a collection {x!, : n € N;} € KS(T/m*T,P;).
The compatibility in j and k is evident, so putting these together gives the desired
element of KS(T). O

The rest of this appendix is devoted to the proof of Theorem [A-4]

Fix n € N and a prime £ | n. If F is a number field then we will write Fy =
FoQ,= EB)\‘@F)\ and Hi(Fg,T) = EBA‘@Hi(F)\,T), Hfl(Fg,T) = @)\MHfl(F)\,T), etc.
If F/Q is Galois then H*(F,,T) and H}(F,,T) have natural actions of Gal(F/Q).

For simplicity we will assume from now on that R = Z,. The general case
presents no additional difficulties. Let I be the power of p generating I,. For
every m dividing n let Q(m) denote the maximal extension of Q of exponent I
inside Q(u,,,), and write G(m) = Gal(Q(m)/Q). We have a natural identification
G(m) = Gal(Q(n)/Q(n/m)), and we will view G(m) either as a subgroup or as a
quotient of G(n), as convenient.

Although in general I,,, can be a multiple of I, we will modify our previous
notation and replace I, by I for every m dividing n. With this change we have
identifications G(q) = G4/IG, for every ¢ € P and G(m) =[], ,,, G(q).

LEMMA A.6. (i) If L € Q(n) and H = Gal(Q(n)/L) then the natural
restriction map H'(Ly, T) — HY(Q(n)y, T)¥ is an isomorphism, and
it induces an isomorphism H} (L, T) = HH(Q(n)e, T)H
(i) HY(G(n/0), H{ (Q(n),T)) = 0.

PROOF. The first assertion follows from the inflation-restriction exact sequence,

k
since we have assumed that 7% =1 = (.
Let H be the decomposition group of ¢ in Gal(Q(n)/Q(¢)), and L = Q(n)*.
Then
HY(L/Q(0), HAQ(n), TY) = H(L/Q(t), HM Ly, T)) = 0
since ¢ splits completely in L/Qy ().
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On the other hand, H!(Q(n),T) = ®x¢T/(Fryx—1)T (Lemma m(l)), where
Fry is the Frobenius in Ggp), -
Write |H| = k. Since H is generated by Fry, we can lift Fr, to G, so that
Fry = Fry, and then
H'(H,H{ (Q(n)x,T)) = H' ((Fre), T/ (Frj — 1)T)
k—1
={teT:()_F)te (Frj — )T}/ (Fr, — 1)T.
i=0
By our assumptions on ¢, multiplication by Frf — 1 is injective on T, and so this
final quotient is zero. Hence H'(Q(n)/L, H} (Q(n), T)) = 0, and (ii) follows from
the inflation-restriction sequence. O

Let X,, be the “Universal Euler system” defined in §4.2 of [Ru6]. Then X,, is
the free Z|G(n)]-module generated by symbols z,, for m dividing n, modulo the
relations

e G(n/m) acts trivially on x,,,

o Nytym = Pq(Fr(;l)xm for every prime ¢ dividing n/m, where N, =
>occ(p @ € Z[G(n)], and Py(z) = det(l — Fr, 2 | T) as in Definition
221

Thus {z,,} “looks like” a piece of an Euler system. In particular our Euler system
c induces a map ¢ : X,, — HY(Q(n),T) by taking c(z,,) to the restriction of
cq(m)- Since (cqem))e € H{ (Q(m),,T) ([Ru6] Proposition 4.6.1), we also get a
map ¢t : X, — H} (Q(n)g, T) by taking c¢(xy,) to be the restriction of (cqm))e-

For each ¢ dividing n fix a generator o, of G(g), so that we can identify G(q)
with Z/IZ. Following Kolyvagin we define

-1
Dy =Y io, € Z[G(q)] C Z[G(n)]
i=0
and Dy, =[], Dq. We have the telescoping identity in Z[G(n)]
(0q—1)Dy=1— N, (34)

which leads to the fundamental property ([Ru6] Lemma 4.4.2)
(0 = 1)Dpam € IX,, for every o € G(n) and m dividing n. (35)
Since X,, has no Z-torsion ([Ru6|] Proposition 4.3.1), it follows from that

I=Y(o — 1)Dyy 2y, is well-defined in X, for every o and m.

DEFINITION A.7. Suppose m | n. The assignment o +— c¢(I~' (0 — 1) D, p,)
defines a 1-cocycle from G(n/f) to H} (Q(n),,T). By Lemma ii) we conclude
that there is a 3, € H}(Q(n), T') satisfying

(0 —1)Bm = (I (0 —1)Dpx,y,)  for every o € G(n/f). (36)
In particular
(DmCQ(m))é - Iﬂm S Hfl(Q(n)eaT)G(n/Z)a
so by Lemma i) there is a (unique) 1, € H{ (Q(f)¢,T) whose restriction to
Q(n)¢ is (Dmcqem))e — IBm-

PROPOSITION A.8. The restriction of Ky, to HY(Q(€)e, T/IT) is the image of

Nim -
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PROOF. We mimic the arguments of [Ru6] §4.6. Fix a prime A of Q above /,
and let D denote the decomposition group of A in Gq. Let

T = Maps(Gq,T),
the group of continuous maps (not necessarily homomorphisms) from Ggq to T,
with Gq acting by
(vf)(g) = f(gy) for feTand v,9 € Gq.
Define T, C T by

T,={f€T: f(hg) =h(f(g)) for all h € D}.

Cohomology of the exact sequence 0 — Ty — T — T/T, — 0 yields, for every
subfield F of Q(n) (since HY(F;, T) = 0 by our assumption on /), a short exact
sequence

0 — TG — (T/Ty)%" 25 HY(F,,T) — 0 (37)
and a map

(T/UT +T0)% =% H(F,T/IT)
(see [Ru6] Corollaries B.4.4 and B.5.2). The map ¢ : X,, — H*(Q(n),, T) factors
through a map d : X,, — (T/T,)%am in (JRu6] Proposition 4.6.8). For every
m dividing n we have d(D,z,,) € (T/(IT + T;))“?, and then
K = SQ(d(Dmxm))

(JRu6] Lemma 4.6.7 and Definition 4.4.10).

The assignment o — d(I~*(oc — 1)D,,x,,) defines a 1-cocycle from G(n/f)
to (T/T¢)“et. The connecting map dq(,) sends this cocycle to the coboundary
o+ (0 —1)B, and hence to zero in H'(G(n/¢), H'(Q(n);, T)). But T¢e™ is
a free Z,[G(n)]-module (see [Ru6|] Lemma 4.4.6), so H'(G(n/¢), T2(™) = 0 and
hence there is a 3, € (T/T;)¥2 such that

(0 —1)Bm =dI (o — 1) D)
for every o € G(n/l).
It follows that
d(n)(Bm) = B € H'(Q(n)e, )9 = H(Q(0)e, T)

the equality by Lemma i). Since dq(y) is surjective, after adjusting Bm by an
element of (T/T,)“2® we may assume that (5Q(n)(3m) = Om.-
Let 7, = d(Dmnm) — 13 € (T/T,)%2®. Then the restriction of &, to Q(¢)
is
SQ(Z)(d(Dmmm)) = SQ(Z) (Thm.)
which is the image of dqz) (i) = N in H'(Q(€)y, T/IT). This proves the lemma.
O

Proposition will enable us to prove Theorem [A:4] because for each m, the
finite projection (K, )es is determined by the restriction of &k, to Q(¢).

DEFINITION A.9. Define the /-finite quotient X,, of X,, to be the quotient of
X, by the elements {xz,, : £ | m,m | n}. For x € X,, let T denote the image of z in
X
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LEMMA A.10. (i) The map ¢t : X, — H}(Q(n)e, T) factors through a
map X, — X, = H}(Q(n),, T).
(i) Py(Fr, "X, = 0.

PRrROOF. The “Euler system congruence relation”, Corollary 4.8.1 of [Ru6]
adapted to account for the different choice of Euler factors in our definition of
Euler system, says that (cqm))e,f = 0 if £ | m. This proves (i).

For (ii), we need only observe that X,, is generated by the &, for m dividing
n/f, and for these m, Pg(FI‘Zl)m = NyZye = 0. O

DEFINITION A.11. Let A denote the augmentation ideal of Z[G(n)], and for
each prime ¢ dividing n define p, : A — Z/IZ to be the composition
pgi A— Ay 25 G, Z/1Z — Z)1Z

where Ay 1 and pg; are as in Definition [A.3] the map A — Aj, is induced by
Z|G(n)] — Z|G(q)] = Z|G, ® Z/IZ], and the final map sends our chosen generator
o4 to 1. Concretely, A is generated by the o4, — 1 for ¢ dividing n, and

_ 1 ifg=4d,
L —1) =
Pq(aq ) {0 ifg+£q.
LEMMA A.12. Suppose ml | n.
(i) If f € A2+ IZ[G(n)] then I=1fD,ywpme = 0 in X,,.
(ii) If f € A+ IZ]G(n)], then

IilfDmmel = - Zﬁq(f)Iiqu(Frqil)Dmé/quE/q - ﬁf(f)lilPK(Frzl)Dmxm«

qlm

PRrOOF. Note that by , I fD,yxme is a well-defined element of X,,. If
f € IZ[G(n)] then I~ fDpptrme = (I7' ) Dyppine = 0.
Using we see that

(Jq_l)DmmeZ = ((q_l)_Nq)DmZ/quf = (q_]-)Dmé/qul_Pq(Frq_1>Dml/qmmE/q

in X,,. Dividing by I and projecting into X,, proves (ii) when f =0, — 1.

Note that each Pq(Frq_l) belongs to A + IZ[G(n)] by our assumption that I
divides P,(1). Proceeding inductively we can continue to expand those terms in
the sum with index divisible by ¢, and we conclude that if f € A+ IZ[G(n)] then
I=1f D¢ e is a linear combination of the elements {I—1Py(Fr; ") D,z : | (n/f)}.

Now if f,g € A then I~ fgD,,¢x,¢ can be expressed as a linear combination
of {I=1Py(Fr; gDz, : 7 | (n/€)}. But since gD,x, € [X,,

I-1Py(Fr; )gD,a, = Po(Fr; ')~ 1gDyz, = 0

by Lemma ii). This proves (i).
The right-hand side of (ii) is a linear function of

f € (A+1Z[G(n))) /(A + TZ[G(n)]),

and thanks to (i) the left-hand side is as well. We have shown that (ii) holds for
the generators o, — 1 of (A+ IZ[G(n)])/(A? +IZ[G(n)]), so (ii) holds for all f. O

Fix a representative Fry € G(n) so that Fr, = 1 on Q(¥).
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PRroPOSITION A.13.

I'Py(Fr, Dy =y (1) ] ﬁq(Pq(Fr;({n))IfIPe(Frgl)Ddﬂxdﬂ
TEG(n) ql(n/dx)
T(£)#¢
PROOF. Apply Lemma repeatedly, beginning with m = n and f =
Pg(FI‘Zl). Expand all terms of the form I-1¢D,,z,, with m divisible by £, but
not those with m prime to £. (Note that at the first step we have j¢(P(Fr; ') =0,
since by convention Fry restricts to 1 in G(¢).) The summand corresponding to 7
occurs as follows:
e expand -1 P(Fr, ') D,x,,
e take the resulting term 1P (Fr;(lé))Dn/,r(g)mn/ﬁ(z) and expand that,

e take the resulting term 171Pﬁ2(5)(Fl";zl(é))Dn/(ﬁ(g)ﬂz(g))l'n/(ﬂ.(g)ﬂ(g)) and

expand that,
and so forth until 7%(¢) = ¢, which leaves us with the desired multiple of the term
I-1Py(Fr; YDy, x4, . O

DEFINITION A.14. By Lemma[1.2.1]i),
H{ (Q(0), T/IT) = T/(I,Fr, — V)T, Hi (Q(6),T) = T/(Fre — 1)T.

By our assumptions on ¢, both of these groups are cyclic and the latter is free of
rank one over Z,/P,(1). Hence we have a composition

HYQ,, T/IT) ™ H} Q) T/IT) 2% HA(Q(O),, T) ™ HE(Q(n), T)

(38)
in which all three maps are injective: the first by Lemma the second by the
observation above, and the third by Lemma [A.G]

We denote the composition (38) by res; : H} (Qe, T/IT) — H{ (Q(n)e, T). We
will test the identity of Theore in H} (Q(n),T), by applying res;. Note
that we could not simply test this identity in H} (Q(n),, T/IT) because the natural
restriction map is not injective.

ProprosiTION A.15. If m divides n then
resy((Km)es) = 5f(]_1PZ<FrZ_1>Dmxm)

where ¢ : X, — H{ (Q(n),T) is the map &, — (cqem))e of Lemma (z)

PROOF. The Cayley-Hamilton theorem shows that Py(Fr, ') H} (Q(n),, T) = 0.
Thus by Proposition
Py(1)

I
Py(1) _
= = (Dmeqm)e + (Pe(Fry ) = Po(1)) .
Since Py(Fr, ') — P;(1) is in the augmentation ideal of Z[G(n)], the definition of 3,,
shows that
(Po(Fr; ") — Po(1) B = ce(I™H(Pe(Fry; ") — Po(1)) D).

Combining these identities proves the proposition. (I

w(DmCQ(m))é - Pf(l)/ﬁm

I‘eS]((K/m)[,f) = ((DmCQ(m))E - Iﬁm) =
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PRrROOF OF THEOREM [A4]l Theorem [A-4]is now immediate from Propositions
and and the injectivity of res;. This concludes the proof of Theorem
324 as well. O







APPENDIX B
Proof of Theorem 4.3.3, by Benjamin Howard

In this appendix we give the proof of Theorem It is a pleasure to thank
Karl Rubin for his suggestions and encouragement.

Let R be a principal, artinian, local ring with maximal ideal m and finite residue
field. If M is an R-module and ¢ € Hom(M, R) we define for any integer r a map,
also denoted %

T r—1
AM— \M
by the rule

.
my A Ay — Z(—l)”lw(mi)ml Ao Am—g Ay A A,
i=1

We define a map
T—S8

/\ Hom(M, R) — Hom(/\ M, /\ M)
for s < r by iteration of the above construction:

7#1/\"'/\1/152%0'”0?!11~

LEMMA B.1. Suppose M is a free R-module of rank > r 4+ 1 and we are given
U1,...,¥, € Hom(M, R). Define

v = 1S @Y: M — R
r4+1
U o= YA A \M— M

Then
r+1
\I’(/\ M) — mlength(coker(w)) ker(z/)).

PrOOF. First suppose 1 is surjective with kernel A C M. The image is projec-
tive, and so there is a B C M such that M = A ® B and ¥ maps B isomorphically
onto R". The map

r+1

AM= P (/p\A®/q\B) Y, Ao B

pt+g=r+1

takes the factor A ® A" B isomorphically onto A and kills the other summands.
This proves the claim in this special case.

In general, the image of ¥ and the kernel and cokernel of i) depend only on
the submodule of Hom(M, R) generated by the maps 11, ..., 1,, so we may assume

89
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that ¢; = 7% ¢; where 7 is a uniformizer of R and {¢; }1<i<, extends to a basis of
Hom(M, R). Let
r+1
¢=¢1 & B¢ M— R S=g1 ANy \ M— M,
By the preceding case,
r4+1 r+1
U( A\ M) =m®-&(/\ M) =m"ker(¢)

where a = a1 + -+ + a, = length(coker(¢)). Extending the ¢;’s to a basis of

Hom(M, R) and taking the dual basis fixes a splitting M = ker(¢) @ R”. In this
decomposition the kernel of 9 is

ker(1)) = ker(¢) & @ mlength(F)—ai p.
i=1
Since m® kills m'e"&th(f)=ai R we have m® ker(¢) = m® ker (1)) O

Let T' be an R-module equipped with a continuous R-linear action of Gq =
Gal(Q/Q). Fix a Selmer triple (T, F,P) of core rank y = x(7) > 0 which we
assume satisfies Hypotheses (H.0) through (H.6) of §3.5] as well as P C Piengtn(R)-
If n is an integer we define v(n) to be the number of prime divisors of n.

THEOREM B.2. If n € N = N(P) is a core vertex then Hy.(Q,T) is free of
rank v(n) + x.

PROOF. If n a core vertex then HL

Fn)~ (Q,T) = 0 and so global duality (The-

orem 5.3) gives an exact sequence
0— H}:(n)(Q7 T) - H}-‘" (Q’ T) — @ Hl(Q€7 T)/Htlr(Q€7 T) — 0.
ln
The term on the left is free of rank y and the term on the right is free (so projective)
of rank v(n) by Lemma [3.5.6] O

For each ¢ € P choose a generator of Gal(Q(u,)/Q) so that we may view the
finite singular comparison map as an isomorphism

fs
HNQeT) “= H'(QuT)/HH Qe T) = HL(QWT)
and choose also for each £ € P an isomorphism H}(Qe,T) <~ R. Fix a core vertex
n € N = N(P) and order the primes 1, £, dividing n arbitrarily. Let loc£
(resp. loc") from H'(Q,T) to R be localization at ¢;, followed by projection onto
the finite (resp. transverse) submodule, followed by g, o ¢§ (resp. tr,). For each
m | n we define functions

%/J(m) B loczf- if ;| m
i loczr if 6;tm
and
v(n)+1

v =™ A A s\ HE(QUT) — Hy (QUT).

v(n)
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PROPOSITION B.3. Let A(m,T*) = length(H,.(Q,T*)). Then

v(n)+1
PRrROOF. We have the exact sequence

(m)
0 — Hk(QT) — H:(Q,T) Y — R'™ — coker(y™) — 0
immediately from the definitions, and the isomorphism
Hr ) (Q,T) = RX & Hy(,,).(Q,T)
by Theorem [4.1.13] From this and Theorem it follows that
length(coker(1)™)) = X\(m, T*).
The claim now follows from Lemma [Bl O
DEFINITION B.4. Choose ¢ € A”™ " HL,(Q,T) and for each m | n define
Fm = Km(n,c¢) = (=1)MuM) () e H}_(m)(Q,T).
PROPOSITION B.5. For mf; | n we have locgi(/@m) =locy’ (Kme,)-
PRrOOF.
(=1)"™locy, (W™ (c))
(=1)Ym) (g(m) A locgi)(c)
= —(=1)" (@) Alocyt)(c)
= (1)l (@ 0)

= locg (Kme;)

locz_ (km) =

where the third equality is seen by transposing the factors locgi, IOCZ which both
occur in (™) A locZ). O

The collection of all k,,(n,c) with m | n therefore gives a section of the restric-
tion of the stub Selmer sheaf H’ of Definition to the subgraph X, of X'(P)
whose vertices are all divisors m of n. We would like to show that if n’ = nd is
another core vertex then this section can be extended to a section of H' over X,,4.
The section k(n, c¢) depends on the choice of ordering of primes dividing n, but only
up to sign. When we extend our section from X,, to X,; we maintain the same
ordering on primes dividing n but put them after the “new” primes which divide
d. This convention remains in effect in all that follows. Let

loc, loct : HY(Q,T) — R

and

loc™ if £;tm

m locg if ; | m
¥ ):{ |

be defined exactly as before but with our new indexing 1 <i < w(n').
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LEMMA B.6. Keep the notation of the previous paragraph. In the following
diagram the image of the horizontal arrow contains the image of the vertical arrow.

AT HL (Q,T) AT L (Q,T)

AT HE(Q,T)

If the image of ¢’ € /\ )+ H..(Q,T) under the horizontal arrow agrees with
the image of ¢ under the vertical arrow then the section k(n',c) of Xnq extends the
section k(n,c) of X,.

locir/\u-/\locff(d)

ProOOF. Global duality and H} (Frn)- .(Q,T) = 0 imply that we have an exact
sequence

0— H: (QT) — Hru(Q.T) % @ H Qe T)/HHQe, T) — 0.
£)d

The right hand side is projective and so we may choose a free rank v(d) summand
A, complementary to Hk:,(Q,T) C H}nd(Q7 T). We may extend our diagram to

locgr/\-u/\locff(d)
A SO

AT HL,L(Q,T) AT HL,.(Q,T)

I I

v loct*A---Aloc™ , ®id vin
N @ Ao A\ HL(Q,T) — C AT HL.(QT)
The map P locgr : A — RY(d) being an isomorphism implies that
v(d) v(d)
Nl : NA— A\ R =R

is as well, and so also is the bottom horizontal arrow. This proves the first claim.
To prove the second claim, we compute for m | n

DA Gan A M) (©)

(- )
= (-1m w“'“ﬂ : 51”>d><<loc“A-~A1oct2 D)
(=)™ @l A V(ndmw%mm ABSE(EN)
(-1 )”“”)(WA w< ()

).

KEm(n,c) =

_ (nI,CI

THEOREM B.7. For any m € N the map
L(H') — H'(m)
18 surjective.
PROOF. We have fixed a generator of G,,, so H'(m) = m/\(m’T*)H}(m)(Q,T).
Fix a € m’\(m’T*)H}-(m)(Q,T) and (using Lemma iii)) choose a core vertex

ng divisible by m. By Proposition there iscy € /\”(n‘))Jrl H..,(Q,T) such that
Km(ng, co) = a.
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Now we choose a sequence of core vertices ny | ng--- such that ng | n; and
every n € N divides n; for some i. By Lemma [B.6] we may choose for each i > 0

v(n;)+1

ce N\ Hpi(QT)

in such a way that the section k(njj1,ci11) of Xy, restricts to s(ng,c;) on &y,
We now define the desired k € I'(H') by kyn, = kn(ni,c;) for i chosen sufficiently
large. (Il

COROLLARY B.8. T'(H') has a free R-submodule of rank x.

PRrROOF. Take m to be a core vertex. Then H'(m) is free of rank x, so the
corollary follows immediately from Theorem [B.7] O

LEMMA B.9. Suppose x > 1 and let n be a core vertex. There is an £ € P such
that nf is also a core vertez, H}Z(n)(Q,T) is free of rank v(n) + x — 1, and in the
composition

v(n)+2 oct v(n)+1
/\ Hjl-‘n Q1) — /\ an Q,T) tzln_) er(n)(Qa T) (39)

both arrows are surjective.

PRroOOF. Let k = length(R). By Proposition 10.2 we may choose [ € P so that
the sequence
1
0 — HE,)(Q.T) — Hp,)(Q.T) == Hj(Q,T) — 0

is exact. Then by Lemma ii), nf is a core vertex and that H}E(n)* (Q,T*) =0.
By global duality the sequence

@q‘nloc
0—)H n)(Q7 )_)H}T;(Qv @Hf qu

aln
is exact and so Lemma implies that the second arrow of is surjective.
The surjectivity of the first arrow follows from the exactness of
1
0 — HE.(Q,T) — Hb (Q.T) 24 HNQWT) — 0

and the observation that if M 2 A@® Ris free of rank >r+1land 7rg: AOR — R
is projection onto the second factor then the map

r+1
AM = /\A
is a surjection. Apply this with M = H},.(Q,T) and A = Hjl:}'” (Q,T). O

PROPOSITION B.10. Suppose x > 1 and n € N. There is a k € T'(H') such
that R - k is free of rank one and the restriction of k to X, is trivial.

Proor. By Corollary iii) we may assume that n is a core vertex. Fix
¢ € P as in Lemma and choose c € /\V(n)Jr2 H7.(Q,T) which is taken by the
composition to an element o« € H }- (n) (Q, T') which generates a free submodule.

View c as an element of A" HZ..(Q,T) and let k,(nl, c) be as in Definition
By construction kn¢(nf,c) = a, but because locy" kills ¢, K, (nf,c) = 0

whenever m | n.
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Thus k(nt,c) gives a section of X, with the desired properties and we need
only extend it to a section of all of X’ in exactly the same manner as the proof of
Theorem Choose a sequence of core vertices nq | ng | -+ with n¢ = ny in such
a way that every m € N divides some n;. Choose ¢; € /\”(ni)Jr1 H}... (Q,T) in such
a way that the section k(n;41,ci+1) restricts to k(n;,c;) on X,, (by Lemma
and pass to the limit. [

THEOREM B.11. If x > 1 then for any integer n, T'(H') has a free rank-n
submodule.

ProOF. Construct a sequence x* € T'(H’) inductively as follows. Start with
any vertex m; and choose ! which vanishes on X, and with R - k' = R. Once x*
has been constructed, choose a core vertex m,;;; which is divisible both by m; and
by a vertex at which x’ generates a free submodule of the stalk. By the previous
lemma we may construct x'*! whose restriction to X,,,,, is trivial and such that
R k1 >R,

If there is a nontrivial linear relation among x!,..., s

rik 4 " =0

n
) Say

then let r; be the first nonzero coefficient. Then r;x* restricted to X,y is trivial
and so r; = 0 by construction of m;1, a contradiction. O

PRrROOF OF THEOREM [1.3.3] Assertions (i), (ii), and (iii) of Theorem are
Theorem [B.7, Corollary [B-8] and Theorem [B:11] respectively. O
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